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ON HIGHER REGULATORS OF SIEGEL THREEFOLDS I: THE
VANISHING ON THE BOUNDARY*

FRANCESCO LEMMAT

Abstract. In this paper, we prove the vanishing of a map between the absolute Hodge coho-
mology spaces of the boundaries of the Baily-Borel compactifications of the product of two modular
curves on one side and of the Siegel threefold on the other side. As an application, we construct
some l-extensions of mixed Hodge structures between the trivial Hodge structure and the middle-
degree interior cohomology of the Siegel threefold, which come from motivic cohomology. These are
conjecturally related to non-critical values of the degree 4 L-function of some cuspidal automorphic
representations of GSp,.
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1. Introduction. This work is motivated by Beilinson’s conjectures on special
values of L-functions. Given a pure motive H over Q and of weight w < —3, these
conjectures relate the image of the Betti realization functor

Extang) (Q(0), H) —F— Extim%f (R(0), Hp)
where MM(Q) is the abelian category of mixed motives over Q, where MHS} is the
abelian category of real mixed R-Hodge structures and Hp is the Betti realization of
H, to the L-value L(0, H) of the Hasse-Weil L-function of H. Even if the abelian

category MM(Q) has not been discovered yet, Beilinson’s regulator from motivic
cohomology to absolute Hodge cohomology

H (X, Q(m)) —— H™ (X/R,R(m)),

defined for any variety X which is smooth and quasi-projective over QQ, can be seen
as a substitute for ry. In fact, when X is smooth and projective, for 2m # n + 1
the space H'v{ ' (X, Q(m)) is conjecturally isomorphic to Extllle(Q) (Q(0), H™(X)(m))

and the space H}™'(X,R(m)) is isomorphic to EthlleS]g (R(0), HE(X)(m)). Note
that the pure motive H™(X)(m) has weight w = n — 2m so that the case 2m =n+1
is excluded by the assumption w < —3. The reader unfamiliar with this circle of
ideas might consult the survey article [N] for explanations and a precise statement of
the conjecture.

The most recent proof of (a weak form of) Beilinson’s conjecture, due to Kings
[K1], concerns the motive H of the intersection cohomology of some Hilbert modular
surfaces. Like in Beilinson’s work for elliptic modular forms, the first key step is to
construct some elements in Ethl\/IHSDJ{ (R(0), Hg) coming from motivic cohomology
via Beilinson’s Eisenstein symbol. The latter provides some non-trivial motivic
cohomology classes over the product of the universal elliptic curve over the modular
curves whose image under the regulator can be expressed in terms of real analytic

Eisenstein series. Roughly speaking, Kings considers the embedding of the product
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of two universal elliptic curves over a modular curve in the universal abelian surface
over the Hilbert modular surface and maps the Eisenstein symbol in the motivic
cohomology of the universal abelian surface via the Gysin morphism associated to
the mentionned closed embedding (see the introduction of [K1] for more details).
In order to show that the image under the regulator of these classes define some

elements of EXt%\/IHS* (R(0), Hp), he shows that this image vanishes on the boundary
R

of the Baily-Borel compactification of the Hilbert modular surface (see [K1] 5.4).

The goal of this paper is to begin the study of Beilinson’s conjecture for the motive
H of the intersection cohomology of the Siegel threefolds, which are the Shimura
varieties associated to the symplectic group GSp,. Our main result is the construction

of some elements in EXt%\/IHS* (R(0), Hp) coming from motivic cohomology via some
R

cup-products of Eisenstein symbols (see Thm. 6.8 for a precise statement).

Let us explain the main ideas of the present work: let p,q > 0 be two integers.
Choose k > k' > 0 two integers satisfying the following conditions:

e k+k =p+q (mod2),

elf0<p<kandp<k—k thenk—k —p<qg<k—-—k +p,

elf0<p<k andk—Fk <pthenp—k+k <qg<p+k-—F,

elf k' <p<kand k' <k—pthenk -k —p<qg<k+k —p,

elf i/ <p<kandk—p<k'thenp—k+k <qg<k+k'—p.
We have an embedding

GL2 XGm GL2 % GSp4

where the left hand side denotes the group of pairs of invertible matrices of size 2
with the same determinant. Actually the conditions on k and k" are equivalent to the
following: denote ¢ = p 4+ g + 6 and let W be an irreducible algebraic representation
of GSp, with highest weight A(k, k', ¢) with the conventions of section 2.1. Then we
have

(SymPVa B SymVs) @ det®® C W

where V5 denotes the standard representation of GL2. Now let E/M be the universal
elliptic curve over a modular curve M and for any n > 0, let E™ be the n-th fold fiber
product over M. The Eisenstein symbol is a non-trivial morphism

Eis": B, —— HYT'Y(E™,Q(n+1))

whose  composite  Fis},  with DBeilinson’s regulator factors through
H}(M/R, Sym™V(1)), which is a subspace of Hj™'(E"/R,R(n + 1)) (see for
example [K1] (5.3.4)). Here V3 abusively denotes the variation of R-Hodge structure
on M associated to Va. Let S be the Siegel threefold and denote by W the variation
of R-Hodge structure on S associated to W. The main result of this paper is the
construction, for many of the choices of k and k' as above, of a natural Q-linear map
N 1 3

(1) Fisy" : B, @ By —— EXtMHSﬁ{ (R(0), HP (S, W))

where H?(S, W) is the image of the cohomology with compact support in the
cohomology without support, a pure Hodge structure of weight —p — ¢ — 3 < —3.
This can be done in three steps as follows.
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e By taking the external cup-product of Eis%, and Eisj, we have a map
Eish UEisl, : By® B, —— H}(M x M/R,(Sym?V, ® SymiVs)(2)).

Composing with the map induced by the inclusion (Sym?VoXSymiV3)(2) C *W(-1)
and with the Gysin morphism associated to the codimension 1 embedding M x M —
S induced by ¢ we obtain a map

B,® B, —— HL(S/R,W).

e Denote by j the open embedding of S into its Baily-Borel compactification and
by i the complementary reduced closed embedding, so that we have a diagram

§ —1 5 5 1 98
We will show (see Prop. 5.5 and 5.6) that one has an exact sequence

0— ExtllleSﬁ{ (R(0), H?(S,W)) — H3,(S/R,W) — HZ,(0S/R,i*j.W)

for most of the choices of k and k' as above.

e Finally comes the main step of the construction, which is to show that the
composite

By ® B, —— HL(S/R.W) —— HZ(DS/R,i*j,W)

is the zero map. In fact this map fits into the following commutative diagram
B, ® Bg

!

H2,(M x M/R, (SymPVa K Sym?V2)(2)) ——— H (9(M x M)/R,i’*jL(SymPVa K Sym?V3)(2))

| l

H%, (S/R,W) — HZ2 (0S/R,i*j. W)

where

Mx M~ (M x My <" 9(M x M)

denotes the boundary of the Baily-Borel compactification of M x M with the
complementary reduced closed embedding of the boundary. What we really show
is that the right hand vertical arrow above is zero for many choices of k and k' as
above (see Thm. 6.6 for a precise statement). This provides us with the expected
map (1). Roughly speaking, the assumption we make on k and k' are there to avoid
the presence of weight zero Eisenstein cohomology in the Betti cohomology of S and
to avoid the coincidence of weights in the Betti cohomologies of the boundaries of
M x M and S.

The author announced a similar result some time ago ([Lel] Thm. 1), but his
computations of higher direct images of variations of Hodge structure on the bound-
ary contained an error. The present article shows that a slight variant of [Lel] Thm.
1 is true. Our proof heavily relies on the formalism of Grothendieck’s 6 functors in the
derived categories of mixed Hodge modules and on the main result of [BuW] allowing
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to identify the restriction to the boundary strata of the Baily-Borel compactification
of higher direct images of variations of Hodge structure associated to algebraic rep-
resentations of the group underlying the considered Shimura variety. It is probably
unnecessary to claim that our situation is much more complicated than Kings’, mainly
because the boundary of the Baily-Borel compactification of Siegel threefolds in not
only made of cusps, but of cusps and modular curves. We also would like to emphasize
the fact that the proof is motivic in nature and one can expect that in a world where
a full formalism of mixed motivic sheaves, weights and the motivic analogue of [BuW]
were available, we could construct a map

Eishl B, @ By —— Extllle(Q) (Q(0), HP(S,W))

whose composite with the Betti realization functor would be our Eis?.

Let us briefly outline the contents of this paper. In the second part we fix some
conventions and notations concerning the symplectic group GSp,, state a branching
formula which plays an important role in this work and review some important
results on mixed Hodge modules and absolute Hodge cohomology. In the third
part we determine the geometric setting we are interested in and define the map in
absolute Hodge cohomology that we want to study. The fourth part concerns the
computation of higher direct images of variations of Hodge structure, via the main
result of [BuW] and a theorem of Kostant, in the Baily-Borel compactifications of
the product of two modular curves and of the Siegel threefolds. The fifth part is
dedicated to the study of the relations between the Ext!' space we are interested in
and the absolute Hodge cohomology of the boundary. Finally, in the last part, we
show our main vanishing result and explain how it allows to construct some elements
in ExtllleSD{ (R(0), H}(S,W)) coming from motivic cohomology.

Thanks to the work of [L], [T] and [We] the L-function L(s, H?(S, W)) associated
to the l-adic avatars of HZ(S, W) is known to coincide with the L-function L(s, ) of
some cuspidal automorphic representation m of GSp,. In a forthcoming work, we will
relate the l-extensions constructed in the present article to the special value of this
L-function predicted by Beilinson’s conjecture.

Acknowledgements. It is a pleasure to thank Jorg Wildeshaus for constant sup-
port, Michel Duflo and Bruno Klingler for answering my questions and the anonymous
referee for her/his very careful reading of the manuscript and for her/his comments.

2. Preliminaries.

2.1. The algebraic group GSp, and its representations. Let I be the
identity matrix of size 2 and let
_ I
J= (_ . ) |

The symplectic group GSp, is the reductive algebraic group over Q defined as
GSp, = {g € GLujg|'gJg = v(9)J, v(g) € G}

Its derived group is Sp, = Kerv. We denote by T' C GSp, the diagonal maximal
torus given by

T = {diag(a1, az, oy ‘v, 05 'v)|ay, a0, v € G}
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and by B = TU the standard Borel subgroup of upper triangular matrices in GSp,.
We identify the group X*(T') of algebraic characters (we will also, as usual, say
"weights”) of T to the subgroup of Z? @ Z of triples (k,k’,c) such that k + k' =
¢ (mod 2) via

. _ _ / c—k—k
Mk, K c) : diag(an, ag, a7 ‘v, a5 ') — afab v 2

Write p1 = A(1, —1,0) for the short simple root and pa = A(0, 2, 0) for the long simple
root. Then the set R C X*(T) of roots of T in GSpy, is

R = {£p1,£p2, £(p1 + p2), £(2p1 + p2)}

and the subset RT C R of positive roots with respect to B is

RY ={p1,p2,p1 + p2,2p1 + p2}.

The set of dominant, resp. regular, weights is the set of A(k, k', ¢) such that k > k" > 0,
resp. k > k' > 0. For any dominant weight A, there is an irreducible algebraic
representation V) of GSp, of highest weight A, unique up to isomorphism, and all
isomorphism classes of irreducible algebraic representations of GSp, are obtained in
this way. If W is irreducible with highest weight A(k, k', c) the contragredient of W
has highest weight A(k, k', —c). In particular, the contragredient of an irreducible
representation whose highest weight is regular has regular highest weight. The Weyl
group W of (GSp,, T) is defined as the normalizer of T' in GSp, modulo its centralizer.
It is a group of order 8 such that the images in W of the elements

1 1

S1

1 -1
generate W. The Weyl group acts on X*(T) according to the rule
(w.\)(t) = Mw ™ tw)

and we have s1.A(k, k', ¢) = Ak, k,c) and s2.A(k, k', ¢) = A(k,—k',¢) which means
that s; corresponds to the reflection associated to the short simple root p; and s9 to
the one associated to the long simple root ps.

Denote by GL2 xg,, GL2 the group of pairs of invertible matrices with the same
determinant. We have the embedding

(2) GLy xg,, GLy —— GSp,
defined by
a b
a b a b\\ _ a’ b
“\\e d)'\e a))  |ec d
d d

Denote by m; : GL2 xg,, GLs —> GLg2 the i-th projection, for ¢ = 1,2. Given
representations p; of GLa, we write p; X pa for the representation of GLa xg,, GLa
given by i p1 ® 75 p2. For any integer ¢ and non-negative integers p, ¢, we denote by
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(SymPVy & Sym?Vs)(t) the irreducible representation (SymPVa X SymiVs) @ det®?
where det is the determinant character and V5 is the standard representation of GLs.
Note that

(SymPVa @ det®') B (SymVs @ det®') = (SymPVy B’ SymVa)(t + t').

PROPOSITION 2.1. Let k > k' > 0, let ¢ be an integer such that ¢ = k+k’ (mod 2)
and let Vy be an irreducible representation of GSp, of highest weight A = A(k, k', c).
Then we have the following branching rule

p

= B D (symrvemsymt iy <C —kr ’f’2— 2p + 2a)
0<p<k’,p<k—k’ a=0

k—k’

&) @ @ (S’ympVg X SymF~ K +p— 2ay/,

0<p<k’ k—k'<p a=0

(c—k+k’—2p+2a>

K’

)
&) @ @ (Sym]”V2 X Sykark/*;D*QaV) <C — k- k’ + 2a>
)

k' <p<k,k'<k—p a=0

Py k— K +2
@ @ @ (SympVQIESykark/_p_Q“V (c— + a) .
k' <p<k,k—p<k’ a=0

Proof. According to [WY] Thm 3.3, we have the following branching rule

J— / —
@ (SympVg X (Symk_k/Vg ® S’ympVg)) (M)

2
0<p<k’
&) @ (Symsz X (Sym PV, ® Symk,Vz)) cok= ¥ )
K <p<k 2

Note that [WY] Thm 3.3 is a branching rule for the embedding

SLy x SLy —“— Sp,

and that the branching rule stated above can be easily deduced from the corresponding
one for ¢/ by using the fact that the common center of GLs xg, GLo and of GSp,
acts by the same character on the left and on the right. Now, according to [FH] Ex.
11.11, together with the same remark on the action of the center, we have

t
SymSVQ ® SymtVQ _ @ SymerthaVQ(a)
a=0

for any s > ¢. This implies the statement. O
The following is a trivial consequence of the previous proposition.

COROLLARY 2.2. Let p,q > 0 be two integers. Let k > k' > 0 be two integers
satisfying the following conditions:

(i) k+k =p+q (mod?2),

(i) IfO<p<k andp<k—kK thenk—k'—p<qg<k—k +p,
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(1)) f0<p<k andk—K <pthenp—k+k <qg<p+k-FK,

(w) If' <p<kandk' <k—pthenk—kK —p<qg<k+k'—p,

() Ifk' <p<kandk—p<EKk thenp—k+k <qg<k+k —p.
Let ¢ = p+ q+ 6 and let V) be an irreducible algebraic representation of GSp, of
highest weight A\ = \(k, k', ¢). Then we have

(SymPVa ® SymiV,)(3) C " V.

2.2. Mixed Hodge modules and absolute Hodge cohomology. As we
already mentionned, the present work heavily relies on the formalism of mixed
Hodge modules, which are the relative version of mixed Hodge structures and are
the ”archimedean” analogues of mixed [-adic perverse sheaves. In this section we
collect the facts that we will need in the following about mixed Hodge modules and
absolute Hodge cohomology and we also set some important conventions. A useful
guide through this complicated theory can be found in [S1] and [HW1] A.

Let A C R be a subfield and Sch(Q) be the category of quasi-projective Q-
schemes. For X € Sch(Q) we have the abelian category MHM 4 (X/R) of real algebraic
mixed A-Hodge modules ((HW1] Def A.2.4). Let D2(X&", A) be the bounded derived
category of sheaves for the analytic topology of A-vector spaces with constructible
cohomology objects, and consider Perv 4 (X&") C Db(X&", A) the subcategory of per-
verse sheaves for the autodual perversity on X&". The main result of [Bel] is that
the natural functor D®(Perv4(Xg&")) — D2(Xa", A) is an equivalence of categories.
According to [S3] Thm. 0.1, there is a functor

rat : MHM4(X/R) —— Perva(Xg")
which is faithful and exact. We will denote again by
rat : DP(MHM 4 (X/R)) ——— D(Xa" A)

the derived functor. For M € D*(MHM 4(X/R)) the cohomology objects ‘M, which
are objects of MHM 4 (X/R), verify rat(H'M) = PHirat(M) where PH? is the per-
verse cohomology functor.

Assume that X is smooth and purely of dimension d. Then for any local system V'
of A-vector spaces on X&", the complex V[d] concentrated in degree —d is an object of
Perv 4 (X&"). Denote by MHM 4(X/R)® the full subcategory of MHM 4(X/R) of ob-
jects whose underlying perverse sheaf is such a shifted local system and by Var 4 (X/R)
the category of real admissible polarizable variations of mixed A-Hodge structure over
X (see [HW1] Def. A.2.1 b) for the definition). There is an equivalence of categories

Var4(X/R) ~ MHM 4 (X/R)*

according to [HW1] Def A.2.4 b). As a consequence we have an equivalence of abelian
categories

MHM 4 (Spec Q/R) ~ MHS

where the right hand side denotes the abelian category of mixed real A-Hodge struc-
ture (see [HW1] Lem. A.2.2). In the following we will only consider the case A = R
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and will simply write ”variation of Hodge structure” instead of ”real admissible po-
larizable variation of mixed R-Hodge structure”. We will make repeated use of the
important following result:

THEOREM 2.3. [S2], [S3], [HW1] Thm A.2.5. On the derived cate-
gories DY*(MHM 4(X/R)) we have the formalism of Grothendieck’s 6 functors
(f*, fes f1, f,Hom, ®) and duality D. Furthermore these functors commute with rat.

REMARK 2.4. We have to deal with a shift of the index when viewing varia-
tions of mixed Hodge structure as a mixed Hodge module, which occurs either in the
normalization of the embedding

Var4(X/R) —— DP(MHM 4 (X/R))

or in the numbering of the cohomology objects of functors induced by morphisms
between schemes of different dimensions. Our convention will be the same as the one
adopted in [BuW]: in this paper, a variation of mixed Hodge structure is a mixed
Hodge module, via the identification explained above, and not a shift of a mixed
Hodge module. In other words, when X is smooth and purely of dimension d, our
embedding

Var4(X/R) —— DP(MHM 4 (X/R))

is characterized by the fact that for any object V of Vars(X/R) the complex
rat(V')[—d] has a single non-trivial constituent in degree zero, which is a local system
on X¢". This implies that if X is an object of Sch(Q), which is smooth and of pure
dimension d, if s : X — SpecQ is the structure morphism, and A(n) is the Tate
variation on X viewed as an object of MHM 4 (X/R), we have A(n) = s*A(n)[d] in
MHM 4 (X/R) (see the remark following Def. A.1.2 in [HW1]).

Now for any X € Sch(Q) with structural morphism s, it follows from [HW1] Cor.
A.1.7 ¢) that H’s,s* A(0) is the i-th singular cohomology space of the topological space
underlying X&" with coefficients in A and endowed with the mixed Hodge structure
constructed by Deligne with the involution induced by the complex conjugation on
X(C). In particular, when X is smooth of pure dimension d and if A(0) denotes
the trivial Tate variation of Hodge structure on X, the i-th singular cohomology
space is H'~%s,A(0). Hence, for any X and any M € D*(MHM4(X/R)) we will call
Hi~9s, M the i-the singular cohomology space of X with coefficients in M and denote
it by H(X, M). Similarly, we have the compactly supported cohomology H:(X, M) =
Hi~s;M. The i-th absolute Hodge cohomology space of X with coefficients in M is
by definition

H’;‘Z.-[(X/Ra M) = Home(MHMA(X/R))(S*A(O)[d]a M[l])
By adjunction we have

Hy (X/R, M) = Home(MHs;)(A(O)a s« M[i — d])

and as the abelian category MHSX has cohomological dimension 1 for A = R, the
Leray spectral sequence reduces to the exact sequence

(3) 0— BExt! 4 (R(0), H' ' (X, M)) = Hj(X, M) — Hom

MHS;{ (R(O)le(XvM)) —0

+
MHS]R
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for all 4 and all M € D*(MHMg(X/R)). In the following, we will simply write 1(n)
for the Tate Hodge structure R(n) € MHS}, for any integer n, and write 1 for 1(0).
Note that there is also a shift in the weights when one regards variations of Hodge
structure as mixed Hodge modules.

THEOREM 2.5. ([S4] Thm. 2) Let X € Sch(Q) smooth and purely d dimensional.
Then a variation of Hodge structure of weight w is a mized Hodge module of weight
w + d via the identification above.

REMARK 2.6. We would like to warn the reader that the perverse t-structure
gives rise to unusual shifts in the following situation that we will constantly use in
this work: let

U—1 s X+ v
be a diagram in Sch(Q) where j is an open embedding and 4 is the complementary
reduced closed embedding. Assume that U has the same dimension as X and that Y

has codimension ¢ in X. Let N be an object of D*(MHMg(X/R)). According to [S3]
(4.4.1) we have an exact triangle

§1j*N N PN ——

in D*(MHMg(X/R)). Now, taking an object M of D*(MHMg(U/R)), and applying
the above triangle to N = j. M we get the exact triangle

M —— M ——— M —

Let s : X — Spec Q be the structure morphism. Applying the functor s, to the
previous exact triangle and taking cohomology gives us the long exact sequence of
mixed Hodge structures

(4) — H{(U,M)— H (U, M) — H=¢(Y,i*juM) — H*TY U, M) — .
Similarly, we get the restriction map on the level of absolute Hodge cohomology
Hi, (U M) —— Hj °(Y,i*j. M)

as follows: applying the functor Hom ps virm 4 (x/m)) (5*A(0)[d], [i]), where d denotes
the dimension of X, to the second morphism of the previous exact triangle we get the
map

Hom b (vrn 4 (x/m)) (87 A(0)[d], jiu M [i]) ——— Hompw vmm , (x/m)) (8" A(0)[d], 658" 5 Mi]).

By adjunction we have

Home(MHMA(X/R)) (s*A(0)[d], j. M[i]) = Home(MHMA(U/]R))(j*S*A(O)[d]a MTi])
= Hi/(U,M).

Furthermore

Hom po (a4 (x/m)) (87 A(0)[d], 348" j. M [i]) = Hom po (vpiw 4 (vymy) (875 A(0)[d], i 5. M [1])
= Hi °(Y,i*j. M).



92 F. LEMMA

3. Geometric setting.

3.1. The Shimura varieties and their Baily-Borel compactifications.
Denote as usual by S = ResC/RGm7C the Deligne torus and let w : G, g — S the
cocharacter inducing on real points the inclusion R* C C*. In this paper, we follow
the convention of [P1] 1.3 for the correspondence between algebraic representations of
S and semisimple mixed Hodge structures. In particular, given such a representation
(p, V), the weight k subquotient of V' is the space where p o w acts by multiplication
by t~*.

Recall that a (pure) Shimura datum is a pair (G, H) where G is a reductive linear
algebraic group over Q and H is a left homogeneous space under G(R) which is the
source of a G(R)-equivariant map h : H — Hom(S, Gg), satisfying Deligne-Pink’s
axioms (see [P1] Def. 2.1). In this paper, we will be interested in the cases where
G = Gy, GL2, GLy xg,, GL2 and GSp,. Let us recall how to associate to these
groups some Shimura data.

e Case G = G, (see [P1] Ex. 2.8): let k : S — Gy, r the morphism inducing
on real points the norm C* — R*, z — 2% and let Hg the set of isomorphisms
between Z and Z(1). Consider the unique transitive action of mo(G,,(R)) on Ho and
denote by h the constant map h : Ho — {k} C Hom(S, G, r). Then (G,,,Ho) is a
Shimura datum.

e Case G = GLg: let h : S — GLg g the morphism inducing on real points
v— ()
Tty ——
—y =z

and let Hy C Hom(S, GLar) be its GLa(R)-conjugacy class. Then (GLg, Hs) is a
Shimura datum. Note that under the convention explained at the beginning of this
section, the irreducible algebraic representation Sym*Vs(t) acquires a mixed Hodge
structure via h, which is pure of weight —k — 2t.

e Case G = GLay Xg,, GLa: let b’ : S — (GL2 Xg,, GL2)g the morphism inducing

on real points
y @ -y x

and let H5 C Hom(S, (GL2 xg,, GL2)r) its (GL2 Xg,, GL2)(R)-conjugacy class. Then
((GLg xg,, GL2)gr,H5) is a Shimura datum.

e Case G = GSp,: denote by H4 C Hom(S, GSp, ) the GSp,(R)-conjugacy class
of toh'. Then (GSpy,H4) is a Shimura datum and ¢ induces a morphism of Shimura
data

(GL2 xg,, GL2, H5) ——— (GSpy, Ha)

in the sense of [P1] Def. 2.3. As above, an algebraic representation W of GSp, of
central character ¢ acquires a mixed Hodge structure which is pure of weight —c.

In general, given a Shimura datum (G,H) and a compact open subgroup
K C G(Ay), the space G(Q)\(H x G(Ay)/K) underlies a complex analytic space,
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which in turn is the analytification of a quasi-projective scheme Mk (G, H) defined
over a number field E(G,H), called the reflex field of (G,H). It is easy to see that
in all the cases we are interested in, the reflex field is just Q. The Shimura variety
Mgk (G, H) of level K is smooth when K is neat (see [P1] 0.5 and 0.6 for a definition).
In the following all compact open subgroups K as above will be assumed to be
neat and we will not mention it anymore. For any g € G(Af) and K’ C gKg~!
another compact open subgroup, right multiplication by ¢ induces an étale cover
9x' Kk : M/ (G,H) — Mg (G, H) so that when the level varies, the Shimura varieties
form a projective system (Mg (G, H))x endowed with an action of G(Ay).

For any compact open subgroup L C GSp,(As) denote by Sp the associated
Shimura variety. This is a quasi-projective smooth threefold defined over Q. The
embedding ¢ defined in (2) gives rise to a closed embedding on the level of Shimura
varieties as follows: let K and K’ be two compact open subgroups of GLa(Ay¢) such
that det(K) = det(K’). Write Ky = det(K) = det(K’) C G,,(Ay) and denote by Fi,
the finite abelian extension of QQ corresponding to K via class field theory. Then there
exists a compact open subgroup L € GSp,(As) and a closed embedding, abusively
denoted by ¢, of the fibered product over Fg, of the modular curves of levels K and
K’

(5) Mg X pye, Mg —— Si,
into the Siegel threefold Sy,. This fact is proved in [P1] 3.8 b).

Now, we would like to briefly explain the structure of the boundary of the Baily-
Borel compactifications of these Shimura varieties and how the above morphism
extends to the compactifications. The boundary of the Baily-Borel compactification
is stratified by Shimura varieties associated to standard, i.e. containing a fixed Borel,
admissible parabolic subgroups of the underlying reductive group G. Furthermore,
roughly speaking, the closure of a Shimura variety of the boundary in the boundary is
its own Baily-Borel compactification. The latter will play a crucial role in this work.
The reader can find a detailed description of the construction of the Baily-Borel
compactification of a general (pure) Shimura variety in [BuW] 1. For the symplectic
groups of arbitrary rank, a very careful presentation is given in [M] 1.

Let us just recall the structure of the standard admissible parabolic subgroups
from [P1] 4.25 in the cases of interest.

e Case G = GLgy xg,, GLa: denote by Ba C GLg the standard Borel. The
standard admissible parabolic subgroups of G are Q) = Bz Xg,, B2, Q] = B2 xg,, GL2
and Q/I = GLQ XGm BQ.

e Case G = GSpy: the standard admissible parabolic subgroups of G are just the
standard maximal parabolics. We have the Siegel parabolic

Qo = Wo % (G x GLy) = {(aA t’f‘{) ,aeGm,AeGLg,tM:M}

and the Klingen parabolic

Q1=W1><1(GL2XGm)= ,aﬁ:ad—bceGm
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Note that the unipotent radicals W and W7 are of dimension 3 and that W}, is abelian
whereas W; is not. Denote by My p,, resp. My, the factor G,,, resp. the factor GL,
of the Levi subgroup of Qo and by M; j, resp. M, the factor GLo, resp. the factor
G, of the Levi subgroup of Q1. The subgroup My j, = Gy, of Qo of matrices of the
shape

(©) (aIQ 12)

will underly the strata of dimension 0 in the boundary whereas the subgroup M; j, =
GLs of Q1 of matrices of the shape

ad — be
(7) '

will underly the strata of dimension 1 in the boundary.

Let us come back to the closed embedding (5). Denote by j' the open embedding
of Mg Xy, My in its Baily-Borel compactification and by i’ the complementary
reduced closed embedding of the boundary. We have the diagram

/

MK XFKO MK/ J—} (MK XFKO MK’)* <Z— 6(MK XFKO MK’)'

Furthermore denote by 4} the open embedding of the strata of dimension 1 of the
boundary of (M X py, M) and by ij the complementary reduced closed embedding
of the strata of dimension 0. We have the diagram

8(MK XFKO MK’)l L) 8(MK XFKO MK/) (L 8(MK XFKO MK/)O-

Similarly denote by j the open embedding of Sy, in its Baily-Borel compactification
and by ¢ the complementary reduced closed embedding of the boundary. We have the
diagram

S, —L— g5« a9y,

Finally denote by i1 the open embedding of the strata of dimension 1 of the bound-
ary of S; and by ¢ the complementary reduced closed embedding of the strata of
dimension 0. We have the diagram

0SL1 —2— 98, «2— 0Sp.

The following result is a very particular case of the functoriality of the canonical
models of the Baily-Borel compactifications of pure Shimura varieties ([P1] 12.3.b).

ProroOSITION 3.1. We have a commutative diagram with cartesian squares

v

MK XFKO MK/ ]—> (MK XFKO MK/)* (l— 8(MK XFKO MK/)

o L |

St — S¥ — dSy,
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and a commutative diagram with cartesian squares

8(MK XFKO MK’)l L} 6(MK XFKO MK’) # 8(MK XFKO MK’)O

o . .|

10

8SL,1 # 6SL — 8SL,0.

We will also need the following result in the proof of our main theorem.

LEMMA 3.2. The morphism qq appearing in the above commutative diagram is
the composite of an étale cover and of the inclusion of some connected components.

Proof. To prove this lemma, we need to go a bit in more details into the construc-
tion of the Baily-Borel compactifications. The proof is the same for gy and ¢ so we
only write it for ¢;. We follow [P2] 3.7. In what follows, we denote by G the reduc-
tive group GSpy, resp. GLa Xg,, GL2, and by U the compact open subgroup L, resp.
K x K', of G. Denote also by @ the parabolic subgroup of G which we denoted by Q1,
resp. Q) or QY in the case G = GSp,, resp. in the case G = GL3y Xg,, GLa. Let P be
the normal subgroup of @ defined in [P1] 4.7. Then @ and P have the same unipotent
radical W. Let g € G(Ay). Write Uy p = gUg ' N P(Ay), Uw,g = gUg™* N W (Ay)
and Uy = Uy p/Ug,w. Then we have a morphism

My, (G, ) —2 My(G,H)*

where G’ is the Levi quotient of @, where My, (G',H') is the Shimura variety of
level U, associated to G’ and My (G, H)* is the Baily-Borel compactification of the
Shimura variety My (G,H) of level U associated to G (see [P2] 3.7 for the definition
of iy). Then 74 is the composite of a finite, étale (because we assume that U is neat)
map and of a locally closed embedding. When g varies in G(Af) the union of the
images of the i, is what we denoted by 95 1, resp. (Mg X Fre, Mp1)1, in the case
G = GSpy, resp. G = GL3 xg,, GLs.

In the case G = GSpy, resp. G = GL3 xg,, GLs we have P = W x M) =
W1 x GLg, resp. P = G, x GLs. Denote the latter by P’, and by , resp. 7', the
projection on the Levi quotient P — My j, = GLo, resp. P’ :— GLy. Then, for any
g € (GL2 Xg,, GL2)(A¢), the morphism ¢; is induced by the composite of the change
of level induced by the inclusion

7' (g(K x K')g~' N P'(Ay)) C w(u(g)Le(g)~" N P(Ay))

which is finite and étale (by our neatness assumption) and of the inclusion of some
connected components. This proves the statement. O

3.2. The maps in absolute Hodge cohomology. The main technical result
of this work will be the vanishing of a certain map between some absolute Hodge
cohomology spaces of the boundaries of the Baily-Borel compactifications of the
Shimura varieties we are interested in. In this section we define the map we want
to study and explain its connection with the Gysin morphism. In what follows, we
denote by u the R-linear tensor functor associating to an algebraic representation of
the group underlying a given Shimura variety the corresponding variation of Hodge
structure on the considered Shimura variety (see [BuW] 2).
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Let us first recall the construction of the Gysin morphism in the situation we are
interested in.

LEMMA 3.3. Let F be an algebraic representation of GLa Xg,, GLa2 and let E be
an algebraic representation of GSp, such that F' C 1*E. Then, with the notations of
Prop. 3.1,

(i) We have a natural map
Lept(F(=1)) —— u(E)[1]
in D'(MHME (S /R)),
(ii) Applying the absolute Hodge cohomology functor, we get the natural map
H3 (M Xy, Micr /R, p(F(=1))) —— Hy(SL/R, u(E))

called the Gysin morphism.

Proof. (i) Taking the contragredient of the inclusion of representations F' C (*F
we get the morphism *EY — FV where the superscript V¥ denotes the contragredi-
ent representation. Twisting by the determinant character we obtain the morphism
t*EY(3) — FY(3). Applying the functor p we get the morphism of variation of
Hodge structures

(") (B (3)) — p(F(3)).

Here the symbol (¢*)* denotes the pull-back of variation of Hodge structures, which
should not be confused with the pull-back

/* : D" (MHMg(SL/R)) — D*(MHMg(Mx X gy, M /R))

given by Saito’s formalism (Thm. 2.3). Actually, as ¢ is of codimension 1, we have
() w(EY(3)) = *u(EV(3))[—1] (see [Bl] Prop. 2.3.12). So we have the morphism

Cp(EY (3)[=1] — u(FY(3))

in the derived category D*(MHMg (Mg X p,, Mg/ /R)). Applying the contravariant
functor I to this morphism we obtain u(F(—1)) — ¢'u(E)[1]. Here we used the fact
that for any variation of Hodge structure L on a smooth X € Sch(Q) which is purely
d dimensionnal the dual variation LY coincides with D(L)(—d) (see [Bl] Lem. 2.3.7).
By adjunction, we obtain the morphism

w(F(~1)) = top(F(~1)) — p(E)[1]

as claimed in the statement of the lemma. The statement (ii) follows trivially from
(i) by applying the functor M +— Hom ps v, (s, /) (1[3]; M[3]) where s is the
structure morphism S;, — SpecQ. O

LEMMA 3.4. Let F be an algebraic representation of GLa Xg,, GLa2 and let E be
an algebraic representation of GSp, such that F' C «*E. Then, with the notations of
Prop. 3.1,
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(i) We have a morphism
g (P (~1)) —— ii*jp(E)[1]
in D*(MHMg (951 /R)) which is part of the following commutative diagram
Pejep(F(=1)) — iuqui™jiu(F(=1))
I !
Jep(B)1] —— i jp(E)[1).
(i) Applying the absolute Hodge cohomology functor, we get the natural map
Hy (O(MK X pyg, M) /R, i jip(F(=1)))) —— H3(0SL/R,i*jupu(E))
which is part of the following commutative diagram

H3 (Mk X pye, Micr /R, p(F(=1))) —— Hy (0(Mx X pye, M) /R, i"jLp(F(=1)))

| !

H3y(SL/R, u(E)) E— H3 (0SL/R,i*j.u(E))
where the left hand vertical map is the Gysin morphism.

Proof. (i) The left hand vertical morphism of the commutative diagram in the
statement is nothing but the morphism obtained by applyling the functor j. to the
morphism ¢, pu(F(—1)) — p(E)[1] of Lem. 3.3 (i) and using functoriality. Now, ap-
plying the functor i.i* to this morphism p,j.u(F(—1)) — j.u(E)[1] and using that
i*px = q«i’* by the proper base change theorem (see [S3] 4.4.3) we obtain the mor-
phism we looked for. The commutative diagram is obtained via the adjunction mor-
phism 1 — i,4*. (ii) As before this statement is deduced trivially from (i) by apply-
ing the absolute Hodge cohomology functor M ~—— Hompsnmw, sz /r)) (1[3]; M([3])
where s is the structure morphism S7 — Spec Q. O

LEMMA 3.5. Let F' be an algebraic representation of GLa Xg,, GLa and let E be
an algebraic representation of GSp, such that F C «*E. Then, with the notations of
Prop. 3.1, for any d=0,1,

(i) We have a morphism

s s(F(=1)) —— iquigi®op(B)1)
in D*(MHMg (9SL/R)) which is part of the following commutative diagram

g (1)) —— iauqadlf i L p(F(~1))

| !

LGB ——  iguii ()L,
(i) Applying the absolute Hodge cohomology functor, we get the natural map

Hy D (O(Mi X ey Micr)a/R, i i jLp(F(=1)))) — Hiy = (081 a/R, i jep(E))
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which is part of the following commutative diagram

HY (O(M¢ X e Mper) /% 8753 i(F(=1))) ———— my D o X Eggy Micr)a /B il i Sn(F (=)

! !

Lk 2—(1—d Sk ok
H2((0S [, /B, i jup(E) _ B2 D o5, /R 5 G n(E))

where the left hand vertical map if the right hand vertical map of the commutative
diagram (ii) in the previous lemma.

Proof. This morphisms and these commutative diagrams are obtained as above
applying the functor iq.:); to the right hand vertical morphism obtained in the first
diagram of the previous lemma, using the adjunction 1 — ¢4.%); and applying the
absolute Hodge cohomology functor. O

4. Computation of higher direct images in the Baily-Borel compactifi-
cations. The results of this section are almost direct applications of the main result
of [BuW], which is the Hodge theoretic version of [P2], and of a theorem of Kostant.
Let us first recall the statements of these two theorems.

4.1. The theorems of Burgos-Wildeshaus and Kostant. Let us consider
the Baily-Borel compactification j of a finite level Shimura variety M (G, H)x, with
underlying reductive group G and ¢ the embedding of a boundary stratum M (G, H) x
in the compactification. We have the following diagram

MG, H)x —L— MG, H) +—— M(Gy,H)x.

Here M (G1,H)k has underlying reductive group G1, a subgroup of the Levi M of
a given admissible standard parabolic subgroup @ of G. Write N for the unipotent
radical of Q. Following [BuW], we denote by p the tensor functor associating to
an algebraic representation of G, resp. (7, the corresponding variation of Hodge
structure on M(G,H)k, resp. M(G1,H)k. Finally, let ¢ be the codimension of
M(G1,H)k in M(G,H)}.

THEOREM 4.1. [BuW] Th. 2.6, 2.9. Let E be an algebraic representation of G.
In the derived category D*(MHMg (M (G1,H)x /R)) we have

i"juu(E) = @ H" " jop(E)[-n].

There exists a neat arithmetic subgroup Hc of M/G1(Q) such that
H'i*ju(E)= € wn(H'(He,HY(N,E))).
p+g=n-+c
We have an isomorphism of variations of Hodge structure

Griy n"i*j.u(B) = € w(HP(He,Gry HY(N,E))).
ptg=n+c

REMARKS 4.2. (i) The Levi subgroup M of G; acts on the cohomology H1(N, E)
via its action both on N and on E and so it acts on the group cohomology
HP(Hc,HY(N,E)). Then this last space is considered in the second statement as
a representation of Gy via the inclusion G; C M.
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(ii) In the third statement, the Gr}" on the left denotes the k-th graded piece of the
weight filtration of the variation of Hodge structure H"i*j.u(E) and the Gr}” on the
right denotes the k-th graded piece of the weight filtration on H4(N, E) coming from
the fact that this space is endowed with an action of the group G; which underlies a
Shimura datum (see [P1] Prop. 1.4 for details).

The following theorem of Kostant identifies the space HY(N, E) as a representa-
tion of M. In the cases we are interested in, the group G, is a direct factor of M,
thus this theorem allows to identify H?(N, E) as a representation of G;. This makes
the weights occurring in the H™i*j, u(E) explicitly computable.

Let us now introduce some notation necessary to state Kostant’s theorem. Re-
call that for any unipotent group N and any representation E of N we have
H(N,E) = HY(Lie N, E) where the right hand term denotes the Lie algebra co-
homology. Write ¢ = n®m where q = Lie Q, n = Lie N and m = Lie M. Let b be the
Cartan subalgebra of g = Lie G corresponding to the fixed Borel and A%t (g,h) the
set of positive roots. The set A(n, h) of roots appearing in n is contained in A* (g, b).
Denote by p the half-sum of positive roots, by W (g,h) the Weyl group. For any
w € W(g,h) write

AT (w) = {a € AT(g,h) [w™a ¢ AT(g,h)},
H(w) = AT (w)],

W' = {w e W(g,h) [ AT (w) C A(n,b)}.

THEOREM 4.3. [V] Th. 3.2.3. Let E) be an irreducible representation of g of
highest weight A. Then

Hi(n, E)) ~ &y Futrip)—p
{wew’ [ [(w)=q}
where F}, is an irreducible representation of m of highest weight p.

Let us now come back to the diagrams of Prop. 3.1 and perform the computations
to make the results of the two theorems above explicit.

4.2. The case of GLa xg_, GL2. We first consider the case of a single modular
curve. The following result is well known and follows, for example, from a trivial
application of Thm. 4.1 and Thm. 4.3.

LEMMA 4.4. Consider the embedding " of a modular curve of level K C GLa(Ay)
into its Baily-Borel compactification and let i" the complementary reduced closed em-
bedding. So we have the diagram

"

Mg —2— Mg «2— oM.
Then as variations of mized Hodge structure on O0Mg we have
WL (SymVa(t)) = 1(d + 1),
HO G (SymTVa(t)) = 1(t — 1)

and H™i"* jl p (Sym®Va(t)) = 0 for n > 0.
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Let us consider now the algebraic irreducible representation F' = (SymPVa X
SymiV,)(t) of GLg Xg,, GL2. Note that any irreducible algebraic representation of
GL2 xg,, GL2 is isomorphic to such a representation, for suitable p, ¢ and t. We
will first identify the variations of Hodge structure H2iif jiu(F) on the strata of
dimension 0 of the boundary.

LEMMA 4.5. Let F be the irreducible algebraic representation (SymPVa K
SymiVa)(t) of GLg xg,, GLa. Then, as variation of mized Hodge structures on
O(Mk X py, Mir)o we have

H2ig g (F)
i ()
HOiG,jLp(F)

lp+q+1t),
lp+t-1)@l(g+t-1),
1(t—2)

and H™ iy i, 5 p(F) =0 forn > 0.

Proof. The standard admissible parabolic subgroup of GLy Xg,, GL2 correspond-
ing to (Mg X P, Mg+)o is Qf = B2 Xg,, B2, whose unipotent radical is simply
the direct sum G, ® G, of two copies of the additive group and the Levi M is the
diagonal maximal torus G2,. The reductive group underlying the Shimura variety
8(MK XFKO MK/)Q is

oi-au={(( ) ))eeer)

With the notations of Thm. 4.1, the group H¢ is a neat arithmetic subgroup of

M/G1(Q) = G2,(Q) thus is trivial. As a consequence, the second statement of Thm.
4.1 implies that

M2 i jp(F)

Mg F)

Higig jip(F)

(1 (H(G, @ G, F))
1 (H (G, @ G, F))
p(H*(Go ® Gq, F)) .

Let us write the representation F' as (SymPVa) X (Sym?Vz (t)). Note that because
the unipotent group G, is of dimension 1, the space H?(G,, F') vanishes. Then, the
Kiinneth formula [BoW] I.1 shows that

HY(Go @ Gq, F) = H(G,, Sym?Va) @ H(Gq, Sym?V; (t)

H'Y(Go @ Gq, F) = H(Gy, SymPVa) @ H'(Gq, Sym?V; (t)
®H(G,, SymPVa) @ HY(G,, SymiVs (1)),

H?*(Gq @ Go, F) = H (G, SymPVa) @ HY (G, SymiVa (t)).

);
)

Now either a trivial application of Thm. 4.3 or a direct computation shows that the
cohomology space H%(G,, Sym*Va(t)) is a one dimensional vector space on which G
acts via z — 2~ #*t%) and that H'(G,, Sym*Vs (t)) is a one dimensional vector space
on which G, acts via x — z?~!. Thus, as mixed Hodge structures, we have

HY G, @Gy, F)=1(p+q+1),

HY Gy @G, F)=1(p+t—1)@1l(g+t-1),
H* (G, ®G,, F)=1(t-2). 0O



ON HIGHER REGULATORS OF SIEGEL THREEFOLDS I 101

Let us turn our attention to what happens on the strata (Mg X Fi, M), of
dimension 1 of the boundary. Denote by OM g, resp. dM g the boundary of the Baily-
Borel compactification of Mg, resp. Mg/. These are simply a finite disjoint union of
cusps. Then the Q-scheme O(Mg X Fe, M) is the disjoint union of 9 Mg X Freg MU
Mg X, OMps where the left, resp. right, hand side corresponds to the standard
admissible parabolic Q}, resp. Q. As a consequence, a variation of Hodge structure
on O(Mg X Fre, Mp)y is a pair (V4, V) where V] is a variation of Hodge structure on
OMy X F, MK+ and V3 is a variation of Hodge structure on Mg Xy OMp. In the
following, we will denote such a pair by the symbol V; B V5.

LEMMA 4.6. Let F be the irreducible algebraic representation (SymPVa K
SymVs)(t) of GLa xg,, GLa. Then, as variation of Hodge structure on O(Mg X Fre,
Mp1)1 we have

H L 5L (F) = p(SymTVa (p + 1)) B p (SymPVa (g + 1)),
HOi L u(F) = p (Sym9Va (t — 1)) B p (SymPVa (t — 1))

and H"iFi"*jLu(F) =0 for n > 2.

Proof. Let us consider the case of 0My X p, Mk C O(Mg X Fre, Mpg:)1. As we
said, the corresponding standard admissible parabolic subgroup of GLa xg,, GLg is
the group Q) = By xg,, GLa, whose unipotent radical is simply G, and whose Levi
is M = Ty xg,, GLa where T3 is the standard diagonal maximal torus of GLa. The
reductive group G underlying the Shimura variety O My x Fro MK 18 Gm xg,, GLg =
GLs which is regarded as a subgroup of @} by

e (G )]

The group H¢ is a neat arithmetic subgroup of M/G1(Q) = G,,(Q), thus is trivial.
As a consequence, the second statement of Thm. 4.1 implies that

H G (F) = p (H™ (G, F)) .

Here again, the Kiinneth formula and a trivial application of Thm. 4.3 shows that as
representations of G; we have

HY(G,, F) = H°(G,, Sym?Vs) @ H° (0, Sym?V; (t))
= det®? @ SymiVs (t)
= SymiVa (p+1t).
Similarly we have
H'(Ga, F) = H'(Ga, SymPV2) @ H° (0, Sym?Va (1))
= det® ! @ SymIV; (1)
= SymiVa(t—1).
The conclusion follows by interchanging p and ¢. O

REMARK 4.7. Note that the computation of the action of G,, on the group
cohomology H™(G,, Sym@Vx(t)) in the proofs of the previous lemmas coincides with
the ones that can be found in [Ha2] (2.3.4).



102 F. LEMMA

4.3. The case of GSp4. In this subsection, we fix an irreducible representation
E of GSp, of highest weight A(k, k', ¢) (see section 2.1 for the definition of A(k, &/, ¢)).
The reader may find helpful to draw a picture of the Cs root system in order to follow
the computations of the action of the Weyl group on the weights. Let us first compute
the weights that may occur in the strata of dimension 0 of the boundary, i.e. the ones
corresponding to the Siegel parabolic Qg, in the degrees that are of interest to us.

LEMMA 4.8. Let E be an irreducible algebraic representation of GSp, of highest
weight Mk, k', c). Assume that A\(k, k', c) is reqular, i.e. that k > k' > 0, then

( (m{ Th? va)r)iation of Hodge structure HYi%i*j.u(E) is pure of weight
—(c— (k=K +4)),

(iii) The variation of Hodge structure Hiji*j.u(E) is pure of weight —(c — (k +
K +6)).

Proof. Let h = LieT, qo = LieQq = o & mg where wg = Lie Wy and mg =
Lie My and M is the Levi subgroup of Qp. We use the notations of Thm. 4.3. As
the unipotent radical Wy is abelian, the set A(tog, h) contains two long roots. As a
consequence we have A(wg, h) = {p2, p1 + p2,2p1 + p2}. Recall that here we denote
by p1 = A(1,—1,0) the short simple root and ps = A(0,2,0) the long simple root.
Denote by s, the reflection whose axis is orthogonal to the root p. We see that

!
W' = {wo, wy, w2, w3}
where
wo = Id,
w1 = Sp2,

W2 = Spy+paSpas

W3 = Spy+ps-
The length is given by I(w;) = i. We have
wo Ak, k', c) = MK, —k, c),
ws Ak, k', ¢) = N=k',—k,c)
hence

wa. Ak, K e)+p)—p=AK —1,—k—3,¢),
wz.(Ak, k', ¢) +p) —p=AN-k"—3,—k —3,¢).

Recall that the weight A\(k, k', ¢) is defined by

. _ _ roe—k—k'
Mk, K c) : diag(ay, ag, o 'v, ap 'v) — afal v 2

and that the group My, = G,, underlying the Shimura varieties of dimension 0 in
the boundary is regarded as a subgroup of GSp, via

NN OéIQ
(67 IQ .
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Thus, the restriction of A\(k,k’,c) to Moy = Gy, is a — afa¥ o= F = o
. e (k=K' +4)
Then, Thm. 4.3 shows that My acts on H?(Wy, E) via a — « e , and

. c=(ktk'+6) . . .
on H3(Wp, E) via a — o 2 . According to our convention explained at the

beginning of section 3.1 and the definition of the Shimura datum (G,,, Ho) in section
3.1, the mixed Hodge structure H?(Wy, E) is pure of weight —(c — (k — k" + 4) and
the mixed Hodge structure H3(Wp, E) is pure of weight —(c — (k + k’ + 6)). The
group Hc occurring in the statement of Thm. 4.1 is a neat arithmetic subgroup
of My ;(Q) = GL2(Q) and the spaces H"(Wp, E') underly irreducible representations
of Mp,; = GL2 whose highest weight is regular because of our assumption on the
regularity of A(k, k', c) (this can be easily checked by hand in this specific case and
[Sch2] Lem. 4.9 proves this fact in great generality). As the Poincaré upper half-
plane is contractible the group cohomology H°(Hc, H"(Wy, E)) coincides with the
0-th Betti cohomology of the modular curve of level Ho with values in the local
system associated to H™(Wy, E), hence is zero according to Thm. 5.1. Similarly, we
have H2(Hc, H"(Wy, E)) = 0 thanks to Cor. 5.3. Furthermore as Wy has dimension
3, we have H"(Wy, E) = 0 for n > 3. As a consequence, the second statement of
Thm. 4.1 shows that

HO4i* j u(E) = w(H (He, H*(Wo, E))),
HYigi* jpu(E) = p(H' (He, H* (W), E)))

and the lemma is proved. O

REMARK 4.9. Actually, we can say a bit more: as the variation of Hodge struc-
tures HYipi*j. u(E) and HYiji*j.u(E) are associated via u to an algebraic represen-
tation of the group G,, underlying the Shimura variety 0570, we know that these
variations are direct sums of Tate variations 1(n) of weights —2n given by the lemma.

In the next lemma, we identify the variations of Hodge structure H™iji*j.u(E)
over the strata of dimension 1 of 0Sy. In the proof of the lemma we denote by
A(d, ¢) the algebraic character of the diagonal maximal torus of M; ; = GL2 sending
diag(a1, a7 'v) to a‘fy%d for all pairs of integers (d, ¢) such that d = ¢ (mod 2). When
d > 0, the character A(d,c) is the highest weight of the irreducible representation
SymVsy (C;d) of M p.

LEMMA 4.10. As variations of Hodge structure on 0Sr,1 we have
/ k—FK
H_Qisfi*j*ﬂ(E) =K (Symk Va (%)) )
K —k—2
H— llﬂlsl*]* ,U/(Symk+1V2 (C+ 5 ))7
—k—-K -
S k+1V
u( ym ) )
- k k' —4

Proof. Let q1 = Lie@, = to; ® my where to; = LieW; and my = Lie M; and
Mj is the Levi subgroup of Q1. We use the notations of Thm. 4.3. In this case, the

7{0212 Juft

?ilzlz e fd

and H"i3i*j..pu(E) = 0 forn > 3.
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unipotent radical Wi is not abelian so A(wy,h) = {p1,p1 + p2,2p1 + p2}. Denote
again by s, the reflection whose axis is orthogonal to the root p. We see that

!
W' = {wo, w1, w2, w3}
where

wo = Id,
W1 = Spyy
W2 = 52p14p25p1s

w3 = 82p1+p2.
The length is given by I(w;) = i. We have

wi Ak, k' ¢) = MKk, c),
wo Ak, k' c) = M=k, k, c),
w3 Ak, k' c) = M=k, K, c)

thus

wi. Ak, K y¢) +p) —p
wa.(A(k, k', c) +p) — p
w3(/\(k7 k/a C) + p) -p

AK — Lk+1,0),
M=K =3, k+1,¢),
M=k —4,Kc).

Recall that the weight A\(k, &, c) is defined by

. _ _ /o e—k—k'
Mk, K c) : diag(ay, ag, a7 'v, ap tv) — abal v 2

and that the group M; 5, = GL2 underlying the Shimura varieties of dimension 1 in
the boundary is regarded as a subgroup of GSp, via

ad — be

ab'_> a b
c d 1

As a consequence, the restriction of A(k, k', ¢) to the diagonal maximal torus of M; j, =
GLg is given by

. _ /o c—k—k' I ctk—k'
diag(c, o™ 'p) — o =af e

This is by definition the weight A(K’,c¢ + k) which is the highest weight of the ir-
reducible representation S’ymleg (#) Note that Thm. 4.3 describes the co-
homology H™(W1, E) as a representation of My ; x Mj ;. In this case Mi; is the
multiplicative group G,,, whose irreducible algebraic representations are just charac-

ters. Furthermore an irreducible representation of Mj; x M, is a tensor product of
an irreducible representation of M; ; and of an irreducible representation of M j,. As
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a consequence according to Thm. 4.3, we have

HO (W1, E) = Sym" V2 <C+];_k/> ,
HY(Wy, E) = Sym* 1V, (#) ,
H2(Wh, E) = Sym*+1V, (#) ,
) - s (=5 =1)

as representations of Mj j, :7GL2. For dimension reasons, we have H" (W1, E) for
n > 3. Finally, as the group H¢ is a neat arithmetic subgroup of M7 ;(Q) = G,,(Q),
it is trivial. So now the proof follows from the second statement of Thm. 4.1. O

REMARK 4.11. Note that the computations given in the proofs of Lem. 4.8 and
4.10 coincide with the ones given in [Sch1] Table 2.3.3.

5. Interior and boundary cohomologies. Let p, ¢ be two non-negative inte-
gers. Choose k > k' > 0 two integers satisfying the following conditions:

e k+ k' =p+q (mod2),

eIf0<p<k andp<k—k thenk—k —p<qg<k—kK +p,

eIf0<p<k andk—Fk <pthenp—k+k <q<p+k-F,

elf i/ <p<kandk' <k—pthenk -k —p<q<k+k —p,

elf k! <p<kandk—p<k' thenp—k+k <q<k+k —p.
According to Cor. 2.2, the conditions imply the following: write ¢ = p + ¢ + 6 and
denote for the rest of the paper W an irreducible algebraic representation of GSp, of
highest weight A(k, k', ¢) (see section 2.1 for a definition). Then we have

(SymPVa ® SymVz)(3) C *W.

In this section and the following we will need several times the next result in the case
where G is GSp, or GLs:

THEOREM 5.1. [Sal] Thm. 5. Let G be a reductive algebraic group defined over
Q and let D its associated symmetric space, i.e. D = G(R)/KAg where Koo is
a mazximal compact subgroup of G(R) and Ag is the identity component of the R-
valued points of a mazimal Q-split torus in the center of G. Let T' C G(Q) be a neat
arithmetic subgroup, let X = T'\D and let E be the local system on X associated to
an irreducible algebraic representation of G.

If D is a Hermitian or equal-rank symmetric space and E is of reqular highest
weight, then H'(X,E) =0 for all i <  dimX.

REMARKS 5.2. (i) This result is announced without a detailed proof in [Sal] and
proved in the preprint [Sa2]. However, in the case of G = GSp, a published proof can
be found in [TU] Cor. A.1. In the case of GLg, one can argue as follows, as Bruno
Klingler explained to me: according to Borel density theorem [Bo], any arithmetic
subgroup T' of SLy is Zariski dense. Now let v € H(I', E) where E is a non-trivial
irreducible algebraic representation of SLo. Then the stabilizer of v in SLs is a closed
algebraic subgroup which contains I'. Hence v is stable under SLy which implies that
v =0.
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(ii) Recall that the weight A(d,c), resp. A(k,k’,c), of the diagonal maximal torus
of GLg, resp. GSp, is said regular if d > 0, resp. if K > k' > 0. In other words,
the irreducible algebraic representation Sym?Va(t) has regular highest weight if and
only if d > 0. The weights A\(d, c), resp. A(k, k', c) have been defined just above the
statement of Lem. 4.10, resp. section 2.1.

COROLLARY 5.3. Let K, resp. L, be a neat arithmetic subgroup of GLa(Ay),
resp. GSpy(Ay), and let My, resp. Sp, be the modular curve of level K, resp. the
Siegel threefold of level L. Let k be a positive integer, let t be an arbitrary integer
and let E be an irreducible algebraic representation of GSp, whose highest weight is
reqular.

Then, the  spaces  HZ2(Mp, SymkVa(t)), HY (M, Sym*Va(t))  and
H?(Mpg, SymFVi(t)) are zero and the space Hi(Sy, E) is zero for any i > 3.

Proof. As the arguments are exactly the same for the vanishing of
H2(Mpg, Sym*Vy(t)) and H!(Sr, E), we only write down a proof of the latter. Let
i > 3. The fact that L is neat implies that Sy, is smooth. So, by Poincaré duality we
know that the vector space H:(S, F) is dual to H~¢(S, EV), where E denotes the
contragredient of E. Let A(k, k', ¢) be the highest weight of E. We have k > k¥’ > 0
by assumption. Then EV has highest weight A(k, k', —c), which is regular. As i > 3,
Thm. [Sal] implies that H®~%(SL, EV) = 0, hence H:(SL, E) = 0. Let us show that
HY (M, Sym*Va(t)) = 0. Let j” the Baily-Borel compactification of My and i” the
complementary reduced closed embedding. We have an exact sequence

H™2(OM,i" 3 Sym*Va(t)) ——— HJ (M, Sym™Va(t)) ——— H°(Mx, Sym*Va(t))

according to (4). Lem. 4.4 shows that the complex i"”*;”SymkVa(t) is concen-
trated in degrees —1 and 0 so that H~2(0Mp,i"*j’Sym*Va(t)) = 0. Hence
HY(My, Sym*Va(t)) is a subspace of H°(Mpy,Sym*Va(t)). As a consequence
the vanishing of H?(Mgy, Sym*V,(t)) is implied by Thm. 5.1. To show
that H?(Mpg,SymFVa(t)) = 0 one uses Poincaré duality and the vanishing of
HY (M, Sym*V;(t)) as explained in the first part of the proof. O

The following lemma will be useful to us.

LEMMA 5.4. Let K C GLa(Ay) be a compact open subgroup. Then the mized
Hodge structure H' (M, SymFVa(t)) has weight zero if and only ift = 1 or k+2t = 1.

Proof. Let H}(Mg,Sym*Va(t)) = Im(H}(Mg,Sym*Va(t)) —
HY (Mg, Sym*Vs(t)). The variation of Hodge structure SymFVa(t) is pure of
weight —k — 2t (see section 3.1) so the mixed Hodge structure H,' (Mg, Sym*Va(t))
is pure of weight —k — 2t + 1. Let j” the Baily-Borel compactification of My and
i"" the complementary reduced closed embedding. The long exact sequence (4) gives
rise to the exact sequence of mixed Hodge structures

0 — H} (Mg, Sym*Va(t)) — HY (Mg, Sym*Va(t)) — HY(OMp,i"* j!' Sym*Va(t)).
As OM is of dimension zero we have
HO(@Mie, " 1 Sym*Va(t)) = HOOMic, W01 12 Sym*Va (1))

which equals H*(OMg, 1(t—1)) according to Lem. 4.4. This is a pure Hodge structure
of weight —2(¢ — 1), so the conclusion follows. O
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Denote by H, F’(S, W) the interior cohomology, which is the image of the cohomol-
ogy with compact support H3(S, W) in the cohomology H3(S,W). As the central
character of W is ¢, the variation of Hodge structure on S associated to W is of
weight —c according to Pink’s convention recalled at the beginning of section 3.1. So
H(S,W) is a pure Hodge structure of weight —c+3 = —p—¢—3 < —3 and the "mo-
tive” HP(S, W) is subject to Beilinson’s conjecture as sketched in the introduction.

PROPOSITION 5.5. Assume k > k' > 0 . If we are in the cases (i), (ii) of Cor.
2.2 where 0 < p < k', assume that k' # p+ q+ 2. Then we have an exact sequence of
R-vector spaces

0— ExtllleSig(L H}(Sp,W)) — ExtllleSig(L H?*(Sp,W)) — Ext;msﬂ{(L H'(dS1,i"j.W)).

Proof. Our assumption k > k' > 0 means that the highest weight of W is regular.
Hence, occording to Cor. 5.3 we have H2(S, W) = 0. As a consequence, the long
exact sequence (4) gives rise to the exact sequence of mixed Hodge structures

0— HP(Sp,W) — H3(Sp,W) — H (0SL,i*j. W) — 0.

By application of the functor M — HomMHSﬁ{ (1, M) we obtain the exact sequence

Homyg+ (1, H (951, "5, W)) — Extims% (1, H3(Sp, W)

— ExtlleSﬁ{ (1, H3(Sp, W)) — ExtlleSﬁ{ (1, H'(0Sy,i*j.W).

So it is enough to show that the mixed Hodge structure H*(9Sy,,i*j. W) has no weight
zero. To this end, consider the exact sequence

HY0Sp 1,151 5. W) — HY(9S,i*j. W) — H(0SL.0,i5i*j. W)
obtained by taking the cohomology of the exact triangle
it G W =it W ——— W ——— g ikt W ——

As 0S50 has dimension 0, we have H°(9SL o,igi*j. W) = H°(0SL 0, Hi%i*j. W),
whose weight is

—(c— (k=K +4)=k—K—-p—q-—2

according to Lem. 4.8 (i). Let us check that this is non-zero by definition of k£ and
k'. There are four cases:

Ho<p<k,p<k—kKandk—k —p<qg<k—k +p: then —¢< —(k—K)+p
sok—k —p—q—2<-2<0,

i) 0<p<k,k—kK <pandp—k+k'<qg<p+k—FK:then —p<—(k—Fk)
sok—kK —p—q—2<-—q—2<-2<0,

(i) <p<k kK <k-pandk—k —p<qg<k+k'—p: then —¢ < —(k—FK)+p
sok—k'—p—q—2<-2<0,
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(iv) K <p<k,k—-p<Kandp—k+k <q<k+k'—p: then —p < —(k - k)
sok—kK —-p—q—2<-—q—-2<-2<0.

As a consequence H®(9Sy, o,i5i*j.W) = H°(0SL 0, Hi*j.W) has no weight
zero.

Let us consider now the mixed Hodge structure H}(9Sy 1,43i*j.W). According
to Thm. 4.1 we have

1
HX(0S,1,i1i" 5. W) = @ H} (0811, H"i}i"j. W).

n=-—2

The fact that S 1 is one dimensional implies that H2(9S 1, H %ii*j.W) = 0.
Furthermore according to Lem. 4.10 we have

K —k—-2
HLiti*j W = SymFTV, <C+ 5 ) ;
/ —k—kK -4
HOEi* W = SymF Vs (%) .
As k+1 > 0, resp. k' > 0 by assumption, we have H2(9SL 1, H 1ii*j. W) = 0,

resp. HY(0Sp 1, H1i3i*j.W) = 0 according to Cor. 5.3. Thus we need to show that
H(0SL1,H%%i*j.W) has no weight zero. Our Lem. 4.10 shows that

_ k _ k/ _ 4
HOiTi* 5 W = Sym* TV, (%) '
Now the mixed Hodge structure
—k—k —4
H; (0810, M1 W) = H, <8SL,1,Symk+1‘/2 (62>)

is Poincaré dual to

J— — I_
Hl (aSL,la (Symk-l-lvé)v (1 _ %))

where (Symkﬂ%)v = (Sym*™'V5) (—k — 1) is the contragredient to Sym"™1V5.
Hence we want to show that

/_ —
H! (8SL_,1,Symk+1V2 <kk20+4>>

has no weight zero. To this end let us check that we can apply Lem. 5.4 i.e. let
us check that £=%-ct4 £ 1 and (k + 1) + 2.5=E=<+ £ 1. Note that the equality

w # 1 is equwalent tok!l —k—p—q— 2 # 2 and that we checked above
that k' —k—p—q—2 < 0in all possible cases. So it only remains to check that
(k+1)+ PR _k e+d £ 1. This is equivalent to k' —p — ¢ — 2 # 0. As above, there
are four cases:

(i), (ii) In these cases we assumed k' —p —q — 2 #£ 0,
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(iii), (iv) In these cases —p < =k so k' —p—q—2< —q—2<-2<0.

Thus HY(0SL 1,i}i*j. W) has no weight zero. O

PROPOSITION 5.6. Assume k > k' >0, k+ k' #£#p+q, k—k —p—q+# 2 and
k—p—q#1. Then we have canonical isomorphisms of R-vector spaces
Extll\/IHS%(l, H3(Sp,W)) = H},(S/R, W),

Extll\/IHSE(l, HY(0S,i*j.W) = H%(dS1 /R, i*j.W).

Proof. The exact sequence (3) shows that our statement is equivalent to
Homyps+ (1, HY(Sp,W)) = Homyps+ (1, H?(0S1,,i*j.W)) = 0.
As above, via Cor. 5.3, we have H2(Sr,W)) = 0 so that H*(Sz,W)) is a sub-mixed

Hodge structure of H?(9Sr,i*j.W). As a consequence it is enough to show that
H?%(0Sy,i*j.W) has no weight zero. Taking the cohomology of the exact triangle

i G W =it W ——— W ——— it W ——
we obtain the exact sequence of mixed Hodge structures
H2(0SL 1,i5i* j W) ——— H*(0SL,i*j.W) —— HY(OSL 0,i5i*j W).

As 051 is zero-dimensional, we have H'(9Sy o,i4i* j. W) = H®(dSL.0, H ifi* 5. W)
and according to Lem. 4.8, the variation of Hodge structure H!i$i*j.W has weight

—(c—(k+k +6)=k+Kk —p—q.

By assumption this weight is non-zero thus H' (S, o, i%i*j. W) is of non-zero weight.
Let us turn our attention to the mixed Hodge structure H2(9Sy, 1,i}i*j.W). For
the same reasons given in the proof of the previous proposition we have

2

where the second equality follows from Lem. 4.10. This mixed Hodge structure is

Poincaré dual to
/ v —k—kK -4
i (351 (sme'e)” (124K 21)

’ \ ’
where (Sym’C Vg) = Sym¥ V,(—k') is the contragredient representation. Hence we

have to show that
/ k—k — 6
i (515, (LK 222 0))

/
H?(OSp.1,ii"j.W) = HY(OSp.1, H'i{i" j. W) = H} (asL,l, Sym” Vs (w))

2
has no weight zero. To this end we check the assumtions of Lem. 5.4: we have
k—kK —c+6 k—-k —p—q
= 1

5 5 # 1,
k—K —c+6
g =k-p-q#l
by assumption. Hence Lem. 5.4 shows that

J— / J—
)

E +2.

has no weight zero and the proof is complete. O
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6. Main results. Consider the integers p, ¢, k and k' satisfying the assumptions
stated at the beginning of the previous section. Denote again by W an irreducible
algebraic representation of GSp, of highest weight \(k, k', ¢) where ¢ = p+ g+ 6 (see
section 2.1 for the definition of A(k, k', c¢)). In this section we are going to prove the
vanishing of the right hand vertical map

H3,(0(Mg X Fre, Micr)/R,i"™ 5L (SymPVa W SymiVs)(2)) —— H3,(dSL/R,i*j. W)

in the commutative diagram of Lem. 3.4 (ii) for F = (Sym?V, X Sym?V3)(3) and
E = W, under some assumptions on k& and k’. This will be done in three steps: we
show the vanishing of the corresponding map on the level of strata of dimension 1 and
0 and then deduce the vanishing of the above map by considering some long exact
sequences. Let us show as a first step that the right hand vertical arrow

Hi (O(Mrc X ey Mico)1/R, 0707 L (Sym?Va B SymV2)(2)) ——— H3(0SL1/R,i1i"j. W)

in the commutative diagram of Lem 3.5 (ii) for d = 1, F = (SymPV5 K SymV3)(3)
and E = W is zero for most of the choices of k and k' as above. We start with a
preliminary lemma.

LEMMA 6.1. Assume k' >0, k+k #p+qandk #p+q+1. Then

HZ(0Sp1/R,i7i% 5. W) = H3,(0Sp1 /R, HOii* j. W),

Proof. The first statement of Thm. 4.1 together with the last statement of Lem.
4.10 imply that

1
H3,(08,1/R,i7i"j.W) = @ Hj ™(0SL1/R, H ii*j. W)

n=—2
thus we need to show that

H3,(0Sp1 /R, H 051" W) = H3 (Sp,1 /R, H 33" j. W) = Hp (0Sp1 /R, H'iji* 5. W) = 0.
In the case of the first absolute Hodge cohomology space, the exact sequence (3) is

0— ExtllleSﬁ{ (1, H3(0Sp 1, H™2i3i* j W) — H3,(OSL 1 /R, H ™ 2iTi*j. W)

— Homygyyg+ (1, H*0Sp.1,H 2% 5. W)) — 0.

By the second statement of Thm. 4.1 the mixed Hodge module H~2i}i*j,W is in
fact a variation of mixed Hodge structure over the curve 95y, 1, so it has no singular
cohomology in degrees 3 and 4. This shows that Hf,(0SL,1/R, H ?i3i* 5. W) = 0.
Similarly, we have the exact sequence

0— Extll\msﬁ (1, H2(0Sp 1, H™Yiti*j W) — H3(0SL 1 /R, H ™ ili*j. W)

— Homygpye (1, H3*(0Sp 1, H iti*j. W) — 0

and for the same reason as above the right hand space is zero. The left hand space
vanishes too because the variation of Hodge structure H~1i}i*j, W is associated to a
representation of regular highest weight (see Lem. 4.10) and because of Cor. 5.3.
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Let us turn our attention to HJ,(9SL,1/R, HYiji*j W). According to
Lem. 4.10 we have H'i}i*j,W = Symk,Vg (#) Our assumption

k' > 0 says that the highest weight of Symk,VQ (szl"l) is regular so that

HO (8SL71, Symk/VQ (#)) vanishes according to Thm. 5.1. This implies that

Sk ek . ’ — k- k’ —4
Hy (8Sp1 /R, H " . W) = Hom, o+ (LHl (asL,hsym’c Vo <Cf>>> .
The mixed Hodge structure H! (8SL71,Symk,V2 (%)) has no weight zero

because of our assumptions and Lem. 5.4: indeed, we have

c—k—k -4 ptq-k—-KF+2
2 N 2
c—k—k —4

k'+2.f=p+q—k+27€l

#1,

by assumption. As a consequence H}, (95 1/R, H'iji* . W). O

At this point, the proof of the following proposition is a bit tedious but not
difficult.

PROPOSITION 6.2. Let W be an irreducible algebraic representation of GSp, of
highest weight A(k, k', c). Assume as in the previous lemma that k' >0, k+k # p+q
and k # p+ q+ 1. Furthermore, assume p+q—k — k' <2 and k' # p,q. Then the
right hand vertical map

H3 (0(Mr X prey My )1 /R, i7" i (SymPVe B SymVa)(2)) ——— H3(3SL1/R,i7i*j. W)

appearing in the commutative diagram of Lem. 3.5 (ii) for F = (SymPVy X
SymiV,)(3) and E =W is zero.

Proof. By construction, this map is obtained by applying the absolute Hodge
cohomology functor to the morphism

Q12 qu 7 L (SymPVa B/ Sym V) (2) —— 7i"j. W]
appearing in Lem. 3.5 (i). Thanks to Lem. 6.1 it is enough to show that the morphism
q1 151" 5L (SymPVa B SymiV3)(2) —— HOiji*j. W(1]

is zero. According to Lem. 4.10 we have

HOiti* 5 W = Sym* TV, (

p+q—k—k’+2)
5 :

By the first statement of Thm. 4.1 and Lem. 4.6 we have

i §L(SymP Ve & SymV3)(2)
= H i L (SymP Ve B SymVa) (2)[1] @ HOiT i L (SymPVa W SymaV3)(2)[0]
= (SymVa (p + 2) B SymPVa (q + 2))[1] ® (Sym?V; (1) B SymPVz (1))[0].

According to Lem. 3.2, the morphism ¢; is the composite of an étale cover and of
the inclusion of some connected components. This implies ¢; . = ¢11 and q!1 = q.
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Furthermore we have the following identity: ¢} SymVa(t) = SymVa(t) B SymVa(t)
for any d and t. By adjunction we deduce
Hom pr (w0, 1 /R)) (91« (Sym?Va (p + 2) B SymPVa(q + 2))[1], H'i1i" . WIL)
= Hom (Sym?V; (p + 2) B Sym”Va(q + 2), q; Sym* v, (r))
= Hom (Sym™Va (p + 2) B Sym?Va(q + 2), Sym** 'V, (r) B Sym*™ V5 (1))

where the last two Hom spaces are taken in the category D’(MHMg(9(Mx x Fre,

Mpg+)1/R)) and where we wrote r = W. Let us show that this space vanishes
for weight reasons. Recall that the variation of Hodge structure Sym*Va(t) is pure
of weight —k — 2¢. Hence the variation of Hodge structure Sym?Va (p + 2), resp.
SymPVa(q + 2), has weight —q — 2p — 4, resp. —p — 2q — 4. The variation of Hodge
structure Sym*+1V4 (r) has weight

—(k+1)—2r=k —-p—q-—3.

But —q—2p—4 =%k —p—q— 3 is equivalent to ¥’ = —p — 1 which is impossible
because k' and p are non-negative integers. Similarly —p —2¢ —4 £k —p —q — 3.
As a consequence
Hom po (vmws (9551 /) (01« (Sym@Va (p + 2) B SymPVa(q + 2))[1], HO43i* . W1])
= Hom (Sym?V (p + 2) B Sym?Va(q + 2), Sym 1V, (r) B SymF TV, (r)) =0.

On the other hand

Hom pi (v 9511 /7)) (01 (Sym@Va (1) B SymPVa (1))[0], 10474 j. W [1])
= Hom (Sym?V; (1) B Sym®Va (1), (Sym* Vs (r) B Sym* 14 (r))[1])
= Hom (SquVQ B SymP Vs, (SykaerQ(r —-1)H SykaerQ(r - 1))[1])
= Hom (1, (Sym"t'Va(r — 1) ® (Sym?Va)Y 8 Sym™ Va(r — 1) @ (SymPVz)Y)[1])
= Hom (1, (Sym" Vo ® SymVa)(r — ¢ — 1) B (Sym* Vs @ SymPVa)(r — p — 1)[1])
where all Hom spaces but the first are in the category D®(MHMg(I(Mg X py,
Mpg)1/R)) and where the superscript ¥ denotes the dual variation. In the last equal-

ity, we used the identity V,Y = V5(—1) between algebraic representations of GLg. The
last Hom space above is by definition

Hy (0(My X Fre, Mk )1/R, (Sym* T Va@SymIVa) (r—q—1)B(Sym* T Va@ SymP Vi) (r—p—1)).

Note that by definition of k£ we have k > ¢ in all cases (see the conditions stated at the
beginning of section 5.). Thus, according to [FH] Ex. 11.11, we have the isotypical
decomposition

q
(Sym* 1V, @ SymiVa)(r —q—1) = @ SymFrati=2ay,(r — g — 1+ a)
a=0

as representations of GLy. Consider a fixed piece Sym*+t9t1=2¢V,(r — g — 1+ a) in
the above decomposition, which is regarded as a variation of mixed Hodge structure
on the modular curve M = Mg x Fr, OM . We have the exact sequence

0 — Ext!

st (L HO(M, SymFHat1=20Vs (r—q—14-a)) — Hy (M/R, Sym* 141 =20Vy (r —g—1+a))
R
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— Homygyyg (1, HY(M, Sym*+tat1=2ay,(r — ¢ — 1+ a)) — 0.

As k4+q+1—2a > k—q+1 > 0, the singular cohomology H(M, Sym*+at1=2ey,(r —
g — 14 a) vanishes for all @ thanks to Thm. 5.1. Let us explain why the mixed Hodge
structure H'(M, Sym*+a+t1=2¢1,(r — ¢ — 1 + a) has no weight zero: we just have to
check that the conditions of Lem. 5.4 are verified for all a. But

p—q—k—k’+2a<p—|—q—k—k’
2 - 2
k+q+1—-2a+2(r—q—1+a)=p—K +1#1

r—qg—14+a= <1,

by assumption. So, it follows from Lem. 5.4 that
Homy gt (1, HY (M, Sym* a1 =20V, (r —g —1+a)) = 0

for all 0 < a < ¢ thus H},(M/R, SymFtat1=2aV,(r — g — 1 + a)) = 0. Using the
assumption k' # ¢, one proves exactly in the same way that

Hj (M’ /R, (Sym™ V5 @ SymPVa)(r —p — 1)) = 0

where M’ = OMy X pye, Mk is the other connected component of O(Mg x Freo Mgi)1.
As a consequence, we have

Hom po (vt (95,1 /7)) (01« (Sym@Va (1) B SymP Vs (1))[0], H2i7i* . W1]) = 0
and the proof is complete. O
Let us turn our attention to the strata of dimension 0.
LEMMA 6.3. We have
Hy (0(Mic X i, Mic)o/R, i1 52 (SymPVy B Sym?V2)(2))
= H3(O(Mg X pi, Mic)o /R, H™hig i jL(Sym? Va B Sym V) (2))
H3y(O(Mic X e, Micr)o/R, HYig i 5L (SymPVa B Sym113)(2))

D

and

H3,(0SL0/R,i%i* 5. W) = Hy (0SL0/R, H igi* 5. W) @& HY,(0SL 0/R, HYifi* 5. W).

Proof. According to the first statement of Thm. 4.1 and to Lem. 4.5 we have
H3 (0(Mrc X ey Micr)o/R, i 1" 5L(SymPVa R SymV2)(2))
0

= P Hy"(0(Mx Xy, Mo )o/R, H i j.(SymPVa R SymV3)(2)).

n=-—2

The exact sequence (3) and the fact that d(Mk X, M) is of dimension 0 shows
that

H (0(Mx X prey Micr)o /R, H™2i60™ jL(SymPVa B SymV3)(2)) = 0.

So the first statement is proven. The second statement is proven the same way. O
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PROPOSITION 6.4. Let W be an irreducible algebraic representation of GSp, of

highest weight \(k, k', c). Assume that k + k' # p + q, that % s even and
that the disjoint union of cusps O(M X i, Mrcr)o is totally real. Then the right hand
vertical arrow

H3((O(MK X pyy, Mir)o/R,ig i i (SymPVa ) SymVz)(2)) — H3 (9S1,0/R, igi* . W)
appearing in the commutative diagram of Lem. 3.5 (i) for F = (SymPVy K
SymiV5)(3) and E =W is zero.

REMARK 6.5. See Rem. 6.7 for an explanation of the fact that the set of levels
such that (Mg X, Mk)o is totally real is non-empty, and even infinite.

Proof. By construction this map is induced by applying the absolute Hodge
cohomology functor to the morphism

G040 i 1" Ji (SymPVa B SymVa)(2) ——— doigi™jx W]
of Lem. 3.5 (i). Thanks to Lem. 6.3, it is enough to show that the morphism
Go L ig i JL(SymPVa B Sym V) (2)[1] @ go . HOi i, (SymPVa B SymVa)(2)[0] ———
HOii* j W 1] @ H'igi* j. W [2]

is zero. Note that thanks to Lem. 4.8 and our assumption k+ k'’ # p+ ¢, the variation
of Hodge structure H'i%i*j, W has non-zero weight. This implies

HY(08L.0/R, HYi%i* 5. W) = Homy g+ (1, HY(0Sr.0, H'igi* 5. W) =0

so the variation of Hodge structure H'iji*j.W does not contribute to the target of
the morphism we are studying (see Lem. 6.3). As a consequence it is enough to show
that

qo«H 6" §L(SymP Vo B SymVa)(2)[1] @ qo« H46"1"™ ji (SymP Ve B SymV2)(2)[0] ———
HOi5i* 5. W]
vanishes. By Lem. 4.5 we have

Hlig i L (SymPVa ® SymVs)(2)
Hoié*i/*ji(SympVQ X SymiVs)(2)

(p+1)@l(g+1),
(0).

By properness of qg (see Lem. 3.2), the mixed Hodge module go1(p+1) = qo«1(p+1)
is pure of weight —2(p + 1) ([S1] Cor. 1.8). Similarly ¢p.1(q + 1) is pure of weight
—2(q +1). According to Lem. 4.8 the only weight occurring in H%i%i*j. W is —(c —
(k—k +4)). Recall that c=p—+q+6sothat —(c—(k—k +4)=k—kK —p—q—2,
which is non-negative by assumption. As both —2(p+ 1) and —2(q+ 1) are negative,
we have

=1
=1

Hom ps (MM (0510 /R)) (qO*(l(p +)®1l(g+ 1)),7—[0i3i*j*W) =0.

It remains to show that

Hom po (v (9510 7)) (40+1(0), HYigi* 5. W1]) = 0.
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By adjunction we have
Hom pi (vum, (05,,0/R)) (90+1(0), H 45" 1. W [1])
= Home(MHMR(a(MKxFKO M)o/R)) (1(0), goH%igi* 5. W1]) .
The Hom space above is nothing but
Hy(0(Mg X gy, Micr)o/R, qgH i 5. W)

= ExtllleSﬂ{(l, H(O(Mk X p,e, Mir)o, qgHi5i" 5. W)).

But the Tate variation of Hodge structure g3 H%%i* j. W has weight
—(c— (k=K +4)=k—K—-p—q-—2
according to Lem. 4.8. But we assumed that Lf‘ﬂ is even and that O(Mg X
Mp+)o is totally real. Hence the above space is zero according to [HW1] Cor. A.2.12.
This proves that the map
HY((0(MK X py, Mgr)o/R,ig i i (Sym?Va )R SymV2)(2)) — Hy (9SL,0/R, ibi*j. W)
is the zero map. O

We can now combine the two previous vanishing results to prove the main the-
orem for the construction of our 1-extensions. The proof relies on the fact that the
boundary 0S5y, of the Baily-Borel compactification of Sy, can be seen as the Baily-Borel
compactification of 95y, 1.

THEOREM 6.6. Let W be an irreducible algebraic representation of GSp, of
highest weight A\(k,k',c). Assume k >k >0, k+k #p+q, k+Kk —p—q+2>0,
k # p+q+1 in order to apply Prop. 6.2 and assume that % is even and that
(Mg X Fi, M) is totally real in order to apply Prop. 6.4. Furthermore, assume

that %M is even and the boundary of the Baily-Borel compactification of 0S, 1

is totally real. Then the right hand vertical arrow
H3,(0(Mg X Fre, Micr)/R,i"™ 5L (SymPVa W SymiVs)(2)) —— H3,(0SL/R,i*j. W)
in Lem. 3.4 for F = (SymPVa X SymiV,)(3) and E =W is zero.

REMARK 6.7. Let N > 3 be an integer. Denote by L(N) C GSp,(Ay) the
principal congruence subgroup of level N defined as the kernel of my : GSp4(i) —
GSpy(Z/NZ). Then dSp(ny,1 is a disjoint union of modular curves of principal level N,
i.e. of Shimura varieties of the shape Mg () where K (N) is the kernel of GLz (2) —
GL2(Z/NZ) and 00Sr(ny, is the disjoint union of spectra of the cyclotomic field
Q(un) (see [M] 1.2 p. 8). Let L/(N) = my'(£I) where I € GSp,(Z/NZ) is the
identity matrix. Note that like L(N), the subgroup L'(N) is normal in GSp4(z).
Then, it follows easily that 0Sr(ny 1 is a disjoint union of spectra of the maximal
totally real subfield Q(un)t C Q(un)-

Proof. We have a morphism of exact triangles
W —— W ——— gLkt W — s

H l l

1110787 W ——— 01,8707 W ——— 104051148787 5 W ———
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in D?(MHM 4(9S,/R)) (see [BBD] 1.4.7.1). Applying the absolute Hodge cohomology
functor we get the commutative diagrams with exact lines

H2, (0Sp1/R,i3i*ju W) —s  HZ(OSL/R,#juW) —20—  HL(0Sp.0/R,i5i*j- W)

| [ |
H,z_tyc(()SLyl/R,zlz G W) -t H%(QSLJ/R,HZ jxW) ——— H,}_L(aSLyo/R,Zoll*le G W)

HY,(0SL.0/R,i5i" W) —22s HZ, (0Sp1/R,iji*juW) —2  HZ(OSL/R,i*j W)

% | [ |
HY, (8SL,0/R, ifir 176" juW) ——— H3, (3SL1/R,ii*j W) ——— HF(8SL1/R,i5i"jW).

Let v belonging to the image of

Let us first look at the first commutative diagram above. According to Prop. 6.4 and
to the commutative diagram of Lem. 3.5 (ii) for d = 0, we have ¢¢(v) = 0. Hence
v = 11 (w) for some w € H3, .(3SL1/R,i}i*j.W). According to Prop. 6.2 and to the
commutative diagram of Lem. 3.5 (ii) for d = 1, we have ¢} (w) = ¢1(v) = 0. As a
consequence we have w = 9, (u) for some u € HY(0S,0/R, iji1i}i*j.W). Hence, it
is enough to show that v, is the zero map.

We can argue as follows: the variety 05,1 is a disjoint union of modular curves
so we can consider its Baily-Borel compactification j; : 9Sp1 — (9Sp1)*, with
complementary closed reduced embedding ¢; : 00Sp1 — (0Sr1)*. We have a
commutative diagram with cartesian squares

0Sp1 —I s (8Sp1)* —“— 00SL.
0SL1 —2—  9S, 22— 0Spo

where r is finite (see [P1] 7.6). By functoriality and the proper base change theorem
([S3] 4.4.3) we have

1001 0107 Ju W = 90T J1 8787 W = 1701 J1 10707 ju W
and by adjunction

H,(0S1,0/R, i iii*j W) = HY (0SL,0/R, vl 1 078" j. W)
= HY(00SL1/R, }j1 i7" W).

Now applying twice Thm. 4.1 we see that

i W = @ P H G H T IV [~ (s + 1)
S t

By (3) we have the exact sequence

0— ExtllleS;{r(l, H™Y00SL 1, t51+055% 5. W) — HY(00SL 1 /R, 5141715 W)
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— Homygpye+ (1, HY(00SL 1, 154141515 W)) — 0
and as 00511 is of dimension 0 we have
H™Y(00S1 1, 0114171 W)
= H%00Sr 1, H 1. HYii* 5. W) @ HY(00SL 1, HO g1« HLiti* . W),
HY(00SL 1,15 j14151% 5. W)
= HY(00Sp 1, H i j1«H i7" 5. W) @ H° (00811, HOu ju « HOii* 5. W),

All these Tate mixed Hodge structures are explicitly computable via a successive
application of Lem. 4.10 and 4.4. We find that

VG HOT W = HO g (Sym’““v2 <7‘3_ kK- 4)) —1 <7C+ k=K = 2) 7

2 2
* R . . K —k—-2 K —k—4
HOLlﬁ TN JW = ’H1L1J1* (SymkHVz <C+f>> =1 (%) ,
! /
H Y W = HO g (Symk v <7‘3 i 2"7 4)) _1 (7‘3 k“;k 4),
. . . —k—kK —4 —k—kK —
HOLTJE MO W = ’Hlbljl* (SymkHVg <Cf>> =1 <%> .

By assumption c—k+k'—4=p+q—k+k'+2andc—k—K —6=p+q—k -k
are non-zero so

Homyps+ (1, HY(00S1 1,15 j1+i51* W) = 0.
As a consequence we have

HY (0SL.0/R, iy «i5i* 5. W) = HY(DOSL 1 /R, 1551 «i7i% . W)

= ExtllleSg(l, HY00Sr.1,t}j1+171* 5. W)).

Furthermore, by our assumption & > k' > 0 and Lem. 4.10 the variations of Hodge
structure H"i]3*j. W are associated to a representation whose highest weight is regu-
lar. It follows from Cor. 5.3 that 05y 1 has Betti cohomology with compact support
with coefficients in such a variation of Hodge structure only in degree 1. As a conse-
quence we have the exact sequence

0— ExtllleSi{ (1L, HX(0Sp1, HOii* . W) — HE, (9SL1/R,iji*j. W)

— Homype+ (1, HX0Sp 1, H iyi*j. W) — 0.

According to Lem. 4.10 we have H'i¥i*j,W = Symk/Vg (#) The mixed
Hodge structure
/ —k—kK -4
HZ (01, H'i7i"j. W) = H} (asm, Sym*' vy (Cf))

is Poincaré dual to

2

o (k=K —p—
- H <BSL71,Symk Va (#))

— p— /_
H <8SL71, Sym* Vs (1 el Sl k’>)
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S k—k' —p— k—k'—p—
Our assumptions imply =524 # 1 and k' +2.7—52=4 = k—p—q # 1 so that Lem.
5.4 shows that H! (8SL71, Symk/VQ (%)) has no weight zero. This implies

that the right hand term of the above exact sequence vanishes. As a consequence, the
map v, is the composite of the projection

HY/(0SL.0/R,i%i1«i}i* 5. W) = HY,(00SL 1/R, t}j1 4031 5. W)
— Exti/IHSﬁ{ (1, HY(00SL,1, H ™ 5 g1 H iTi* 5. W)
and of the map

(1, H(00Sp.1, H i MO 5. W) — Extl (1, HX(8SL.1, HOiTi" j.W)).

Ext MHS}

1
Xymsy
Hence, to show that v, is the zero map, it is enough to show that

Ext}\ms%u, H(00S1,1, H ™ 51 101 5. V)

B 1 0 p+q+k—Fk +4
g (1.0 (053, (79

is zero. But this follows from our parity assumption and the assumption that 0S5y, 1
is totally real according to [HW1] Cor. A.2.12. O

As we explained in the introduction, we have a Q-linear map
Eish: B, ® By — H3 (Mg X ey Mo /R, (SymPVo R Sym?V;)(2)) — Hy, (S /R, W)

where B, resp. By, is the source of the Eisenstein symbol of weight p, resp. ¢, and
where the map H, (Mg X, Mg /R, (SymPVa B SymiVs)(2)) — H},(SL/R, W) is
the Gysin morphism. Our final result is now a trivial consequence of what we proved
so far.

THEOREM 6.8. Let W be an irreducible algebraic representation of GSp, of
highest weight A(k, k', c). Keep the assumptions of the previous theorem. Assume that
k—k —p—q—2%#0 and if we are in the cases (i), (ii) of Cor. 2.2 where 0 < p < k'
assume that k' # p+ q+ 2 as in Prop. 5.5. Then the above map is the composite of
a map

Eish: B, ® By —— Extll\AHSE(l,H?(SL,W))

and of the inclusion ExtllleS+(1, H3(Sp,W)) C H},(SL/R,W).
R

Proof. According to the commutative diagram of Lem. 3.4 (ii), the composite
map

i Py
Eisy;

B, ® By —2* H},(SL/R,W) —— H},(0SL/R,i*j.W)

fits into the following commutative diagram
By @ By

l

H2,(M x M, (SymPVa W SymiV3)(2)) ——— HL (O(M x M), j,(SymPVa K Sym4V2)(2))

l !

H2,(S,W) —_— HZ2,(08,i*j.W).
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According to Thm. 6.6 the right hand vertical map of this diagram is zero. So the
map Fish? factors through the kernel of the lower horizontal map of the diagram.

H

Now according to Prop. 5.6, we have

H3 (SL/R,W) = Extll\/IHS]g (1, H3(Sp, W),

H(0SL/R,i*j W) = Extll\/[HSﬂ{ (1, HY(0SL,i*j. W)

and according to Prop. 5.5 we have the exact sequence

0 — Bxt! (1, H?(Sp,W)) — Ext} (1, H*(Sp,W)) — Bxt! (1, H'(dSL,i*j. W)).

+ + +
MHS MHSFE MHSp

This implies that the kernel of

HY,(S,W) —— H3,(9S,i*j.W)

is ExtllleSg(l, H2(SL,W)). Hence the statement is proven. O
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