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VOLUME GROWTH, EIGENVALUE AND COMPACTNESS FOR
SELF-SHRINKERS*

QI DING' AND Y. L. XINT

Abstract. In this paper, we show an optimal volume growth for self-shrinkers, and estimate a
lower bound of the first eigenvalue of £ operator on self-shrinkers, inspired by the first eigenvalue
conjecture on minimal hypersurfaces in the unit sphere by Yau [14]. By the eigenvalue estimates, we
can prove a compactness theorem on a class of compact self-shrinkers in R3 obtained by Colding-
Minicozzi under weaker conditions.
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1. Introduction. Let X : M™ — R"™™ be an isometric immersion from an
n-dimensional manifold M™ to Euclidean space R"™™(m > 1) with the tangent bun-
dle TM and the normal bundle NM along M. Let V and V be the Levi-Civita
connections on M and R™"t™ respectively. Then we define the second fundamental
form B by B(V,W) = (VyW)N = VyW — VyW for any V,W € I'(TM), where
(---)N stands for the orthogonal projection into the normal bundle NM. The mean
curvature vector H of M is given by H = trace(B) = Y., B(e;, e;), where {e;} is a
local orthonormal frame field of M.

M™ is said to be a self-shrinker in R™™ if it satisfies

XN

(1.1) H=-=

Here, the factor —3 (when the codimension m = 1, the definition here is as the
same as [4]) could be replaced by other negative number, while Ecker-Huisken defines
H = — XN [8]. Self-shrinkers play an important role in the study of mean curvature
flow. They are not only special solutions to the mean curvature flow equations (those
where later time slices are rescalings of earlier), but they also describe all possible
blow ups at a given type I singularity of a mean curvature flow (abbreviated by MCF
in what follows).

After the pioneer work on self-shrinking hypersurfaces of G. Huisken [11][12],
T. H. Colding and W. P. Minicozzi II gave a comprehensive study for self-shrinking
hypersurfaces [4]. Their papers reveal the importance of the subject. For higher
codimension, there is a few study, see [15] for example.

There are several other ways to characterize self-shrinkers (see [5] for hypersur-
faces, and high codimensional situation is similar):
(1) The one-parameter family of submanifolds /—tM C R"*™ satisfies MCF equa-
tions.

(2) M is a minimal submanifold in R** endowed with the conformally flat metric
2
of the conformal factor e~ '2n .
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(3) M is a critical point for the functional F' defined on immersed submanifolds in
Rntm by

2
[X]

(1.2) F(M) = (4m)~"/2 /Me_ T dp.

Self-shrinkers satisfy elliptic equations(systems) of the second order, see (1.1).
It is an important class of submanifolds, which is closely related to minimal surface
theory. We expect certain technique in minimal surface theory (see [17]) could be
modified to study self-shrinkers.

For a complete non-compact manifold the volume growth is important. By easy
arguments we can show that any complete non-compact self-shrinker properly im-
mersed in Euclidean space with arbitrary codimension has Euclidean volume growth,
just like the trivial self-shrinker: planes. It is in a sharp contrast to the complete
minimal submanifolds in Euclidean space. Even for complete stable minimal hyper-
surfaces, it is still unclear whether they have Euclidean volume growth.

THEOREM 1.1. Any complete non-compact properly immersed self-shrinker M™
in R""™ has Buclidean volume growth at most.

It is natural to raise a counterpart of the Calabi-Chern problem on minimal
surfaces in R3. Is there a complete non-compact self-shrinker in Euclidean space,
which is contained in a Euclidean ball?

REMARK 1.2. It is worthy to compare the above Theorem with the interesting
result of Cao-Zhou on the volume growth of complete gradient shrinking Ricci soliton

[3].

Let ™ be a compact embedded minimal hypersurface in (n 4 1)-dimensional
sphere S”T1. It is well known that the coordinate functions are eigenfunctions of
Laplacian operator on ¥ with eigenvalue n. In [14], S. T. Yau conjectured that the
first eigenvalue of ¥ would be n. Choi-Wang, [2], proved that the first eigenvalue of
¥ is bounded below by n/2.

In [1], H. I. Choi and R. Schoen gave the compactness theorem for minimal
surfaces using the first eigenvalue estimates for Laplacian operator on Y. Precisely,
let N be a compact 3-dimensional manifold with positive Ricci curvature, then the
space of compact embedded minimal surfaces of fixed topological type in IV is compact
in the C* topology for any k > 2.

In [5], Colding-Minicozzi proved a compactness theorem for complete embedded
self shrinkers in R®. Such compactness theorem acts a key role for proving a long-
standing conjecture (of Huisken) classifying the singularities of mean curvature flow
starting from a generic closed embedded surface (see [4]).

Let A, div and du be Laplacian, divergence and volume element on M, respec-
tively. There is a linear operator

2 2
[X] [X]

T div(e” 1 V).

L=A-J(X.V()=c

On Euclidean space, this operator is so-called Ornstein-Uhlenbeck operator in stochas-
tic analysis. So it can be seen as a generalization of Ornstein-Uhlenbeck operator. The
L operator was introduced and studied firstly on self-shrinkers by Colding-Minicozzi

in [4], where the authors also showed that L is self-adjoint respect to the measure
_1x)?

e~ 4 du. It is a weighted Laplacian and closely related to the self-shrinkers.
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In Euclidean space the eigenvalues of the Ornstein-Uhlenbeck are well-known. On
self-shrinkers it is interesting to study the eigenvalues of £ operator. Now, we estimate
its first eigenvalue (please see Chapter 3 for the definition) in a manner analogous to
the arguments in [2]. For compact self-shrinkers the estimates are rather neat. It is
also enough for the compactness applications.

THEOREM 1.3. Let M™ be a compact embedded self-shrinker in R" 1, then the

first eigenvalue Ay for the operator L on M satisfies A1 € [%, %]

With the help of Theorem 1.3, uniform volume growth for compact embedded
self-shrinkers could be estimated by genus and this will yield a compactness theorem.
Give a non-negative integer g and a constant D > 0, and let Sy p denote the space
of all compact embedded self-shrinkers in R3 with genus at most g, and diameter at
most D. We have a compactness theorem as follows.

THEOREM 1.4. For each fized g and D, the space Sy p is compact. Namely, any
sequence in S, p has a subsequence that converges uniformly in the C* topology (for
any k > 0) to a surface in Sy p.

Colding-Minicozzi gave in [5] a compactness theorem for a class of self-shrinkers
with bounded entropy in R?. The assumption of bounded entropy is natural since
Colding-Minicozzi proved the conjecture of Huisken in [4] and these automatically
satisfy such a bound. However, Theorem 1.4 shows the compactness theorem holds
without the assumption of bounded entropy for compact case (please see Corollary
8.2 of [4]).

In this paper, we always suppose that M is an n—dimensional smooth submanifold

in R*™ with n > 2, the function p = e’¥ with X = (21, -+ ,Tpam) € RV,
Let (-,-) be standard inner product of R**™ and B, be a standard ball in R*t™
with radius 7 and centered at the origin, and D, = M N B, for r > 0. When m =1
(codimension is 1), let v be unit outward normal field of M, and (H,v) be mean
curvature of M. We also write H = (H,v) if there is no ambiguity in the context.

We agree with the following range of indices
1§Z7.7;k7§n+m, 1Sa7ﬁ77,"'§7’1.

2. Volume growth of self shrinkers. Let M be an n-dimensional com-

plete self shrinkers in R*™™. By (1.1) we have AX = H = f;XN for any
X = (21, , Tntm) € R™™ then(see also [4])
1 1, n 1 . 1

where {E;}74™ is a standard basis of R"*™ and (---)7 denotes the orthogonal pro-
jection into the tangent bundle T'M. Moreover,

(2.2) LIX|? =2z Lx; +2|VX|* =2n — |X|?
and
(2.3) AlX]? =2(X,AX) +2|VX]* =2(X,H) + 2n = 2n — 4|H|*.

Now, we give an analytic lemma which will be used in proving volume growth.

LEMMA 2.1. If f(r) is a monotonic increasing nonnegative function on [0, +00)
with f(r) < Cir" f(5) on [Ca, +00) for some positive constant n, Cy, Ca, here Cy > 1,
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then f(r) < Cye2nlosm)” op [Ca, +00) for some positive constant Cs depending only
on n,Cq,Ca, f(C2).

Proof. If f(%) =0, then f(r) =0 for r > % and this Lemma holds obviously.
Hence we could assume f(%) > 0, then the function g(r) = log f(r) on [Ca,00) is
well defined. By the assumption, one has

r

9(r) < g(3) +log C1 + nlogr, on [Cy,+00).
log -
Let k = [12] + 1, then @ < & < Cy, which implies 52+ > C > 1. By
iteration,

r r
g(r) Sg(ﬁ) + 2log C1 + n(logr + log 5) < ...

k—1

T T
<9(57) + klog Cy +n21og§.
j=0

Then we have

g(r) <g(Cs) + k(log Cy + nlogr)

lo
(2.4) <g(Ca) + ( logC; + 1)(log Cy + nlogr)

<log Cs + 2n(logr)?,

where Cj3 is a positive constant depending only on n, C1, Ca, f(C2). By the definition
of g, (2.4) implies

f(”l’) < 0362n(log r)?

on [Ca,+00). O

For a complete non-compact n—submanifold M in R**™  we say that M has
Euclidean volume growth at most if there is a constant C' so that for all » > 1,

/ ldu < Cr™.
D,

For a complete self-shrinker M™ in R**™  we define a functional F; on any set Q C M
(see also [4] for the definition of F}) by

)= — [ 5a for t>0
O = Gz J ¢ A for '

THEOREM 2.2. Any complete non-compact properly immersed self-shrinker M™
in R"™™ has Buclidean volume growth at most. Precisely, fD. ldp < Cr™ forr > 1,
where C' is a constant depending only on n and the volume of Dsg,.

Proof. We differential F;(D,) with respect to ¢,

n n X 2 P
FtI(DT):(47T)_7t_(E+1)/ (7ﬁ+| | )e‘pﬂ, .
p, 2 4t
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A straightforward calculation shows
X2 X2 2 2 1 2 2
—e # div(e” % V|X|7) = -A|X]* + 4—tV|X| -V|X|

1
= —2(H,X)—2n+ 4—t4|XT|2

(2.5) T2
:|XN|2+—|X | —2n
2
2%7271 (whent>1),

where the third equality above uses the self-shrinker’s equation (1.1). Since
VIX|? =2xT
and the unit normal vector to 0D, is é—;l, then for ¢ > 1 one gets

2
F/(D,) <n % (41)~ (3D / —div(e™ 5 V|X ) dp
D,

(2.6) n n 1x |2
:w—f’(zxt)—‘f’“)/ —2|XT|e~ = <.
oD,

447

We now integrate F}(D,.) over t from 1 to r? > 1 and get Fj2(D,) < F;(D,), namely,

o\_n _1x? _n _1xP?
(4mr®) 2 e T dp < (4mw) 72 e~ 1 dpu.
D D,

r

T

2
§e*ﬁ/ 1du+/ 1dpu.
D, D

Let f(r) = [p 1du, then (2.7) implies
flir) < Ze%r”f(g) for r>8n.
With the help of Lemma 2.1, we obtain

flr) < 0462"(10“)2 for r>8n,

where Cy is a constant depending only on n, f(8n). Hence

Ix|2 > Ix|2 > (8n4)2 .
[ e Fa=y | ey <3 e f(sn( 4 1)
M Dgy(j+1)\Dsnj

=0 =0

IN

o s
<C, z:e—%e2n(10g(8n)+log(j+1))2 < Cs,

=0

_1 1 _Ix? _1x? _ixi?
e 1 ldp <— e w2 dp < e 1 du= e
n n
r D, ™ JD, D, (D:\Dz)uDr

where C5 is a constant depending only on n, f(8n). Observe (2.7), we finish the

proof. O
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If M is an entire graphic self shrinking hypersurface in R"*!, then M has Eu-
clidean volume growth. Then by [8], we know that M is a hyperplane, which is also
obtained in [16].

REMARK 2.3. Let M™ be a complete properly immersed self-shrinker in R*T™,
then (2.2) yields(see also [4])

(2.8) | xpo=an [ o

For any 0 < € < V2n we obtain

2V 2ne p < / (|X]* —2n)p = / (2n — | X*)p < 2n/ p.
M\D 5, . M\D 5, . D

N D 5

Let n be a cut-off function satisfying 1 |p 5 =1, 1 |[getm\B .= 0 and V| < 1,
then
5 XT 2
V2ne p< (2n — | X[")np =2 Vi P S p-
D /. D szm D sz | | € JD 5:\D 5,

Hence, we conclude that there is a constant Cg, C7 depending only on n and €, such
that

(2.9) / Pl S06/ s
M Mﬂ(B\/TnJré\B\/ﬁ—e)

Combining (2.7) and (2.9), we have

/ ldp < C77°”/ 1dpu.
D

MN(B gz \Byzm_.)

COROLLARY 2.4. Let M™ be a complete non-compact properly immersed self-
shrinker in R™"™  then Fy(M) < Fy(M) for any t > 0.

Proof. Let ( is a cut-off function such that

1 if X € B,
¢(|X]) =< linear if X € Ba,\ B,
0 if X € R\ By,

Combining (2.5), for any ¢ > 0 one gets

b\

—div(e” = V|X| )du‘

T

2
< / —div(e” 3 VX )gdu‘ —div(e W V|X|?)¢du
M M\D.,.
<2 XT 2 2
M M\D, t

1 2
/ | X e~ = du—i—/ ((1 + )X 2 +2n) e_%d,u,
M\D, t
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which implies
. oo 1x)2 2
(2.10) lim —div(e™ % V|X|%)dp = 0.
r—00 D,

When 0 < t <1, from (2.5), we have

2 2 X 2
—e i div(e™ T V| X[?) < % —on,
then
2
(2.11) F/(D,) > % (4t)~(3+D /D —div(e= " V|X?)dp.

Combining (2.10) and (2.11), we know
F/(M) = lim F/(D,) >0,
T—00
which implies

F,(M)<F (M), for0<t<I.
On the other hand, by (2.6), we have

2\—n/2 *‘X‘; —n/2 —1X
(47 R?) e ar? dy < (4m) e+ duy  forany R>1.
D, D,

Let r go to infinity, thus we finish the proof. O

In hypersurface case, Colding and Minicozzi II (Lemma 7.10 in [4]) has proved a
more general result than Corollary 2.4.

3. The first eigenvalue of self-shrinkers and compactness theorem. Let
R+ be Euclidean space with the canonical metric, with Levi-Civita connection V,
Laplacian operator A, and divergence div. Let £ = A — %(X ,V-). Reilly derived
a useful integral formula for Laplacian operator [13](see also [2]). Now, we derive a
Reilly type formula for the operator L.

THEOREM 3.1. Let Q be a bounded domain in R with smooth boundary.
Suppose that [ satisfies

Lf=yg in Q
f=u on 01,
where g is a smooth function on Q and u is a smooth function on OS2, then
=2 1 = X, v
[ato= [ Fstors [MFor2 [ e[ nwuvae- [ (S am),
Q Q Q o0 oQ oQ
where h(-,-) = (B(-,+),v), B is the second fundamental form on 98, v is the outward
unit normal vector field on 02 and mean curvature H = trace(h).
Proof. Let {%}7:11 be a canonical basis of R*!, f; = %, and so on. Since

Lf = g, then we have

— 1 0 1 1 i
Lfi= Z(fijj - izjfij) = 6—%(9+ 5 Zj:ﬂ?jfj) —-3 Z]:ijij =gi+ fg;

J
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and

1— — — — N — 1 =
(3.1) SEIVIP =3 55+ FLfi = VP + (V£.Vg) + 5[V 1

.3

Integrating the equality (3.1) by parts we get

L N N Ry
5 [ 2= [ Frto [ @1 Fo0+; [ Mo

=2 1 = - = -, =
(3:2) = [ty [ V50 [ @(oaVs) — 07 1)
.y 1 [ —
— [ reo+y [[FePo+ [ pao- [ o
Q Q a0 Q
On the other hand, we select an orthonormal frame field {eq,---,en4+1} near the

boundary of 2 such that {eq,--- ,e,} are tangential to 9, and V. eg = V.,  e; =0
at a considered point in 92 and v = e, is the outward unit normal vector. Let

hag = (Ve e3,v) = (Bleq, ep), V), then integrating by parts gives
1 —— 1 — —— n+1
3 [ E9 =5 [ @ v = [ DICHIEHENY
(33) = /8 Rlennenn o+ Y /3 (al)(eaenar o+ Y /8 ensr.cal(£)(ea)p
a=1 a=1

= [ oo [ ncipt 30 [ hases(Rea(Dr

o2

a,B=1
Moreover,
n+1 o n no
enprenirf =Y (eieif = (Veei) £) =D (eataf) + D (Venea) f
=1 a=1 a=1
(3.4) . <
— — X, v
:AffAf+(XZ=1haafV:£ffﬁu+ 5 I_/+HfD'

Combining (3.2)-(3.4), we complete the proof. O

We would use the above Reilly type formula to estimate the first eigenvalue of £
operator on a self-shrinker in Euclidean space. Now the ambient space is not compact.
We need the following boundary gradient estimate for L.

LEMMA 3.2. Let ¥ be a compact embedded hypersurface in R"t1, Q be a bounded
domain in R* T with 0Q = XUSR. Here S is an n-sphere with radius R and centered
at the origin for any R > \/2(n + 1) + diam(X). We consider Dirichlet problem

{ Lf=0 in Q
f|2:ua f|SR:07

where w is a smooth function on X, then |Vf(Xo)] < 3maxxeyx [u(X)|R for any
Xo € Sg.
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Proof. For any Xq € Sg, there is a unique Yy € R"™! such that
Bgr(0) N Br(Yy) = Xo. Let uy = maxxex |u(X)| and define two barrier func-

tions wi(d) = F+3ug (1 — exp (_ 5127]22>>7 d(X) = |X — YO| on the ball B\/R2—H(Yb)

2

Now, we prove that the two functions w? satisfy

(i)  wH(Xo) = f(Xo) =0,

(iii) wo (X)) < f(X)<wT(X), Xe€ OB gz1(Yo) N Q.

Let Y = X — Yy, then d = |Y|, Vd = % and Ad = 17, hence

- - s 1X-Y
Lot = (wh)Ld+ (wh)"|Vd]* = (wh)" + w+/(£__—)-
(w™) (w™)"[Vd]" = (w™)" + (w™) vl 2

d2—

2
e , then for any X €

2 .2
Since (wt)’ = 3ugde= = and (w)” = 3ug(l — d?)e~
B /7 (Yo) N Q, we have [X| < R, d = |Y| > R and

— 2_p2 2 52
Lwt < 3ug(l—d*e 2" +3upde™ " 2 <§ + %)

2

_a?—g? 2 R .
= 3upe” 2 1—-d +n+§d <0 (since R>+/2(n+1)).

Thus, (i) is proved. (ii) is obvious. By maximum principle, one can obtain
|f(X)] < wup, forany X € Q.

When X € 0B zg(Yo) N Q, wh(X) = 3ug(l — e '/2) > f(X) and w™(X) =
—3ug(1 — e 1/2) < f(X). Thus, (iii) is proved.
Comparison principle of elliptic equations gives

w(X) < f(X)<wh(X), Xe¢ B /7 (Yo) N Q.
Therefore, the normal derivatives of w* and f satisfy

- +
o) < o) < 2 (x0),

— Ov v
which completes the proof. O

We define the first (Neumann) eigenvalue A; of the self-adjoint operator L in
complete self-shrinkers M™ in R**! by

M= inf /V2; / 2:1,/ :0}.
1 feclg(M){Ml fI°p pr pr

By (2.1), one has A\ < % From the following lemma, A\; can be arrived by the first
eigenfunction v and A\; > 0 for any complete properly immersed self-shrinker.

LEMMA 3.3. Let M™ be a complete properly immersed self-shrinker in R™t1, then
there exists a smooth function u with fM u?p =1, fM up = 0 such that Lu+ A\u =20
and [y, |Vul?p = A1

Proof. By the definition of A1, there exists a sequence {f;} satisfying

(3.5) /ffp:L/ fip=0 and _lim/ IV fil2p = A1
M M 11— 00 M
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Since A; < 1/2, then there exists a Ny such that, for any ¢ > N, fM IV fil?p < 1.
Define two Sobolev spaces L?(€2, p), HX(Q, p) for any set Q2 C M by

L2(Q,p) = {f ;/Qf2p<0<>},
HIQ _ . 2 d 2
(2. p) {f,/gfp<ooan /QIVflp<oo},

respectively. Since H!(D,., p) is a Hilbert space, then there is a subsequence {f,,} of
{fi} converging to some u, € H'(D,,p) weakly, and there is a subsequence {fy,, }
of {fn,} converging to some u,1 € H'(D,41,p) weakly and so on. Hence we could
choose a diagonal sequence, denoted by fi for simplicity, such that f; converges to
some ux € H'(K, p) weakly for any compact set K C M, i.e., we can define u on M
such that u |x= uk. By compact embedding theorem, sequence f; converges to u in
the space L?(K, p) strongly for any compact set K, then

/u2p: lim/f,fpgl.
K k—oo K
By weak convergence in H(D,., p), one has
| (Fu-Vp= tim [ (95 V0
K I JK
L. 2 2 Al 2
<Z ) <24 Z
<3 Jim [ (VHE+IVAR < 5+ 5 [ VAP

Hence

(3.6) /u2p§1, /|Vu|2p§)\1.
M M

For any sufficiently small € > 0 and compact set K C M, there exists a k such that
fK |u — fx|?p < e. Combining (3.5) and (3.6) and Cauchy inequality, we get

‘/Kup S/K|ufk|l’+‘/kaP S/K|ufk|p+/M\K|fk|p
-0 S\// P/ |Ufk|2p+\//M\Kp/M\K|fk|2p

AL e

Since M has Euclidean volume growth, then (3.7) implies

/ up = 0.
M

Now let us prove || o u2p = 1. By Logarithmic type Sobolev inequalities on self-
shrinkers one has [7]

(3:8) | xBizo<6 [ 19nFpran [ g
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In fact, multiplying a smooth function g with compact support on the both sides of
(2.2), then integrating by parts yield

1
/(|X|2—2n)92p=/ (VIXIQ-VQQ)pS§/ |X|292p+8/ IVgl?p.
M M M M

Using such function g to approach fi, we can also get (3.8).
For any r > 0 (3.8) implies

r2/ f£p§16/ |ka|2p+4n/ 2 < 16+ 4n,
M\D, M M

then

16 + 4n

2 . 2 . 2
= 1 =1—-1 >1-—
(3.9) /D W= lim /D ! fip Jim o fep > 2

Combining (3.6) one arrives at [,,u?p = 1. By the definition of A\;, we get
Jos IVul?p = X1 Let us define a functional

1(f) = /M|Vf|2p—2A1 /M Fup

and

= Julr
f fMp)

then
1(f) = /M|Vf|2p—2A1 /M<f—7>upz /M|Vf|2p—A1 /M ((F =T+ p
_ 2 _F\2 _
- /\1+/M|Vf|p AI/MU’ 20> .

Since I(u) = —A1, then the function w arrives at the minimum of the functional I(-).
Hence 2 |c—o I(u+ €p) = 0 for any ¢ € C>°(M). By a simple calculation, we have

/ (Lu+ Au)pp = 0.

M

By the regularity theory of elliptic equations w is a smooth function (see [9] for ex-
ample). We finish the proof. O

Now, we give a uniformly positive lower bound of A; for compact embedded self
shrinkers in R™*1,

Proof of Theorem 1.3. We have known 0 < A\; < % in the previous discussion.
Let Bgr be an n-ball with radius R and centered at the origin, then there is a Ry such
that M CC Bg,. Set Qg be a bounded domain in R"*! with 9Qr = M U 0By for
R > Ry. We consider the following Dirichlet problem

{ ZfZO in QR

f|M:u7 f|6BR:07
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where v is the first eigenfunction of the self-adjoint operator £ in M, i.e., Lu+Au = 0
and [,,u?p = 1. By Lemma 3.2, we get [Vf(Y)| < 3maxxen [u(X)|R for any
Y € 0Bp. Integrating by parts gives

(3.10) / folup = =\ / foup =\ / I (pff) = A / V£ 12,
M M Qr Qr
Combining (1.1), (3.10) and Theorem 3.1, we have
(3.11)
_ 1 — — R
0= [ FtPprs [ Wifo-2n [ ©ifo- [ nvuvwp- [ £25
QR QR Qr M dBR
=2 .2 1 = .2 9 253
z/QRw o+ 72&)/% Vit= [ BV V- 5 s (PR o

We may assume [, h(Vu, Vu)p <0, or else we consider the bounded domain U with
OU = M instead of Q. By trace theorems in Sobolev spaces (see [10] for example),
there is a positive constant C' depending only on n, Ry and M such that

/ i / Rz R

0 0

Then for R > R one has

—2 —
/ P+ / V1P
Qr Qr
—92 —
> / P+ / V12
QRO QRO

(3.12) ’ ]
_fo =2 ;12 = ;2 _ng = 9
>e </Q IVf|+/QR IVf|>ze C/MIVfI

() 0
RrZ 9 RrZ
Ze*TC/ [Vu|p=e"2 CA > 0.
M

N

If A < 1, then let R go to infinite in (3.11), which deduces a contradiction by (3.12).
Hence we get A\ > i. O

COROLLARY 3.4. Let M™ be a compact embedded self-shrinker in R™t1, then for
any f € C*(M) there is a Poincaré inequality

/M(f - < 4/M IViPp,

Sy fr

where f = o
M

. -2 _ -
Proof. If f is not a constant, let g = ([,, f2p — f - [1,2)"Y?(f — f), then
fM gp =0 and fM g*p = 1. Since )\ is the first eigenvalue of self-adjoint operator £,
then combining Theorem 1.3 we complete the proof. O

Now, let us recall a classical result of P. Yang and S. T. Yau [18].
THEOREM 3.5. (Yang-Yau) Let (X3,ds?) be an orientable Riemann surface of

genus g with area Area(3,). Then we have

87(1+ g)
A (3g) < W(Eg)’
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where A\1(XZg) is the first eigenvalue of A on .

Let N3 = (R3,(pd;;)) and M? be a compact embedded self-shrinker in R3. Let
g = gi;db;db;, V and A be the metric, the Levi-Civita connection and the Laplacian
operator of M induced from N 3. respectively. Denote the self-shrinker M with metric
g by M. Let g;;d0;df; and du be the metric and the volume element of M induced

from R3, then g;; = pg;;. Denote the first eigenvalue of M by A1 (M), then

LN fPodp [0 G fifipdp

M(M) = inf =
(3.13) D= Sar PPedu gy fo=0 [y fPedp
' ijf.f.
> g Ju @ Sbede 1
Sa =0 [y fPpdu 4

where we have used Theorem 1.3 in the last inequality in (3.13).

COROLLARY 3.6. Let M be a compact embedded self-shrinker in R® with genus
g, then

/ p < 32m(1+g),
M

moreover,

/ ldp < 32ei7r(1 + g)r2 for r>1.
D,

Proof. Combining (3.13) and Theorem 3.5, we get

(3.14) / p < 321(1 + g).
M

Combining (2.7) and (3.14) for r > 1 gives

1 s 1 _lx? _lx?
(3.15) —e 4 ldp < — e dp < e~ = dp <327(1+g),
r D, ™ Jb, D,
which yields
(3.16) / ldp < 32eiw(1+ g)r®, for r>1.
D

0

For a non-negative integer g and a constant D > 0, let Sy p denote the space
of all compact embedded self-shrinkers in R3 with genus at most g, and diameter at
most D. Now, we are in a position to prove a compactness theorem.

Proof of Theorem 1.4. For any compact surface ¥ in R3, using Gauss-Bonnet
formula one has

(3.17) /E|B|2:/EH272/2K:/2H2747T)<(2),
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where x(X) is the Euler number of surface ¥. If ¥ € S, p, then (2.8) implies there is
a X € ¥ with [X|=v2n and ¥ C B, /5. Combining (2.3) and (3.16) gives

(3.18)

/ H? = / ldu < 32em(1+ g)(D + V2n)>.
b b))

Then (3.17) and (3.18) implies

(3.19) /E |B|? = /ZHQ —4Am(2 — 2g) < 32ein(1 + ¢)(D + V2n)? + 8m(g — 1).

According to Proposition 5.10 of [6](see also [1] and [5]), we complete the proof. O

H 2 2 =Z = =

QO Q0 9 U = =

="

=
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