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APPROXIMATE CONVERSE THEOREM*

MIN LEEf

Abstract. We present an approximate converse theorem which measures how close a given set
of irreducible admissible unramified unitary generic local representations of GL(n) is to a genuine
cuspidal representation. To get a formula for the measure, we introduce a quasi-Maass form on the
generalized upper half plane for a given set of local representations. We also construct an annihilating
operator which enables us to write down an explicit cuspidal automorphic function.
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1. Introduction. The spectral theory of non-holomorphic automorphic forms
for the Poincaré upper half plane H? = {z € C | Im(z) > 0} began with Maass in
1949. Tt is a highly non-trivial problem to show that there exist infinitely many even
Maass forms of the Laplacian for L? (SL(2,Z)\H?). The existence of infinitely many
even Maass forms for SL(2,7) was first proved by Selberg [20] in 1956. He introduced
the trace formula as a tool to obtain Weyl’s law, which gives an asymptotic count for
the number of Maass forms with Laplacian eigenvalue |A\| < X as X — o0. Selberg’s
method was extended by Miller [18] to obtain Weyl’s law for Maass forms for SL(3,Z).
In 2004, Miiller [19] further extended Selberg’s method to obtain Weyl’s law for Maass
forms for the congruence subgroups I' < SL(n,Z), n = 2.

Up to now, no one has found a single explicit example of a Maass form for
SL(n,Z), with n > 2, although Maass [16] discovered some examples for congru-
ence subgroups I' < SL(2,Z) of finite index by using Hecke L-functions. In the 1970’s
a number of authors considered the problem of computing Maass forms for SL(2,Z)
numerically. The first notable algorithms for computing Maass forms on SL(2,Z)\H?
are due to Stark [21] and Hejhal [9]. In 2006, Booker, Strombergsson and Venkatesh
[3] computed the Laplace and many Hecke eigenvalues for the first few Maass forms
on PSL(2,7)\H? to over 1000 decimal places, based on Hejhal’s algorithm. Moreover,
they suggested a method of how to check the numerical computation rigorously and
verified that Laplacian eigenvalues were correct up to 100 decimal places.

Recently, Lindenstrauss and Venkatesh [13] obtained Weyl’s law for spherical cusp
forms on G(Z)\G(R)/K where G is a split semisimple group over Q and Ko, ¢ G
is the maximal compact subgroup. In the Appendix [13], they explained a short
constructive proof of the existence of cusp forms using Whittaker functions. This
proof does not give Weyl’s law, but it gives a very explicit method for constructing
cuspidal functions, which was used in [3]. Moreover, this constructive method can
be used to attack the following “approximate converse” problem suggested by Peter
Sarnak, at the conference in 2008 on Analytic number theory in higher rank groups:

Given a positive number X, a set S of places and a representation 7, of GL(n,Q,)
forv e S, give an algorithm to determine whether or not there is a global automorphic
representation o whose analytic conductor is at most X and whose local component
at v is within e-distance from m, for each place v e S.
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18 M. LEE

The main goal of this paper is to suggest the approximate converse theorem (The-
orem 1.14) as an answer to this question for globally unramified cuspidal automorphic
representations of GL(n,A) where A denotes the ring of adeles over Q.

1.1. Quasi-Maass forms and the annihilating operator. Let n > 2 be
an integer. For a place v < o0, let 7, be an irreducible admissible unramified uni-
tary generic representation of QX\GL(n,Q,). Let L(s,m,) be the local L-function
attached to m,. Then there is the associated Satake (or Langlands) parameter
bey =Ur, 1y s lrym) €C" with 7 1 + -+ + £r, ., = 0 such that

ns n YA .
ﬁfTHF<S+§f’]), ifv=o00
[I(1=p ") ", ifv=p<w

for s e C.
For v = p a finite prime, we have

. . . —1
L(s,m,) = (1 AW )5 e A (1A (L, )7 4 (f1)np*ns)

where

(1.2) M ey = 3, p et ),

I<ri<--<r;<n
For v = oo the infinity prime, we have the Whittaker function Wy(z; ¢, , 1)
of type £, in (2.14) for z € H" =~ SL(n,R)/SO(n,R), the generalized upper half
plane. It is a solution of differential equations given by Casimir operators C,(lj ) in (2.5)

with eigenvalues A (lr,)€Cforj=1,...,n—1in (2.7). The Casimir operators
generate the center of the universal enveloping algebra of the Lie algebra of GL(n, R).

In particular A,, = —C,(ll) denotes the Laplacian and
D _nt+l 1 2 2
)‘n(gﬂ'm) . )‘OO (eﬂ'm) 12 n(n - 1) (gwoo,l +eee Tt éwoo n)

is the corresponding eigenvalue. The Whittaker functions were constructed by Jacquet
[11].

The goal of this paper is to suggest a method to compare a set of local repre-
sentations and a global cuspidal representation. In order to compare sets of local
representations, we should define a “distance” between them. Roughly speaking,
the “distance” can be defined by the difference between the coefficients of local L-
functions.

Let M a set of places of Q, including co. For each v € M, let m, be an irreducible,
admissible, unitary, unramified generic representation of Q\GL(n,Q,). Let

H]w = {7TU |’UEM}.
DEFINITION 1.3 (Distances between sets of local representations). Let M and

M’ be sets of places of Q including oo and Iy, I, as above. Let S < M n M’ be a
finite subset including co. Define the distance between Iy and I, for S to be

‘e

l

(1.4) ds(Ty, ITyy) = 2‘&0 (lr,) — )\(J)(ﬁ/‘ Zi‘w (br,) = AP (Ery)

g€ s, ':
finite
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APPROXIMATE CONVERSE THEOREM 19

for m, € Iy and ), € 1T,

We use the quasi-mode construction [3] for a given set of local representations
IIp; to construct an automorphic function.

For any non-negative integers k1, ..., kn—1, let Sk, .. k., ,(®1,...,25,) be a Schur
polynomial as in (2.17). For 7, € II); for a prime p, define

Army (0" 1) = Sk (07 p T,

For any positive integers myq, ..., m,_1, we construct Ar,, (my,...,m,_1) satisfying

Amy (ma, . ymn 1) - Ay, (M, omy, ) = Ay, (mamy, ... mpimy, )
if my---mp—1 and mi---ml_, are relative prime to each other. Set
An,, (ma, ... ,my—1) = 0 if there exists a prime ¢ ¢ M such that ¢ | mq - -my,_1.

By combining Wy (x; £, ,+1), the Whittaker function of type ¢,_, and complex
numbers Ar,, (m1,...,mp—1) for my,...,my—1 € Z, we construct a function for z €

H", which is essentially a Whittaker-Fourier expansion.

DEFINITION 1.5 (Quasi-Maass form). Let M be a set of places over Q including
0. For z € H", define

(1.6) F,,(2) = Z Z Z Z AHM(mlw"@l)

VeN(n—1,Z\SL(n—1,2) mi=1  mn_a=1mn_1#0 oot M

my - Mp—a|Mp_1|

W, .(7 1) Z;&WM

Then Fi1,, is called a quasi-Maass form of ;.

A quasi-Maass form Fiy,, is a function on H" which lies in the restricted tensor
product of local representations 7, € II;;. By definition, we can easily observe that
F11,, is an eigenfunction of the Casimir operators ¢ with eigenvalues /\g) (lr,,) for
T € py, for j =1,...,n — 1. It is also an eigenfunction of the Hecke operators. In
particular, for each p € M, the )\I(f ) (€x,) for m, € Iy are eigenvalues of Fiy,, of Hecke
operators T,gj) for j =1,...,]%] given in Definition 2.19.

A Hecke-Maass form is a smooth function in L?(SL(n,Z)\H") which is an eigen-
function of the Casimir operators and the Hecke operators simultaneously. Every
Hecke-Maass form is a quasi-Maass form but not vice versa. For an arbitrary set of
local representations, the quasi-Maass form usually is not automorphic for SL(n,Z).
Fix a fundamental domain §" = SL(n,Z)\H" (described in Remark 2.27), and define
the automorphic lifting of the quasi-Maass form as follows.

DEFINITION 1.7 (Automorphic lifting). Define an automorphic lifting

ﬁHM (Z) = FHM (’72)7

for any z € H" and a unique v € SL(n,Z) such that vz € F".
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Let
C1
(1.8) 3" = gl 3",
~ESL(n—1,7), Cn—1
Clsenns Cp—1€Z 0 0 1

then Fi1,, (z) = Fi,, (2) for z € §*. The function Fir,, is automorphic for SL(n,Z)
and square-integrable. But it is neither smooth nor cuspidal in general. To construct
a cuspidal function from Fij,,, we use an operator whose image is cuspidal, defined
in [13].

The approach in [13] is based on the observation that there are strong relations
between the spectrum of the Eisenstein series at different places. From this observa-
tion, a convolution operator was constructed, which annihilates the spectrum of the
Eisenstein series. So the image of the operator is purely cuspidal. This convolution
operator was used to obtain Weyl’s law [13] and also was used to give a short and
elementary proof which shows the existence of infinitely many Maass forms.

For PSL(2,7Z)\H?, this operator was given explicitly in [13] and it was used in
[3] to check the numerical computation rigorously. For n > 3, although the operator
was defined in a more general case, it is quite complicated and it is not easy to
describe this operator explicitly. In this paper, we give an explicit construction of
the convolution operator whose image is purely cuspidal. Moreover, the operator
annihilates the self-dual spectrum. The construction goes as follows.

Fix a prime p. For j =1,2,set £; = ({j1,...,¢j,) €C", £j1+---+4L;, =0. Let
(1.9)

R l5]
iy (01, £2) 1= n 1_[ (1 — p Bt )= (G2 +“'+£2’jk)) .

k=11<i1<--<ip<n 1<j1 <--<jp<n

w3

In Lemma 2.22, we use a Paley-Wiener type theorem [10] for EZ and define the an-
nihilating operator g to be a certain polynomial in convolution operators and Hecke
operators at a prime p. Then quasi-Maass forms are eigenfunctions of the operator
oy - For a given set of local representation Iys, we have iy Fir,, = iy (br.,, x,) - Flny,
for mo, mp € Iy

As in [13], we prove the following theorem.

THEOREM 1.10. Let n = 2. The space of the image of the annihilating operator

iy on smooth functions in L? (SL(n, Z)\H") is cuspidal and infinite dimensional. So

there are infinitely many Hecke-Maass forms in L* (SL(n,Z)\H") which are not self-
dual.

We apply the annihilating operator f to ﬁ'n  to construct a non-trivial cuspi-
dal function. Since f is a polynomial in convolution operators associated to some

compactly supported distributions, we need to make the function ﬁn b0 be smooth.
For any g € SL(n,R), by Polar decomposition, there exist £,& € SO(n,R) and

el
(a1,...,a,) € R™, a1+-~-+an=0suchthatg=§1( )52. As in [12], we

define a polar height o(g) = 0 to be

(1.11) o(g) :==4/a?+---+a2, forany g€ SL(n,R).
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Then o(g~!) = o(g) and o(g192) < o(g1) + o(g2) for any g1, g2 € SL(n,R). For any
6 > 0, define

(1.12) Bs:={ge SL(n,R) | o(g) <d}.

For 6 > 0, let Hs be a standard bump function with supp(Hs) < Bs. Then
Fr,, = Hs(g Fi,, (gh~Y)Hs(h) dh is a smooth function. By Lemma 2.20,
if

) = SSL(n,R)

(1.13) 0<o<m|rnt0 (i

-1
-2j+1
SO (S ) )

2

j=1

then I?'HM #* Hs is non-trivial. So u;‘(ﬁhM * Hy) is a cuspidal function by Theorem
1.10.

The quasi-Maass form Fip,,, and its automorphic and cuspidal liftings play im-
portant roles in the approximate converse theorem.

1.2. Approximate Converse Theorem. In this section we present an approx-
imate converse theorem which measures how close a given set of irreducible admissible
unramified unitary generic local representations of GL(n) is to a global cuspidal rep-
resentation. _

For a finite prime ¢ and for 1 < j < [%], let G((ZJ) be a finite set of matrices which

generate the Hecke operator Tq(j ) defined in Definition 2.19 by left translations. Let
#(T) be the number of elements in G§. For a subset V < H", let

Tq(j)sz U {vz | zeV}
4G

and

(T V= | {zeH" |yzeV}.

q
'yeng)

THEOREM 1.14 (Approximate Converse Theorem). Let M be a set of places of
Q including oo properly and S < M be a finite subsel including o0. Assume that
h;‘(&rx,fﬂp) # 0 for some pe M and me,mp € Ipy.

For § given in (1.13), there exists an unramified cuspidal representation © of
A\GL(n,A) such that

(1.15)  dg(m, 1) < sup |Fi,, (z) — Fi,, (2)

‘2
ZEBQ

_ 71271 n271 n2"*1
(77 ) OB (A + Asie)
X

~ 2 0 [s) 9 )
(e b)) I T Mt P dry
ed(2" =1 np+9) e4(27 =1 inp+6)

where

e 2
-y ( Lm € =32 een) s(o) dg> ,
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0, if S = {0},
_ nin (5] N2
As finite = | o"50 > 22: (ﬂTq(J)) ,  otherwise,
qesS, =1
finite
(Hni%n)'B‘msn’ if § = oo,
By = W\ — N
(quijx) (Hn — S") Ng",  otherwise,

and

Sn'B(;*Snv ZfS:{OO}a
By = B )
Tg2. 8" —38", otherwise.

dmax

Here ¢max = max (S — {o0}).

REMARK 1.16.

1. If the right hand side of (1.15) is sufficiently small for sufficiently large S,
then by Remark 8 [4], the genwine cuspidal representation m can be uniquely
determined.

2. For an unramified cuspidal representation o = ®. o, of A*\GL(n,A), define
an analytic conductor C(o) := [] (1 + 4o, ;1) as in [4]. Fix Q = 2. By [4],

j=1
for any unramified cuspidal representation o =~ ® o, with C(o) < Q, there
5 (o Lor)

exists a prime p < log Q such that is sufficiently large.

There are two important ingredients in the proof of Theorem 1.14: the annihi-
lating operator f and the spectral decomposition of L? (SL(n,Z)\H"). For a given
set of local representations Ilj;, we can construct a cuspidal function explicitly, by
applying f;} to the automorphic lifting of a quasi-Maass form Fiy,,. The procedure is
described in the previous section. Since the function is cuspidal, it is generated by
Hecke-Maass forms for SL(n,Z). We can get (1.15) by applying the Casimir operators

and Hecke operators and compare the eigenvalues.

One could try to generalize this theorem by relaxing the globally unramified
condition.

Another particular question attracts our attention. How close can a given positive
real number get to a Laplace eigenvalue of an actual Maass form? The following is a
sample case of Theorem 1.14, which can be regarded as an answer to this question.

 THEOREM 1.17. Let M be a set of places of Q including oo properly. Assume that
hg(ﬂﬂx,éﬁp) # 0 for at least one prime p € M and my, ™, € lpr. Then the Laplace
eigenvalue A, (L, ) € C of F11,, satisfies the following: for any & given in (1.13), there

oo
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exists an eigenvalue A of the Laplacian of a Maass form for SL(n,Z) such that

A=Al ) < sup | Finy, (2) = Fiiy (2)

2€8n-Bs

2, n2n— 1
<p 2<n2+1> +p2<n2+1)> Vol (( > s} S")

‘ 2

X

~ 2 0 9] 5
ﬂﬁ(ew@apr) S S |WJ(y7 Teo )| d*y
42"~ 1inp+s) e4(2"~1inp+s)

y [6(1 + e29)

S5 Cs - Vol(Bs) + 2\ (b )]

S S —1
where Cs = (SB(; e T-G-1o(9))? dg> )

We choose a “good” bump function Hs to prove this theorem.

Recently, Booker and his student Bian computed the Laplace and Hecke eigen-
values for Maass forms on SL(3,Z)\H? [1], [2]. Moreover, Mezhericher presented an
algorithm for evaluating a (quasi-) Maass form for SL(3,Z) in his thesis [17]. We
expect that we might use the approximate converse theorem to certify Bian’s compu-
tations.

Acknowledge. This paper came about through the suggestion of my thesis ad-
visor, Dorian Goldfeld, and I would like to thank to him for his invaluable advice and
continual encouragement in this project. Also I am indebted to Andrew Booker, Sug
Woo Shin, Andreas Strombergsson and Akshay Venkatesh for helpful comments.

2. Quasi-Maass forms and the Annihilating operator. We review basic
facts about the Hecke-Maass forms in the first two sections. The main reference is [6].

In the introduction, we define quasi-Maass forms corresponding to the given set
of local representations. By applying the annihilating operator f, it is possible to
write down a cuspidal function explicitly. We study about the quasi-Maass forms and
the annihilating operator in §2.3.

2.1. Preliminaries. Let n > 2 be an integer. Let

ay

e
R
A%(n,R) = Moo €% Lo SL(n, R
(n,R) Jn € e ST )
ean
then
a(n) ={a=(a1,...,a,) eR" a1 + -+ a, =0}
is isomorphic to the Lie algebra of A°(n,R). For each a = (a1, ..., ay) € a(n), define
eM
expa = e A%n,R).
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Let
1 1,2 T1.3 N T1,n
1 2,3 N T2,n
N(n,R) := : zi;jeR, forl<i<j<n
1 Tn—1,n
1

Define the generalized upper half plane H™ to be a set of matrices z = zy € SL(n,R)
such that

1 Z12 T1,3 e T1,n
1 xr23 ... T2.n
(2.1) x = € N(n,R)
1 Tn—1,n
1
and
(2.2)
Y1 Yn—1
n—1 Tn
. yl PN yn72
Y=0Qyy ... y,_1 = (H yj ]> ! . EAO(TL,R)
i=1 -
1
for y1,...,yn—1 > 0. By the Iwasawa decomposition, any g € SL(n,R) can be written

uniquely as g = zyé with x € N(n,R), y € Ag(n,R) and £ € SO(n,R). So the gener-
alized upper half plane H" can be identified with the quotient SL(n,R)/SO(n,R).
Define Iwy (g) € a(n) to be

(2.3) exp(Iwy (9)) = ay, ...y, .-
LEMMA 2.4. For any g € SL(n,R), let ay, . 4., = exp(Iwy(g)) for
Yls---yYn—1 > 0. Then we have

6*2‘7(9) <y < 62‘7(9)
and

e 10 <y <9 (forj=2,... n—1)

Proof of Lemma 2.4. By the Iwasawa decomposition and the polar decomposition,
1

e%

we haveg:zé-lw=51< )527 for §IW7§17§2ESO(TL7R) and (al7"'7an)e

a(n), where z = zay, . 4, , € H" for x € N(n,R) and ay, .4, , = exp(Iwy(g)).
Then

62(11
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_2(n—9)
Let y, = 1—[72—11 y, " andy; =y,-(y1- Yn—j)? for j = 1,...,n—1. Comparing the
diagonal parts, we have e=27(9) < Y < e27(9) for j =1,...,n, since o(g~") = a(g).
Therefore we have

e <yl g = (1Y)’ < €9

forj=1,....,n—1.0

Let a*(n) = {a = (a1,...,0p) ER" |1 + -+ + a, = 0} be the dual space of
a(n) and ag(n) = a*(n) ® C. For a,a’ € a(n) or af(n), let (a,a’) = 37| ;o
Then (,) is a (complex) symmetric bilinear form and it is positive definite on a*(n).
For a € a*(n), we put ||| = +/{a,a). Let W, denote the Weyl group of (R* n
SL(n,R))\SL(n,R), consisting of all n x n matrices in SL(n,Z) n SO(n,R) which
have exactly one +1 in each row and column. The Weyl group W,, acts on a(n) and
af(n) as a permutation group.

Let gl(n,R) be the Lie algebra of GL(n,R) with the Lie bracket [,] given by
[X,Y] = XY-YX for X, Y € gl(n,R). The universal enveloping algebra of gl(n, C) =
gl(n,R) ® C can be realized as an algebra of differential operators Dy acting on
smooth functions f : GL(n,R) — C. The action is given by

Dx(g) = & flgexp(iX))

t=0
for X € gl(n,R) where exp(tX) = Y7 YW For 1 < i, j < n, let E;; € gl(n,R)
be the matrix with 1 at the (4,7)th entry and 0 elsewhere. Let D;; = Dp, ; for
1<i,j<n.Forj=1,...,n—1, we define Casimir operators C,(lj) given by
Nt DR
(2.5) cY) = — Z Z Diyiy©Diyig 00Dy i
: =1 ;=1
where o is the composition of differential operators. Let A, := 707(11) be the Laplace

operator. Let Z™ be the center of the universal enveloping algebra of gl(n,R). It is
well known that Z" = R [c,ﬁ”, - ,c,ﬁ"‘”].

There is a standard procedure to construct simultaneous eigenfunctions of all
differential operators of D € Z". For £ = ({1,...,¢,) € af(n), define

n=j
n—1 % (gk+vl—22k+1)
(2.6) ou(g) == [u)™ ,
j=1

where exp (Iwy (g)) = ay,....y,_, for g€ SL(n,R). Then ¢, is a simultaneous eigen-

function of Z™. For j = 1,...,n — 1, define )\gg) (¢) € C to be the eigenvalue of cy
for ¢y, such that

(2.7) Ceulg) = N2(0) - olg), (L at(n)).
LEMMA 2.8. Letn>2 and £ = ({1,...,0,) € af(n). The Laplace eigenvalue is
1 1
(2.9) Ml0) = AP = "5 - G+t 82).

12 n(n—1)
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Proof of Lemma 2.8. For any y € A°(n,R), consider A, ¢¢(y). Then

1 n
Ange(y) = ————— {Z DjjoDsjpe(y)+ Y, (DijoDji+DjioDiy) W(y)} -

n(n—1) j=1 1<i<j<n
For any = € N(n,R), we have p;(yx) = @e(y). So Djipe(y) =0for 1 <i<j < n.
For 1 <i < j < n, we have
DijoDji+ DjioDij=2DijoDj;+ Djj— D

Therefore

Anpe(y) = —ﬁ {Z D% iou(y) + Z (Djj — Di,i)w(y)}

j
For ¢ € af(n), we define the spherical function of type ¢:

(2.10) Bilg) = LO( | pulen) e

for g € SL(n,R). Here d¢ is the normalized Haar measrue d¢ on SO(n,R). Then the
spherical function S satisfies the followings:
* Bu(&19&2) = Be(g) for any &1, & € SO(n,R)
e (3, is an eigenfunction of the Casimir operators C,(lj ) with an eigenvalue )\gé) ()
forj=1,....,n—1
e By(1)=1
We identify L?(SL(n,Z)\H") with the right SO(n,R)-invariant subspace of
L? (SL(n,Z)\SL(n,R)). If k is a bi-SO(n, R)-invariant compactly supported smooth
function on SL(n,R), it gives rise to a convolution operator f — f % k on
L? (SL(n,Z)\H") given by

Frk@ = [ flah Hkh) dn
SL(n,R)

More generally, one can consider convolution with compactly supported distributions
instead of functions. In this case, the convolution operator is well defined only on
suitable smooth functions f, for example on C* (SL(n,Z)\H").

Let k be a bi-SO(n,R)-invariant compactly supported smooth function on
SL(n,R). For any ¢ € af(n), the spherical function f; is an eigenfunction of the
corresponding convolution operator. The spherical transform %(f) € C is defined to
be the corresponding eigenvalue:

(2.11) (Be * k) (g) = k() - Be(g)

for g € SL(n,R). The inverse of the spherical transform is given explicitly in terms
of the Plancherel measure jiplanch on ag(n) by

ko) = [ | H@)8a(g) dianate) (0]
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2.2. Automorphic functions. The group SL(n,Z) acts on H" discretely. Fix
a,b > 0. We define the Siegel set 3, < H" to be the set of all matrices of the form

1 12 *1,3 .- Ti,n
1 23 ... ZT2.n
: a/ylrnxynfl
1 Tn—1,n
1

with |x; ;| < b for 1
The Sigel set X

U'yeSL(n,Z) Fyzéé :

An automorphic function for SL(n, Z) is a function f : H” — C such that f(yz) =
f(z) for any v € SL(n,Z) and z € H". Consider L? (SL(n,Z)\H") to be the space of
automorphic functions f : H™ — C satisfying

<i < j<nandy >aforl<i<n-—1 Let X, :=%, .
Ve

, is a good approximation of a fundamental domain: H" =
2 72

1£]3 = f FEP d*z < oo
SL(n,Z)\H»

where d*z = d*x d*y is the left invariant GL(n,R)-measure on H". Here d*zx =

i dzi g, and dfy = [[P2 y ¥ qye. For fi, fo € L2(SL(n, Z)\H),
1<i<j<sn 5J k=1 Jk
define the inner product

(f1, f2) := J f1(2) f2(2) d*=.

SL(n,Z)\H"

Let R be a commutative ring with identity 1. For positive integers n > 2 and
1<ny,...,n. <n withny +---+ n, =n, define
Ay *
nr(naR) = GSL(TL,R)
Ay

Ai € SL(TL“R),
1<i<r

.....

to be the standard parabolic subgroup of SL(n,R) associated to (ni,...,n,). The
integer r is termed the rank of the parabolic subgroup Py, .. n,(n, R). Define

Ay

n,. (M, R) = A;e SL(n;,R), 1<i<r
Ay

.....

to be the standard Levi subgroup of P,, . n,.(n,R). Define

I, *
n,(n, R) = € SL(n,R)
I,

.....

"

where I is the k x k identity matrix for an integer k£ > 1, to be the unipotent radical
Ny (nv R) .

.....
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The automorphic function f for SL(n,Z) is cuspidal if
fuz) d*u=0
(SL(n,Z)ﬁan ’’’’’ oy (n.Z))\an ’’’’’ ny (M,R)

for any partition ny + -+ +n, = n and r > 1. Let L2 (SL(n,Z)\H") denote the

cusp

space of automorphic cuspidal functions in L? (SL(n,Z)\H").
For each positive integer IV > 1, define

C1 6172 Cl,n
2.12 Gn = 2 . C2n c1 - cp=N,c1,...,cp, >0
(2.12) N 0<¢,;<c¢ (1<i<j<n)
Cn

Let f: H" — C be a function. For each integer N > 1, we define a Hecke operator

(2.13) Tvf() = 3 F09),

€GN

Clearly T; is the identity operator. If f € L?*(SL(n,Z)\H") then Tnf €
L? (SL(n,Z)\H"). For n = 2, the Hecke operators are self-adjoint with respect to
the inner product. For n > 3, the Hecke operator is no longer self-adjoint, but the
adjoint operator is again a Hecke operator and the Hecke operator commutes with its
adjoint, so it is a normal operator.

If a smooth function f € Leysp(SL(n, Z)\H") is a simultaneous eigenfunction of

Casimir operators Cflj) for j = 1,...,n — 1 and Hecke operators Ty for any N > 1,
then f is called a Hecke-Maass form.
If f is a Hecke-Maass form, then there exists £ (f) € af(n) such that

COf = A2 (U () - .
For { € af(n) and € = +1, define

(_1)l%J 1 w2 ... ulp
1 1 s U2p
(2.14) Wy(z;4,¢€) := J e ) : . : z
N(n,R) . o
1 1
% e—27‘ri(e-u1,2—u2,3—'“—Unfl,n) d*u

to be Jacquet’s Whittaker function of type £. Then CS) W (2;4,€) = A (0)Wy(z;4,¢€)

1 UuUr,2 ... Ul,n
1 e U2 n

forj=1,...,n—1. For any u = € N(n,R), we have
i
WJ(UZ;K, 6) _ 6271'1-(—6-11.1’2+’U42,3+"‘+un71,n) . W](Z;é, 6)

for any z € H™. Moreover,

J W (20,62 d*z < oo.
RN

3

2

[SEN



APPROXIMATE CONVERSE THEOREM 29

By (9.1.2) [6], every Hecke-Maass form f has a Fourier-Whittaker expansion of
the form

0 o0

@215) fz)= DY Aglma, -y mn-1)

n—1 E{n—Fk)
YEN,-1\SL(n—1,Z) m1=1 Mp—2=1mp_1#0 Hk:l mk| 2

my--- |mn_1|

x Wy .<7 1) 2zl (f) Mn—1

)
m1 |mn*1|

1

where Ay(ma,...,mp—1) € C. We assume that As(1,...,1) = 1. Then Tnf =
Ap(N,1,...,1)- f for any integer N > 1 and Ay(mq, ..., m,—1) satisfies the following
(multiplicative) relation [6]: for (mi,...,m,—1) € Z""!, and an integer m > 1, we
have

(2.16) Af(m,1,...,1)Ar(m,...,Mp_1)

_ A micCn m;Cj—1 Mp—-1Cn—2
-y p (e MG

iy o= gl ¢ Cn1

cylmy,..., Cp—1lmy, 1
and here c¢i,...,¢, > 0. Since Hecke operators are normal, we have
Af(mnfl, e ,ml) = Af(ml, N ,mnfl).
For any non-negative integers ki, ..., k,—1, let

(2.17)  Skyokn 1 (T2, T0)

kit tkn14n-1 xﬁl+"'+k71—l+n_l xvlz—l o {Ezil -1
$]1€1+m+k"72+n_2 o x§1+"'+k7172+"_2 ;[;?72 - 1’2_2
xlflJrl . LL’ZI_'_I xr1 A Tn
1 1 ... 1

be a Schur polynomial.
Since f is an eigenfunction of Hecke operators, there exist £,(f) =
o 1(f)s-- by n(f)) € af(n) for any finite prime p, such that

(2.18) Af(pkl7 PP = Sk kn,l(pflp’l(f), o 7p7£P,n(f))'
DEFINITION 2.19. Let n = 2 be an integer and fix a prime p. Forj=1,...,n—1,
define
T;SJ) = Z(fl)kTpkﬂTéjikil)
k=0

where TZS}) =Ty for any integer r = 0 and TZSO) is an identity operator.
By the multiplicative relations (2.16), we have
TOf=Ap1,...,1p1,....1) - f, (forj=1,....,n—1)
\ﬂ—/

J
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for any prime p. Then

)\](Dj)(gp(f)) =Af(1,...,1,p,1,...,1)

forj=1,...,n—1.
Let n > 2 be an integer. If a Maass form f satisfies

then f is called a self-dual Maass form.

2.3. Quasi-Maass forms and the annihilating operator. Let M be a set
of places over QQ including oo and II;; be a set of local representations as given in the
introduction. We construct a quasi-Maass form Fiy,, of IIp; on H", which lies in the
restricted tensor product of local representations 7, € II;; in Definition 1.5. Then for
j=1,...,n—1, we have CY) Fir,, = \Y (£x) - Fur,, and T Fr,, = A (¢x,) - Fin,, -

To define the automorphic lifting of quasi-Maass forms, we fix a fundamental
domain for SL(n,Z)\H". We define §" to be the susbset of the Siegel set X5 ,,

272
which contains ¥, 1, satisfying:
2

e for any z € H", there exists v € SL(n,Z) such that vz € " ;
e for any z € §", vz ¢ " for any I, # v € SL(n,Z) where I,, is the n x n
identity matrix.
Then §™ becomes a fundamental domain for SL(n,Z).
In Definition 1.7, we defined the automorphic lifting ﬁn » of a quasi-Maass form
Fi1,, with respect to the fixed fundamental domain §* and Fy1,, € L2 (SL(n, Z)\H").
We get a smooth automorphic lifting of a quasi-Maass form Fip,, defined via
iy A+ * K for any nonzero smooth compactly supported bi-SO(n, R)-invariant function
k on SL(n,R).
For § > 0, if a smooth compactly supported bi-SO(n,R)-invariant function Hg
satisfies the following conditions:
e supp(H) < Bs ;
e Hs(g) = Hs(g™?) for any g € SL(n,R) ;
e Hs(g) = 0;
. SSL(n,R) Hs(g) dg =1
then it is called the standard bump function. By Lemma 2.4, for z € ¥,45, we have

ﬁ‘HM *H5(Z) = FHM *H5(Z) = ﬁ5(£7fac) 'FHM(Z)'

By the following lemma, it is always possible to choose § > 0 such that ﬁHM x Hg is
non-trivial.

LEMMA 2.20. For any { = ({1,...,0,) € af(n) satisfying |Re((;)| < %, let

4™ —1) o
(2.21) LBs(f) :=1— >

n(n + 6)

l; +

n2j+1’

=1
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for 6 > 0, where A, (¢) is the eigenvalue of the Laplacian A, for pg as in Lemma 2.8.
Choose 6 > 0 such that LBs(£) > 0. Then

\ﬁg(e)\ > LBs(0).
Proof. [Proof of Lemma 2.20] For £ € af(n), we have

)1 < [ ) o)~ 11 do < swp o) <11

9geBs

So, ‘ﬁg(ﬁ)‘ > 1 — sup |pe(g) —1|. For g € SL(n,R), we have exp(Iwy (g)) =
9gEBs

(ylla . ’yiz) € a(n) and (pg(g) = 6(21 l(l +
eatib _ 1 — (a 4 ’Lb) Si patib—1 g, Qg

w 2]+1 ,
5 (60 ) g

n— 2]+1 /
)Ivi) - For any a,b € R, we have

n —2j+1 /
ezj=1(Re(€j)+%)-lny- -1

Z?:l (Re(éj) w) In y]

lpe(g) — 1| <

if >0, (Re(;) + 2=2+L) ‘Iny} # 0. Otherwise,

L n—275+1
o) - 1= |3 (6 + 2 .
j=1
By Lemma 2.4, for g € Bs, we have —§ < Iny} <4, for any j = 1,...,n. So,
i 2] + 1) i n— 2] + 1‘
O
by Cauchy-Schwartz inequality. Since |Re(¢;)| < %, we have
> n—2j+1 , - n—2j+1 n(n )
. - - - - < . — — .
Z(Re(ﬁj)Jr 5 ) Y, ;Re 5 05 (5+3

t . . . .
L — 1 and ¢ t_l is increasing, we obtain the lemma. O

Take ¢ as given in (1.13). Since 7y, is irreducible admissible unramified unitary

generic representation of R*\GL(n,R), we have |Re((r, ;)| < & for j =1,...,n [7].

So ’ﬁg(ﬁﬂx) > % and ﬁ'HM x Hg is a non-trivial, smooth automorphic function on
SL(n,Z)\H".
n (1.9), we defined f(¢1,¢2) for £1,0s € af(n). In the following lemma, we

apply a Paley-Wiener type theorem to EZ and construct the annihilating operator g
explicitly as a polynomial in convolution operators and in Hecke operators.

LEMMA 2.22. Let n = 2 be an integer and fix a prime p. There exists an
operator denoted fi, which is a polynomial in convolution operators (associated to
some compactly supported bi-SO(n,R)-distributions) and in Hecke operators at p,
satisfying

~

1pf(2) =ty Uo(f), bu(f) - f2),  (z€H").
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Here f is a smooth function on H™ which is an eigenfunction of Z™ of type Lo (f)
and also an eigenfunction of Hecke operators at p, with eigenvalues as in (2.18) for

p(f)-

REMARK 2.23. Before proving Lemma 2.22, we give an example of i for the
cases n =2 and n = 3.
1. Forn = 2, we have

by =Ty + T, —2T,L, + 1

where L, is the convolution operator associated to the distribution k such that
R(0) = p" +p® for any € = (£1,0s) € af(2). This operator satisfies i = NoN
for the operator X constructed in §2, [15].

2. Let n = 3. For j = 1,2,3, define the compactly supported bi-SO(3,R)-
distributions k+; such that &1 (0) = p +pP2+p®, k1 (0) = p~ 1 4+p~ 2 +phs,
Ral) = —RT3 (0 +371(0), F3(0) = Fi(0° —3773(0), mall) = —m3(0) Fa(0),
and K_3(0) = —k_3(0) - KZ1(0), for any £ = (€1,42,03) € af(3). Then

13 = TyLyy + T2Ley — T2 — Ty(TS?)2 L,
+ T§T£2)£K71 4 (1}52))2)&[{72 + (T1§2))3 + T1§2)£K73'

Proof of Lemma 2.22. Let W,, be the Weyl group of SL(n,R). For any w;, wsy €
Wi, we have 37 (wy.0y,ws.ls) = §7(¢1,62), and 30(£1,£2) is holomorphic in ¢, 4, €
ag(n).

For 1 <k <|[§|and 1 <r <dp(n)= ﬁlk),, consider homogeneous degree k - r
symmetric polynomials B, j in n variables, defined by

H (1 ,xp*(ajﬁr“*ajk))

I<ji<-<gp<n

=1-Bigl@)z+ -+ (=1)" Brp(a)z” + - + (1)) gde(m)

for any o = (ai1,...,05) € af(n). By [6], Hecke eigenvalues can be described in
Schur polynomials in n variables, and they are a linear basis for the space of homo-
geneous symmetric polynomials in n variables. So B, j(«) is an eigenvalue of a linear
combination of Hecke operators at p.

By using an analogous of the Paley-Wiener theorem [10] for distributions, we
show that there exist compactly supported bi-SO(n,R)-invariant distributions whose
spherical transform is B, ().

For 1 < k < |%], define homogeneous symmetric polynomials a; and b by

H (1 —p_(gl‘il+.”+€1‘ik)_(62’j1+”'+62*jk))

I<ji < <jps<n 1<iyp < <ip<n

di(n) dy (n)
= [I | X Bt tend = B ag(tn) bialta)
I<ii<-<ip<n r=0 7=0
for 61 = (€1,1,...,01n), b2 = (€21,...,l2y) € af(n) and some positive integer Jk(n)

Then a; (¢1) is a polynomial in B, ;(¢1). By symmetry, b; x(¢2) is also a polynomial
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in B, k(f2). So, there exist compactly supported bi-SO(n,R)-invariant distributions

n§k) whose spherical transform is a; 5 (f1). Foreach 1 <k < [§]and 1 <j < di(n),

let ﬁﬁ(k) be the convolution operator associated to the distribution Iig-k).
j

Moreover, there exist Hecke operators S’J(-k) such that

SM F = b (lo(f)) - f

where f is an eigenfunction of Hecke operators with parameter £,(f) € af(n).
Therefore

2] [di(n) .
(2.24) p=11{ X s cw
k=1 \ j=0 /

w[3

and

~

ipf =y (Lo (), 6p(f)) - f

where f is an eigenfunction of Casimir operators and the Hecke operators. O

Since we use distributions to define the annihilating operator f;, the operator is
well defined in the space of smooth functions. For § > 0, let Hs be a standard bump
function and we define the operator f; Hs to be

pHsf =ty (f * Hs)
for a function f : H® — C which makes the integral convergent. Then
@(51762) = EZ(flafz) CHs(01),  (for any €1, 6o € af(n)).

By the Paley-Wiener Theorem [10] and Lemma 2.22, the operator f; Hs is a poly-
nomial in convolution operators (associated to bi-SO(n, R)-invariant, compactly sup-
ported smooth functions), and in Hecke operators at the prime p.

LEMMA 2.25. Let M be a set of places over Q including 0. Let Fi1,, be a

quasi-Maass form for Iy and ﬁhM be an automorphic lifting of Fu,,. Assume that
T > 42" tInp + 0) for a given 6 > 0. Then for any z € S,r,

0 Hs iy (2) = 02 (b ) - Hs(Ury) - Finyy (2).

Proof of Lemma 2.25. Let k be a compactly supported function with support
in B, = {zeH" | o(z) <b} for some b > 0. For t > e for any 2z € %, as-
sume that o(zh™!) < b for some h € SL(n,R). Let exp (Iwy (2)) = ay,...4, , and
exp (Iwy (h)) = @y, 0, ,- Then, by Lemma 2.4, for j = 1,...,n — 1, we have
e 4 < ijj_l <e® So,vj =y;-e®® >t.e7%® > 1. Then Fu,, (h) = Fu,, (h)

because ¥; < §". So for z € ¥4, we have

I?'HM x k(z) = ﬁnM (h)m(zh_l) dh = E(aw) - Fiiy, (2).
Z'Bb
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For integers c1,...,¢, =1 and ¢;; = 0for 1 <i < j <n, and z € H", we have
¢t €12 ... Cin
(6] .. C2n ,
(2.26) - CFTE Ay, ey Sy,
Cn

for 2’ € N(n,R) and exp(Iwy (2)) = ay,

€1 €1,2 ... Cl,n
Cc2 ... C2n

then . ) Z € Xq.
C’n

As in (2.24), g, is a polynomial in Hecke operators and convolution operators

g-k) for k =1,...,|5] and j =

0,..., ﬁlk), Moreover, the spherical transform ‘gg_k) ([)’ « eFtitm mplRe(O] o

.....

associated with compactly supported distributions

any /¢ € af(n) and the implied constant depends on n and k. So, the operator 0y Hs is
a polynomial in Hecke operators and convolution operators associated with compactly
supported functions which have support in By, for b < 2" ! lnp+ 6, by Paley-Wiener’s
theorem [10].

Since Hecke operators are generated by left translations as in (2.26), and the
largest possible ¢, is p2”71 for . Therefore, for any 2 € X r for T' > 42" 11np +9),
we obtain the lemma. O

So if E]’D‘(Eﬂm,ﬂm)) # 0, then f (ﬁ‘nM *H(;) (z) is non trivial for § satisfying

LBs(lr,,) > 0. By Theorem 1.10, we show that f; (I?'HM * H(;) (z) is a smooth cus-

pidal automorphic function on SL(n,Z)\H". We prove Theorem 1.10 in the next
section.

REMARK 2.27. By §2 in [8], we get the following explicit description of the funda-
mental domain §". Let n = 2 be an integer and F" be the closure of the fundamental
domain §".

1. For n = 2, the closure of the fundamental domain F" is the set of z =
1
(5%) (y2 01) € H? for z,y € R and y > 0 satisfying 2> + y*> > 1 and
0y 2
1
lz| < 3.

2. For n > 2, the closure of the fundamental domain " is the set of

X 0
y = I ; y;nTil Y17
Tpn—-1 0
0 0 1 0 0 1
forxi,...,xn_1 € R and y1 > 0 satisfying the following conditions:

(a) 2 €51 ;
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b1
(b) for any * . | € SL(n,Z), we have

_2

n—1 n—1
(a4 c1zy + 4 cn1Tn1)’ + 95 (H yyj)

j=2
C1
x(e1 ..o enm1) > 1;

Cn—1
(c) |lzjl < 5 forj=1,...,n—1.

2.4. Proof of Theorem 1.10. As suggested in the Appendix [13], we prove
Theorem 1.10 for the annihilating operator fj).

REMARK 2.28. Let {1 = (61’1, - ;gl,n); by = (62’1, - 762,71) € a("c‘(n) By deﬁni—
tion, we have EZ(&,ZQ) =0, whenever (b1, + -+ 41;,.)+(laj, +---+L2;.) =0 for
any 1 < r < n. By [13], it can be proved that the image of the annihilating operator
0y s cuspidal. Here we give an explicit proof.

For 6 > 0, let Hs be a standard bump function. Then the operator fjHs can
be defined for the functions in L? (H") and 5 Hs (¢, £2) = 57(¢1,65) - Hs(¢1) for any
él, éz € a(”;(n)

The Langlands spectral decomposition states that

L*(SL(n,Z)\H") = L?

cont.

(SL(n, Z)\H")®Lies;. (SL(n, Z)\H")®LZsp, (SL(n, Z)\H")

where L2, denote the space of Maass forms, L2 consists of iterated residues of

Eisenstein series and L2, is the space spanned by integrals of Eisenstein series. For

any f e L?(SL(n,Z)\H"), there exists feont. € L2, fresi. € L2y and feusp € L(zjusp
such that

f(Z) = fCOHt~(2) + fresi.(z) + fcllsp(Z).

Our goal is to show that o) Hsfeont. = b Hsfresi. = 0, therefore h;‘H(;f(z) =
h;‘Hg feusp(2). We should show that for any Eisenstein series E, u;‘E = 0 for any
prime p.

Review some facts on Eisensteins series on SL(n,Z)\H" [6]. Let n > 2 be an
integer. For each partition n = ny + --- + n, with rank 1 < r < n, we have the
factorization P, n.(n,R) = Ny, 0. (n,R) - My, . n.(n,R). It follows that for any
g€ Py, . (n,R), we have

my, (9) 0 0
m,(g) ... 0
g€ Nny,..n,(n,R) - . . )
mnT (g)

where m,,,(g) € SL(n;,R) fori=1,...,r.
Let n > 2 be an integer and fix a partitionn =n;+---+n, with 1 <nq,...,n, <
n. For each i = 1,...7, let ¢; be either a Maass form for SL(n;,Z)\H" of type
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L (pi) € ag(n;) or a constant with £ (¢;) = (0,...,0). For t = (t1,...,t,.) € C" with
nity + - -+ + n,t, = 0, define a function

Pni,..., nr(';t;¢lv---v¢r):Pn1 ,,,,, nr(naR)g’C

by the formula

T

P (Gt 01, - 0r) 1= | ] di(mn, (9) - |det(mn, (9))["
i=1
for ¢ € Py, . n(nR). We can check that @, (gt P1,...,0r) =
Ony oo (Z38501, ..., 0y) for g = 26 with z € H" and £ € SO(n,R). Define the
Eisenstein series by the infinite series

(2.29) E(2) = Eny .. n.(2it;61, ..., br)
= Z ®na,..., nr(ﬂyzvta d)la"'ad)?”)

ny (M,Z)NSL(n,Z)\SL(n,Z)

,,,,,

for z € H". Then the Eisenstein series E is an eigenfunction of Z™ of type (y(E).
The Eisenstein series is also an eigenfunction of Hecke operators with a parameter
lp(E) for any prime p, if ¢1,..., ¢, are Hecke eigenfunctions. The Eisenstein series
are not contained in L? (SL(n,Z)\H"), but they generate the continuous and residual
spectrum in L? (SL(n,Z)\H").

The following lemma shows that an Eisenstein series is controlled by few param-
eters for the archimedean.

LEMMA 2.30. Let n = 2 be an integer. Fix a partition n = nq + --- + n, with
1<ny,....,n. <n. Forechi=1,...,r, let ¢; be either a Hecke-Maass form for
SL(n;, Z)\H™ of type Ly (i) € ai(n;) or a constant with Ly (p;) = (0,...,0). Let
t=(t1,...,ny) € C" with nity + -+ +nyt, =0. Let E(2) := En, .. n. (2t 01, .., ¢r)
be an Eisenstein series (2.29). Let 1 =0 and n; =ny + -+ +nj—q fori=2,...,r.
Then fori=1,...,r and n; + 1 < j < n; + n;, we have

n;—mn

(2.31) 05 (E) = (—1)° ( - m) s ()
0, ifv=o0;

me5={L ifv<oo.

Proof of Lemma 2.30. By Proposition 10.9.1 [6], the Eisenstein series E(z) is an
eigenfunction of Casimir operators of type £y (F).

For an integer N > 1, let Ay, (N) € C be the Hecke eigenvalue of T for ¢;
for i = 1,...,7. Then by Proposition 10.9.3 [6], the Eisenstein series E(z) is an
eigenfunction of the Hecke operators T« (for any k& > 0 and prime p) with eigenvalues

AE(pk) _ pik(n—271) Z H (A(;b] (pk]) .pkj(njél+tj+nj)) '

ki+-+kr=k, j=1
0<kjez

By using the multiplicative relations (2.16), we get the formula (2.31). O

By the lemma above, for any Eisenstein series E, we have

B (0o (E), £,(E)) = 0
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for any prime p. So gy FE = 0 for any prime p. Moreover, for any constant C' €
C, we have g;C = 0 for any prime p. Since the invariant integral operators and
Hecke operators preserve the space of cuspidal functions, we have by Hs f = b Hs feusp-
Therefore the image of iy Hs on L? (SL(n,Z)\H") is cuspidal.

Assume that f is a self-dual Hecke-Maass form for SL(n,Z). By definition, we
get Lo (f) = —Loo(f) and £,(f) = —€,(f) for any prime p, up to permutation. So
E;‘(ﬂoo(f),fp(f)) =0 and ) f = 0 for any prime p. Therefore the image of i Hs on
L? (SL(n,Z)\H") is generated by non self-dual Hecke-Maass forms.

We already show that the image of i Hs on L? (SL(n,Z)\H") is non-trivial in
Lemma 2.25. So it remains to prove that the image is infinite dimensional.

Take ayw = (Qw,1,..-,Q0m), @ = (0p1,...,0pyn) € af(n) such that
E;‘(ozoo,ozp) # 0. Assume that Re(aw ;) = 0 for 1 < j < n, for v = o0, p. Take ¢
as given in (1.13), then we have ‘ﬁg(am)‘ > 1 by Lemma 2.20.

As in Definition 1.5, we construct a quasi-Maass form F for {aq, o} such that

Ap (pkl, ... ,pk"*l)
F(Z) = Z Z Z 12" lk ( )]
’YEN(n_I)Z)\SL(n_I)Z) E:il kh“ ;kn 1/0 p2 i=1
pk1+"'+k}n71

pk1+"'+k}n72
8l
x Wy ) ( 1) 25 Qopsy €

1

where Ap(pkt, ... p*n=1) = Sk, k. (p7%1,...,p~%n). Then

~

M HsF (2) = 52 (oo, o) - Hs(ov) - F(2)

for z € H". N
Let F be the automorphic lifting of F' as Definition 1.7. Then g HsF' €

Lo (S’L(n,Z)\H") is smooth and cuspidal as we show above. By Lemma 2.25,
hZH(;F is non-trivial since Hs(cvo) ~Eg(o¢oo, ap) # 0.
Assume that the space of the image of i Hs on L* (SL(n,Z)\H") is finite dimen-

sional. Let

hpU = {uj, a Hecke-Maass form of type u; € af(n)

hZ’UJJ‘ # 0,
and [[u;|[§ =1
This finite set ;i is not empty and it is an orthonormal basis of the image of g Hs on

L? (SL(n,Z)\H"). Let B be the number of elements of f2/. Then 17U = {uy, ..., up}
and there exist cq,...,cp € C such that

(2.32) o H F (= Z cjui(z

Here c; # 0 for at least one j = 1,..., B. Assume that ¢; # 0.
Let T > 4(2" 'Inp + J). For any z € ¥.r, we have

B

(c@ A9 (a )) 0 Hy F (2 Z ( (%))uj(z)zo
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for any i = 1,...,n — 1. Since B is a finite positive integer, it is possible to assume
that g # p; (up to permutations) for any j = 1,...,B. Then there exists ¢ =
1,...,n—1such that A% (p1)— AD (aon) # 0. So there exists ¢, . .., ¢z € C such that
ui(z) = Zf:2 cj - uj(z) for z € ¥or. So in a similar manner, we deduce that there
exists 1 < 7 < B such that u;(z) = 0 for z € £.r. This gives a contradiction.

Therefore g should be an infinite set. It follows that the image of i Hs on
L? (SL(n,Z)\H") is infinite dimensional.

3. Proof.

3.1. Proof of Theorem 1.14. Let M be a set of places over Q including co. For
a given set of local representations ITy;, we construct the quasi-Maass form Fiy,, (2) for
IT); and its automorphic lifting Fiy,, (z) with respect to the fixed fundamental domain
$™ as in Definition 1.5 and Definition 1.7 respectively. For each local representation
7y € IIp, we have the Satake (or Langlands) parameter ¢, = (brx,.1,...,0r,n) €
af(n) as in (1.1). By Lemma 2.20, for a given ¢, the standard bump function H;

satisfies ‘ﬁg(&rw)‘ > 1. By Theorem 1.10,

(SL(n, Z)\H")

pHsP, =5 (P« Hs) € L2,
and h;}H‘;ﬁhM is non-trivial since EZ (rps lr,) - Hs (lr..) # 0.

The key idea to prove Theorem 1.14 is applying the following lemma to the
cuspidal function f HsFir,, (2). This lemma is a generalization of Lemma 1 [3].

LEMMA 3.1. Let n = 2 be an integer. Let M be a set of places of Q including oo
and Ilps be a set of local representations as in the introduction. Let S < M be a finite
subset including oo. If there exists a non-zero smooth function f € L? (SL(n,Z)\H"),
which is cuspidal, such that

n—1 ) [%J ) )
32 Y 2D E)) FIB+ Y Y I(TD = AP (6e)) 111 < e 11713

for m, € s, for some € > 0, then there exists an unramified cuspidal automorphic
representation o of A*\GL(n,A) such that dg(o,II) < €.

Proof of Lemma 3.1. By the spectral decomposition, the space
L2, (SL(n, Z)\H") is spanned by Hecke-Maass forms u;(z) with [lu;]|3 = 1 for
1 = 1,2,.... For each u;, there exists an unramified cuspidal automorphic repre-
sentation o; of A“\GL(n,A) such that u; is the Hecke-Maass form for o;. Then, for
any fe L2, (SL(n, Z)\H"), we have f(z) = 372, (f, us) - ui(z).

For € > 0, let
Z/{E(HM) = {’U,i | ds(di,HM) < 6}
and define

Pr.f(z) := Z (fyu) -ui(2) € qusp (SL(n,Z)\H") .

u;EU (H}u)
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Assume that f is smooth and satisfies (3.2). Then

IPrefl3 = 1F1E - > [(foudl

wi@Ue (M ar)
5] _
> 1fIB -+ 2 {9 =32 )) FIB+ Y, D IH(TD = 2P (6r,)) 1115
€S, j=1
finite
> 0.
Therefore U (ITps) # &. O
We are going to construct a formula for e satisfying
1
e A MO = AL (6 ) Hallp P13
||H5h$FHM||2 {3211 ( ) .
[3] ‘ ‘ N
+ 2 DT = AP (tn,)) Hotp Fuu |3 § <«

Then by Lemma 3.1, there exists an unramified cuspidal representation 7 such that
ds(m, 1) <€
The following lemma gives the lower bound for ||Hsb Fi,, |[3-

LEMMA 3.3. Let n = 2 be an integer. For a cuspidal function f €
L? (SL(n,Z)\H"), for (m1,...,mp_1) € Z", let
Wf(z;mla s amn727mn71)
= f(uz) d727ri(mlunfl,n+‘"+mn72u2,3+mn71u1,2) d*u
(N(n,R)nSL(n,Z))\N(n,R)

Lui2 ... uin

where u = : € N(n,R), for z€ H". Then, for T =1, we have

1 un—1,n

fEs 3 S Zf f|ny,m1,.. i, )2 Ay

mi=1 Mp—2=1Mp_17#0

----- Yn—1 € Ao(n, R)

Proof of Lemma 3.3. We follow the argument in §5.3, [6]. For j = 1,...,n — 1,
let

where y = ay,

Ul,n—5+1

In—j : On—jxj—1
Up—jp1 i= Un—j,n—j+1 € N(n,R)

0jxn—j I
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where w1 n—j4+1,. .., Un—jn—j+1 € R, I, is the a x a identity matrix and 0,xp is an
a x b matrix with 0 for every entry.
lx12 ... Tin
Let z = zy € H" for z = S : € N(n,R) and y = ay,,... 4y, , €
n—1,n

Ap(n,R). Fix j =1,...,n—1. For mq,...,m; € Z, define

fi(zyma, ..., my) ZZJ J(un - tp—1-Un—ji1-2)
Z\R Z\R

X 6_27”‘(777’1unfl,n"""+mju7l*jvn*j+1) d*un . d*un_J+1,

where d*u,—ji1 = [ [ dukn—j+1. Then for j = n — 1, we have
foc1(zyma, ... omp_1) = We(zima, ..., mp_1).

Let fo(z) := f(z) with z € H". By the proof of Theorem 5.3.2, [6], we can prove the
followings.

e Forj=1,...,n—1, we have
filzsma,...,m;)
. —2TIM j Uy — j o — 5 %k
= J Jic1(Un—jy1z;ma,...,mj_1)e Fln =g =it Uy
Z\R Z\R
e Fix j =1,...,n— 2. For positive integers m1,...,m;_1, we have
fici(zzma, ... ,mj_1)
S ¥
_ n—j .
= Z Z fj<< I> z,ml,...,mjl,mj).
mji=1~,_ ;€Pn_;_11(Z)\SL(n—j,Z) J
e For positive integers mq,...,m,—_2, we have
fn—Q(z;mlv"'amn—Q) = Z Wj (Z;mlv"'vmn—Q;mn—l)-

OF#m g, — 1€Z

Since the Siegel set 21,% c g,

L VTR Y N j SR at=

1
2

Then

f...ff ...f P d*

1 1
2 2

o) © rE 1 o
2 2 2mim1 (Yn—1,1T1,n+ " Yn—1,n—1Tn—1,n)
- ... ) ) T@e RESS , :
1
1 1 J-1 -

1
3 mi=1l~, 1P, 5 1(Z)\SL(n—1,2)

_n—1 :
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where 7,_1 = ( * ) € Po_s1(Z)\SL(n — 1,Z). Here ' € H*'. For
Yn—-1,1 +++ Yn—1,n—1
*

a positive integer my and v,—1 = ( ) € Po21(Z)\SL(n — 1,7), it

follows that

Yn—1,1 -+ Yn—1,n—1

n—1
f )627rim1('yn,l,1x1,n+---’yn71,n—1$n—1,n) H dCEk
3 *% k=1
0
Tn—1 =l :
=fi < ) Y " e -
1 1 0
0 .01

So,

I L e

0
Z J J J J Alw ye o im, [1 dwigdy.
1 0 o
my=1 2 I<i<jsn-—1
0 ... 0 1

After continuing this process inductively for n — 1 steps, we finally obtain the
lemma. O

Let T > 4(2" 'lnp + J). By Lemma 2.25, for any z € .r 1 < §", we have
Hstp Fiuy, (2) = Hs(lr,) - 52 (Cn,p Ury) - Finy, (2). Then for 2 € Sor 1, we get

W,

oty (5 Lo 1) = sl ) 5 (e ) Wi (s, 1) o 2in ot b ),

2 o0 o0
[ s, 0 @y
pT pT

LEMMA 3.4. Let n > 2 be an integer and p be a prime. Then

Therefore by Lemma 3.3, we have

. 1
|| Hsty Fruy, |13 >

Z h;’nl éﬂ'oov Tp

fOI” Yy = ay1;~~~7yn71 € Ao(n7R)'

-1

 n2-1 n2-1 2"
(3.5) 1B < (p i +p> A1

for any smooth function f e L?(SL(n,Z)\H").

Proof. Since f; annihilates the continuous part, we should focus on the cuspidal
functions. For any smooth cuspidal function f € L? (SL(n,Z)\H"), we have f(z) =

Z;:l (f,u;)u;j(2), where uj(z) are Hecke-Maass forms for SL(n,Z) and ||u;||3 = 1.
So

I 1 < sup i o). £ 6| 1712
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For each j = 1, let 4, = loo(uj) and fo := £y(u;). By [14] and [15], we have
[Re(41,)], |Re(f2,:)| < % —+_fori=1,...,n. Then for any 1 < j; < --- < ji and

n2+1
I<ip<---<ipfor1<k<|3], Wehave
C1,4y Tty o gy ool Gy C1, 4y Tty o gy bl Gy _p._n?-1 p._n2-1
p- 3 —-p 2 <p 2(nZ+1) +p 2(n?+1) |

So, by (1.9), we obtain (3.5). O

LEMMA 3.6. Let n = 2 be an integer. For 6 > 0 let H5 be the standard bump
function. For any £ = ({1,...,0,) € af(n) with [Re({;)| < 3, we have

n(n+6)
1 ‘5_

s (z)] <e
Proof of Lemma 3.6. For { € af(n), we have

’ﬁa(f)‘ = LL(n o Hs(g) - ¢e(g) dg

since Hs(g ) 0 and SB Hs(g) dg = 1. As in the proof of Lemma 2.20, we have

< sup |pe(9)]
9geBs

pe(g)] < ™9, for any g < By. O
The following lemma finally gives (1.15).
LEMMA 3.7. Let Ay, As finite; B1 and By be as in Theorem 1.14. Then we have

n—1 [%J
DD = AD ) tpHs P 13+ ) D11 (T8 = AP (6,)) 5 Hs Py I3
j=1

qes, j=1

finite
~ 2  n21 n2-1 n2" !
< sup FHM (Z) — FHM (Z)‘ <p 2(n?+1) p2(n2+1)> Vol (Bl) . (Aw + ASyﬁnitC).
ZEB2

Proof of Lemma 3.7. Since the operator ; commutes with the invariant differen-
@)

tial operators Cn and Hecke operators T’ for j = 1,...,n — 1, we have

n—1 ) ) - [5] -

S (CD = 2D (tn)) s Hs P 3 + Y, 2T = AP (b)) 5 Ho P |13
J=1 ?iiig i=1

n2-1 n2-1 n2" !
< <p2(n2+1) +p2(n2+1)>

n—1 ) . -~ L5 ~

S (CD = AD Cr)) Finyy + Boll3 + Y D 11T = AP (6r,)) P,y + 3

Jj=1 qes, j=1

finite
by Lemma 3.4.
Consider the case when v = 00. Since (C,(LJ) —AY (éﬁoo)) Iy, = Hs = 0, it follows
that

1(C9 =22 (6r,)) Firyy » Hsll = 1| (B — B,y ) # (€90 = A9 (6, )) Hsl 1.
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So,
(P = Finy ) = (09 =22 (6,)) H5 ) 113

< J sup
3™ g€Bs

2
(P — Fin ) o) - ( Joyo o (e = 22) ) dg) a*

’ -Vol((H" —%") . Bs m%")

2
x ( LMR) (¢ =22 (tx,)) H(9) dg) .

Consider the case when v = g < o0 and g € S. Since the Hecke operators commute
with the convolution operator, we have

FHM _FHM

< sup
Sn.Bé_%'n

n(n+6)
=7 9,

(T8 = AP (x,)) (P H ) |13 < e (79 = AP (x,)) Fins |3

by Lemma 3.6. Since Tq(j)FHM = )\Z(Ij) (£x,)- Fi1,, and ﬁ'HM (2)—Fi,, (2) = 0for z € %n,
we have

. . ~ ) L~ 2

I (Tq(J) - /\1(13)(4%)) Fruyllz = J ‘Tq(J) (FHM - FHM) (z)‘ d*z

3’7@

= 2

< sup Fn,, — Fo,, '

T(;j)877173n

* Vol ((Tq(j))’l (]HI” - §"> A gn) : (ﬂTq(j))

[

3.2. Proof of Theorem 1.17. For § > 0, let Cs be as in Theorem 1.17 and

S W
(3.8) Hy(g) = Cs-e "C7@7 ifo(g) <4
0, otherwise

for g € SL(n,R). Then Hy is a standard bump function.

For j =1,...,n,let D; = D, ;. For g = & exp(a)ée for &1,& € SO(2,R) and
a=(a,...,a,) € a(n) with a; > -+ > a,, by Theorem 4.1, VII, §4 in [12], we have

AnHt5 (g) = Aan(eXp (1)

1 n—1 1 J 2
e P (2@ - Dﬂ‘“))

j=1 i=1

+ Z coth(a; —a;) (D; — Dj)} Hs(expa).

1<i<j<n

So we have |A,, Hs(exp a)| < 3(1}'74626)05, for g € Bs.
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Therefore

(3.9) f (An — Ao (7)) H(g)| dg
SL(n,R)

< f A Hs(g)| dg +J Ml ) H(9)] dg
SL(n,R) SL(n,R)

3(1 + e?)

P S

< 5 Cs -VOl(B[s) + |)\n(£77:>c)| .

By applying (3.9) to Theorem 1.14, we prove Theorem 1.17.

[16]

[17]
[18]
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21]
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