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NORMAL CROSSING SINGULARITIES AND HODGE THEORY
OVER ARTIN RINGS*

CHRISTIAN LEHNT

Abstract. We introduce the notion of a mixed Hodge structure over an Artin ring, thereby
establishing a framework for applying Hodge theoretic arguments to deformation problems. Examples
arise from relative simple normal crossing varieties over Artinian base schemes. As an application
we prove that the maps between graded pieces of Hodge bundles have constant rank.
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Introduction. This article aims at constructing a framework for applying Hodge
theoretic methods to deformation problems. In the study of Calabi-Yau manifolds,
deformation theory — which is controlled by the tangent bundle — is linked to Hodge
theory by the CY condition. This has been exploited in the ground-breaking work of
Ran and Kawamata [Ra92, Ka92] to prove the unobstructedness of deformations.

As deformation theory is carried out over Artin rings, one is naturally led to the
notion of a mized Hodge structure over a local Artin C-algebra R, which we introduce
in this work. The tools developed here lay the foundation to prove further results
about deformations of CY-manifolds in the style of Ran-Kawamata.

Though the CY condition ties deformation theory to Hodge theory, for Hodge
theory itself it is not needed and thus none of the results in this note depend on it.
We consider locally trivial families of simple normal crossing varieties over an Artinian
base and prove Hodge theoretic results in the style of Friedman [Fri83] in this setting.
We have

THEOREM 4.15. Let Y be a proper, simple normal crossing C-variety and let
f:Y — S be a locally trivial deformation of Y over S = Spec R for an Artinian
local C-algebra R of finite type. Then there is a mized Hodge structure over R on
HF (Y™ R).

In order to manipulate these objects in a linear algebra fashion as in classical
Hodge theory (case R = C) we study the Weil restriction of mixed Hodge structures
over R and obtain the following result.

THEOREM 4.17. Let f : Y — S = Spec R be proper morphism which is a locally
trivial deformation of simple mormal crossing C-variety over an Artinian local C-
algebra R of finite type and let g : X — S be smooth and proper. Leti:) — X be
an S-morphism. We denote by Qg)/s the quotient of Qg)/s by the subsheaf of sections

suppoz‘ted on the singular locus of f. Then for all p, q the morphism i* : ng*ng/S —
R‘If*Qg;/S has a free cokernel.

My interest in the subject arose from applications to deformations of Lagrangian
subvarieties of symplectic manifolds, see [Lell], where these techniques are applied in
the study deformations of singular Lagrangian subvarieties of symplectic manifolds.
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In order to motivate the relation with deformation theory, let us recall that for a
Calabi-Yau manifold X, freeness of the R%g, 2", /s for infinitesimal deformations X —

S of X as proven by Deligne [Del68, Thm 5.5] directly implies the unobstructedness
of deformations by the result of Kawamata-Ran. In [Lell], their method is used to
prove unobstructedness of deformations in the setting mentioned above, and Theorem
4.17 above takes the place of Deligne’s theorem as the key ingredient.

A possible field of further applications is the problem of smoothing normal crossing
varieties. Though [Fri83] contains interesting results about Hodge theory, the article’s
main focus were smoothings. This method has been refined in [KN] using logarithmic
geometry. It is highly plausible that one can use the tools developed here to obtain
interesting results about smoothing of normal crossing varieties in the spirit of [Fri83,
KN, see 4.18 for an outlook.

A remark about the connection with the notion of an infinitesimal variation of
Hodge structure in the sense of [CGGH, Def p. 130] is in order. The latter corresponds
to the special case of a Hodge structure over a local Artin ring R whose maximal
ideal satisfies m? = 0, but unlike our definition takes into account the Z-structure
and the polarization. They focus on Torelli type applications, whereas our goal is
to lay foundations for applications to deformation problems. For Torelli one needs a
Z-structure, for deformations one is interested in Hodge numbers. Furthermore, to
study deformation theory it is crucial to invoke higher order information and so one
is naturally led to our notion.

Let us spend some words about the structure of this article. In section 1 we
recall the definition of locally trivial deformations. The theory of Weil restriction
as presented in section 2 relates Hodge- and Hodge-Weil structures. Its exploitation
in the infinitesimal setup is the main new feature of this work and its motivation is
purely geometric. Mixed Hodge structures over local Artin C-algebras are introduced
in section 3. Section 4 provides a construction of a mixed Hodge structure over a
local Artin C-algebra R on the cohomology of simple normal crossing varieties over
S = Spec R.

Notations and conventions. The term algebraic variety will stand for a sep-
arated reduced k-scheme of finite type. A k-variety Y of equidimension n is called a
normal crossing variety if for every closed point y € Y there is an r € Ny such that
Ovy Z kY1, Yn+1)l/(y1 - ... - yr). It is called a simple normal crossing variety if
in addition every irreducible component is nonsingular.

Acknowledgements. This work is part of the author’s thesis up to some subse-
quent improvements. I would like to thank my advisor Manfred Lehn for his support
and his generosity in sharing insights. Moreover, I am very grateful to Duco van
Straten for the subliminal conveyance of very important ideas, to Luc Illusie, Stefan
Miiller-Stach, Chris Peters, Claire Voisin and Steven Zucker for helpful discussions
and to the referee for remarks on the presentation. While working on this project,
the author benefited from the support of the DFG through the SFB/TR 45 “Peri-
ods, moduli spaces and arithmetic of algebraic varieties”, the CNRS and the Institut
Fourier, Grenoble. During the revision of this article the author benefited from the
DFG research grant Le 3093/1-1 and the kind hospitality of the IMJ, Paris.

1. Locally trivial deformations. The reader may consult [Ser06] as a general
reference on locally trivial deformations. By Art, we denote the category of local
Artinian k-algebras with residue field k. The maximal ideal of an element R € Arty,
will be denoted by m. We recall that a deformation X — S of X over S = Spec R,
R € Arty, is called (Zariski resp. analytically) locally trivial, if for every x € X there
is an open neighbourhood x € U C X in the Zariski- resp. Euclidean topology and
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an S-isomorphism Xy =X |t x S restricting to the identity on the central fiber.
Recall [Har77, Exc 11.8.6] that for a regular k-scheme every deformation is locally
trivial. Next we will show that irreducible components of a variety extend to flat
subschemes on locally trivial deformations. This will take some commutative algebra.

LEMMA 1.1. Let A be a reduced noetherian ring and let p1, ..., pn be the pairwise
distinct minimal primes of A. Then Annp; = Nix;p; for each j.

Proof. For A; = A/p; the canonical map ¢ : A — A; X ... x A, is injective,
because N;p; = nil(A) = 0. Suppose a € N;x;p;, b € p; and write ¢(a) = (a1, ..., an)
and ¢(b) = (b1,...,byn). Then ¢(ab) = (aiby,...,anb,) = 0 because a; = 0 for
1 # j and b; = 0. But ¢ is injective, hence ab = 0, in other words, a € Annyp;, so
Annp; D Miz£iPi-

Let a € Annp;. Then for every b € p; we have 0 = ¢(ab) = (aiby,...,anby)
in the above notation, where b; = 0. As the p; are minimal and pairwise distinct,
p;\px # 0 for every k # j. If we fix k and choose b € p;\p, then by, # 0. So axby, =0
implies that ar = 0 as Ay is an integral domain, so a € p;. Choosing different b we
see that a € N;x;p; completing the proof. O

LEMMA 1.2. Let A be a reduced noetherian ring, p C A be a minimal prime ideal
and ¥ : p — A/p be an A-module homomorphism. Then v = 0.

Proof. Let p,p1,...,pn be the pairwise distinct minimal prime ideals of A and
N :=imv¢ C A/p. We will show that N = 0. By Lemma 1.1 we have Annp = N;p;.
So p ¢ supp(p) = V(Annp), for otherwise N;p; C p and thus p; C p for some i as p is
prime, contradicting the fact that p # p; and p is minimal. Thus, p ®4 Ay, = 0 and
the surjection 0 =p ®4 Ay—N ®4 A, yields that Ny = N ®4 A, = 0. Therefore, N
is torsion and C A/p, hence N =0. O

LEMMA 1.3. Let A be a reduced noetherian ring, p C A a minimal prime ideal,
R € Arty, and P C A®y R an ideal such that A®y R/B is a flat deformation of A/p
over R. Then P =p R R.

Proof. Let m C R be the maximal ideal. As R is Artinian, there is n € N such that
m” = 0. So we may argue inductively and assume that f/m* = p@ R/m* C A®R/m*.
By flatness, we obtain the commutative diagram

! l l

0 —=pmF/mt!l —~ Agmk/mh*! —~ A/p@mF/mkt!t —=0

! ! s

0—=P/mtl — > A R/m"1 —£ A0 R/(P +mktl) —=0

! ! i

0——=p® R/mk A® R/mk Alp® R/mF ——=0
) J )
0 0 0

with exact rows and columns.
If we denote the inclusion p® R/m**1C— s A® R/m**1 by ¢, then one

easily sees that ¢ o ¢ factors through w. Now observe that this factorization
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p® R/mFtl — A/p @ mF/mF+! is zero by Lemma 1.2, hence so is ¢ o t). There-
fore 1) factors through ker ¢ = B/m*+1 as p @ R/m !t — P/mkl — A @ R/mr+1,
But p ® R/m**1 — 9/mF*+1 becomes an isomorphism after tensoring with R/m*,
thus it is itself an isomorphism by flatness of 3/mF*+1 see [Ser06, Lem A.4]. O

LEMMA 1.4. Let f:Y — S be a locally trivial deformation of a reduced noethe-
rian scheme Y over an Artinian base S = Spec R, R € Arty. Then the irreducible
components Yy, of Y lift uniquely to subschemes Yo, <— Y flat over S. Moreover, each
Vo s a locally trivial deformation of Y.

Proof. Let Y = U;U; be an open affine covering of Y such that there are R-algebra
isomorphisms 6; : A; ®, R — T'(U;, Oy) where A; := T'(U;,Oy). An irreducible
component Y, of Y gives a minimal prime ideal p?, in each A;. We define )’ to be
the closed subscheme of Y|y whose ideal is 0;(p, ). Then V! is a flat lifting of Y, |y, for
all i. Therefore, on U;; := U; NUj also Vi |y, is a flat lifting of Y, |y, for all j. Then
by Lemma 1.3 we conclude that y;|UU = yg;|Uij and so the V! are the restrictions of
a closed subscheme )Y, of ). The argument also shows that ), is unique. O

2. Weil restriction. For our Hodge theoretical considerations we use the theory
of Weil restriction as an essential tool. The foundations of this theory were laid by
Grothendieck in [Gro59, Gro60]. The Weil restriction of a C-scheme S will be an
R-scheme Sy such that the R-valued points of Sy are exactly the C-valued points
of S. In this particular case we interpret Weil restriction as the algebro-geometric
analogue of the process of regarding a complex manifold as a differentiable manifold.

We extend the concept of Weil restriction to modules. We are not aware that this
has been done systematically before. Nevertheless, it is an elementary byproduct of
the functorial treatment. We prove some comparison results between R-modules and
their Weil restrictions.

2.1. Weil restriction. Let S i> Z % W be morphisms of schemes and consider
the functor on the category of W-schemes

(2.1) Swi : (Sch/W)?? — Set,  S" = Morgen/z(S" xw Z, S).

In many cases, it is representable by a W-scheme Sy, called the Weil restriction of
S, see e.g. [Gro60, 4.c., p.20] and [BLR90, 7.6, Thm 4]. In fact, p. : S — Sy is
functorial, adjoint to the pullback p* and sends affine schemes to affine schemes.

We will now specialize to Z = SpecC and W = SpecR, where every quasi-
projective C-scheme S has a Weil restriction. If S = Spec R we will write Ry, for
the coordinate ring of Sy1. Equation (2.1) in particular gives S(C) = Sy(R). If
S = Spec R, there is a canonical ring homomorphism 7 : R — Ry 1®grC by adjunction.
For R =Clz1,...,24)/(f1,-.., fx) we have

(22) RWI = R[‘Tlvyh .. '7xn7yn]/(gl7h17 e 7gk7hk)

where f; = g; + th; if we evaluate at 2 = x, + iyx.

If we define S := S x, C where 0 : C — C is the complex conjugation then
(2.1) tells us that there is a canonical isomorphism Sy = Sy and by [Sch94, Ch 1,
4.11.3] there is a canonical isomorphism Sy Xg C — S X¢ S such that 7 is identified
with projection on the first factor. In particular, n is faithfully flat as the projection

S xc 8 — S is faithfully flat.

LEMMA 2.2. If R is a local Artin C-algebra with residue field C, then Ry is a
local Artin R-algebra with residue field R.
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Proof. By (2.2) we see that Ry is an R-algebra of finite type. A maximal
ideal m C Ry will define a homomorphism Ry — Ryi/m = k, where k is a fi-
nite field extension of R by Hilbert’s Nullstellensatz. So k = R or C. By the
defining property of Weil restriction we have Homg(Ryw1,R) = Homc(R,C) and
Hompg (Ryw1,C) = Home(R,C ®g C) = Home(R,C x C) both of which consist of
one element. But the composition of the morphism R — R with the inclusion R C C
is the unique morphism R — C. Thus, Ry is a local ring with unique maximal ideal
m and residue field R. As Ry, is of finite type, Ry = P/I where P is a polynomial
ring and I C P an ideal. The preimage n of m under the natural map P — Ry, is
the unique maximal ideal of P containing I. Let I C p C n be a minimal prime ideal
containing I. As P is a Jacobson ring by the general form of the Nullstellensatz, see
[Eis95, Thm 4.19], the ideal p is the intersection of maximal ideals, so that p = n.
Taking a primary decomposition of I we see that n* C I for some k, so Ry = P/I is
Artinian. O

DEFINITION 2.3. Let S be a C-scheme, F' be a quasi-coherent sheaf of Og-
modules, denote by ¢ : Sy XrC — Sy the canonical projection and let 7 : Sy XrC —
S be the adjunction morphism. We define the Sy;-module Fy := ¢.n*F and call it
the Weil restriction of F.

If S = Spec R and M is an R-module, then My = M ®g (Ry1 ®gr C) considered
as an Ry module. In the special case M = H ®c¢ R for some C-vector space H, we
find My = H ®r Ry1. Well restriction for modules has the following useful property.

LEMMA 2.4. The functor F — Fy is faithfully exact, i.e. the sequence K' —
K — K" is exact if and only if K|, — K1 — K, is ezact.

Proof. The morphism 7 is faithfully flat as noted at the end of section 2.1.
Therefore, n* is faithfully exact. Also g¢. is faithfully exact, as ¢ is affine. O

LEMMA 2.5. Let (R,m) be a local Artin C-algebra and F be a finitely generated
R-module. Then F is a free R-module if and only if Fy is a free Ry1-module.

Proof. We will argue separately for n* and ¢.. For brevity we write (R’,m’)
instead of (Ry1 ®r C,my1 ®g C). Clearly, n*F = F ®r R’ is free if F is. Suppose
n*F is free. We take a minimal set of generators for F' and obtain a surjection
¢ : R™ — F for some n. By Nakayama’s Lemma n = dim¢ F' ® g R/m and as
F®r R ®r R'/m' = F ®r R/m @p/m R'/m’ this is the rank of n*F. But as n* is
faithfully exact, n* ker p = kern*¢p = 0. So ker p = 0 and F' is free.

Let F’ be an R’-module. If F’ is free as an R’-module, then it is free as an
Ry1-module, for R’ is free over Ry1. Suppose F’ is free as an Ryj-module. Since
F’ is an R’ = Ry ®r C-module, the submodule myF’ is a C-vector space. Thus
myF = m'F’. If we take x1,...,2r € F’ whose residue classes modulo m, form a
C-basis of F'/my F’, then F is freely generated over Ry by z1,ix1,..., 2%, ix;. In
other words, F is freely generated over R’ by z1,...,x;. So F’ is a free R’-module. 0

3. Hodge-Weil theory. We introduce the notion of a mized Hodge structure
over R, where R is a local Artin C-algebra with residue field C. Let )V — Spec R be
a locally trivial deformation of a simple normal crossing variety and denote by R,, be
the constant sheaf R on ). Then H k(y, Ey) carries such a structure, see Theorem
4.15. A mixed Hodge structure over R = C is just an ordinary mixed Hodge structure.
The purpose of this concept is to carry out Hodge theoretic arguments infinitesimally,
as e.g. in the proof of Theorem 4.17.
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A problem for R # C is that there is no analogue of the complex conjugation on
the underlying R-module H. To carry over linear algebra arguments familiar from
classical Hodge theory we introduce the notion of a mired Hodge- Weil structure over
R’, where R’ is now a local Artin R-algebra with residue field R. This notion is a
formalization of the Weil restriction of a mixed Hodge structure over R and there is
canonically a complex conjugation.

DEFINITION 3.1. Let R be a local Artin C-algebra with residue field C. A
mized Hodge structure over R is a triple H = (Hg, F'*, W, ), which consists of a finite
dimensional R-vector space Hg, a finite decreasing filtration F'* and a finite increasing
filtration W, on H := (Hg ®r C) ®¢ R satistying the following properties.

1. All graded objects Gr’}GrNV‘:H are free R-modules.
2. The fiber H®p C = (Hr ®r C, F* @ C, W, @ C) over the unique point of
S = Spec R is a mixed Hodge structure.
Note that condition (1) implies that the W,,, and the F? are free R-modules. We will
also call H ®pg C the central fiber of H. In case H ® g C is a pure Hodge structure of
weight k, we call H a pure Hodge structure over R of weight k. Morphisms are defined
in the obvious way, that is, they are defined over R and preserve both filtrations.

REMARK 3.2. Everything works out fine if we replace the R-vector space Hg by
a Z-module of finite type, which is useful in the context of moduli theory.

REMARK 3.3. There is a complex conjugation Hg ®r C — Hr ®r C defined
by h® A := h ® A\. However this does not canonically extend to an R-linear map
H — H, as H is a tensor product over C and complex conjugation is only R-linear.

The notion of a Hodge structure over R is an infinitesimal version of a variation
of Hodge structures (VHS). The (pointwise) complex conjugates FP of the Hodge
filtration of VHS do not in general form holomorphic vector bundles over the base, so
there is no algebraic incarnation of F?, explaining the above remark. As a substitute
we introduce the following notion.

DEFINITION 3.4. Let R be a local Artin R-algebra with residue field R. A mized
Hodge-Weil structure over R is a triple H = (Hg, F'*, W, ), which consists of a finite
dimensional R-vector space Hg, a finite decreasing filtration F'* and a finite increasing
filtration W, on H := (Hr ®r C) ®g R satisfying the following properties.

1. All graded objects Gr%Grnm:H are free R-modules.
2. The fiber H @ R = (Hr ®r C, F* ® g R, W, @ R) over the unique point of
S = Spec R is a mixed Hodge structure.
Note that as in Definition 3.1, condition (1) implies that the W,,, and the F? are free
R-modules. We will also call H ® g R the central fiber of H. In case H @ C is a pure
Hodge structure of weight k, we call H a pure Hodge- Weil structure over R of weight
k. Again, morphisms are defined in the obvious way.

REMARK 3.5. The complex conjugation Hr rC — Hr ®rC extends canonically
to an R-linear map H — H. Since morphisms of mixed Hodge-Weil structures are
defined over R, they are compatible with complex conjugation.

By Lemma 2.2 the following lemma makes sense.

LEMMA 3.6. Let H = (Hg, F'*,W,) be a mized Hodge structure over a local Artin
C-algebra R. Then Hy1 = (Hr, F3y, (Wai),) is a mized Hodge-Weil structure over

W

Ry and the central fibers of H and Hy, are isomorphic as mized Hodge structures.
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Proof. The remark after Definition 2.3 tells us that
(3.1) Hy = (Hr ®r C®c R)w1 = (Hgr ®r C) @r Ry

By Lemma 2.4 we see that the F¥ and (W,),, are submodules of Hy = (Hr ®r
C) ®r Ryw1. By Lemma 2.5 the modules (Gr’}GrgH)wl are free and by Lemma 2.4
they are the graded objects of the filtrations F¥) and (W,,),. Let m’ be the maximal
ideal of Ry1. As Ry1/m’ = R we see from 3.1 that Hy) ®Qr Ry1/m’ = Hg ®g C. For
the same reason F? @ R = F? ® C and (Wp,)w1 @ R = W, ® C so that Hy @R is a
mixed Hodge structure. O

LEMMA 3.7. Let R be a local Artin R-algebra with residue field R and H =
(Hgr, F*) a pure Hodge-Weil structure of weight k. Then

(3.2) H=F’oFit,  Vpgp+q=k,

(3.3) H= @ v,  HM=F'nF4 and
ptq=k

(3.4) FP=PH" .
r>p

In particular, the last statement implies that the HP? are free and lift the subquotients
GrlhH to subobjects of H.

Proof. This follows immediately from Nakayama’s Lemma and the reasoning for
ordinary Hodge structures. U

For the next result we need some terminology. Let R be a noetherian local ring
and ¢ : F' — G be a morphism between finitely generated free R-modules. We define
Li(p) =im(¢ : VF @ (AMMG)Y — R), where ¢’ is induced by Al : AVF — AG. If
we interpret ¢ as a matrix, then I;(¢) is the ideal generated by all j x j-minors of .
One defines the rank of ¢ as rkp := max {i : I;(p) # 0}.

DEFINITION 3.8. In the above situation we say that ¢ has constant rank k if
I(p) = R and I—1(p) = 0. We say that ¢ has constant rank if there is some k such
that ¢ has constant rank k.

An important characterization of this property is given by the [Eis95, Prop 20.8],
saying that a morphism is of constant rank if and only if its cokernel is projective,
hence free as we supposed R to be local.

LEMMA 3.9. Let f: H — H’ be a morphism of mized Hodge structures over R.
Then fP?:= f|gva satisfies fP9 (HP9) C (H')"" and f =Y, fP?. Moreover, all
fP9 have constant rank in the sense of Definition 3.8.

Proof. By (3.3) the image of fP? is contained in (H')P>%, because f is defined
over R and preserves the Hodge filtration. Moreover, coker f is free as coker f =
(coker fr) ®g R. Then coker f = EBP) coker P9 implies that coker fP¢ is free. So the
claim follows from [Eis95, Prop 20.8]. O

4. Mixed Hodge structures for normal crossing varieties. Let S = Spec R
where R € Artc and let f : J — S be a proper, locally trivial deformation of a simple
normal crossing C-variety. We will construct a complex QS, g» Which calculates the
cohomology with coefficients in the constant sheaf Ry.. on Y*" and use it to endow
the latter with a mixed Hodge structure over R.
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DEFINITION 4.1. Let R € Art, and let f : Y — S = Spec R be a locally trivial
deformation of a variety Y. We define T)k} /s C QS“, /s to be the subcomplex of sections

whose support is contained in the singular locus of f and ?23“,/5 = Q’;,/S/Tf,/s.

4.2. Semi-simplicial resolutions. Recall that a semi-simplicial scheme Y* is
given by schemes Y" and morphisms &/ : Y — Y™ ! for j = 0,...,n satisfying
some compatibility condition. We refer to [PS08, 5.1] for details.

An ordinary scheme Y may be considered as a trivial semi-simplicial scheme with
Y” =Y and all & = idy. A morphism of semi-simplicial schemes a : Y* — Y
from Y*® to an ordinary scheme is also called an augmentation of Y* to Y or that
Y'* is augmented towards Y. We will also write an augmented semi-simplicial scheme
Y*® — Y in the form

=Y YO Y.

The dual notion is the one of a semi-cosimplicial object.

DEFINITION 4.3. Let S be a C-scheme and ) — S be a proper scheme over S. A
semi-simplicial resolution of ) over S is a semi-simplicial S-scheme )* together with
a morphism a : Y* — Y of semi-simplicial S-schemes such that all aj : Y* — Y are
proper and Y* — S is smooth for all k.

4.4. Canonical resolution for locally trivial deformations of simple nor-
mal crossing varieties. Let Y be a proper simple normal crossing k-variety and let
Y = U;Y; be a decomposition into irreducible components. Let f : ) — S be a
locally trivial deformation of Y over S = Spec R where R € Arty. Lemma 1.4 allows
us to write ) = U?:l Y; with flat S-schemes ;. This union is a decomposition into
irreducible components and ); is a locally trivial deformation of Y;. As the ; — S
are flat deformations of smooth schemes, J° := ]_[Z Y; — S is smooth as well. For a
subset I C [n] :={1,...,n} we put

(4.1) =Ny Y= ][ V.

il |I|=k+1

Here, by V; N'Y; we denote the scheme Y; xy V;. There exists one map ay, :
Yk —s Y over S and k + 1 canonical maps d; : Yk Ykl for j =0,...,k over S
coming from the k+ 1 inclusions [k] < [k+1]. In other words, the collection of the V¥
together with the d; is a semi-simplicial S-scheme and the a; form an augmentation
of Y* to ).

It follows directly from the definition that ! — S is a locally trivial deformation,
thus it is smooth over S. In other words, we have the following

LEMMA 4.5. The semi-simplicial S-scheme Y* together with the augmentation
a:Y* — )Y is a semi-simplicial resolution of ). We call it the canonical resolution
of Y over S. 0

4.6. Semi-cosimplicial resolution for ﬁg/s. For ) as in section 4.4 the semi-
simplicial S-scheme )* induces semi-cosimplicial Oy-modules a*Q’;,. /s The formula

On = jiol (=1)7d’ where d/ = d} makes

61

s
a*Q’;}./S : aO*Q’;,O/S —°>a1*Q§,1/S ..
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into a complex. The augmentation a : Y* — ) induces a coagumentation

01

ay S
Qy s —— a9, =5 4.0 .

14 14
yo/s yit/s

As Y° — S is smooth, the morphism aj factors through ?2’3), /s from Definition 4.1.

Clearly, the composition dp o a is zero and we obtain a complex
(42) O—>7’)k)/5—>Q§)/S——)GO*Q§;0/S——)CL1*Q§)1/S——>...

Denote by (-)*" the analytification functor. All following theory is based on the
important

LEMMA 4.7. Let Y be a simple normal crossing C-variety and f :Y — S be a
locally trivial deformation of Y over S = Spec R with R € Artc. Then
1. The sequence (4.2) is exact and so is the sequence with Y replaced by Y*".
2. (NZS,a,,/S is a resolution of the constant sheaf Ry an.

~ an ~
8. The canonical map (Q’;,/S) — Q’;,an/s 18 an isomorphism.
4. The canonical map Rif*Q];,/S — Rifan’;,an/S is an isomorphism.

Proof. The question is local in ), so we may assume that ) = Y x S is the
trivial deformation. Then the resolution (4.2) is simply the pullback of the analogous
resolution for Y along the flat morphism Y x S — Y. This implies (1) and (2) by
[Fri83, Prop 1.5]. As (Qy/s)™ = Qyan/g, (3) follows from (1) because analytifica-
tion is exact by [SGA1, Exp XII, Prop 1.3.1] and compatible with taking the wedge
product. Moreover, (3) implies (4) by [SGAL, Exp XII, Thm 4.2]. O

The following result is due to Deligne, see [Del68, Thm 5.5], for smooth mor-
phisms. The same arguments prove a little more general statement in our setting.
For convenience we reproduce them here.

THEOREM 4.8. Let Y be a proper, simple normal crossing C-variety, let R, R’ €
Artc, let f 1Y — S = Spec R be a locally trivial deformation of Y and consider a
morphism S’ = Spec R’ — S. Then the following holds.

1. The associated spectral sequence

(43)  BPT= RILQY = RPFULQS O = HPVI(Y R,

p
Y/s

degenerates at Ey.
2. The R-modules qu*Qg,/S are free and compatible with arbitrary base change

in the sense that for Y’ =Y xg S’ the morphism

qu*ng//S ®R RI — qu*Q?))/’/S’

is an isomorphism.
The analogous statements hold if f : Y — S is replaced by a deformation X — S of
a compact Kdhler manifold X .

Proof. We argue as in [Del68], Théoreéme 5.5 for the morphism f : )Y — S. By
[Del68, (3.5.1)] a complex K of R-modules satisfies

lgp(H"(K)) < 1g(R) dime(H"(K ®F, C))
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and H"(K) is a free R-module if equality holds. Here lg denotes the length of a
module. To apply this to the F;-term of the spectral sequence (4.3) we need [EGAIII],
Théoreme (6.10.5) saying that there is a bounded below complex L of free R-modules

and an isomorphism of d-functors RYf, (ﬁg/s ® f*Q) — HY(L®Q) in the bounded

complex @ of quasi-coherent R-modules. Here we use that 53, /8 is flat over R. Let
f 1Y — SpecC be the restriction of f to the central fiber. We will compare the
spectral sequence (4.3) with the spectral sequence of f. Again by [Del68, (3.5.1)] we
have

lgr(RU£.05, o) = g (HY(L))
(4.4) <lg(R)dim¢(HY(L ®p C))
= 1g(R) dimc(R* . )

and RIf, ﬁg) /s is a free R-module if equality holds. We have

lg(R"f*NS,/S)S Z lgR(qu*ﬁgz/s)
ptg=n

<lg(R) Z dimC(qu*ﬁg/C)
ptg=n

= lg(R) dime (R" .93 /),

where the first inequality comes from the existence of the spectral sequence, the
second inequality is (4.4) and the last equality comes from the degeneration of the
spectral sequence for Y, which is [Fri83, Prop 1.5]. But Lemma 4.7 (2) implies that
lg(R"f*ﬁs,/S) = lg(R) dimC(R"ﬂKNZ;,/C), so we have equality everywhere. Hence (1)
and the first assertion of (2) follows. The second assertion of (2) follows from the first
by [EGAIIIL, (7.8.5)].

The Kahler case works literally as above, we only have to replace the reference to
[EGAIII, Thm 6.10.5] by [BS77, Ch 3, Thm 4.1] and the reference to [EGAIII, 7.8.5]
by [BS77, Ch 3, Cor 3.10]. The rest of the proof of Theorem 4.8 goes through if we
note that the spectral sequence associated with % degenerates as X is a compact
Kéhler manifold. O

4.9. Pure Hodge structures on smooth families. Let f : V — S be a
smooth and proper morphism of complex spaces where S = Spec R for R € Artc.
We are going to put a pure Hodge structure over R on H¥(Y,R,) if Y = Yred is
a Kahler manifold. From the decreasing filtration F*), /s = 932,7 ¢ we obtain the

Hodge filtration FPH*(Y, Ry) on H*(Y, Ry/) by setting
(4.5) FPRFL.Q3 )¢ = im (Rk [FPQY,s — RF1.03 /S)

and using the isomorphisms H*(Y, Ry.) — RFf.Q from [Del68, Lem 5.5.3].

/s

LEMMA 4.10. Let f : Y — S = SpecR be a smooth and proper mor-
phism of complex spaces where R € Artc. Assume that Y := Y xg C is a Kdahler
manifold. Then H*(Y) := (H*(Y,R), FPH*(Y,Ry)) is a pure Hodge structure of
weight k over R, whose central fiber is the usual Hodge structure on H*(Y,R).
Moreover, the canonical morphism ka*FpQSJ/S — ka*QS,/S is injective, so that
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ka*FpQS,/S =~ FPH*(Y,Ry). The association Y +— H*(Y) is functorial on the cat-
egory of smooth and proper complex spaces over S with Kdhler central fiber.

Proof. The filtration defined in (4.5) is the one, whose graded objects are found
on F of the spectral sequence (4.3). By [Del68, Thm 5.5] we have Eo, = Fi, so
Gr%ka*QS}/S = kapf*Qg/S = kapf*Gr%QSJ/S. The same theorem tells us that
Rk [958, /s is free. Therefore using

— ka*Gr%Q' —0

0 BEf 70, —— REf.FP03 S/s

y/s

| l |

0 —— FPHREFQS,  —= FPREFQS, o — GILRF£,Q)

s TV
we find inductively that RF TP, /s = FPRE 1825, /s and that these are free sub-

modules. Again by [Del68, Thm 5.5], all graded objects are compatible with base
change and therefore restrict to a pure Hodge structure on the central fiber. The
functoriality statement is clear. O

COROLLARY 4.11. There is a mnatural isomorphism Rk_pf*ﬂg,/s —
Grh. H*(Y, R).

Proof. Consider the sequences

R¥ f*Q?;;l — > RFFQ

lg l: ia?

0 — FPH H*(Y, R) — FPH*(Y, R) — Gr%. H*(Y,R) ——= 0

(46) 0

575 —=RFPLOE o ——0

where the first two vertical maps are isomorphisms by Lemma 4.10. These isomor-
phisms imply that the upper sequence is exact on the left. As it is part of the long
exact sequence associated with the sequence

0— Q2PHL 2P QP

y/s y/s yysl=pl —0

of complexes, injectivity at the (k + 1)-st direct image yields surjectivity at the k-th,
hence exactness of the upper sequence. Therefore, the morphism R*~P f*Q’)’, /s

G, H*(Y, R) exists and by the five-lemma it is an isomorphism. 0

COROLLARY 4.12. There is a natural isomorphism, functorial in Y:

(REr£.98,5) = HP(Y,R) = Fn Y, € HN(Y,R) & R,

Proof. This is deduced directly by applying Weil restriction to the diagram (4.6)
and using Lemma 3.7. U

Recall that a module homomorphism has constant rank if and only if its cokernel
is free by [Eis95, Prop 20.8].

ProposITION 4.13. Let f : Y — S, g : X — S be proper and smooth over
S = SpecR, R € Artc and let i : Y — X be an S-morphism. Then the induced
morphisms i* : ng*QZ;(/s — qu*Q’;,/S have constant rank.
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Proof. By Lemma 4.10 we know that the morphism ¢ induces a morphism
H¥(X) — H¥(Y) between the pure Hodge structures over R associated with X
and ). Taking Weil restrictions this gives a morphism H*(X)y — H¥(Y)w of
Hodge-Weil structures by Lemma 3.6. Let 79 : HP9(X) — HP9(Y) be the induced
map. By Corollary 4.12 the diagram

(Rk_pf*QZ)))/s)wl —s (Rk_pg*Qi/S)wl — cokerif) ——=0

]

HP(Y) : HP9(X) coker 74 ——= 0

commutes and the first two vertical maps are isomorphisms. Therefore, also the third
vertical map is an isomorphism. We know that cokeri?9 is free by Lemma 3.9, hence
so is coker ;. Now the claim follows from Lemma 2.5, as coker i, = (cokeri*) , by
Lemma 2.4. O

Proposition 4.13 together with Lemma 3.9 can be seen as a formalization of the
following argument: If S is the base manifold of a small deformation and ¢ € S, the
maps H9(Xy, Q%) — H(Y;, QY ), the rank of which is semi-continuous in ¢, add up
to the topological map H'(X;,C) — H'(Y;,C) by the Hodge decomposition. The
rank of the latter is independent of ¢ and by semi-continuity the summands also have
constant rank.

4.14. Mixed Hodge structures on normal crossing families. Let Y be a
simple normal crossing C-variety and f : ) — S be a locally trivial deformation of
Y over S = Spec R with R € Artc. By Lemma 4.7 (2) there is a quasi-isomorphism
ﬁzz/s ~ 5((@.)*93,./5), where s(-) denotes the single complex associated with a double

complex. We define filtrations W_mﬁs,/s i=5((azm )22 /) and FP Qy/s = Q;I/)S

These give rise to filtrations FPH*(Y, R) and W,,, H*(Y, R) on H*(Y, R) if we put

(4.7) Wi RE 1.2 _un(R F W15 — RFL.9 y/s)
and
(4.8) FPRF .65 = im (RE L7085 — REL.OS )

and use the isomorphisms H*(Y?" Ry ..) — kaanS,dn/s from Lemma 4.7 (2) and
ka*QS,/S — kaf’“ﬂs,a,,/s from Lemma 4.7 (4).

THEOREM 4.15. Let Y be a proper simple normal crossing variety over C and let
f: Y — S be alocally trivial deformation of Y over S = Spec R for R € Artc. Then

(4.9) HNY) = (HY (Y R), Wi HY (Y™, Ry ), FPH* (Y™, Ryn))

is a mized Hodge structure over R. Moreover, RF f, FP?ZS,/S — ka*ﬁs,/s 1s injective

so that FPH®(Y™ Ry..) & RF f*§§7s~

Proof. Literally as in the pure case, see Lemma 4.10 and Corollary 4.11, one
shows that the R-modules Grh. R* £,Q3 3,5 are free and isomorphic to RF £.G1h.Q8 S5 =
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ka*ﬁgz/s and that ka*Fpﬁs,/S — ka*ﬁs,/s is injective, using Theorem 4.8.
To verify that (4.9) is a mixed Hodge structure over R, we have to show that the
graded objects Grl¥ Gr?, H* (Y™, Ry...) are free R-modules, or equivalently that the
Grnm:Gr% RF f*SN)S, /s are free R-modules, and that the central fiber is a mixed Hodge
structure in the ordinary sense.

The free R-module R* f*ng /s is the abutment of the spectral sequence

(4.10) EF™ = R™f, a3, %, . = R 1.0

'4 '4
Yk/S y/s

induced by the resolution (4.2) for fixed p. The filtration defined in (4.7) induces
a weight filtration Gr%Rk f*KNZS, /s in the obvious way and the graded objects with
respect to this filtration are the E., terms of the spectral sequence (4.10). By
[Del68, Thm 5.5] the R-modules Ef " are free and compatible with base change.
Moreover, the differential d; on Ef ™ is given by the semi-simplicial differential
0 Rmf*ak*ﬂgk/s — Rmf*ak*ﬂgjk+1/5-

This morphism has constant rank by Proposition 4.13 and consequently, its co-
homlogy E§ "™ is free, too, as one easily verifies. Therefore, Ef ™ is compatible with
base change. In the case R = C the spectral sequence is known to degenerate at
Es, see [PS08, Thms 3.12, 3.18]. As all Es-terms of (4.10) are compatible with base
change we have for all n that

> lep (BE™) =lga(R) Y dime (Bf" @ C)

p= k+m=n
= lgp(R) dim¢ (Rnf*ﬁﬁ)//tc)
(i)

Thus, the spectral sequence 4.10 also degenerates at Fs and the R-modules Eﬁém =
Gran/Rk*mf*Qg,/S = Grnml/Gr%Rk"'mf*Qs,/S coincide with the free R-modules E5™.
Again, as all graded objects are compatible with base change, H restricts to a mixed

Hodge structure on the central fiber, which is the usual mixed Hodge structure on
Y.O

Let us isolate an observation from the proof of the previous lemma.

COROLLARY 4.16. LetY be a proper simple normal crossing variety over C and
let f:Y — S be alocally trivial deformation of Y over S = Spec R for R € Artc.
Then the spectral sequence (4.10) degenerates at FEo. O

THEOREM 4.17. Let S = Spec R where R € Artc, let Y be a proper simple
normal crossing C-variety and let g : X — S and f:Y — S be proper, algebraic S-
schemes. Assume that Y — S is a locally trivial deformation of Y and that X — S
is smooth. Let i : Y — X be an S-morphism. Then for all p,q the morphism
it ng*Qi/S — qu*ng/S has constant rank.

Proof. Let ...==Y' =% =Y be the semi-simplicial resolution of ) over S
from Lemma 4.5. This means in particular that Y° is a locally trivial deforma-
tion of the normalization. By Theorem 4.8 the R-modules ng*Qg(/S, qu*ng/S

and R? f*Q’;,,c /s are free and compatible with base change. By Corollary 4.16 we
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know that the spectral sequences (4.10) degenerate at Fy for each p. As Eg’q =
ker (qu*Q’;,O/S — qu*Qgﬂ/s) , this implies that the first row in

5
> R1£,Q

(411) 0 —= Wy 1 RILOL, o — RILOL, o == RIL.O)

ng*Q’;(/s

P P P
/s yo/8 yi/s

is exact. Here im i* does not intersect Wp+q,1qu*S~)§,/S, as it does not on the central
fiber. This last claim can be shown using a standard argument involving Deligne’s
weak splitting on the central fiber, see e.g. [PS08, Ex 3.3 and Lem-Def 3.4]. Moreover,
¢ has constant rank by Proposition 4.13. Also 1 has constant rank as ¢ has constant
rank by Proposition 4.13 and hence cokern = kerd is free. As imi* Nkern = 0, also
cokeri* is free completing the proof. O

4.18. Vista. It seems obvious that the results of this article are only a master
example of what is true in general. We believe that the statements of Theorem 4.15
and Theorem 4.17 should hold true mutatis mutandis for locally trivial deformations
of arbitrary varieties over an Artinian base scheme. The theory should also yield
applications when we drop the local triviality hypothesis and consider smoothings of
normal crossing varieties as in [Fri83, KN] in the infinitesimal setting. In the situation
of [Lell] the step from locally trivial deformations to smoothings should correspond
to replacing ?23, /s by a logarithmic version. This will be the content of a forthcoming
work.
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