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Go-STRUCTURES ON EINSTEIN SOLVMANIFOLDS*

MARISA FERNANDEZ!, ANNA FINO!, AND VICTOR MANERO?}

Abstract. We study the G2 analogue of the Goldberg conjecture on non-compact solvmanifolds.
In contrast to the almost-Kéahler case we prove that a 7-dimensional solvmanifold cannot admit any
left-invariant calibrated Ga-structure ¢ such that the induced metric g, is Einstein, unless g, is
flat. We give an example of 7-dimensional solvmanifold admitting a left-invariant calibrated Ga-
structure ¢ such that g, is Ricci-soliton. Moreover, we show that a 7-dimensional (non-flat) Einstein
solvmanifold (59, g) cannot admit any left-invariant cocalibrated G2-structure ¢ such that the induced
metric gy, = g.
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1. Introduction. A 7-dimensional smooth manifold M7 is said to admit a Go—
structure if there is a reduction of the structure group of its frame bundle from
GL(7,R) to the exceptional Lie group Ga which can actually be viewed naturally
as a subgroup of SO(7). Therefore a Ga-structure determines a Riemannian metric
and an orientation. In fact, one can prove that the presence of a G3-structure is equiv-
alent to the existence of a certain type of a non-degenerate 3-form ¢ on the manifold.
By [11] a manifold M7 with a Ga-structure comes equipped with a Riemannian metric
g, a cross product P, a 3-form ¢, and orientation, which satisfy the relation

(p(X,Y,Z) = g(P(X,Y),Z),

for every vector field X,Y, Z.

This is exactly analogue to the data of an almost Hermitian manifold, which
comes with a Riemannian metric, an almost complex structure J, a 2-form F', and an
orientation, which satisfy the relation F(X,Y) = g(JX,Y).

Whenever this 3-form ¢ is covariantly constant with respect to the Levi-Civita
connection then the holonomy group is contained in G3 and the 3-form ¢ is closed
and co-closed.

A Gs-structure is called calibrated if the 3-form ¢ is closed and it can be viewed as
the G analogous of an almost-Ké&her structure in almost Hermitian geometry. By the
results in [6, 8] no compact 7-dimensional manifold M7 can support a calibrated Go-
structure ¢ whose underlying metric g, is Einstein unless g, has holomomy contained
in G3. This could be considered to be a G2 analogue of the Goldberg conjecture in
almost-Kahler geometry. The result was generalized by R.L. Bryant to calibrated
Go-structures with too tightly pinched Ricci tensor and by R. Cleyton and S. Ivanov
to calibrated Ga-structures with divergence-free Weyl tensor.

A non-compact complete Einstein (non-Kéhler) almost-Kéhler manifold with neg-
ative scalar curvature was constructed in [3] and in [14] it was shown that it is an
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almost-Kéahler solvmanifold, that is, a simply connected solvable Lie group S en-
dowed with a left-invariant almost-Kéhler structure [14]. In Section 3 we show that in
dimension six this is the unique example of Einstein almost-K&hler (non-Kéhler) solv-
manifold and we classify the 6-dimensional solvmanifolds admitting a left-invariant
(non-flat) Kahler-Einstein structure.

A natural problem is then to study the existence of calibrated Ga-structures
inducing Einstein metrics on non-compact homogeneous Einstein manifolds. All the
known examples of non-compact homogeneous Einstein manifolds belong to the class
of solvmanifolds, that is, they are simply connected solvable Lie groups S endowed
with a left invariant metric (see for instance the survey [19]). A left-invariant metric
on a Lie group S will be always identified with the inner product (-,-) determined
on the Lie algebra s of S. According to a long standing conjecture attributed to D.
Alekseevskii (see [4, 7.57]), these might exhaust the class of non-compact homogeneous
Einstein manifolds.

On the other hand, Lauret in [20] showed that the Einstein solvmanifolds are
standard, i.e. satisfy the following additional condition: if s = a @ n is the orthogonal
decomposition of the Lie algebra s of S with n = [s, ], then a is abelian.

A left-invariant Ricci-flat metric on a solvmanifold is necessarly flat [2], but solv-
manifolds can admit incomplete metrics with holonomy contained in G as shown in
[12, 7].

In Section 4 by using the classification of 7-dimensional Einstein solvmanifolds
and some obstructions to the existence of calibrated Gs-structures, in contrast to the
almost-Kéahler case, we prove that a 7-dimensional solvmanifold cannot admit any
left-invariant calibrated Ga-structure ¢ such that the induced metric g, is Einstein,
unless g, is flat.

If ¢ is co-closed, then the Ga-structure is called cocalibrated. In Section 5 we
show that a 7-dimensional (non-flat) Einstein solvmanifold (5, g) cannot admit any
left-invariant cocalibrated Ga-structure ¢ such that the induced metric g, = g.

2. Preliminaries on Einstein solvmanifolds. By [20] all the Einstein solv-
manifolds are standard. Standard Einstein solvmanifolds constitute a distinguished
class that has been deeply studied by J. Heber, who has obtained many remarkable
structural and uniqueness results, by assuming only the standard condition (see [13]).
In contrast to the compact case, a standard Einstein metric is unique up to isome-
try and scaling among left-invariant metrics [13, Theorem E]. The study of standard
Einstein solvmanifolds can be reduced to the rank-one case, that is, to the ones with
dima = 1 (see [13, Sections 4.5,4.6]) and everything is determined by the nilpotent
Lie algebra n = [s, s]. Indeed, a nilpotent Lie algebra n is the nilradical of a rank-one
Einstein solvmanifold if and only if n admits a nilsoliton metric (also called a mini-
mal metric), meaning that its Ricci operator is a multiple of the identity modulo a
derivation of n.

Any standard Einstein solvmanifold is isometric to a solvmanifold whose under-
lying metric Lie algebra resembles an Iwasawa subalgebra of a semisimple Lie algebra
in the sense that ad,4 is symmetric and nonzero for any A € a, A # 0. Moreover,
if H denotes the mean curvature vector of S (i.e., the only element H € a such
that tr(ada) = (A, H), for every A € a), then the eigenvalues of adg|, are all posi-
tive integers without a common divisor, say k1 < ... < k.. If dq,...,d, denote the
corresponding multiplicities, then the tuple

(k;d)= (k1 < ... <kp;dy,...,d;)
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is called the eigenvalue type of S. It turns out that RH $n is also an Einstein solvman-
ifold (with inner product the restriction of (-,-) on it). It is thus enough to consider
rank-one (i.e. dima = 1) metric solvable Lie algebras since every higher rank Ein-
stein solvmanifold will correspond to a unique rank-one Einstein solvmanifold and to
a certain abelian subalgebra of derivations of n containing ady. In every dimension,
only finitely many eigenvalue types occur.

By [22, Lemma 11], [1]) and [13, Proposition 6.12] it follows that if (s, (-,-)) is
an Einstein (non-flat) solvable Lie algebra, such that dima = m and s, 5] is abelian,
then the eigenvalue type is (1; k), with & = dim[s, s] > m.

In the case that n is non abelian, it is proved in [21] that any nilpotent Lie
algebra of dimension < 5 admits an Einstein solvable extension. In [24] it is shown
that the same is true for any of the 34 nilpotent Lie algebras of dimension 6, obtaining
then a classification of all 7-dimensional rank-one Einstein solvmanifolds (see Table
2). A classification of 6 and 7-dimensional Einstein solvmanifolds of higher rank can
be obtained by [25], where more in general there is a study of Ricci solitons up to
dimension 7 on solvmanifolds. We recall that a Riemannian manifold (M, g) is called
Ricci soliton if the metric g is such that Ric(g) = A\g + Lxg for some A € R, and
X € X(M). Ricci solitons are called expanding, steady, or shrinking depending on
whether A < 0,A = 0, or A > 0. Any nontrivial homogeneous Ricci soliton must
be non-compact, expanding and non-gradient (see for instance [21]). Up to now, all
known examples are isometric to a left-invariant metric g on a simply connected Lie
group G such that

(1) Ric(g) = M + D,

for some A € R and some derivation D of the Lie algebra g of G. Conversely, any left-
invariant metric g which satisfies (1) is automatically a Ricci soliton. If G is solvable,
these metrics are also called solvsolitons.

3. Almost-Kahler structures. An almost Hermitian manifold (M, J,g) is
called an almost-Kéhler manifold if the corresponding Kéhler form F(-,-) = g(-,J-)
is a closed 2-form. In this section we study the existence of Einstein almost-Ké&hler
structures (J, g, F') on 6-dimensional solvmanifolds.

Along all this work, the coeflicient appearing in the rank-one Einstein extension
of a Lie algebra will be denoted by a while the coefficients of the extension up to
dimension 6 for almost-Kéahler, and up to dimension 7 for G2 manifolds, will be
denoted by b;.

THEOREM 3.1. A 6-dimensional solvmanifold (S,g) admits a left-invariant Ein-
stein (non-Kdhler) almost-Kahler metric if and only if its Lie algebra (s, g) is isomet-
ric to the rank-two FEinstein solvable Lie algebra (3) defined below.

A 6-dimensional solvmanifold (S, g) admits a left-invariant Kahler-Einstein struc-
ture if and only if the Lie algebra (s, g) is isometric either to the rank-one Einstein
solvable Lie algebra ty or to the rank-two Einstein solvable Lie algebra (2) or to the
rank-three Einstein solvable Lie algebra (4); both Lie algebras (2) and (4) are given
below.

Proof. A 6-dimensional Einstein solvable Lie algebra (s, g) is necessarily standard,
so one has the orthogonal decomposition (with respect to g)

s=noda,
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with n = [s, 5] nilpotent and a abelian. We will consider separately the different cases
according to the rank of s, i.e., to the dimension of a.

If dima = 1 and n is abelian, then we know by [13, Proposition 6.12] that s has
structure equations

(ae*®, ae®8, ae3%, ae'®, ae®s, 0),

where a is a non-zero real number. For this Lie algebra we get that any closed 2-form
F is degenerate, i.e. satisfies F'> = 0 and so it does not admit symplectic forms.

If dima = 1 but n is nilpotent (non-abelian), then (s, g) is isometric to one of
the solvable Lie algebras ¢; (i = 1,...,8) defined below in Table 1, endowed with the
inner product g such that the basis {e1,...,es} is orthonormal.

For &, €, 5 < j <8, we get again that any closed 2-form F' is degenerate.

The Lie algebras £ and €3 admit symplectic forms. However, one can check that
any almost complex structure J on &; (i = 2,3) is such that g(-,-) # F(-, J-).
For ¢4 we get that a symplectic form is

F = p1e'? + pge’® + uze®® + pne® + g€ + e’ + e,

where pu; are real numbers satisfying 1 # 0. The almost complex structures J such
that g(-,-) = F(-, J-) are given, with respect to the basis {ei,...,es}, by

J€1 = :|:62, J63 = :|:€4, J€5 = :|:66,

with e; the dual of e’ via the inner product, and they are integrable. Therefore,
(J, g, F) are Kahler-Einsten structures on #4.

In order to determine all the 6-dimensional rank-two Einstein solvable Lie alge-
bras, we need first to find the rank-one Einstein solvable extensions ng @ R{es) of the
4-dimensional nilpotent Lie algebras ny.

Then we consider the standard solvable Lie algebra s = ng®a, with a = R{es, eg)
abelian and such that the basis {ey,...,eg} is orthonormal.

If n = [s, 5] is abelian and dimension of a = 2, we have to consider the structure
equations

de' = ae'® + bel,
de? = ae?® + bye?S,
de® = ae?® + b3e35,
de* = ae®® + bye,
de® = de® =0

and then to impose that the inner product for which {ey,...,es} is orthonormal has
to be Einstein and d?e/ = 0, j = 1,...,6. Solving these conditions we find that the
structure equations are:

de' = ae'® + bie'S,

de? = ae®® + (—by — bg — by) 26,
de?® = ae3® + bze0,

de* = ae® + byett,

ded = deb = 0.
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\/2(b3+b3+b3+b1bs+b1 ba+bsba)
2

where a =
tic form.

. This Lie algebra does not admit any symplec-

If n is nilpotent (non-abelian) and dim a = 2, two cases should be considered for
n: (0,0,e*2,0) and (0,0,e'?,e?). We find that they have the following rank-one
Einstein solvable extensions

(%aew, %ae%, i\/@aeu + ae??, %ae%, 0),
if n = (0,0,e'2,0); and

(iaew, %ae%, %\/gaem + %aeg‘f’, %\/5&613 + ae?s,0),

n = (0,0,e'?,e!3). Now, to compute the rank-two Einstein extension of n =
0,e'2,0) we should consider the Lie algebra

if
0,
del = %ae15 + b1616 + b2626 + b3636 + b4646a
de? = %ae% + b5t + bge?® + bre3® + bgedS,
de3 = %\/22(1612 + ae3d + b9€16 + b10€26 + b11636 + b12646,
de* = 2ae™® + bize® + biae® + b15e® + bige®,

ded = de® = 0.
Then we have to impose the Jacobi identity and that the inner product, such that
the basis {e1,...,e6} is orthonormal, has to be Einstein. We obtain the Einstein
extension:

det = %ael‘r’ + b1elb + bye?0,

de? = 1ae® + bye® + bype?,

(2) de3 = i\/22a612 + ae3® + (by + big)e3S,
det = %ae‘lf’ — 2(b1 + b10)646,
de® = deb =0,

where a = %\/317% + Bbigby + b3 + 3b%,, which admits the Kéhler-Einstein struc-
tures given, in terms of the orthonormal basis {e1,...,es}, by

F =y (ae12 + 24/ 1—21a635 + 24/ %(bl + blo)e%) + pz(aet® + 2b1elb 4 2bye2%)
+u3(2b2et0 + ae? + 2b10e°) + 4 (3@645 —8(b1 + b10646)) + pse’s,

— _ _ 2 3 _ 3 2
Jei =e3, Jeyg = —eq, J63—21/f1165+\/f1166, J64—1/f1165—2\/*1166,
— 2 3 _ 3 2
J65__2\/ 1163 — A/ 1164 Jeﬁ——\/—1163+2wl—11647

where j1; are real parameters satisfying (b1 + bio)u?us # 0. The almost complex

structure J is indeed complex i.e., the Nijenhuis tensor of J vanishes.

From the rank-one Einstein solvable extension of n = (0,0, e!2,e!?) we get the
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6-dimensional Einstein solvable Lie algebra of rank two:

4
de? = %625 — qe?8,
(3) de3 = 2/5ael? + 2ae®® — 236,
de* = %\/5&613 + ae® + %646,
de® = deb =0,

which admit the Einstein (non-Kéhler) almost-Kéhler structure given by

F = p11(—2v/5e'2 — 3% + €30) + pa(v/5el? + 20 + e16) + jz(el® + 3e'0)
+pg (=€ 4 2e26) 4 p5ed6,
Jei =e3, Jeg=—eq, J62=—%65+%€6, J€4=%€5+%66,

1 2 _1 2

J65 = \/562 — \/564, J66 = \/562 — \/564,
where 12 (442 + paps) # 0. The almost-Kéhler structure is not integrable since
NJ(el,eg) = —\/5@63, NJ(61,65) = aeqy, NJ(€1,66) = —2@61.

Now for the rank-three extensions we proceed as for the previous ones.
If dim a = 3 and n is abelian, we have the Einstein solvable Lie algebra

de' = qel* — @ae
de? = ae?* + @ae% + ?ae%‘,
de® = qe’* — \/5(1636,

de* = de® = deb =0,

15 4 @ew’

(4)

which admits the almost-Kéahler structure given by

F = 1 (V2™ — V3e' + €2%) + pa(v/2e2 + v3e? + e2) + ps(—e3 + /2¢%°)
T pae® 4 pse 4 pge®,

=1, L4 L = 1 1o L = _1 2
Jelf\/g&l \/Ee"_'—\/geG’ Jes \/§€4+ \/5604' 566> Jes \/§e4+\/266’

Ll L _ L. _ L e _ i, _ |2
Jea=—pe1— peat Jpes, Jes = e — Jpes, Jeg = —Jpen — e \/;63’

where 1 uous # 0 and actually the almost complex structure is complex i.e., Ny = 0.
If dim a = 3 and n is nilpotent (non-abelian) n is exactly b3 (the 3-dimensional
Heisenberg Lie algebra), having structure equations:

(0,0,e!?).
We find the following rank-one Einstein solvable extension
14 a,24 12 34
(ge'%, §e*, aet? + ae’*,0),

proceeding in the same way as in the previous examples we find that hs does not
admit a rank-three Einstein solvable extension unless it is flat. O
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56 6-dimensional Einstein solvable Lie algebras of rank one
5
£ (Zacl®, 8.4c20, 10 /5o 12 | 11,036 20,18 | 046 10 /5,14 | 15,56 )
82 (%aele’, %aezﬁ, imaelz + %ae36, %\/ﬁael3 + ae46, 7%\/50/614 — %\/gae23 + %aeSG, 0)
£ (Bael0, 24020, 34030, 1 /55012 4 T aed 1 /T5ac? 4 Ly/30act 4 ac?0,0)
B4 (%aelﬁ, %aezﬁ, %aeaﬁ, %ae46, ael? 4 qed? 4 qeb6, 0)
&5 ($aelb, $ac?6,2ae1? 1 ae36, VBacl3 + Zact6, v3ae?? + $aed%,0)
Bﬁ (%aelﬁ, %aezﬁ, %aeaﬁ, ael? 4 %ae46, aeld 4 %aeSG, 0)
€ (Jacl®, Lac26, 1\7acl2 | 0e30, 80040 34,50 o)
BS (%aelﬁ, %aezﬁ, i\/%aelz + %ae36, %\/ﬁaelii + aet6, %aeSG, 0)

TABLE 1. Rank-one FEinstein 6-dimensional solvable Lie algebras.

4. Calibrated Gs-structures. In this section we study the existence of cali-
brated Ga-structures ¢ on 7-dimensional solvable Lie algebras whose underlying Rie-
mannian metric g, is Einstein. We will use the classification of the 7-dimensional
Einstein solvable Lie algebras and the following obstructions.

LEMMA 4.1. [9] If there is a non zero vector X in a 7-dimensional Lie algebra
g such that (ixp)® = 0 for all closed 3-form ¢ € Z3(g*), then g does not admit any
calibrated Go-structure.

LEMMA 4.2.
Let g be a T-dimensional Lie algebra and ¢ a Go-structure on g. Then the bilinear
form g, : g x g = R defined by

9o (X, Y)vol = —(ixo Niyp A @)

| =

has to be a Remannian metric.

Proof. 1t follows by the fact that in general there is a 1—1 correspondence between
G9-structures on a 7-manifold and 3-forms ¢ for which the 7-form-valued bilinear form
B, defined by

By(X)Y) = (ixp Nivp A y)
is positive definite (see [5], [15]). O

LEMMA 4.3. Let (s,g) be a T-dimensional Enstein solvable Lie algebra endowed
with a Go-structure o, then, for any A € a = [s,s]* such that g,(A, A) = 1, the forms

a:iA(pv ﬂ:(p_o‘/\A*v
define an SU(3)-structure on (R(A))L, where by A* € s* we denote the dual of A. So
in particular a A B =0 and o # 0.
Proof. Tt follows by Proposition 4.5 in [23]. O
In contrast with the almost-Kéhler case, we can prove the following theorem

THEOREM 4.4. A T-dimensional solvmanifold cannot admit any left-invariant
calibrated Ga-structure ¢ such that g, is Einstein, unless g, is flat.

In particular, if the 7T-dimensional Einstein (non-flat) solvmanifold (S, g) has rank
one, then (S,g) hasa calibrated Go-structure if and only if the Lie algebra s of S is
isometric to the Finstein solvable Lie algebras g1, 94, 99, 818, 928 in Table 2.



328 M. FERNANDEZ, A. FINO, AND V. MANERO

Proof. A 7-dimensional Einstein solvable Lie algebra (s, ¢) is necessarily standard,
so one has the orthogonal decomposition (with respect to g)

s=nda,

with n = [s, 5] nilpotent and a abelian. We will consider separately the different cases
according to the rank of s, i.e., to the dimension of a.

If dima = 1 and n is abelian, then we know by [13, Proposition 6.12] that s has
structure equations

(ae', ae®” a3, ae'”, ae®” ael,0),
where a is a non-zero real number. Computing the generic closed 3-form on s it is
easy to check that s cannot admit any calibrated Ga-structure.

If dim a = 1 and n is nilpotent (non-abelian), then (s, g) is isometric to one of the
solvable Lie algebras g;,7 = 1, ..., 33, in Table 2, endowed with the inner product such
that the basis {ej,...,er} is orthonormal. We may apply Lemma 4.1 with X = eg
to all the Lie algebras g;,7 = 1,...,33, except to the Lie algebras g1, g4, go, 018,
gos, showing in this way that they do not admit any calibrated Gs-structure. For the
remaining Lie algebras g1, g4, g9, 018, gog we first determine the generic closed 3-form
¢ and then, by applying Lemma 4.3, we impose, that a AaAa # 0 and a A S =0,
where

(5) Oé:Z'e%P, ﬁ:90_€7/\5~

Moreover, we have that the closed 3-form ¢ defines a Gs-structure if and only the
matrix associated to the symmetric bilinear form g, with respect to the orthonormal
basis {e1,...,e7}, is positive definite. Since the Einstein metric is unique up to
scaling, a calibrated Gs-structure induces an Einstein metric if and only if the matrix
associated to the symmetric bilinear form g,, with respect to the basis {e1,...,e7},
is a multiple of the identity matrix. By a direct computation we have that then the
Lie algebras g1, g4, g9, 918, gos admit a calibrated Ga-structure (see Table 3) but they
do not admit any calibrated Gg-structure inducing a Einstein (non-flat) metric.
Next, we show that result for the Lie algebra gog. To this end, we see that any
closed 3-form ¢ on gsg has the following expression:
127 14

1 1
136 137 5
p=p1r27€° — §P5,6,7€ + p2,4,7€¢7" + §P5,6,7€ — p2,3,7€

1 157

a7
— P2,6,7€

1 1
167 235 237 246 247 257
+ p257€ " + opser€T + p23 e + opse e+ p2ave” + p2sre

2 2
267 347 357 367 457
+ p26,7€7 " + p3are” +p3s et +p3e e’ + p3er€ — pP35,7€

567
+ ps6,7€ ",

467

where p; j ;. are arbitrary constants denoting the coefficients of ei/*.

In this case, one can check that the induced metric is given by the matrix G with
elements

gler,e1) = —1pr27pier glen,ea) =0, gler,es) = 1pa3.7p267,

gler,ea) = 3p2a7pter  gler,es) = 1p256P260  9le1,€6) = $p2,6,708 675
gler,er) =0, glez,e2) = _%p1,2,7pg,6,7a glez,e3) = —iP2,4,7Pg,6,7a
glez,eq4) = ipz,sjpg,ﬁ,% glea, e5) = %02,6,#’%,6,77 g(ea, e6) = —ip2,5,7/’§,6,7a
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glez,e7) =0, gles,e3) = —ip3,4,70?,,6,77 gles,eq) =0, gles,es) = ips,mpg,s,?a
gles,e6) = —5pssipier, gles,er) =0, gles,ea) = —1p3apier

gles,e5) = —Sip3,5,7pg,6,7a glea,e6) = _%p3,6,7p§,6,77 9(64’672, =0,

g(es,es) = ps;;i’ gles,e6) =0, gles,er) =0, g(es,e6) = ps;;i’ g(es,e7) =0,
gler,er) = —05,6,7/’5,3,7 + P1,2.,7P§.,5,7 + 01,2,703,6,7 + P%,5,7P3,4.,7 + 03,6,7931477

+p2,5.7 (2p2,3,703,6,7 — 2p2,4,703,5,7) — 2p2,6,7 (P2,3,703,5,7 + P2,4,703,6,7)

2
—P3,4.7P5,6,7 T £1,2,703,4,705,6,7-

Now we have that the system G = k - I7 does not have solution, for any real
number k, where I is the identity matrix. This means that the Lie algebra gss does
not admit any calibrated Go-structure defining an Einstein metric. However, we can
solve 48 from the 49 equations of the system G = k - Iz, and we obtain the metric
defined by the matrix

@

I

[N}
coocococor
coococoroO
coocorooO
coorooco
cor~roocoo
orococococo
MO oo OoOoO

Since this matrix is positive definite, the Lie algebra gog has a calibrated G2 form
o = —2e12T _ 9eBT _ o136 | 145 | (235 | 246 4 9,567

which induces the metric defined by G.

In order to determine all the 7-dimensional rank-two Einstein solvable Lie alge-
bras, we need first to find the rank-one Einstein solvable extensions s = ns @ R{eg)
of any of the eight 5-dimensional nilpotent Lie algebras ns (see Table 1) and then
consider the standard solvable Lie algebra s7 = n5 @ a, with a = R{eg, e7) abelian and
such that the basis {e1,...,e7} is orthonormal. From €; we get the 7-dimensional
Einstein Lie algebra of rank two with structure equations

del = %\/6@616 + 4ael?,

de? = %\/6@626 — Tae?’,

ded = %\/ﬁaem + % 6ae38 — 3ae’7,
de* = %\/6&613 + 1—6?’ 6aeS + aet”,

ded = %\/ﬁae14 + %\/6@656 + 5ae57,

de® = de” = 0.

By computing the generic closed 3-form ¢ and by using Lemma 4.2 and Lemma 4.3,
we get that the matrix associated to g,,, with respect to the basis {e1, ..., er}, cannot
be a multiple of the identity matrix.

From €3 we do not get any 7-dimensional Einstein Lie algebra of rank two. From
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t; we get the 7-dimensional Einstein Lie algebra of rank two with structure equations

del = %\/210,616 — ael”

de? = £+/21ae? + 2ae”,
de® = %\/21ae36 — 2ae?",

de* = %\/@\/21@612 + %\/21&646 +ae?’,
de® = 2V/30v21ae'* + ZV15v21ae® + 391/21ae,

deb = de” =

By computing the generic closed 3-form ¢ and by using Lemma 4.2 and Lemma 4.3,
we get that the matrix associated to g, with respect to the basis {ei, ..., e}, cannot
be a multiple of the identity matrix. From €; we get the 7-dimensional Einstein Lie
algebras of rank two with structure equations

de! = ae'® — brel' + bae?” + b3edT + bye?”,
de? = ae®0 + bye'™ + bre? 4 bye37 — bze,
de® = ae30 + bgel” + bye?” — bige®” + brae?’,
de* = ae*® + byel™ — b3e?” + b1ae®” + bige?”,
ded = 2a(e'? + 34 4 ¢59),

de® = de” =0

where a = §1/b2 + b3 + 2b3 + 2b3 + b3, + by. We may then apply Lemma 4.1 with
X = €5.

From &5 we get the 7-dimensional Einstein Lie algebras of rank two with structure
equations

de' = ae'® + bigel” + byge?”,

de? = ae®® + bygel™ — bige?”,

de® = 4ae'? + 2ae?S,

de* = 2v/3ae'® + 3ae® + bige*” + baoe®7,
de® = 2v/3ae?® + 3ae®® + byge?” — brge,
deb = de” = 0.

For these Lie algebras in order to study completely all possibilities we will study
separately the two cases byg # 0 and byg = 0. By computing the generic closed 3-form
¢ and using Lemma 4.3 we have that the system g, (e;,¢;) — k6! = 0 (where k is a
non zero positive real number) with variables the coefficients cijr of ek in © has no
solutions.

From g we get the two families of 7-dimensional Einstein Lie algebras of rank
two, namely €61 and € 2 with respectively structure equations

de' = 2ae'® + 2(b1g + bas)el”,

de? = 3ae?® — (byg + 2ba5)e?” + biaed7,
de3 = 3ae3® + b12e®7 — (byg + 2ba5)e’7,
de* = 6ae'? + 5ae*S + bige®” + biged7,
de® = 6ae'® + 5ae®0 + bioe?” + byse®”,
deb =de” =0
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and

det = v/2bysel6 + 4bosel”,

de? = %\/ﬁb%e% — 3byse?” — bi9e®7,

de3 = %ﬁb25636 + b12€%T — 3bg5e®7,

det = 3v/2byse1? + g\@b%e% + bose?™ — bige®7,
de® = 3v/2byse™® + g\@b%e% + bioe” 4 byse®,
deb = de” = 0.

For 1) we compute first the generic closed 3-forms ¢ and then, using Lemma 4.3 for
A = ez, we impose the condition aw A § = 0. By this condition we get in particular
that

p1,2,301,3,4(b1g + bas) = 0,

where by p; j x we denote the coefficient of e¥* in ¢. One can immediately exclude
the case p1,3.4 = 0, since otherwise the element of the matrix associated to the metric
g, has to be zero. Then we study separately the cases p123 = 0 and bjg = —ba5. In
both cases we do not find any solution for the system g, (e;, e;) — ko = 0. For 2) we
study separately the cases b12bas # 0, bio = 0 and bos = 0.

In the case biabos # 0 we compute first the generic closed 3-forms ¢ and then,
using Lemma 4.3 for A = e7, we impose the condition o A o A av # 0, getting the
condition p1 25 # 0. Thus, we take the system S;; = g,(e;, ;) — ko = 0 and get the
values of £2,5,65 P3,4,65 P3,5,6 and £2,3,6 from 85757837578474 and 8374. Now Sgﬁg = —k,
and the system does not admit any solution.

In the case b2 = 0 we first compute the generic closed 3-forms ¢ and then we use
Lemma 4.3 for A = ey, obtaining that p2 36, 02,4,6, 03,56 and psse are all different
from zero.

In the case by; = 0 we first compute the generic closed 3-forms ¢ and then we
may apply Lemma 4.1 with X =eq,... e5.

From &7 we get the four families of 7-dimensional Einstein Lie algebras of rank
two, namely €7 1, ¥7 2, 87 3 and &7 4 with respectively structure equations

del = ael® + (—by + b13)el” + bge?”,
de? = ae®0 + bge'™ + bre?’,

de® = a(v/Te'? + 2e36) + by3e%7,

de* = %ae46 — (2b13 + bos)edT + byge®,
de® = %ae56 + bose?™ + byse”,

de® = de” =0,

where a = 21/21b2 — 21b7 f13 + 63b2; + 2162 + 42bos5b13 + 2103, + 2103,

de! = ael® + (—by + by3)el” + bge?’,
de? = ae?0 + bge'™ + bre?’,

de® = a(v/7e'? + 2e35) + by3e%7,

de* = %ae46 — bize?” — bose®,

deb = %ae56 + boger™ — by3ed,

deb = de” =0,

i)
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where a = Z /2102 — 21b7by3 + 42b2; + 2152

de' = ael® + %b13617 — bge?",

de? = ae®® + bge'™ + %b13627,

de3 = a(\/?eu +2e35) + by3e?7,

de* = %ae46 — (2b13 + bas)et” + baged”,
de® = %ae56 + bogeT + based”,

deb = de” =0,

)

where a = £ 1/231b%; + 168b13bas + 84b%; + 8403,

de' = %\/§b25616 - %b%e” — bge?",
de? = %\/§b25626 + bgel” — %b25627,
de? %\/gb%(\ﬁeu +2e36) — byse?7,
de* = 3v/3base!® + bose?” — boge,
ded® = %\/§b25e46 + boge®™ + bose®,
deb = de” = 0.

iv)

For all of them after computing the generic closed 3-forms we may apply Lemma 4.1
with X = €3.
From €5 we get the 7-dimensional Einstein Lie algebras of rank two with structure
equations
de! = ae'® + (=byz + big)el”,
de? = ae? + (2b13 — big)e?’,
de® = a(v/26e'? + 3¢%) + by3e37,
de* = a(v/26e! + 4e%6) + bygelT,
deb = 3aed% — (2b13 + b1g)e’7,
deb = de” = 0.

where a = 45+/390b%; — 78b13b1g + 156b%,.

We study separately the cases bizbig # 0, b1z = 0 and b9 = 0.

In the case bigbig # 0 using Lemma 4.3 (i.e. a AaAa # 0, with A = e7) we
may suppose pi24p1,35 # 0 for the generic closed 3-form. Now, we consider the
system Sij = gw(ei,ej) — k(Si = 0. We take £1,2,55 P1,2,3 and a from S415 =0= S314
and S 2 = 0. In the new system we can conclude that from equations S2 4 = 0 and
S35 = 0 that there is no solution. Indeed from the two equations it follows that
bi3 = —%blg and b3 = 3—71b19, which is a contradiction since bi3big # 0.

In the case bi3 = 0 using Lemma 4.3 we may suppose pi 350347 7 0 for the
generic closed 3-form. Then we get p2 57,k and p2 37 from Ss5 =0 = S53 = Sa3.
The new system satisfies:

g Tp1,3,5 (49pF 25 + 15293 4 7)
4.4 76778 '

In the case fi9 = 0 using Lemma 4.3 we may suppose ¢ 3,5¢3 4,7 7 0 for the generic
closed 3-form. Then we get ¢12,3,¢2,5,6,C2,3,7 and ¢1,35 from S34 =0 = Sy 3 = So.4
and S3 3 = 0. The new system satisfies:
959322¢1 5 53 4.7 + HITLLE?

59711k

44 = —
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what implies again Sy 4 # 0.
If [s,s] = n is abelian and dimn = 5, we have to consider the structure equations

del = ael® 4+ biel”
de? = ae?6 4 bye?”
de® = ae®0 4 b3e’,
de* = ae*® 4 bye?”
de® = ae®® + b5e,
deb = de” = 0.

By imposing that s is a Einstein Lie algebra (the inner product is the one for which
{e1,...,e7} is orthonormal), we get the Lie algebras with structure equations

de! = ae'® + (—by — by — by)el”,
de? = ae?8 + bye?”,

ded = ae3® + byed”

de* = aeS + byet”

de® = qedS,
deb = de” =0,

where a = \/10b$ + 10b7b13 + 10b7b19 + 1Obf3 + 10b13b1g + 1Ob%9. For these Lie alge-
bras we first compute the generic closed 3-forms ¢ and then we may apply Lemma
4.1 with X =eq,...,e€s5.

In order to determine all the 7-dimensional rank-three Einstein solvable Lie al-
gebras, we need first to find the rank-one Einstein solvable extensions ns & R{es)
of the two 4-dimensional nilpotent Lie algebras ny and then consider the standard
solvable Lie algebra s = ng @ a, with a = R{es, eg, e7) abelian and such that the
basis {e1, ..., er} is orthonormal. For any of the nilpotent Lie algebras ny we find the
following rank-one Einstein solvable extensions

1) ( ael5 25 1\[0,6124— a635 1\[&6134—&645 0)

120
15 1,25 1 12 3 4
2) ae'®, Sae*®, 1v/22ae —|—ae35,1 5.0)

~—
N[ =

From 1) we do not get any 7-dimensional Einstein Lie algebra of rank three. From 2)
we get the 7-dimensional Einstein Lie algebra of rank three with structure equations

det = Fae' — (bro + 5bas)e® + bae® + (—biy + bas)e!'” + bge?”
de® = 1&625 + b9€16 + b10626 + b13€17 + b14627

(6) de? = 1 1V22ae'? + ae® — 1byge30 + byze®,
d€4 = 3&645 + b286 - 2b23647,

4
de® = deb = de” = 0.

satisfying the conditions d?e’ = 0,4 =1,...,4, and one of the following:
. /3202, —32b14bo3+96b2,+32b2, . .
(1) a = \/ 33 ) b2 - b9 - i\/4b%4—4b14b23+b§3+4b2 b13b237

be = bi3,br0 = :Fﬁ 4b§4—4b14b12i+b§3+4b§3 (—13b1abas + 6035 + 207, + 2bT),

11 9 ) )
bs = +17 T Thrabas 70 7007, (4014 — 4b1abas + b3y + 4b73)




334 M. FERNANDEZ, A. FINO, AND V. MANERO

(ll) a = 2\/%1)23,()2 = :t%\/ 11()%3 — 4b%0,b6 = b13 = bzg = 0,b14 = %b23.
For the case (i) we consider the generic closed 3-form ¢ and use all the time that
a # 0 and the condition a A 8 = 0 (with a = 4.,). By imposing the vanishing of
9y (€3, e4) and the condition g, (es, e3) # 0 we have always that either g, (e2, e2) = 0 or
go(e3,e3) = 0 so we cannot have calibrated Ga-structures associated to the Einstein
metric.

For the case (i7) we start only to impose the conditions

2 1
a= g\/gbw, bg = b1z = bag = 0, bia = 5523,

one needs for the Einstein condition still to impose that by = £4+/11b3; — 4b%,. We
consider the generic closed 3-form ¢, using all the time that bes # 0 (since a # 0) and
we impose a A f = 0, where a = i.,. We use that g,(es,e3) # 0 and the equations

g«p(e?n 64) = g«p(e% 63) = gtp(ela 63) =0.

Studying separately the solutions of the above system we show that no calibrated
Go-structure can induce the Einstein metric.

If n = [s,s] is abelian and dimn = 4, we get the Einstein solvable Lie algebras of
rank three with the structure equations

de' = ae'® 4+ b1el® + byel”,
de? = ae?® + b3e?6 + bye?”,

(7) de3 = ae3® + bze35 + bge?”,
de* = ae*® + bret6 4 bge”,
de® = deb = de” =

3

satisfying the conditions
b7 = —by — b3 — bs, bg = —by — by — be,
2b1ba + 2b3bs + 2b5be + babs + babs + b1bg + babs + b1bg + bsbs = 0,
202 + 2b3 + 2b2 + 2b1b3 + 2b1bs + 2b3bs = 4a”.

We impose for the generic 3-form ¢ the conditions dp = 0 and a A 8 = 0 (with
a =i, ), using all the time that a # 0. Then we consider the equations

(8) gp(e1,e2) = gpler,e3) = gy(er, e4) = gplez, e3) = 0.

By the conditions

gtp(ela 61) 7& 07 gga(627 62) 7& 07 gtp(e37 63) 7& 07 gga(e47 64) # 0

we get respectively

£1,2,501,3,501,4,5 7 0, p1,2502.3502,4.5 # 0, p1,3502,3503,4,5 Z 0, p1,4502,4,503,4,5 7 0.

In all the solutions of (8) we have always that either p;25 = 0 or p135 = 0 or
p1,4,5 = 0, which is not possible. O

So, now we can conclude that there is not a counterexample for the G analogue
of the Goldberg conjecture in the class of solvmanifolds, but we can show the existence
of a calibrated Ga-structure whose underlying metric is a (non trivial) Ricci soliton.
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EXAMPLE. If we take the 6-dimensional nilpotent Lie algebra ng = (0,0,0,0, e13—
e? et +e23) and we compute the rank-one Ricci soliton solvable extension, we obtain
the Lie algebra with structure equations:

1 1 1 1
(el 26T 3T odT 13 24 5T (1 4 23 _ ~ (07 )

5= ) ) ) I S
2 2 2 2
where the Ricci soliton metric g is the one making the basis {e1,...,er} orthonormal.
The Lie algebra s admits the calibrated G form
o= —el36 | 145 | o285 | o246 4 56T 127 347

such that g, = g and d* ¢ # 0. Therefore g, is a Ricci-soliton on s but ¢ is not
parallel.

5. Cocalibrated Ga-structures. In this section we study the existence of co-
calibrated Ga-structures ¢ on 7-dimensional Einstein solvable Lie algebras (s, g) whose
underlying Riemannian metric g, = g.

We will use the classification of the 7-dimensional Einstein solvable Lie algebras
of the previous section, Lemma 4.2 and 4.3, together with the following obstructions.

LEMMA 5.1. Let (g,9) be a 7-dimensional metric Lie algebra. If for every closed
4-form VU € Z*(g*) there exists X € g such that (ix(*¥))? = 0, then g does not admit
a cocalibrated Gs-structure inducing the metric g.

Proof. 1t is sufficient to prove that if a 3-form ¢ defines a Ga-structure on g then
for any X € g we have

where * is the Hodge star operator with respect to the metric g, associated to ¢. Since
the 3-form ¢ defines a Gao-structure on g, then there exists a basis of g {f1, -, f7}
(which is orthonormal with respect to g,) such that

0= f124 4 f235 4 f346 4 f457 4 f156 4 f267 4 f1377

where {f!,---, f7} is the basis of g* dual to {f1,---, fr}. Taking the Hodge star
operator with respect to {f1, -, fr} we have

wp = — 3967 | 46T _ 1257 4 1236 | (2347 1345 _ 2456
Thus, writing ¢x the contraction by X,
Ly (*Sﬁ) _ f467 _ f257 + f236 _ f345

and

s (40) A fp = 4507,

Similarly, we have

Lp, (k) = 157 — 186 4 34T _ f456 o (4o) A p = —4f13456T,

(
Lfs (*(P) — _f567 + f126 _ f247 + f1457 Ly (*(P) ANp= 4f124567;
Lp, (k) = — f167 4 F237 _ f135 4 4256 . (k) A p = —4 f123567,
Lfs (*(,0) — f367 _ f127 + f134 _ f2467 Ls (*(P) ANp= 4f123467;
Lpg (k) = — f357 4 FIAT _ p123 4 g245 L (k0) A p = —4 f123457,
(+¢)

— f356 _ f146 + f125 _ f2347 Lt (*(,0) /\(,0 — 4]0123456.
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In general, for i = 1,---7, we see that
. (3) A p = (—1)HIA 12 DD T,

which is a non-zero 6-form for any ¢ =1,...,7. O

LEMMA 5.2. Let (g,9) be a 7-dimensional metric Lie algebra. If for any coclosed
3-form ¢ on g, the differential form 13 = *dg0|Ag7g* satisfies the conditions

©AT3#0 or (xp) AT # 0
then g does not admit a cocalibrated Gs-structure inducing the metric g.

Proof. The expression of the differential and the codifferential of a G2 form ¢ are
given in terms of the intrinsic torsion forms by

dp=T1o*xp+ 311 A+ %13
d*x =471 AN*xp + T2 A .

with 70 € A%*, 7 € Alg*, = € A2,g* and 73 € A3.g*. The cocalibrated condition
d * ¢ = 0 implies

dp = 19 * p + *T3.
Since

Adg" = {p € Ng*Ip A p =0 = pAxp},
AS;g" ={y e Mg* [y Ao = 0=y Axp}

it follows that

d(p A 0= T0|(p|2€1234567.

Therefore
3= — % (dp — 79 * ).
Now as 73 € A3,g* the conditions
Ap=0, T3A*xp=0

must be fulfilled. O

We recall that a 5-dimensional manifold N has an SU(2)-structure if there exists
a quadruplet (9, w1,ws,ws), where n is a 1-form and w; are 2-forms on N satisfying
w; Awj = 6;5v, v An # 0 for some nowhere vanishing 4-form v, and

txws = tyw; = we(X,Y) >0.

PROPOSITION 5.3. Let (g =n@ a,g) be a 7-dimensional Einstein Lie algebra of
rank two and let {e1,...,er} be an orthonormal basis of (g, g) such that a = R{eg, e7),
then a Ga-structure ¢ on g induces an SU(2)-structure on n such that the associated
metric h is the restriction of g, to n.
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Proof. By Lemma 4.3 we know that the forms F = 1., ¢, 9y = ¢—FAe” determine
an SU(3)-structure on R{ey, ..., es) and that the associated metric is the restriction
of g to Rey,...,es). Now we can write F' = f12 4+ 34 4+ f5 A eb and ¢, + 1) =
(FY+2f2) A2+ ofH) A (f5 +1€5) where f; € Rleq,...,es) and {f1,..., fs,e6} is
orthonormal. Then by [10, Proposition 1.4] the forms

I R R T T

define an SU(2)-structure on n. The basis {f1,..., f5} is orthonormal with respect
to the metric h induced by the SU(2)-structure. So, h coincides with the restriction
of g, ton. O

COROLLARY 5.4. Let (g =n@®a,g) be a 7-dimensional Finstein Lie algebra of
rank two and let {ey,...,e7} be an orthonormal basis such that a = R{eg,e7). If for
any coclosed 3-form ¢ one of the following conditions

o (w? —wjz)/\n;éOfor some i % j;

® w; A1 # xpw; for some 1,
holds, where (w1, ws,ws,n, h) is the SU(2)-structure as in Proposition 5.3, then (g,g)
does not admit any cocalibrated Ga-structure ¢ such that g, = g.

Proof. By Proposition 5.3 the Ga-structure induces an SU(2)-structure
(w1, w2, ws,n) on n. By definition of SU(2)-structure the forms (w1, ws,ws,n) have
to satisfy the conditions (w? — wjz) An # 0 for all 7,5 and w; An = *pw; for all

i=1,2,3.0

We know already that a 7-dimensional Enstein solvable Lie algebra cannot admit
nearly-parallel Gs-structures since the scalar curvature has to be positive. For the
cocalibrated Ga-structures we can prove the following

THEOREM 5.5. A T-dimensional (nonflat) Einstein solvmanifold (S, g) cannot
admit any left-invariant cocalibrated Go-structure ¢ such that g, = g.

Proof. For a 7-dimensional rank-one Einstein solvable Lie algebra (s, g) we have
the orthogonal decomposition (with respect to the Einstein metric g)

s=nDa,

with ng = [s,5] a 6-dimensional nilpotent Lie algebra and a = R{e7) abelian.
If n is abelian, then we know by [13, Proposition 6.12] that s has structure equa-
tions

17

(ae'”, ae®", ae3”, ae'”, ae®, e, 0),

where a is a non-zero real number. Computing the generic co-closed 4-form on s it
easy to check that s cannot admit any cocalibrated Ga-structure g, such that g, = g.
If ng is nilpotent (non-abelian), then (s, g) is isometric to one of the solvable Lie
algebras g;,7 = 1,...,33, in Table 2, endowed with the Riemannian metric such that
the basis {e1,...,e7} is orthonormal. We may apply Lemma 5.1 with X = e7 to the
Lie algebras g3, 913, g23 and g;, 25 < j < 33, showing in this way that they do not
admit any cocalibrated Ga-structure ¢ such that g, = g. For the Lie algebras:

91, 92, 94, 95, 96, 920

we first determine the generic co-closed 3-form ¢ and then, we compute the values of
7o, and of the 3-form 75. We have that 73 A ¢ # 0 unless ¢ = 0 and so by applying



338 M. FERNANDEZ, A. FINO, AND V. MANERO

Lemma 5.2 we have that the Lie algebras do not admit a cocalibrated Gs-structure
inducing an Einstein metric. For the Lie algebras

(9) 97, 98, 89, 810, 912, 814, 915, 916, 917, 918, 919, 921, 922, 924

we first determine the generic co-closed 3-form ¢ and then, by applying Lemma 4.3, we
impose, that a AaAa # 0 and a A 8 =0, where @ and § are given in (5). Moreover,
we have that the closed 3-form ¢ defines a Go-structure if and only if the matrix
associated to the symmetric bilinear form g,, with respect to the orthonormal basis
{e1,...,er}, is positive definite. Since the Einstein metric is unique up to scaling, a
calibrated Ga-structure induces an Einstein metric if and only if the matrix associated
to the symmetric bilinear form g, with respect to the basis {e1, ..., er}, is a multiple
of the identity matrix. By a direct computation we have thus that the Lie algebras
(9) cannot admit any cocalibrated Ga-structures inducing an Einstein metric.

For the 7-dimensional rank-two Einstein solvable Lie algebras, using the same
notation as for the calibrated case we obtain the result for €,€s,¥5,€5 1 and €2
by the first condition of Corollary 5.4. For the remaining Lie algebras, i.e., for
€4,871,870,87 3,87 4,83 and the extension of the abelian one, the result follows by
using the second condition of Corollary 5.4.

In the rank-three case we have to study the extensions of the Lie algebras ny =
(0,0,¢'2,0) and the four-dimensional abelian Lie algebra. For the first one we consider
the structure quations (6), then we take a generic 3-form ¢ such that all the coefficients
of €7*™ in d % ¢ vanish except those of e'367 and €23467. Now if we compute the
inner product g, induced by ¢ and we impose the conditions g, (e;, e;) = go,(ej,€;)
and g,(e;,ej) = 0 for all i # j we obtain that g,(es,eq) = 0. For the rank-three
Einstein extension of the abelian Lie algebra we consider the structure equations (7)
and we take a generic coclosed 3-form ¢. By imposing g,(ei,e;) = g,(ej,e;) and
go(€es,e5) =0 for all i # j we obtain g, (es, es) = 0. O
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gl (% el7 ae27, \/13ael? + %a637,4a613 + 2aed7
2\/§ael + 2ae + %a657, 7\/13(1625 —+ 2\/§a634 + %a667, 0)

g2 (7 \/4221 ael?, V214027 oe12 _ 52T, 37

o318 | 5L, AT 14 VL, 5T 484 _ ,,25 _ 3321, 67

3 12 7 17
93 77“1411617, 79—V14a627, ael? — 514,37
56 28
V613 1114047 VG, 14 — 33124657 qeld — 13384407 o>
2 56 ' 72

g4 (ael7, 2ae27, 2ﬁael2 + 3a637, 67&11540/613 + 4ae47
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g12 (%617,11627, %a637, 27\/321(1612 + %ae47, 27\/321 14 4 94057, 2\/ 5.4 27\/314(1824 + %a667,0)
13 (gacw) ae27, %437, 2\/993 acl? 4 33 4c47, 4\/931 acl® 4 324c57, 2«/993 aeld 4 %667)0)
14 (%617,11627, 34637, V21,12 4 3aed7, VI o138 | 84057, VId g1 4 V21,035 +2ac67,o>
gl5 (ael7, ae27, a637, Vv 10ae12 —+ 2ae47, Vv 10ae23 + 2ae57, \/10(1614 + Vv 10(1635 + 3(1867, 0)
gi6 (acl7, ae27,ae37, VT0ael? 4 2ae47, V10ae23 + 2aeb7, VI0ael? — V10ae35 + 3467, o)
g17 (ac17, ae27, %ac”, %\/310.512 + 2ae47, %\/930.@14 + 3aed7, %\/930.&24 + 3aeb7, o)
ng (ael7, ae27, 2a637, 4ael2 + 2ae47, 2ael3 — 2\/5(1624 —+ 3a657, 2\/5(1614 + 2ae23 —+ 3a667, 0)
g19 (50.517, 6ae27,12ae37, 2v/134ael? 4 11ae?7, VA02ael? + 16ae57, Vi3daeld — 202ae24 + 17067, 0)
920 (ael7, a627, 2ael2 —+ 2(1637, 2\/5(1612 + 2ae47, 4ael4 + 3(1857, 2ae24 —+ 2\/5(1623 + 3aeG7, 0)
g21 (30.&17, 5ae27,6ae37, 2v/42ael2 + 8aed”, 2¢/2Taeld + 9aeb7, 2v/A3ael? + 2v/2Tae?23 + 114687, o)
g29 (6ael™, 5ae?7,9a¢37, 2v/03ae!? + 11ae?7, 2v83ae!3 4 15057, 4v/BTac?t + 16ac%7, 0)
g23 (ac” 5a527, 3ae37, V/37ael? 4 Zac47 V el3 4 14ae57, V/3Taeld + 711@57 o>
924 (ael7, ae27, a637, \/6(1612 + 2ae47, \/gaeIS + 2a657, \/6(1623 + 2(1667, 0)

V/ V31 V31 V31 13/31 V31
g25 (512:?;1 acl?, 23127 9381 ;.37 9481 ,047 o.12 4 13y3 a657,7§a534 _ \/TEMm + 93 acm’o)
g26 (ael™, 2027, 3ae37, 3ae47, 4v/Zael? + 3057, 4v2ael® + 467, 0)

17 3 ,,27 7,.,.,37 3,,47 148 12 | 7. .57 T4 _,14 , 37 .25 , 5 ,,67
927 (ae » gae > gae » gae N I ae + zae s S ae —+ ae + 2ae ,0
g2s (ael?, ae27,aed7, act?, 2ae!? — 20e2% 4 20e57, 20e1% 4 20623 4 24¢67,0)
g29 (acl7, ae??, %a537, %ae47, VBael? 4 2ae57, \/Baelt + /Bae23 + %a667, 0)
930 (%611 227, 2637, %641 V3ael? 4 aedT, V/2ae34 + aebT, 0)
931 (1[ ael, 3YTL 4027 3YTT, 37 2V/TT 047 4012 4 5\/11a557,a513+ 5\2/211'1667)())
17 27 37 4T 24,57, \/ 11, 4 VIT,.34 67
g32 (%e ,%e ,%e ,%e s 5a + Yg-ae +ae®’,0
033 (%611 227, 3ac37, Bael?, 3acd7, \/24 ael? 4 a667,0)

TABLE 2. Rank-one Einstein 7-dimensional solvable Lie algebras.
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57 Calibrated Ga-structure

13312+/3—748800
_ 1 _ 123 | /13,125 _ ( )
g1 = 133 (1440 — 128v3) 123 4 M3, 1197573

135 _ 5,137 _ ﬁelélﬁ — V/3el47 + 10e157 _ (167 _ %6236 + 237

o127

Ay

©loo

+
+57%6 (1440+128\/§> £247 %6267+ %6345 _ 35T _ o457 4 567

7__125 137 7 146 147 | 1 _167 7 236 237
g4 p=—55€ +e — 3¢ —e ' +ge + e —e
406247 _ o267 4 116345 + %6357 _ 48T _ 567

9o = _27\7/56125 T eBT _ T o146 _ J1aT | %6167 T 1136236
237 4 9g24T _ 267 | 1136345 + %6357 _ o457 _ ;567
g1s @ = 1B _ 127 _ 136 | /3,145
13167 4 235 4 /3246 _ %6347 4 3567
gos @ = — 2127 _ ¢BAT _ o186 | Ti5 | 235 | 26 4 o567

TABLE 3. Calibrated G2-structures on rank-one FEinstein solvable Lie algebras.
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