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ON THE SIEGEL-WEIL FORMULA OVER FUNCTION FIELDS*

FU-TSUN WEIT

Abstract. The aim of this article is to prove the Siegel-Weil formula over function fields for
the dual reductive pair (Sp,,, O(V)), where Sp,, is the symplectic group of degree 2n and (V,Qv)
is an anisotropic quadratic space with even dimension. This is a function field analogue of Kudla
and Rallis’ result. By this formula, the theta series is identified with the special value of the Siegel-
Eisenstein series on Sp,, at a critical point.
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Introduction. In the number field case, the Siegel-Weil formula, discovered by
Siegel [16] and considerably extended by Weil ([18] and [19]) in the representation
theoretical language, connects special values of Eisenstein series with theta series
from quadratic spaces. In [19], Weil assumed the critical point in question lies in
the absolute convergence of the Eisenstein series. After Weil, Kudla and Rallis ([9],
[10], and [15]) explored the analytic behavior of the meromorphic continuation of
the Eisenstein series, and extended Weil’s result to the case beyond the convergence
range for the dual reductive pair (Sp,,,O(V)). Here (V,Qv) is a non-degenerate
quadratic space with even dimension, O(V) is the associated orthogonal group,
and Sp,, is the symplectic group of degree 2n. Many extensions and variations
of this formula are studied in the number field case, and have applications to the
special values of automorphic L-functions. However, there is a lack of knowledge
about this formula in the function field context, except, Harris [4] dealt with
(SLa,O(V)) (resp. (SLa, O(V)), where SL, is the metaplectic cover of SLy) when
the dimension of V is even (resp. odd) and larger than 4. Our purpose in this
article is to show a function field analogue of the Siegel-Weil formula for the
dual reductive pair (Sp,,, O(V)) where V is an anisotropic quadratic space with
even dimension, in order to complete the author’s work ([2], [3], and [17]) on the
central critical values of L-functions coming from ” Drinfeld type” autumorphic forms.

Let k be a global function field with odd characteristic. Let (V,Qvy) be an
anisotropic quadratic space over k with even dimension. Take a Schwartz func-
tion ¢ € S(V(Ag)™), where Ay is the adele ring of k, the associated theta series
on Sp,, (Ar) x O(V)(Ag) is defined by

0(g,h,0) = D (w(g,h)¢) (@), V(g h) € Sp,(Ax) x O(V)(Ag).
zeV (k)

Here w is the Weil representation of Sp, (Ax) x O(V)(A) on the Schwartz space
S(V(Ag)™) (cf. Section 1.3). Since V is anisotropic, the following integral is well-
defined:

I"(g,¢) = 0(g, h,@)dh.

/O(V)(k)\O(V)(Ak)
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The measure dh is induced from the Haar measure on O(V)(Aj) normalized so that
the volume of O(V)(k)\ O(V)(Ag) is 1. Then the main theorem of this article is:

THEOREM 0.1. For ¢ € S(V(Ag)™) and g € Sp,,(Ax),

E(ga S(n)vq)tp) = E(n) : In(ga 90)'

Here:
(1) E(g,s, @) is the Siegel-Eisenstein series on Sp,,(Ar) associated to the Siegel
section @, (cf. Section 3);
(i) $(ny = dim(V)/2 — (n 4 1)/2; and

(iii)

e(n) =

1 fdim(V) >n+1,
2 ifdim(V) <n+1.

Note that s(,) could be out of the convergence region of the Siegel-Eisenstein
series: Re(s) > (n + 1)/2. In particular, the functional equation of the Eisenstein
series relates the values at s and —s, which means that s(,,) = 0 is the central critical
point of the Eisenstein series when dim(V) = n + 1. This gives an application to
the central critical values of automorphic L-functions. In concrete terms, we express
the L-function in which we are interested by an integral representation involving the
Siegel-Eisenstein series. Then at s = 5(,,), the theta series I"(g, ) provides a plenty
of arithmetic information and leads us to explicit formulas for the special values of
L-functions in question.

The strategy of the proof for Theorem 0.1 follows from [9]. The first step is to show
that I" (g, ¢) and E(g, s, ) are both concentrated on the standard Borel subgroup of
Sp,, (Proposition 2.3 and 3.2). Then we review the meromorphic continuation of the
Eisenstein series, and make sure that E(g,s,®,) is holomorphic at s(,). Finally, we
prove the equality of the constant term of I" (g, ¢) and E(g, 5(,,), ®,) along the Siegel-
parabolic subgroup. Therefore E(g, 5(,), ®,) — €(n)I"(g,¢) must be a cusp form on
Sp,, (Aj) which is orthogonal to all the cusp forms on Sp,,(Ay). This assures the result.
It is worth pointing out that the dimension of V' must be 2 or 4 by Hasse-Minkowski
principle. In particular:

e when dim(V) = 2, (V,Qv) = (F,a - Nrgy,) for a € k* where F//k is a
quadratic extension and Nrp/;, is the norm form on F/k;

e when dim(V) = 4 and the discriminant of V is a square in k, (V,Qy) =
(D,Nrp /k) where D is a division quaternion algebra over k and Nrp, is the
reduced norm form on D/k;

e when dim(V) = 4 and the discriminant d of V' is a non-square in k,

(V,Qv) = (Fg ® D°, o+ (Nrgo 1, ® Nrpo /)

for o € k* where Fy = k(v/d), D is a division quaternion algebra over k such
that F,; cannot embed into D, and

Fj (resp. D°) = {b € F, (resp. D) : Tr(b) = 0}.

This observation simplifies the proof. However, there are several techniques used
in [9] which were not verified in the function field case. Therefore for the sake
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of completeness, some further discussions are sought in the appendices, including
Fourier coefficients of theta series, the Jacquet module of the Schwartz space, and
Maass-Jacquet-Shalika Eisenstein series on GL,. We point out that in the number
field case, Kudla-Rallis use a differential operator (introduced by Maass) at one
archimedean place to obtain the continuation and also the functional equation of the
Maass-Jacquet-Shalika Eisenstein series. Our approach is to write down directly the
explicit form of the meromorphic continuation, and the functional equation shows up
accordingly.

The structure of this article is organized as follows. We set up basic notations in
Section 1.1 and 1.2, and recall the Weil representation of Sp,,(Ay) x O(V)(Ag) on the
Schwartz space S(V(Ax)™) in Section 1.3. In Section 2, we introduce the theta series
I™(-, ), and show that it is concentrated on the standard Borel subgroup of Sp,,. In
Section 3, we investigate the analytic behavior of Siegel-Eisenstein series by studying
the constant terms along standard parabolic subgroups. Also shown in Section 3 is
that the Eisenstein series are concentrated on the Borel subgroup of Sp,,. We recall
in Section 4 the meromorphic continuation of the intertwining operators on Siegel
sections, and deduce in Section 5 the holomorphic property of Siegel-Eisenstein series
at s(,) by using Maass-Jacquet-Shalika Eisenstein series on GL,. Finally, we show
the Siegel-Weil formula for the case when dim(V) = n + 1 in Section 6.1, and prove
the other cases by a finite induction process in Section 6.2 and 6.3. In Appendix
A, we follow Rallis [15] to study the non-singular Fourier coefficients of 1" (g, ¢) and
E(g,s,®,). Appendix B is a review of the Jordan structure of the Jacquet module of
the Schwartz space S(V (k,)™) (where k, is the completion of k at a place v). Finally,
we show the meromorphic continuation and functional equation of the Maass-Jacquet-
Shalika Eisenstein series on GL,, in Appendix C.

1. Preliminary.

1.1. Basic setting. Let k be a global function field with finite constant field F,,
i.e. k is a finitely generated field extension of transcendence degree one over [, and
IF, is algebraically closed in k. In this article we always assume that ¢ is odd. For
each place v of k, the completion of k£ at v is denoted by k,, and O, is the valuation
ring in k,. Take a uniformizer m, in O,. We set F,, := O, /7,0, the residue field at
v. The cardinality of F, is denoted by ¢,. For each « € k,,

|a|v — qv_ ordv(a).

The adele ring of k is denoted by Aj. We let Oy, := [], O,, the maximal compact

subring of Aj. For any element o = (), € A, the norm |a|a, is defined to be

|a|Ak = H |av|v-
v

We fix a non-trivial additive character ¢ = ®,, : Ay — C* which is trivial on k
(here ¥, (x,,) := (0, ...,0, 2,0, ...), for all x, in k).
1.2. The symplectic group Sp,,. For a positive integer n, let

. (0 L\ [0 I,
I\-1, 0)9=\=1, o) ("

Spn = {g S GLQn
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We view Sp,, as an affine algebraic group over k. Let B,, = T}, - U,, be the standard
Borel subgroup of Sp,, where

tq
T, = <E)L taO_1> a= (=: diag(t1, ..., tn)), t;: € Gy
tn
and
1 *
U, = (g ta*_l) €Sp, |a= e GL,
0 1

A parabolic subgroup P of Sp,, is called standard if B,, is a subgroup of P. The
Siegel-parabolic subgroup P, is equal to M, - N,,, where

M, = {m(a) - (g ta01>

N, = {n(b)_ (Ig Ii) ‘b_tbeMatn}.

a € GLn}

and

Let
Sym,, := {b='b € Mat,}.

Note that GL,, and Sym,, are isomorphic to M,, and N,, by the map m and n respec-
tively. For 0 < » < n we let P, = M, N, be the maximal proper parabolic subgroup
of Sp,, where

I, x Y z
0 I,., 'z
N’I‘ - O O I’r‘ O E Spn I

0 0 =tz I,

a 0 0 0

0 a 0 b a b

M’r‘ = 0 0 ta_l 0 o€ GLT, (C d) (S Spn—’l‘
0 ¢ 0 d

The above description of M, gives us a natural isomorphism between M, and
GL, x Sp,,_-

Let Nsp, (T,) be the normalizer of T}, in Sp,,. The Wyel group Nsp (T,)/T), is
denoted by W), . We shall use the same symbol for an element of Nsp,, (T},) and its
image in Ws, . The Bruhat decomposition says that
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Let X (7},) be the group of (algebraic) characters on T,,. Then X (T;,) = &

z:lZ$i7
where x; is the character on T, satisfying

z;(diag(ti, ..., tn)) = ti.

We define an R-bilinear form < -,- > on X (7T;,) ®z R by setting

1 ifi=j,
< T, Tj >= .
0 otherwise,

and extending bilinearly. The left action of Wg, on X (7)) ®z R (induced by conju-
gation on T},) is orthogonal with respect to < -, >, i.e.,

<wz,wy >=<x,y > forallwe Ws, andxz,yc X(T,) ®zR.

The set of roots of Sp,, with respect to T,, is denoted by A,. For each root
a € Ay, let N, be the unipotent subgroup of Sp,, associated to «, and the reflection
associated to « is denoted by w,. We let A} be the set of positive roots (with respect
to By,), and the simple roots are

&%) = $i_$i+1,1§7;<n,
o = 2T

It is known that the Wyel group Wg,, is generated by we, .

1.3. The Weil representation of Sp,, x O(V). Let (V,Qv) be an anisotropic
quadratic space over k which has even dimension. By Hasse-Minkowski principle (cf.
Theorem 2.12 and Section 3.1 in [11]), the dimension of ¥V must be 2 or 4. Set

<T,Y >vi= QV(x+y)_QV(x)_QV(y)a V:ane‘/v

the bilinear form associated to @y . The orthogonal group of V' is denoted by O(V),
ie.

O(V) = {h € GL(V) | Qv (ha) = Qv (), V€ V}.

Here we view O(V) as an affine algebraic group over k.

For each place v of k, we have fixed an additive character v, on k, in Section
1.1. Let V(ky) :=V ®y, k,, and let S(V(k,)™) be the space of Schwartz functions on
V(ky)™, i.e. the space of functions on V' (k,) which are locally constant and compactly
supported. The (local) Weil representation w,(= wy,yp,) of Sp,(ky) x O(V)(k,) on
S(V (ky)™) is determined by the following: for every ¢, € S(V(k,)™) and x € V(k,)",

dim(V)

() := xvw(deta)|detal, 2 - @u(x-a), Ya € GL,(ky);
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o xv.u: kS — {£1} is the quadratic character associated to V at v, i.e.

dim (V)

Xvol(a) == (a, (—1) =2 det(V))

where (-, ), : kS x kX — {£1} is the Hilbert quadratic symbol and

’U’

1
det(V) = det ((5 < Ty Tj >V)1§i,j§dim(v)) S kx/(kx)z

for any k-basis {x1, ..., Zqim(v)} of V.
° ng) : V™ — Sym,, is the moment map, i.e. for any x = (z1,...,z,) € V",

n 1
Qi/)(!f) = (5 < T, Tj >V) .
1<i,j<n

e 0, is the Fourier transform of ¢, (with respect to ,):
@v(x> = /V(k | <Pv(y) %(Z < T, Yi >V)dy7 Vo = (xlv ,{En) S V(kv)n
)" i=1
The Haar measure dy = dy; - - - dy,, is chosen to be self dual, i.e.
Pu(@) = pu(—x), Vo eV(ky)"

e ¢,(V) is the Weil index of V at v, i.e.

ey(V) ::/L z/JU(QV(x))d;E

for any sufficiently large O,-lattice L, in V(k,). The Haar measure dx is also
chosen to be self dual.
We denote xv to be the character @, xv,, : k*\A; — {£1}.

Fix an arbitrary k-basis A of V.. For each place v of k, let ¢ be the characteristic
function A € V(k,)"™, where A, C V(k,) is the O,-lattice generated by the elements
in A. Then for almost all places v of k, it is known that

wo (K, K,)@y = ¢y V(50 k) € Sp,(Ow) x O(V)(Ow).

Let V(Ag) := V@i Ay and let S(V(Ag)) be the space of Schwartz functions on V' (Ay).
Viewing S(V(Aj)™) as the restricted tensor product ®,,S(V(k,)™) with respect to
{©%},, we have the (global) Weil representation w = ®,w, of Sp,,(Ax) x O(V)(Ay)
on the space S(V(A)"): for every ¢ = ®y,¢p, € S(V(Ar)") and (g,h) = (gu, hy)y in
Sp, (Ag) x O(V)(Ag),

w(ga h)‘p = ®vwv(gv7 hv)@v-

2. Theta series. Take a Schwartz function ¢ € S(V(Ax)"). For (g,h) €
Sp,,(Ax) x O(V)(Ag), the theta series

0(g,h,0) =Y (wlg)p)(h'x),

zeV (k)™
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as a function on Sp,, (A;) x O(V)(Ay), is left Sp,, (k) x O(V)(k)-invariant. We define

I"(g,¢) =

= / 0(g, h, p)dh.
O(V)(1)\ O(V) (Ax)

This integral is absolutely convergent, as O(V)(k)\ O(V)(Ay) is compact. The mea-
sure dh is induced from the Haar measure on O(V)(Ay) which is normalized so that
the volume of O(V')(k)\ O(V)(Ag) is 1.

Let P be a standard parabolic subgroup of Sp,,. Write P = M - N, where N is
the unipotent radical of P and M is its standard Levi subgroup. Define

Ip(g, ) = / I"(ng,p)dn, Vg € Sp,(Ax),
N(R)\N (Ak)
where the measure dn on N (k)\N(Ay) is chosen so that the total mass is 1. It is clear

that

LEMMA 2.1. I} (g,¢) = (w(9)¢)(0).
Let Zj; denotes the center of M, which is contained in T;,.

LEMMA 2.2. For every standard parabolic subgroup P of Sp,,, there ezists a
character vp on Zy(k)\Zpn(Ak) such that for every z € Zy(Ag), g € Sp,(Ak),
p € S(V(AL)"),

I5(29,¢) = vp(2)Ip(g, ¢).

Proof. Tt is clear when P = Sp,,, as the center of Sp,, is {£1}. Next, we consider
the case when P = P,, 0 < r <n. Then M, = GL, x Sp,,_,, and

I (g,9) = / S w(g)p(0, h~1a)dh.
OV RN\ O(V)(B8) ey oynr

Therefore for m = (a,g’') € GL,(Ag) x Sp,,_,.(Ax) = M,.(Ay), we get

dim V.

Ip(mg,¢) = xv(deta)|detal,,> I""(q', %),
where ¢ € S(V(Ag)""") is defined by
P(x) = w(g)e(0, z).
This assures the result for P = P,.

In general, we can assume that P is contained in P., 0 < r < n, and the Levi
subgroup M of P is isomorphic to

GL,, x---x GL,, xSp,,_,,

where 1 + -+ + 1y = r. Note that N = U - N,. where U is a unipotent subgroup of
M,.. Therefore

Ip(g,9) = Ip (9, ¢),



494 F.-T. WEL

which completes the proof immediately. O

The next proposition shows that I"(g, ¢) is concentrated on the Borel subgroup
B,,:

PrROPOSITION 2.3. Tuke a standard parabolic subgroup P = M - N of Sp,, which
is not equal to By,. Let vp be the character of Zyr(k)\Znr(Ag) in Lemma 2.2. Then
for every cusp form f on M(Ay) with central character vp', ¢ € S(V(Ap)"), and
g € Sp,,(Ax), we have

/ IE(mg, ) f(m)dm = 0.
Zn (Ak) M (K)\M (Ag)

Proof. Suppose P is contained in P, 0 < r <n,and M C M, = GL, xSp,,_, is
isomorphic to

GL,, x--- x GL;, X Sp,,_,,

where 71 + - - - + 1, = r. From the proof of Lemma 2.2, we have known that for every
element m = (a1, ...,a¢,9") € M(Ag), g € Sp,,(Ar), and ¢ € S(V(Ax)"),

Ig(mg, @) = Ip (mg, v)
dim V.

Y4
(21) = <HXV(detai)|detai|A: )I"T(g/,g)

i=1

Suppose r; > 1 for some i. Then I} is left invariant under U;(Ay), where U; is the
unipotent radical of a proper parabolic subgroup Pas of M. Note that for every cusp
form f on M(Ay),

/ flug)du = 0.
Ui (k)\Ui (Ak)

Therefore (m +— I} (mg, ¢)) is orthogonal to all cusp forms on M (Ay).

In the case when r; = 1 for all 1 < i < ¢, we must have r < n (as P # B,,).
From Equation (2.1) we reduce to the case when P = Sp,,. By Theorem A.5 in the
Appendix A, we have that for every cusp form f on Sp,, (Ag),

/ 1"(g,¢) - f(g) dg = 0.
Sp,, (k)\ Sp,, (Ax)
This completes the proof. O
3. Siegel-Eisenstein series. Let Iy, (s) be the space of smooth functions ® on

Sp,, (Ay) satisfying that for elements g € Sp,,(Ax) and (8 ta*1> € P,(Ay),

a * s+ nfL
2 (5 1) 9) = xvlaetalaecal;] " - a(o)

For g € Sp,,(A) and ® € I4, (s), it is known that the Eisenstein series

E(g,5,9):= > = ®(yg)

YEPL(K)\ Sp, (k)
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converges absolutely for Re(s) > (n + 1)/2. From the Iwasawa decomposition

Spy,(Ak) = Po(Ak) - Sp,, (Oay),

we can extend @ to a standard section (which is still denoted by @), i.e. for all s’ € C,
a < GLn(Ak), K€ Spn(OAk),

PUNTR Y
? (<8 ta*—l) K, s’) = xv(deta)|det CL|A: 2. D(k).

It is known that for ¢ € Sp, (Ax), E(g,s,®) can be extended to a meromorphic
function of s € C (in fact, a rational function in ¢—%).

In this section, our aim is to show that E(g, s, ®) is also concentrated on the Borel
subgroup B,, for every section ® € I, (s) (in Proposition 3.2).

3.1. Constant terms of Eisenstein series. Let P be a standard parabolic
subgroup of Sp,,, i.e. P is a parabolic subgroup of Sp,, containing B,. Then P =
M - N, where M is the Levi subgroup of P and N is the unipotent radical of P. For
g € Sp,,(Ag) and @ € Iy, (s), the constant term of E along P is defined by

Ep(g,s,®) := / Ep(ng,s, ®)dn.
N(k)\N (Ak)

Here the measure dn is induced from the Haar measure of N(Aj) normalized so that
the volume of N(k)\N(Ay) is 1. Let Wy be the Weyl group of M with respect to
T,, and denote by AL the set of positive roots with respect to the Borel subgroup
B, "M of M. Then it is known that

Wi, o= {w € W, [wla e Al forall a € A%, and wa e Af for all v € A} }

forms a set of double coset representatives of Wz, \Wsp, /Way.

LEMMA 3.1. For eachw € Wiy, a, let M) := w™t PywnM and N}/ := w=! P,wn
N. Then

Ep(g.5,®) = Y. > w9
weWnr, ,m \y' €M (k)\M (k)

where

Dy,(g) = / O (wng)dn.
NI (AN (Ak)

Proof. Note that Wy, ar also forms a set of double coset representatives of
P, (k)\ Sp,,(k)/P(k). Moreover, for each w € Wiy, ar we have the following bijection

(N (B)\N (k) x (M, (k)\M (k) = w™" P(k)w 0 P(k)\P(k).

Therefore

Ep(g,5,®) = / > > ®(wywng)dn
NEANAL) e P, (k)\ Sp, (k)/ P(K) Yo €w =" Py (k) wn P(k)\ P(k)

- Z Z /N(k) Z ®(wn'y'ng)dn

WEWnr, v \ v/ €M/ (K)\ M (k) \N(Ak) e N1 (R)\N (k)
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It is observed that

/ Z O (wn'y'ng)dn
N(k)\N (Ar)

n’ €N (R)\N (k)

/. B (') g)dn
NN e Ny (k)\N (k)

/ ®(wny'g)dn
W (R)\N (Ax)
=24 (7'9).

The last equality is from

D(wn"g) = P(wg), Vn" € N/(Ay).
a

For w € Wy, wm, there exists a character u,, on M/ (Ay) trivial on M/ (k) such
that for m € M/ (Ay)

fl)w(mg) = /Lw(m)q)w (g)

Note that M is a standard parabolic subgroup of M (with respect to B, N M) for
any w € Wa, m. Let v, be the restriction of p,, on the center Zys(Ay) of M(Ay).
Then we can write

Ep(g,s,<1>): Z EP,V(gvsv(I))a

character v on Zys(Ay)

where

EP1V(9555®) = Z @w(’yg)
weWnr,, M vw=v \yEM/)(k)\M (k)

Since p,, is trivial on Unzr(Ay) where Uy is the unipotent radical of M, when
M # M and we take UM// =B, NM if M” = M, we have the following result.

PROPOSITION 3.2. Suppose a function ® € Iy, (s) and g € Sp,,(Ag) are given.
Let P D By, be a standard parabolic subgroup of Sp,,. Then for any cusp form f on
M (Ay) (where M is the Levi subgroup of P) with central character v=1, we have

/ Ep,(myg,s,®)f(m)dm = 0.
Zn (Ag)M (k)\ M (Ay)

COROLLARY 3.3. For every section ® and every standard parabolic subgroup P of
Sp,., E(g,s,®) and Ep(g, s, ®) have the same set of poles. More precisely, for so € C,
let

ords—s, E(-,s,®) = min {ords—s, F(g,s,P)}
9€Sp,, (Ar)

and

ords—s, Ep(-,$,®) = min {ords—s, Ep(g,s,®)}.
9ESp,, (Ar)
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Then

ords=s, E(-,s,®) = ords=s, Ep(-,5,P), Vso € C.

Proof. From the definition of Ep(g, s, ®), it is clear that
ords—s, Ep(-,8,®) > ords—g, E(-, 5, D).

Write P = M - N, where N is the unipotent radical of P and M is the Levi subgroup.
We also have

Ords:so EBn ('7 S, (I)) > Ords:so EP('7 S, (I))u

as for every g € Sp,,(Ay)
EB71(9787¢) = / EP(”Q,S,@)dn-
It suffices to show that
ords—s, E(, s,®) > ords—s, Ep, (-, 5, D).
Let ¢ = ords—s, E(-,s,®) and ¢ = ords—s, EB, (-,5,®). If £ < ¢/, then the
function f(g) := lim,_, (s — s0) *E(g, s, ®) would have

fo.(0) = [ f(ug)du = 0.
n(k)\Un (Ak)

By Proposition 3.2, f is also concentrated on B,,. Therefore f = 0 (as f is a cusp
form on Sp,,(Aj) which is also orthogonal to all cusp forms). Therefore the proof is
complete. O

Take a Schwartz function ¢ € S(V(A)™). For any g = 8 t,
where a € GL,,(Ag) and s € Sp,,(Oy, ), set s¢,y := dim(V)/2 — (n +1)/2 and

*1) -k € Sp,,(Ag)

(g, 5) := |detaly, " - (w(g)¢)(0).

Then @, is in Ia, (s). We call @, the Siegel section associated to ¢ and E(g, s, @)
the Siegel-Eisenstein series associated to . To show that E(g, s, ®,) is holomorphic
at s = s(p) for every Siegel section @, by Corollary 3.3 it suffices to get

ord Ep,(-,s,®,) > 0.

S:S(n)

In the next two sections, we study the analytic behavior of Ep, (g,s, ®,) at s = 5(,),
and prove its holomorphic property.

4. The analytic behavior of Ep, (g,s, ®,) I: Intertwining operators. For
0<r<mn,let

e, 0O 0 0

wo—| 00 0 L] g

v 0O 0 I, O n
0O -, 0 0



498 F.-T. WEI

Then {wo,...,wn} is a set of double coset representatives of Wz, \Wsp, /Wiy, , and
we have Sp,, = [["_, P,w,P,. Moreover, M, = w, P Pyw, N M, = {m(a) : a € Q,}

where
Q= {(g 2) € GL,

NZT = wr—anwT NN, = {n (tyz S) ’ y € Sym,,_,., 2 € Mat(nr)w} ,

a€GL,_,, de GLT} ,

and

N/ AN, = N := {n (8 2) ‘beSymT}.

Here m and n are the isomorphisms introduced in Section 1.2.

Take a section ® € Iy, (s). By Lemma 3.1, we can write Ep, (g, s, ) as

S ER(g.5,9),
r=0
where

ES)(g.5,@) = S 2 (m(y)g.s)
’YGQT(k)\ GLn(k)

with
(g, s) = / O (wyng, s)dn.
N/ (Ak)

Notice that
EW(g,5,®) = B(g,5), EW(g,5®) = (M(s)®)(g, 5)

where M (s) : Iy, (s) — I, (—s) is the intertwining operator defined by

(M (s)®)(g,s) == /N " )@(wnng,s)dn,

and
a~ BS)(m(a)g,s, @), Va € GLy(Ay)

is an Eisenstein series on GL, (Ag) for 0 < r < n.

In this section, we review the meromorphic continuation of the intertwining op-
erator M (s), and show that EI(;:L) (9,5, ®) is holomorphic at s = 5,y when & = &, is
a Siegel section.



ON THE SIEGEL-WEIL FORMULA OVER FUNCTION FIELDS 499

4.1. The intertwining operator M (s). For each place v of k, let I,(s) be
the space of smooth functions ®, on Sp,, (k,) satisfying that for g € Sp, (k,) and

a *
(0 ta—l> Epn(kv),

s ntl
o ((3 t*l) 9) = xva(deta)| detals” > @y(9).

a

Given @, € I,(s), we can extend ®, to be a standard section, i.e. for s’ € C,

a * s/ ntl
®, <(O tafl) /{U> = xve(deta)|detal, = 2 ®y(ky), Va & GLyn(ky), kv € Sp,(Oy).

Define the intertwining operator M,(s) : I,(s) — I,(—s) by
M, (s)P,(g) ::/ D, (wpnypg)dn,,

which converges when s > (n — 1)/2. We state the known facts we need in the
following:

LEMMA 4.1. (cf. [5]) Let

[n/2]
1
An(8) := Ly(s + n — N, XVv) H Cow(28 — n + 29)
i=1
and
[n/2]
+1 )
bn.w(s) = Lu(s + TLT’XV’U) [T Geo(@s +n—2i+1),
i=1
where
Ceols) = (1—q,*)""  and  Ly(s,xv.) = (1 = (xvio)a, *)
with

( ) Xvo(T), if Xve is unramified,
o =
vV 0, otherwise.

(i) For any standard section ®, € I,(s) and g € Sp,,(ky),
1

A (8)

Mv(s)q)v (g, 5)

can be extended to an entire function of s.
(ii) Suppose xv., is unramified. Let ®%(g,s) € 1,(s) be the standard section such
that

O (ky,s) =1, Yk, € Sp,(O,).
Then we have

an,v(8)

MU(S)CI)g(g, s) = vol(Ny,(Oy), dny) - Do (5)

'(I)g(gu_s)v Vge Spn(kv)
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Recall that I, (s) is the restricted tensor product of I,(s) with respect to
{®%}. We normalize the Haar measure dn, on N, (k,) such that vol(N,(O,)) = 1
for almosrt all places v and the Haar measure dn = [] dn, on N,(Ay) satisfies
VOl( Ny, (k)\N,(Ag),dn) = 1. Then M(s) = ®M,(s), which converges absolutely on
Re(s) > (n+ 1)/2. In particular, for a factorizable section ® = ®,P, € Iy, (s), let
Y (®,dn) be the finite set of places v of k such that ®, # ®° or vol(N,,(0,), dn,) # 1.
Then by Lemma 4.1 (ii), M (s)®(g, s) can be expressed by

bn.v(s
: |:(®'U¢E(<I>,dn)(1)10;(g'uv _S)) Y <®v€2(<1>,dn)anv((S;Mv(5)q)v(gvvS)):| )

an(s) = Han)v(s) and  by,(s) := anﬂ,(s).

By Lemma 4.1 (i), we have the meromorphic continuation of M (s)®(g,s) for each
element g € Sp,, (Ag).

LEMMA 4.2.
(i) Suppose xv is non-trivial. Then when dim(V) =2 we have

an(s) 0, Zf?’L = 1,
ordg—g, . ——= =
™) b,(s) +1, ifn>1;

when dim (V') = 4,

() 0, ifn=1 or3,
ordszs(n) an3) _ -1

" 1, ifn>3.

(ii) When xv is trivial, we have dim(V) = 4 and

1, ifn=1,

ord,_, an(s) _ )2 ifn=2,
@ bn(s) )0, ifn=3,

1, ifn>3.

Recall that S(V(Ag)™) can be viewed as the restricted tensor product
®! S(V (ky)™) with respect to {¢%},, where the functions ¥ are chosen in Section
1.3. Suppose a factorizable Schwartz function ¢ = ®,¢, € S(V(Ay)™) is given. Then
the associated section ®, = ®,®,, is also factorizable.

PROPOSITION 4.3. For each place v of k,

b, ()
anv(S)

M'U(S)(I)Sau (g’Uu 8)

is holomorphic at s = s, for all g € Sp,, (k) and @, € S(V(ky,)").

REMARK. The above proposition does not hold for all sections of I,(s) in general,
as
-1, ifdim(V)<n+1,

O ds:s bn v -
1ds=siry bno(s) {Q if dim(V) > n + 1.
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Proof. We define an intertwining operator T, from S(V'(k,)") to I,(—s)) (as
representations of Sp,, (ky)) by

1

Py — ————
Gn,v (S(n))

MU(S(n))‘I)%J.

When dim(V) < n + 1, this intertwining operator 7, must be zero by the following
lemma (Lemma 4.4), which tells us that a, ,(s) ' M, n(s)Py, (g,s) has a zero at
5= 8(n for all ¢ € S(V(k,)") and g € Sp,,(k,). Therefore the result holds. 0

LEMMA 4.4. Let
{(n,v) = dim¢c Homgy, (k,)x0(V)(k,) (S(V(kv)n)a Iy(=5(m)) ® 1)7

where 1 is the trivial representation of O(V)(k,). Then
(i) When dim(V) < n + 1, we have {(n,v) = 0.
(i) When dim(V) =2 and n =1, {(n,v) < 1.
(iii) When dim(V) =4 andn =1 or 2,

tn,v) < n, zf V(ky) z.s zso.tropzc,'
0, if V(ky) is anisotropic.
(iv) When dim(V) =4 and n =3, we have £(n,v) < 1.

Proof. This is a consequence of Proposition B.1. The proof is given in Appendix
B (cf. Corollary B.3 and Remark B.4). O

The above lemma implies immediately that:

COROLLARY 4.5. If dim(V) > n+ 1 and {(n,v) = 0, then the meromorphic
function

b, ()
anv(S)

has a zero at s = s,y for all g € Sp,,(ky) and ¢ € S(V(k,)").
Recall that given ¢ = ®@,¢, € S(V(Ar)"™), M(s)®,(g,s) can be expressed by

b, ()
anv(S)

Mn,n,’u(s)q)sa (97 S)

an (s
2 Esi ‘ (®U¢z<%,dn>‘1’3u(9v,—8)) ® (®v€2(%vvd”>

M, (), <gv,s>)} |

Note that when dim(V) = 4 and xy is non-trivial (resp. other cases), there exists at
least one (resp. two) places of k such that (V, Qv ) is anisotropic over k,. Since any
Schwartz function ¢ € S(V(Ag)™) is a linear combination of factorizable functions,
we finally arrive at:

PROPOSITION 4.6. For each Siegel section @, € Ia, (s), M(s)®y(g,s) is holo-
morphic at s = s,y for all g € Sp,,(Ag). Moreover,
M (5(n)) Py (9,5m)) =0  for all g € Sp,, (Ax)

except for the following cases:
(i) when dim(V) =2 and n = 1;
(ii) when dim(V) =4 and n =2 or 3.
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4.2. The intertwining operator 1, ,(s). Fix an integer r with 0 < r < n. We
consider the standard parabolic subgroup P = MUNT contained in P,, where

the Levi subgroup Mff)

m aq 0
0 a9
For each pair of Hecke characters p1 and po on k*\A}S, Let I, (111, p2) be the space

of smooth functions f on Sp,, (Ay) satisfying that for (a,a2) € GL,—, x GL, and
n € Nr(f),

C M, is equal to

a1 € GL,_,, as € GLT} .

detas|. *
f (m (%1 CZ) nlg) = m(m)uz(az)%ﬂg)-

|det a2|g

For a section ® € Iy, (s), define
M, . (s)®(g,5) = / ®(wyng, s)dn,
N (Ar)

where the Haar measure dn is normalized so that the volume of N/ (k)\N/(Ay) is 1.
When Re(s) > (n+1)/2, it is clear that M, -(s)®(-, s) is a section in I, ,(s), where

_r — J’,H
In,r(s) = In,r(| : |Zk 27 | : |A: 2 )

We also set I, o(s) := Iy, (s) and I, ,(s) := I, (—s), and M, ,(s) := M(s) introduced
in Section 4.1.

For any x € Sp,,(Oa, ), let p(k) denote the left action of £ by right multiplication
on Iy, (s) and I, (s). This action is independent of s. Let ® € I, (s) be a standard
section. Given k € Sp,,(Oa, ), let &' := p(k)®, which is also a standard section.
Define the inclusion ¢ : Sp,. < Sp,, by

In—’r
a b . a b
c d Infr
c d
Then we have the following commutative diagram:

My, (s)

I o(s) I, - (s)

!/ !/
IT,O(S ) W IT,T‘(S )

where s = s+%5". For each g € Sp,,(A), write g = n(b)m(a)x where n(b) € Ny, (A),

a= (%1 ;) € Qr(Ay), and k € Sp,,(Oy,, ). Then
2

s+l —s+ndl
My (s)®(g,8) = |detan|,, * - |detagly, ™ % M, (s)(p(#)®) (1, 5)

s+opt —st gt N ’
= |detail,, - det ag|,, M, (s") (" (p(r)®)) (1, ).
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This gives the meromorphic continuation of M, ,(s)® for each standard section P,
and

ords—s ., My +(5)®(g,8) = ordgi—s,,, M, (") (i*(p(r)®)) (1, s").

In particular, suppose ® is factorizable. Write ® = ®,®,,. Recall that X(®, dn) is the
finite set of places of k such that ®, = ®’ and vol(N,,(0,)) = 1 when v ¢ X(®, dn).
Then M, ,(s)® is equal to

by (s")
ary (")
5. The analytic behavior of Ep, (g,s,®,) II: Mass-Jacquet-Shalika

Eisenstein series. Recall that when Re(s) > (n + 1)/2, for g € Sp,(Ax) and a
section @ € I, (s) we defined

: [( Rugs(@,dn) @8) ® (®v62(¢>,dn) Mn,r,v(‘s)q)v)] -

EY)(g,5.@) = >, (g,
+€Q (W)\ GLy (k)

where ®()(g,s) = M, .(s)®(g,5s) € I,.(s). The discussion in Section 4.2 gives
us the meromorphic continuation of ®("). Moreover, for each g € Sp,(A), the
function (a — EI(;;) (m(a)g, s, ®)) can be viewed as a Mass-Jacquet-Shalika Eisenstein
series on GLy,(Ag). In this section, we recall the analytic behavior of this kind of
Eisenstein series, and show that El(fn) (m(a), s, ®) is holomorphic at s = 5, for every
a € GL,(Ag) when ® = @, is a Siegel section.

Fix an integer r with 0 < r < n. Set X, := Mat,«,, (as an affine space over k).

Let pu1, po be two Hecke characters on k*\A}. For any g € GL,(Aj) and Schwartz
function f € S(X,(Ay)), define

F(g) = F(g, i1, po, f) == ul(detg)|detg|g{f /GL . )f(hfl(O,Ir)g)ufl(det h)d*h.
I k

Here p = pipg . |X£ % and the Haar measure d*h is normalized so that the volume
of GL,(Oa,) is 1. This integral is absolutely convergent if [p3py'| = | - |7, where
o>r—n/2.

Recall that

(i 5)eon

For g € GL,,(Ag) and b = (%1 ;) € Q-(A), we have
2

a] € GLn_T, as € GLT} .

F(bg) = p(det ar)pz(det az)dg, (b)'/2F(g)

where d¢, (b) = |det aﬂxcg - | det a2|§{k_n)/2. The Maass-Jacquet-Shalika Eisenstein
series associated to f, py, peo is defined by

E(g, p, p2, f) = Z F(yg).

’YGQT(k)\ GLn(k)
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This series converges absolutely when |5 [, = |- 7, with o > n/2. The following
theorem gives us the meromorphic continuation of such Eisenstein series (the proof is
given in Theorem C.3):

THEOREM 5.1. Suppose py - jiy* = | - |%,- Then

(1) (Continuation) E(g, u1, 2, f) can be extended to a meromorphic function in
o (in fact, a rational function in q=7), and every possible pole can only be a
simple pole. Let P(c) := P* (o) P~ (o), where

r—1

PHo) = [T —g ),

=0

Then P(c) - E(g, p1, pa, [) is entire.
(2) (Functional equation) For each f € S(X,(Ay)), we have

E(gv,quv,UQaf) = E(tgila:ul_lhuglaf)

where f is the Fourier transform of f:

f@w:/’ F(a)(— Te(a'y))dy.
X (Ar)

The Haar measure dy is chosen to be self-dual, i.e. f(x) = f(—x).
(8) Suppose that there exists a place v of k such that the support of the restriction
of f on X, (ky) is contained in the set of elements with rank r in X, (k,). Then

P+(0) ’ E(gu K1 2, f) s entire.

Now, we set

s+ n7;+1

_gyrtl
pas =1 A and pig s 1= |- |A:

2

Let INHT(S) be the space of smooth functions ¥ on GL,,(Aj) such that for every element

p= (‘g *) € Q,(Ar) and g € GL,(Ar),

ag

U(pg) = p1,s(det ar) - po s(det az) - (| det ai|;, -|det a2|§) -U(g).

It is clear that I,,.(s) = ®.I,,..(s), and given f = ®,f, € S(X,.(Ag)) =
®,,S(X,(ky)) we have,

F(ga M1 ss 42 s, f) = ®,Fy (gva H1,s,05 U250, fv)
for g = (gv)» € GL,(Ag). Here

Fo(Gor fi1,0,0 H2,0,00 ) ::m,s,u<detgu>|detgu|z/2/ ( >f”(h“jl(o’Ir)g”)“;”l’(h”)dxh”
Xy (ke

and fts,p = [11,s,0 '/‘2_;,1; -l /2. We have (cf. Lemma C.2)

LEMMA 5.2. (1) For any standard section ¥,, € fnmv(s), there exists a Schwartz
function f on X, (k) supported on elements of rank r such that

Fv(gvv H1v,s5 H2,0,585 fv) = \IJv(gvv 5)
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(2) Let fO be the charateristic function of X,(O,). Then

r—1

F'L?(g'u) = Fv(gaﬂl,s,'uu /14275,1)7 fq?) = H C’U(2S - 2” - r—- Z)\I]g
i=0

where U9 € fnmv(s) 18 the standard section such that
W (k,) =1, VK, € GL,(0,).

For any ® (res. ®,) € I,.(s), we denote by ® (res. ®,) the restriction of ®
(res. ®,) on M,,(Ay) (M, (k,)). Then via the isomorphism m between GL,, and M,,, ®

(res. ®,) can be viewed as a function in I, ,-(s) (res. Iy r(s)). Let ¢,(s) := [, ¢ru(s)
where

r—1
cro(s) =[] Cw(@s +m =7 —i).
1=0

For each factorizable Schwartz function ¢ = ®,¢, € S(V(Ag)™), from the discussion
in Section 4.2 and Lemma 5.2 we get

ar(s br,u(s') Y
- b N <( ®U¢E(¢¢,dn) \1110;) 02y (®UEZ(<I>¢,dn) aiMn,r,v(S)(I)va)

Crv(8)br (") —_
ary(8") ’

where s’ = s+ (r —n)/2, X(®, dn) is the finite set of places v of k such that @, # ®°
or vol(N,(0,)) # 1, and F*% = ®U¢E(<I>de)F3.

=~ 7 . <F01<,0 ® (®U€Z(‘P¢7dn)

LEMMA 5.3. For any ¢, € S(V(ky)™), there exists a finite collection of standard
sections ®J in I,(s) such that

byw(8)
arp(s")

Mo 510(5) = 3 ( 2240 M ()0A1,5) ) W )

for all m,, € M, (k,), where \I!% S fnmv(s) is a standard section for each j.

Then Lemma 5.2 and 5.3 lead us to the following result:

PROPOSITION 5.4. (1) For each Siegel section ®,, € I,(s), there exists a finite
collection of Schwartz functions f, ; € S(X,(kv)) such that

Crv(8)br o (s")

n Mn,r,v(s)q)wu = Z Bo,jFo,;j,
U“T;U(S ) 7

—S

where for each j, By ; is a rational function in q
and

which is holomorphic at s = s(,),

Fv,j(gv) = F(gva M1 5,05 H2,5,05 fv,j)a for g, € GLn(kv)-
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(2) Moreover, suppose ary(s') " My ro(8)®y, (gu.s) has a zero at s = s(, for all
elements g, € Sp, (k). Then we are able to choose suitable f,; and B, ; such that
either By j has a zero at s = s,y for all j or the support of f, ; is contained in the
set of elements of rank r in X, (k) for all j.

The above proposition describes the analytic behavior of the local factors at each
place v € (P, dn). Immediately, we have

COROLLARY 5.5. For any factorizable ¢ = @y, € S(V(Ar)™), there exists a
finite collection of Schwartz functions f; € S(X,(A)) such that

=) _ . _ ar(s’) O (s
B = M (0 = 05 oy 2 BT

S

where for each j, B; is a rational function in q~*° which is holomorphic at s(,), and

FJ is the section of fnyr(s) corresponding to f;.

5.1. The order of Egn) (m(a),s, ®,) at s = s(,) for 0 < r < n. By Corollary
5.5 we have that for a € GLa(Ay),

B0 0.80) = STy 0 P )

Recall that s(,) = dim(V)/2 — (n+1)/2, s’ = s+ (n —r)/2, and

1 [r/2]
OJT(S) = L(S + T - XV) lell Ck(25 —r+ 2Z)a
[r/2]
1
br(s):L(5+T42' ) 1;[1 (25471 —2i+1),
r—1
cr(s) = HCk(2s+n—r—i).

i=0
Therefore

+2, ifdim(V) =4 and r = 2,
ords—s,, cr(s)h =< 41, if (dim(V),r) = (2,1) or (4,3),
0, otherwise.

By Lemma 4.2 we have
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Moreover, by Theorem 5.1,

-1 if (dim(V),r) = (2,1), (4,2), or (4,3),
ords—s,, E(a, p1,s, p2,s, f5) > § =1 if n =2 and (dim(V),r) = (4,1),
0 otherwise.

Suppose dim(V) = 2. Then El(fn) (m(a), s, ®,) is holomorphic at s = s(,) and
vanishes when r > 1. Suppose dim(V) = 4. We have that Eg}(m(a),s,@w) is
holomorphic (resp. vanishes) at s = s,y when r = 3 (resp. 7 > 3). Suppose r = 1
or 2. Since (V, Qv ) is anisotropic over k, there exists at least one (resp. two) place v
of k such that (V,Qy) is still anisotropic over k, when dim(V') =4 and yy is trivial
(resp. other cases). Therefore by Lemma 4.4 (ii) and Proposition 5.4 (ii), we always
can choose 3; such that

ords—s,, B > 1 (resp. 2).

Therefore EI(DTn) (m(a),s, ®,) is still holomorphic at s(,,) and vanishes for the case when
r=2orn—1>r=1. We conclude that

PROPOSITION 5.6. Fiz an integer r with 0 < r < n. For each a € GL,(Ay),
E;Q(m(a),s,fl)@) is holomorphic at s = s(,). Moreover, El(;;)(m(a),s(n),éw) =0
except for the following cases:

(i) when dim(V) =2, r =1;

(ii) when dim(V) =4, n=2=r+1;

(iii) when dim(V) =4, r = 3.

Together with the result in Proposition 4.6, we obtain:

COROLLARY 5.7. For(0 <r <mn, El(grn) (m(a), s(n), @) = 0 except for the following
cases:
(i) when r =0;
(i1) when dim(V) =2, n>r=1;
(i1i) when dim(V) =4, n=2>r>1;
(iv) when dim(V) =4, n>r = 3.

6. Siegel-Weil formula. The aim of this section is to prove the Siegel-Weil
formula over function fields:

THEOREM 6.1. Let o € S(V(Ag)™). Then for g € Sp,,(Ag),

E(g, S(n)s (I)w) =e(n)-I(g, ),

where 8¢,y = dim(V)/2 — (n +1)/2 and

(n) = 1 fdim(V) >n+1,
T2 ifdim(V) < a1

The proof is divided into three cases:
(i) dim(V)=n+1;
(ii)) dim(V) > n+ 1;
(iii) dim(V) <n+ 1.
We deal with these cases in Section 6.1, 6.2, and 6.3, separately.
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6.1. Special case: dim(V) =n + 1. We first show that
LEMMA 6.2. When dim(V) =n + 1,

M(0)®,(g,0) = Py (g,0)

for every Siegel section ®, and g € Sp,,(Ay) when dim(V') =n+ 1. In particular, for
every a € GL,, (Ay),

Ep) (m(a), 0,8,) = (M(0)®,)(m(a), 0) = &, (m(a), 0) = (w(m(a))e)(0).

n

Proof. For each place v of k, the maps

by (0)
an,v(0)
are both lie in Homgy, (. )x0v)(k,)(S(V (ku)"), 14, (0) ® 1). Lemma 4.4 implies that

there exists p, € C such that Ts,, = p1,T1 . Recall that for every ® = ®,P, € Iy, (s),
M(s)®(g, s) can be expressed by

Tiw = (o @u(,0))  and T, = (@ — M, (0)®,(-,0))

an(s) bn,v(s)

b(s) nw(8)
Hence we can find p1 € C such that M (0)®,(-,0) = p®,(-,0) for every ¢ € S(V(Ax)").
It is known that M (0) o M(0) : Iy, (0) — I, (0) is the identity map. Thus p = £1.
By Theorem A.4, we can choose a Siegel section @, such that the Siegel-Eisenstein
series E(-,0,®,) is not zero. Its constant term Ep, (g, s, ®,) is equal to

Py (9,0) + M(0)®y(g,0) = (1+ ) (w(9)e)(0).

Suppose pr = —1. Then Ep,(-,0,®,) = 0. By Corollary 3.3 we have E(-,0,®,) = 0,
which gives us a contradiction. Therefore ;x = 1 and the proof is complete. 0

COROLLARY 6.3. The Siegel-Weil formula (Theorem 6.1) holds when dim(V) =
n+ 1.

Proof. It suffices to show that for ¢ € S(V(Ag)™) and g € Sp,,(Ax),

(6.1) EB, (9,8(n), ®p) =2-Ip,(g,¢).

Indeed, Proposition 2.3 and Proposition 3.2 say that E(g, s, ®,) and I(g, ) are
both concentrated on the Borel subgroup B,,. Then by (6.1), it can be shown that
E(:, 8(ny, ®p) — 2I(-, ) is a cusp form on Sp,,(Ay) which is also orthogonal to all the
cusp forms on Sp,, (Ay). Therefore the result holds.

(®U¢E(<I>,dn)(1)10;(gvv _S)) ® <®UEZ(<I>,dn) M'U(S)q)'l} (g'Uv S)):| :

Note that

EB, (9,5(n), ®p) = / Ep, (ug, sy, ®,)du
Unt,, ()\Uns,, (Ak)

and

Ip,(9,¢) = Ip, (ug, ¢)du

/UMn(k)\UMn (Ak)
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where Uy, := U,, N M,,. Write g = n(b)m(a)x where n(b) € N, (Ay), m(a) € M, (Ay),
k € Sp,,(Oa, ), then

Ep,(9,5(n); Pp) = Ep, (m(a), 5(n); Pusn)e)
and
(w(9)9)(0) = w(m(a)) (w(x)¢)(0).
To show (6.1), it is enough to prove that for every ¢ € S(V(Ax)™) and a € GL,,(Ag),
Ep,(m(a), 5, y) = Pp(m(a),0) + M(0)®,(m(a),0) = 2(w(m(a))e)(0).
Therefore Lemma 6.2 completes the proof. O

6.2. Special case: dim(V) > n + 1. Let ¢y € S(V(Ag)) such that ¢o(0) = 1.
For every ¢ € S(V(Ag)"), take @ := o @ ¢ € S(V(Ag)""1). Then it is clear that for
g9 € Sp,,(Ax),

(7’*(1)4/3)(97 S) = ¢¢(l(g)7 S — 1/2) = q)w(gu S)u

where ¢ : Sp,, =+ Sp,, ;1 is the embedding introduced in Section 4.2. Consider the max-
imal standard parabolic subgroup P of Sp,,, ; whose Levi subgroup M is isomorphic
to GL; x Sp,,. By Lemma 3.1, we have

LEMMA 6.4. For every standard section ® € Ig:l(s) and g € Sp,,(Ax),

EpfHig),5, @) = E™(g,5+ 5,0"®) + E(g, 5 — 51" Ma11(s)).

Proof. By Lemma 3.1, we get

EPj_l(Z(g)asa(I)):E (g,s—|—§,z q))+E (978_571 (I)w)

where

0

o O =

w = wnJrlwv:l = -1 € Spn-i—l(k)

0

o
coifto
Sooo

0
Recall the functional equation of Siegel-Eisenstein series:

E"(g,5,®) = E"(g,—s,M(5)®), Vg €Sp,(Ar), ® € I} (s).
By straightforward calculation, M, (s — 1/2)(i*®y) = i* (My41(s)®). Therefore the
result holds. O

When dim(V) = 4 and n = 2, by Lemma 6.2, it can be observed that for every
9 € Spy(A)
1

1
E2 (97 §7Z*M3(0)(I)85) = E2(g7 57 z*q)tﬁ)

In particular,

. 1, 1
Ep, (i(9),0,25) = 2B%(g, 5, 1" ) = 2E%(g, 5, @),
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On the other hand, by Corollary 6.3 we get

E} (i(9),0,®g) = 21}, (i(g), @) = 2I%(g, ).
Therefore

COROLLARY 6.5. The Siegel-Weil formula (Theorem 6.1) holds when dim (V') = 4
and n = 2.

When dim(V') = 4 and n = 1, by the same argument in Corollary 6.3, it is enough
to show that for a € GL1(Ay)

Ep (m(a),0,2,) = (w(m(a))®)(0).

By Corollary 5.7 we have EI(Dll) (m(a),0,®,) = 0. Hence

Ep, (m(a),0,®,) = By (m(a),0,2,,) = (w(m(a))¢)(0).
We conclude that
COROLLARY 6.6. The Siegel-Weil formula (Theorem 6.1) holds when dim(V) >
n+ 1.

6.3. Special case: dim(V) <n+ 1. Set £ :=n + 1 — dim(V). The case when
¢ = 0 was shown in Corollary 6.3. The remaining case is proven by an induction
process on /.

By the same argument in Corollary 6.3, we only need to show that for a €
GL,,(Ag)

Ep, (m(a), s(n); ®p) = 2(w(m(a))¢)(0).
Note that when dim(V) < n + 1, by Corollary 5.7 we have that for a € GL, (Ay)

dim —
Ep, (m(a), (), ®p) = ®u(m(a), s()) + B (m(a), 50y, D).

Then it is clear that (a = Ep, (m(a), 5n), (I)@)) is concentrated on the Borel subgroup

dim (V)
of GL,. On the other hand, the function (a = xv(a)|det(a)|,, * ©(0)) is also
concentrated on the Borel subgroup of GL,. Therefore it is enough to show the
equality for their constant terms (along Q,—1):

dim (V)

(Er,)q, . (m(a), 50, @) = 2xv (@)l det(@)],*  o(0).

Here Q,, 0 < r < n, is the maximal parabolic subgroup of GL,, introduced in Section
5. Without loss of generality, we only need to consider the case when

a € GLn_l(Ak) — GLl(Ak) X GLn_l(Ak)
Note that Q,—1 C P N P,, and

(EP")anl (m(a), S(n)s (I)w) = (Epl)p:lfll (m(a)v S(n)s (I)%?)'
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Here P,?:ll is the Siegel parabolic subgroup of Sp,,_;. By Lemma 6.4, we have that
for a € GL,—1(Ag).

n— % n— 1 -k
Ep, (m(a), $(n), ®,) = E" 1(m(a), s(u_1), 1" ®,)+E" (m(a), 35 My (5(n))®y).

Since M,,(s)®, =0 when s = 5(,,) and £ > 0, it is observed that for a € GL,,_1(Ag),

n— 1 -
E l(m(a), 5 — S(n),l Mn(S(n))q)g,) = 0.

By induction we have that for a € GL,,—1(Ag),

dim (V)

(Br.)g, (@), 56y, @) = (Bp,) s (1(a), 500y, @) = 2xv(0) det(a)], * 0(0).
Therefore we conclude that

COROLLARY 6.7. The Siegel-Weil formula (Theorem 6.1) holds when dim(V) <
n+ 1.

Appendix A. Fourier coefficients of theta series. Let f be an automorphic
form on Sp,,(Ay). For each 8 € Sym,, (k), the S-th Fourier coefficient of f is

falg) = / F(n()g)o( Tr(~bB))db,
Sym,, (k)\ Sym,, (Ar)

where Tr is the trace map and the Haar measure db is normalized so that the total
mass is 1. The aim of this section is to compare Eg(g, s(n), ) with I3 (g, ) when
det 3 # 0, and prove an analogous result (Theorem A.5) of Proposition 4.2 in [15] by
the same strategy.

It is clear that

I3(g,0) = / I(0(b)g, ) Tr(—bB))db
Sym,, (k)\ Sym,, (Ay)

w(g)e(h™tx)dh.

/O(V)(k)\O(V)(Ak) zeV (k)

QM@=

Here Q%}l ) is the moment map from V" to Sym,, introduced in Section 1.3. Thus
I3(g,0) = 0if (Q)~1(8) is empty.

Recall that a gauge form on a given smooth variety V over k is a differential
v-form over k (where v = dim(V)) which is regular and non-vanishing everywhere.
We refer the reader to [20] for further discussions of the gauge forms on varieties. Let
dz and db be the standard gauge forms on the vector spaces V™ and Sym,, over k,
respectively. The corresponding measures (i.e. Tamagawa measures) on V™ (Ay) and
Sym,,(Ay) (resp. V" (k,) and Sym,, (k,)) are also denoted by dx and db (resp. dz,, and
db,). For every 8 in Sym,, (k) (resp. in Sym,, (k,)), let

(QV)res(8) = {z € (QV)7(B) | dQY” () : V™ — Sym,, is sujective},

which is a smooth variety over k (resp. k,), and there exists a gauge form dz on
( g}l ))‘1(B) which is compatible with the choice of da and db (resp. dz, and db,)

reg
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on V" and Sym,, respectively. In concrete terms, dg induces a local measure on
(Q\)=1(8)(ky) so that for any L'-function f, on V (k)™ (cf. [19] §6),

/ f'udxv = / (/ fvébv> db
V(ko)m Sym,, (kv) \J(QU)rek (o) (ko)

\4

In particular, suppose 8 € Sym,, (k) with det 3 # 0 and (Q(n)) L(B)(k) is not
empty, which implies that dim(V') > n. Then

@QV)rs(8) = (@)1 (8.
and O(V) acts transitively on (Qi}l))*l(ﬁ). Take any element = € (Qi}l))fl(ﬂ). Let
Stov)(z) :={h € O(V) : hx = x}.
Then Stovy(x)\ O(V) is isomorphic (as a variety over k) to (Qi}l))*l(ﬁ) by
h— h™'a.

We take the measure dh on Stowy(#)(Ax)\ O(V)(Ax) to be the measure on

( g}l))*l(ﬂ)(Ak) determined by the gauge form dg, with a set {A,(5)}, of conver-

gence factors. The measures dh on O(V)(Ay) and dh on Stov) () (Ar)\ O(V)(Ax)
induce a unique measure dh’ on Sto(y)(z)(Ax) such that

dh = dh'dh.
Then we can write

Is(g, ) = vol (Stoq (@) (k)\Stoqv) (Ar), i) - / w(g)p(h~"z)dh.
Stovy () (Ar)\ O(V)(Ar)

When ¢ is a pure tensor, say ¢ = ®,p,, write dh as [T, X ()" tdh, we get

16(97 p) = VOI(Sto(V)(UC)(k)\StO(V) (Ak)a dh/)

H <)\v(ﬁ)1/ wv(gv)spv(hle)dhv> .
Stov) (@) (ko)\O(V) (kv)

LEMMA A.1. Suppose dim(V) > n. For each B, € Sym,,(k,) with det 3, # 0, let

_ n T (wo(n(b), h)pu) = Yo (Tr(bBu)) T (pu),
Tg, = {TeHomc(S(V(k:U) ),C) ’ b e Sym:( B e O(V) (ko). o € S(‘i(ku)”) }

Then Tg, = 0 if ( g}l))_l(ﬁv)(kv) is empty. When ( g}l))_l(ﬁv)(kv) is not empty,
Tgs, is a one dimensional C-vector space spanned by the following functional

Tg, : @y — (pv(hglx?})thv

(n) SDU(SBv :/
(QV7) ™ (Bo) (ko) Stov) (29) (ku)\ O(V) (k)

where 29 is in (Qg}l))_l(ﬁv)(kv).
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Proof. 1t is observed that the restriction map S(V (k,)") — S(( g}l))_l(ﬁv))
induces an embedding from Tg, into Homc¢ (S(( g}l))_l(ﬁv)),(ﬁ). Since every

O(V)(ky)-invariant functional on S(( 81))—1(@))) must be a scalar multiple of Tj,,
the result holds. O

REMARK A.2. Given z € V", 81) is submersive at x if ngl) (x) : V™ — Sym,,
is surjective. Take ¢, € S(V(k,)™) which is supported on the vectors in V(k,)"™ where

in,n ) is submersive. Define the function T,, € S(Sym,, (ky)) by

T <b>{0’ i (QY) 7 (b0) k) s cnnpty,
o (Ov) = .
f(Qi}”);ﬁ,(bv)(ku) ©u0p,, Otherwise.

Then for every 5 € Sym,, (k) with det 5 # 0 and a, € GL,,(k,),
[ e wantomen). st (= b)),
Sym,, (k)

= / T«;/:\U (bv)d}v(_ Tr(bv : tavﬂav))dbv
Sym,, (k)
= T«Pu (tavﬂav)'

Here T (by) is the Fourier transform of T, i.e.
1000 = [ T @ (Trb) b,
Sym,, (ku)

On the other hand, we have

0 0

LEMMA A.3. For g € Sp,(Ar), ® € Iy, (s), and 5 = (O 3
0

Sym,,_,(ky), 0 <7 < n, and det By # 0,

) with By €

Eg (9,5, @)
- Z Z / O (wy,—in(b')y(a')g, s)(— Tr(b' Bo))db' .
i<r a’GQii)i(k)\ GL,.(k) Sym,, _;(Ag)

/

“ 0 ) and we embed Sym

into Sym,, by sending b to
0 In_,

n—u

Here ~(a') = m(

0 0
0 v)
Proof. The argument is similar to Lemma 3.1. Therefore we omit the proof. O

Now, we arrive at the main result of this section.

THEOREM A.4. There exists a non-zero constant ¢ such that the function

(I") (g, 9) == I(g,%) — cE(g, 5(n), Py)

satisfies (I")3(g, ) = 0 for every g € Sp,,(Ax), ¢ € S(V(Ax)"), and 8 € Sym, (k)
with det 8 # 0.
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Proof. Without loss of generality, assume g = m(a) for a € GL,(A;) and ¢ =
®ypp is a pure tensor. It is clear that the functional

T, = (> Esm(a), sy, @p) Voo € S(V(A1)"))
satisfies that
To(w(n(b)p) = $(Tr(b- ‘apa)Ty(p), Vb€ Sym, (Av).
Therefore Lemma A.1 implies that
Eg(m(a), 5(n), ®p) = I (m(a),¢) =0
if (QV) " (B)(k) is empty.

When ( gl))_l(ﬁ)(k) is not empty, dim(V') > n and by Lemma A.1 again we can
find a constant ¢ = ¢(8,a) € C such that

Eg(m(a), sy, @) = c(B,a) - I5(m(a), ¢).

It remains to show that ¢ is non-zero and is independent of the choices of 5 and a.
Lemma A.3 says that

Eﬁ (m(a)v S(n)s q)%’) = H </S (k) q)w(wnn(bv)m(av)a S(n))djv(_ T’I’(bvﬂ))dbv> :

v ym,, (Fv
Let X(a,Qv,db) be the finite set of places of k such that when v ¢ X(a, Qv ,db),
we have a, € GL,(0,), B, € Sym,(0,) N GL,(0,), Qv is unramified at v and
vol(Sym,, (O,),db,) = 1. For v ¢ %(a, Qv,db), take ) € S(V(k,)™) such that ®,o =
@Y (recall that ®%(k,,s) = 1 for all x, € Sp,,(0,)). Then we get

/ B 0 (wn (b )m(@v), 8)hu(— Tr(bu8))db,
Sym,, (k)

L3
1
= Ly(s + %,xm)‘l 1;[1 Co(2s+n+1-2i)""

Ly(s+1/2,xvuXsmnw), if niseven,
1, if n is odd.

Here xgn: kY — {£1} is defined by

Xﬁ,n,v(av) = ((_1)”/2 detﬂ,av)v, Vav S k;;

Given a1, as € GL,,(Ay), we choose ¢}, ¢? € S(V (k,)") for every place v as follows.
Let ¥ := X(a1,Qv,db) U X(az,Qv,db). For v ¢ ¥ we let ¢l = 2 = ©Y; and for
v € ¥ we choose ¢! which are supported on the vectors in V(k,)" where dQ&f ) is
submersive and T, (*ay,iBay,;) # 0. Define

L3

n+1 _ N—

AE(S) = LE(S-FT,XV) 1HC2(28+TL+1—2’L) 1
i=1

Ls(s+1/2,xvxsn), ifniseven,
1, if n is odd.
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Then the discussion in Remark A.2 implies that

1 / s, (¢7)
As(simy) = c(B,a;) ( —) vol (St (2)(k)\St (Ag),dh b ,
=(8(n) ULEl o (8) (Sto(v) o(v)(Ag )ULEI o (6)

where {A,(3)} is a convenient set of convergent factors for the gauge on (QgI ))*1([3)

and z is a chosen element in (le))’l(ﬁ). Hence c is independent of the choice of a.
Finally, let {\.} be a set of convergence factors for the measure dh on O(V')(Ay), then
{N) == N, /Au(B)} is a set of convergence factors for the measure dh’ on Sto vy () (Ag).
Choosing suitable convergence factors { ]} for the measure dh’ on Sto vy (2)(Ag), it
can be shown that c¢ is also independent of the choice of 3. Therefore the proof is
complete. O

One consequence of Theorem A .4 is:

THEOREM A.5. Given a Schwartz function ¢ € S(V(Ag)"), we have that for
every cusp form f on Sp,, (Ay),

/ I"(g,9)f(g)dg = 0.
Sp,, (k)\ Sp,, (A1)

Proof. The argument is similar to Theorem 2.7 in [9]. We recall the key steps for
the sake of completeness.

Consider the auxiliary Eisenstein series on Sp,,(A):

g, s):= Y. (g9

YE Py (k)\ Sp,, (k)

where for g = (8 ta*l) k with a € GL,,(Ag) and & € Sp,,(Oa4, ),

(g, s) = |deta|1§:(n+1)/2.

It is known that £°(g, s) has meromorphic continuation to the whole s-plane, and has
a simple pole at s = (n + 1)/2 with residue ¢; independent of g. Then for any cusp
form f on Sp,,(Ay),

(A1) Ress—minye (") (9).€°(s)f) = er{T™) (), f) = cr(I" (), f).

Here

(hot) = [ F1(9)fa()d.
Sp,, (k)\ Sp,, (Ak)
The second equality in (A.1) holds by Proposition 3.2. It suffices to show that
((I") (), £%s).f) = 0.
It is observed that
((I") (), £°(s).f)

= Z / (I")’ﬁ(mg)f_g(mg)fbo(mg, s)dmdg.
B mod GLn (k) pg, (A ) Ny (Ai)\ Sp,, (Ar) Mg (k)\ Mg (Ar)
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The sum runs over representatives § mod GL,, (k) in Sym,, (k). The action of GL,, (k)
on Sym,, (k) is defined by a x 8 := tafa, and

Mpg :={m(a) € M, : a € GL,, such that a x 8 = 3}.
Theorem A.5 tells us that the sum runs over singular 8. For convention, we choose
B to be of the form (8 ﬁ00> where fy € Sym,,_,. (k) with 0 < r < n. Note that
Mg = Lg - Ug where

Up = {u(:v) = (IOT Iﬂi)
(s

(I")5 (mg) f—p(mg)®°(mg, s)dm
Mg (k)\Mpg(Ay)

WS Matrx(n,r) }

and

a€GL,, d € GL,_, with ‘dByd = ﬂo} .

Thus

= IV, (ulg) f-g(ulg)du | ®°(1g, s)dl.
B B
Lg(k)\Lg(Ar) \Up(k)\Ug (Ar)

For o € Mat, (n—r)(k), denote

I, 4(g) = / (I, (u(2)g)(— Tr(‘az))dz.
Mat,.» (n—r) (k)\ Mat,.» (n—r) (Ak)
Then
Islg)fpulg)du= 3 (Ve s(l9)fas(lg).
Us (k)\Us (Ar) €Mty () (k)

By straightforward calculation, we obtain:
(i) If 8 =0, then fg = 0.
(i) If singular 8 # 0, then fo 3 = 0.
(iii) If B is singular and « # 0, then E, (-, s, ®,) = 0.
(iv) If B is singular and « # 0, then I 5(-, ) = 0.
We point out that (iii) is deduced from the expression of Eg(-, s, ®,) in Lemma A.3.
These observation completes the proof. O

Appendix B. On the Jacquet module of S(V(k,)") with respect to P,.

In this section, we describe the Jordan structure of the Jacquet module of
S(V (ky)™) (which is studied in [8] for the number field case). Recall that (V,Qv)
is an anisotropic quadratic space over k, and w, is the Weil representation of
Sp,, (kv) x O(V)(k,) on the Schwartz space S(V(k,)™) for each place v of k. The
Jacquet module 7, of S(V (k,)™) with respect to P, is the quotient space

SV (k,)") |
Span{w,(n(b))¢ — ¢ | b€ Sym, (k,), ¢ € SV (k,)")}
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We modify the action of GL,,(k,) on 7, by:
Oy (a)@ = | det a|;% -wy(m(a))p, Va € GL,(k,) and @ € J,,.
Define V (k,)§ = {x € V(ky)" | le)(x) = 0}, where Q%}L) : V" — Sym,, is the

moment map introduced in Section 1.3. The Schwartz space S(V (k,){) is invariant
under the action of GL,,(k,) x O(V)(k,) defined by

dim(V)—(n+1)

(a,h) - o(x) = xve(deta)|detal, 2 o(h™'za).

Let Iy := min(l, n) where [ is the dimension of a maximal isotropic subspace of V (k)
(which is 0 or dim(V)/2). It is clear that every = (z1,...,2,) € V(k,)j satisfies
dim(Span z) < ly, where Span z := Span{x1, ..., z,} . Thus

lo
Viko)g = H V(kv)g,i
=0

where

V(ko)§; = {x € V(ky)y | dim(Span z) = z}

PRrOPOSITION B.1. (1) As a GL,(ky) x O(V)(ky)-module, T, is isomorphic to
S(V(ky)y), where the isomorphism is induced by the restriction from S(V (k,)™) to
SV (ko)g)-

(2) We have a GLy(ky) x O(V)(ky)-invariant filtration
Tn =T > JM 50 g 5 gt = {0}
such that as GLy (ky) x O(V)(ky)-modules,

TP = TP 175 = SV (k).

)

Proof. Consider the following exact sequence:
0= S(V(ky)" = V(ky)§) = S(V(ko)™) = S(V(ky)§) — 0.

It is clear that w,(n(b))p — ¢ € S(V(ky)™ — V(ky)§) for every b € Sym,, (k,) and ¢ €
S(V(ky)™). On the other hand, for z € V(k,)" — V(ky)§, we can find b € Sym,, (k)
such that 1, (Trace(ngl) (z))) # 1. Choose a sufficiently small neighborhood U, of
x in V(ky)™ — V(ky)§ such that

y (Trace(bQ%}l)(x’))) =1, (Trace(bQi,n) (2))), Va'eU,.

Let ¢, be the characteristic function of U,. Then
wy(n(b))pr — po = (1/% (Trace(ngl) (a:))) — 1)<px.
This implies that the Schwartz space S(V (k)™ — V(ky){) coincides with

span{w,(n(b)p = ¢ | b € Sym, (k,), @ € SV (k,)")}.
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Therefore the proof of (1) is complete.

Identifying J, = J° with S(V(k,)2), for 0 < i < lo we let

7—1
ﬂWzngW%wﬁwm=QWeﬂvwww

Jj=0

Then for 0 < i <,

Tn) T = g

/N
<
~
=
[~
N—
o3
<
N———

This assures that for 0 <i <,
T[T = S(V(ko)gs)
and completes the proof of (2). O

Choose 1, ...,2; € V(k,) such that Span{x1,...,2;} is a maximal isotropic sub-
space. Then there exist 21, ..., 2] € V(k,) such that

<z >y=0, 1<id,j<I,

<wxpah >v=0, i#j, and <z >y=1

For 0 <i <1, 1let V(k,)® be the orthogonal complement of Span{x1, ..., z;, 2, ..., =/
in V(k,). Define

P .= {h € O(V)(ky) | h-Span{a1,...,x;} = Span{wz1, ...,xi}},

which is a parabolic subgroup of O(V')(k,) whose Levi subgroup M/ is isomorphic to
GL;(ky) x O(V (ky)@). More precisely, let {z},..., 2z}, 27, oo Tl (V) —215 T15 -, L1} be
a basis of V. Then with respect to this basis, elements in M/ are of the form

ta=l 0 0
(a,b)={ 0 b 0],
0 0 a

where a € GL;(k,) and b € O(V (k,)®).
Take 0 < i <. Recall

(3 1) e

Define an action p; of Q;(k,) x P/ on S(GL;(ky)) by

pi (((%1 :2> , (ag, ) -n’) <p> (9) = play *gaz),

where (a5, h') € M/ and n’ is in the unipotent radical of P/. Let Ind (S(GLi(kv))) be

the space of smooth functions f from GL, (k,) x O(V)(ky) to S(GL;(k,)) satisfying
that for every element (g, h) € GL,,(ky) x O(V)(ky),

f((bv b/)(gv h)) = :ul(b) ’ pi(ba b/) (f(gv h))v V(bv b/) € Q; x F)i/’

a; € GLn_i, as € GLl} .
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_ (@ ¥ _
where for b = <O a2> € Qi(ky),

dim(V)—(n+1)

wi(b) = xv(det ar det ag)| det aq det asly

The action of GLy, (k) x O(V)(k,) on Ind (S(GLi(kv))) is defined by right translation.

ProprosiTION B.2. For 0 < i <y, we have
T 2 S(V(ky)3,) = Ind (S(GLi(kv)))

as GLy, (ky) x O(V)(ky) modules.

Proof. For 0 < i < Iy, Set 2 := (0,..,0, 21,22, ..., z;) € V(ky)y,; Let ¢; and
t2 be the embeddings from GL;(k,) into P/ C O(V)(k,) and Q;(k,) C GL,(ky),
respectively. Then we have

1(g)z®W =2Wis(g"), Vg € GLi(ky).
Define a map F from S(V (k)3 ) to Ind(S(GLi(kv))) by

Y Fy,

where for (g, h) € GLy(ky) x O(V)(ky),

dim(V)—(n+1)

Fy(g.h) = (9’ — Xv.o(detg)|detgl, 2 -so(h‘lsv(“bz(g')g)) € S(GL;(ky)).

Then it is clear that F' is GL,(k,) x O(V)(k,)-equivariant. Since for every element
x € V(ky)§,; we can find (g,h) € GLy(ky) x O(V)(ky) such that = h='z()g, the

inverse map F~! : Ind (S’(GLi( U))) S(V(ky)i ;) can be defined by the following:
for f € Ind(S(GLi(kv))),

—dun(V)+(n+1)

Ff_l( ) :== xv,u(det g)~ 1| det gl - flg,h)(1), Vz= h_lx(i)g € V(kv)&
a
We remark that the modulus character §; of the parabolic subgroup Q;(k,) x P/
is:
tal7l ok x i
0; (al *) , (2) hoox = 7| det arl; - | det a'2|;dim(v)+i+1.
0 a» 0 0 d |det as|y ™"

Recall that s(,) = dim(V)/2 — (n + 1)/2, and I,(—5(,)) is the space of smooth
functions f on Sp,, (k,) satisfying that

a

a * _ dim(V)
f ((O . _1) g) = xvw(deta)|detaly 2 f(g), Vae GL,(ky), g € Sp, (ky).

In other words, I,(—s(,)) is the Siegel-parabolic induction from the character |- [, "~
on P, (k,). Therefore the Frobenius reciprocity (cf. [1] Proposition 4.5.1) gives us

Homsy, (k) x0(v) (ko) (S(V(k0)™), To(=5(n)) ® 1) = Homar, (k,)x0(V)(ke) (T | <o ™ @ 1),
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Note that ¢(n,v) = dim (HomGLn(kv)XO(V)(kv) (jm RR 1)) is bounded by

lo
Zdlm (HomGLn(ku)XO(V)(kv) (jéz% | . |;S(n) ® 1)) '
=0

For each ¢, Proposition B.2 tells us that ﬂ” is also a parabolic induction. Hence by
Frobenius reciprocity again, we get

Homgr, (1,)x0(v)(k,) (T3, "™ @ 1) = Homp, ((:6; ) ® pi, |- [ "™ @ 1),

where R; = (GLn_i(kv) X GLi(kv)) X (GLi(kv) X O(V(kv)(i))) is the Levi subgroup
of Qi(ky) x P/.
For m = (a1, az,dy, h) € R;,

1i0; H(m) = xv.(det ay det as)| det ay 157 det ao|p™ " | det g (V)L

Hence Homp, ((ui5i_1) ®pi| 07" ® 1) =0 unless (i) i = 25(,) = dim(V) — (n+1)
or (ii) i = n. In both cases we can get

dim (HomRi (o, Y@ pis| - 0" ™ @ 1)) =1.
Note that 4 is bounded by lop = min(l,n). We then arrive at
LEMMA B.3. Let
(n,v) := dimg¢ Homgy, (&,)x0(V)(k,) (S(V(kv)n)vjv(_s(n)) ® 1),
where 1 is the trivial representation of O(V)(k,). Then
(i) When dim(V') < n + 1, we have ¢(n,v) = 0.
(i1) When dim(V) =2 and n =1,

O(n,v) < 1, Zf V(ky) Zs o.mz'sotrf)pz'c,
2, if V(ky) is isotropic.
(iii) When dim(V) =4 and n =1 or 2,

n, if V(ky) is isotropic,
0, if V(ky) is anisotropic.

(iv) When dim(V) =4 and n = 3, we have {(n,v) < 1.

REMARK B.4. When dim(V) = 2, n = 1, and V(k,) is isotropic, the above
discussion says that

{(n,v) = dim¢ Homgr, (5, )xGLy (k) (J1(Ko), 1).

In this case, Ji(ky) = S(ky,), and every homomorphism in Hom, x  ; ~ (S(ky),1) must
be of the form

¢ (¢ — (0)), cecC.
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Therefore ¢(n,v) = 1 in this case, and the proof of Lemma 4.4 is complete.

Appendix C. Maass-Jacquet-Shalika Eisenstein series on GL,(Ay). Fix
an integer r with 0 < r < n. Set X, := Mat,x,, as an affine algebraic variety over k.
Let p1,4, pt2,0 be two characters on k. For any g € GL,(k,) and Schwartz function
fv € S(Xr(ky)), define Fy,(g) = Fu(g, p1,0, H2,0, fo) to be

ul,v(detg)ldetgli/Q/ ( )fv(hil(O,Ir)g)uil(dethv)dxhv.
GL, (ko

Here 1, = Hl,vﬂz_,u . |ﬁ/2 and the Haar measure d* h,, is normalized so that the volume
of GL,(O,) is 1 for all v.

LEMMA C.1. The integral F,(g) is absolutely convergent for every g € GL, (k)

o

if|,u1_rvu2__’11)| =1|-19 where 0 >r —n/2— 1.

Proof. Without loss of generality, assume f, is the characteristic function of
X,(0y) and g = 1. Then by straightforward computation we get

/ | fo(hy M0, 1))yt (det by ) [d™ Dy
GL, (kv)

= / ||t Ry
GL, (ky)NMat,(Oy)

r—1
:HCU(o—g—i).
=0

This assures the result. O

Recall that

- {(3 o)

aq *
0 a9

a] € GLn_T, as € GLT} .

For g € GLy,(k,) and b = ( ) € Qr(ky), it is clear that

Fy(bg) = pro(det ar)pz,o(det a)|dq, (b)]1/* Fu(g)

where g, (b)) = (deta;)” - (detas)"™™. Let I,(p1.4,p2.) be the space of smooth

functions ¥, on GL,, (k,) satisfying that for g € GL,,(k,) and b = (%1 :2> € Qr(ky),

U, (bg) = pro(det ar)pz,o (det az)|dq, (b)) * Uy (g)-

Then the map (f, + F,) gives us a GL,(k,)-equivariant homomorphism from
S(XT(k'U)) to I’U(/Ll,vv,uQ."U)-

LEmma C.2. (1) Given ¥, € fv(ul,v,uzv), there exists a Schwartz function f
on X, (ky) supported on elements of rank r such that

Fv(gv,ul,va,ulvva) =W,(g9), Vg€ GLy(ky).
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In other words, the map (f, — F,) from S(X,(k,)) to i’u(ﬂl)v,ﬂz)v) is surjective.
(2) Suppose p1, and psz ., are both unramified, i.e. p1 ,(0y) = po,w(0y) = 1. Let f0
be the charateristic function of X,(Oy). Then for g € GL,(ky)

r—1
n .
FS(Q) = Fv(guﬂl,vaﬂzvufg) = H Cv(o - 5 —-r—= z)\:[}?;(g)
1=0

where ul,vu;ﬂl} =119 and WO € I,(u1., p2) satisfies

Vo(k) =1, Vr € GL,(O,).

Proof. The Iwasawa decomposition allows us to write g as bk, where b € Q..(k,)
and x € GL,(0,). Hence we can assume g = £ € GL,(Oy). Then (2) follows from
the proof of Lemma C.1. To prove (1), we take f, € S(X,(k,)) such that the support
of f, is contained in (0, I,.) - GL,(O,) and

fo((0,1)K) := p1 o(det k) "1ab, (k).
Then for each k € GL,(0,),

Fy(k) = () / Folhg (0, 1)) i (det ) By
GL, (ky)

= p11,0(K) /GL o ),ulﬂ,(det hitdet k)W, <<I”O’” hgl) n> py t(det hy,)d* b,
=T, (k).
Therefore the proof is complete. O

Let p11, pu2 be two Hecke characters on k™ \A;‘. For any g € GL,,(A,) and Schwartz
function f € S(X,(Ax)), we set

F(g) = F(g, ju, iz, f) = pur (det g)| det g[;? /GL " )f(hfl(ovfr)g)ufl(det h)d* h.
Ak

Here 1 = pypy | - |X£2 and the Haar measure d*h = [[, d*h,. In particular, the
volume of GL,(Oy, ) is 1. By Lemma C.1, this integral is absolutely convergent if
lpips ] = |- |7, where ¢ > r —n/2. The Maass-Jacquet-Shalika Eisenstein series
associated to f, 1, po is defined by (cf. [7] and [13])

E(g, p1, po, f) = Z F(vg).

YEQr(k)\ GLy, (k)
This series converges absolutely when |15 s, = |- %, with o >n/2 (cf. [14] I1.1.5).

THEOREM C.3. Suppose piy - jiy ' = |- |%,- Then
(1) (Continuation) E(g, u1, 2, f) can be extended to a meromorphic function in

o (in fact, a rational function in %), and every possible pole can only be a
simple pole. Let P(c) := P* (o) P~ (o), where

r—1

PEo) = [T =g o5 ),

=0

Then P(c) - E(g, p1, pa, [) is entire.
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(2) (Functional equation) For each f € S(X,(Ay)), we have

E(g, 1, p2, f) = E(g™ oy w1

where " is the Fourier transform of f:

@) = / S (~ Tr(a'y))dy.
(Ar)

The Haar measure dy is chosen to be self-dual, i.e. f"(z) = f(—x).
(3) Suppose that there exists a place v of k such that the support of the restriction
of f on X, (ky) is contained in the set of elements with rank r in X, (k,). Then

P(0) - E(g, i1, pa, f) is entire.
Proof. Replacing f to the Schwartz function f(-g), we can assume g = 1 and set
E""(Uv f) = E(lvlulv,UQ, f) Let
X(i)(k) = {x € X, (k) : rank(z) =i}, 0<i<r.

T

For h € GL,(Ag), f € S(X,(Ag)) we define

0D (hs f) ==Y f(h7'x)

zex (k)

and

T

Ok f) =3 0 (i f) = 3° f(h7'a).

=0 zeX, (k)

Then we have

(0. f) = / 60 (b fyu~ (h)d* h.
GL, ()\ GL, (A1)
For x € {>, <, >, <, =}, let
GL,(Ay)*! := {h € GL.(Ag) : |det hls, * 1}

Note that

/ 00 (hs fyu~(h)d*
GL,.(k)\ GL, (Ax)<!

always converges absolutely for every ¢. On the other hand, by Poisson summation
formula we get

0-(h; f) = |deth|Xk9T(th_l; fA)

Hence

—

r—

O )= 3 (et Iz 001 £7) = 000 ) )

=0

<.
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i {(5 2)eor

00 (b f) = > f(h &) (0>)

h(i)eQ(Ti)(k)\GLr(k) xiEX;i)(k)

a1 € GL;, ag € GLTi}. It is clear that

and

0L ('hh M) = ) > f<thfh<i> <§) )

hiiy€QY (W)\ GL,.(k) \z;eX (V) (k)

For each x € GL, (O, ), let fi(x) := f(k~1x). We then observe that

/ 00 (hs )~ (h)d* h
QL. (K)\ QL (Ag)>1

:/ 97(‘r)(th71;f/\)ufl(thfl)dxh
GLr(k)\ GLr (Ag)>1

r—1

+ / > Vol (Matyy (i) (k)\ Matiy (i) (Ar)) - Vol (GL;(k)\ GL; (Ax)~")
GL (OAk i=0
(Ez(l Zq( otg -t
—E;(i — gv (fe)a,n) - Zq(—a—;‘ﬂ')f) dk.

(=1

Here for every f € S(X,(Ar)), fu,1) and f(2) € S(Xi(Ay)) are defined by

f(i,l) (Il) = f (JS> , f(i,2)($i) = f <J(:)z) )

Therefore when o > n/2,

/ 01 1) (W)
QL. (k)\ QL (Ag)>1
- [ 00 (hs £y~ (B
GL (k)\ GLy (Ag)<?
r—1
+ / > Vol (Matyy (i (k)\ Matiy (i) (Ar)) - Vol (GL;(k)\ GLi (Ax)™")
GLr(O.) i=0
o4
.on A q 2 .on 1
'<Ei(l Ty (fn)(i,g)) : W + Ei(i — 9’ (fn)(i,l)) : 1_qa+g_i>d’1-
This gives the meromorphic continuation of E(o, f) (by induction on r) and (1) holds.

In particular, suppose there is a place v of k such that the support of the restriction
of f on X, (k,) is contained in the set of elements with rank r in X, (k,). Then

0,(1,h; f) = 0 (1, hs f)
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and

Ei(i — g,(fﬁ)i,l) -0, YO<i<r—1.

This completes the proof of (3).

Note that

/ 60 (b £)d*
GL,(k)\ GL,(A)=!

:(/) 0 (hy fNd* R
GL,(k)\ GL,(Ag)=1

r—1

525

+ /GLT(OA]C) ZVOl(Matix(r—i) (k)\ Matix(r_i) (Ak)) . VOl(GLi(k)\ GLi(Ak):l)

=0

<E< — 5 (i) — Bili - 5, <fﬁ><i,1>>> ds.

(f;) B (Iroi é) (f)

Moreover, from

we get

on n
/ Ei(i— 5 (fx)@1))dE = / Ei(i — 5 (fr)(i,2))dE.
GL,(O4,) GL-(Ony)

Thus by induction on r we have
E(o, f)

- / 00) (h: £) + 00 (b FO)p (W) h
GL,(k)\ GLy(Ag)<?

+ j/ 0 (h; f)d*h
GL, (k)\ GL, (Ax)=1

r—1

+ /GLT(OAk) ZVOl(Matix(r—i) (k)\ Matix(r_i) (Ak)) . V01(GL1-(]<:)\ GLi(Ak):l)

1=0
E-(i n AN qig+%7i E (i n
Bl =5 Utg) 1 g Bl 5 Unen) T o=
-/ 08 (s £) + 6 (s £y~ (B)
GL (k)\ GL (A7) <1
+ 0 (hs )" b
GL, (k)\ GL ()=

r—1

+ /GLT(OAk) ZVOl(Matix(r—i) (k)\ Matix(r_i) (Ak)) . V01(GL1-(]<:)\ GLi(Ak):l)

1=0
1
1—¢q

<E1(Z - g’ (fu)Giny) -

= E(_Ua f/\)

n
- _ 1 n_: E'L .__7 K) (1 :
—orpoi T B =5 (fo)a2) =
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Therefore the proof of (2) is complete. O
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