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ON INSTANTONS ON NEARLY KAHLER 6-MANIFOLDS*

FENG XUT

Abstract. We study w-instantons on nearly Kéhler 6-manifolds. These are defined as con-
nections A whose curvatures F' satisfy *F' = —w A F. First, we show these connections enjoy nice
properties: they are Yang-Mills and variational. Second, we discuss their relation with instantons
over the Go cones. Third, we derive a Weitzenbock formula for the infinitesimal deformation and
derive some rigidity results. Fourth, we construct some SO(4)-invariant examples over open sets of
S6.
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Introduction. The notion of anti-self-dual instantons plays an important role in
Donaldson’s theory of 4-manifolds ([7]). This concept has been generalized to higher
dimensions (e.g., [8] and [11]). To motivate the generalization, we first recall the
4-dimensional theory.

Suppose M is an oriented 4-dimensional Riemannian 4-manifold. It is well known
that the space of 2-forms splits into self-dual and anti-self-dual parts, corresponding
respectively to £1-eigenspaces of Hodge * operator. A connection A on a certain
principal bundle over M is said to be an anti-self-dual instanton if its curvature F,
when viewed as a vector-bundle valued two-form, satisfies *F' = —F. Of course,
this definition does not generalize directly to higher dimensions. If, moreover, M is
almost Hermitian, i.e., endowed with an almost complex structure compatible with
the Riemannian structure, we can formulate the notion in another way. This is based
on the observation that anti-self-dual 2-forms are exactly w-trace free (1,1)-forms.
Thus, in the almost Hermitian case, we can equally define anti-self-dual instantons to
be those connections A satisfying

(1) F20 = tr ,F = 0.

The latter description obviously allows generalizations to higher dimensional
almost Hermitian manifolds. We will also call connections satisfying (1) pseudo-
Hermitian- Yang-Mills by slight abuse of terminology (compare [3], for example).

When the dimension is 6, we can formulate (1) in yet another way. Notice that
the operator *(w A -) maps the space of two forms into itself. It can also be shown
that the space of w-trace free (1,1)-forms is exactly the —1 eigenspace of *(w A -).
Thus, we can rewrite the equation (1) as

(2) wWAF =—x%xF.

For this reason, we also call pseudo-Hermitian-Yang-Mills connections w-anti-self-dual
instantons.

Now, (2) makes sense in even more general contexts. Suppose that M is endowed
with an n — 4 form . Then the operator *(Q A -) maps 2-forms into 2-forms. We
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can define Q-anti-self-dual instantons to be those connections A whose curvatures F
satisfy

(3) QAF =—x%F.

This definition behaves the best when M has a special structure such as SU(3), G2
or Spin(7). In this situation, Q is naturally defined, i.e., Q is the Kéhler form for an
SU(3)-structure, the defining 3-form for a Ga-structure, or the defining 4-form for a
Spin(7)-structure.

However, even when (2 is parallel, (3) is in general overdetermined. It is natural to
ask when (3) has solutions, even locally, and how general they are. In dimension 6, R.
Bryant showed in [3] that there is a large class of almost Hermitian structures, called
quasi-integrable, for which the differential system for pseudo-Hermitian-Yang-Mills
SU (n)-connections is involutive. Thus the theory behaves well in quasi-integrable
case. It is interesting to ask under what conditions other instanton differential systems
will be involutive.

In this paper, we are mainly interested in w-anti-self-dual instantons on a nearly
Kéahler 6-manifold and Q-anti-self-dual instantons on its Go-cone. We first show that
w-anti-self-dual instantons are automatically Yang-Mills, i.e., are critical points of
the Yang-Mills functional. We prove the involutivity of the w-anti-self-dual instanton
system. We construct a Chern-Simons type functional on nearly Kéhler 6-manifold.
This is an R-valued functional, rather than R/Z-valued as in 3-manifold case. We
show that its critical connections are exactly the w-anti-self-dual instantons. We
compute its gradient flow and discuss its relation with Q-instantons on the Gs-cone.
Second, we derive a Weitzenbock formula for an elliptic operator on nearly Kéahler
manifolds and apply it to study deformations of w-anti-self-dual instantons. Finally,
we construct a class of instantons on S® and R” that display interesting singularities.
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1. Some linear algebra in 6 and 7 dimensions. In this section, we clarify
notational convention of inner product spaces in 6 and 7 dimensions with emphasis on
representation theory of SU(3) and G2. The interplay between Hodge star operations
will be important in later discussions.

Suppose V' is an n-dimensional oriented inner product space and let {e;}? ; be
a oriented orthonormal basis. The inner product on V induces an inner product (,)
on its dual V* with the dual basis denoted by {dz;}. By taking the convention that
{dz;; A---Adx;, } be orthonormal, we make A*V* an inner product space. We define
Hodge star * on A*V* by the following rule. Let ¢ € A*V* and its Hodge star ¢ is
determined by

(4‘) *¢ A w = <¢7 ¢>V01V7
for any 1 € A*V* where voly = dz1 A -+ - A dx,, is the volume form on V.

REMARK 1.1. Through the inner product, we identify vectors and 1-forms. We
will not distinguish between them. Thus for example, an linear operator defined on
vectors may be thought of as an operator on 1-forms. No confusion should be caused.
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1.1. Dimension 6. In dimension 6, we suppose further that V' is endowed with
a complex structure and a complex volume form W¥. The complex structure coupled
with the inner product determines a symplectic form w on V. We normalize these
quantities so that %w3 = é\I! AW = voly. It is now natural to complexify V* and its
various exterior powers. Denote V& the space of complex linear forms on V. Then
V*® C =VE® Vs We extend the inner product and Hodge star operation complex
linearly to V ® C.

We pick an orthonormal basis {dz;, dyi}f’:l for V* such that dz; = dx; +/—1dy;
is complex linear and that

V-1 . _ S
w= T(dzl Ndzy +dza ANdze + dzs Ndzs), U =dz; Adzy Adzs.

1.1.1. SU(3)-representations. The subgroup of SO(6) preserving both w and
1 is the special unitary group SU(3). Under the action of SU(3), A*V* ® C may be
decomposed into irreducible pieces

Ve C=ViaVE
ANV*eC=NTVEe NTVEoC wo VDD
NBVr*eC=C-79C - TVl gvOl gVt Awe Vi Aw
MV QC=VEAV B VEAT B C?a VY Aw

ANV RC=ViEA?BVEAW,

where V(1D denotes the representation of the highest weight (1,1), which consists of
(1,1)-forms whose inner product with w is zero, V(®:2) ~ sym?V{ is the representation
of the highest weight (0,2) and V(%2 ~ V(2.0), The decomposition of 2-forms and 4-
forms will be the most important for us. Note that the wedge product with w gives an
isomorphism between the irreducible pieces in A% and A* as outlined above. Another
isomorphism is given by Hodge star. These two isomorphisms will be fundamental in
the definition of anti-self-dual instantons later, so we examine their relation carefully
below.

1.1.2. Hodge star. It is easy to compute that

V-1

*(dzl AN ng) = dz1 Ndzo Ndzs N dzs

s

*(dZQ A ng) = le A dZQ A ng A dz_1

and

*(dzg Ndz1) =

le A dZQ A ng A d%
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Also
wAdzi Ndzy = %dzl Ndzo Ndzz N\ dz3

and similarly for dzo A dz3, dzs A dz1. Thus we have

(5) *=wA«
for any o € /\QVC*; P /\QV_C*.
Moreover,
1
6 - 2
(6) W= Sw

On the other hand,

*(dzy Ndzg) = —

dzy Ndza Ndzs Ndzz = —w A (dz1 A dz3).

v—1
2
More generally, we have

(7) = —wA«o

for any o € V(L.

To conclude, the irreducible (real) SU(3)-modules in A?V* are indexed by the
eigenvalues of the operator *(wA) (note *2 = 1 on 2-forms).

The other chain of isomorphic SU(3)-representations consists of Vg, A2V and
various Hodge star images. Again, there are many isomorphisms among these spaces
given by compositions of Hodge star, wedge product with the ¥ and with w. We
exploit some of them.

First, we compute that

VT

*(dzs) = dz1 Ndze N dzs A dzT A dzs,

and thus,

* (dz1 Adza A dzg AN dzT N\ dz3) = —dzs.
On the other hand
ImU Adzy Adzg = g(dzl Adzo ANdzs A\ dzT A dz3).
Thus we have
ImU A +(Im¥ A dZ7 A dZ3) = —/—1dZ7 A dZ A dZ5 A dzs.

It is easy to see

V-1

wAdzi Ndzg = — dz1 Ndzo Ndzs N\ dzs

and thus
ImW A x(ImU A dz1 A dzZ3) = 2w A dZ1 A dZ3.
Because A2V is an irreducible SU(3)-representation, it must hold that

(8) ImP A x(ImP A o) = 2w A a.
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1.1.3. Some linear operators. We use the SU(3)-representation theory to
describe several useful linear operators. Some of them are standard, but we hope to
fix notation.

First, we describe L. For any 1-form v € V*, vy : AFV* — AF=1V* is defined as

’UJ(CYl AR O(k) = Z(—l)i_1<'v, ai>al A - dl A« A o

%

where () is the inner product. Note that this is adjoint to the wedge product in the
sense that

(vaa, B = (o, v A B).

We extend s complex linearly to V* ® C and A§. Something must be cautioned.
For instance

leszl =0.
Next, we use J to identify A*V™* inside so(V*) by
B a— alf.

The inverse map is given by for any A € so(V*)

1
A 3 Zwi A A(w;)

where w; is an orthonormal basis.

Now, if a linear map commutes with the complex structure on V*, i.e., maps V{3
to itself, then it is easy to see that viewed as a 2-form, A lies in the space A, In
fact, the corresponding 2-form is given by

%dz_i A A(dz).

Since ¥ is SU(3)-invariant, any linear combination r of maps v — v.Re(¥) and
v — vaImW¥ gives an SU(3)-equivariant map V* — A2V*. The image r(v) may be
viewed as a map V* — V*. Skewsymmetrizing r(v) gives a map A2V* — A2V*

r():aApB—r@)(a) AB+aAr®)(F).
We still denote the map by r(v). From SU(3)-equivariance of r, we see that
9) r(g()(@) = g(r(v)(g~"a)),
for any g € SU(3), v € V and a € A?V*. We define
T0(B) = 3(B,dz1 Adza)dzr Adza + 2(B,dz1 Adze)dzy A dzo
(10) +1(8,dz1 Adzz)dzy Adzz + 1(0,dz1 Adzz)dzy Adzg
+3(B,dzz Ndzg)dza A dzs + 3(B,dzz A dzg)dzo A dzs,

dually
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—V/—=1mp(B) = L B,dz1 N\ dzo)dzy N dzo — L B,dz1 N\ dzo)dzy A dzo

(0,2) 4 a

11 +l B,dz1 N dz3)dz1 N dzg — 1 B,dz1 A dz3)dz1 A dzs
4 4

+%<6, dZQ N d23>d2’2 N ng - %<5, dZQ N d23>d2’2 A ng.

and
(12) Wu(ﬁ) = %<67w>w

where the bracket is the complex extension of the inner product. Note that both (5 o)
and 7(g 2y are real operators. Also define the projection onto w-trace free 2-forms

(13) wé’l =1—7@20) — Tw-

Note that 75 ) are identity on forms of type (2,0) and type (0,2). While (g )
is multiplication by v/—1 on (2,0) forms and —/—1 on (0, 2) forms. Both of them are
clearly SU(3) equivariant. In fact, if we think of the diagonal elements in A2V*@AZV*
as a real representation of SU(3), the space of SU(3) equivariant homomorphisms is
real 2-dimensional, spanned by 7(30y and 7o 2). They satisfy the relation
(14) Tha0) =720 T0.2) = ~T(20)

In particular, 720y is a projection but 7 2) is not.
Denote

(15) P = )\7T(210) + U

where \ and u are real constants. Clearly, P is a real operator and commutes with
the action of SU(3). Moreover, P? = A3 o) + p?m,.
Let {v;}9_, be a orthonormal basis of V and w; dual basis. We define a map by

(16) B(a) = ZMJ[T(W%PQ](@)

where o € A?2V*. Note that the definition of B does not depend on the choice of the
orthonormal basis. We have the following result concerning the B.

PROPOSITION 1.2. The operator B factors through a (possibly complex) linear
combination of m(2,0)y and T(o,2)-

Proof. For any a € A2V* and g € SU(3), we have

B(ga) = wa[r(vi)a P?(ga)
= Zwug([r(g_l(vi))a P?)(a))
= Q(Z 9 (wi)a([r(g™ " (v3)), P?)(cx))

= g(B(a)),
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where the second equality is due to (9) as well as the commutativity of P and SU(3),
the third is because g(via) = g(v)ag(a) and the last is because of the independence of
orthonormal coframes in the definition of B. So B gives a SU(3)-equivariant map from
A?V* — V*. Since as a SU(3)-space, A2V* contains only a copy of the irreducible
representation isomorphic to V*, namely, (A?VE @ A2VE)r, we know from Schur’s
Lemma, B must factor through a linear combination of (3 ) and (g o). O

Next, for each 4, j, we consider the operator on V*,

(17) L(wi,w;) (@) = wi A (wj o) + w; 1P (wj A ).
We have the following result concerning L.
PROPOSITION 1.3. Let A = /2 and ;1 = /3 and thus
(18) P =20 + V3.
Then the operator L satisfies the Clifford relations, i.e.,
L(wi,w;) + L(wj,w;) = 20;;.

Moreover, we define an operator M : A*’R® — End(R®) by linearly extending L(w;,w;)
fori # 7. Then M is an SU(3) equivariant map from A?V* to V@ V*. In fact, we
have

M(B)(v) = va(=2my" B + 7., ).

Proof. Since L is real, it suffices to prove the proposition for (1,0) forms. Without
loss of generality, we check for L(dz1,dz1), L(dx1,dy:) and L(dxzy,dzs). Let o; =
dz; + +/—1dy;. These form a basis for V5. Then

L(dCCl, dIl)(Ozl) = dIl A\ (dIl_lal) + dI14P2(dCC1 A\ 041)

1
=dz; + dle()\27T(210) + u27rw)(§dzl Adzy)

=dzy +dx1o 3 u2w
=dxy +vV—1dyy

because pu? = 3.
Using A\? = 2, one can similarly compute, for i = 2,3

L(d:vl, dwl)(al) = Q4.

This proves the first equality.
Now consider L(dz1,dy;). We compute

-1
2v/-1

L(dzy,dy1)(a1) = vV=1dz1 + dy12(XN72,0) + 1m0 ( dzi Ndz)

2
=+ —1dx1 + dleu—\/—lw
3

1
=+ —1dx1 — guzda:“w

= \/—_1d£171 — dyl
= \/—_1(d2’1)
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and
L(dyy,dz1) (1) = dyy + dy1 5(Xm(a,0) + ;ﬁm)(%dz Adzy)
=dy; + dleuzww(%dz_l Adzy)
=dy + dleﬂzgw
=dy; — vV—1dx,
= —V/—1(dz; + vV~1dy;).
Thus
L(dzy,dy1)(aq) + L(dy1, dz1)(aq) = 0.
Also,
L(dzy,dyr)(az) = 0+ dzy s(Nm2,0) + u%rd(#__l(dzl Adzy — dZT A dzo))
= —V/—1dz;2(dzy A dzo)
= —\/—_le2
and
L(dyy, dxy) (o) = dyp()\zwz,o)(%dzl A dzo)
= \/—_le2.
Thus
L(dzy,dy1)(ag) + L(dy1, dz1)(ag) = 0.
Similarly

L(dwl,dyl)(a;;) + L(dyl, d:vl)(ag) =0.

Next we consider L(dz1, dz2).
1 1
L(dz1,dzs)(dz1) = 0 + dxys(Nm2,0) + u27rw)(§d22 Ndz + 5dZ A dz1)

1
= dl’lJ)\Qﬂ'(gyo)(idZQ A le)

= d.TlJ(dZQ A\ dzl)
= —dZQ

and
1
L(dzs,dzy)(dz1) = dzg + daws s(Nm(g0) + M2ww)(§dz Adz)

1
=dzy + ,u27'rw(§dz_1 Adzy)

=drs + VvV —-1ldrsow
=dxe +V—1dys = dzo



ON INSTANTONS ON NEARLY KAHLER 6-MANIFOLDS

Thus

L(dx1,dz2)(dz1) + L(dze, dx1)(dz1) = 0.
Similarly

L(dzy,dx2)(dz2) + L(dza, dz1)(dz2) = 0.
Moreover,

L(dxy,dxs)(dzs) = dxy A (degadzs) 4 daxy aP? (dae A dzs)
1 1
=0+ d(ElJ()\27T(210) + u27rw)(§d22 Adzs + 5(122 Adzs)

1
= dCClJ/\27T(270)§dZQ A dz3

=0.
and
L(dwa,dxy)(dz3) = dxg A (dryadzz) + drgaP? (dry adzs)
=0+ d:cQJ/\Q%dzl A dzs
=0.
Thus

L(dx1,dx2)(dzs) + L(dxe, dx1)(dz3) = 0.
So far we have proved that
L(dzy,dz,) =1
and
L(dxq,dyy) + L(dy1,dxq) = L(dzy, dz2) + L(dxa, dzy) = 0.
By symmetry and the linearity of L we see that

L(dz;,dx;) = L(dy;, dy;) = 1,

L(dz;,dz;) + L(dzj,dz;) = 0,7 # j
and
L(dz;,dy;) + L(dy;,dx;) = 0.
For instance, in order to show

L(dl‘l, d’yg) + L(dyg, dl‘l) =0

543

we replace dxo by dys and dys by —dzs. Then it follows from the calculation on

L(dl‘l, dxz)



544 F. XU

Now for arbitray orthonormal basis w;, the Clifford relations follow from the fact
that the orthogonal transformations act transitively on coframes. If they hold for a
particular coframe, they hold for all.

Suppose g € SU(3). We have for any 1-form a,

L(wi,wj)(ga) = wi Awjag(a) +wiaP?(w; A g(a))
= g[(g7 wi) A (g7 wj)aa+ (g7 wi)aP? (g7 Hwj) A a)]
= gL(g™'wi, g 'wj) ().

Now by the definition of M we have for any o = a;w; and 8 = b;wj,

(aibj — ajbi)L(wi, wj).

N =

Thus,
M(ga, gB)(v) = %(aib; — a;bi) L(gwi, gw;)(v)
(aibj — ajbi)gL(wi,w;)g~ " (v)

= gM(a7 6)9_1 (U)

NIE

ie., M is SU(3) equivariant.

Note from the above computations, M (3) maps (1, 0) forms to (1,0) forms for any
two-form 3. Moreover, since P? is self-adjoint, M (/) also preserves the inner product.
Thus M(f3), when identified as a two-form, takes value in A'. Combined with the
SU (3)-equivariance, M gives a SU (3)-equivariant map from A2V * to AL, Since both
of the two irreducible components Aé’l and Rw are real, Hom gy (s) (A%, A1) is real
2-dimensional. In other words, there exist two constants a, b so that

M(B) = amy ' (B) + b (3).

It is a matter of computing examples to determine the constants.
If we take 8 = dx1 A dyp, then by the convention described above,

M(B) = %(dz AM(B)(dz1) + dz3 A M()(dzs) + dz3 A M(5)(dz3))
= g(dz_l/\dzl — dz3 Ndze — dz3 N\ dz3)
= —(dx1 Ndyr — dxa A dys — das A dys).
On the other hand
7o (dzy A dyy) = %w.
and

1
Fé’l(dl'l A\ dyl) = §(2d$1 Ady; — dxo Adys — dxs A dyg)

Consequently a = —2, b= 1. Thus M is of the desired form. O
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1.2. Dimension 7. Now we assume that dimV = 7 and we pick an oriented
orthonormal basis for V* denoted by {dx1, dyi,dxs, dys, drs, dys, du}. For later use,
let

le' = dIl + v —1dyz
and define w and ¥ as in §2.1. We introduce a special three form

Q = duNw+ImV
= duAl (dl‘l Adyr + dzo A dys + dzs A dys)
+dx1 A dxo A dys — dyr A dys A dys
—|—dy1 AN dIQ A dIg + dCCl A dyg A dCCg.

(19)

Due to [4], it is now well-known that the exceptional Lie group G2 may be defined
as the stabilizers of (2. For this reason, we call Q) the fundamental 3-form. We embed
RS considered in the last section into V' to be the hyperplane du = 0. We also let
SU(3) act on V' by identity on the line dz; = dy; = 0 and the standard action on
du = 0. Clearly, SU(3) preserves €2, so it embeds into G2 as a Lie subgroup.

1.2.1. Gy-representations. A good resource on this part is [5]. We recall some
basic facts. The standard V* is irreducible with the highest weight (1,0). The most
important part for us is A2V*. It decomposes as the sum of two irreducible pieces
V1.0 g V(LD where V(@) is the irreducible representation of G5 with the highest
weight (a,b). The subspace V' (1.0) ig 7-dimensional, consisting of 2-forms v_Q for any
v € V*. The other one V(1Y is isomorphic to the Lie algebra g.

The space A°V* is isomorphic to A? as Ga-modules either by wedge product with
Q or by the Hodge star operation. Again the interplay between these two isomor-
phisms will be important in defining anti-self-dual instantons in dimesion 7.

1.2.2. Hodge star. We only consider the Hodge star on A?. Now we may
compute that

(20) o= %Q Ao

for all @ € V(1.9 © A2 and that
(21) ra=—-OQAN«a

for o € go. These may be checked for special forms (e. g., & = du.Q € V(10 and
a = dz ANdzz € su(3) C g2). Then, since these spaces are irreducible and both * and
QA commutes with G2 action, we know these relations must be true for the whole
spaces. Thus, these irreducible subspaces are indexed by the eigenvalues of *(QA).

2. Anti-self-dual instantons on nearly Kéhler 6-manifolds and G3-cones.
Let G be a compact Lie group. Suppose X™ is a smooth manifold endowed with an
(n-4)-form YT (for our purposes, X = M is nearly Kéhler and T is the (1,1)-form w,
or X = N has G2 holonomy and T is the fundamental 3-form ). Suppose also T is
a (n-4)-form on M and P is a principal G-bundle over X. A connection A on P is
called Y-instanton if its curvature Iy satisfies

(22) TYTAFy=—xx Fa.
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REMARK 2.1. When G is a unitary group, our definition is different from the
one used in [11] (see Remark 1 in its §1.2, however). When G is a special unitary
group, these two definitions coincide. This is the group we will use mostly.

Note that if T is closed, an Y-instanton A is Yang-Mills, i.e., it satisfies the
Euler-Lagrange equation of the Yang-Mills functional, since

daxx F=—dYNFEYANdaF =0

because of the Bianchi identity. Thus, an Q-instanton on a manifold with holonomy
in G is Yang-Mills since 2 is closed. Remarkably, as we will show later, when X = M
is nearly Kéahler, although w is not closed, an w-anti-self-dual instanton is still Yang-
Mills.

2.1. Nearly Kahler 6-manifolds. In this subsection, we collect basic facts
about nearly Kéahler 6-manifolds. The concept was first introduced and studied by A.
Gray in [9]. Later on, N. Hitchin [10] found that it is a critical point of a diffeomor-
phism invariant functional and thus put it in a more natural context.

An SU(3) structure on a 6-manifold M is a reduction of the total coframe bundle
to an SU(3) subbundle. It may be specified by a real two-form w of type (1,1) and
a (3,0)-form ¥ normalized so that %w3 = %\If AW. A nearly Kéhler structure is an
SU (3)-structure for which

(23) dw = 3cIm¥, d¥ = 2cw?.

for some real constant c.

When ¢ = 0, the underlying almost complex structure is integrable. In fact, M is
Calabi-Yau. When ¢ # 0, by scaling the metric, we can always assume ¢ = 1. In this
situation, M is usually called strictly nearly Kdhler. In this chapter, we assume from
now on that ¢ = 1 and we speak of this as nearly Kahler without danger of confusion.

2.1.1. Structure equations. Let «a;,7 = 1,---,3 be a local special unitary
coframe, i.e., o; is complex linear and

v—1
w = T(al ANag+ e Aag+asAa3), ¥U=a Ao Aas.

There exists a unique su(3)-valued 1-form (x,;) so that
(24) dog = =K Aoy + €50y N oy,

where summation is understood when repeated barred and unbarred indices appear.
Differentiate this and we get the curvature of x:

1 - _ _
(25) dliﬁ +Rg ARG = 1(3041- Nag — 5i3al ANag) + K 5,204 N0,
where Kﬁpﬁ = Kp}iﬁ = K@ﬁ = Kﬁqﬁ and Kﬁpﬁ =

It follows from the structure equations that x is a pseudo-Hermitian-Yang-Mills
connection on the complex tangent bundle of M.

Compact nearly Kihler examples include the standard S°, the flag manifold
SU(3)/T?, S x S3, and CP? (with an unusual almost complex structure). All
these examples are homogeneous. On the other hand, it remains open to find non-
homogeneous compact examples.
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EXAMPLE 2.2 (Ga-invariant S®). The standard Gs invariant almost complex
structure on S® is perhaps the best known non-integrable almost complex structure.
As a subgroup of SO(T), Ga acts transitively on S® and the stabilizer of any point
is isomorphic to SU(3) C Ga. Thus, Go preserves an SU(3)-structure on SS. This
SU(3) structure is in fact nearly Kdihler. Using Maurer-Cartan forms on Ga, we write
the nearly Kahler structure equations

(26) dOél' = —Hﬁ A Qi + €ijk A (677

(3041' Nag — 51-7011 A Ot_l)

FNgr.

(27) dliﬁ + IiiE A Iik; =

2.2. (Ga-cones over a nearly Kahler 6-manifold. A Gs-structure on a 7-
manifold N7 is a reduction of the total coframe bundle to a Gy-subbundle. Suppose
N7 has such a Gy structure. Then, on N, there exists a fundamental 3-form €
characterized by the property that at each point z, there exists a linear isomorphism
u: TN — R" so that Q, = u*(Q). Conversely, given such a fundamental 3-form (2
on N, the set of such linear isomorphisms forms a G5 subbundle of the total coframe
bundle and thus defines a Go-structure on N.

Associated with any Ga-structure, N has a metric g. The Levi-Civita connection
of g has its holonomy group contained in Go if and only if dQ = d(xQ2) = 0. R.
Bryant constructed the first metric with holonomy G5 [4]. It was the cone metric over
R, x SU(3)/T?. Tt is now well-known that if M? is nearly Kihler with the metric
gur, the cone metric on N = R, x M® defined as

gn = dt* + Pgu
has holonomy in G3. The fundamental 3-form is
Q=t2dt Nw + *Im 0.

Such conical Gs-singularities were used by string physicists recently to construct string
models with chiral matter fields (see [2], [1]). For us, the case M = S® is especially
important. Then the cone has a removable singularity and in fact N = R7. When
studying anti-self-dual instantons on manifolds with G5 holonomy, R” plays the nat-
ural role of an infinitesimal model.

2.2.1. Hodge star on 2-forms. Suppose w;(i = 1,---,6) is an oriented local
orthonormal coframe for M. Then, dt, tw;(i = 1,--- ,6) form an oriented local ortho-
normal coframe for the cone V. Denote x); and *y Hodge star operations on M and
N respectively. It is easy to show that

t2dt A xpr(wi Awj) = *n(wi Aw;)
and
s (dt A w;g) = th 5 (wy).

Consequently, if a 2-form « on N satisfies %JO( = 0, its Hodge star may be computed
by

(28) ko= E2dt A s pr(a),
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and if a = dt A B with 2.3 =0,

(29) s (dt A B) = thxpr (6),

where we extend #)s linearly across functions on N. The formula (28), (29) will be
important below.

2.3. w anti-self-dual instantons . If the underlying manifold is almost Her-
mitian with the Kéhler form w, we may decompose the curvature as

F=F?%4+F20 4 (F°)" + Hu,

where F2Y is of type (2,0) and (F°)%! is of type (1,1) but with zero w-trace. Now
the w-anti-self-dual instanton condition (22) is equivalent to

F?%=H =0,
or, in terms of the operator defined in Proposition 1.3,

P(F)=0.

REMARK 2.3. In the case G is a special unitary group, the above argument implies
that an w-instanton is the same as a pseudo-Hermitian- Yang-Mills connection on the
canonically associated complex vector bundle.

If, moreover, we are working on a nearly Kahler manifold, this condition may be
simplified.

LEMMA 2.4. Suppose A is a connection on nearly Kihler M® and F is its cur-
vature. The following are equivalent:

a. FANImU = 0.
b. FAY =0.
c. FAReV =0.

d. A is an w-anti-self-dual instanton.
Consequently, if F is of type (1,1), A is an w-anti-self-dual instanton.

Proof.
1. a=b. We write FF = >0 + F20 4 (F°)1! + Hw. Then F AIm¥ = 0 gives

FA(U—-V¥)=0,
i.e.,
F2ONT = 0.

It follows then that

and hence FF AW = 0.
2. b=—=-c is obvious.
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3. c=d. As mentioned before, A is w-anti-self-dual if and only if F*Y = 0 and
H =0 in the above decomposition. Now

1 — 1 - —
FAReW = SFA (W + W) = SF*ONT + F2ONW.

Thus ¢ gives F'29 = 0. Differentiating ¢ gives

0 =da(F ARe¥)
= daF ARe¥ + F A dReW
=0+ 2F AW?
=2Huw?

where the last equality uses (23) and the Bianchi identity. Hence
H=0.
4. d==a is obvious.

O

This lemma says that we could have defined an w-anti-self-dual as F2° = 0.
This reduces the indeterminacy and will be useful later when we construct concrete
examples.

REMARK 2.5. The same result holds for a more general class of almost complex
manifolds, called strictly quasi-integrable in [3]. We leave it for the reader to carry
out the details. In fact, this has already been observed in [3] for unitary instantons.

2.3.1. Generality. We now address the problem of the involutivity problem of
the instanton equations. First, the instanton equations may be rephrased as

(30) FAT=0
and
(31) FAw?=0.

Since the problem is local, we assume that the bundle is trivial, and the connection
is simply a g-valued 1-form A. The differential system we need to analyze is

I=(FAT,FAwW?),
defined on M x g where F = dA + 1[A, A]. We have

LEMMA 2.6. The system 1 is involutive with Cartan characters
(807 51,582, 53, 54, S5, 86) = (07 07 07 07 2d7 3d7 d)

where d = dim G.
Proof. Note that

AFAT)=[A,FIAU+FAdV =0, mod L

because of Bianchi identity and the nearly Kahler condition d¥ = 2w?. It is now
routine to check the system is involutive with displayed characters. O
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Some remarks are in order.

REMARK 2.7. More generally, Lemma 2.6 holds for similarly defined w-instantons
on a quasi-integrable U (3)-structure (see [3] for the definition). We leave the details
for the interested readers. When G = U(r) is a unitary group, it is treated in [3] .

REMARK 2.8. For nearly Kdhler M, we could have used the differential system
(F ANImW) by Lemma 2.4. The reader can check that this is involutive with the last
Cartan character also equal to d. The advantage of the original system is that it
applies to more general almost complex manifolds.

REMARK 2.9. The last character is d, due to the fact that gauge transformations
depend on d functions of 6 variables and that instanton equations are gauge-invariant.
We leave for the interested reader to impose a symmetry breaking condition.

2.3.2. Instantons are Yang-Mills. Now we compute
da*y F=—doNF —wAdaF =-3ImUAF =0

because F' is of type (1,1).
PROPOSITION 2.10. An w-instanton on a nearly Kdhler 6-manifold is Yang-Mills.

A consequence is some removable singularity results for instantons on nearly
Kahler 6-manifolds.

COROLLARY 2.11. Suppose that all representations of m1 (M) — G are trivial and
that E is a trivial smooth bundle over M. Assume that A is a w-instanton on E with
a closed singular set S whose n — 4 Hausdorff measure is locally finite. Then there
exists € = (G, M) such that if

[ Fallo<e,
then the singularity of A is remouvable.

COROLLARY 2.12. Suppose that all representations of m (M) — G are trivial
and that E is a trivial smooth G bundle over M. Assume that A is a w-instanton on
E whose singular set is a closed smooth submanifold of codimension at least 4. Then
there exists € = e(G, M) such that if

|| FA HL%(M)S 67

then the singularity of A is removable.

Both are proved by employing the results in [12].

2.3.3. Instantons as critical points of a Chern-Simons functional. Con-
sider the functional

(32) CS(A) = /M 6 (F2) Aw,

On a Kahler manifold, since w is closed, C'S is a topological constant. However, on a
nearly Kéhler manifold, this gives more interesting information.
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It is easy to compute that the first variation of CS is
06CS = 2/ tr(FA A dA(SA) Aw.
M
Integration by parts gives
5CS = 2/ tr[da(Fa Aw) ASA]L
M

Thus the Euler-Lagrange equation for CS is
da(Fa Aw) =0.

Using Bianchi Identity, we see this is equivalent to

(33) FAImW¥ = 0.

It follows from Lemma 2.4 that

PROPOSITION 2.13. An w-anti-self-dual instanton is equivalent to a critical con-
nection of the Chern-Simons functional CS.

This makes it possible to use variational methods to study w-anti-self-dual in-
stantons on nearly Kéhler 6-manifolds.
It also follows that the gradient flow of C'S takes the form

(34) %A = #p7(F ATmV).

REMARK 2.14. To illustrate, we assume that the principal bundle under consid-
eration is topologically trivial. Using dw = 3Im¥ and transgression formula, it can be
shown that up to a constant

(35) CS(A):/ tr(F/\A—%A/\A/\A)/\Im\I/.
M

Here we regard G as a matriz Lie group. This formulation is more similar to the
Chern-Simons functional on 3-manifolds.

Next we compute the second variation @ of C'S. Suppose that A(s,t) (for small
s,t) are a two parameter family of connections such that A = A(0,0) is an instanton.
Let a = %h:o,t:o, b= %gzoﬁt:o.Then by definition

82
Q(@, b) = @E:O,t:oos(/l)

We have essentially computed that

0 0
EOS(A) = —G/Mtr(FA AIm¥ A EA(S’t))'

Thus the second derivative is (remember Fiy A Im¥ = 0)

0A 0A
(36) Q(a, b) = —6/ tr(dA(a_ls:O,t:O) AImW¥ A —|5:0)t:0)

(37) = —6/ tr(daa ATm¥ A D)
M
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Clearly, this is a symmetric bilinear form.
The null space of @) consists of a so that

dga AN Im¥ = 0.
This implies d4a is of type (1,1) and hence
dgaa NP =0.
Differentiating once and using Bianchi Identity gives one more equation
daa A w? = 0.

This is exactly the infinitesimal deformation of the instanton equation.

2.4. Q-anti-self-dual instantons on the Gs-cone. We investigate the relation
between w-anti-self-dual instantons on M and -instantons on N.

First, note that any principal G-bundle over N is isomorphic to a bundle P x
R* — M xR for a G-bundle P over M. Thus, without loss of generality, we assume
that the G-bundle we are working on is a pull-back from M and we use the same letter
P to denote these two bundles.

Suppose A is an Q-instanton. A priori, A involves a di-term a - dt. However, we
may perform a gauge transformation A — g=1Ag + g~ 'dg to eliminate the dt-term.
It is easy to see that we can simply take g as a solution to the differential equation

g tagdt + g 'dg = 0.

Thus, we assume that A has no dt-term. We regard A as a family of connections
on P parametrized by t and denote A = %A. Now the curvature may be computed

FN:dA+%MJﬂ:ﬁAA+FM

where FM = dy; A+ 3[A, A]. The Q-instanton condition with the formulae (28) and
(29) gives

txy a=—Im¥ A FM
and
WAFM _ImU A= — % FM.

We denote the (1,1)-part (with coefficients depending on t) of F™ by FM and FM =
FM — FM . By type decomposition in the above two equations we have

tsy A=—ImW A FM,

(38) WA FM = — sy FY,
and

WAFM —tImU AN A= — xp FM.
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By taking Hodge star of both sides, we see that the first equation is equivalent to
(39) tA = «(Im¥ A FM).

Combining (8) and (5) we see that the last equation is implied by (39).

The equation (38) looks very much like the w-anti-self-dual instanton equation on
M. The only problem is that FJ! is not necessarily the curvature of a well-defined
connection.

The equation (39) is exactly the gradient flow of the Chern-Simons functional
CS. Tt would be interesting to analyze this equation coupled with (38). The first
natural question is whether we could evolve through (39) in the class of w-anti-self-
dual instantons on M to get a Q-anti-self-dual instanton on N. Unfortunately, this is
impossible. An w-instanton has its curvature of type (1,1). If A(t) stays w-anti-self-
dual for all ¢, the evolution equation (39) will imply that %A =0, i.e., A is constant
in t. On the other hand, if A is constant in ¢ and w-anti-self-dual, it is Q-anti-self-dual
when pulled back to the cone N. These give a class of special solutions.

LEMMA 2.15. Suppose A is an w-anti-self-dual connection on the nearly Kdhler
6-manifold M and extend it to the Go-cone N by constant in t. Then A is a Q-anti-
self-dual connection on N.

REMARK 2.16. When M = S8, in order that the principal bundle extend through
the origin in R”, P has to be trivial over M. Even when this is true, the extended §)-
anti-self-dual connection on R7\{0} described in the above Lemma does not necessarily
extend through origin. It is interesting to ask under what condition this singularity is
removable after a gauge transformation.

3. A Weitzenbo6ck formula. In this section, we derive a Weitzenbock formula
for nearly Kéahler 6-manifolds and describe its application to the deformation of w-
anti-self-dual instantons.

3.1. The general formula. Let E be a vector bundle over M. Suppose E is
equipped with a metric and a metric-compatible connection A. Suppose also that A
is an w-instanton. Consider the following complex

0—-T(E) M TETM) 24 T(E @ (A>T M)g © Rw),

where the operator da is induced from d and the connection A and P is defined
Proposition 1.3 in §1.1.3, the projection onto the orthogonal complement of w-trace
free (1,1)-forms. This complex is elliptic at the middle term. It could be extended to
an elliptic complex, but we will not need the full sequence.

The Oth cohomology group consists of parallel sections of E. We are mainly
interested in the 1st cohomology group. A well-known result in Hodge Theory states
that this group can be represented by harmonic sections, i.e., the kernel of the elliptic
operator

Ay = (dz @ Pda)*(d% ® Pda) =dady +d2P2dA.

As usual, we will compare A4 with a certain rough Laplacian of a connection.
Note that, on E ® T*M, there are several connections, e.g., A, coupled with the
s5u(3)-connection on T* M, denoted by D as well as A with the Levi-Civita connection,
denoted by D. After many trials, we choose D. However, D will be useful.
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Suppose x € M is a fixed point. Let {e;}{_; be a local orthonormal frames
centered at & whose covariant derivatives with respect to the Levi-Civita connection
vanish at . Let {w;} be the coframe. The Hodge Laplacian may be computed

Ay = dAdZ + dZPQdA

6 6
sz/\Del Zw]JDe] —(ZWiJDei)OP2O(ZWj/\D€j)
i=1 j=1
6 6
= Zwl/\Del Zw]JDe] —(ZwiJOPQODei)O(ij/\Dej)
j=1

i=1
6
(> wsoDer P o (3w A D)
i=1 j=1
6 6
=- Z (wi A\ owjs+ wjs0o P2 ow;A)De, D, — (Z Wi 0 [De,, P?)oda
ij=1 i=1
6
= — Z(wl A ow;a + wia0 P2 ow;A)De, D,
i=1

6
- Z(wi Aow;ji+w;so P> owjN)De,De, — (Z wiso[De,,P?)oda

i#j =t
6 6
= ZDeiDei - (ZwiJ o [D€i7P2]) © dA
=1 i=1

- Z M(w; Awj) o (De,De; — De, De,)
i<j
where the operator M is defined in §1.1.3.
Recall De;|, = 0. Thus at z,

6
~> D, D., =D*D
i=1
the rough Laplacian. For the same reason, De, De; — D, De, is the curvature on
T*M ® E. The curvature has two parts R ® Idg + Idp«n ® FF where R is the
Riemannian curvature of M. We write R = %Rk”jwl Awr @ w; Aw;. Given a 1-form
« and two vectors X and Y

1
DxDya—DyDxo — D[Xﬁy]a = ZRklijwi A\ Wj(X, Y)cu(wl A wk).

Now consider the term in the formula E?:l Wi 0 [De,, P?]. Note that the su(3)-
connection D commutes with P2, i.e., [D.,, P?] = 0 for any e;. Moreover, the differ-
ence r(e;) = D., — D., is exactly the su(3)-torsion up to a constant. Here, the nearly
Kahler structure plays the central role. By definition, this torsion 7 is covariantly
constant with respect to the su(3)-connection. Hence, r satisfies (9) and the operator

6
pr o[D,, P?] = wa o[r(e;), P’ =B
i=1
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factors through a linear combination of 73 gy and 7 2y according to (1.2).
In summary, we have the following Weitzenbock formula.

Ag=D3Dy
(40) —Body
1 1
_QZM(wi/\wj)ORij ® Idg — QZM(wi/\wj) ® Fij.
] ij

We have written the formula in three separate lines to indicate explicitly the leading
part, the first-order part, and the curvature part, respectively. A routine consequence
of this formula is the following:

LeEMMA 3.1. Suppose M is a compact nearly Kdahler 6-manifold. Suppose the
curvature term in (40) is non-negative as an operator on T*M ® E. Then the first
cohomology group is of dimension at most 6 - rank E. If, moreover, the curvature is
positive somewhere, the first cohomology group vanishes.

Proof. The key observation is that for any harmonic section s of the elliptic
sequence representing an element in the first cohomology group, we have

BdA(S) =0.

The rest of the proof parallels the argument in usual Bochner Technique. O

REMARK 3.2. It is not difficult to work out the explicit formula for the curvature
term in (40) (the last line) using SU(3)-representation theory. We will discuss this
for M = S% and leave the general case as an exercise for the interested reader.

3.2. Deformation of w-anti-self-dual instantons. Suppose P is a principal
G-bundle with G a compact Lie group. As said before, a connection A on P is an
w-anti-self-dual instanton if and only if its curvature F satisfies

(41) P(F)=0.

Unless G is Abelian, this equation is nonlinear in A. Moreover, it is invariant under
the action of the gauge transformations of P.
The linearization of (41) at an w-anti-self-dual instanton A is given by

PdAa =0

fora € T"M @ P x¢ g. Of course, one would like to divide by the infinitesimal gauge
transformation since (41) is gauge-invariant. These infinitesimal gauge transforma-
tions are given by the image of dga : P Xgg — T"M ® P xXg g. Thus, in fact, the
essential infinitesimal deformations of the w-anti-self-dual instanton A correspond to
the elements of the first cohomology group of the following sequence

0-ID(E) U TETM) 24 1(E (AZ)T*M)g ® Rw) — 0,
where £ =P xg g.

It follows that, all discussion in the previous section applies to instanton defor-
mations. We will illustrate this by analyzing S°.
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3.2.1. Applications to S°. For % the Riemannian curvature simplifies greatly

1
R=§w]‘ Nw; @ w; N\ wj.

We have identities
1
1 Z M (w; A wj)(le(wj Awi))

1
= Z ZM(M Awj)(d1jwi — 615w;)

=1

5
= —=Ww1.

2

6
= ZM w; Awr)(w;) ZM w1 A wj)(w;))
j=1

By symmetry, it holds that

1 5
1 ZM(wl Awj)(as(w; Aw;)) = —5

for any one-form a. Thus the first curvature term in the Weitzenbock formula

1 )
—§ZM(Wi/\Wj)ORij®IdE =5

,J
An easy consequence is
THEOREM 3.3. A flat w-instanton on S° is rigid.

As another application, we consider the su(3)-connection on the standard struc-
ture bundle Go — S®. We need to describe the su(3) connection a bit. Recall the
connection 1-form ;5 in (26). Through this, the connection on (1,0)-forms is

Dxa; = —ajk;(X)
for any vector field X. Correspondingly the curvature is give by
DxDy — DyDx — Dix y)(ai) = —aj(diz + 55 A Rg) (X, Y).
Thus the action of F on (1,0) forms is given by
;= =y @ (dig + K A Kyg)-
More generally,

1,
F:a—ai— 5(041' Naj)® (d"fﬁ"'“i%/\’ikf)'

Denote Qi} =dkg+ g NKG = %(3% NG — 6i3al A@q). For each k,l, Fy; in the
curvature term is

Fr:a— ai— §(a_i/\ ozj)Qij(ek,el).
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Then the second curvature term in this context when E = T%0 is
—%M(wk Awp)(v) ® Fri(a)
= 5 Mk A w)(0) © @i~ 3) @ A ;)i (ex 1)
= %M(Qﬁ)(v) ® oG A ay)

= _EUJQZ'E ® ad(og A aj)
because 7 is in Aé’l. This is not exactly what we want when we study the de-
formation of su(3) connection on G3. However, all we need is to replace a by a
section of adg, ~ A(l)’1 where the identification has been defined before. The action of
@; A o will be the Lie bracket whose meaning should be clear via the aforementioned
identification.

Denote

B(s. 1) = {~ 5 M(wi,5) ® By (5),1

where s,t are sections of T* ® adg,. Note that if s = ¢ ® X and t =19 ® Y we have

[y

B(s,t) = =5 (M(wi Aw;)(9) @ [Fij, X], 9 @)

(M(wi A w;) (@), v)([Fij, X],Y)

(M(wi Awy), & N ) (Fig, [X, Y]])

N~ DN~ N
—_

= <—§M(wz N (.«)j) & Fij; [S,t]>
where we view M (w; A w;) as a 2-form.

Then since F' is SU(3)-invariant, B is a SU(3)-invariant symmetric bilinear form
on RS ® su(3). We study the space of SU(3) invariant symmetric bilinear forms on
RS ® u(3). One candidate is obvious, the SU(3) invariant inner product, denoted
by By. For others we apply representation theory of SU(3). Then complexified
representation (R° ® su(3)) ® C = (C3 @ C3) ®¢ sl3(C) decomposes as

(VA9 gy .0) Ve gVE0 g VED gy,

where V(%) denotes the irreducible complex representation of S U(3) with the highest

weight (a, b). The representation V(@) is real (i.e., V() = V(a.0)) if and only if a = b.
Thus the original R® ® u(3) decomposes as

(V(I,O))R o (V(2,0))R ® (‘/'(2,1))117

where Vg means the real representation by forgetting the complex structure of V.
The irreducible pieces are 6,12,30 dimensional respectively. One of them is known
as V(19 = C3. Coupled with the standard inner product, every SU(3)-invariant
bilinear form on R® ® u(3) will give rise to a SU(3)-invariant endomorphism. The
space of such endomorphisms is 6 dimensional, 2 for each irreducible component. Of
the two independent bilinear forms on every irreducible component, one can be taken
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as the SU(3)-invariant inner product and the other is symplectic. Thus the space
of SU(3)-invariant symmetric bilinear forms is 3-dimensional, represented by linear
combinations of inner products of various components.

We will construct a basis for this 3-dimensional space. We already have one—
the inner product of the whole space By. To construct two more, we need more
information about the irreducible components.

First consider the map

T): RO ®@su(3) — RS

defined by v ® @ +— wvia. This map is clearly SU(3)-equivariant so Bj(u,v) =
(Tyu, Tyv) is clearly SU(3)-invariant. Moreover, since RS ® su(3) contains only
one copy of R® and T} is nonzero, by Schur’s Lemma, T} and thus B; is zero on
(V(Q,O))R @ (V(2"1))R

For later estimate, we need the right inverse of 77. Define the operatore

S : RS — R® @ su(3)

v—>—2a1®7r0 (@ A ) —i——ZaZ@wO (a; A 0).

It is clearly SU(3) equivariant. Since RS is irreducible, S; maps onto the irreducible
components Vf(ll’o) € RS ® su(3).

Then the composition T7 0,57 must be a linear combination of Id and J(the almost
complex structure). However, it may be computed that

3
Si(ar) = 15 (an @myt @A)+ @y (@A) + a3 @7y (@5 A o)
3 1
16(041 ® 3(204_1/\041 +azANaz+azANaz)taz®azAa; +az®@azAay)

Thus TlSl(ozl) = (1 and hence T181 = Id.
Meanwhile, it is easy to compute that

3
(42) Bo(S1(a), 51(@)) =  Bi(S1(a), $1(@)).
Second consider the map
Ty : R @su(3) — A’RS — (RS Aw)™t

defined by v ® a — v A « followed by the projection onto the orghogonal complement
of R® A w. Define Ba(u,v) = (Tou, Tov). Then Ty is SU(3) equivariant and By is
SU(3) invariant. The image of T lies in the space of type (2,1) + (1,2) forms.

We also need the partial inverse of T5. Define

1
Sz (i @y (@) + 0 @ g™ (i),

It is clearly SU(3) equivariant. The image under Sy of (2,1)+ (1, 2) forms orthogonal
to RO Awis V9 Tt is easy to compute

1
Sa(ar ANae ANQi3) = Z(2041®042 ANag — 200 ® a1 A Q3).
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Consequently, T5S2 (a1 A ag Aag) = a3 A ag Aag. Thus ToS; = 1.
It is also easy to verify that

1 —
(43) Bo(S2(1), S2(¥)) = 532(52(¢)7 Sa(¥)).
On the other hand, it may be computed that
(44) 1,51 =0, T15:=0.

The 3 symmetric bilinear forms By, B, Bs are clearly linearly independent. Thus
there exist constants A; such that B = \gBo+ A1 B1+ A2 By. We will compute examples
to determine these constants.

Set
u = o1 ® V=121 AT — az ATZ — a3 AT3),
uz =1 ® (a2 ANz + a2 A ag).
and
Uz = a1 X oy N\ as.
It is easy to see that [uy,T1] = [u2,uz] = 0. Thus

4
0 = B(u1,u1) = AoBo(u1,u1) + M Bi(uy,u1) = (Ao + §/\1)Bo(u1,u_1),

0 = B(uz,uz) = XoBo(uz,uz) + A2 B2 (u2,u2) = (Ao + 2X2) Bo(uz, Uz),

and
B(usz,uz) = Ao Bo(us, u3).
Hence
3
AL = _1)\0’ A2 =—=Xo
and
N — B(us, u3)
00— 75,/ — -
BO(U35U‘3)

The curvature I’ = —%(30@ AT — i Aag) ®c @; A o Thus
B(u3,u_3) = <F7 [u37u_3]>

=(F,an Nog ® (—2a71 A ag + 203 A az))
=12.

Thus \g = % Consequently,

3 3 1
B = (By— =By — =B>).
2(0 4 1 2 2)
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LEMMA 3.4. There holds

B >0.

Proof. Let ¢ € R® @ su(3) be real. Write 1) = S17T% () + S2T5(1)) + 1. Note that
1& € ker Ty NkerTs. Thus, in fact ¢ € Vl;(f’l). These three different components are

thus pairwise perpendicular, since they lie in different irreducible pieces. It follows
that

O
The contribution from the second curvature term is nonnegative. All together the
curvature part is strictly positive.
To summarize, we have the following result.

THEOREM 3.5. The su(3)-connection on Ga — S® in (26) is a rigid SU(3)
mstanton.

4. SO(4)-invariant examples. We construct cohomogeneity one SU(2)(S?)
anti-self-dual instantons (equivalent to pseudo-Hermitian-Yang-Mills here) on S6. The
idea is to impose symmetries to reduce the instanton equations to ODEs. We regard
SU(2) = 53 as the set of unit quaternions whose Lie algebra is the tangent space at
1 consisting of imaginary quaternions for which we use I, J, K to denote the standard
basis for imaginary quaternions. A remark on the notation is necessary. Through-
out this section, we use v/—1 to represent complex numbers to avoid confusion with
quaternions. It should be cautioned that when complex numbers are regarded as
coefficients in the complexified Lie algebra, they commute with I, J, K rather than
following the usual rule of multiplication with quaternions. Hopefully, this will be
clear from context.

4.1. A dense open subset U of S°. More precisely, U = S¢\ (S? U S3) is
parametrized by S? x §% x (0,%) as

(x,y,t) — v = (xcost,ysint))

where we think of x € $3 C R* as a unit 4-vector and y € S? C R? as a unit 3-vector.
Actually, if we extend the map to the closed interval [0, 5], we cover the whole 56,
Reverse the picture and we get a map t : S® — [0, %] which is roughly the distance
function from the totally geodesic pseudo-holomorphic S? = {t = 0}. A generic level
set is a scaled S x S% and {t = %} is a totally geodesic, special Lagrangian 5.

For later use,
3 x 8% =83 x §3/81

as a homogeneous space via (p, q) ~ (pz, qz) for (p,q) € S3x S® and z € S*. Compos-
ing this quotient with the map (x,y,t) — v, we have a map S®x $3x(0,5) — U c S°
by

1

(p,q) — (pIpcost,qp™ " sint).
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Denote by w = w1l + woJ + wsK and ¥ = 11 + ¥oJ + Y3 K the left-invariant
Maurer-Cartan forms on the two copies of S3, respectively. Then, dt, wo, ws, 12,13 and
T = w1 — 1)1 form a basis of semibasic 1-forms for the projection 5% x S3 x (0, Z)—U.
We use this to describe the nearly Kahler structures on U induced from S6.

Recall that the Go-invariant almost complex structure J on 7T, S° is given by the
left Cayley multiplication by v when we we regard both v and tangent vectors as

Cayley numbers in R® = Q. In other words,
(45) J:dv—v-dv.

The standard metric and J determines the Ké&hler 2-form w = (Jdv, dv).
Using (45) and Cayley-Dickson rule of Cayley multiplication, we can establish the
following

J(dt) = sintr,
J(2costws) = (2cos?t — sin®t)wy + sin? tehy,
J(—2costwy) = (2cos?t — sin® t)ws + sin? te3.

The Kéahler form w is determined by

—w=(v,Jv) = 2sinty; Adt — 2sintw; A dt
+2cost(9 cos?t — 5)ws Awa + 6 sin® ¢ cos tws N o

—6 costsin® twa A g + 2 sin? ¢ cos tihs A 3.

4.2. Bundle constructions and SO(4)-invariant connections.
4.2.1. S3-bundles. We now describe the principal S3-bundles on which to con-

struct instantons. First, note that S® x S% x (0,%) — S x $2 x (0,%) in §4.1 is a

principal S'-bundle. The principal S3-bundles are obtained by extending the struc-
ture group through the group homomorphisms

z 2!
for z € S*. More explicitly, denote
Bl:S3><S3><S3><(O,g)/~
where
(pq,7,t) ~ (p2,q2,m27",1)
for any (p,q,r,t) € $3 x 3 x % % (0,%),t € (0,5) and z € S'. The structure group
53 acts on B; by
[P, a7t — [p,q,79,1]
for any g € S3. Clearly this is well-defined. Then the projection

[p,q,r,t] — (pIp~'cost,gp~ ' sint)
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makes B; a principal S3-bundle over U.

REMARK 4.1 (on the symmetry of B;). Note that if we let [g1,g2] € SO(4) =
S3 x S3/Zy act on By by

[p,q,7,t] = [91p, g2q, 7, ]

and on S8 by

(z,y) — (pap~ ", qbp™"),

this action commutes with the bundle projection. In other words, the principal bundle
By over U has an SO(4)-symmetry. It is well-known that the action on S° is induced
from the embedding of SO(4) into G2 and has cohomogeneity 1. We will construct
SO(4)-invariant instantons, i.e., instantons of cohomogeneity one.

REMARK 4.2 (on the topology of B;). A priori, By is only defined on U. However,
note that By is actually the pullback of a S3-bundle from S? obtained by extending the
structure group of a Hopf circle bundle. Since m1(S?) is trivial, every S®-bundle over
52 must be trivial. As a consequence, By is also trivial. In other words, it is possible
to make gauge transformations so that By ~ U x S3. Thus this bundle has natural
extension to the whole S, and, for later use, to the whole R”. The former description
has the advantage that it makes the SO(4)-symmetry clear.

REMARK 4.3 (on the numbers ). A priori, this construction only makes sense
for integer . However, we will see that it is more interesting if we think of | as real
valued.

We will carry out computations on S% x $3 x §% x (0, %). We will continue with
the notation in §4.1 on the left-invariant forms on the first two copies of S3. However,
for the last S3, we need use the right- invariant Maurer-Cartan form drr—! = 3 =
B1I + BoJ + B3K. The left invariant Maurer-Cartan form is r~'dr = r»—'8r. Of
course, the following Maurer-Cartan equations hold

dw = —w A w,
&=~ A,
and
dg =B Np.
More explicitly
dwy = —2ws ANw3, dws = 2wz Awi, dwsz=—2w1 Aws,

similarly for v; and

dpy =202 A B3, dfBa=283AB1, dBz=2P1A .

The space of semibasic 1-forms for the projection S3 x §3 x §3 x (0, 7) is spanned by
dta w2, W3, w27 w?n 527 637 w1 — 2/11 and lwl + ﬁl'
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4.2.2. Invariant connections. Now suppose A is an SO(4)-invariant connec-
tion on B;. We pull back A to S3 x $3 x §3 x (0, Z) and denote it by the same letter.

)
Then, since A is semibasic with respect to the projection S2 x $3 x §3 x (0, 3) — B,

we can write
A = Aot + A1 (ln + B1) + Aswa + Asws + Bawyg + Btz + Coffa + C303 + Bodt

with A;, B;, C; valued in Lie(S3). Since A is SO(4)-invariant and the 1-forms listed are
also SO(4)-invariant, the coefficients do not depend on (p, ¢), i.e., they are functions
only in ¢ and r. Moreover, A has to satisfy the following properties:
1. A must be right S3-equivariant where we let 5% act on 5% x $% x §% % (0, %)
and B; by right multiplication on the last S factor.
2. A restricts to the last S factor to be the Maurer-Cartan left invariant form

r=Lpr.
3. The differential dA must be semibasic.
We investigate the consequences of these conditions.
1. Since all the forms listed in A are S? right-invariant, this condition is equiv-
alent to

Ai(t,r) = rYA(t, 1), Bi(t,r) = r~ ' Bi(t, 1)r,C; = 1 C;(t, 1)r.
To save notation, we will, from now on, write
A =17 (Aom+ A1 (114 B1)+ Aswa+ Asws+ Batha+ Bsths+Ca Bo+Cs B3+ Bodt)r

where A;, B;, C; are functions of ¢t.
2. This condition says that

Ai=1, Cy=J, Cs=K.
Thus we may further reduce A to
A =17 AoT + Ilpy + Asws + Azws + Bathy + Btz + Bodt)r +r~ ' pr
3. It can be computed from Maurer-Cartan equations that

rdAr~1 = —Z[Bo, I]’(/)l Adt — Z[Ao, I]’(/)l AT
—(Z[AQ,I] + 2143)’(/)1 /\WQ — (Z[Ag,l] —|— 2A2)1/) /\W3
—(U[Ba, I+ 2B3)t1 Apg — (I[Bs, I] + 2B2)i1 A3

mod semibasic 2-forms. Thus this condition is equivalent to the following
algebraic equations

1[Ao, 1] =0, 1[Bo, 1] =0,
(46) I[Bo, 1] +2B5 =0,  [Bs,I]+ 2By =0,

[Ag, I+ 245 =0,  1[As, ]+ 245 = 0.

Hence, we solve the algebraic equations (46). We divide the solutions into several
cases according to different values of [.
1. Case l = 0. We have By = B3 = As = A3 = 0 but (46) puts no restrictions
on Ay and By. Therefore A is reduced to

A =7r"YAgT + Bodt)r +r'3r.
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2. Case [ = 1. We have
Ay =aogl, By =bol,

AQZU1J—|—U,2K, AgZ—UQJ+U1K,

B2:1)1J—|—’UQK, Bgz—’UQJ—l—’UlK,

for ag, by, u;, v; functions of .
3. Case I = —1. We have

AOZCL()I, B():bol,
AQZU1J—|—U,2K, A3:u2J—u1K,

B2 = ’L)1J+1)2K, B3 = UQJ - ’Ulf(7

for ag, by, u;, v; functions of .
4. Case | # 0,+1. We have

AOZCL()I, B():bol,

A2:A3:B2:B3:0.

4.3. SO(4)-invariant instantons. Now we take instanton conditions into con-
sideration. As mentioned before, A is an w-anti-self-dual instanton if and only if its
curvature F' satisfies

F20 = ¢ F =0.

It is easily seen that, restricted to U, this equivalent to

(47) FANogNoyp Aoy =0,
and
(48) FAw?=0.

According to Lemma 2.4, (48) is implied by (47), so we only care about (47). This
simplifies the problem greatly. We consider four different cases according to the four
different values of [ in the last section.

4.3.1. [ =0. It may be computed that
F o= (Ao + [Bo, Ao])dt A T = 2A0(wa A wy — 2 At3)},
where Ay = %AO. The equation (47) gives
32v/2A4 cos? tsintws A ws A Yo A by A (dt — V—1sin tr) = 0.
The only solution is Ag = 0, which is the trivial connection
A =r~tdr.

This is a case of little interest.
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4.3.2. [ #0,+1. It may be computed that
F = {dodﬁ/\T—Q@o(u]g/\u)g —2/12/\’(#3) —2[¢2A’@/J3}T_1IT.
The equation (47) gives
8agcos?t+1 —9lcos®t = 0.
It is solved by
19cos?t —1
@ =c————
078 cos?t
For safety, one can check that, in fact, ag also satisfies the equation (48) which, in
this case, is

—dag + 51 + 8 cos? tag — 9 cos® tl + 2sint costdy = 0.

We arrive at the corresponding instanton, pulled back to S% x 5% x $% x (0, %),

19cos?t —1
8 cos?t

(49) A=r"YIr ( T+ + bdt) + 7~ tdr.

THEOREM 4.4. (49) defines for each 1 € Z a singular Hermitian- Yang-Mill
connection on S°.

REMARK 4.5 (on singularity). The coordinate system is not extendable through
the submanifolds S* = {t = 0} and S* = {t = 5}. However, the connection A has

different behavior when t approaches 0 and 5. When t — %, the curvature F blows
up. However, for t = 0, the connection is bounded. It might be possible to remove
the singularity by (2.11), we can extend the connection to the locus t = 0. In other
words, this might be a singularity due to unwise choice of coordinates, rather than a

singularity of the instanton A itself.

REMARK 4.6 (on reducibility). A cautious reader may have noticed that, A has
its holonomy in S, so it is reducible. If we restrict the connection to the generic level
sets of t, we obtain the standard Hopf connection up to a constant.

REMARK 4.7 (on b). Note that b is not essential. We could have applied a gauge
transformation in the t direction to A at the beginning to remove the dt component.
The same remark applies to the next subsection.

4.3.3. | = +1. We only deal with the case [ = 1. The other case is similar.
According to Case 2 in §5.2.2, the curvature is computed to be

rFrt = doldt AT — 2Dy A1
(1 J + 1in ) dt A ws + (—tin + iy K)dt A ws
+(v1J + U2 K)dt A g + (—vaJ 4+ 01 K)dt A )3
—2apl (w2 AN ws — P2 A 3)
—2(urd + ue K)ws A7 — 2(—uad + u1 K)T A wo
+2a0(u1 K — uaJ)T Awa + 2a0(—u2 K — u1 J)T A w3
+2ag(v1 K — v2J)T A by + 2a9(—v2 K — v1J)T A )3
+2(uf + u3)Iwa A ws + 2(v] + v3) e A3
+2(urve — ugvr)I(wa A o + w3 A 13)
+2(u1v1 + ugv2) I (wo A thg — w3 A hg)
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.. d
where, again, " means .

A tedious computation shows that the equation (47) amounts to the following

sint(1 — 3 cos? t)v; — sin® tiy + 4acostv, = 0,
sint(1—3 cos? t)Ug — sin® tiy + 4a costvy = 0,
sint costvy +ui(1 —a)sin®t + a(3cos*t — 1)v; = 0,
sint cos tvp + uz(1 — a)sin®t + a(3cos®t — 1)vy = 0,

U1v2 = U2y,
and

—9cos?t + 1 + 8acos® t — sin® t(u? + u3) +
(9cos*t — 1)(vi +v3) +
(6 cos® t — 2)(ugvy + ugvy) = 0.
We may assume that
Ug = )\ul, Vo = /\’Ul
with A necessarily constant. It can be shown that by a substitution like (uq,v1) —
V14 A2(ug,v1), we may simply assume that vo = ug = 0.

The system reduces to

sint(1 — 3 cos? t)v; — sin® tu; + 4acostvy = 0,
sint costvy +ui (1 — a)sin®t + a(3cos>t — 1)v; = 0,

—9cos®t + 1+ 8acos®t —sin® tu + (9cos’t — 1)v7 + (6cos® t — 2)ugvy = 0

which is now determined and thus solvable.
It is easy to see that any solution must be of the form

u; = U(sint),v; = V(sint),a = W(sint),
where the functions U(z), V(z) and W (z) defined on [0, 1] satisfy
w2430 Ly _ 3 Ly fawy o
dz dz

d
z(1 - xz)d—zv +22U(1=W)+ (2 -32H)WV =0

—8+ 927 +8(1 — 2*)W — 2°U? + (8 — 92*)V? + (4 — 62*)UV = 0.
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We rewrite the ODEs as

(50) x(1— xz)div = 22Ul -W) - (2= 322 )WV
X
(51) (1 — xz)diU =2%(2 - 32*)U(1 - W) + (8 — 162% + 9z*)
X
(52) 922 +8(1 — 2®)W — 22U? + (8 — 92%)V? + (4 — 62°)UV = 8.

It is clear that the system (50), (51), (52) has many solutions which have possible
singularities along x = 0 and z = 1.

THEOREM 4.8. FEach solution of the ode system (50), (51), (52) and a real number
A determine a unique Hermitian-Yang-Mills connection on the trivial SU(2) bundle
over S8, with possible singularities along submanifolds S? and S3.

REMARK 4.9. It is interesting to ask whether we could apply Corollary (2.11) or
(2.12) to remove the possible singularities along S*. This should be doable by analyzing
the singular behavior of the above ODE system along x = 0.
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