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A NOTE ON THE KAHLER AND MORI CONES OF
HYPERKAHLER MANIFOLDS*

GIOVANNI MONGARDIf

Abstract. In the present paper we prove that, on a hyperkihler manifold, walls of the Kéhler
cone and extremal rays of the Mori cone are determined by all divisors satisfying certain numerical
conditions.
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Introduction. The structure of the Mori cone and the K&hler cones of hy-
perkédhler manifolds has attracted some attention in recent years. For K3 surfaces,
the Mori cone is generated by curves of self intersection > —2 and the Kéahler cone is
just the dual cone. Huybrechts proved some pioneering results for general hyperkéhler
manifolds in [9] and more was done by Markman (cf. [12]). In the present paper we
introduce a class of divisors, wall divisors, preserved under deformations where they
stay of (1, 1) type. This class contains divisors associated to extremal rays of the Mori
cone, cf. Proposition 1.5. This class of divisors is preserved under smooth deforma-
tions, which is the main result of the paper (cf. Theorem 1.3) and gives a wall and
chamber decomposition of the positive cone. In particular, once a way to determine
all possible orbits of extremal rays is given, one of the chambers in this decomposition
is the Kéhler cone.

In the case of manifolds of K'3[" type it had been conjectured by Hassett and Tschinkel
that the Mori cone is given by curves with self intersection greater than —"TJ“O’. Us-
ing minimal model program, they proved in [6] one direction of the conjecture in
dimension four. Although there are now counterexamples to the general form of this
conjecture (see [2, Proposition 9.3]), it is still expected that some numerical charac-
terization of the Mori cone can be given. For the closure of the birational Kéhler cone
this numerical characterization has been given by Markman [12], we summarize it in
Theorem 2.3. Bayer and Macri [3] give a numerical characterization of the Kéhler and
Mori cones for manifolds which are given by moduli spaces of sheaves on projective
K3 surfaces, we summarize their results in Theorem 2.4.

As an application of our class of divisors, we use the latter result to give a numerical
characterization for all manifolds of K3 type, including non algebraic ones. We
analyze several divisors known to be wall divisors and we obtain a full numerical
classification of the Kéhler cone for n = 2,3 and 4. It is of course possible to extend
these results to arbitrary n using the known classification on Moduli spaces. For all
manifolds of K3[™ type, we prove one direction of the Hassett and Tschinkel con-
jecture, namely that extremal rays of the Mori cone have square greater than —"TH,
thus generalizing the proof of Bayer and Macri to arbitrary deformations.

A nice geometrical interpretation of some walls of the Kéahler cone can be found in
[7], where Hasset and Tschinkel analyzed contractions of some extremal rays of the
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Mori cone. It should be pointed out that, by a result of Markman [12], most of the
divisors dual to extremal rays are not irreducible and, in the non algebraic case, they
are also not effective. This gives an example of analytic manifolds with no effective
divisors but with rational curves.
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Notations. Let M be a lattice of signature (3,7). Let X be a hyperkahler
manifold and let f : H?(X,Z) — M be a marking. The moduli space of marked
hyperkahler manifolds is denoted by Mjs. The connected component containing
(X, f) is denoted by MY,. The period domain ) is defined in two equivalent ways:
as the Grassmannian of positive oriented 2 planes inside M ® R or the open set
{w e PM®C),w? =0, (ww) > 0}. In the first case the period map P sends
(X, f) to the positive plane ( Re(f(ox)),Im(f(cx))), while in the second the image
is [/(ox)]-

Let g be a hyperkdhler metric on a manifold X with Ké&hler class w. The twistor
family of X given by the hyperkahler metric ¢ is denoted by TW(X),. Its base
space is P'. In the Grassmaniann description of the period domain the periods of
a twistor family are all positive oriented 2 planes contained in the positive space
(Re(f(ox)),Im(f(ox)), f(w)). Any such set of oriented 2 planes contained in a
positive 3 space is called twistor line. A generic twistor line is a twistor line containing
the image of the very general point of the moduli space, i. e. any point corresponding
to a manifold X with no nontrivial divisors. We remark that the period domain is
connected by generic twistor lines, cf. [10, Proposition 3.7].

Let L be a lattice and let v € L. The divisor of v, denoted div(v), is the integer [ > 0
satisfying (v, L) = IZ.

For every hyperkdhler manifold X we will view Hy(X,Z) as the dual to the lattice
H?(X,Z), which sits naturally inside H?(X,Q), and let DV = (1/div(D))D for any
divisor D. If S is a K 3 surface and D is a divisor on S we still denote by D the divisor
on S[" defined by the subschemes of S intersecting D. We will also denote by 26 the
exceptional divisor of the map S[™ — S by L,, the lattice H?(S!"), Z) and we will
call manifolds of K3" type all manifolds deformation equivalent to SI™. The moduli
spaces and period domains of such manifolds will be denoted respectively M, and
Q,. If N C M is a lattice of signature (3,1), we denote with My and Qy the moduli
spaces and periods of marked hyperkihler manifolds (X, f) with H2(X) = M such
that f~1(N+) C Pic(X). In particular the period domain 0, if nonempty, coincides
with the period domain for the lattice V.

1. Wall divisors. The main objects of interest in the present paper are cones
related to the geometry of hyperkahler manifolds. Let X be a hyperkahler manifold.
The first cone we are interested in is the positive cone, denoted by Cx, which is the
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connected component containing a Kahler class of the cone of positive classes. Of
paramount importance in this paper is the Kahler cone, which is the cone containing
all Kahler classes and it is denoted x. Then there is the birational Kéhler cone,
denoted BK y, which is the union Uf ~1Kx/, where f runs through all birational maps
between X and any hyperkdhler manifold X'. If X is projective, then the closure of
the birational Kéhler cone is just the movable cone, the closure of the cone of divisors
whose linear system has no divisorial base components. Finally there is the Mori cone,
or the cone of effective curves, which is the closure of the cone in Hz(X,R) generated
by classes of effective curves.

Let X be a hyperkahler manifold and let w be a Kahler class. Let F be a cone
inside Ha(X,Z) such that (w,r) > 0 for all » € F. Then the dual cone F" is the cone

(1.1) {D € H"*(X,Z), such that (D,r) > 0 for allr € F and (D,w) > 0}.

With this notion the K&hler cone of a projective X is just the dual to the Mori cone.
We will need some properties of twistor lines and their liftings to moduli spaces, the
following is part of the work done by Huybrechts, Markman and Verbitsky in order
to prove a global Torelli theorem for hyperkahler manifolds:

LEMMA 1.1. [10, Proposition 5.4] Let X be a hyperkdahler manifold and let f :
H?(X,Z) — M be a marking. Then every generic twistor line on Qs lifts to a twistor
family in MS;.

Proof. Let TW C Qpr be a generic twistor line and let A C T'W be a small open
neighbourhood of a distinguished point 0 € A. Since P is a local isomorphism, A
lifts to MQ,. The line TW is generic, therefore the very general element of A is given
by a manifold with zero Picard lattice and with I = C. Let X; be one such very
general element and let W be the positive 3-space corresponding to TW. Let a; be a
class contained in W N (Re(ox, ), Im(ox,))*. This class is positive and of type (1,1).
Therefore +ay lies in the Kahler cone. Moreover P(TW (X})a,) = TW. O

DEFINITION 1.2. Let X be a hyperkédhler manifold and let D be a divisor on
X. Then D is called a wall divisor if D* < 0 and f~!o g(D+) N BKx = 0, for all
markings f and ¢ of X such that f~' o g is a parallel transport Hodge isometry.

We remind that a parallel transport Hodge isometry is obtained by taking parallel
transport of a marking f in a path inside a deformation of X. For manifolds of /3"
type , the group of parallel transport operators has been determined by Markman
[12].

The following makes this class of divisors particularly useful.

THEOREM 1.3. Let (X, f) and (Y, g) be two marked hyperkdihler manifolds and
let D be a wall divisor of X . Suppose that (g~ o f)(D) € Pic(Y) and that (X, f) and
(Y,g) lie in the same connected component M% of M,,. Then (g~ o f)(D) is a wall
divisor on Y .

Proof. To prove our claim, we will suppose that there exists a marked manifold
(Z, h) such that D' := h=1o f(D) € Pic(Z) and there exists a Kihler class orthogonal
to D’. We will then deform this manifold with twistor families while keeping D’
algebraic. In particular, we will reach a manifold with very general Hodge structure,
i. e. Pic = ZD’. This is possible since, by contradiction, we have a Kahler class
(and therefore an open set of Kéhler classes) orthogonal to D’. Therefore all the
symplectic forms of manifolds belonging to the twistor family associated to this class
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will be orthogonal to D’.

Finally, using standard results on connectivity by twistor lines (cf. [10, Proposition
3.7] or [4] for the original reference), we reach a manifold X’ birational to X, where
the algebraic class D’ is just D. Then we conclude that the manifold Z does not exist,
otherwise X would have a class in BKx orthogonal to D.

Let f(D) =:1 and let [+ =: N. Let Qy be the period domain for the lattice N and
let M%; be the restriction of P~1(Qx) to M2. The space MY, might have several
connected components, but if we identify points corresponding to Hodge isometric
birational manifolds it is connected. The restriction of the period map to MY is still
a local isomorphism onto Q.

Assume for contradiction that there exists a point (Z,h) in M% such that Kpz =
KzNh Y(N®@R) # (. Then Kpz is an open subset of h~}(N ® R) N H“1(Z). Let
wz be a nonrational Kéhler class in this intersection. The twistor family TW (Z),,, is
generic, therefore Kp is nonempty also on the very general point of MY;. Let (Z’, 1)
be one such very general point. Then Pic(Z') = W/~!(l) and Kz = Cz/, because
h'=1(1)* is the only possible wall of the Kihler cone and by our assumption on Z it
is not a wall for Z’. Then a twistor line passing through P(Z’, ') € Qu lifts to a
generic twistor family inside M%; as in Lemma 1.1. Since Q is connected by generic
twistor lines (N has signature (3,19)), we have a chain of twistor families inside M%;
connecting Z with a manifold birational to X. Therefore BKx N f~1(N) # (. But
this is absurd, since D is a wall divisor on X. O

LEMMA 1.4. Let X be a hyperkdihler manifold and let R be an effective extremal
ray of the Mori cone of X of negative self intersection. Let Ha(X,7Z) C H*(X,Q) by
duality. Then any divisor D satisfying D € QR is a wall divisor.

Proof. Since R is an extremal ray, the wall Rt C H?(X,R) defines a wall of the
Kahler cone of X which is also a wall for the birational Kahler cone. When X is
projective, this is can be seen using the flops in the cone theorem [11, Theorem 3.7].
If X is not necessarily projective, we can apply [8, Corollary 5.2] to obtain a cycle
v=2Z+5%,Y in X x X’ such that 7, '(Kx/) C BKx. Here X’ is a hyperkihler
manifold birational to X, Z is the graph of a birational map between the two manifolds
and the projections of Y; are the indeterminacy loci of the map. In our case none of
the projections of the Y; are divisors. If R is not contained in any Y;, then Z.(R) is
well defined and effective on X', hence the form ¢(v.D, —) is positive on the Kéhler
cone of X’. Otherwise, let w(Y;) be the projection to X of Y;. As in [8, Theorem 7.1],
a Kéhler class of X’ has negative intersection with a curve in the fibre Y; — 7(Y3)
and this class is a multiple of R. Hence, q(v.D, —) is negative on Kx-.

Now we need to prove that h(D) is a wall of BKx for any parallel transport operator
h. In the special case of a wall which is also a wall for BK x, our claim is the content
of [13, Section 5]. If on the other hand BKXx = Cx, all Hodge isometries are birational
transformations and we are likewise done.

If this is not the case, we can proceed like in Theorem 1.3 and deny our claim, then
we deform with twistor families to a manifold (Y, g) where BKy = Cy, while keeping
the class of the extremal ray algebraic. On Y our claim holds, therefore it does so on
X. O

From this we obtain the following:

PROPOSITION 1.5. Let X be a hyperkdhler manifold and let w be a Kdhler class.
Then there is a bijective correspondence between extremal rays of the Mori cone with
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negative self intersection and primitive wall divisors D satisfying the additional con-
ditions

(1.2) D+ nKx # {0}, (D,w) >0 for somew € Kx

Proof. Let R be an extremal ray of the Mori cone. Inside QR we can choose a

primitive divisor D such that (D,w) > 0 by Lemma 1.4. Moreover D+ N Ky consists
of all Nef divisors T such that (T, R) = 0.
Conversely, any wall divisor whose perpendicular intersects the closure of the Kéahler
cone and which is positive on a Kéhler class has a dual curve DV which lies in the Mori
cone. This ray is on the boundary, since any small modification of DV has orthogonal
which meets the interior of the Kéahler cone or which no longer meets the closure of
the Kéahler cone. Being the dual to a wall, this class is also extremal. O

Notice that the above proposition exploits some ideas already contained in [9,
Section 5], where in particular there is a geometric interpretation of subvarieties con-
taining extremal rays. This proposition, together with Theorem 1.3, provides a nu-
merical characterization of extremal rays of the Mori cone and, dually, walls of the
Kahler cone. In the following we analyze some of these rays.

In particular for manifolds of K3[™ type, we will need to analyze the orbit up to
isometry of wall divisors inside the lattice L,,, but this is made extremely easy by the
following, known as Eichler criterion [5, Lemma 3.5].

LEMMA 1.6. Let T be a lattice such that T = U? & N for some lattice N and let
v,w € T be two primitive vectors such that the following conditions hold:
o v2 =w?
e div(v) = div(w) =m.
o [2]=[2] in THT.

Then there exists an isometry g of T such that g(v) = w.

This lemma gives a unique isometry orbit (if n — 1 is a prime power) for any
primitive element v of L,, & U3 & Eg(—1)?® (—2n+2) as soon as we fix v? and div(v)
and such isometries are of parallel transport.

2. On manifolds of K3[" type.

EXAMPLE 2.1. Let S be a K3 surface and let C be a smooth rational curve on S.
Then the divisor C' on S[™ is a wall divisor and the dual rational curve is an extremal
ray of the Mori cone of X. Notice that [C] has square —2 and divisor 1.

ExaMPLE 2.2. Let S be a K3 surface and let 26 be the exceptional divisor of
the resolution S — S Then § is a wall divisor and its dual rational curve is
an extremal ray of the Mori cone. Notice that § has square —2(n — 1) and divisor
2(n—1).

Let A = U* @ Eg(—1)? be the Mukai lattice and let X be a manifold of K3
type. The manifold X comes with a primitive embedding i: H?(X,Z) — A, canonical
up to a composition with an isometry of A [12, Theorem 2.1]. A generator v of the
rank one lattice orthogonal to the image of i satisfies v2 = 2n — 2. Associated to
D € H?(X,Z) of square 2 — 2n, we get two primitive isotropic classes w; and wy,
which are rational multiples of v 4 (D) and v — i(D).

THEOREM 2.3. [12, Theorem 1.11 and Proposition 1.5] Let X be a manifold of
K3 type. Let D be a divisor on X, then the following hold:
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o If D?> = —2, then D is a wall divisor.

o If D? = 2 — 2n, div(D) is a multiple of n — 1 and one of the two isotropic
classes wy,wa, associated to D as above, satisfies (v,w;) =1 or 2, then D is
a wall divisor.

Let M, (S, H) be the moduli space of stable sheaves with primitive Mukai vector
v on the K3 surface S with respect to a given v generic polarization H. Let s be a
divisor such that st gives a wall of the Kihler cone of M, (S, H) and let T be the
rank two hyperbolic primitive sublattice of A containing v and s. Let Pr be the set
{t € T, such that (¢,v) > 0, t* > 0}.

THEOREM 2.4. [3, Theorem 5.7 and 12.1] Let s,v and T be as above, then one

of the following holds

o There exists w € T such that w?> = =2 and (w,v) = 0.

o There exists w € T such that w?> =0 and (w,v) =1 or 2.

o There exists w € T such that w?> = =2 and 0 < (w,v) < v?/2.

o There exist w,t € Pp such that v =w +t.
Moreover for any lattice T satisfying one of the above we obtain a wall of the Kdhler
cone.

Notice that the first two cases are the ones we obtain from Theorem 2.3. A
generalization of the above theorem to arbitrary projective deformations has recently
been proved in [1] by Bayer, Hassett and Tschinkel.

REMARK 2.5. Let T be as above and let D = v NT be a wall divisor. Let d =
div(D) in H*(M,(S, H)). A direct computation shows that d = 1 implies D? = —2
and d = 2 implies D? = —(v? +8) if n <3, D? = —(v? + 8) modulo 4 otherwise.

EXAMPLE 2.6. Let S be a degree 2 K3 surface with polarization H, and let ¢ be
the involution of the covering S — P2. Then P2 c S[!, where the projective plane is
given by the set of points (z,i(x)). Let I be the class of a line in this plane. we have
Il = H — 36V, where 2§ is the exceptional divisor. The dual divisor 2H — 36 is a wall
divisor, since the Mukai flop on the given plane is the reflection along this element.

COROLLARY 2.7. Let X be a manifold of K3!" type and let R be an extremal ray
of the Mori cone of X. Then R? > —"TJ“O’.

Proof. Bayer and Macri [3, Proposition 12.6] proved that the inequality holds on
a codimension 2 subset of any connected component of the moduli space of manifolds
of K3[" type. This subset is given by moduli space of stable sheaves on projective
K3 surfaces. Suppose by contradiction that R is an extremal ray with R? < —"TH.
Let D be the dual divisor to R (i. e. D/div(D) = R). Since R is an extremal ray of
the Mori cone, we have that D is a wall divisor. Let f be a marking of X and let
N = f(D)*. The space My intersects the codimension 2 subset given by Bayer and
Macri, therefore D cannot be a wall divisor by Theorem 1.3. 00

EXAMPLE 2.8. [7, Example 4.11]Let S be a K3 surface containing a nonsingular
rational curve E. Then El"™) ¢ S and let I be the class of a line contained in E"J.
A direct computation shows [ = E — (n —1)§¥. By Corollary 2.7 [ is an extremal ray
of the Mori cone, therefore by Lemma 1.4 the dual divisor 2E — § is a wall divisor
and has square —(2n + 6) and divisor 2.

COROLLARY 2.9. Let X be a manifold of K3™ type where n—1 is a prime power.
Then divisors of square —(2n + 6) and divisor 2 are wall divisors.
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Proof. Let D be one such divisor on X and let f be a marking. The lattice IV :=
f(D)* is univoquely determined by Lemma 1.6 and there is also a single isometry
orbit of f(D). In order to obtain our claim using Theorem 1.3 we need only to find
a manifold of K3[" type where such a divisor is a wall divisor, but this is precisely
Example 2.8. O

EXAMPLE 2.10. [2/Let S be a K3 surface with Pic(X) = ZH, H?> = 2d and
let X = S n > d—;rg. Bayer and Macri [2, Proposition 9.3] proved that the nef
cone of X is generated by H and H — di_—dn& The Mori cone is thus generated by

oY = ﬁé and R = H 4 425, The dual divisor D = H + (d +n)d is thus a wall

2n—2
divisor. Moreover they prove that the curve R” = R+4V is not in the Mori cone, even
though R'? > —"TJ“O’ for large n. The least value of n is attained for d =2 and n = 5.

EXAMPLE 2.11. Let X = M,(S, H) be a moduli space of stable sheaves with
v? = 4 and such that X contains a primitive divisor D with D? = —36 and div(D) = 4.
We remark that the surjectivity of the period map tells us that the existence of such a
X is equivalent to the existence of a primitive embedding (D, H) < L,,. If we embed
D in the Mukai lattice A we see that we have a hyperbolic lattice 7" generated by v
and a = 2. Since a* = —2 and (a,v) = 1 < v?/2 we can apply Theorem 2.4 to T
and we obtain that D' is a wall of the Kihler cone of X. In [7, Example 4.9] such
a divisor D is obtained as a P? bundle over a K3 surface. The same can be done for
n = 4, v? = 6 with divisors D satisfying D? = —24 and div(D) = 3, again represented
by P"~! bundles over K3 surfaces.

2.1. The case n = 2.

PROPOSITION 2.12. Let X be a manifold of K3 type. Then the walls of Kx
are given by divisors of square —2 or divisors D of square —10 and div(D) = 2.

Proof. Markman proved that the closure of the birational Kéhler cone is dual
to the cone generated by divisors of square —2, more precisely it is the chamber
containing a Kahler class of this cone. Hassett and Tschinkel proved that the Kahler
cone contains the dual cone to elements of square —10 and divisor 2 and to elements
of square —2. We need only to prove that all divisors with square —10 and divisor
2 give a wall of the Kéhler cone (i. e. they are wall divisor). We remark that such
elements are unique up to a parallel transport isometry of Ls. Example 2.6 tells us
that we can apply Theorem 1.3 to these divisors, therefore we obtain our claim. O

Dually, this corollary proves that negative extremal rays of the Mori cone on
manifolds of K3 type are given by curves of self intersection —5/2, —2 or —1/2.

2.2. The case n = 3. As an application of Theorem 1.3 we compute the Kahler
and Mori cone of manifolds of K3!" type for n = 3. By Corollary 2.7 the Mori
cone is contained in the cone generated by integer classes r in Hy(X,7Z) with square
greater than —3. Looking at their dual divisors not all values between —3 and 0 can
be reached, for example a divisor D with div(D) = 2 has D? = —4 modulo 8 and if
div(D) = 4 we have D? = —4 modulo 32. A direct computation shows that the only
possible values are those in the following table. The first four elements in this table
are those contained in [7, Table H3]. The last element is one of the possibilities in
Theorem 2.3.
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r? D? | div(D)
-3 —12 2
—9/4| —36| 4
-2 -2 1
14| —4 | 4
-1 —4 2

DEFINITION 2.13. Let X be a manifold of K38 type and let w be a Kihler class.
Let NKx C Cx be the dual cone to the closure of the cone generated by divisors D
having the same numerical invariants as those in Table 2.2 and satisfying (D, w) > 0.

THEOREM 2.14. Let X be a manifold of K313 type. Then NKx = Kx.

Proof. The cone NKx is contained in the Kahler cone because all of the walls
of Kx are given by a divisor in the above table. Conversely the cone NKx contains
the Kéhler cone because the elements of the above table are wall divisors by Example
2.11, Example 2.8, Example 2.2, Example 2.1 and Theorem 2.3. O

2.3. The case n = 4. As a further application of Theorem 1.3, we compute the
Kihler and Mori cone of manifolds of K3 type for n = 4. By Corollary 2.7 the Mori

cone is contained in the cone generated by integer classes r in Ho(X,Z) with square
greater than —%. As in the previous case not all values can be obtained, below is a

list of all possible extremal rays and of their corresponding dual divisors. The first

r? D? | div(D)
72 | 14| 2
—8/3 | —24 3
“13/6 | 78| 6

-2 —2 1
273 | =6 | 3
-1/6 | —6 6
32 | -6 2

six elements in this table are those contained in [7, Table H4]. Let us remark that
this is the highest dimension where the conjecture of Hassett and Tschinkel holds.
As before let X be a manifold of K34 type with a Kihler class w. Let NKx be the
dual cone to the cone generated by divisors D with the same numerical invariants as
the elements in the above table and satisfying (D, w) > 0.

THEOREM 2.15. Let X be a manifold of K34 type. Then NKx = Kx.

Proof. The proof goes exactly as in Theorem 2.14, the only thing we need to
prove is that elements of square —6 and divisor 2 are wall divisors.
Let X = M,(S, H) be a smooth moduli space of stable sheaves on a K3 surface S
with v2 = 6 and let D € Pic(X) be an element satisfying D? = —6 and div(D) = 2.
The existence of such a manifold is again due to the surjectivity of the period map. If
we embed D in A we obtain a hyperbolic lattice T generated by v and a = #. The
lattice T" satisfies the conditions of Theorem 2.4, therefore by Theorem 1.3 elements
in its numerical equivalence class are wall divisors. O



g oo g w o w < »=

(=1

KAHLER AND MORI CONES OF HYPERKAHLER MANIFOLDS 591

REFERENCES

. BAYER, B. HASSETT, AND Y. TSCHINKEL, Mori cones of holomorphic symplectic varieties

of K3 type, preprint arXiv 1307.2291.

. BAYER AND E. MACRI, Projectivity and birational geometry of Bridgeland moduli spaces,

preprint arXiv 1203.4613, to appear in J. of A.M.S.

. BAYER AND E. MACRI, MMP for moduli of sheaves on K3s via wall crossing: Nef and

mowvable cones, Lagrangian fibrations, preprint arXiv 1301.6968v3, to appear in Invent.
Math.

. BEAUVILLE ET AL., Géométrie des surfaces K3: modules et Périodes, Astérisque, 126 (1985),

pp. 1-193.

. GRITSENKO, K. HULEK, AND G. K. SANKARAN, Moduli spaces of irreducible symplectic

manifolds, Compos. Math., 146:2 (2010), pp. 404-434.

. HASSETT AND Y. TSCHINKEL, Moving and ample cones of holomorphic symplectic fourfolds,

Geom. Funct. Anal., 19:4 (2009), pp. 1065-1080.

. HasseTT AND Y. TSCHINKEL, Intersection numbers of extremal rays on holomorphic sym-

plectic varieties, Asian J. Math., 14:3 (2010), pp. 303-322.

. HuyBRECHTS, Compact hyperkdhler manifolds, basic results, Invent. Math., 135 (1999),

pp. 63-113.

. HUYBRECHTS, The Kdahler cone of a compact hyperkdhler manifold, Math. Ann., 326:3

(2003), pp. 499-513.

. HuyBRECHTS, A global Torelli theorem for Hyperkahler manifolds (after Verbitsky), Semin.

Bourbaki no. 1040. (2010-2011).

. KOLLAR AND S. MORI, Birational geometry of algebraic varieties, Cambridge tracts in Math.,

vol. 134.

. MARKMAN, Prime exceptional divisors on holomorphic symplectic varieties and monodromy

reflections, Kyoto Math. J., 53:2 (2013), pp. 345-403.

. MARKMAN, A survey of Torelli and monodromy results for hyperkdhler manifolds, Proc. of

the conference Complex and Differential Geometry, Springer Proceedings in Mathematics,
8 (2011), pp. 257-322.



592 G. MONGARDI




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


