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A NO BREATHERS THEOREM FOR SOME NONCOMPACT RICCI
FLOWS*

QI S. ZHANGH

Abstract. Under suitable conditions near infinity and assuming boundedness of curvature
tensor, we prove a no breathers theorem in the spirit of Ivey-Perelman for some noncompact Ricci
flows. These include Ricci flows on asymptotically flat (AF) manifolds with positive scalar curvature,
which was studied in [DM] and [OW] in connection with general relativity. Since the method for the
compact case faces a difficulty, the proof involves solving a new non-local elliptic equation which is
the Euler-Lagrange equation of a scaling invariant log Sobolev inequality.

It is also shown that the Ricci flow on AF manifolds with positive scalar curvature is uniformly
x noncollapsed for all time. This result, being different from Perelman’s local noncollapsing result
which holds in finite time, seems to have implications for the issue of longtime convergence.
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1. Statement of result. A basic question in the study of the Ricci flow is:
Are periodic orbits called breathers trivial? Here triviality means that metrics only
move by diffeomorphisms and scaling through out the period. A Ricci flow (M, g(t)),
t € [t1,t2], is called a breather if there is a positive constant ¢ and a diffeomorphism ¥
on M so that g(t2) = c¥*(g(t1)). Perelman’s no breathers theorems ([P] Sections 2,
3) say that all periodical solutions of compact Ricci flows are gradient Ricci solitons,
and hence trivial. See also earlier proof of this result by Ivey [I] in three dimension
steady and expanding case, and [Ca] and [L] for further development on compact
breathers. However, similar result in the noncompact case is conspicuously absent.
Finding nontrivial periodic orbits has always been an useful topic in the study evo-
lution equations, which also include Ricci flows. As indicated in the paper [OSW],
the nonexistence of nontrivial breathers is associated to the irreversibility of world
sheet in renormalization group flow in string theory. See also the papers [FLW] and
[AKW] for further motivations coming from physics, where the authors wish to rule
of solitons which are also breathers by definition. Ruling out nontrivial breathers is
also helpful in the study of long time convergence problem in Ricci flow. For example,
suppose one knows that a Ricci flow (M, g(t)), t € [k, k+1], k — oo, converges in C}2,
sense to a limit Ricci flow (Mo, goo($)), s € [0, 1]. If the end points (M, goo(0)) and
(Moo, goo(1)) differ only by scaling and diffeomorphism, then a no breather theorem
would imply that (Mo, goo(s)), s € [0,1] is a gradient Ricci soliton. Actually Theorem
1.4 below implicitly implies that if certain scaling invariant log Sobolev functionals
at the end points share the same infimum which can be reached by a minimizer, then
(Moo, goo(8)), s € [0,1] is a gradient Ricci soliton. This condition on the log Sobolev
functional can be verified for many manifolds, including the asymptotically flat ones.
See Corollary 1.6 below.

The purpose of this paper is to prove a no breathers theorem for some noncom-
pact Ricci flows. Some times an extension of a theorem from the compact case to
a noncompact one merely involves some technical improvements of the method, plus
some extra conditions near infinity. However the no breathers theorem is different for

*Received May 20, 2012; accepted for publication June 25, 2013.
TDepartment of Mathematics Nanjing University, Nanjing 210093, China; Department of Mathe-
matics, University of California, Riverside, CA 92521, USA (gizhang@math.ucr.edu).

27



728 Q. S. ZHANG

two reasons. First, noncompact Ricci flows arise naturally as the blow up limits of
finite time singularity of compact Ricci flows. In fact, most of the essential singularity
models for compact Ricci flows are noncompact. This includes the well known cylinder
52 x R in the 3 dimensional case, which is also a trivial breather. Thus even if one is
only interested in compact Ricci flows, one still needs to study noncompact Ricci flows.
Second, the method of proof by Perelman for the no breathers theorem does not seem
to work for the noncompact case, especially for the steady breather case. Recall that
Perelman introduces the F' functional which is defined as F(v) = [,,(4|Vv|*+ Rv?)dg
where R is the scalar curvature of the manifold and v € W2(M) and ||v||p2(ar,4) = 1.
He proved that the infimum of F' is a nondecreasing function of time along a Ricci
flow (M, g(t)); moreover it is a constant if and only if the Ricci flow is a steady gra-
dient soliton. Using the fact that the infimum is reached by a minimizer when M is
compact, Perelman proved that there is no nontrivial steady breathers for compact
Ricci flows, i.e. a steady breather is necessarily a steady gradient soliton. If one
attempts to extend this argument to noncompact Ricci flow, one faces an immediate
difficulty. Namely, the infimum of the F' functional is not reached by a function on a
typical noncompact manifold such as R™ or S? x R.. In fact, on R®, the F functional
is nothing but the Dirichlet energy (multiplied by 4) and it is well known that there
is no L? minimizer. For this reason, we need to look for a different method.

In this paper, we consider the functional (1.1). When the parameter o = 1,
it is the limiting case of Perelman’s W entropy and which can be regarded as a
scaling invariant version of the Log Sobolev inequality introduced by Weissler [W].
The corresponding Euler-Lagrange equation is a nonlocal, nonlinear elliptic equation.
Unlike the F' functional, the minimizer of (1.1) exists on many typical noncompact
manifolds. Using this we prove a no breathers theorem on some noncompact Ricci
flows. The study of the functional (1.1) and its minimizer equation potentially has
further applications.

Let’s introduce notations and definitions to be used in the paper. We use M to
denote a n(> 3) dimensional Riemannian manifold and ¢(¢) to denote the metric at
time ¢; d(z, y, t) is the geodesic distance under g(t); Unless stated otherwise, we assume
the curvature tensor is bounded at each time ¢. B(x,r,g(t)) = {y € M | d(z,y,t) < r}
is the geodesic ball of radius r, under metric g(t), centered at x, and |B(z,7,t)|4) is
the volume of B(xz, r,t) under g(t); when no confusion arises we may also use B(z,r) or
B(z,r,t) to denote B(z,r, g(t)); dg(t) is the volume element; x is a reference point on
M. We also reserve R = R(x,t) as the scalar curvature under g(t). A generic positive
constant is denoted by C' or ¢ whose value may change from line to line. When we say
that a sequence of pointed manifolds converges in Cf;,. sense, we mean they converge
in the usual Cheeger-Gromov sense. That is, subject to diffeomorphisms, the metrics
converge in Cp%, sense. The definition of asymptotically flat manifolds can be found
in the beginning of Section 2.

DEFINITION 1.1. (Log Sobolev functionals, infimum, infimum at infinity) Let
(M,g) be a n dimensional Riemannian manifold with metric ¢ and D C M be a
domain.

(a). Given functions v € W,*(D, g) with vl|z2(py = 1, and a number « > 1, the
log Sobolev functionals with parameter « is defined by

L(v,g,a, D)

_/ ’U2 anng + ag In (/ (4|V’U|2 + sz)dg + E0_> + Sn
D D

(1.1) .
=—-N(v)+ ag In(F(v) + Ey ) + Sn.
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Here R is the scalar curvature; E; = —min{0, inf{F (v) |,v € C§°(D), ||v||z2 = 1}};
sp = —5 In(27n) — 5.

(b). The infimum of the log Sobolev functional is denoted by
/\(ga «, D) = inf{L(v, g, Q, D) | v E W(J1)2(D7 g)v ||UHL2(D) = 1}

(¢). When o = 1 and D = M, the infimum of the log Sobolev functional at
infinity is

)\OO(galvM) = 11}111 )\(gvlaM_B(IOaT))

where xq is a reference point in M.

If D = M, then for simplicity we write
L(v,9,a) = L(v,g,a, M), Mg, @) = Mg, a, M).
If @« = 1, we may suppress « and write

L(vag) = L(’U,g, 1)a A= )‘(g) = )‘(gv 1) = /\(ga 17M) Ao = )\oo(g) = /\oo(ga 17M)'

REMARK 1.2. When M = R™ and « = 1, then L(v,g) is the log Sobolev
functional introduced by Weissler [W], which is a scaling invariant version of the log
Sobolev functional originally introduced by Gross [G] and Federbush [F]. Observe
that A(g) is invariant under scaling and diffeomorphism. See the beginning of proof
of Theorem 1.4 below.

A(g) is related to Perelman’s v invariant in Section 3 of [P]. We are not sure if
they are the same.

When F(v) becomes 0 but L(v) is finite, the functional L is regarded as —oo.
When the scalar curvature R > 0, it is clear that E; = 0.

DEFINITION 1.3. (gradient Ricci solitons) A Riemannian manifold (M, g) is called
a gradient Ricci soliton if there exists a smooth function f on M and a constant e
such that

(1.2) Ric—i—Hessf—l—%g:O.

(M, g) is called a expanding, steady and shrinking gradient Ricci soliton if ¢ >
0,e = 0 and € < 0 respectively.

The following is the main result of the paper.

THEOREM 1.4. Let (M, g(t)), 0rg:;j = —2R;j, t € [0, T be a complete, noncompact
Ricci flow with bounded curvature tensor and nonnegative scalar curvature. Suppose
(M, g(t)) is a breather, i.e. for two moments t1,ts € [0,T], t1 < to, there is a positive
constant ¢ such that (M, cg(t1)) and (M, g(t2)) differ only by diffeomorphism.

Suppose also the following conditions hold.

(a) =00 < A(g(t1)) < Asc(g(t1))-

(b) Either |B(xo,7,t1)|gt,) < Cr", for some C >0 and all r > 0, or R(x,t1) >
m for some constant C > 0.

Then (M, g(t)) is a gradient Ricci soliton.
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REMARK 1.5. Although Condition (a) looks similar to a well known condition on
the existence of point spectrum for the Laplacian on noncompact manifolds, however,
our condition is much less restrictive in the case the scalar curvature is nonnegative.
It is well known that the Laplacian on asymptotically flat (AF) manifolds does not
have a point spectrum. But Proposition 2.3 (b) and Proposition 2.4 below say that
AF manifolds with positive scalar curvature satisfy Condition (a) unless they are
shrinking gradient solitons.

It would be interesting to find more manifolds such that Condition (a) holds. We
suspect that certain decay condition of the curvature near infinity is sufficient.

Naturally one is obliged to present some examples of Ricci flows where the condi-
tions of the theorem is met. Condition (a) is easy to be met since one can modify the
metric on a compact domain of a manifold so that A(g) becomes arbitrarily negative,
while Ao (g) remains the same. Let xo be a reference point, we can construct a met-
ric g(t1) such that the volume of the unit ball B(zg,1) is very small but the scalar
curvature is bounded by 1. A flat cylinder with small aperture is such an example.
So given a positive number &, the manifold is x collapsed at scale 1. Hence A(g(t1))
is very negative. Indeed, by Proposition 2.6, if A(g(t1)) > —C > —oo, then (M, g(t1))
is x non-collapsed below scale 1. Here C depends on x. But Ao (g(t1)) is totally
independent of A(g(t1)).

Condition (b) is satisfied automatically by ancient x solutions of 3 dimensional
Ricci flow, which include gradient shrinking solitons with nonnegative sectional cur-
vature. See [P] and [P2].

Another type of examples is the Ricci flow on asymptotically flat (AF) manifolds
(c.f. Definition 2.1), which is interesting due to connections to general relativity.
Useful properties of these kind of Ricci flows have bee proven in [DM], [OW]. For
example, they proved that the AF property is preserved under Ricci flow.

COROLLARY 1.6. Let (M, g(t)) be a Ricci flow on an asymptotically flat manifold
with positive scalar curvature. If (M, g(t)) is a breather then it is a gradient Ricci
soliton.

Proof. By Proposition 2.3 (a), we know A(M,g(t)) > —oo. If (M,g(t)) is a
gradient shrinking Ricci soliton, then the proof is done. So we assume (M, g(t))
is not a gradient Ricci soliton. By Theorem 2.7 and Proposition 2.6, (M, g(t)) is
k noncollapsed. Applying Proposition 2.3 (b) and Proposition 2.4, we find that
AMM,g(t)) < 0 < Ax(M,g(t)). By Definition of AF manifolds, we also have
|B(zo,7,t)|gy < Cr", for some C' = C(t) > 0. Therefore, all the conditions of
the theorem are satisfied and the conclusion follows. O

REMARK 1.7. In a recent paper [Ha], Haslhofer considered Ricci flows on some
AF manifolds with positive scalar curvature. Under the extra assumption that the
scalar curvature is integrable, he modified the domain of Perelman’s F' entropy to
include only smooth functions converging to 1 sufficiently fast at infinity. Using the
monotonicity of this modified F' entropy, one can also prove that steady breathers are
steady solitons in this case, under further assumptions near infinity on the diffeomor-
phism in the definition of breathers. Also a no breather theorem for some noncompact
Ricci flows in the case of shrinking solitons is proven in [Z2].

REMARK 1.8. One may wonder if a no breathers theorem still holds when the
scalar curvature changes sign. When the operator —A + R has a negative eigenvalue,
under mild assumptions near infinity, one can prove that the eigenfunction decays to
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zero exponentially fast. Then one can use Perelman’s original method described earlier
to prove that steady breathers are steady gradient solitons. However, steady gradient
solitons are ancient solutions. According to [Ch], the scalar curvature is nonnegative.
So the operator —A + R can not have negative eigenvalue. This contradiction shows
that no steady breathers exist in this case.

Let us outline the proof of the theorem. The main hurdle is to prove the following
theorem which states that the infimum of the functional L(v, g(t2),1, M) is reached
by a smooth function in W12(M, g(ts)).

THEOREM 1.9. Let (M, g) be a noncompact manifold with bounded curvature and
nonnegative scalar curvature, which also satisfies

(a) —00 < A(g) < Axs(g)-

(b) Either |B(zo,7)|g < Cr™, for some C >0 and all T > 0, or R(z) >
for some constant C > 0.

Then there exists a minimizer v for the Log Sobolev functional L(-,g,1, M), which
satisfies the equation

I O
1+d(x,z0)?

n 4Av — Ru
2 [(4]Vv]? + Rv?)dg

= (Mot A+ 5= B [@9el + Ry s, )0 =0

+2vlnv
(1.3)

The proof is done by an approximation process that involves a priori estimates
and a blow up analysis. This strategy has been used to study variational problems
involving critical functionals. Recently in [DE] Dolbeault and Esteban treated a
similar functional on the cylinder S™ x R. We benefitted from the ideas in that
paper. However, we are facing new difficulties since our functional is scaling invariant
and its component In F'(v) may not be bounded from below. These make it difficult to
apply P. L. Lions’ concentrated compactness method near infinity directly. However
under the extra assumption A(g(t2)) < Aso(g(t2)), we can show that the Lions’ method
[Lio] works on special regions where the L? norm of v has faster than usual decays.
We also use a fact that a sequence of Boltzmann entropy N (vy) satisfies the reverse
Fatou lemma when {v;} is a sequence of bounded functions with the same L? norm.
Once a minimizer is found, we can use Perelman’s monotonicity formula to show that
(M, g(t)) is a gradient Ricci soliton since A(g(t1)) = A(g(t2)).

2. Preliminaries and all time s noncollapsing on AF manifolds. In this
section, we present a number of elementary results to be used in the proof of the
theorems and the corollary. We also prove that the Ricci flow on AF manifolds with
positive scalar curvature is uniformly s noncollapsed for all time.

DEFINITION 2.1. A complete, noncompact Riemannian manifold M is called
Asymptotically Flat of order 7 if there is a partition M = My U M., which satisfies
the following properties.

(i). My is compact.

(ii). My is the disjoint union of finitely many components each of which is
diffeomorphic to (R™ — B(0, 7)) for some rg > 0.

(iii). Under the coordinates induced by the diffeomorphism, the metric g;; satis-
fies, for ©r € M,

9i(x) = 6i(x) + O] ™7),  Ongij(@) = O(|z|7771),  Bdigij(w) = O(|z|777?).
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REMARK 2.2. For convenience we will equip the compact component My with a
reference point 0. We will also assume that M., has only one connected component.
This assumption does not reduce any generality for Corollary 1.6 and the results in
this section. Since the key inequality A (g) > 0 always holds regardless the number
of connected components for M.

According to Theorem (1.1) in [BKN], if M has one end, the curvature tensor
decays sufficiently fast near infinity and |B(0,7)| > ¢r™ when r is large, then M is
AF. Here n is the dimension.

PROPOSITION 2.3. Let (M, g) be an AF manifold of dimension n > 3. Suppose
the scalar curvature R is positive everywhere.
(a). Then there exists a constant A > 0, such that

(n—2)/n
(2.1) (/ 02"/(”2)dg> < A/ (4)Vo|?> + Rv?)dg, Yve WY2(M,g);
M M

moreover A(g) is bounded from below i.e.

(2.2) / v? Inv?dg < 2 in (A/ (4|Vo]? + RU2)dg> )
M 2 M

Yo € WH2(M, g), vl L2(a,g) = 1.
(b). Aso(g) > 0.

Proof. (a). We just need to prove (2.1) since (2.2) follows from Jensen inequality.

Pick and fix o > 0 sufficiently large, so that a coordinate system on M — B(xq, 9)
exists, which satisfies the defining condition of AF manifolds. Let ¢ € C5°(M) be a
cut-off function such that ¢ =1 on B(0,79), ¢ =0on M — B(0,2ry), 0<¢ <1
and |[V¢| < C/rg. For any v € C§°(M), the function v(l — ¢) is supported in
M — B(0, ro).

Let J: M — B(0,79) — R™ be the coordinate map. Then the function

(2.3) f=hA-g)ot™

is a smooth, compactly supported function in R”, after extending by zero value. By
the Euclidean Sobolev inequality, the following inequality holds

(n—2)/n
(2.4) < f2"/("_2)dx) < So / |Van f2dz
Rn Rn

where dz is the Euclidean volume element and Vgn is the Euclidean gradient. Ac-
cording to the definition of AF manifolds, there exists a positive constant ¢ such
that

(2.5) ctdr < dg(z) < cdv, ¢ HVmaf| < |V[v(l - 9)]| < c|VRafl|

Here |V[v(1 — ¢)]| is the length of the gradient of v(1 — ¢), both with respect to g.
Therefore, there exists a positive constant C' such that

2o ([ - apei) e [ 19t - o)
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By this and Minkowski inequality, together with the standard Sobolev inequality in
the ball B(0,2rg), we deduce

) (n—2)/n
(/ v n/(n—2)dg)
M
(n=2)/n (n=2)/n
27) §2(/|w1—wﬁwmﬂwﬂ +2(/<wm%“””@)
M M

gCANWM%wW@+OAﬂwwW@+OAﬁw%g

(n—2)/n
(/ ,U2n/(n—2)dg>
M

SC’/ |Vv|2dg—|—C'sup|V¢|2/
M B

Hence

(2.8)

v2dg + C’/ (vg)?dg.
(0,279) B(0,2r9)

Since R(z) > 0 for every z € R™ by assumption, this implies, for some constant
A > 0, that

(n—2)/n
(2.9) (/ v2"/("_2)dg> < A/ (4|Vv|* + Rv?)dg.
M M

This is (2.1), i.e. part (a).

Now we prove part (b).
First we prove the following assertion.
When the radius v is sufficiently large, we have

(2.10) Ag,1,M — B(0,7)) > Mgg,1,R" — J(B(0,r)) + o(1).

Here J is the coordinate map near infinity in the definition of AF manifold; o(1) is a
quantity whose absolute value goes to 0 when r — oo; gg s the Fuclidean metric.

Pick a function v € C§°(M — B(0,r)) with ||v||r2 = 1. Given any € > 0, by
definition of AF manifolds, for x € M — B(0,r) with r sufficiently large, there are the
following relations

(2.11) (1 —€)dr < dg(z) = v/detg(z)dr < (1 + €)dz,
(2.12) (1= )[Vaaf] <[Vo] < (14 €)|VRa/f|

where f = voJ~! and J is the coordinate map. Also Vgx is the Euclidean gradient.
Hence

(2.13) /M(4|Vv|2 + Rv?)dg > (1 — 6)2/ 4|VRa f|*\/detg(z)dz.

n

Write \/detg(z) = w?, a routine calculation shows
/ 4|Vrn f|?\/detg(z)dx :/ 4| Vg f|Pwide
n Rn
Aw

(2.14)
_ 2 2
—/Rn4|§7Rn(fw)| da:+4/Rn(fw) - dx.
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By definition of AF manifolds, we know that ‘A“zg)l < mEe |2+T with 7 > 0. Hence, by

the Hardy’s inequality in the Euclidean space, we have

@15) [ 4l fPVetgla)de > (1+ o) [ 4|Vre(fu) s,

n

which implies

(2.16) /M(4|Vv|2 + Rv*)dg > (1 —€)*(1 + 0(1))/ 4|VRa (fw)|*dz.

n

Also

/’U Inv?dg = (fw)?In f2dx

R»

(2.17) 2 In( fw) d:v—/ (fw)? Inw?da

:

:u\:u\

2In(fw)?dx + o(1).

This and (2.16) imply that

(2.18) L(v,9,1,M — B(0,r)) > L(fw,gg, 1,R" — J(B(0,7))) + o(1) — ne.

Since || fwl||z2(rny = 1, by taking the infimum of this inequality, it is easy to see that
(2.19) Ag,1,M — B(0,7)) > AMgg,1,R" — J(B(0,r)) 4+ o(1) — ne.

Since € is arbitrary, the assertion is proven.
Using A(gg, 1,R™ — J(B(0,7)) > A(g9r,1,R™) = 0, we see that

(2.20) Aoolg) = lim Mg 1M — B(0,7)) > 0.

This proves part (b). O

PROPOSITION 2.4. Let (M, g(t)) be a noncompact Ricci flow on the time interval
(A, B) such that the curvature tensor is bounded for each time t € (A, B). Suppose
also (M, g(t)) is k noncollapsed below scale 1 and the scalar curvature is nonnegative.
If (M, g(t)) is not a gradient shrinking soliton, then

(2.21) Ag(to)) = Mg(to),1,M) <0, toe (4,B).
Moreover, for any xo € M, when ro is sufficiently large, we have
(222) )\(g(to)vlaB(‘IOaTO)) <0.

Here B(zg,r0) = B(xo,70,9(to)).

Proof. For compact Ricci flows, Perelman ([P] Section 3) already proved a similar
inequality for his v invariant. The following proof for the noncompact case is similar,
except that one needs to justify integration by parts near infinity.

Without loss of generality we assume tp < 0 € (A,B). Let u = u(x,t) =
G(z,t;x0,0) be the fundamental solution of the conjugate heat equation

(2.23) Au — Ru+ dyu = 0, t <to.
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Let s = —t and

[Vul?

(2.24) W(g(t),u(-1t),t) = /M |:S( " + Ru) —ulnu — gln(47rs)u —nu| dg(t)

be Perelman’s W entropy corresponding to u = u(z,t). According to [P] Section 3,

d , 1
(2.25) EW(g(t),u(-,t),t) = 23/ |Ricgy) — Hess gy Inu — gg(tﬂ?udg(t) >0

with strict inequality holding unless (M, g(t)) is a gradient shrinking soliton. More-
over lim;_,o W(g(t),u(-,t),t) = 0. We comment that Perelman proved the result for
compact Ricci flows. In the noncompact case one needs to justify the integrability
of the quantities involved. Since (M, g(t)) has bounded geometry within any finite
time interval and wu, as fundamental solution has Gaussian decay near infinity, the
integrability issue has been worked out in [CTY] and [C++] Chapter 19 e.g..

Since (M, g(t)) is not a gradient shrinking soliton, £W (g(t),u(-,t),t) is strictly
positive. From the assumption ¢ty < 0, we obtain

(2.26) Wig(to), u(-;t0): to) < im Wi(g(t), u(-, 1), 1) = 0.

Observe that with p > 0 regarded as a free parameter and taking v = /u(-,tp), we
have

(2.27)
LWt alto): ) = - [ vyt + in ([ @9o + Ry +5,
M M
. |Vul? n
= ;1;% y {p( " + Ru) —ulnu 5 In(4mp)u — nu| dg(to)

ul? n
< /M [|t0|( |Vu| + Ru) —ulnu — 5 In(4n|to|)u — nu} dg(to)
= W(g(to),u(',to),to) < 0.

Here u = u(-,t9) and R = R(-,z0). This shows, since A(g(tp)) is the infimum of the
log Sobolev functional L, that A(g(tp),1) < 0.

The second statement of the lemma is an easy consequence of the fact that
)\(g(to)) = limy; 00 /\(g(to), 1, B(I()v TO))' a

PROPOSITION 2.5. Let (M, g) be a noncompact manifold such that A\(g) > —oc.
(a). For any xg € M, 1o > 0, and for all a > 1, the infimum of the log Sobolev
functionals L(-, g, o, B(zo,70)) satisfy:

)\(97 «, B(‘T07 7‘0)) Z -C

where C is a constant depending only on «, n, the constant X(g) and |B(zg,ro)].
(b) hma—ﬂ* )‘(gv Q, B(I(Jv TO)) = )‘(gv 15 B(.Io, TO))'

Proof. For simplicity we use B to denote B(z, 7o) and Ej = 0 in the proof. Pick
a function v € C§°(B) such that |lv[|z2(g)y = 1. Then

(2.28) L(v,g,a,B) = L(v,9,1,B) + (o« — 1)% In (/3(4|VU|2 + Rv2)dg) :
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and hence

(2.29) L(v,g,0,B) > Xg) + (o — 1); In (/3(4|VU|2 + Rv2)dg) .
This shows,

(2.30) L. g, B) = Ag) + (@ = )5 In (A7 020/ )

which implies, via Holder inequality,

n n _ n
231)  L(v,g.0,B) =~ + (@ = g In (A7 ol 30 /1B -
Thus
n n
. > _ _ _ 2/7l
(2.32) L(v,g,a,B) > 5 (a—1) 5 In (A |B| ) ,

proving part (a) of the proposition. One can also use the fact that L(v,g,«, B) >
Ag) + (a = 1)(fzv*Inv?dg — C) and v* Inv? > —e~' to get the proof.

Now we prove part (b). Notice that in the last paragraph we actually showed
that

L(v.g,0,B) > L(v,9,1, B) = (a = )5 In(A|B]Y/").

Hence

liminf Mg, o, B) > A(g, 1, B).

a—1t

Next we pick, for any given € > 0, a function v € C§°(B) such that |[v||z = 1 and
that
Xg,1,B) > L(v,g9,1,B) — ¢
(2.33) :—/Bv21nv2+%nlnF(v)—i—sn—i—(l—a)glnF(v)—e
> ANg, o, B) 4+ (1 — a)g In F(v) —e.

Since v is fixed, we deduce, after letting o — 0, that

(2.34) Ag,1, B) > limsup A(g, o, B) — €.

a—1t
Part (b) of the proposition follows from this when ¢ — 0. O

PROPOSITION 2.6. Let (M, g) be a noncompact manifold with bounded curvature
such that A(g) > —oo. If also the scalar curvature R > 0, then there exists a positive
constant A depending only on X(g) and n such that

(n—2)/n
(2.35) (/ v2"/("_2)dg) < A/ (4)Vo|*> + Rv®)dg, Yv e WY3(M,g).
M M

Moreover, M is k non-collapsed under all scales. i.e. there exists k > 0 such that

(2.36) |B(x,7)| > kr™, r € (0,00)
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provided that R < 1/r? in B(x,r).

Proof. This statement is nothing but the well known equivalence of the Sobolev
inequality and log Sobolev inequality, which is proved via an upper bound for the
heat kernel ¢4~ When R = 0 one can find a proof in Davies [Da] Chapter 2.
When R > 0, then the L' to L' norm of the heat kernel is less than or equal to 1.
The same proof still goes through as written in [Z] Section 6.2.

Now, we assume R < 1/7? in B(z,r). Then

(n=2)/n
(/ v2n/(n—2)dg>
(2.37) B(z.r)

1
< A/ (4|Vo]? + r—2v2)dg, Yo € W, (B(x,7), 9).
B(z,r)

It is well known that the above Sobolev inequality implies that |B(x,r)| > &r™ for
some £ > 0. See [Ak] and [Cn] e.g. Since x and r are arbitrary, M is k noncollapsed
under all scales. O

As an application of the log Sobolev functional, we next show that the Ricci flow
on AF manifolds with positive scalar curvature is uniformly x noncollapsed for all
time. This result, being different from Perelman’s local noncollapsing result which
holds in finite time, seems to have implications for the issue of longtime convergence.
For example, if the scaled curvature stays bounded, then the Gromov-Hausdorf limit
as t — oo is still a smooth Riemannian manifold.

THEOREM 2.7. Let (M,g(t)), t € [0,T), T < oo, be a smooth Ricci flow on
AF manifold M of dimension n > 3. Suppose the scalar curvature R is positive
everywhere. Then (M, g(t)) is uniformly k noncollapsed under all scales and for all

time. Moreover, there exists A > 0 which depends only on the initial metric g(0) such
that

n—2)/n
(/ ’U2n/(n_2)dg(t)>( )/
(2.38) M

< A/ (4|Vv|* + Rv®)dg(t), Yve Wh2(M,g(t)), te(0,T).
M

Proof. We just need to prove (2.38) since the statement on s noncollapsing follows
as mentioned in the previous proposition.

According to Proposition 2.3, A(g(0)) > —C > —oco. We claim that A(g(t)) is
monotone nondecreasing in time. Here goes the proof. Let t1,t2 € [0,7T) and ¢; < ta.
For any € > 0, there exists a function ¢ € C§°(M, g(t2)) such that ||¢]|z2¢g(,)) = 1
and that

(2.39) Ag(t2)) = L(¢, g(t2),1) — €.
Now, following Perelman, let u = u(z, t) be the solution of the conjugate heat equation

with final value u(z,ty) = ¢?(x). Then, as shown in (3.127) during the proof of
Theorem 1.4 below,

(2.40) %L(\/u(-,t),g(t)) >0.
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Hence

(241)  Mg(t2)) = L(¢, g(t2), 1) — € > L(v/u(-,t1),9(t1), 1) — € > Ag(tr)) — €.
This proves the claim and therefore
(2.42) Ag(t)) > Ag(0)) > =C, Vt>0.

By Proposition 2.6, we know that (2.38) is true. O

3. Proof of Theorems. We will prove a number of lemmas first and proceed
to prove Theorems 1.9 and 1.4. During the proof, we will often consider the scaled
up manifolds (M, crg,x) where ¢ — 0o and zy, is a sequence of points in M that
may or may not be fixed. By the boundedness assumption of the curvature tensor
and k noncollapsing condition, we know that this sequence of pointed manifolds sub-
converges in C7¥ sense, to the Euclidean space with flat metric. This process obviously
works for asymptotically flat manifolds. Notice that the asymptotical flatness in
Corollary 1.6 does not contribute or interfere with this limiting process. We also do
not require that each of the manifold (M, cxg, z) is asymptotically flat in a uniform
way. The key quantities Ao, and A only enter the proof through the equations of the
minimizers.

First we show that a minimizer for the functional L(-, g, a, B) exists when a > 1
and B is a ball.

LEMMA 3.1. Let (M, g) be a noncompact manifold such that A(g) > —oco and the
scalar curvature R > 0.

(a). For any xo € M, and ro > 0, write B = B(xq,r0). Then for all a > 1, the
infimum of the log Sobolev functionals L(-, g, «, B) is reached. Namely, there exists a
function v € C§°(B) with unit L? norm such that

(3.1) L(v,g,a,B) = Mg, a, B).
(b). The function v, called the minimizer, satisfies the equation

n 4Av — Rv

3.2 = 201 =0

(32) S TLANE T RPydg no+pv =0,

where

(3.3) B8 =Ag,a,B) + ag - ag In {/ (4|Vv]? + Rv®)dg| — sn.
B

Here s, is the number given in Definition 1.1.

Proof. By Proposition 2.5, the log Sobolev functional is bounded from below.
Hence there exists a sequence of functions {v;} C Wy'*(B) with unit L? norm such
that

(3.4) L(vk,g,0,B) = Mg, a,B) > —c0, k — o0.

So, for all large k, we have

(3.5) —/ vt Invidg + ag In [/ (4|Vur|* + Rvi)dg| + sn < Mg, a, B) + 1.
B B
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By the assumption A(g) > oo and Proposition 2.5,

—/ vinvidg + " tn {/ (4| Vg |* + Rv})dg
B 2 B

> Ag,1,B) > —=X(g,1) < —C > —c0.

(3.6)

Substituting this to the previous inequality, we obtain
(3.7) (o — 1)% In [/ (4| Vg2 + Rvi)dg} <Ag,0,B) +C — sy, + 1.
B
By Proposition 2.6
) ) (n—2)/n
Al / v 2 g < / (4| Vi |? + Ru})dg
(3.8) B B

<exp[(a—1)""(Ag,o, B) + C — s, + 1)] .

Pick a number ¢ € (2,2n/(n —2)). Since the embedding to L?(B) is compact, we can
find a subsequence, still denoted by {v}, which converges strongly to a function v in
L9(B) norm. By (3.7), clearly v € W, *(B).

Now we show that v is a minimizer for L(-, g, o, B). By Fatou’s lemma

(3.9) / (4|Vo]? + Rv?)dg < lim / (4] Vg |* + Rv})dg.
B k—oo Jp
According to Theorem 2 in [BL],
(3.10) / v?Invidg = lim [ vilnovidg+ lim / (v, — v)? In(vy — v)?dg.
B k—oo /g k—oo /B
Write By, = {z| |vg(z) — v(z)| < 1}. Then

/B(v;C —v)?In(vy, —v)*dg

= / (vp —v)* In(vg — v)%dg +/ (vx — v)? In(vg — v)?dg,
By, B—By,

(3.11)

and therefore

- /B(vk — )2 In(vg — v)ng‘
<

/ (v —v)* In(vg — v)zdg‘ + C'q/ |v, — v|%dg.
By, B—By,

Applying dominated convergence theorem on the first term of the right hand side, we
obtain, since also vy — v in L9(B) norm, that

(3.13) lim [ (vg —v)*In(vg — v)?dg = 0.

k—o0 B

Consequently

(3.14) /v2 Inv?dg = lim v Invidyg.
B

k—oo /g
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By this and (3.9), we find that
(3.15) L(v,g,a, B) < limg—ooL(vg, g,, B) = A(g,, B) < L(v, g, a, B).

Hence v is a minimizer. By the Lagrange multiplier method, there is a constant
such that

n 4Av — Rv
r—
2 [5(4]Vv|? + Rv?)dg

(3.16) +2vInv+ fv =0.

Since F' = [;(4|Vv]* + Rv?)dyg is a finite number, we can multiply it on both sides of
the equation to obtain

(3.17) ag4Av—Rv+F2vlnv+Fﬂv = 0.

Since the nonlinear term vInwv is very mild, it is known that v € C§°(B). See [Rot]

e.g.
Multiplying (3.16) by v and integrating, we deduce

(3.18) —al / v?Invidg + B = 0.
2 B
Since we have proven that v is a minimizer for L(-, g, o, B), we know that
(3.19) Mg, a, B) = —/ vzlnv2dg+o¢glnF+sn.
B
Combining the last two identity, we see that
(3.20) 8= /\(g,oz,B)—l—ag —aglnF—sn,

which is just (3.3). O
The next lemma deals with the case oo = 1.

LEMMA 3.2. Let (M, g) be a noncompact manifold such that A\(g) > —oo and that
the scalar curvature R > 0.

(a). For any xo € M and ro > 0, let B = B(zo,r0). If A(g,1,B) < 0, then, the
infimum of the log Sobolev functionals L(-, g,1, B) is reached. Namely, there exists a
function v € C§°(B) with unit L? norm such that

(3.21) L(v,g,1,B) = Xg, 1, B).

(b). The function v, called the minimizer, satisfies the equation

n 4Av — Rv
3.22 n 21 =0
(3:22) 3 [,AVoE + Rut)dg " no+pu=0,
where
(3.23) B=X\g,1,B)+ g - gln [/ (4|Vo[? + Rv*)dg| — sn.
B

Here s, is the number given in Definition 1.1.
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Proof. The proof is consisted of a number of steps.
Step 1. constructing an approximating sequence.
Pick a sequence o — 17, as k — oco. Let vy be a minimizer for L(-, g, ag, B),
which exists according to Lemma 3.1, and which satisfies

n 4Avy, — Ruy,

3.24 — 2up 1 =0
( ) ak2 IB(4|VU’€|2 +R’U;%)dg + 2vi In vy, + Brvk s
where

n n 5 5
(3.25) Br = Mg, o, B) + kg — kg In B(4|Vvk| + Rvi)dg| — sp.
Write
(3.26) Fy, = / (4|Vug|* + Rv})dg, my, = max{vg(z) |z € B}.

B

Since v = 0 on OB, we know Avg < 0 at the maximum point of vi. Hence (3.24)
implies, at the maximum point,

(3.27) 2ui Inwvg > —Brog + akngka_l > —Brug.
By Lemma 2.5
(3.28) i Ag, o, B) = Mg, 1, B) < 0.

— 00

Therefore, for sufficiently large k, we also have (g, ax, B) < 0. This fact and (3.25)
infer that

(3.29) my = maxovy > e_o"‘"/4F,g’“"/4eS"/2.
Next we perform the scaling

(3.30) gL = mi/ng7 Ry, = m,:4/nR, V) = m;lvk.

Notice that 0 < 7 <1 and that

(3.31) 105l 2 (a1.01) = 1

By (3.24), 0, satisfies the equation

n._._ n —4/n ~ ~ ~
ap - Iy 1mi/ (44, —my, 4/ R)(my0r) + 2my 0k In(my0g)
(3.32) 2 0 om
+ (Mg, 0, B) + arg — apg In Fi — ) (myg) = 0

which becomes, after simplification,
n - . - - n._ ~ —4/n
ar—(4Ag, — Ri)0k + (20, In 0 + A(g, o, B)0 + akgvk — spUk) Frymy,

2
(3.33)
- angkm,:M" ln(ka;M("a’“)) U, = 0.

Here B = B(xq,70,9) again.
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Step 2. We prove that for all sequences {ax} C (1,2] such that ay, — 1, and
fixed rq sufficiently large, there exists a uniform constant Cy such that
(3.34) lim sup Fj, < Cp = Cy(ro).
k—o0

Suppose for contradiction that there exists a sequence of numbers {ay} C (1,2]
such that a — 1, and that vy is a minimizer of L(-, g, ax, B(zg,79)) but

(3.35) lim Fy = lim (4| Vg |> + Rv?)dg = oo.

k—oo k—oo B(wo,’ro)
Then (3.29) shows that mj — oo as k — oo and that there exists a constant C' such
that

(3.36) Fomy ) < ¢
and when k is large

(3.37) ka,jl/n < ka,:4/(nak) <, angkm,:4/n| ln(ka,:4/(nak))| <C.

Therefore the coefficients of equation (3.33) are uniformly bounded. Moreover the

manifold (M, gi) has uniformly bounded geometry since gy = mi/ "g and my — oo.
Now we extend U to be a function on the whole manifold M by setting v, = 0 outside
of B(xo,r0,9) = B(xo, mi/nro,gk). The extended function, still denoted by oy, is a
subsolution of the equation in (3.33); further more 0 < oy, < 1 and || ||L2(ar,g,) = 1-

Let z; be a maximum point of U and r > 0 be a large number. Construct
a standard cut-off function ¢ such that ¢ = 1 on B(zg,7,gx), ¢ = 0 outside of
B(zg,2r,gx), 0 < ¢ <1 and |Vg ¢ < C/r. Since the extended function vy is a sub-
solution of (3.33), we can use U;¢? as a test function to conclude, using the bounds
in the previous paragraph, that

/ 1V T g
B(xk,7,9%)

C o )
(3.38) < —2/ vrdgr + C(1+ |\(g, ok, B)|) Fxm, 4/ / g
PR Blax2r.g1)
¢ —4/n
< 5+ C+ Xy, ax, B)) Fymy, /m
Here B = B(x0,70,9) again.

‘We consider 2 cases.

Case 1. A subsequence of {ka,:4/ "1, denoted by the same symbol, converges
to 0.

Let i be a maximum point of vg. Since my — oo and g = mi/ng, we know that
a subsequence of the pointed manifolds {(M, gi, zx)}, converges in C72, topology, to
the pointed Euclidean space (R™,0). This is due to the Cheeger-Gromov compact-
ness theorem. By the bound (3.38) and the fact Ry — 0, A(g,ax, B) = A(g,1, B),
we know that a subsequence of vy converges pointwise, modulo composition with
diffeomorphisms, to a function v, on R™, which is a sub-solution of the Laplacian.

Furthermore ||ve||L2mny < 1 and v, (0) = 1. By (3.38) again

C
(3.39) / Voo ?dr < .
B(0,r) r
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Here all expressions are in the Euclidean setting. Letting » — oo, we see that Vv, =0
and therefore vo, = 1. But this is impossible since ||veo||2mn) < 1.

Case 2. {ka,:l/"} is bounded away from 0.

Then we can find a subsequence of {ka:l/ "1, denoted by the same symbol,
which converges to a number A > 0. As in the previous paragraph, {(M, gk, xr)},
converges in Cy2, topology, to the pointed Euclidean space (R™,0). Also a subse-
quence of the extended function v converges pointwise, modulo composition with
diffeomorphisms, to a function v, on R™. Furthermore |[veol/z2(rn) <1, v00(0) =1
and, in the weak sense,

(3.40) g4AUOO + A(2000 In Voo + Mg, 1, B)vso + gvoo — Sp¥so) — (gAlnA) Voo > 0.

Dividing both sides by A and recalling from Definition 1.1 that s, = — In(27n) — 5,
we obtain

(3.41) Mg, 1, B)vso > —%4Avoo — 2000 IN Voo — NV + gln(27mA) Voo-

We multiply the last inequality by v.,. By Moser’s iteration, it is easy to prove
that v, has Gaussian decay near infinity. See [Rot] or Lemma 2.3 in [Z2] e.g. There-
fore, we can carry out integration by parts to deduce

Mg, 1, B)||vso|72 mmy

n

> 2_,2 2 2 2 2
(3.42) 2 / (gAYl = v vk, — o — ZIn(2nn/A) o ) de
- / (s54/90ac? = 02 v, = S Indms) v, — mo ) do,

where s = %. Write 0 =

> . Then, by HUOOH%Q(R,,) <1, we have

Towll 2 em,
/\(ga 17B)||v00||%2(R“)
(3.43) > Hvool\%z(m)/ (s4|w;|2 — %o — gln(47rs) 2 — mgo) dz
Rn
— llveollZ 2y I 1o [| 72 (mmy > O

Here we just used the fact that the best constant for the log Sobolev inequality for
functions with unit L? norms in R™ is 0. This is a contradiction with the assumption
that A(g,1, B) < 0. This proves (3.34), i.e.

(3.44) P - / (4[Vox]2 + Ro2)dg < Co.
B(IQ,T())
Step 3. We prove v; converges to a minimizer of L(-, g, 1, B).
By (3.24), we know that vy, satisfies
(3.45) g(4Avk — Rug) + o " Fu2ve Invg + o ' FrBrvg = 0,

where

(3.46) Br = Xg, ax, B) + akg — akg In F}, — s,,.
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Since, by Step 2, F}, is uniformly bounded, we know that the coefficients in the above
equation are uniformly bounded. Since the nonlinear term vy Inwvg is only mildly
nonlinear, it is easy to prove that ||vg|/L=~ is also uniformly bounded. See Lemma
2.1 in [Z2] e.g. Now, since the ball B is bounded,a routine argument shows that a
subsequence of vj converges to a minimizer v of L(-, g, 1, B). Using the same argument
near the end of the proof of Lemma 3.1, we see that v satisfies equation (3.22). This
proves the lemma . O

The next lemma shows that the minimizers of L(-, g, 1, B) are uniformly bounded
even if the radius of B tends to oco.

LEMMA 3.3. Under the same assumption as in Lemma 3.2, let v be a minimizer
for L(-,g,1, B), where B = B(xg,r0). Then the quantity
(3.47) F= / (4Vo|* + Rv?)dg
B
is uniformly bounded for all large ro. Furthermore ||v|| o (p) is uniformly bounded for
all large rg.

Proof. The idea of the proof is similar to that for the previous lemma. Suppose
for contradiction that there exists a sequence of radii {ro;} and that vy is a minimizer
of L(a 9, 17 B(I07 TOk)) but

(3.48) lim F = lim (4|Vog|> + Rv})dg = co.

k—oo k—oo B(Io,rmc)

From the previous lemma vy satisfies

4Av, — R
(349) 00 Uk + 2vg Invg + Brog = 0,
2 F
where
(3.50) Be = ANg, 1, By) + g - glan ~ 5.

Here and later By = B(zg,ror) = B(xo,70k,g). Since vy = 0 on dBj, we know
Avy, <0 at the maximum point of v,. Hence (3.49) implies, at the maximum point,

(3.51) 2ui Invg > —Brog + ngka_l > —Bruk.
Since by definition
(3.52) kli)rgo Mg, 1, Bg) = A(g,1,M) <0,
for sufficiently large k, we also have A(g, 1, Bg) < 0. This fact and (3.50) infer that
(3.53) my = max vy > e*"/4F£/4eS"/2.
Next we do the scaling

(3.54) gk = mi/ng, Ry = m,:4/"R, Uy = mlzlvk.
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Notice that 0 < 7 <1 and that

(3.55) [0kl 2(a1,g0) = 1-

By (3.49), 0, satisfies the equation

n_,._ n —4/n ~ ~ ~
§Fk 1mi/ (4Ag, —m, 4 R)(m0r) + 2my 0k In(my0x)
(3.56) o )

+ (Mg, L Be) + 5 = 5 InFie — s0) (my. o) = 0

which becomes, after simplification,

n ~ . - - n . ~ _
—(4Ag, — Ri)0k + (20, In 0 + A(g, 1, Bi)0x + §vk — sp0k) Fromy, 4/

(3.57) 2

n

- ngm,:M" 1n(ka,:4/") U, = 0.

Since Fj, — oo by assumption, (3.53) shows that mj — oo as k — oo and that
there exists a constant C such that

(3.58) Fem; " < G,

Therefore the coefficients of equation (3.57) are uniformly bounded. Moreover the

manifold (M, gx) has uniformly bounded geometry since g = mi/ "¢ and my — oo.
Now we extend U to be a function on the whole manifold M by setting v = 0 outside
of By = B(zo, 70k, 9) = B(xo, mi/nrok,gk). The extended function, still denoted by
Oy, is a subsolution of (3.57); further more 0 < ¥y <1 and Ok 12(a1,g,) = 1-

Let z; be a maximum point of ¥ and r > 0 be a large number. Construct
a standard cut-off function ¢ such that ¢ = 1 on B(zg,7,9%), ¢ = 0 outside of
B(zk,2r,gx), 0 < ¢ <1 and |Vg ¢ < C/r. Since the extended function vy is a sub-
solution of (3.57), we can use ¥,¢? as a test function to conclude, using the bounds
in the previous paragraph, that

/ 1, 7 2 dgi
B(zk,7,9k)

C _ n ~
(3.59) < —/ T2dgi + C(1+|\(g, 1, By)|) Frmy, / g
B(xk,27,9%) B(

2
r T1,27,9k)

C

—4/n
= =T C(1+ Mg, 1, By)|) Fxmy, /n

We consider 2 cases.

Case 1. A subsequence of {ka;l/"}, denoted by the same symbol, converges
to 0.

Let z; be a maximum point of vy again. Since my — oo and g = mi/ng, by
Cheeger-Gromov compactness theorem, we know that a subsequence of the pointed
manifolds {(M, gi,zx)}, converges in C5X, topology, to the pointed Euclidean space
(R™,0). By the bound (3.59) and the fact Ry — 0, A(g,1,Br) — Mg, 1, M), we
know that a subsequence of v converges pointwise, modulo composition with dif-
feomorphisms, to a function v, on R™, which is a sub-solution of the Laplacian.

Furthermore [[voo||z2(rn) < 1 and v (0) = 1. By (3.59) again

(3.60) / Voo |2da < %
B(0,r) r



746 Q. S. ZHANG

Here all expressions are in the Euclidean setting. Letting » — 0o, we see that Vv, =0
and therefore vo, = 1. But this is impossible since [|veo||2mn) < 1.

Case 2. {ka,:4/n} is bounded away from 0.

Then we can find a subsequence of {ka,:4/ "1, denoted by the same symbol,
which converges to a number A > 0. As in the previous paragraph, {(M, gi, )},
converges in C7°, topology, to the pointed Euclidean space (R™,0). Also a subse-
quence of the extended function 7 converges pointwise, modulo composition with
diffeomorphisms, to a function v, on R®. Furthermore [[vo|/z2(rn) <1, v00(0) =1
and, in the weak sense,

(3.61) g4AUOO + A(2000 Invoo + Mg, 1, Moo + gvoo — SpUoo) — (gAln A)veo > 0.

n

Dividing both sides by A and recalling from Definition 1.1 that s,, = —§ In(27n) — 3,
we obtain

(3.62) Mg, 1, Mveo > —%4Avoo — 200 IN Vs — NUse + gln(%’nA) Voo -

We multiply the last inequality by vo,. By Moser’s iteration, it is easy to prove,
as in Lemma 2.3 in [Z2], v has Gaussian decay near infinity. Therefore, we can carry
out integration by parts to deduce

A9, 1, M)|[voo |72 (memy
(3.63) > /Rn (%‘HVUOOP — v Inv? —nv? — gln(27m/A) ’Ugo) dx
_ / (s4|vuoo|2 — v Inv? — gln(élws) vZ — mgo) dz,

where s = 7%. Write . Then, by [[ves|[72(gny < 1, We have

Chal o pryes
A9, 1, M)|[voo || 72 ey
(3.64) > [[vool|3 2 (gem /R (54|V@|2 — 2o — gln(élﬂ's) 8% - mﬂ) da
— llveollZ 2 rmy It 1o [| 72 (gny = O

Here we just used the fact that the best constant for the log Sobolev inequality for
functions with unit L2 norms in R™ is 0. This is a contradiction with the assumption
that A(g,1, M) < 0. This proves that F}, is uniformly bounded.

The uniform boundedness of v;, comes from the following arguments. By (3.49),
we know that vy, satisfies

(3.65) g(4Avk — Rug) + Fi2v, Invg + FiBroy, = 0,
where
(3.66) B = Mg, 1, By) + g - glan .

Since F}, is uniformly bounded, we know that the coefficients in the above equation
are uniformly bounded. As explained at the end of the proof of Lemma 3.2, it is easy
to show that ||vg||Le is also uniformly bounded. This proves the lemma. O
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Now we are ready to give

Proof of Theorem 1.9. We will use the minimizers vy on balls of radius r; to
construct a minimizer on the whole manifold. The core argument is to show that vy,
has a non vanishing limit.

Step 1. Pick 7, — oo and let v, be a minimizer for L(-, g, 1, B(xg, r;)) whose
infimum is A\g. Then

)\k = L(Ukugu 17B($07T7€))

= _/ v Invidg + gln </ (4| Vo |* + Rv,%)dg> + Sn.
B(Io,’r‘k) B(m()/"k)

According to the previous 2 lemmas, vy, exists and is uniformly bounded. By standard
elliptic theory, a subsequence of {vy}, still denoted by the same symbol, converges in
Cr. sense, to a limit function v, € C°°(M). In this step, we prove that v is not
0. We will use P. L. Lion’s concentrated compactness method at infinity. But a new
twist occurs. That is, even though Ay is bounded, the components on the right hand
side of (3.67) may not be bounded from below uniformly.

Suppose for contradiction that vo, = 0. Then vy — 0 a.e. as k — oco. Then there
exists a sequence of positive integers {i)} and a subsequence of {v;}, denoted by the
same symbol, such that i — oo as k — oo and that

(3.67)

(3.68) / vidg — 0, k — oo.
B(Io,ink)
For any positive integer ¢ we introduce the following notations
Qi = B($0,2i) — B(,To,Qi_l),
(3.69) B 9 5 B 91 o
F(vr) = | (4|Vug]® + Rvi)dg, N(vg)= [ v;lnvidg.
M M

Here vy, is considered 0 outside of the ball B(xg, 7).
By A = A(g) = A\(g,1) > —o0 in assumption (a) of the theorem and Proposition
2.6, there exists a positive constant A such that

(n—2)/n
(3.70) / vzn/(nfz)dg < AF(vg).
B(Io,’l‘k)

Hence

. ) ) (n—2)/n
(Efl’%k / v/ )dg> e~ N)2/n
Q

i

(n—2)/n
(371) < / Uin/(n72)dg e—N('Uk)2/7l
B(Io,’r‘k)

< CF(vk)e*N(vk)Q/" — CeAe—sn)2/n <C,

where we also used (3.67) and the fact that A is uniformly bounded. Thus, there
exists an integer ji € [ig, 2ix] such that

(n—2)/n
(3.72) (/Q vin/(n—2)dg> < Ci]:(n—2)/neN(Uk)2/n'
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By partition of unity, we can choose a sequence of cut-off functions ¢y, nx on M
such that ¢, = 1 on B(zo, 2% 1), supp ¢r C B(z0,2/%); nx = 1 on M — B(zq, 27%),
suppng C M — B(xg, 2771); V| + [Vor| < C/27%; ¢2 4+ n? = 1. We introduce the
notations

(3.73) ay, = oxdrll7zs  br = llvknelZz2;
2 2
(3.74) A = exp(ﬁN(vkqbk)), B, = exp(EN(vknk)).
By (3.68), we know that
(3.75) ar —0, by —1, as k— oo.

Now we will split the terms in the log Sobolev functional into terms involving
vpor and vgng. By direct computation

/(4|wk|2 + Ruv?)dg
316 = [V + Rlononidg + AV @)+ Rowm))dg
— 4 [4vanl? + (9nnids,
where we have used the identity

(3.77) 0= A(¢7 +n3) = 2|Vor|* + 206 Ak + 2|Vne|* + 2nx Ay

Suppose Condition (b) on volume of geodesic balls holds, namely |B(zg,r)| <
Cr™. Using Holder’s inequality we deduce

4/(|V¢k|2 + | Vnr|?)vidg < €279k / vidg

Q,

(3.78) < C27 |y, P </

(n—2)/n
2 2) dg>
ij
(n-2)/n
ol )
Q,
(379) L [(Fonl? + (Ve yetdg = o).

Using (3.72), we know that

Here o(1) is a quantity that goes to 0 when k — oo. This and (3.76) imply
(3.80) F(vp) = F(opdr) + F(vpme) — o(1)e™N @02/,

Now, suppose Condition (b) on the scalar curvature holds, namely R(z) >
Then

c
1+d2(zo,x) "

(3.81) 4/(|V¢kl2 + |V |?)vidg < €272 /

vidg < C/ Rvidg.
Q Q,

Ik
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By the second line of (3.71), we have

(3.82) 2 /QQHVUM24—Rv@dg§(?¥N““VW
Q .

Z:ik
i

Therefore one can also find a ji € [ix, 2i] such that (3.79) and (3.80) hold.
Next, observe that

/vi In vidg - /(vkgbk)Q 1n(vk¢k)2dg - /(vknk)Q 1n(vk77k)2dg

:/wmwﬂmwmwﬁuwmﬁ—mwmwﬂ@
(3.83)
/mmfm«wmﬁ+m%ﬁ—mmmﬁwg

_|_
<c [vidiig<c [ tdg
ij
Here we just used the uniform boundedness of vy, proven in Lemma 3.3. This means

(3.84) N(vi) = N(viér) + N(veni) + o(1).

Recall that vy is a minimizer for the log Sobolev functional. By (3.67),
(3.85) enOn—sn) —

By (3.80) and (3.84), this implies

2oy _ Frdr) + Fowme) +of1) exp(ZN (vr))
B exp(2N (vi))
_ F(ve¢r) + F(orm)
 exp(2N(vkdr)) exp(2N (vpn)) eoD

On the other hand, by definition of g, we have
(3.87)

- 2 2
F(ugy) > enOe=50) oy |2 exp <—g In ||Uk¢k|%2) exp (;N(Uk¢k)/”vk¢k|%2> :

(3.86)

+ o(1).

Since the support of 7, is outside of the ball B(zg, 27+ ~1), by definition of Ao = Ao (9)
in Definition 1.1, we know
(3.88)

2 _ 2 2
Flom) 2 A0 0 o  exp (=2 o o) exp (28 Guna) /o ).

Write A = A(g,1). Combining the last three expressions, we deduce, since A\, =
A+ o(1) that

a,ZQ/"akA,lc/a’“ + blzz/"ka;/bke()\m—)\)2/n+o(l)
AkBkeo(l)

(3.89) 1> +o(1),

where

(3.90) ar = |oedell7z,  br = [vemwl7e;
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2 2
(3.91) A = exp(ﬁN(vkqbk)), B, = exp(EN(vknk)).
Therefore
akA;lC/ak + ka;/bke()\oo—)\)Q/nJro(l)
AkBkeo(l)

(3.92) min{a;, /", b, */"} +o(l) <1,

Since ay and by, are positive numbers in the interval (0,1), this shows
(3.93) ln(akA,lﬂ/ak + ka;/b’“e(’\m_’\ﬂ/"J”’(l)) < In(AgBy) + o(1).
Notice that ar + by = 1. By concavity of In function we obtain

(3.94) br(Aoo —A)2/n+ 0(1) < o(1).

Letting k — oo and using the fact that by — 1 (from (3.75) ), we arrive at
(3.95) 0< Ao —AKZ0.

This is a contradiction which proves that v is not identically zero.

Step 2. We prove |[veo| 2y = 1.

This is done by adopting a method by Dolbeault and Esteban [DE], which is in
the spirit of P. L. Lions’ concentrated compactness.

Suppose for contradiction that ||veo|| o (ar) = & < 1. Then for all large integer k,
there exists I > 0 such that [ — oo when &k — 0o and

1
(3.96) / vidg=6——, / vZ dg <
B(mo,lk) k B(I0,4lk)—B(10,lk)

Fixing this k for the moment, by C}%, convergence of vy, to v and the fact that the
L? norm of vy, is 1, we can find a subsequence {n;} of positive integers so that

> =

2 1 2
(3.97) 5——§/ v dg<6— —, / vZ dg < 2,
k B(mo,lk) k 2k B(I0,4lk)—B(LEO,lk) k k
and that
2 2
(3.98) 1_5_E§/ vikdggl—é—i-g.
M—B(I0,4lk)

Renaming ny as k, we have found a subsequence of {vy}, which is still denoted by
{vi}, such that

lim v,zdg =4, lim vidg —0,
(3.99) #7200 S B(ao.li) k=00 B(z0,41)— B(w0,lx)
lim vidg=1-4.

k—=oo Jar—B(xo,4ly)

By partition of unity, we can choose a sequence of cut-off functions ¢y, ni on (M, zg, g)
such that ¢ = 1 on B(xo,lx), suppor C B(xo,2l); nx = 1 on M — B(xg, 2l1),
suppng C M — B(zo,lk); |Vor| + |Vor| < C/ly; ¢2 +ni = 1. Using (3.99), we know
that

(3.100) lim (vpor)2dg = 0, lim (vpne)?dg = 1 — 0.
k—o00 B(Io,lk) k—o0 M—B(I0,4lk)
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Next we will again split the terms in the log Sobolev functional into terms in-
volving vidy and vgng. Since |[Vor| + |Vnr| — 0 when k& — oo, it is easy to see
that

/(4|w,€|2 + Red)dg
(3.101)

= /(4|V(uk¢k)|2 + R(vkgr)?)dg + /(4|V(vknk)|2 + R(vpni)?)dg + o(1).

Here o(1) is a quantity that goes to 0 when k — co. As in Step 1,

/vi Invidg — /(vk¢k)21n(vk¢k)2d9 - /(Ukﬁk)2 In(vgne ) dg

= /(Uk¢k)2 [In((vker)® + (vime)?) — In(veor)?] dg
(3.102)
/(W?k)Q [In((vkdr)® + (vri)?) — In(vpnk)?] dg

+
<c [viotpag<c [ vk da.
B(21,4l;)—B(zk, k)

Here we just used the uniform boundedness of vy, proven in Lemma 3.3. This and
(3.99) shows

(3.103) /v,% Invidg = /(vk¢k)2 In(vgér.)2dg + /(vknk)2 In(vene)?dg + o(1).

Recall that vy is a minimizer for A, = A(g, 1, B(zo,7%)). By (3.67),

F(vg)

2
3.104 enMe=sn) — - \TK)
( ) exp(%N(vk))

By (3.101) and (3.103), this implies

F(urdr) + F(vink)

3.105 emMe=sn) —
(3.105) PN (vrn)) exp(ZN (vnr))

+ o(1).

Here we just used the fact that exp(2N(vy)) is bounded away from zero. The reason
is

2
(3.106)  liminfexp(=N(vy)) = liminf e~ (=50 F(py) > e n A=) F(u,0) > 0,

k—o0 n k—o00

which is due to Step 1.
On the other hand, by definition of g, we have
(3.107)

2 2
F(updr) > 6%(“75")”%%”%2 exp <—ﬁ In ||Uk¢k|%2) exp <5N(Uk¢k)/||vk¢k|%2> ;

(3.108)
. 2 9
F(ugny) > enOe=sn) o, |22 exp <—g In ||Uk77k|%2) exp (EN(UI@UIC)/”UMYH%?) :



752 Q. S. ZHANG

Plugging the last two expressions into (3.105), we deduce

ay " ap AY " + by 2 b By

3.109 <1 1
where
(3.110) ar = |vkdrll7z, bk = lowml}e;
2 2

(3.111) Ay = eXP(EN(Uk(bk))u By = eXp(ﬁN(Uknk))'
Therefore

B n B n Al/ak + b Bl/bk
(3.112) min{a; 2", by /" Lk Mk <14 0(1),

Ay By
akAi/akerkBi/bk

Notice that ag + by, = 1. Therefore we have the Young’s inequality:
1. Letting & — oo and using (3.100), we arrive at

Y

Ag By

(3.113) min{é~2/" (1 —46)"2/"} <1.

This is a contradiction with the assumption that § = [[veol|L2(a1e g0 (0)) < 1

Step 3. Finally we prove that v, is a minimizer.
Using Fatou’s Lemma, it is clear that F(v) < limg_,o0 F'(vg). We claim that

(3.114) N(vso) > lim N(vg),
k—o0

which is a reversed inequality comparing with that in Fatou’s lemma. Here goes the
proof. Let C be a uniform upper bound for ||vy|s. Then In(C/v;)? > 0. By Fatou’s
lemma

(3.115) /Ugo In(C/vso)?dg < klim /’U]% In(C/vy)?dyg,
—00

Since ||voo|lz2 = ||vk|lL2 = 1, the above shows

(3.116) Nveo) = /vgo InvZ dg > lim /vi Invidg = lim N(vy),
k—o00 k— o0

which is the claim.
Taking k — oo in (3.85), using the claim and Fatou’s lemma on F'(vy), we deduce

k

F F(uso
(3.117) enP=sn) — Jim enPe=sn) — Jim 2(7}7@) =z Q(U ) '
k—o0 k—o0 exp(zN(U;@)) eXP(;N(UOO))

Taking In on both sides, we see that v, is a minimizer. From here, it is straight
forward to see that v satisfies equation (1.3). O

Now we are ready to give

Proof of Theorem 1.4. For simplicity, we use the notations L(v,g) = L(v,g,1, M)
and A(g) = Mg, 1, M) during the proof.
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First we claim that A(g) is invariant under scaling and diffeomorphism. The
proof is quite easy. But we present it here to stress its independence on the behavior
of the diffeomorphism at infinity. Given any positive number a. It is clear that
L(v,g) = L(a™"*v,ag) and [|v]12¢y) = [la™™/*0||12(ag). Hence A(g) is invariant
under scaling.

Next, let ¢ be a diffeomorphism on M and write h = ¢*g. For any v € C5°(M),
we have

(3.118) /M<4|W|2 + Rv?)dg = /M<4|vh<v o )P + R(voy")?)dh,

(3.119) /M v? Invidg = /M(v oy~ 12 1In(v o yp~1)%dh.

These imply L(v,g) = L(vot~!,4*g). Taking the infimum on both sides, we see that
A(g) is also invariant under diffeomorphism.
Hence, we know from the assumption g(t2) = cip*g(t1) that

(3.120) Alg(t)) — Alg(t2)) = 0.

According to Theorem 1.9, there exists a function vo € WH2(M, g(t2)), which is
a minimizer for A(g(t2)), i.e.

(3.121) L(va, g(t2)) = L(va, g(t2), 1, M) = Ag(t2)).

Moreover, by Moser’s iteration, it is known, as done in Lemma 2.3 in [Z2], ve has
Gaussian type decay at infinity.

Next, we solve the conjugate heat equation for t < t5, with final value as v3. This
solution is denoted by u = u(x,t). Write v = y/u, then by Definition 1.1

(3.122) L(v,g(t)) = —N(v) + ng(v) + Sn,

where, due to v = \/u,
(3.123)
2
N(v) :/ ulnudg(t); F(v)= / (ﬂ +
M MU

Ru)dg(t) = /M(4|W|2 + Rv?)dg(t).

According to Perelman [P] Section 1, £ N(v) = F(v) and

(3.124) %F(v) = 2/M |Ric — Hess(Inu)|*udg(t).

We mention that although Perelman only proved the formulas for compact manifolds,
but his proof also works for noncompact manifolds with bounded geometry when the
functions involved have sufficiently fast decay such as the Gaussian function. See
[C++] Chapter 19 and [CTY] e.g. for a detailed computation. In our case, the

function v has Gaussian type decay at each time level just like the final value v(tz2)
does. Hence

(3.125) %L(v,g(t)) = (n/M |Ric — Hess(Inw)|*udg(t) — Fz(v)) F~1(v).
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Following Perelman’s computation,

(3.126)
2

1 1
|Ric — Hess(Inw)|?> > |Ric — Hess(Inu) — —(R — Alnu)g| + —(R — Alnu)?;
n n

Using the relation F(v) = [,, (R — Alnu)udg(t), we deduce

(u)
F(v)

O

(3.127) L L) > B >0

where

Qu)(t)=n /M |Ric — Hess(Inu) — %(R — Alnu)g|*udg(t)

(3.128) + /M(R — Alnu)?udg(t) — (/M(R — Alnu)u dg(t)>2 ;

[Vul®
U

F(v) = F)(t) = F(Va)(t) = /M< © Ru)dg(t)

Observe that y/u(-,t2) = v2(+) by definition. So by (3.121) we deduce

(3.129) /: %L(\/Evg(t))dt = L(v/ul-,t2), 9(2)) = L(v/u(-, 1), g(t1))
< Mg(t2)) = Mg(tr)) = 0.

The last line is due to (3.120). By (3.127), we then have

(3.130) F1(0)Q(u) = 0.

By (3.128), this shows that (R — Alnu)(-,t) = I(t), where [ = I(t) is a function of ¢
only. Also

(3.131) Ric— Hess(Inu) — ll(t)g =0.
n

Therefore, (M, g(t)) is a gradient Ricci soliton. O

Acknowledgment. We wish to thank Professors Xiaodong Cao, Xiouxiong
Chen, Zhuoran Du, Changfeng Gui and Kefeng Liu for very helpful suggestions.
Thanks also go to the referees who gave many useful input to the motivation, pre-
sentations, proofs, references in the paper. Part of the work was done when he was a
visiting professor at Nanjing University under a Siyuan Foundation grant, the support
of which is gratefully acknowledged.

REFERENCES

[AKW] A. ApaM, S. KITCHEN, AND T. WISEMAN, A numerical approach to finding general sta-
tionary vacuum black holes, Classical Quantum Gravity, 29:16 (2012), 165002, 34 pp.

[AK] K. AKUTAGAWA, Yamabe metrics of positive scalar curvature and conformally flat mani-
folds, Differential Geom. Appl., 4:3 (1994), pp. 239-258.

[BKN] S. BaNDO, A. KASUE, AND H. NAKAJIMA, On a construction of coordinates at infinity on
manifolds with fast curvature decay and maximal volume growth, Invent. Math., 97:2
(1989), pp. 313-349.



(BL]
[Ca)

[Cn]

[Ch]
[CTY]

[C++]

[Da]
[DE]

[DM]
(F]

[FLW]
[G]
[Ha
(L]
[Lio]
[OSW]
[OW]
[P]

(P2]
[Rot]

(W]

(22]

NO BREATHERS THEOREM 755

H. BrEzis AND E. LIEB, A relation between pointwise convergence of functions and con-
vergence of functionals, Proc. Amer. Math. Soc., 88:3 (1983), pp. 486-490.

X. Cao, Eigenvalues of (—A—i—ﬁ) on manifolds with nonnegative curvature operator, Math.
Ann., 337:2 (2007), pp. 435-441.

G. CARRON, Inégalités isopérimétriques de Faber-Krahn et conséquences, (French) Actes
de la Table Ronde de Géométrie Différentielle (Luminy, 1992), pp. 205-232, Sémin.
Congr., 1, Soc. Math. France, Paris, 1996.

B.-L. CHEN, Strong uniqueness of the Ricci flow, J. Differential Geom., 82:2 (2009),
pp- 363-382.

A. CHAU, L.-F. Tam AND C. Yu, Pseudolocality for the Ricci flow and applications, Canad.
J. Math., 63:1 (2011), pp. 55-85.

B. CHow, S.-C. CHU, D. GLICKENSTEIN, C. GUENTHER, J. ISENBERG, T. IVEY, D. KNOPF,
P. Lu, F. Luo, AND L. N1, The Ricci flow: techniques and applications. Part III,
Mathematical Surveys and Monographs. American Mathematical Society, Providence,
RI. Geometric-Analysis aspects.

E. B. DaAvVIES, Heat kernels and spectral theory, Cambridge Tracts in Mathematics, 92.
Cambridge University Press, Cambridge, 1989.

J. DOLBEAULT AND M. J. ESTEBAN, Extremal functions for Caffarelli- Kohn-Nirenberg and
logarithmic Hardy inequalities, Preprint Ceremade no. 1005, (2010).

X. DA1 AND L. MA, Mass under the Ricci flow, Comm. Math. Phys. 274:1 (2007), pp. 65-80.

P. FEDERBUSH, Partially Alternate Derivation of a Result of Nelson, J. Math. Physics,
10:1 (1969), pp. 50-53.

P. FIGUERAS, J. LUCIETTI, AND T. WISEMAN, Ricci solitons, Ricci flow and strongly coupled
CFT in the Schwarzschild Unruh or Boulware vacua, Classical Quantum Gravity,
28:21 (2011), 215018, 40 pp.

L. GRross, Logarithmic Sobolev inequalities, Amer. J. Math., 97:4 (1975), pp. 1061-1083.

R. HASLHOFER, A mass-decreasing flow in dimension three, arXiv:1107.3220.

T. IVEY, Ricci solitons on compact three-manifolds, Differential Geom. Appl., 3:4 (1993),
pp- 301-307.

J.-F. L1, Eigenvalues and energy functionals with monotonicity formulae under Ricci flow,
Math. Ann., 338:4 (2007), pp. 927-946.

P.-L. Lions, The concentration-compactness principle in the calculus of variations, The
limit case. I. Rev. Mat. Iberoamericana, 1:1 (1985), pp. 145-201.

T. OLIYNYK, V. SUNEETA, AND E. WOOLGAR, Irreversibility of world-sheet renormalization
group flow, Phys. Lett. B, 610:1-2 (2005), pp. 115-121.

T. A. OLIYNYK, AND E. WOOLGAR, Rotationally symmetric Ricci flow on asymptotically
flat manifolds, Comm. Anal. Geom., 15:3 (2007), pp. 535-568.

G. PERELMAN, The entropy formula for the Ricci flow and its geometric applications,
Math. ArXiv, math.DG/0211159.

G. PERELMAN, Ricci flow with surgery on three manifolds, arXiv.org/ math.DG/0303109.

O. S. RoTHAUS, Logarithmic Sobolev inequalities and the spectrum of Schrédinger opera-
tors, J. Funct. Anal., 42:1 (1981), pp. 110-120.

F. B. WEISSLER, Logarithmic Sobolev inequalities for the heat-diffusion semigroup, Trans.
Amer. Math. Soc., 237 (1978), pp. 255-269.

Q. S. ZHANG, Sobolev inequalities, heat kernels under Ricci flow and the Poincaré conjec-
ture, CRC Press, Boca Raton, FL, 2011.

Q. S. ZHANG, Extremal of Log Sobolev inequality and W entropy on noncompact manifolds,
J. Funct. Anal., 263:7 (2012), pp. 2051-2101.



756 Q. S. ZHANG



