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SCREW MOTION SURFACES IN PSLy(R,7)*

CARLOS PENAFIEL'

Abstract. A screw motion surfaces in PSLa(R,7) is either a minimal or a constant mean
curvature surface which is invariant by helicoidal isometries. In this paper, we study the geometric
behavior of such screw motion surfaces.
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1. Introduction. The study of constant man curvature surfaces immersed in the
product spaces M? x R, where M? is a complete 2-dimensional manifold, has grown
in the last years. In particular the study of such surfaces invariant by one parameter
group of isometries in the product spaces D? x R and S? x R, where D? denotes the
2-dimensional hyperbolic disk and S? denotes the Euclidean sphere of radius one, was
given in [7]. More precisely, in [7], the authors consider screw motion surfaces, that is,
surfaces which are invariant by the composition of rotational isometries (originated
from the space D?) together with translations along the real line R. The study of
such screw motion surfaces immersed in the 3-dimensional spaces form was given in
[3]. On the other hand, the screw motion surfaces immersed in the Heisenberg space
Nils was given in [1]

The 3-dimensional spaces form, the product spaces and the Heisenberg space
are homogeneous simple connected 3-dimensional manifolds, the natural questions
is, what happen with the other homogeneous simple connected 3-dimensional mani-
folds?. To answer this question notice that the space D? x R form part of a family of
homogeneous simple connected 3-dimensional manifolds E(7) of parameter 7, that is
of the family

2 _
E(T):{ DNXR, T=0,
PSLy(R,7), 7#0.

In this paper we show that the geometric behavior of the screw motion surfaces
immersed in the space ﬁg'ig(R,T) are similar to this one immersed in the space
D? x R. -

A screw motion surface immersed in PSLy(R,7) is a constant mean curvature
surface which is invariant by one-parameter group of isometries I', where I' is the
composition of rotational isometries together with vertical translation in a propor-
tional way, the study of rotational surfaces having constant mean curvature which are
immersed in the space PSLy (R, 7) was given in [5], when the space is D? x R, the
study of such rotational surfaces was given in [2].

The paper is organized as follows. In section 2, we introduce the space 155’732 (R, 7)
and in section 3 we give the geometric behavior of the screw motion surfaces immersed
in the space PSL, (R, 7).
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2. The space PSL, (R, 7). We denote by D? the hyperbolic space, that is,
D? = {(z,y) € R%, 2% + 4% < 1}

endowed with metric

2

do® = N(dz* + dy?), A= ——F—>.
g ($+y)7 1_(I2+y2)

The natural orthonormal frame field on D? is given by {e1 = A710,, ea = )\_lay}.

The space ]/3_‘\5’7;2(]1%, 7) (for each fixed 7 # 0) is a complete simply connected
homogeneous 3-manifold and there exists a Riemannian submersion

T F:S'T/Q(R, 7) — D2,

over the 2-dimensional hyperbolic space. For each p € D?, the fiber passing by p is a
complete 1-manifold diffeomorphic to the real line, the translations along each fiber
are isometries of ]/375’7',2 (R, 1), we denote by E3 the unitary vector field tangent to this
fiber and we call Es5 a vertical vector field. Considering the horizontal lift {E1, Ea} of
{e1, e2} we obtain the orthonormal frame {E, Eo, F3}, where { E1, E2} are horizontal
vector fields. o

More precisely the space PSLs(R, T) is given by,

PSLy(R,7) = {(z,y,t) € R3; (z,y) € D% t € R}

endowed with metric,

A A 2 2
a2 \2(,2 2 y g, Az _
g :=ds® = \(dz +dy)+(27(/\dx )\dy)-i-dt) ;A @1

By considering the Riemannian submersion 7 : F:S’_./LQ(R, 7) — D?, we obtain the
next Lemma.

LEMMA 2.1. The fields {E1, Es, E3} in the referential {0y, 0y, 0;} are given by,

1 A 1 Az
E1 = Xam—QT)\—gat, E2 = X6y+27'pat, Eg,:(?t.

For more detail about the space PSLs (R, 7) see [4].

2.1. Isometries in PSL, (R, 7). The isometries of PSL, (R, 7) are strongly re-
lated with the isometries of the hyperbolic space D?2.

From now on we identify the Euclidean space R? with the set of complex numbers
C, more precisely z = x + iy ~ (z,y). Thus

PSLy(R) = {(z,t) e R¥; 22 + 4> < 1,t € R}
is endowed with metric

ds® = \2(2)|dz|? + (iTA(Zdz — zdZ) + dt)*.
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PROPOSITION 2.2. [8, Theorem 9] The isometries of PSL, (R, 7) are given by:
F(z,t) = (f(2),t —2Targ f' +¢)
or
G(z,t) = (f(2),—t+27arg f +¢)
where f is a positive isometry of D? and c is a real number.
2.2. Graphs in PSLy(R,7). Since, 7 : FE_.[//Q(R, 7) — D? is a Riemannian

submersion, it is possible to consider graphs in PSLy(R, 7).
Let 2 € D? a open domain in D?, a section

s:QCD? —>FS’12(R,T)

is a map such that 7 o s = Idq, where Id denotes the identity in D?2.

DEFINITION 2.3. A graph in PSL, (R, 7) is the image of a section s defined over
a domain €.

Given a domain Q C D? we denote by ( its lift to D? x {0}, if we consider the
section over Q given by t = u(z,y), where u € CY(9Q) N C>(Q) and (z,y) € €, then
the graph of u (which we denote by X(u)) is given by

E(u) = {(x,y,u(:z:,y)) € f)‘\S’j;Q(Rv 7—); (xvy) € Q}

LEMMA 2.4. [/, Lemma 3.2] Suppose that the surface X(u) has constant mean
curvature H. Then, the function u satisfies the equation

. «@
2H = divpe (Wel + ﬁez) )

%%
where W = /1 + a? + 32 and
A

Uy "
[ a:7+27_§—2,
Uy -
=5 "7

3. Screw motion surfaces in ];S/LQ(R, 7). The idea to obtain screw motion
surfaces is simple, we will take a curve C' in the xt-plane and we will apply to C a one-
parameter group I' of helicoidal isometries, that is I' is the composition of rotational
isometries and vertical translations of pitch [ > 0. More precisely, let ro(z) = €2
be the rotation of angle # around the origin (0,0) in the hyperbolic space D?. From

Proposition 2.2, the isometry Ry in PSL, (R, 7) generated by rg is given by
Ro(z,t) = (z,t — 270).
Now, for a fixed le R, the vertical translation of height lis given by

L(z,t) = (2, t +1).
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The helicoidal isometry is the composition

E(z,0) = (Lg o Rg)(2,t) = (2,t — 2760 + 16),
where Lg(z,t) = (z,t+10) for a fixed 6. Denoting by Isom(ﬁ\S’ng (R, 7)) the isometries
group of PSLy(R, 7), the group T is given by

I'={FE(z,0) € Isom(]ggj)g(R, 7));0 € R}.

REMARK 3.1. When [ = 27, we obtain a rotational isometry. The surfaces
invariant by rotational ismetries was treated in [5].

First we suppose that the curve C' is the graph of a function u (we denote this
curve by C(u)) defined in an small open interval I, with I in the x-axis. We denote
by X(u), the surface generated by C and the group T'.

.FS_EQ (R, T/)t

Y

FiG. 1. The generating curve of a screw motion surface.

To study the geometric behavior of ¥(u), we re-parameterized the hyperbolic disk
whit generalized polar coordinates p, 6, that is,

x = tanh (g) cos(f)
y = tanh (g) sin(6)

where p > 0 is the hyperbolic distance measure from the origin of D? and 6 € R.
Locally the surface ¥(u) is a graph over a domain in the hyperbolic disk D?, we still
call ¥(u) the graph of the function w in the polar coordinates. Therefore the surface
Y (u) can be parameterized by

(3.1) w(p,0) = (tanh (g) cos(6), tanh (g) sin(0), u(p) + (I — 27)6‘)

for convenience we assume [ = [ — 27 > 0 and we call [ the pitch of ¥(u). The case
=27 gives a rotational surfaces, see the Remark 3.1. For | = I—2r < 0, the vertical
translation is in the downwards direction, since the surfaces are complete, this surface
is the same as in the [ > 0 case.
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The proof of the next lemma is a straightforward computation.
LEMMA 3.2. In polar coordinates we obtain,

(1) 0y = 2cosh2( ) cos(0)0, — coth(§) sin 00y

(2) 9, = 2cosh? (5)sin(0)0, + coth(§) cos 00y

(3) pz = 2cosh2(§)cos( )
(4) py = 2cosh®(%)sin(0)

(5) 0, = — coth(%)sin()
(6) 0, = coth(%) cos(0)

(7) X =2cosh®(4)

(8) do? = dp? + sinh*(p)d6?

The next lemma is crucial for our study of screw motion surfaces.

LEMMA 3.3. (Main lemma) Supposing that (u) has constant mean curvature

H > 0. Then, the function u (which depends on the parameter d € R) satisfies
(3.2)

p

wl(p) — |2H cosh(r) + d| \/ L e (7 2 )
(p) \/Smh2 () — (2H cosh(r) 1 ) 1+ (Sinh(r) 27t h(2)> d
ES

where d is a real number.

REMARK 3.4. When 7 = 0 we are in the space D? x R. In this case, Ricardo Sa

Earp and Eric Toubiana found explicit formulas for rotational-screw motion surfaces,
see [7].

Proof. Notice that, if the surface ¥(v) has mean curvature H, then by lemma 2.4
the function v satisfies the equation

, a
(3.3) 2H = divp2 (Wel + %@) ,

whereW:\/1+a2+[32,a:vf—|—27’y, andﬂ:%—%-:z:.

In our case, we consider v(z,y) = v(p(z,y),0(z,y)) = u(p) + 1. And we call the
surface X(v) simply by ¥(u). Since that ¥(u) is a screw motion surface, u does not
depend of 0, it is clear from the parametrization (3.1), thus

Vg = UpPz + ugly + 10, = UpPz + 10,
Vy = Uppy + uely + 10y = uypy + 10,
Notice that

0
o= 7 + 27y =wuycosf —1 Sglh + 27 tanh(p/2) sin 0,
B = T — 272 = u,sinb + lsin i 27 tanh(p/2) cos .

Where

! 2
2, 52 _ 2 _
a”+ B =u, + (sinhp 2Ttanh(p/2)) ,

I 2
W?2=1+u —|— (Tp - 27tanh(p/2)> .
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w w W
From Lemma 3.2, we obtain

1 l tanh(p/2)
Xy = {up(?p + (sinh2 p — 27 Sinh (o) 0o

1 2
Setting X, = g61 + ﬁez = (Oza)\ + [3%)

—

and

W = \/1 + 472 tanh®(p/2) + u.

Let 0,601 € R with 6y < 6; and pg,p1 € Ry, with py < p; and consider the
domain Q = [0y, 01] X [po, p1] in the plane pb.

—$

Y3
oin
LS e
7§§§§\\§1 12
P
shoa s
mEmEER
S &

o

o 04

By integrating the equation (3.3), we obtain,

/ (Xu,n) = 2H Area([0o, 01] X [po, p1])
a(Q)

where 7 is the outer co-normal.

Since
/ <Xu’77> :/ <X'“"771>+/ <Xu7772>+/ <Xua773>+/ <X'u.7774>
o9 - v e -
and
% 4,
d / (Xuym) =— Wp(po)sinhpocw
v 6o

1
P l tanh(p/2 inh
. / <Xu,772>:/ ( Lyt (p/ )) sinhp
Y2 po \sinh”p sinh p w
01

u
Xu, N3 =/ —(p1) sinh p1df
)= [ (o)

L
o l tanh(p/2)> sinh p
XU7 = — — 2 N d R
’ [y4< ) /po (sinh2p 4 sinh p w P
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we conclude that

01 4 01 4, 01 rp1
/ —P(p1) sinh pydf — / —P(py) sinh podf = 2H / sinh pdpd#.
0o w o w 0o Jpo
As p and 6 are arbitrary, we get
0 inh
5 <Wp) — 9H sinh p.
that is
usinh p
pT = 2H coshp + d,
for some constant d.
A straightforward computation gives
P
2H cosh(r) + d ! 2
wl(p) = |2H cosh(r) + d| \/1+ (,h—2Ttanh(;)> dr
\/sinhQ(r) — (2H cosh(r) + d)? sinh(r)
*

[

3.1. Minimal screw motion in ﬁLQ(R,T). In this section, we study the
geometric behavior of minimal screw motion surfaces.

Making H = 0 in (3.2), we obtain a family (depending on the parameter d) of
functions u? which gives rise to a family of complete minimal surfaces (with fixed
pitch [ > 0),

(3.4)

0
2
ut(p) = :I:d/ \/ﬁ\/l + (ﬁ — 27 tanh (§)> dr, d = sinh(a)
a

We focus our attention on the case d > 0. For technical computations, we drop up
the super-index d in u¢.

Consider the Euclidean radius R in the unitary disk, measure from the origin of
D2, the coordinates p and R are related by R = tanh (g) Thus the function w can

be see as a function of R, that is ¢t = (u o p)(R) and its derivatives are

du o
dRp = u,(1 4 cosh(p)),
(3.5) Puop
I (1 + cosh(p))? + u, sinh(p)(1 + cosh(p)).

V1i4+d? -1
B R

THEOREM 3.5. Forl > 0 and 7 < 0, the function t* = u? o p(R) gives rise
to a complete generating curve &(u) of a complete minimal immersed screw motion

In the next theorem, for each d > 0, we consider the number ¢4 =
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surface Y4, the curve &(u) is symmetric with respect to the slice {t = 0}. The function
t? = ud o p(R) is increasing and concave for R > c4 cutting orthogonally the x-azis
at cq. When R — 1 the graph of u® has a finite value in 0,,D* x R. In that finite
value, the graph has a limit tangent line, which makes with the x-axis an angle o such

that tan(a) = dv'1 + 472, See figure 2.

Proof. Consider the functions

! 2
flp)=1+ (sinhp - 2Ttanh(p/2))
g(p) = sinh® p — d?

with derivatives

folp) = —2cosh™2(p/2) (
gp(p) = 2sinh pcosh p.

l l h
_ZTtanhp/2> (COS P +T>,
hp

sin 2coshp —1

The formulae (3.4) is writing as

(3.6) / :

therefore u,(p) > 0 and since f(p) > 0, g(p) > 0, then:

_ 1 Jg(p) fog— 19
upp(P)—§ m%

< 0.

d
It is clear that uep

IR > 0 and
d*uop .
—g = [pp(1 + cosh p) + u, sinh(p)](1 + cosh p)

but

upp(1 4 coshp) + u, =

dg
ENIT [fp9(1 + coshp) — fg,coshp+ (2fg — fg,)] <O
That is, the function t? = (u? o p)(R) is an increasing concave function for R > cg.
Notice that the curvature,
d>te
R) = dR?
T

has a finite limit at the vertical point R = ¢4. Therefore, considering the rotation by
7 around the geodesic {y = 0, = 0}, we obtain a complete C? curve €(u), which
generates a complete minimal surfaces Y4 invariant by screw motion translations.
That is, the surface T4 is invariant by the one-paremeter isometries group I', where
I" is given in the introduction of this section.
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At

T D? x {0}
Y
/\
0soD? x R o
PSLy(R,T)

FI1G. 2. &(u) is the generating curve of a screw motion surface.

From R = tanh(p/2) we have cosh(p) = (1 + R?)/(1 — R?) this implies:

d d _ 2 2
(u®op) 2d 14 I(1-R?) _orR
N 2R

thus

d
T ) B prar

R—1 dR
where tan(a) = dv1+472. O

3.2. Screw motion surfaces in PTS'/LQ(R,T). In this section, we study the
geometric behavior of the screw motion surfaces having constant mean curvature
H > 0. Following the ideas presented as for the minimal screw motion we will study
the function

P

B (2H cosh(r) + d) l )
u’(p) = ) : e \/1—1— (m — 27 tanh (§)> dr

\/51nh2(7’) — (2H cosh(r

when d takes the values d =0, d = —2H and d = 2H.
3.3. First case d = 0. We denote u” simply by u, therefore

(3.7 2H cosh(r )() \/1+<Sinlh(r)—27'tanh(;)>2dr

\/ 1—4H?) cosh?

here necessarily 0 < H < 1/2.
Again we consider the Euclidean coordinate R = tanh(p/2), and for each fixed

2H
0 < H < 1/2, the value Ry = ————- .
/ O+ VI—aH?

THEOREM 3.6. For each I > 0, the function u is defined for R > Ry and is
strictly increasing, for R near Ry the function is strictly concave and when R goes to
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1 the function u goes to +o0o. The graph of u gives rise to a complete curve €(u) lying
in the xt-plane, the curve €(u) is symmetric with respect to the slice {t = 0}, and
C(u) has a vertical tangent line at the point Ry. Furthermore, the curve €(u) is the
generating curve of a complete immersed screw motion surface T of pitch I, having
constant mean curvature 0 < H < 1/2. See figure 3.

In addition if H — 0 then Ryp — 0 and if H — 1/2 then Ry — 1.

PSLy(R,7)

Fi1c. 3. €(u) is the generating curve of a screw motion surface.

Proof. Consider the functions

£(p) :1+( —27tanhp/2>2

h(p) = acosh? p — 1

sinh p

where a = 1 — 4H? > 0. The correspondent derivatives are

[ coshp
—27tanhp/2 | | -————
et p/>(2coshp—1+7>

Fole) = ~2eosh (o) (
h,(p) = 2asinh p cosh p.

sinh p

Since that R = tanh(p/2) then

cosh 14+ R?
O R
(3.8)
2R
Sinhp= ﬁ
2H

Let po be such that h(pg) = 0. Since Ry = we obtain Ry = tanh pg.

1+V1—4H?
By formula (3.7), the function u(p) is defined for p > po.
On the other hand,

u,(p) = 2H cosh p flp) >0

h(p)
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d
therefore (Z;p) >0 and ¢t = (u o p)(R) is strictly increasing.
To see that ¢t = (u o p)(R) goes to +oo when R goes to 1, observe that
P
2H cosh(r
I(p) = (r) dr < u(p)
2 acosh?(r) — 1

—a then the integral I(p) is easily solved
a

and setting w = sinh p and b? =

I(p) = 20 [m |sinh p + {/sinh” p — b2| — 1n(b)}

2
Vva
thus whenever p goes to +o00, I(p) goes to +oo, this implies u(p) goes to +00, now
using equations (3.5) and the fact that R goes to 1 if p goes to 400, we conclude that
t = (uop)(R) goes to +oo if R goes to 1.

Notice that the curvature,

i
k(R
(R) = (1+(d(u0p)) )3/2

has a finite limit at the vertical point Ry, so considering the rotation by 7 around the
geodesic {y = 0, = 0}, the graph of u gives rise to a complete and C? curve €(u).
€(u) is the generating curve a complete properly immersed screw motion surface Y. O

3.4. Second case d = —2H. We have the function

y=2 H(cosh(r) — 1) l O\ 2
" / \/51nh2 ;2 o)1 \/ 1+ <Smh(r) — 27 tanh (2)> dr

—2H

and we denote by C(— = C(u=2H") the graph of the function u

Before enunciate the two theorems we prove the next lemma.

in the zt-plane.

LEMMA 3.7. The curve C(—2H) has a tangent line at the origin which makes
an angle o such that tan(a) = 2HI. Furthermore, for each T <0, C(—2H) is strictly
convez.

Proof. From (3.5) and (3.8)

Moy  2H \/4R2+[l(1—32)+2R2]2

dR  1-R? 1 —4H2R?
thus
) du—2H op
iR 2L

In order to prove the second affirmation, notice that

du?"op  2H [AR*+[I(1-R?)+2R*?  2H
dR  1-R? 1—4H2R? T 1-R2
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where
4R? +[I(1 — R?) + 2R?)?
AlR) = —4H?R?
hence
d*u* o p H
= Ar(R)(1 — R*) +4RA(R)).
dR? A(R)(l_R2)2[ r(R)( ) (R)]

Setting B(R) = Ar(R)(1 — R?) + 4RA(R), observing that 7 < 0 and 0 < R < 1, we
obtain

4R
(1 — 4H2R?)
+(1+47)4R% +[I(1 — R?) — 1/2]* = 1/2] +
+8H2R(1 — R?)[4R? + (I(1 — R?) — 47 R?)?|

B(R) = [(2— 47l + (1 +47)*R* — 87IR*)(1 — R*) +

0
(1—-4H2R?)? >
thus
d>u=2H o p
0
drRz

this completes the prove. O
This lemma help us to proof the next two theorems.

THEOREM 3.8. Assume 0 < H < 1/2. For each I > 0, the curve C(—2H) is
strictly convex and gives rise to a complete curve €(—2H) which is the generating
curve of a complete properly immersed screw motion surface ®(—21) having pitch
1 > 0, this surface contains the t-axis. The curve €(—2H) has a tangent line at the
origin which makes an angle « such that tan(a) = 2HI. Furthermore, when R goes
to 1, the function t = (u=2 o p) goes to +o0. See figure 4.

Proof. Notice that the curvature,
d2 (w2 op)
dR?
k(R) = (1+ (L2Ton)yays/

has a finite limit at the origin (0,0) in the zt-plane, so considering the rotation by
7w around the z-axis followed by the rotation by 7 around the t-axis, the graph of
t = u=2H o p gives rise a complete curve €(—2H). The properties of the curve ¢(—2H)
are given by the Lemma 3.7, this complete curve is the generating curve of a complete
properly immersed screw motion surface ®(=2) of pitch [ > 0.

On the other hand, notice that

I ( l
Sl
sinh?(r) ~ \sinh(r)

2
—27 tanh(p/2)>

this implies

(3.9 H(cosh(r) — 1) . 122 dr < u=2 (p).
\/smh — 4H?(cosh(r) — 1)2 sinh”(r)




SCREW MOTION SURFACES IN PSL;(R, ) 277

At

¢(—2H)

L

PSLy(R,7)

Fic. 4. €(—2H) is the generating curve of a screw motion surface.

It was showed in [7, Theorem 17.A] that I(p) goes to +o0o when p goes to +oo, thus
t =u"2H o p goes to +00 when R goes to 1. [

THEOREM 3.9. Assume H > 1/2. In this case, for eachl > 0, the curve C(—2H)
is defined for 0 < R < 1/(2H), has a vertical tangent line at Ry = 1/(2H) and in this
point C(—2H) has a finite height. The curve C(—2H) is strictly convex and can be
extended to a complete embedded curve ((—2H) by a rotation by m around the x-azis
at this finite height together with the composition of a rotation by m around the t-axis
and the x-azis. The curve ((—2H) has a tangent line at the origin which makes an
angle o such that tan(«) = 2HI. The curve ((—2H) is the generating curve of a
complete properly immersed screw motion surface W\—2H) having pitch 1 > 0, this
surface contains the t-axis. See figure 5.

Proof. For H > 1/2 the function u~2" is defined for 0 < R < Ry and in the points
0 and Ry the curvature
d2(u=2Hop)

k(R) = i
(1 + (U dZI:OP) )2)3/2

has a finite limit. Notice that (see equation (3.9))

(3.10) I(p) <u(p) < I(p)y/37% + (1 — 1)%

It was showed in [7, Theorem 17.B] that I(p) has a finite height over all its domain,
this implies that the function ¢t = u=2# o p has the finite value to(7) at the point Rp.
By the lemma 3.7, the curve C'(—2H) is strictly convex and applying the rotation
by m around the z-axis which is at height to(7) together with the composition of the
rotation by 7 around the z-axis and the ¢-axis, we obtain a curve which is symmetric
with respect to the curve ¢ = t(7) in the at-plane. Continuing this process, we obtain
the curve ¢((—2H) with the desired properties. O

3.5. Second case d = 2H. We have the function
p

9H [ 2H \/cosh(r) + 1 L — 2r
u?(p) = . \/(1—4H2)cosh(r)—(1+4H2)\/1+(sinh(r) 2Tt h(z))d
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t
((—2H)
j
T y/—
Y
ﬁ:g_./Lg(Rﬂ'

FiG. 5. ((—2H) is the generating curve of a screw motion surface.

here, necessarily 0 < H < 1/2.
Following the same arguments as in the previous cases, we have the next theorem.

THEOREM 3.10. The function u?H is defined for 2H < R and the graph of
the function u*" is a curve C(2H) which cut orthogonally the z-axis at Ry = 2H.
When R goes to 1 the function u? goes to +00. The curve C(2H) gives rise to a
complete curve R(2H) which is symmetric with respect to the slice {t = 0} and it is
the generating curve of an immersed screw motion surface IL(2H) having pitch I > 0.
See figure 6.

PSLy (R, 7)

Fic. 6. R(2H) is the generating curve of a screw motion surface.
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