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A CHARACTERIZATION OF QUADRIC CONSTANT

GAUSS-KRONECKER CURVATURE HYPERSURFACES OF

SPHERES∗

OSCAR M. PERDOMO† AND GUOXIN WEI‡

Abstract. Let M ⊂ Sn+1 be a complete orientable hypersurface with constant Gauss-Kronecker
curvature G. For any v ∈ Rn+2, let us define the following two real functions lv, fv : M → R on
M by lv(x) = 〈x, v〉 and fv(x) = 〈ν(x), v〉 with ν : M → Sn+1 a Gauss map of M . In this paper,
we show that if n = 3, lv = λfv for some nonzero vector v ∈ R5 and some real number λ, then
M is either totally umbilical (a Euclidean sphere) or M is a cartesian product of Euclidean spheres.
We will also show with an example that the completeness condition is needed in the result we just
mentioned. We also show that if n = 4, lv = λfv for some nonzero vector v ∈ R6 and some real
number λ and (λ2 − 1)2 + (G − 1)2 �= 0, then M is either totally umbilical (a Euclidean sphere)
or M is a cartesian product of Euclidean spheres. Moreover, we will give an example of a complete
hypersurface in S5 with constant Gauss-Kronecker curvature that satisfies the condition lv = λfv
for some non zero v, which is neither a totally umbilical hypersurface nor a cartesian product of
Euclidean spheres.
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1. Introduction. Let M ⊂ Sn+1 be an orientable hypersurface. For any v ∈
Rn+2, let us define the following two real functions lv, fv : M → R on M by

lv(x) = 〈x, v〉, fv(x) = 〈ν(x), v〉

where ν : M → Sn+1 is a Gauss map of M . These two family of functions {lv}v∈Rn+2

and {fv}v∈Rn+2 are very important because they can be defined for any oriented
immersion on the sphere and they have been widely used to construct test functions to
study the spectrum of operators on M such as the Laplace operator and the stability
operator when M is minimal, M has constant mean curvature or M has constant
scalar curvature. See for example [11], [12], [13], [14], [9], [6] and [4].

In [1], Aĺıas, Brasil and the first author proved that if M is a complete hypersur-
face with constant mean curvature and lv = λfv for some nonzero vector v ∈ Rn+2

and some real number λ, then M is either totally umbilical (a Euclidean sphere) or
M is a cartesian product of Euclidean spheres. Thit is, M must be a isoparametric
hypersurface of order 1 or 2. We can modify the arguments presented in [1] to show
that the completeness was not needed and therefore there are not non-isoparametric
locally defined hypersurfaces of Sn+1 with constant mean curvature that satisfy the
condition lv = λfv. Also in [1] an example of a complete non-isoparametric hypersur-
face that satisfies fv = λlv was presented. After this result, it looked like to fulfill only
one of the conditions was easy but only the isoparametric hypersurfaces of order 1 and
2 were the only ones that satisfy an algebraic equation for the principal curvatures
and the additional condition fv = λlv for some nonzero vector v. In [10], the authors
were able to show that, as expected, the conditions constant scalar curvature plus
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fv = λlv for some nonzero vector on a complete oriented hypersurface of S4 imply
that the hypersurface must be isoparametric of order 1 or 2. The authors proved
that the completeness condition was needed this time by showing a non isoparametric
hypersurface in S4 with constant scalar curvature that satisfies the condition fv = λlv
for some nonzero vector v. Recall that these non complete examples do not exist if
we replace the condition, constant scalar curvature by the condition constant mean
curvature.

In [3], Cheng, Li and the second author proved that if M has constant Gauss-
Kronecker G = c �= ±1, lv = λfv for some nonzero vector v ∈ Rn+2 and some
real number λ, then M is either totally umbilical (a Euclidean sphere) or M is a
cartesian product of Euclidean spheres. A natural question to ask regarding this
theorem is if the additional condition G �= ±1 is needed? In this paper we show that
for hypersurfaces of S4, the condition G �= ±1 is not needed, it is just a technical
assumption and, surprisingly, for hypersurfaces in S5 the condition G �= ±1 is needed.
More precisely, in this paper we show that the only complete hypersurfaces of S4 with
constant Gauss-Kronecker curvature that satisfy fv = λlv for some nonzero vector
v are the isopametric hypersurfaces with order 1 and 2, and we show an example of
a complete hypersurface in S5 with constant Gauss-Kronecker curvature that is not
isoparametric and satisfies that fv = λlv for some nonzero vector v. We also improve
the result in [3] by showing that if a complete non-isoparametric hypersurface in S5

has constant Gauss-Kronecker G and fv = λlv for some nonzero vector v, then G and
|λ| must be 1.

Theorem 1.1. Let M ⊂ S4 be a complete orientable hypersurface with constant
Gauss-Kronecker curvature G. If lv = λfv for some nonzero vector v ∈ R5 and some
real number λ, then M is either totally umbilical (a Euclidean sphere) or M is a
cartesian product of Euclidean spheres.

Theorem 1.2. Let M ⊂ S5 be a complete orientable hypersurface with constant
Gauss-Kronecker curvature G. If lv = λfv for some nonzero vector v ∈ R6 and
some real number λ, (λ2 − 1)2 + (G − 1)2 �= 0, then M is either totally umbilical
(a Euclidean sphere) or M is a cartesian product of Euclidean spheres. Moreover
there exists a complete orientable hypersurface which has constant Gauss-Kronecker
curvature , lv = fv for some nonzero vector v ∈ R6 and which is neither a totally
umbilical hypersurface nor a cartesian product of Euclidean spheres. Due to the first
part of this theorem this example satisfies (λ2 − 1)2 + (G− 1)2 = 0.

2. Proofs of Theorems. Without loss of generality, we will assume that M is
not totally umbilical. For any fixed vector v ∈ Rn+2, v� : M → Rn+2 defined by

v�(x) = v − lv(x)x− fv(x)ν(x), for all x ∈M

is a tangent vector field on M because 〈v�(x), x〉 = 0 and 〈v�(x), ν(x)〉 = 0 for every
point x ∈M . By multiplying the equation lv = λfv by an appropriated constant, we
may assume that |v| = 1. In this proof, for any c ∈ (−1, 1) we will denote by Sn(c)
the Euclidean sphere with radius

√
1− c2 given by {x ∈ Sn+1 : 〈x, v〉 = c}. We will

also assume that lv is not constant. Otherwise M ⊂ Sn(c) for some c, and according
to the completeness of M , we have M = Sn(c), that is, M is totally umbilical.

Since lv is not constant, then λ �= 0. By changing the Gauss map ν by −ν if
necessary, we will assume that λ > 0. From [1], we know that
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• N = Sn(0) ∩M is a non-empty complete surface of the unit sphere Sn(0).
Moreover, viewed as a surface in M , it is totally geodesic.

• For any x ∈ N , v� = v , therefore v is a unit vector in TxM .
• For any x ∈ N , if βx(s) is the geodesic in M that satisfies βx(0) = x and
β′x(0) = v then, up to a reparametrization, β is an integral curve of v�.

• For any x ∈ N , we have that if λ1, . . . , λn−1 are the principal curvatures of
N at x as a hyper surface of Sn(0) and w =

√
1 + λ−2, then, the principal

curvatures of M along βx(s) are

λ̃i(βx(s)) = − 1

λ
+

(1 + λ2)(λ−1 + λi(x))

λ(λ − λi(x)) cos(ws) + (1 + λλi(x))
, i = 1, 2, . . . , n− 1.

λ̃n(βx(s)) = − 1

λ
.

Let us recall that, since λ̃1, λ̃2, . . ., λ̃n are the principal curvatures of M , then
we have that the Gauss-Kronecker curvature G satisfies that

G = λ̃1λ̃2 · · · λ̃n =

n∏
i=1

λ̃i.

A direct verification shows that if λi(x) = λ for some x ∈ N , then λ̃i(βx(s)) = λ
for all s. Likewise, if λi(x) = −λ−1 for some x ∈ N then, λ̃i(βx(s)) = −λ−1 for all s.
Therefore, if for all x ∈ N , we have that {λ1(x), . . . , λn−1(x)} ⊂ {λ,−λ−1}, we will
get that M has either one constant principal curvature equal to − 1

λ
or M has two

constant principal curvatures λ and − 1
λ
. Then, using a similar argument as in [1] and

[3], we have that in the first case, M is a Euclidean sphere and in the second case we
get that M is the cartesian product of Euclidean spheres.

Firstly, we will prove Theorem 1.1.

Proof. From the previous paragraph, we have that in order to prove Theorem 1.1,
it is enough to show that λi(x) ∈ {λ,−λ−1} for all x ∈ N and i = 1, 2.
For any x ∈ N such that λi(x) /∈ {λ,−λ−1} and let us define

ai(x) = λ−1 + λi(x), bi(x) = λ(λ − λi(x)),

then,

ai(x) �= 0, bi(x) �= 0.

The following sequence of statements will lead us to the conclusion that λi(x) ∈
{λ,−λ−1} for all x ∈ N .

Claim 1. For any x ∈ N , it is impossible to have λ1 /∈ {λ,−λ−1} and λ2(x) =
−λ−1.

If this happens, we have that for s ∈ (− π
2w , π

2w ), we infer

G(βx(s)) = λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s)) = − 1

λ3
+

1 + λ2

λ2

a1(x)

b1(x) cos(ws) + λa1(x)
.

This means that, for every s ∈ (− π
2w , π

2w ), cos(ws) is a root of the following
polynomial equation on X :{

G+
1

λ3

}
(b1(x)X + λa1(x)) − 1 + λ2

λ2
a1(x) = 0.



254 O. M. PERDOMO AND G. WEI

Since the above polynomial equation should only have one root, we derive that the
coefficient of X is zero, and, since b1(x) �= 0, we obtain,

G = − 1

λ3
,

then 1+λ2

λ2 a1(x) = 0, it follows that a1(x) = 0. This contradiction implies the claim.

Claim 2. For any x ∈ N , it is impossible to have λ1 /∈ {λ,−λ−1} and λ2(x) = λ.

Under these assumptions, we have

G(βx(s)) = λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s)) =
1

λ
− (1 + λ2)

a1(x)

b1(x) cos(ws) + λa1(x)
.

Using the same arguments as in the proof of Claim 1, we obtain

G =
1

λ
, a1(x) = 0.

This contradiction implies the claim.

Claim 3. If for some x ∈ N , λ1 /∈ {λ,−λ−1} and λ2 /∈ {λ,−λ−1}, then
G = −1, λ = 1 and 1− λ1(x)λ2(x) = 0.

Under these assumptions, we have

G(βx(s)) = λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s))

= − 1

λ

(
− 1

λ
+

(1 + λ2)a1(x)

b1(x) cos(ws) + λa1(x)

)(
− 1

λ
+

(1 + λ2)a2(x)

b2(x) cos(ws) + λa2(x)

)

= − 1

λ3
+

(1 + λ2)

λ2

(
a1(x)

b1(x) cos(ws) + λa1(x)
+

a2(x)

b2(x) cos(ws) + λa2(x)

)

− (1 + λ2)2

λ

a1(x)a2(x)

(b1(x) cos(ws) + λa1(x))(b2(x) cos(ws) + λa2(x))
.

This means that, for every s ∈ (− π
2w , π

2w ), cos(ws) is a root of the following
polynomial equation on X :(

G+
1

λ3

)
(b1(x)X + λa1(x))(b2(x)X + λa2(x))

− (1 + λ2)

λ2

{
a1(x)(b2(x)X + λa2(x)) + a2(x)(b1(x)X + λa1(x))

}

+
(1 + λ2)2

λ
a1(x)a2(x) = 0.

Since the polynomial equation should only have finite roots, we derive that the coef-
ficients of Xq are zero for any integer q ∈ {0, 1, 2}, that is,

G = − 1

λ3
, a1(x)b2(x) + a2(x)b1(x) = 0, (1 − λ2)a1(x)a2(x) = 0.

Since a1(x)a2(x) �= 0, then we get that λ2 = 1 and since we are assuming that
λ > 0, we get that λ = 1. Since G = − 1

λ3 , then we get that G = −1. The last
equation in Claim 3 follows from these equalities.

a1(x)b2(x) + a2(x)b1(x) = (λ2 − 1)(λ1 + λ2) + 2λ(1 − λ1λ2) = 2(1− λ1λ2) = 0.
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Claim 4. For any x ∈ N , it is impossible to have λ1(x) /∈ {λ,−λ−1} and
λ2(x) /∈ {λ,−λ−1}.

Let us argue by contradiction and let us assume that λ1(x0) /∈ {λ,−λ−1} and
λ2(x0) /∈ {λ,−λ−1}. By Claim 3 we must have that the constant value of the scalar
curvature must be G = −1; moreover, λ must be equal to 1 and, the values λ1(x0)
and λ2(x0) must satisfy the equation

1− λ1(x)λ2(x) = 0.(2.1)

Since λ = 1, for any x ∈ N such that λi(x) /∈ {λ,−λ−1}, we have that

λ̃i(βx(s)) = −1 + 2(1 + λi(x))

(1− λi(x)) cos(ws) + (1 + λi(x))
.

Using the fact that 1+λi(x)
1−λi(x)

is between −1 and 1 when λi(x) ≤ 0, we conclude that

λi(x) > 0; otherwise, for some value of s the expression λ̃i(βx(s)) would blow up. Let
us show for all x ∈ N , λ1(x) and λ2(x) are positive and λ1(x)λ2(x) = 1. Let x ∈ N
be any point in N . Since N is complete there is a geodesic γ in N such that γ(0) = x0

and γ(t0) = x. By claim 2 we have that, if for some t, λ1(γ(t)) = 1 then λ2(γ(t)) = 1.
By continuity it follows that λ1(x) and λ2(x) are positive and λ1(x)λ2(x) = 1. From
the previous arguments, we have that the principal curvatures of N as a surface of
the unit three dimensional sphere are greater than 0 and they satisfy equation 2.1,
hence the sectional curvature K of N is K = 1 + λ1λ2 = 2, then N is compact from
Myers’s theorem. From the result of Cheng-Yau (see Theorem 2 of [5], Page 200),
we obtain that N is a totally umbilical sphere. This is a contradiction with the fact
that λ1(x0) /∈ {λ,−λ−1} = {1,−1}, because the only positive value t = λ1 = λ2 that
satisfies equation 2.1 is t = 1.

From Claims 1, 2 and 4 we conclude that the principal curvatures on N are
constant and contained in the set {λ,−λ−1}. As pointed out before, we can infer
from this fact that the principal curvature on M are constant and contained in the
set {λ,−λ−1} and therefore Theorem 1.1 follows.

Secondly, we will prove Theorem 1.2.

Proof. For any x ∈ N such that λi(x) /∈ {λ,−λ−1} and let us define

ai(x) = λ−1 + λi(x), bi(x) = λ(λ − λi(x)),

then,

ai(x) �= 0, bi(x) �= 0.

Claim 1. For any x ∈ N , it is impossible to have λ1(x) /∈ {λ,−λ−1} and
λ2(x) = λ3(x) = −λ−1.

If this happens, we have that for s ∈ (− π
2w , π

2w ), we infer

G(βx(s)) = λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s))λ̃4(βx(s))

=
1

λ4
− 1 + λ2

λ3

a1(x)

b1(x) cos(ws) + λa1(x)
.
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This means that, for every s ∈ (− π
2w , π

2w ), cos(ws) is a root of the following
polynomial equation on X :{

G− 1

λ4

}
(b1(x)X + λa1(x)) +

1 + λ2

λ3
a1(x) = 0.

Since the above polynomial equation should only have one root, we derive that the
coefficient of X is zero, and, since b1(x) �= 0, we obtain,

G =
1

λ4
,

then 1+λ2

λ3 a1(x) = 0, it follows that a1(x) = 0. This contradiction implies the claim.

Claim 2. For any x ∈ N , it is impossible to have λ1 /∈ {λ,−λ−1}, λ2(x) = λ
and λ3(x) = −λ−1.

Under these assumptions, we have

G(βx(s)) = λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s))λ̃4(βx(s))

= − 1

λ2
+

1 + λ2

λ

a1(x)

b1(x) cos(ws) + λa1(x)
.

Using the same arguments as in the proof of Claim 1, we obtain

G = − 1

λ2
, a1(x) = 0.

This contradiction implies the claim.

Claim 3. For any x ∈ N , it is impossible to have λ1 /∈ {λ,−λ−1} and λ2(x) =
λ3(x) = λ .

Under these assumptions, we have

G(βx(s)) = λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s))λ̃4(βx(s))

= 1− λ(1 + λ2)
a1(x)

b1(x) cos(ws) + λa1(x)
.

Using the same arguments as in the proof of Claim 1, we obtain

G = 1, a1(x) = 0.

This contradiction implies the claim.

Claim 4. If for some x ∈ N , λ1 /∈ {λ,−λ−1}, λ2 /∈ {λ,−λ−1} and λ3 = −λ−1,
then G = 1, λ = 1 and 1− λ1(x)λ2(x) = 0.

Under these assumptions, we have

G(βx(s)) = λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s))λ̃4(βx(s))

=
1

λ2

(
− 1

λ
+

(1 + λ2)a1(x)

b1(x) cos(ws) + λa1(x)

)(
− 1

λ
+

(1 + λ2)a2(x)

b2(x) cos(ws) + λa2(x)

)

=
1

λ4
− (1 + λ2)

λ3

(
a1(x)

b1(x) cos(ws) + λa1(x)
+

a2(x)

b2(x) cos(ws) + λa2(x)

)

+
(1 + λ2)2

λ2

a1(x)a2(x)

(b1(x) cos(ws) + λa1(x))(b2(x) cos(ws) + λa2(x))
.
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This means that, for every s ∈ (− π
2w , π

2w ), cos(ws) is a root of the following
polynomial equation on X :(

G− 1

λ4

)
(b1(x)X + λa1(x))(b2(x)X + λa2(x))

+
(1 + λ2)

λ3

{
a1(x)(b2(x)X + λa2(x)) + a2(x)(b1(x)X + λa1(x))

}

− (1 + λ2)2

λ2
a1(x)a2(x) = 0.

Since the polynomial equation should only have finite roots, we derive that the coef-
ficients of Xq are zero for any integer q ∈ {0, 1, 2}, that is,

G =
1

λ4
, a1(x)b2(x) + a2(x)b1(x) = 0, (λ2 − 1)a1(x)a2(x) = 0.

Since a1(x)a2(x) �= 0, then we get that λ2 = 1 and since we are assuming that
λ > 0, we get that λ = 1. Since G = 1

λ4 , then we get that G = 1. The last equation
in Claim 4 follows from these equalities.

a1(x)b2(x) + a2(x)b1(x) = (λ2 − 1)(λ1 + λ2) + 2λ(1− λ1λ2) = 2(1− λ1λ2) = 0.

Claim 5. If for some x ∈ N , λ1 /∈ {λ,−λ−1}, λ2 /∈ {λ,−λ−1} and λ3 = λ, then
G = −1, λ = 1 and 1− λ1(x)λ2(x) = 0.

Under these assumptions, we have

G(βx(s)) = λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s))λ̃4(βx(s))

= −
(
− 1

λ
+

(1 + λ2)a1(x)

b1(x) cos(ws) + λa1(x)

)(
− 1

λ
+

(1 + λ2)a2(x)

b2(x) cos(ws) + λa2(x)

)

= − 1

λ2
+

(1 + λ2)

λ

(
a1(x)

b1(x) cos(ws) + λa1(x)
+

a2(x)

b2(x) cos(ws) + λa2(x)

)

−(1 + λ2)2
a1(x)a2(x)

(b1(x) cos(ws) + λa1(x))(b2(x) cos(ws) + λa2(x))
.

This means that, for every s ∈ (− π
2w , π

2w ), cos(ws) is a root of the following
polynomial equation on X :(

G+
1

λ2

)
(b1(x)X + λa1(x))(b2(x)X + λa2(x))

− (1 + λ2)

λ

{
a1(x)(b2(x)X + λa2(x)) + a2(x)(b1(x)X + λa1(x))

}
+ (1 + λ2)2a1(x)a2(x) = 0.

Since the polynomial equation should only have finite roots, we derive that the coef-
ficients of Xq are zero for any integer q ∈ {0, 1, 2}, that is,

G = − 1

λ2
, a1(x)b2(x) + a2(x)b1(x) = 0, (1− λ2)a1(x)a2(x) = 0.

Since a1(x)a2(x) �= 0, then we get that λ2 = 1 and since we are assuming that
λ > 0, we get that λ = 1. Since G = − 1

λ2 , then we get that G = −1. The last
equation in Claim 5 follows from these equalities.

a1(x)b2(x) + a2(x)b1(x) = (λ2 − 1)(λ1 + λ2) + 2λ(1− λ1λ2) = 2(1− λ1λ2) = 0.
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Claim 6. For any x ∈ N , it is impossible to have λ1 /∈ {λ,−λ−1}, λ2 /∈
{λ,−λ−1} and λ3 /∈ {λ,−λ−1}.

Under these assumptions, we have

G(βx(s))

= λ̃1(βx(s))λ̃2(βx(s))λ̃3(βx(s))λ̃4(βx(s))

= −
1

λ

(
−

1

λ
+

(1 + λ2)a1(x)

b1(x) cos(ws) + λa1(x)

)(
−

1

λ
+

(1 + λ2)a2(x)

b2(x) cos(ws) + λa2(x)

)

×

(
−

1

λ
+

(1 + λ2)a3(x)

b3(x) cos(ws) + λa3(x)

)

=
1

λ4
−

(1 + λ2)

λ3

(
a1(x)

b1(x) cos(ws) + λa1(x)
+

a2(x)

b2(x) cos(ws) + λa2(x)

+
a3(x)

b3(x) cos(ws) + λa3(x)

)

+
(1 + λ2)2

λ2

{
a1(x)a2(x)

(b1(x) cos(ws) + λa1(x))(b2(x) cos(ws) + λa2(x))

+
a1(x)a3(x)

(b1(x) cos(ws) + λa1(x))(b3(x) cos(ws) + λa3(x))

+
a2(x)a3(x)

(b2(x) cos(ws) + λa2(x))(b3(x) cos(ws) + λa3(x))

}

−

(1 + λ2)3

λ

a1(x)a2(x)a3(x)

(b1(x) cos(ws) + λa1(x))(b2(x) cos(ws) + λa2(x))(b3(x) cos(ws) + λa3(x))
.

This means that, for every s ∈ (− π
2w , π

2w ), cos(ws) is a root of the following
polynomial equation on X :(

G− 1

λ4

)
(b1(x)X + λa1(x))(b2(x)X + λa2(x))(b3(x)X + λa3(x))

+
(1 + λ2)

λ3

{
a1(x)(b2(x)X + λa2(x))(b3(x)X + λa3(x)) + a2(x)(b1(x)X

+ λa1(x))(b3(x)X + λa3(x)) + a3(x)(b1(x)X + λa1(x))(b2(x)X + λa2(x))

}

− (1 + λ2)2

λ2

{
a1(x)a2(x)(b3(x)X + λa3(x)) + a1(x)a3(x)(b2(x)X + λa2(x))

+ a2(x)a3(x)(b1(x)X + λa1(x))

}

+
(1 + λ2)3

λ
a1(x)a2(x)a3(x) = 0.

Since the polynomial equation should only have finite roots, we derive that the coef-
ficients of Xq are zero for any integer q ∈ {0, 1, 2, 3}, that is,

G =
1

λ4
, a1(x)b2(x)b3(x) + a2(x)b1(x)b3(x) + a3(x)b1(x)b2(x) = 0,

(λ2 − 1)(a1(x)a2(x)b3(x) + a1(x)b2(x)a3(x) + b1(x)a2(x)a3(x)) = 0,

(−λ4 + λ2 − 1)a1(x)a2(x)a3(x) = 0.
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Since −λ4+λ2−1 < 0, then we get that a1(x)a2(x)a3(x) = 0. This contradiction
implies the claim.

Remark 2.1. From claims 1, 2, 3 and 6, it follows that at every point in N ,
either exactly two principal curvatures of N are not in the set {λ,− 1

λ
} or all three

principal curvatures are in the set {λ,− 1
λ
}.

Claim 7. For any x ∈ N , it is impossible to have λ1(x) /∈ {λ,−λ−1}, λ2(x) /∈
{λ,−λ−1} and λ3(x) = λ.

Let us argue by contradiction and let us assume that λ1(x0) /∈ {λ,−λ−1},
λ2(x0) /∈ {λ,−λ−1} and λ3(x0) = λ. By Claim 5 we must have that the constant
value of the Gauss-Kronecker curvature must be G = −1, and moreover, λ must be
equal to 1 and, the values λ1(x0) and λ2(x0) must satisfy the equation

1− λ1(x)λ2(x) = 0.(2.2)

Using a similar argument as the one used in the proof of Claim 4 of Theorem
1.1, we obtain that the principal curvatures of N as a hypersurface of the unit four
dimensional sphere are greater than 0 and they satisfy equation 2.2, hence the sectional
curvature of N along each plane spanned by two principal directions is Rijij = 1 +
λiλj > 1, we can prove that the sectional curvature is positive for all the planes.
Therefore N is compact from Myers’s theorem. A direct computation shows that
equation 2.2 can be written as

rN = HN + 1,

where rN is the normalized scalar curvature of N and HN is the mean curvature of
N . From the result of Li-Suh-Wei (see Theorem 1.3 of [8], Page 322), we obtain that
N is a totally umbilical sphere. This is a contradiction with the fact that λ1(x0) /∈
{λ,−λ−1} = {1,−1}, because the only positive value t = λ1 = λ2 that satisfies
equation 2.2 is t = 1.

From Claims, 1, 2, 3, 4, 6 and 7, we conclude that the principal curvatures on
N are constant and contained in the set {λ,−λ−1} if (λ2 − 1)2 + (G − 1)2 �= 0. As
pointed out before, we can infer from this fact that the principal curvature on M are
constant and contained in the set {λ,−λ−1} and therefore Theorem 1.2 follows.

3. Some hypersurfaces in Sn+1(1) with constant Gauss-Kronecker cur-

vature and with lv = λfv for some nonzero vector v ∈ Rn+2 and some real

number λ ∈ R1.

Example 1. A non complete hypersurface in S4(1) with constant Gauss-
Kronecker curvature G = −1 that satisfies lv = fv for some nonzero vector v ∈ R5.

Let us assume that S ⊂ S3(1) ⊂ R5 is an open piece of a minimal surface with
principal curvatures a and −a. Let us assume that for all x ∈ S, we have that
0 < a(x) < 1. Assume that φ : U ⊂ R2 → S is a conformal parametrization and
N : U → S3(1) is Gauss map of the immersion. Let us also assume that

∂N

∂t1
= −a(φ(t1, t2)) ∂φ

∂t1
,

∂N

∂t2
= a(φ(t1, t2))

∂φ

∂t2
.

This is, we will assume that ∂φ
∂t1

and ∂φ
∂t2

are principal directions.



260 O. M. PERDOMO AND G. WEI

Let us define ξ : U → S3(1) by

ξ(t1, t2) =
1√
2
(φ(t1, t2) +N(t1, t2)).

A direct computation shows that

ν(t1, t2) =
1√
2
(φ(t1, t2)−N(t1, t2))

is a Gauss map of ξ and moreover, since

∂ξ

∂t1
=

1− a√
2

∂φ

∂t1
,

∂ξ

∂t2
=

1 + a√
2

∂φ

∂t2

and

∂ν

∂t1
=

1 + a√
2

∂φ

∂t1
,

∂ν

∂t2
=

1− a√
2

∂φ

∂t2
.

We conclude that the differential of ν satisfies

dν

(
1− a√

2

∂φ

∂t1

)
=

1 + a√
2

∂φ

∂t1
, dν

(
1 + a√

2

∂φ

∂t2

)
=

1− a√
2

∂φ

∂t2
.

Therefore the principal curvatures of ξ are 1+a
a−1 and a−1

a+1 .

Let us define ϕ : U × I → S4 by

ϕ(t1, t2, t3) =

(
1

2

(
cos(

√
2t3)− 1

)
(ξ + ν) + ξ,

1√
2
sin(

√
2t3)

)
.

We have that

∂ϕ

∂t1
=

(
1√
2

(
cos(

√
2t3)− a

) ∂φ
∂t1

, 0

)
,

∂ϕ

∂t2
=

(
1√
2

(
cos(

√
2t3) + a

) ∂φ
∂t2

, 0

)
,

∂ϕ

∂t3
=

(
− 1√

2
sin(

√
2t3)(ξ + ν), cos(

√
2t3)

)
.

From the computations above we get that ∂ϕ
∂t3

is a unit vector. Let us define,

ζ(t1, t2, t3) =

(
1

2

(
cos(

√
2t3) + 1

)
(ξ + ν)− ξ,

1√
2
sin(

√
2t3)

)
,

A direct computation shows that ζ is a Gauss map for the immersion ϕ, therefore
we can easily see that fv = lv for v = (0, 0, 0, 0, 1). Let us compute the principal
curvatures of the immersion ϕ. We have that

∂ζ

∂t1
=

(
1√
2

(
cos(

√
2t3) + a

) ∂φ
∂t1

, 0

)
,
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∂ζ

∂t2
=

(
1√
2

(
cos(

√
2t3)− a

) ∂φ
∂t2

, 0

)
,

∂ζ

∂t3
=

(
− 1√

2
sin(

√
2t3)(ξ + ν), cos(

√
2t3)

)
=

∂ϕ

∂t3
.

It follows that the principal curvatures of ζ are

k1 =
cos(

√
2t3) + a

a− cos(
√
2t3)

, k2 =
a− cos(

√
2t3)

cos(
√
2t3) + a

, k3 = −1.

Example 2. A complete hypersurface in S5(1) with constant Gauss-Kronecker
curvature G = 1 and with lv = fv for some nonzero vector v ∈ R6.

Let f : R5 → R be the function given by

f(x1, . . . , x5) = x3
1 − 3x1x

2
2 +

3

2
x1(x

2
3 + x2

4 − 2x2
5) +

3
√
3

2
x2(x

2
3 − x2

4) + 3
√
3x3x4x5,

one has that

M = {x ∈ S4 : f(x) = 0}
is a minimal isoparametric hypersurface with principal curvatures

√
3, 0 and −√3.

Let

Σ =

{( 1√
2
x cos s+

1√
2
ν(x),

1√
2
sin s

)
: x ∈M, s ∈ R

}
,

where x ∈M ⊂ S4(1) ⊂ R5, ν : M → S4(1) ⊂ R5 denotes the Gauss map of M .
Let φ : M ×R → Σ is given by

φ(x, s) =
( 1√

2
x cos s+

1√
2
ν(x),

1√
2
sin s

)
.

By a direct calculation, one can show that Σ is compact and embedded because Σ
is one connected component of h−1(0), where h(x1, . . . , x6) =

√
2f(x1, . . . , x5)+3x2

6−1
and we can check that 0 is a regular value of the function h restricted to S5(1) ⊂ R6.

Let us consider a vector v1 ∈ TxM such that A(v1) = −dν(v1) =
√
3v1, one has

w1 = dφ(x,s)(v1) =
1√
2
((−
√
3 + cos s)v1, 0) ∈ Tφ(x,s)Σ.

The Gauss map at the point φ(x, s) is given by

N(φ(x, s)) =

(
1√
2
x cos s− 1√

2
ν(x),

1√
2
sin s

)
.

A direct computation shows that

dNφ(x,s)(w1) =
1√
2
((cos s+

√
3)v1, 0) =

cos s+
√
3

cos s−√3
w1,

then
cos s+

√
3√

3− cos s
is a principal curvature of Σ at φ(x, s).
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If we consider a vector v2 such that dν(v2) =
√
3v2, then one gets that

√
3− cos s√
3 + cos s

is a principal curvature of Σ by using the same computation as that of v1. If we
consider a vector v3 such that dν(v3) = 0 × v3, then one gets that −1 is a principal
curvature of Σ.

Since

dφ(x,s)(
∂

∂s
) = (− 1√

2
x sin s,

1√
2
cos s)

and

dNφ(x,s)(w4) = (− 1√
2
x sin s,

1√
2
cos s) = w4,

we have −1 is another principal curvature of Σ.
Therefore Σ has principal curvatures

cos s+
√
3√

3− cos s
,

√
3− cos s√
3 + cos s

, −1, and − 1,

and Gauss-Kronecker curvature is

G =
cos s+

√
3√

3− cos s
×
√
3− cos s√
3 + cos s

× (−1)× (−1) = 1.

From the expression of φ(x, s) and N(φ(x, s)), we obtain

lv = fv, for v = (0, 0, 0, 0, 0, 1) ∈ R6.
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