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CROSS CURVATURE FLOW ON LOCALLY HOMOGENEOUS
THREE-MANIFOLDS (II)*

XIAODONG CAOf AND LAURENT SALOFF-COSTE?

Abstract. In this paper, we study the positive cross curvature flow on locally homogeneous
3-manifolds. We describe the long time behavior of these flows. We combine this with earlier results
concerning the asymptotic behavior of the negative cross curvature flow to describe the two sided
behavior of maximal solutions of the cross curvature flow on locally homogeneous 3-manifolds. We
show that, typically, the positive cross curvature flow on locally homogeneous 3-manifold produce
an Heisenberg type sub-Riemannian geometry.
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1. Introduction.

1.1. Evolution equations on homogeneous manifolds. Hamilton’s Ricci
flow ([Ham82]) is the best known example of a geometric evolution equation. One of
the aims of such flows is to obtain metrics with special properties (in the case of the
Ricci flow, Einstein metrics). Special cases arise when the metric is invariant under
a group of transformations and this property is preserved by the flow. In particular,
if the group of isometries of the original Riemannian structure is transitive, then the
geometric evolution equation reduces to an ODE in the tangent space of an arbitrary
fixed origin. The Ricci flow on locally homogeneous 3-manifolds was analyzed in [1J92]
and on some homogeneous 4-manifolds in [IJLOG].

The cross curvature flow, or (XCF), was introduced by Chow and Hamilton
[CHO4] and depends on the choice of a sign (see Section 1.3 below) leading to two
flows: (+XCF) and (-XCF). Chow and Hamilton conjectured that for any compact
3-manifold that admits a metric with negative sectional curvature, the normalized
positive cross curvature flow, started at such a metric, exists for all time and con-
verges to a hyperbolic metric. In [CNSCO08], we study the asymptotic behavior of
the negative cross curvature flow (-XCF) on homogeneous 3-manifolds. In this pa-
per, we complement the results of [CNSCO08] by studying the asymptotic behavior of
the positive cross curvature flow, or (+XCF), on homogeneous 3-manifolds. In the
homogeneous case, the local existence is not an issue and the negative and positive
cross curvature flows can be seen as the same basic flow (say, (-XCF)) run either in
the forward or backward direction. Putting together the results of [CNSC08] and of
this paper, we will thus describe both the forward and backward asymptotic behav-
iors of the maximal solution of (-XCF) through any given metric go on any locally
homogeneous 3-manifold.

Although we will give much more precise statements, the spirit of the main results
proved in this paper is captured in the following theorem.

THEOREM 1.1. Let (M, go) be a complete locally homogeneous 3-manifold (com-
pact or not), with the property that the minimal isometry group acting on the universal
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cover is unimodular. Let gb(t),t € [0,T}) be the mazimal solution of the positive cross
curvature flow (+XCF) with initial metric go. Let d(t) denote the distance function
on (M, g"(t)). Assume that go is generic among all locally homogeneous metrics on
M. Then

e cither T, = oo and g°(t) = e*go for some A € R (i.e., the cross curvature
tensor of go is equal to Ago),

e or Ty, < oo and there exists a function r(t) : [0,Tp) — (0,00) such that the
metric spaces (M,r(t)d(t)) converge uniformly to a sub-Riemannian metric
space (M,d(T)) whose tangent cone at any m € M is the Heisenberg group
Hs equipped with its natural sub-Riemannian metric.

For a closed 3-dimensional Riemannian manifold (M, gg) that is locally homoge-
neous, there are 9 possibilities for the universal cover. They can be labelled by the
minimal isometry group that acts transitively:

(a) H(3) (H(n) denotes the isometry group of hyperbolic n-space); SO(3) x R;

H(2) x R;

(b) R3; SU(2); SL(2, R); Heisenberg; E(1,1) = Sol (the group of isometry of plane
with a flat Lorentz metric); F(2) (the group of isometries of the Euclidean
plane). This is called the Bianchi case in [1J92].

In this paper, we prove Theorem 1.1 in all cases except for manifolds covered by

e~

SL(2,R) (the SL(2,R) case). In the SL(2,R) case, we only prove a slightly weaker
result (see Theorem 6.12). To obtain a proof of Theorem 1.1 in the SL(2,R) case, one
actually needs some additional information. This additional information is obtained
in [CGSC09] by using a different type of argument. See the comment at the end of
the proof of Theorem 6.12.

REMARK 1.1. The first case only occurs for homogeneous 3-manifolds covered
by R3, H? S? x R and H? x R. Moreover, in those cases, g°(t) = e*gy for any
homogeneous gp.

We find it quite striking that the asymptotic behavior of (+XCF), i.e., the back-
ward behavior of (-XCF), is essentially the same in all cases, for generic homogeneous
metrics. In a companion paper [CSC09], we show that the same “universal” behavior
holds for the backward Ricci flow on homogeneous 3-manifolds. This contrast with
the very different behavior observed in the forward direction. See [[J92, CNSC08] and
the various more precise statements given below.

1.2. The cross curvature tensor on 3-manifolds. On a 3-dimensional Rie-
mannian manifold (M, g), let Rc be the Ricci tensor and R be the scalar curva-
ture. The Einstein tensor is defined by F = Rc — %Rg. Its local components are
E;; = Rij — %Rgij. Raising the indices, define PY = ¢g*¢/' Ry, — %Rgij, where g%
is the inverse of g;;. Let V;; be the inverse of P" (if it exists). The cross curvature

tensor is (see [CHO4])
det PH!
hij = (W) Vi

Assume that computations are done in an orthonormal frame where the Ricci ten-
sor, and thus also the cross curvature tensor, is diagonal. If the principal sectional
curvatures are k1, ko, k3 (ki = Kjkjk, circularly) so that R;; = k; + ki, circularly, then

(1.1) hi = kiky.

Notice that this definition works even when some of the sectional curvatures vanish.
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1.3. The cross curvature flows. In [CH04], Chow and Hamilton define the
cross curvature flow on 3-manifolds starting from a metric with either positive sec-
tional curvature or negative sectional curvature. More precisely, if ¢ = +1 is the
sectional curvature sign (assumed to be well defined) of the metric go, the cross cur-
vature flow starting from gg is the solution of

{ %g = —2¢h
9(0) = go.

In these circunstances, the local existence of the flow was proved in [Buc06].

Locally homogeneous manifolds seldom have sectional curvatures that are all of
the same sign. In dimension 3, positive sectional curvature is only possible on locally
homogeneous manifolds covered by the sphere SU(2). Negative sectional curvature
occurs only on hyperbolic 3-manifolds. All other locally homogeneous closed Rie-
mannian 3-manifolds are either flat or have some positive sectional curvature [Mil76,
Theorem 1.6]. Thus the definition above is not really practical for our purpose as far
as a choice of sign is concerned and it is natural to investigate both the positive and
the negative cross curvature flows defined by

9g9=2h
+XCF otJ
(+XCF) { 9(0) = go.
and

g=—2n
—XCF atd
( ) { 9(0) = go-

In fact, starting from a initial metric go on a locally homogeneous 3-manifold, let
g7 (t), t € [0, Tf) be the maximal forward solution of the (-XCF), and ¢°(t), t € [0,T})
be the maximal forward solution of the (+XCF). Now, for t € I = (=T, Ty), set

B (1) for t € [0,TY)
9(t) = { g%(_t) for t € (—Tb,IO]-

It is easy to see that, by construction, ¢(¢),t € I, is a maximal solution of (-XCF)
passing through gg at time ¢ = 0. One of the goals of our study is to describe the
behavior of these maximal solutions in the forward and backward directions. The
forward direction is treated in [CNSCO08] and the present paper is devoted to the
backward direction which, of course, is the same as the forward direction for (+XCF).

1.4. Normalizations. Let ¢(t),¢ € I, be a maximal solution of the (-XCF). By

renormalization of g(t), we mean a family §(t~), t € I, obtained by a change of scale in
space and a change of time, that is

30 = v(t)g(t), T = /0 V2 (5)ds.

Set J(f) = 1(t), then we have
g ~ d. -\ .
ot " (dt nd}) .

where h is the cross curvature tensor of g.
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On compact manifolds, it is customary to take % Iny = %E, where h = %
is the average of the trace of the cross curvature because the volume of the metric
g is then constant. In this paper, we will consider some different normalizations, for
instance, keeping the diameter constant. Moreover, we will not worry about the time
change associated above with a re-scaling by . Given a solution g of (-XCF), we will
be interested in finding re-scaling g(t) = ¢(¢)g(t) such that the asymptotic behavior
of the metric space (M, g(t)) is described by a model having the largest possible
dimension (i.e., minimum collapse). Although making this precise could possibly
involve some difficulties in general, in our specific examples, what it means will be
quite obvious.

1.5. Convergence of metric spaces. We refer the reader to [BBIO1] for an
introduction to and more details on the notions discussed briefly in this section. We
start with the most basic (and naive) notion of convergence: the uniform convergence
of a family of metric spaces (X, d;), t € (0,7T), towards a metric space (X, dr) when
all metric structures are defined on the same topological space X. By definition,
this uniform convergence (which we will encounter frequently below), is simply the
convergence of the functions d; to dr on X x X, uniformly on compact sets, as t tends
to T

EXAMPLE 1.1. Let g+, t € (0,T], be Riemannian metrics on a manifold M,
equipped with an auxiliary Riemannian metric go. Let d; be the corresponding dis-
tance functions on M. Assume that there is a Riemannian metric gr on M such that
for any compact K C M,

1.2 li - =0.
(1.2) tgn%glgguengz‘c}iu)glIgt(u,U) gr(u, u)|

Then the distance d; converge uniformly on compact sets to dr.

The Lipschitz distance between two metric spaces is the infimum of Indil(f) 4+
Indil(f~1) where f is a bi-lipschitz homeomorphism between X and Y and

(1.3) dil(f) = sup {dy(f(z), f(z"))/dx(2,2")}.

z,x'eX

EXAMPLE 1.2. Let M and g, t € [0, T] be as in Example 1.1. If (1.2) holds and
M is compact then the Lipschitz distance between (M, d;) and (M, dr) tends to zero.
If M is not compact, this is not necessarily the case because Lipschitz convergence
implies some global control. However, if one assumes instead that

1.4 I - =0
(1) P REY e ity 110 ) g

then the Lipschitz distance between (M, d;) and (M, dr) tends to zero.
Recall that for two subsets A, B of a metric space Z,
d%(A,B) =inf{e >0: AC B.and B C A/}

where A, is the e-neighborhood of A in Z. The Hausdorff distance between two metric
spaces X, Y is the infimum of the numbers d% (f(X), g(Y)) for all metric spaces Z and
all isometric embeddings f,g of X,Y into Z. Finally, a sequence of pointed metric
spaces (X, pn) converges in the Gromov-Hausdorff sense to a pointed metric space
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(X,p) if, for every r,e > 0, there is a map f : Bx, (pn,7) — X (not necessarily
continuous) such that f(p,) = p, dis(f) <€, Bx(p,r —¢€) C [f(Bx, (;Pn,7))]e. Here,
if fis a map from X to Y, dis(f) = sup, ,ex [dy(f(2), f(2)) — dx(z,2')]. For
length spaces (and we will deal only with length spaces), this is equivalent to say that
the balls Bx, (pn,r) converge in the Gromov-Hausdorff sense to B(p,r), for all each
r > 0.

ExAMPLE 1.3. Convergence in the Gromov-Hausdorff sense allows for dimen-
sional collapse. For instance, the pointed cylinder (R x S%,(0,0),d;), d; being the
distance associated with g; = (dz)? + t~1(df)? converges in the Gromov-Hausdorff
sense as ¢ tends to infinity to (R, 0) equipped with its usual metric.

Note that the metric spaces (R?,(0,0),d;), d; associated with g, = (dx)? +
t~1(dy)?, are all isometric and thus indistinguishable in terms of the Lipschitz or
Gromov-Hausdorff distances.

ExAMPLE 1.4. [Tangent cones] Given a pointed metric space (X,d,p), we call
tangent cone at p, any pointed metric space (Xo, do, po) which appears as a Gromov-
Hausdorff limit of (a subsequence of) the family of pointed metric spaces (X, td, p), t
tending to 0. For any pointed Riemannian n-manifold (M, g, p), the tangent cone at
p exists, is unique, and equals the Euclidean n-space.

1.6. Locally homogeneous 3-manifolds. By classical arguments, the study of
the Ricci or cross curvature flow on a locally homogeneous manifold reduces essentially
to the study of the same flow on the universal cover. In dimension 3 there are 9
possibilities for the universal cover, four of which are essentially trivial as far as the
cross curvature flow is concerned. These four easy cases are : R?® (flat metrics), H3
(hyperbolic metric), S x R and H? x R. See [CNSCO08]. In the remaining 5 cases
the universal cover is itself a group that act transitively on the manifold. This paper

focusses on these five cases which are: SU(2), SL(2,R); Heisenberg; E(1,1) = Sol (the

group of isometry of plane with a flat Lorentz metric); E(2) (the universal cover of
the group of isometries of the Euclidean plane). See [IJ92] or [CNSCO08] for a more
detailed discussion.

Assume that g is a 3-dimensional real Lie unimodular algebra equipped with an
oriented Euclidean structure. According to J. Milnor, [Mil76], there exists a (posi-
tively oriented) orthonormal basis (eq, ea, e3) and reals A1, A2, A3 such that the bracket
operation of the Lie algebra has the form

lei, €j] = Aper (circularly in 4, j, k).

Milnor shows that such a basis diagonalizes the Ricci tensor and thus also the cross
curvature tensor. If f; = ajare; with nonzero a;,a;,ar € R, then [f;, f;] = /\ka%fk
(circularly in 4,7, k). Using the choice of orientation, we may assume that at most
one of the \; is negative and then, the Lie algebra structure is entirely determined by
the signs (in {—1,0,+1}) of A1, A2, A3 as follows:

+ SU(2)

— SL(2,R)

0 E(2) (Euclidean motions in 2D)
E(1,1) (also called Sol)
Heisenberg group

0 R3

o+ ++ + +
coo+ + +
o
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In each case, let € = (€1, €2,€3) € {—1,0,+1}3 be the corresponding choice of signs.
Then, given € and an Euclidean metric go on the corresponding Lie algebra, we can
choose a basis f1, f2, f3 (with f; collinear to e; above) such that

(1.5) [fi, fi] = 2ex fr. (circularly in 4, j, k).

We call (f;)3 a Milnor frame for gg. The metric, the Ricci tensor and the cross curva-
ture tensor are all diagonalized in this basis and this property is obviously maintained
throughout either the Ricci flow or cross curvature flow. If we let (f%)$ be the dual
frame of (f;)3, the metric g has the form

(1.6) go=Aof' @ f' + Bof* @ 2+ Cof* @ f>.

Assuming existence of the flow g(t) starting from go, under either the Ricci flow or
the cross curvature flow (positive or negative), the original frame (f;)$ stays a Milnor
frame for g(t) along the flow and g(t) has the form

(1.7) gty =AM fr @ fL+ B @ fF+Ct)f @ f°.

It follows that these flows reduce to ODEs in (A, B,C). Given a flow, the explicit
form of the ODE depends on the underlying Lie algebra structure. With the help of
the curvature computations done by Milnor in [Mil76], one can find the explicit form
of the equations for each Lie algebra structure. The Ricci flow case was treated in
[[J92]. The computations of the ODEs corresponding to the cross curvature flow are
presented in [CNSCO08] and will be used below to study the asymptotic behavior of
(+XCF).

1.7. Sub-Riemannian Geometry. The notion of sub-Riemannian geometry
can be described from several equivalent but different viewpoints. The simplest is
perhaps to start with a family of smooth vector fields X = {X;,7 € {1,...,k}} on
a manifold M with the property that these fields, together with their brackets of all
orders, span the tangent space at each point of M. This is often called Hérmander’s
condition (Hérmander proved that the associated sum of squares L = Y X? is hy-
poellitic). Given a family X, one defines a distance on M as follows. A vector w in the
tangent space T, at x is subunit if u = Z]f a; X;(z) with 3" ]a;|?> < 1. An absolutely
continuous curve v : [0, 7] — M is subunit if 4(¢) is subunit for each ¢ € [0, T] (in par-
ticular, this means that 4(t) belongs to the span of X" at v(t), i.e., is horizontal). The
distance dx(x,y) is the infimum of T such that there exists an absolutely continuous
subunit curve v : [0,7] — M with v(0) =z and v(T) = y.

Another equivalent definition starts with a distribution H, that is to say, a sub-
bundle of the tangent bundle, together with a fiber inner product on this sub-bundle.
This easily leads to the notion of length of a horizontal curve (i.e., a curve that stays
tangent to the sub-bundle). In this case, the Hormander condition is expressed using
a local frame for H.

A third equivalent definition is based on the choice of a symmetric non-negative
(0,2)-tensor @ (a possibly degenerate inner product on the co-tangent bundle). This
defines a sub-bundle of the tangent bundle by setting

Hy={ueT,: sup «au) <o}
a:Q(a,a)<1

and induces an inner product on H, in the obvious way. Again, Hérmander’s condition
can be expressed using a local frame for H. The link between the first presentation
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and the third is simply that, given a Hormander family X,

k

(1.8) Qlaya) =Y |a(X,)P.

1

The most basic result of sub-Riemannian geometry is that, assuming Héormander’s
condition, the associated sub-Riemannian distance defines the original topology of the
manifold M. See Chow’s theorem in [Mon02, Ch. 2]. More generally, we refer the
reader to [Mon02] for a detailed introduction to sub-Riemannian geometry.

Most relevant to the present paper is the fact that sub-Riemannian metrics can
easily appear as limit of Riemannian metrics as explain in the following example.

ExaMPLE 1.5. Let M be a manifold, equipped with a family of Riemannian
metric g¢, t € [0,T) (we will use go as a reference metric here). For each t € [0,T), we
let dy be the corresponding distance function. Each g; induces a symmetric positive
definite (0,2)-tensor Q. Now, the existence of a Riemannian metric gr such that

li - =
lim max  max g (u,u) — gr(u,u)| =0
90 (u,u)<1
is obviously equivalent to the the existence of a symmetric positive definite (0,2)-
tensor Q) such that
li a a — =0.
Jimy maxe max |Qe(u,u) — Qr(u,u)]|
Qo(u.w)<1
However, in general, it is well possible that there exists a symmetric non-negative
(0,2)-tensor Qr such that

g e (@) = Qrln =0
Qo (u,u)<1
even if the metrics g, do not have a well defined finite limit. In that case, if the
limiting (0, 2)-tensor Qr turns out to satisfy Hérmander’s condition then the metric
space (M,d;) converges uniformly on compact sets to the sub-Riemannian metric
space (M, dr) where dr is the sub-Riemannian distance function associated with Q7.
See, e.g., [JSC87].

The case of left-invariant sub-Riemannian structures on Lie groups is somewhat
simpler than the general case and extremely natural. Recall that the Lie algebra g of
a connected Lie group G can be identify with the space of left-invariant vector fields
equipped with the bracket operation. A left-invariant sub-Riemannian structure on
G is simply a family X = {X3,..., X} of left-invariant vector fields which generates
the Lie algebra. The associated left-invariant quadratic form on the cotangent bundle
is given by (1.8). We briefly illustrate this case by examples of sub-Riemannian
geometries on the Heisenberg group and on SU(2).

EXAMPLE 1.6. The Heisenberg group Hj is R? equipped with the multiplication
(z,y,2) - (2',y,2) = (@ + 2",y + ¥, 2+ 2 + 32y — ya’)).

It is easy to see that the left-invariant vector fields equal to d/dx,d/dy and d/dz at
(0,0,0) are

X =d/dzx — (y/2)d/dz,Y =d/dy + (x/2)d/dz and Z = d/dz.
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Moreover, Z = [X,Y] and [X,Z] = [Y,Z] = 0. The “canonical” sub-Riemannian
structure on Hj is associated with the (minimal) Hormander family {X,Y}. This
structure is particularly adapted to Hs because it is homogeneous with respect to the
natural dilations &s(p) = (sz, sy,s?z), p = (,y, 2), that commutes with the group
law. Namely, if d(p,p’) is the sub-Riemannian distance associated with the family
{X,Y}, we have

d(05(p), 0s(p")) = sd(p,p'), p,p’ € Hs.

No left-invariant Riemannian metrics can have this property. There is an exact ex-
pression for the sub-Riemannian distance on Hj (this is one of the very few cases of
sub-Riemannian geometry where such an exact formula exists). To connect with the
notation introduced in our discussion of Milnor frame on 3-dimensional Lie groups,
observe that f1 = Z/2, fo = X, f3s =Y is a Milnor frame for the left-invariant metric
on Hj given at the origin by go = dz? + dy? + dz%. The sub-Riemannian structure on
Hs discussed above can be described as

Q=&+
Note that this can be viewed as the limit of any family of Riemannian metrics
g=ARf @ L+ BOff @ P +C)f e f* tel0,T)
such that limyr B = limy C' = 1 and lim7 A = co. Indeed, in this case,
Qi=A)""1@fi+Bl) 2@ f2+Ct) " fs® f3, t€[0,T)

which obviously tends to @ (uniformly!). Note that the existence of the dilations
ds, s > 0, imply immediately that the tangent cone at the identity element e of the
pointed sub-Riemannian metric space (Hs, @, €) is that space itself.

ExAMPLE 1.7. The group SU(2) is the group of matrices

{< _aB Z):a,be((:,|a|2+|b|2—1}

which can also be identified with the 3-sphere S3. Its Lie algebra can be identified

with
5u(2):{< ioé g[ ) :aeR,ﬁeC}.

Let go be any left-invariant Riemannian metric on SU(2) and f1, f2, f3 be a Milnor
frame as defined earlier. Computation of the sectional curvatures (see below) show
that (f1, f2, f3) is always an orthonormal frame for the standard round sphere metric
on SU(2) ~ S*. Since [fi, f;] = 2fx circularly, we can pick any two of these vectors,
say f2, f3, and consider the sub-Riemannian metrics

Qbe=bf2® fa+cfs® f3

where b, ¢ are fixed positive constants. These obviously appears as limits of Rie-
mannian metrics as in the case of the Heisenberg group discussed above. The tangent
cone of SU(2) equipped with one of this sub-Riemannian metric is, at any fixed point,
the Heisenberg group equipped with its canonical sub-Riemannian structure discussed
above. For a discussion of this example and relation to the Hopf fibration, see [Mon02].
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2. The cross curvature flow on the Heisenberg group. Given a metric gg
on the Heisenberg group (or on a 3 manifold of Heisenberg type), we fix a Milnor
frame {f;}3 such that

[f27f3] = 2f17 [f37f1] = 07 [fluf?] =0
and (1.6)-(1.7) hold. Using [Mil76], the sectional curvatures are:

A A
K(f2 A fs) =~ K(fsAF) = K(LAf2) = 25

and the scalar curvature is R = —2A/BC. The ODE for (+XCF) is given by

da_, 4

dt ~ ~ B2C?’

dB A?
2.1 @B s L
21) dt 6BO2’

c 6 A?

dt ~  B2C”

This case is very simple and admits a completely explicit solution. Since the com-
putations for (+XCF) are essentially the same as for (-XCF), we refer the reader to
[CNSCO08] for details and simply write down the explicit maximal solution of (-XCF)
passing through go at ¢ = 0.

THEOREM 2.1. Given AQ, By, Co >0 and Ry = 2A0/(BQCO), set
To =Ty, = 1/(TR?).

The mazimal solution of (-XCF) through go att = 0 is defined on (—Tp, 0) and given
by

A(t) = Ao(1 +t/Tp) 1
B(t) = Bo(1+t/Tp)
C(t) = Co(1 +t/Tp)

Bl s

The sectional curvatures are given by

K2 A f) = K(fi A f2) = K(fa A ) = e (1 1/T) .

From the view point of the positive cross curvature flow (+XCF), this theorem
indicates that (+XCF) on the Heisenberg group develops a singularity at the finite
time Ty = B2C3/(28A32). This singularity is of a type that is different from the
singularities usually observed in geometric flows which are dimensional collapses such
as pancake and cigar degeneracies.

Theorem 2.1 clearly indicates that it is natural to re-scale the metric g(t) by a
factor of (t) = (1 +t/Ty)~%/* (we will ignore the corresponding change of time
t= fg 1(s)%ds but note that the backward blow-up time stays finite anyhow). Ac-
cordingly, we set

g(t) = (1+1/To)~*/Mg(t).
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THEOREM 2.2. Let M be a complete locally homogeneous 3-manifolds of Heisen-
berg type with initial homogeneous metric go and associated Milnor frame (f1, fa, f3).
Let g be as defined above.

1. If M is compact, ast tends to infinity, the metric space (M, g(t)) converges in
the Gromov-Hausdorff sense to R? with a flat metric (the sectional curvature
tends to 0). If M = Hs, as t tends to infinity, the pointed metric space
(Hs, e, g(t)) converges in the Gromov-Hausdorff sense to R? with a flat metric.

2. As t tends to —Tp, the metric space (M, §(t)) converges uniformly to the
sub-Riemannian metric space (M, By' fo @ fo+ Cylf3 @ f3).

REMARK 2.1. In the first statement, the direction that collapses is that of the
center, i.e., fi. It follows that to have Gromov-Hausdorff convergence to a flat R2,
it suffices to assume that M is of the form Hs/T" where T" is a discrete subgroup of
Hs with non-trivial intersection with the center. If I has trivial intersection with the
center then M = Hj /T is not compact and converges in the pointed Gromov-Hausdorff
sense to a flat R3.

REMARK 2.2. In the second statement, the identity map Id is, in fact, a bi-
Lipschitz map between (M, g(t)) and (M, By fa® fo+Cy * f3® f3) and dil(Id) defined
at (1.3) tends to 0 as ¢ tends to —Tp.

REMARK 2.3. Let e! be the unit vector for the metric g(¢) positively collinear to
fi- It is useful to look at the evolution of the Lie algebra structure viewed from the
perspective of the metric g(¢). Namely, we have

t

le5, e5] = VVA(t)/B(t)C(t)el, [e1, €3] = [e5,€1] =0.

As t tends to oo, A(t)/B(t)C(t) tends to 0 and the non-trivial nilpotent structure
converges to the trivial abelian structure on R?. This is geometrically significant here
since the exponential map yields global coordinates.

3. The cross curvature flow on SU(2). Given a metric gg on SU(2), we fix
a Milnor frame such that [f;, f;] = 2fx. For any metric g = Af!' ® f1 + Bf?® f +
Cf3 ® f3, the sectional curvatures are (see, e.g., [CK04, pg. 12]

(B=C)*> 34 2 2

Ribni)="4pe ~Bc 5 e
_(C—A)2 3B 2 2
K(fsA f1) = ABC CA+A+C’
_(A—B)2 3C 2 2
K(fi A fa) = ABC AB+A+B'

Together with the results obtained in [CNSCO08], the asymptotic behavior that will
be proved in this section (see Theorem 3.8 below) give the following full description
of the asymptotic behavior of the solution of the negative cross curvature flow passing
through a metric go at time 0.

THEOREM 3.1. Let g(t) = A(t)fl@ f'+Bt) 2@ f2+Ct) 3o f3, t € (=T, T}),
be a mazimal solution of the negative cross curvature flow (-XCF) on SU(2). Assume
that Ag > By > Cy and set

By

g(t) = Wg(t)-



XCF ON LOCALLY HOMOGENEOUS 3-MANIFOLDS (II) 431

o The time Ty is finite. When t — Ty, (SU(2),g(t)) converges uniformly to the
round sphere S?/B—O.

e If Ay = By = Cy, then T, = 0o, Ty = B%/4, B(t) = /B2 — 4t and g(t) = go
(a round metric) for all t € (—oo0,Ty) .

o If Ay = By > Cy (the Berger sphere case), then T, = oo and, as t — —o0,
(SU(2), g(t)) converges in the Gromov-Hausdorff sense to a two-dimensional
round sphere (the sectional curvatures of g(t) containing f3 tends to 0 whereas
the one corresponding to fi A fa tends to 4/By).

o If Ay > By > Cy then Ty is finite. As t — =T, (SU(2),3(t)) converges
uniformly to a sub-Riemannian metric space (SU(2),bfa® fo+ cfs® f3) with
b=DBy"' and c € [By*,00) (if By > Cy then b> c).

Proof. Theorem 3 of [CNSCO08] gives Ty € (0,00) and the asymptotic A4, B,C ~
2vT —t as t tends to Ty. The first statement follows. The other statements are
consequences of Theorem 3.8 below. O

REMARK 3.1. If one think about the global behavior of the two-sided maximal
flow lines of the cross curvature flow in a given Milnor frame on SU(2) in terms of the
value taken at time 0, (Ao, By, Cp), in the first octant of R?, one should distinguish 6
regions, each corresponding to a strict order of the type A > B > C. These regions
are preserved by the flow and separated by planes of the type A = B corresponding
to Berger sphere metrics. These planes are preserved by the flow. The intersection
of these planes is the line A = B = C corresponding to round metrics. This line is
also preserved by the flow. In the forward direction, the flow lines all approach the
line A = B = C, towards the point (0,0,0). In the backward direction, in each of
the 6 open regions, the largest component tends to infinity whereas the two smaller
components have finite distinct limits. On the plane A = B, in the backward direction,
A = B tends to infinity and C has a finite limit.

This section is devoted to the proof of the result that concern the behavior at
—T. For the rest of this section, we only consider forward solutions of (+XCF).

From the sectional curvatures given above, we easily obtain the ODEs correspond-
ing to the positive cross curvature flow (+XCF), namely,

dA _ AYZ
dt "~ (ABC)?’
dB | BZX
(3.1) — _27(1430)2’
ac _ CXY
dt " (ABC)?’

where

X =342 — (B - C)*> —2AB - 2AC,
Y =3B% — (A - C)?> - 2AB - 2BC,
Z =3C?% — (A - B)? - 2BC — 2AC.
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Recall from [CNSCO08], that we have

din(A/B)  8Z

(3.2) i TR B - AA+B-C)

(3.3) dln(ﬁ/c) - (AZYO)Q (A—C)(B—C— A),

(3.4) dln(ﬁ/c) - (Afjéy (B—C)(A-B-0),

and

@5 ~ AAZB CTE (B — A4+ AWGB —20) + (B - CF)
e PO (A?;éy (C = B)[(A— B - C)? +4BC),

(3.7) d(Ad; ) _ (A%YO)Q (C = A)((A - B)? + 6AC — 2BC + C?).

Without loss of generality we may assume that Ay > By > Cj and it is easy to see
from (3.5) and (3.6) that A > B > C is preserved along the flow. As a consequence,
we have

Y =(B—-A)(A+B+2B-20)-C?*<-C? <0,
Z=—(A—-B)>+3C?*-2AC - 2BC < -C*? <0,

and this implies the following Lemma.

LEMMA 3.2. Assume that Ay > By > Cy. Then A, A/B, A/C, A— B and A—C
are all nondecreasing along (+XCF).

We will consider three cases.

Case 1: Ay = By = ().

In this case, which is the round sphere, A(t) = B(t) = C(t) = \/ A% + 4t, and the
solution exists for all time t.

Case 2: Ag = By > Cp.

In this case, A = B > C as long as the solution exist. The equations simplify to

dA _ 4AC —3C*

dt A3
dc _C®
dt T AL

Clearly, A and C are increasing. Since A%A < 8, the solution exists for all time
t € [0, 00).

LEMMA 3.3. Assume Ay = By > Cy. Then

lim A(t) = 00 and lim C(t) = Coo < 0.

t—oo t—o0

Moreover, as t — 00,

A(t) ~ (24Coot)Y3 and C(t) — Coo ~ —273371/3C5/3471/3,
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Proof. Assume that lims, A = 7 < oo. Since A/C' is nondecreasing, we have

d 8C(A—C)

—In(A/C) = T

>0 >0
dt =1

and thus In(A/C) > nt. This is a contradiction.
Now assume that lim,, C = co. We first show that

limA/C = .
Indeed, if not, we must have
L in(4/C) ~ ) 4°
“In ~
dt n )
for some 1 > 0. Hence fooo % < 0o. But we also have

d 202 1
e =2
@O =T e

433

This contradicts the assumption that lims, C' = co. So limy, A/C = 0o as desired.

We have

d s 2C(4A—10C)
ZIn(4/CY) = == ——

Hence A/C* has a positive lower bound, say n? > 0. Now since

d 1 A C
at A2 T TR e
we have fooo ﬁ < 00. However
d C? C
EC = 2A1/2 X A7/2
and lims, C' = o0o. It follows that
* C 1 [~ C* C B
Ty A T

This is a contradiction and we have proved that lim,, C' < co.

Now set lims, C = Co. Then we easily check that A(t) ~ (24Ct)'/3, and

C(t) — Coo ~ —273371/3C33~1/3
Case 3: Ay > By > (.

By Lemma 3.2, the condition Ay > By implies that A > B as long as the solution
exits. Assume further that Ay > 2By. Again, by Lemma 3.2, we have A > 2B as long

as the solution exists.

LEMMA 3.4. Assume that Ay > 2By. Then B/C is nondecreasing. Furthermore

B, C and B — C are non-increasing.

Proof. As A > 2B, we have X > 0 and A— B — C > 0. The desired conclusions

thus follow from (3.4), (3.6) and (3.1). O
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LEMMA 3.5. Assume Ay > 2By. There exists a T < 0o, such that lim,_.p C(t) =
0, limy_,r B(t) = 0 and lim;_,p A(t) = oco.

Proof. As A > 2B, we have

3
(3.8) ZA2 < X <34%
It follows that
d B|Z|X 3
__B=9o 7" S =
dt A232C2 ~ 2B’
or
d
——B?%>3.
-

Hence the solution can only exist up to some finite time 7', i.e., there exists T' < oo,
such that either lim7 C' = 0 or limyr A = co.

Cram 3.1. If limy_,p C(t) = 0, then lim;,7 B(t) = 0 and lim;_,p A(t) = cc.

To prove the claim, suppose limp C = 0, limp B = B(T) > 0 and limpr A =
A(T) < oo. Since

d XY
=9
dtO A2B2C%’
and
. X|Y| .. X (A-B)(A+3B-20)
R e Z ATE B2 T
we have

d 2
_ 2024
&~ Am

and thus C2(t) ~ 4n(T —t). Ast — T, |Z| ~ (A — B)? has a positive finite limit. By
(3.8), X also has a positive finite limit. Hence

A AZX m
dt A2C? T -t
This contradicts limy B = B(T') > 0.

Now, we either have limy B = 0 or limp A = 0o and, in particular, limp % = 00.
Further, as t — T', we have

X ~3A4% Y ~—A% and Z ~ —A2.
Assume that limy B(t) = B(T') > 0. Observe that

d 2X 6A2
—~(B-C)= -2 [(A—B—C)*+4BC] ~ ——

T A2
/0 B2 < 0.

hence
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But we also have

d 2YZ 2A2
—InA= ~ .
dt A?B2C?  B2C?
As limp A = oo, this is a contradiction. It follows that we must have limyr B = 0. A
similar argument show that limy A = co. This finishes the proof of the claim 3.1.
To finish the proof of Lemma 3.5, it suffices to rule out the case limp C > 0.
Assume limp C = C(T) > 0, then limyp B = B(T) > 0 and limp A = oo. So, as
t — T, we have X ~ 342, Y ~ —A? and Z ~ —A?. Hence

d  24YZ
dt* ~ A2B2C?

with n = 2/(B(T)C(T))?. Tt follows that

NUA3

Aft) ~ ——
2n(T —t)
We also have
2 2
dpe 19 A _3B@) :
dt C(T)? Tt

This contradicts B(T') > 0 and thus, we must have limp C' = 0 as desired. O

LEMMA 3.6. Assume Ay > 2By. Ast — T, there exist positive finite constants
N1, N2 and N3 such that

A~y (T —t)" 711,
(3.9) B ~no(T — t) 11,
C ~n3(T — ).

Proof. As a first step in the proof of this lemma we show the following.

CramM 3.2. Ast — T, we have lim;_,p % =n€[l,00).

We have
da_, 4
dt "~ (BC)?’
dB | _¢ A
dt BC?’
aC o
dt B2C

Moreover, by (3.4), there exists 71 € (0,00) such that

d 8X B-C A
@B/ = mpem— g U B0 ~mpe

Here we used that 1 — % is increasing under the flow. We also have —%B ~ GBA—(;,
so fOT BA—; < 00. As A > Ay this implies that fOT oz < 00. Hence limp Z =1 < o0
as claimed.
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CramM 3.3. Ast — T, we have lim;_,7 A3B = n and lim;_,7 A3C' = 1, with
m,n2 € (07 OO)

To prove this claim, we compute

d. . 2A°BZ
A" B) = Taprga (X +aY).
In particular, if o = 3,
d, 4. 8ABZ __,

In general,
X+aY =(3-a)A*—(B-C)?*—-24AB—2AC+3aB?—aC?+2aAC —2aAB —2aBC.
In particular, if o # 3, then as t — T,

X +aY ~ (3 —a)A?

For av = 2, we see that %(A2B) < 0 for t close to T because Z < 0. Hence AB

is bounded from above. Now, Claim 3.2 and the above formula yields
d At
—(A’B) ~8(2 — 1/n)=.
C(AOB) ~ 82— 1/n)

Since %B ~ —6BA—CQQ, and lim B = 0, we have fOT BA—CZZ < 00. As A?B is bounded from
above and A*/C? = (A?B) x A?/(BC?), it follows that fOT é—i < co. Hence

1i%nASB =m € (0,00).

As lim B/C = n, this also yields limr A3C = 1, /1 as claimed.
Now using Claim 3.3 and (3.9), we obtain

Hence,
A ~ng(T — 1),
B ~y(T — )15,
C ~ns(T — ).
0

In order to finish the study of the behavior of (+XCF) on SU(2), we are left to
show that if Ag > By > Cp then there exists a time to > 0 such that A(tg) > 2B(tp).
We start with the following lemma.

LEMMA 3.7. If there exist a time to such that X (to) > 0, then for all time t > to,
we have

b

(to
Alto)

X
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Moreover, there exists a time t}, such that A(ty) > 2B(t}).

Proof. We first show that % > 0 for t > tg. Let t; > tg be the first time such
that X (t1) = 0 (if it exists). Recall that £ and % are decreasing. Moreover, for all
t € [to,t1), we have

d 2X
—In(B-C)=—-—"—__[(A—B-C)*+4B
T n( ) TE202 [( C)*+4BC] <0,
hence % is decreasing as well on this interval. Since
£_3_ (B - C)? 2B 2C
A2 A2 A A’

X/A?% is increasing on [to,¢1). This contradicts X (t1) = 0, hence we have 55 > 0, for
all t > tg. When X is positive, B — C' is decreasing and thus X/A? is increasing. It
follows that 55 > n > 0.

Now, assume that for all time ¢ > ¢o, A(t) < 2B(¢). Since A is increasing and B
and C are decreasing, we have A(tg) < A(t) < 2B(t) < 2B(to) < oo, for ¢t > to. Since

/
d ,_ 2BIZIX _

Sdt  A2B2C? T B’
for some i’ > 0, the solution can only exist up to some finite time 7' < oo. This
means that limr C' = 0. Since limy A = A(T) and limy B = B(T) are positive and
finite, as t — T, there is 171 > 0 such that

d
%CQ ~ =M.
Hence C ~ /m (T — t). This implies
d 2
—B? ~ — .
dt Tt

This contradicts the fact that B2 > 0. O

Our final task is to show that it is not possible that A < 2B and X < 0 for all
t. To this end, assume that A < 2B and X < 0 on the interval [0,7") on which the
solution exists (T" might be oo). Then A, B, A/B and C are all non-decreasing on
[0,T). We claim that

sup {B/C} =n < .
[0,7)

Otherwise, since B < A and B/A is non-increasing, we have

. X . 2B B? —(C?+2BC-2AC
limsup — = lim(3 — — — —

t—T ﬁ t—T A B A2 + A2 ) > 07

which contradicts X < 0.
Hence we have A < 2B < 2nC. Observe that Y, Z are negative and

V| = A% + C? —2AC + 2AB + 2BC — 3B% < A + C* + 2AB + 2BC < 11B?,
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|Z| = A2 + B?* —=2AB + 2BC + 2AC — 3C? < A* + B* + 2BC + 2AC < ;1 C?,

for some n; € (0,00). It follows that

d 9AY 7 1
@’ T azprcz SRy

for some 72 € (0,00). This implies that T' = oo, i.e., the solution exists for all time.
We also have

|X| = B%+ C? +24AB 4 2AC — 2BC — 3A% < 6A%.

Hence

d 9BZX 1
@’ T apcr <Bp

for some 73 € (0,00) and B2 < B2 + 2nst. Now, since

we have

d 82| 8 B, _ m
pn In(A/B) A2B2CQ(A B)(A+B-0C) > 32(1 A)_ e
In(A/B) — In(Ag/Bo) > /t L /t ds
n — In — — .
ofFo) =M [ pr = | B onss

The right hand side goes to co as t — 0o, while we have

tlim In(A/B) <In2.

This is the desired contradiction. The conclusion is that, if Ag > By > Cy then there
must exists a time tg, such that A(tg) > 2B(to).

THEOREM 3.8. On SU(2), for the positive cross curvature flow (+XCF) and any

choice of initial data Ay > By > Cy > 0, we have:

o If Ay = By = Cy, then the solution exists for all time t, and we have

A(t) = B(t) = C(t) = \/ A2 + 4t.

o If Ay = By > Cy, then the solution exists for all time t and lim;_,o, C(t) =
Cw € (0,00). Moreover, as t tends to oo, we have

At) = B(t) ~ (24Cot)'/?, C(t) = Coo ~ —2737 13035715,

e if Ag > By > Cy, then there exists a finite time T > 0, such that the solution
exists on [0,T) and, ast — T,

A~y (T —t)"15, Bena(T — 1)1, and C ~ ns(T — )14,

for some finite positive constants ni,n2,ns.
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4. The cross curvature flow on E(1,1) (Sol geometry). A model for the
geometry E(1,1) is the group R x R? where the action of R on R? is given by

( 60 691 . This group is sometimes called Sol. In other words, Sol is R? with the

multiplication law
(r,y,2) (2,9, 2) = (x + 2",y + ey, 2 + e 72).

If we denote by X, Y, Z the left-invariant vector fields equal to 9/0x, 9/0y and 0/0z at
(0,0,0) then X = 9/9z, Y = e®0/0y and Z = e *0/0z. Hence, [Y,Z] =0, [X,Y] =
Y, [X,Z] = —Z. For any left-invariant metric equal to a(dz)? + b(dy)? + c¢(dz)? at
(0,0,0), a Milnor frame is f1 =Y + Z, fo = 2X, f3 =Y — Z. Conversely, given a
metric go and a Milnor frame for that metric, we can define elements X, Y, Z of the
Lie algebra by X = (1/2)f2, Y = (1/2)(f1 + f5) and Z = (1/2)(f1 — f3). In the
coordinate system induced by the exponential map and the basis X,Y, Z, the group
law has the form given above. It is useful to observe that, for any r > 0, the metrics

g=af'@ fl4ofP@ fPtcefPfefPandg=raf' @ fL +0f?@ f2 +refie 3

yields isometric manifolds, the isometry being induced by the Lie algebra isomorphism

fi= i1, fa = f2, f3— /7 f3 and its inverse.

For later purpose, we introduce the manifold

where X stands for the copy of the integers {(k,0,0) : k € Z} sitting in F(1,1). Any
left-invariant metric on E(1,1) induces a locally homogeneous Riemannian structure
on Ey(1,1). Moreover, the remark made above concerning isometric structures on
E(1,1) is also valid for Ey(1,1). We will be particularly interested in those metric gz,
B > 0, of the form

(4.1) gp=Bfof+flef +faf
Given a left-invariant metric go, we fix a Milnor frame {f;}3 such that

[f2, fal =2f1, [fs, [i] =0, [f1, fo] = —=2fs.

The sectional curvatures are:

A— 2 _ AQ
K(fz/\f3):%,
A 2
K(fs A f1) = %7
A— 2 _ 2
K(fiN f2) = %

We first state the theorem describing the forward and backward asymptotic behaviors
of (-XCF) on E(1,1). Because of the symmetry between f; and f3, one can assume
that A > C.
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THEOREM 4.1. Let g(t) = A(O) flo@ f'+Bt) 2@ f2+C#) 3o f3, t € (=T, T}),
be a maximal solution of the negative cross curvature flow (-XCF) on a complete locally
homogeneous manifold of type E(1,1). Assume that Ag > Cy and set

o The time Ty is finite. If M is compact, as t — T, the metric space (M, g(t))
converges in the Gromov-Hausdorff sense to (Ey(1,1), gz) with gg as in (4.1)
for some B > 0. If M = E(1,1), then the metric space (E(1,1),5(t)) con-
verges in the Gromov-Hausdorff sense to (E(1,1), gg) for some 3 > 0.

o If Ay = Cy, then T, = o0 and A(t) = C(t) = AoBo/B(t), B(t) = \/ B} — 64t.

If M is compact, as t — =T, = —oo, the metric space (M,g(t)) (resp.
(M,g(t))) converges in the Gromov-Hausdorff sense to a circle (resp. to a
line).

o If Ay > Cy, then T, < oo and, as t — —Tp, the metric space (M,g(t))
converges uniformly to the sub-Riemannian metric space (M,bfa® fa+cfs®
f3) with b,c € (0,00).

Proof. Theorem 2 from [CNSCO08] gives that Ty is finite and A,C ~ Ey/\/Ty —t,

A—C ~ Ey\/Tf—t, B ~ /64(Tf —t), as t tends to Ty. The desired convergence
follows. For the behavior when ¢ tends to —T3, see Theorem 4.5 below. O

The rest of this section is devoted to the asymptotic behavior of the flow (*XCF)
on E(1,1). From the sectional curvature given above, we obtain the equations

dA 24V Z

dt ~ (ABC)?

dB  2BZX
(4.2) & “(ABC)?

dC  20XY

dt ~ (ABC)?
where

X =(A+C)(34 - 0),
Y =—(A+C)?,
Z=—(A+C)A-30C).

First, consider the case when Ay = Cy. Then A(t) = C(t) as long as the solution
exists and

dB 32
dt B’
Hence B = \/BZ + 64t. It follows that
din A B 32
dt B+ 64t
which gives
Ay B
Al) = C(t) = —==

VB? + 64t
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Second, we assume that Ay # Cy. Because of the symmetry between f; and fs,
we may assume without loss of generality that Ay > Cy. It immediately follows that
C is decreasing.

LEMMA 4.2. Assume that Ag > Cy. Then C is decreasing, A — C, A/C and
A — 3C are increasing as long as the solution exists. In particular, we have A > C.

Proof. Observe that

dA-C) _(A+C)

@~ r(aBoy (4-0),
dn(A/C)  _(A+0O)>
@ (ABC)? (4=0),

The stated results follow.O

LEMMA 4.3. Assume that Ay > 3Cy. Then A is increasing, B is decreasing.
Moreover, there exists a finite time T such that

th—»nilF A(t) = oo, th—>H:1F B(t) =0, th—>H:1F C(t) = 0.

Proof. The previous lemma shows that A/C > Ag/Cy > 3 as long as the solution
exists. The monotonicity of A and B immediately follows. Further, we have

d . (3BA—C)(A=3C)(A+C)> 3C A,
~BB=2 e > A1 =) (14 5)° >,

This implies that the solution can only exist up to some finite time 7T'. As
d 8(A+ C)2(3A-0O)
— In(B =

at "B/ AB2C

B/C is increasing. Hence if lim;_,p B(t) = 0, then lim;_,7 C(t) = 0 as well.

Assume that we have limp A = A(T) < oo and limy B = B(T) > 0. Then we
must have limp C' = 0 (otherwise, the solution could be extended past T'). As

>0,

d o _ AXY

dt (AB)?’
it then follows that C(t)? ~ 1 (T — t), for some positive finite ;. This implies
d QAYZ o

dat” T (ABCY? T T—t

and thus A — oo. This is a contradiction.
Assume next that limr A = A(T) < oo and limp B = 0. Then limy C' = 0 and

d 4(A+C)BA-C)
2 2 ~ _ 2
B?—C?% = yE 12A%
— _ 2
2L g _ 44— C)(3C - A)(A+C)* A2
dt A2
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Hence

d
—(B%2C?) ~ —24A%
7 )
and B2C? ~ n3(T —t) with n3 € (0,00). Plugging this into the formula for %A shows
that A — oo, which is a contradiction.

This shows that, as stated in Lemma 4.3 lim7 A = oo. To see that limyr B = 0,
we compute

_ 24°BZ

= azpzcz X oY)

d o
(4.3) E(A B)
IfO0<a<3,thenast — 1T,
X+aY =(A+0)[B-a)A—(1+a)C] >0.

As Z is negative, this implies that %AO‘B < 0. Thus A*B is decreasing. Since
A — 00, we also have B — 0 and thus C — 0. O

LEMMA 4.4. Assume that Ag > 3Cy and let T be as in Lemma 4.3. Then there
are positive finite constants n;, i = 1,2,3 such that, as t tends to T,

Amy (T —t)"15, Brong(T —t)i1, Cr~ns(T —t)15.

Proof. Taking o = 3 in (4.3) yields

d 2AZ 8AZ

I 3 —_ _

dt(A B) B02(3Y—|—X) BC (A+C)>0.
Similarly,

d, 3. 2AY 164 3

E(A C)_BQC(32+X)_ 2 (A+C)° <O.

Now, the technique used in the proof of Claim 3.3 shows that
lim A®B < co and lim A3C > 0.
t—T t—T

As t tends to T, this yields

dA dB u  dC 1
iy A15 — ~ —poB™ 3
dt m ; dt 72
for positive finite n;, ¢ = 1,2, 3. The asymptotic stated in Lemma 4.4 follows. O
We are left with the task to rule out the possibility that C' < A < 3C as long as

the solution exists. Assume that C' < A < 3C. Then A and C' are decreasing and B
is increasing. Since we have

ai- (AC)? <

B < /B3 + 2nt.

Bl g _,3A-0)BC - A)(A+C)

we have
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It follows that

d (A+C)P 1 A n

—In(A/C) =8 —(=—-1) > ———.

a MO =85 (e T > oy
As In(A/C) < In3, the solution can only exist up to some finite time T, i.e., there
exist T' < oo, such that lim,_,p A(¢) = lim;—r C(t) = 0. Hence lim;_,7(A—C)(¢t) = 0.
This contradicts the fact that A — C is increasing. It follows that there must exist a
finite time to, such that A(tg) > 3C(t9). We have proved the following theorem.

THEOREM 4.5. On E(1,1), for any given initial data Ag, By, Co > 0 with Ag >
Co, the positive cross curvature flow behaves as follows.
o If Ay = Cy, then the solution of (+XCF) exists on [0,00) and is given by

AoBy
Alt) = C() = —2220 _  Bry) = /B2 + 64t.
=) =P )\

o If Ag > Cy, then there exists a positive finite time Ty, such that the solution
of (+XCF) exists on [0,Tp). Moreover, ast — Ty,

e

Anm(T =), Brnp(T 1), and C ~ (T — t)7

with m1,m2,m3 € (0, 00).

—_—

5. The cross curvature flow on E(2). Recall that a realization of E(2) is

R? x R where the action of R on R? is by rotation. Namely, F(2) is R? equipped with
the product

(r,y,2) - (2',y,2)) = (x + 2" cosz +y sinz,y+ 2’ cosz — ¢/ sinz, 2 + 2').
Note that the left-invariant metrics on E\(_Q/) equal to a[(dx)? + (dy)?] + c¢(dz)? at the
identity element are actually flat metrics on R3.
Given a left-invariant metric go, we fix a Milnor frame {f;}3 such that

[f2, f3] = 2f1, [f3, fil = 2f2, [f1, fo] = 0.

These relations imply that, in the global coordinate introduce above, f1, fo are in the
span of 9/0x,d/dy whereas f3 contains a 9/0z component.
The sectional curvatures are:

K(faAf3) = ﬁ(B — A)(B +34),

K(fs A fi) = (A~ B)(A +3B)

1
K(fi A f2) = —==(A— B)%
(L7 o) = (A= B)
As in previous sections, we first state a theorem that describes both the forward

and backward behavior of the negative cross curvature flow on E(2). The forward
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behavior was studied in [CNSCO08, sect. 6]. The backward behavior is studied below
in the form of the forward behavior of the positive cross curvature flow. Because of
the symmetry between fi; and fo we can assume that Ay > By.

THEOREM 5.1. Let g(t) = At)f'@ f'+B) P f2+CH) P e 3, t € (=Ty, Ty),
be a mazimal solution of the negative cross curvature flow on a complete locally ho-
mogeneous manifold of type E(2). Set

o Assume that Ay = By. Then T, =Ty = 0o, A(t) = B(t) = Ag and C(t) = Cy
for all t. In fact, as a Riemannian manifold, (E(2),g) is R® equipped with a
flat metric.

o Assume that Ao > By. Then Ty = oo and T, < 0o.

— If M = E(2), as t tends to Ty = oo, (E(2),9(t)) converges in the
Gromov-Hausdorff sense to R® (the sectional curvatures go to zero). If
M is compact, (M, g(t)) does not converge to a metric space as t tends
to infinity but (M,g(t)) converge in the Gromov-Hausdorff sense to a
circle.

— In all cases, ast tends to =Ty, (M, G(t)) converges uniformly to the sub-
Riemannian metric space (E(2),bfa® fa+cfz®f3) for someb, c € (0, 00).

Proof. The first case is trivial. When Ag > By, the results in the forward direction
follow from Theorem 5 of [CNSCO08] which gives Ty = oo and A ~ Ey + Eyt=1/6
B~ Ey — Eyt~'/% and C ~ (8v/6Ey/Ey)tY/3, as t tends to infinity.

The result in the backward direction follow from Theorem 5.4 below. O

REMARK 5.1. For ¢ > 0, in the orthonormal frame (e!)1% on (F(2), g(t)), with e!
positively collinear to f;, we have [eb, €] ~ 6t~ /6! [e}, el] ~ 5t=1/6¢eb, [el,eb] =0
for some § > 0. In other words, the group structure viewed in this frame tends to the
abelian structure of R3. This is similar to what happens on the Heisenberg group.
Compare Remark 2.3.

The rest of this section is devoted to the study of the positive cross curvature
(+XCF) on E(2). Hence g(t) = A(t)f' @ f1+ B(t) f* @ >+ C(t) f* ® f? is a solution
of (+XCF) and thus A, B, C satisfy the following equations

dA  24Y7Z

dt  (ABC)?’

dB  2BZX
(5.1) @& “(ABC)’

dC  2CXY

dt ~ (ABC)?’
where

—(A—-B)(3A+ B),
(B— A)(3B + A),
— (A - B).

X
Y
A
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If Ag = By, then A = Ay, B = By and C = Cy. The geometry stays flat all time.
Without loss of generality, we assume that Ay > By. Then A is increasing, while B
and C are decreasing.

LEMMA 5.2. Assume Ay > By. Then there is a finite time T such that the
solution exists on [0,T) and

lim A(t) = oo, lim B(t) =0 and lim C(¢) = 0.
t—T t—T t—T

Proof. Notice that
X >nA? Y| > nA? and |Z| > nA?
for some constant n € (0,00). Hence

d 212 A4
—%C > m >mn; > 0.

It follows that the solution exists up to some finite time T' € (0, c0). Next

d 27 —4(A - B)*
it AP = e X Y) = —age <0
hence AB is decreasing. Similarly,
d 2Y
—In(AC) = ———=(X+ 2
g n(AC) AQB2C2( +7) <0,

so AC is also decreasing.

We first show that limp C' = 0. Assume not. Then limy C' = C(T) € (0,00).
Since AC is decreasing, we get limp A = A(T) < oo while limp B=0. Ast — T, we
have

X ~34% Y ~ —A% Z ~ A%,
hence

at” ~Aaxcr
for some positive fine 7. It follows that B ~ /n(T —t) and

d 47X
B2 —n

d , 24Y7Z "

at" " (ABCeR T T—¢

for a different n € (0, 00). This shows that A(t) ~ —nIn(T —t) — oo as t — T', which
is a contradiction.

Next we show that limp A = co. Assume that we have limpr A = A(T) < co. If
further more we have limy B = B(T') > 0 then, since

d ., 4XY
at~ —@ape "~ "

and thus C(t)2 ~ n(T —t), just as above, we can show that A — oo, this is a
contradiction.
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If we have limp B = 0, then

d 4XY
2% 2 ~ _ 2
B dtc yF 12A(T)?,
and
d 4aX7
2_B? = ~ —12A(T)2.
¢ dt A2 (T)

Hence 4 (B*C?) ~ —24A(T)? and thus B2C? ~ 24A(T)*(T —t). This again leads to
A — oo, which is a contradiction. This proves that limy A = co.

Since AB is decreasing, so we have proved that limr A = oo and limp B =
limp C = 0.0

LEMMA 5.3. Assume that Ay > By. Then there are constants n1,m2,1m3 € (0, 00)
such that

Eleo

Anm(T—1)77, Bromp(T —1)%, C~ng(T — 1),

Proof. As

d, 4. 16AZ d, .  SAY
E(A B) = o2 (A—B)>0and dt(A C)= BC(A B) <0,

it follows that A®B is increasing and A3C decreasing. We also have

d _ 2487
dt - A2B2(2
Ast— T, X +2Y = (A— B)(A—5B) > 0. This implies that A?B is bounded from

above. Using the same technique as in the proof of Claim 3.3, we obtain that there
exists 7 € (0,00) such that limy A3B = 7. Finally, observe that

(A’B) X +2Y).

d A d A?
L n(A3C) ~ —8—2 and LB~ 6.
gt WA ~ g amd g Bce
Since B > 0 and limy A = oo, it follows that [* A/(BC?) < [T A2/(BC?) < .
Hence limp A3C = 1’ € (0,00). These asymptotic behaviors of A3B and A3C imply
that

dA . dB , dC u

PN B v

The desired asymptotic results follow. O

THEOREM b5.4. Let g(t) be the solution of (+XCF) on E(2) with given initial
data Ag, By, Co > 0 in a Milnor frame f1, fa, f3 as above.
o Assume that Ag = By. Then g(t) = go = Aof' @ fl+ Ao f2® f2+ Cof? @ f3.
o If Ag > By, then there exists a finite time T > 0, such that g(t) exists on
[0,T) and, ast — T,

A~ nl(T—t)fl_tl, B ~772(T—1€)1_34, and C ~773(T—t)%

for some constants n1,m2,m3 € (0,00).
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6. The cross curvature flow on SL(2,R). Given a left-invariant metric gg on
SL(2,R), we fix a Milnor frame {f;}} such that

[f2, f3] = =2f1, [fs, fil = 2f2, [f1, f2] =2f3

and
go=Aof' @ f' + Bof?* @ f2 + Cof* @ f3.
The sectional curvatures are

1
K(fa A f3) = ——=(—3A%2 4+ B2+ C? —2BC — 2AC — 2AB),

~ ABC
1
K(fs A f1) = m(—w? + A%+ C? + 2BC + 2AC — 2AB),
1
K(fiAfo) = m(—?,c2 + A% 4+ B% + 2BC — 2AC + 2AB).

Recall that the Lie algebra sl(2, R) of SL(2,R) can be realized as the space of two
by two real matrices with trace 0. A basis of this space is

0 -1 10 0
we( ) (o ) v=(

[H,V] = —2W, [W,H] =2V, [V,W] = 2H.

O =

These satisfy

This means that (W, V, H) can be taken as a concrete representation of the above
Milnor basis (f1, f2, f3). In particular, f; corresponds to rotation in SL(2,R). Note
further that exchanging fo, f3 and replacing f1 by — f1 produce another Milnor basis.
This explains the B, C symmetry of the formulas above.

As for the other cases, the forward behavior of (XCF) was studied in [CNSCO08,
sect. 5]. However, in the SL(2,R) case, the description of this forward asymptotic
behavior in terms of convergence of metric spaces becomes quite intricate and we will
only make some simple remarks. The reader can consult [Gli08] for a careful analysis
using groupoid techniques.

The backward behavior is studied below in the form of the forward behavior of
the positive cross curvature flow. Because of the symmetry between fs and f3 noted
above, we can assume that By > Cjp.

THEOREM 6.1. Let g(t) = A)f1@ f1+Bl)fPo f2+CH) 2 f3, t € (=Ty, T),
be a mazimal solution of the negative cross curvature flow on a complete locally ho-
mogeneous manifold of type SL(2,R). Then T, < 0o whereas Ty = 0o if By = Cy and
Ty < oo otherwise. Assume that Bg > Co and set

Q= {(a,b,c) eR®:a>0,b>c> 0}

and

There is a partition of Q into subsets Sy, Q1, Q2 with Q1, Q2 connected and, ast tends
to —Ty:
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1. If (Ao, Bo, Co) € Q1, (M,g(t)) converges uniformly to the sub-Riemannian
metric space (M,bfs @ fa + cfs ® f3) for some b,c € (0,00).

2. If (Ao, By, Co) € Q2, (M,q(t)) converges uniformly to the sub-Riemannian
metric space (M, af1 ® fi1 +cfs ® f3) for some a,c € (0,00).

3. If (A(t), B(t),C(t)) € So for all t € (=T},0] then A(t) tends to 0 whereas
B(t) and C(t) converge towards the same finite constant. If M is compact,
(M,g(t)) converges in the Gromov-Hausdorff sense to a compact surface of
constant negative curvature.

REMARK 6.1. In the forward direction, if By = Cy and M is compact then
(M,g(t)) converges in the Gromov-Hausdorff sense to a compact surface of constant
negative sectional curvature. See [CNSCO08] and [G1i08].

REMARK 6.2. The cases (1)-(2) of Theorem 6.1 are somewhat symmetric. Case
(1) occurs when Ay is large compared to By — Cy. Case (2) occurs when Ay is small
compared to By — Cy. Case (3) is of a completely different nature and it is not even
entirely clear, a priori, that it occurs at all. In a forthcoming work [CGSC09], we will
show that Q1 U Q2 is a dense open set and that Sy is an hypersurface separating Q1
from Q2. This however requires different techniques that those used in this paper.

The rest of this section is devoted to the proof of Theorem 6.1. A much more
precise statement is given in Theorem 6.12. As in earlier sections, we focus on the
forward behavior of solutions of (+XCF). Using the sectional curvatures given above,
writing

g=Af'@ f'+BfPo fP+CfPe 3

for the solution of the flow (+XCF) with initial data go, A, B, C satisfy the equations

dA 2AF;F;

dt — (ABC)?’

dB 2BF3Fy
(6.1) @ " (ABC)?’

dC 2CF\F,

dt  (ABC)%’
where

Fy = —3A% 4+ B?* 4+ C? - 2BC — 2AC — 2AB,
Fy=—3B*+ A%+ C? + 2BC + 2AC — 2A4B,
F3 =—3C%+ A? + B> + 2BC — 2AC + 2AB.

Without loss of generality we may assume that By > Cy. Then B > C as long as
a solution exists and

Fy=(B—-C)(2A+ B+30)+ A* > A > 0.

Observe also that F; 4+ F5 < 0 so at least one of the quantities F}, F» is negative.
Let a=A/B and ¢ = C/B.
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LEMMA 6.2. Suppose that ag = Ag/By and co = Cy/By satisfy
(6.2) a>1l—c+2vV1l—c

Then a and ¢ satisfy (6.2) as long as a solution exists. Moreover, in this case, (6.2)
is equivalent to F» > 0 and thus implies that F; < 0.

Proof. As in [CNSCO08, Sect. 5, Lemma 2], we have

Fy=(A-(B-C+2/(B-0)B)(A-(B—-C-2/(B-C)B)).

Since B—C —2,/(B — C)B < 0, it follows that (6.2) is equivalent to F > 0. Observe
that

dA dB d
@ =, &2 <0 ad X _o
dt |, dt |, dt |,
It follows that
dF.
(6.3) —2 > 0.
dt |,

To prove that F5(t) > 0 we argue by contradiction. Suppose ¢ is the first time such
that I5(tg) = 0. Since F5(0) > 0, we know that 4 Fy(t9) < 0, which contradicts (6.3).
Therefore F5(t) > 0, which is equivalent to (6.2). This completes the proof of the
lemma. O

The next lemma is very similar to the previous one and we omit the proof.

LEMMA 6.3. Suppose that ag = Ag/Bo and co = Cy/ By satisfy
1
(6.4) a<§(2 l—c+cZ—-1-0).

Then a and c satisfy and (6.4) as long as a solution exists. Moreover, (6.4) is equiv-
alent to F1 > 0 and thus implies F5 < 0.

Observe that, if at any time tg, the solution satisfies either (6.2) or (6.4) then
that inequality will be satisfied at all later time. We will consider three cases: The
case where (6.2) is satisfied (at time ¢ = 0 or, in fact at a later time), the case where
(6.4) is satisfied (at time ¢ = 0 or, in fact at a later time), and the remaining case
where neither (6.2) nor (6.4) is satisfied as long as the solution exists.

Case 1: Inequality (6.2) is satisfied. Recall that this is equivalent to say
that F5 > 0. Moreover, we must have F; < 0.

LEMMA 6.4. Assume that B > C and (6.2) holds. Then A is increasing, B and
C are decreasing and A + C > B. Furthermore a, ¢ and Fy/B? are non-decreasing
and |Fy| > 3A2.

Proof. The monotonicity of A, B and C follows from the fact that F» > 0 which
also easily imply A + C' > B. Further

(6.5) dln(ﬁ/B) - ifle;) Fs(A+C - B),

(6.6) dln(;/ B) _ S((fB;)CQ) (A+ B+ C)|F,
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are non-negative. As

F A+C

— 2
m =g D g4

and
|Fy| = 3A% + 2(A+ C)B + 2AC — B* — C*.

The lemma follows. O
LEMMA 6.5. Assume that B > C and (6.2) is satisfied. Then there exists a finite
time T such that

th—>H:1r A(t) = oo, tll_)H% B(t) = tll_)H% C(t) =0.

Moreover, there exists ny € (0,00) such that limp B/C = 1.
Proof. By Lemma 6.4, there exists 1 € (0, 00) such that

I F
Do B P —12.

(6.7) dt A2 B2

Hence there exists a finite time 7' such that the flow exists only up to 7" and either
lim7 C =0 or limy A = oo.

Observe that C'//B < 1 is non-decreasing. Hence limy B/C € (0,00). We first
show that limy C' = 0, which implies that limy B = 0. Otherwise we have limyp A = oo
and limp C' = C(T) > 0. Note that limy B = B(T') > C(T) > 0. Since

d 2 F, Fj

LA 22 58
a’' T A o

and Fy ~ F3 ~ A% ast — T, there exists a constant n > 0, such that

d 1
— (A7) ~ ==,
(A7) ;
Hence
A2~
T—1t
As |F1| ~ 3A2,
d |F1| F2 127’] 1
—C? = 4=~ — —
dt 2B~ T BIE Tt

This contradicts the fact that C is decreasing with C(T") > 0.
Next, we prove that limp A = co. Observe that, for any a > 0, we have

d, ...  2A°BF;
(6.8) A" B) = iy (0F: + 1),

and

(6.9) aFy+F = (a—3)A%+(1-3a)B?+(1+a)C?*+2(a—1)(B+A)C—2(1+a) AB.
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If « > 3, then limp(aFy 4 F1) > 0 and thus A*B increasing. As limyp B = 0, it follows
that limr A = oo, as desired. O

LEMMA 6.6. Assume that B > C and (6.2) holds. There are constants 1,12, M3 €
(0,00) such that, as t tends to T,

At) ~ (T — )Y B(t) ~ no(T — )/ and C(t) ~ ns(T — t)3/14,

Proof. For a =3, (aFy + Fy) = —4[(B— C)(A+ 2B+ C) + AB] < 0. By (6.8) it
follows that A3B is decreasing. Further,

d F3 A

—In(A®B) = -8———[(B — A+2B AB] ~ -8———=(2B —
SAB) = 8T {(B — C)(A+ 2B+ C) + AB] ~ —8$ (25— C)
and
d A?

As B > 0, we must have

It follows that

T A T A TA2

Hence there exists 7 € (0,00) such that limy A*B = 7. Now, as t tends T,
5
A2B2(C?

The asymptotic for A follows as well as those for B and C. O

Case 2: Inequality (6.4) is satisfied. This is equivalent to F; > 0 and implies
that F5 < 0. Since B > C and F; > 0, we have A+ C' < B. Since F3 > 0, we have A
is decreasing, B is increasing and C' is decreasing, hence both a and c are decreasing.
Further,

d
—A~ ~ A,
A~ U

i) c2 A2 ¢ _AC _A Yy

Since both @ > 0 and ¢ > 0 are decreasing, % is increasing, hence as long as the

solution exists, we have

F1(0)
B3

> 0.

)

>

We also have
|Fy| = 3B? — A* — 0% —2BC — 2AC +2AB > 2B% — 2BC + 2AB > 442
Hence there exists n € (0, 00) such that

d , F F
0%yl 2
al Tipa
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This implies that the solution can only exist up to some finite time T at which at
least one of the following must happen: limp A = 0, limp C' = 0 or limp B = oc.

LEMMA 6.7. Assume that B > C and (6.4) holds. Then there exists T € (0, 00)
such that the solution exists on [0,T) and

tILIr% At) = tlin% C(t) =0 and tlin% B(t) = 0.

Further, there exists no € (0,00) such that limp C/A = ng.
Proof. As

)

d

o (C+ A)(C—A-B) >0,

C/A is increasing. Hence, if lim C' = 0, then we must have lim A = 0.

We first show that limr 2 = oo, i.e., limy_yc = 0. Indeed, if limy C = 0,
since B is increasing, and the desired result follows. If limp C = C(T') > 0, it suffices
to show that lim B = oo. Assume instead that limp B = B(T) < oco. Then we must
have limr A =0 and, ast — T,

Fy ~ —3B? + C? + 2BC and F3 ~ —3C? + B® + 2BC.
Hence there exists n € (0, 00) such that

d (B — C)2(B +3C)(3B + C)
a1 B2C2 g

It follows that A% ~ n(T —t) as t tends to 7. Also, as t tends to T,

Fy ~(B-C)?,
SO
d 1 (B-C)?*@BB+0) n
—C ~ —2 ~ — 5
dt n(T —t) B2C2 T —t

for some 1’ € (0,00). This contradicts the fact that C' > 0. So limy B = oo and
limy B/C = .

Next we show that limp C = 0 (limp A = 0 follows). If not, we have limp C =
C(T) > 0 and this implies that limy B = co. Then, since A is decreasing, we have

Fy ~ B2, Fy~ —3B? and F; ~ B?.
So

d 2 B2 d 6 B2

Since limp B = oo, we must have fT ﬁ—z = oo. This contradicts the fact that C' > 0.
So we have lim7 C' = 0 as desired.

By (6.8)-(6.9), if @ < % and ¢ is close enough to T, A*B is increasing, but
limA =0, so lim B = cc.
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Finally, we prove that limy % € (0,00). We already know from (6.11) that C/A

is increasing. On the one hand, we have

i C 4B B
4 A o< B
@A~ per At O S sg

for some 1 € (0,00). On the other hand,

d B2

TB2
/m<0®.

It follows that In % is bounded from above. O

Hence

LEMMA 6.8. Assume that B > C and (6.4) holds. There are constants 11,12, M3 €
(0,00) such that, as t tends to T,

A() ~ (T = )*, B(t) ~ma(T = )7 and C(t) ~ n3(T — 1)*/1.

Proof. We first show that limp A3 B € (0,00). By (6.8)-(6.9) with o = 3, we
have

d, 1. 245BF; 1 8 A3 BF;

L AR =P8 L Py A 208
747 B) 3P+ )~ —35mes

(ADOY? (BC + 2AB) < 0,

for ¢ close enough to T', so we only need to show that limp A3B > 0. We have

d 1 8 Fj B
for some constant 7 € (0,00) (here, we use that limy C/A € (0,00)). Further,
d  24FF B2

a’t = Boye ~ %acr

Since A is bounded, we must have fT AB; < 00. Hence fT A§C < 00 as well. This
implies limp A3B = n > 0 as desired. It follows that AB3 and CB? have positive
finite limits as ¢ tends to 7" and we can proceed as in case 1 to obtain the asymptotic
of A, B and C when t tends to 7.0

Case 3: Neither (6.2) nor (6.4) are ever satisfied along the flow Assume
the solution exists on the interval [0, T") (T can be oo here). The third case is the case
when

1
(6.12) Vte[0,T), §( 1—c+02—1—c)§a§1—6+2\/1—c.

Recall that (6.2) is equivalent to F» > 0 and (6.4) is equivalent to F; > 0. Hence we
have Fi, Fo < 0. Since F} + F» < 0, at least one of them is strictly negative in this
case. We first notice that F3 > A2 > 0. It follows that A and B are non-increasing,
and C is non-decreasing. So we have

Co<C<B<B
and B, C have finite positive limits when ¢ tends to T'.
LEMMA 6.9. Assume B > C.
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(] If apg = Ao/Bo, Co = Oo/BO satisfy
(6.13) a>1-c

then this inequality is satisfied for all t € [0,T) and there exists a time t; €
[0,T) such that (6.2) holds for all t € (t1,T).
e If(6.12) holds then, for allt €[0,T), A+ C < B, that is, a < 1 —ec.

Proof. Observe that for any ¢ € [0, 1],

N2
(1-¢ :%( l—c+c2—-1-0).

L-e= 2Vl —c+cZ+1+c
By Lemma 6.3, this shows that a > 1 — ¢ implies F; < 0. Assume that A+ C > B
at some time ¢. Then, at that time, (6.5) and (6.6) show that % In(A/B) > 0 and
4 1n(C/B) > 0. This proves that the inequality @ > 1 — c is preserved by the flow.
Assume now that (6.12) holds. Then both B and C' are monotone and have
positive finite limits as t tends to T'. If there exists a time ty such that a > 1 — ¢ at
time tp, then a = A/B is non-decreasing for ¢ > ¢y. This means that the solution
must exist for all time, i.e., T'= co. However,

|Fi| =3A4% — (B —C)* +2AC 4+ 2AB > 2A(A+ B + C),

S0 %B < —n with n a positive constant. This contradicts T' = oo and thus shows

that A+ C < B, for all t € [0,T).

Finally, since a > 1 — ¢ is preserved, implies F; > 0, and is incompatible with
(6.13), it follows that if ag > 1 — ¢o then there exists ¢1 such that F» > 0, that is (6.2)
holds (it then holds for all ¢ > ¢; by Lemma 6.2). O

LEMMA 6.10. Assume B > C and (6.12). Then we have

lim A(t) =0 and lim B(t) = lim C(t) =k € (0, 00).

t—T t—T t—T

Proof. Observe that Fy + F5 = 2(A+ B — C)(A — B+ C) < 0. It follows that
|Fo| > F3 > A2 If limp A = A(T) > 0 then we must have T = oo. However,
%A < —n with 7 a positive constant so the solution can only exist up to some finite
time, a contradiction. This shows that lim7 A = 0. Since 0 < B — C < A, we also
have limr(B — C) =0. O

LEMMA 6.11. Assume B > C and (6.12). Then T < oo, and

. 2kA
lim

M Bocp "

Proof. First we observe that the inequality 4AB > (B — C)? follows easily from
the fact that
(1-0¢?
2WlI—c+2+1+4c¢

a =

2vV1l—c+c—-1-¢)=

Wl

For any positive number a, we have

d 2 d 2
alnA = mFgFg and EIH(B - O) = mFlY
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It follows that

d A 2
(6.14) i B OF - ABCE

F2F3 - O[F1Y),
where Y = A% + B2 4+ C? + 6BC + 2AB + 2AC. Since B — C > A and limy A = 0,
as t tends to T', we have

Fy=—(2A+C+3B)(B—C)+ A*>= —4k(B - C) + O((B - C)?),
F3=(B—C)(B+3C+2A)+ A?=4k(B—-C)+0((B - C)?),

—Fy =2AB +2AC — (B — 0)* 4+ 3A% = 4kA — (B — O)* + O(A(B - 0)),
and
Y =8k*+O((B - (C)).
In this estimates, we have used the fact that 0 < k — C, B— k < B — C. This yields
(6.15) FoF3 —aFRY = 8ak?[4kA— (1+ (2/a))(B—C)?|+O[A(B—C)+(B—-C)3.
We first show that for any e > 0 there exists ¢y such that

4kA
Vt e [tO,T), m Z 2 —e.

Otherwise, there exists € > 0 such that for any ¢y there exists t1 € (t9,T") such that
4kA/(B — 0)2‘1::151 < 2 —e. Taking to large enough, @ = 2 in (6.14) and using (6.15),
it follows that we must have 4kA/(B — C)? < 2 — ¢ for all t € [t;,T). Now, taking
o = 2+6(¢) in (6.14), we obtain that A/(B—C)?+%(¢) is decreasing if 2—e < 1—|—%;(6).
This contradicts the fact that A/(B — C)? > 1/4B.

Now, as t tends to T,

|Fy| = 2AC + 2AB — (B — 0)* + 3A% > kA.

Hence, there exists n € (0, 00) such that

d 2 ||| |F2|

—C = — X .

a” "oz a A

As C is bounded from above by By, this implies T < co.
Next we show that there exists to € ([0,7) such that

kA
Vit e [to,T), BEoop <1

Otherwise, for any to there exists 1 € (to,T') such that kA/(B — C’)Q‘t:t1 > 1. Using
(6.14)-(6.15), it is easy to see the kA/(B —C)? > 1 for allt € [t;,T). Now take o = 1
in (6.14)-(6.15) to see that A/(B — C') is increasing on (t2,T") for some to € (t1,T).
It follows that there exists n € (0, 00) such that

d (B-C)?

——InA~n

dt A? <
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As T' < oo, this contradicts limp A = 0.
We now show that for any e > 0 there exists ¢y such that

4kA

Vit e [to,T), m

<2+4e.

Otherwise, there exists € > 0 such that for any to there exists ¢1 € (t9,T") such that
4kA/(B — C’)Q‘t:t1 > 2 4+ €. Taking tg large enough, o = 2 in (6.14) and using
(6.15), it follows that we must have 4kA/(B — C)? > 2+ ¢ for all t € [t1,T). Now
using o = 2 — §(¢) in (6.14)-(6.15), we find that A/(B — C)?>~%() is non-decreasing if
24+e>1+ 2%5(5)' This contradicts A/(B — C)? < 3/4k.0

Using 2kA ~ (B — C)? in the original ODEs (6.1), we easily find the asymptotic
behaviors of A, B and C. Namely, as t — T, we have

AN%(T—t), Brk+4V2VT —tand C ~ k — 42T — ¢.

Putting together the different cases yields the following statement.

THEOREM 6.12. Let g(t) be the solution of (+XCF) on SL(2,R) with given initial
data Ag, By, Co > 0, By > Cy, in a Milnor frame f1, fo, f3. Then there exists a finite
positive time Ty such that g(t) exists for all t € [0,Tp). Moreover, we have:

1. If there is a time t such that A > B — C' then there are constant n; € (0,00)
such that, as t — Ty,

A~ (Ty —t)_ﬁ, B ~ na(Ty —t)%, and C ~ n3(Ty —t)%.

2. If there is a time t such that A < $(2v/B> — BC' + C? — B — C) then there
are constant n; € (0,00) such that, as t — Ty,

»t:-““’

Awnl(Tb—t)%, Bwng(Tb—t)_ﬁ, and C ~ n3(T, — t)71.

3. If for all t, %(2\/32—30—1—02—3—0)§A<B—C, then as t — T,

A~ 5 (Ty—t), B ~ C(Ty)+4v/2(T}, — t), and C ~ C(Tp) —4/2(T, — )
with C(Ty) € (0, 00).
REMARK 6.3. A priori, the statement above does not imply that the case when
LOVB —BO+CP-B-C)<A<B-C

holds for all ¢ € [0,T) really occurs since it is possible that no solutions satisfy
3(2VB?=BC+(C?-B—-C)<A<B-Cforalltel0,T). In [CGSC09], we will
show by different techniques that this case really occurs but only for initial condition
on an hypersurface. See the discussion below.

REMARK 6.4. In case (3), we have

tlimeK(ﬁ A f3) = o)
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and the two other sectional curvatures vanish. If M is compact, then there is collapse
in the f; direction.

It is quite clear that Theorem 6.12 implies Theorem 6.1 and give a more precise
and technical description of the asymptotic behavior of (+XCF) on SL(2,R). More
precisely, the initial condition space

Q= {(a,b,c) eR®*:a>0,b>c> 0}
can be partitioned into Q = Q1 U Q2 U Sy with

{(a,b,c) €EQ:a>b—c} CQ1,

{(a,b,c) € Q:3a <2b?> —bc+c?— (b+¢)} CQq,
and
So C {(a,b,c) € Q: (2Vb2 —bc+c?2—(b+¢)) <3a<3(b—c)}.

By Theorem 6.12(1)-(2), for initial condition in @; (resp. @2) the distance function
associated to the metric g = (Co/C(t))g(t) clearly converges uniformly on compact
sets to the distance function associated with a sub-Riemannian structure of the form
"nyQ [ fQ —+ "ygfg [ fg (resp. '-Ylfl [ f1 —+ "ygfg [ fg) In fact, as stated iIl Theorem
6.12, it suffices that g(¢) enters the region @1 or Q2 at some time ¢ > 0. Hence, we
can define @)1 (resp. Q2) to be the set of initial conditions in @ such that g(t) enters
{a >b—c} (resp. {3a < 2vb2—bc+c?—(b+¢)}) and Sp = Q\ (@1 UQ2). From
this discussion it seems very plausible that Sy is simply a hypersurface separating 1
and Q2. However, we have not been able to prove this by arguments similar to those
used above. In [CGSC09], we prove that Sy is indeed a surface separating the open
sets Q1,2 by reducing the ODEs to a two dimensional one and using the fact that
the orbit structure of 2-dimensional ODEs can be understood much better than in
higher dimension.
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