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GOOD KAHLER METRICS WITH PRESCRIBED SINGULARITIES*

DAMIN WUT

Abstract. In this paper, we study the singular Monge-Ampere equations on a quasi—projective
manifold with a Poincaré metric. As a consequence, we construct Poincaré Kdhler—Einstein metrics
which degenerate or grow upward at most like a pole along a given effective divisor.
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1. Introduction. Let M be a compact Kihler manifold of complex dimension
n, and D = ¥ | D, be a normal crossing divisor, which means that locally D is
given by the equation

2t Z2F =0, 1<k<n,

where (2%,...,2") is a local coordinate system on M. Note that here the irreducible
components D; need not be smooth. Locally the complement of D is then given by
the polydisks

(A x A"F o<k <n,
where A is the unit disk in C and A* = A\ {0}. From now on we denote by
M =171\ D.

Let s; be the defining section of D;, and |-| be a Hermitian metric on the associated
line bundle [D;] such that

|Si|2 <1
on M, for each i = 1,...,p. Let @ be a Kihler metric on M, and let
P
w=Cw—2) ddlog(—log|si|?),
i=1

where C' is a large constant so that w is positive definite on M. Here the operator d°
is given by

d° = —_1(3 - 8)7
47
and hence,
dae = Y195,

2
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132 D. WU

It is easy to check that w defines a complete Kahler metric on M of bounded sectional
curvature and finite volume. Note that the second term in w is dominant near D in
the normal direction. Therefore, w has Poincaré growth in the normal direction near
D, and hence, w is asymptotic to the product of the classic Poincaré metric and the
Euclidean metric

VoI de A dE Ve
5 ;|zl| + 5 Z dz’ N dZ’

(log [212)? R

on the polydisk (A*)* x A"~F, In particular, w induces a good metric, in the sense of
Mumford [8], on the logarithmic tangent bundle of M along D. Similar to [7], we call
a metric on M the Poincaré metric associated with D, or simply the Poincaré metric,
if the metric is uniformly equivalent to w and has bounded sectional curvature.

Let E be a closed subset of M defined by

E={x € M;7(x) =0},

which is disjoint from the boundary divisor D. Here 7 is a smooth nonnegative
function on M satisfying that

dd®log(t +€) > —Cw foralll>e>0, (1.1)

where C' is a positive constant independent of ¢, and that log T € L'(M), i.e.,
/ [log 7| " < +00. (1.2)
M

We remark that the L'-space on a compact manifold is independent of the metric.
Let us fix a Poincaré metric w on M. Let R(M) be the Cheng—Yau’s Holder ring (see
Section 2 for a definition). Here is our first theorem:

THEOREM 1. Let E and 7 be given as above. For any F € R(M) and any positive
real number a, there exists a solution u € C*(M \ E) of the equations

(w+ dd°u)" = e"TE o™, (1.3)
w—+ddu>0, on M\E.

Furthermore, u is a bounded C'—function on M and satisfies that
C 1% <w+dd°u < Cw on M, (1.4)

where C is a positive constant. In addition, any bounded solution of (1.3) and (1.4),
which is smooth outside E, must be equal to u plus a constant.

Rather than (1.1), the proof of Theorem 1 need only the weaker inequality
Aylog(t4+¢) > —-C on M,

where A, denotes the negative Laplacian associated with w. In practice, however, it
is sometimes convenient to use following assumption stronger than (1.1):

dd“logT > —Cw on M\ E, (1.5)
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and
dd°t >0, anddr=0, onFE. (1.6)

In particular, this setting works for an analytic subvariety which is the intersection of
finitely many (possibly singular) hypersurfaces in M and which is disjoint from D. In
fact, let Eq,..., Ey be the analytic hypersurfaces and sg,,...,sg, be their defining
sections (of the induced line bundles), respectively. Then the intersection is given by
the zero set of

k
T= Z |3E1'|27
=1

where | - | are the metrics on the induced line bundles. It is easy to check that this 7
satisfies (1.5), (1.6), and (1.2).

Next, let us consider the equation with poles on E. In this case, E could intersect
with D, and 7 need not be integrable. But we need to impose certain restriction on
the order of the poles. By (1.1) there always exists a positive number b, say 1/2C,
such that

w + bdd®log(T +€) > Aw, (1.7

where A is a positive constant independent of €. Let by be the supremum of all
such positive numbers b. In particular, by = +o0o0 when log7 is plurisubharmonic.
In the following theorem we require the order b < b4, and b < 1. We remark that,
the second assumption b < 1 can be dropped, in the case that E is an analytic
hypersurface contained in the support of D.

THEOREM 2. Let T be a nonnegative smooth function on M and satisfy (1.1),
and E is the zero set of T in M. For any F € R(M) and any positive real number
b < by and b <1, there exists a function u € C°(M \ E) satisfying

(w 4+ dd°u)"™ = e"TF7r70yn (1.8)
and
C ' < w+ddu < Cr 2w

on M\ E, where C and A are positive constants. In addition, the solution u has the
properties that

sup u < +oo, and inf (u—blogT) > —o0.
M\E M\E

We should point out that in the case of compact Kéhler manifold, i.e., M =
M, the singular Monge-Ampere equations have been studied comprehensively in the
literature, especially in the second part of Yau’s celebrated paper [17, p.364—411].
After solving the Calabi’s conjecture in the first part of [17], Yau extended his powerful
machinery to settle down a very general case of complex Monge—Ampere equation.
For instance, the following equation was treated in that paper:

p q
(@ + ddu)™ = (3 [siP) (3 1524 L ln (1.9)
i=1 j=1
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where the s; and t; are, respectively, sections of the holomorphic line bundles L; and

Lo which satisfy certain mild integrability assumption, and F' is a smooth function
on M x R such that 0F/0u > 0.

On a complete noncompact manifold, the study of Monge—Ampere equation was
initiated by Yau in [18] to understand the Kahler—Einstein metrics, right after his
work on the compact case. Following [18], Cheng—Yau [3] solved a large class of
nondegerate Monge—-Ampere equation on a general complete manifold with positive
injectivity radius. They also settle the nondegenerate equation in the case of quasi-
projective manifold (see [4] and the references therein). When the right hand side
of the equation contains degenerate terms vanishing at D only, the equation was
treated by [11] and [19], and by [15] very recently. Note that both [4] and [11] also
addressed the orbifold singularities. When the background metric is not Poincaré,
certain nondegenerate Monge-Ampere equations were solved by [12] and [13], and
also by [1] which assumed the Sobolev inequality.

In contrast to (1.9), at this moment we can only address the simplest singular case
on a quasi-projective manifold. Namely, F'(z,u) in (1.9) specializes to u+ F'(z). Also,
the zeros and poles have to be treated separately. The major difficulty lies in the fact
that most known global or integration methods do not work for the Poincaré metric.
In the case of u+ F'(x), the analysis are local in nature, and cetain maximum principle,
such as Yau’s upper bound lemma, enables us to obtained the desired estimates.

As for Theorem 1, the point is to refine the upper bound obtained by Yau’s upper
bound lemma. To derive a uniform upper bound on a compact manifold, one can either
use the Moser—Yau's iteration (see, for example, [17]), which depends heavily on the
Sobolev inequality, or employ a global positive Green’s function (see, for example,
[17, p.351]). Yet they all break down for the Poincaré metric, due to its finiteness
of volume. (See, for example, [6, p.19] and [9, p.378] for the reasons). Motivated by
[12] and [9], we overcome this difficulty by using a local positive Dirichlet Green’s
function. Such an argument need the integrability of log 7. The uniqueness is proved
by using the upper bound, together with Lemma 2, a singular version of the classic
Gaffney’s theorem.

Under (1.7), the analysis of Theorem 2 is completely local. The equation has
meromorphic right hand side. To handle the second order estimate we also need
to assume b < 1, unless £ C D is a analytic hypersurface. In addition, similar to
Theorem 1, we could furthermore derive a uniform lower bound for the solution, by
assuming certain integrability of 7. We omit it here, however, since the integrability
condition also depends on the bounds of the bisectional curvature of w. It is unclear
whether such a result is useful at this point.

Finally, we consider the Poincaré metric on M which is also Kahler-Einstein.
Combining our previous results in [15], we apply Theorem 1 and Theorem 2 to con-
struct certain Kahler—Einstein metrics with singularities. Note that here each irre-
ducible component D; of the normal crossing divisor D is assumed to be nonsingular.

THEOREM 3. Let D = >0 | D; be a simple normal crossing divisor in M.
Suppose that there exist real numbers o; < 1 such that

p
K+ Y oi[D;]>0  on . (1.10)
=1
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Assume in addition that

K+ [Dl|, >0, i=1,...,p. (1.11)

D;
Then, for each effective divisor Ez C M, Ez N D =0, there exists a smooth Kdhler—
FEinstein metric whp on M\ E satisfying that

Csz|*w < whp < Cw,

C7lsz|*w" < (Wikp)" < Clsz*w™,

on M, where w is a Poincaré metric on M, sz is the defining section of Ez, and C
and p are positive constants. Here one may take w to be the unique smooth Poincaré
Kaihler—Einstein metric on M, if one so desires.

We remark that a special useful case of (1.10) and (1.11) is
Kz +[D]>0 onM.

In some applications, Ez can be viewed as the exceptional divisor obtained from
resolving the singularities outside D. The singular Poincaré Kahler-Einsein metric
whe g obtained in Theorem 3 is said to be degenerate at E. Similarly, we can construct
a singular Poincaré Kahler—Einstein metrics which may possess a pole.

THEOREM 4. With the same assumption (1.10) and (1.11) as in Theorem 3. Then
for any effective divisor Ep in M, there exists a smooth Kdihler—Einstein metric wh
on M\ Ep satisfying that

C Y spPw < Wiy < Clsp| v,

Clw™ < (Whp)™ < Clsp| ™2 w™,

where w is a Poincaré metric on M, sp is the defining section of Ep, and C, u, A are
positive constants. If necessary, one may take w to be unique nonsingular Poincaré
Kahler—Einstein metric on M.

In Section 2 we recall the notions of Cheng—Yau’s Holder spaces, and the bounded
geometry associated with a Poincaré metric. In Section 3 we collect some tools in-
cluding their proofs adapted to the geometry. In Section 4 we derive the a priori C°—
estimates of the perturbed Monge—-Ampere equation in Theorem 1. The C%—estimates
and uniqueness are obtained in Section 5. In Section 6 we prove Theorem 2. In Sec-
tion 7 we show Theorem 3 and Theorem 4 by constructing the singular Poincaré
Kahler—Einstein metrics.

2. Bounded geometry of quasi—coordinate systems. Let M be a compact
Kihler manifold, and D = Y% | a normal crossing divisor in M. We denote by M
the complement of D in M. A Poincaré metric w associated with D is given by

p
w=C0w— 22 dd¢ log(— 10g |Si|2)7
i=1

where C' > 0 is sufficiently large so that w > 0 on M. Here each s; is the defining
section of D; and | - | is a metric on [D;]. Tt is clearly that all the Poincaré metrics
associated with D are equivalent on M. Let us fix a Poincaré metric w.
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A local coordinate system in M is given by a ploydisk of the form
(A")F x A"F o<k <,

where A and A* are, respectively, the unit disk and the punctured unit disk in the
complex plane. The classic Poincaré metric

V=1 dzNdz

2 |z[*(log |2[*)?

WA* =

has injectivity radius zero on the punctured disk, so does the Poincaré metric w on
M. Thus when solving some differential equations involving w, it is more convenient
to use the local quasi—coordinate system introduced by Cheng—Yau (see, for exam-
ple, [14, 800-802] or Section 2 in [15]). The idea is to construct certain nice local
holomorphic maps, called quasi—coordinate systems, so that the pullback metric has
bounded geometry in the usual sense, i.e., all the derivatives of the pullback metric
are bounded.

In the case of (A* wa~), one can construct the quasi—coordinate systems as fol-
lows. Let As/4 be the disk centered at the origin with radius 3/4. For each 0 <n <1,
we define

1+n)(v+1)
1

A+n+1)
- —1)

¢n(v) = exp <(

) , forallve As)y. (2.1)

It is easy to check that ¢,(Asz/4) covers A* when 7 runs through (0, 1). More impor-
tantly, the pullback of the classic Poincaré metric

. ~ V/—1dvAdo
A e B e
is independent of 7, and has bounded geometry on As /4 in the usual sense. Hence,
{(As/4,0n)}, 0 <n <1, are the desired quasi-coordinate systems for A*.

For a general quasi—projective manifold M, we can similarly construct the quasi-
coordinate systems. Specifically, for a polydisk with k& copies of A*| let

Vi, = (Ag/0)F x A"7F for alln = (n*,...,n") € (0,1)".
We define, for each 7 € (0,1)*,
Q) (v) = (¢ ("), ..., Py (0F),vF L o), forallw € | %

where each ¢,i, 1 < i <k, is given by (2.1). Then ®,(V;) covers the polydisk as
n runs through (0,1)*. The pullback metric ®;(w) has usual bounded geometry on
each V;,. Since M is covered by all the polydisks, we obtain quasi-coordinate systems
for M by collecting all the systems {(V;,, ®,)} constructed for the polydisks. We say
(M, w) has bounded geometry in the sense of quasi—coordinate systems.

For the local analysis on M, let us introduce the Cheng—Yau’s Holder spaces
which are well adapted to the quasi—coordinate systems on M. For a nonnegative
integer k, and 0 < a < 1, one can define the norm || - ||x,o on C°(M) by

[f1lk.0 = S‘l/lp{ll@fy(f)llcmm,)}-



GOOD KAHLER METRICS WITH PRESCRIBED SINGULARITIES 137

Then we define the Cheng—Yau’s Holder space C*(M) to be the completion of
{f e C(M); [ fllk,0 < +00}

with respect to ||« ||k It is easy to check that C*%(M) is a Banach space. In a sense,
Cheng—Yau’s spaces with respect to a Poincaré metric is similar to the usual Holder
spaces with respect to the standard Euclidean metric. The Cheng—Yau’s Holder ring
is defined to be

R(M)= () C(M).

k>0,0<a<1

It follows that all the smooth function on M belong to R(M). Besides,

1

“Toglsi? < F)

for each 7 = 1,...,p. These functions play an important role in the analysis on M
(see [14] and [15]). In this note, however, one only need to bear in mind that R(M)
consists of all the smooth function whose all derivatives are bounded with respect to
w.

For the global analysis on M, we define LI(M,w) and W4(M, w), for 1 < q¢ < 400
and an integer [ > 0, in the usual sense. Namely, L?(M,w) consists of all L%—integrable
functions on M with respect to w. WH4(M,w) is the usual Sobolev space with respect
to w: For each f € C°°(M), we define

l
1fllwea =D IV fll o)

§=0
then Wh4(M,w) is the completion of
{f € % (M); || fllwta < +o0}

with respect to || - ||yyi.a-

In this note, we use C*(M), k > 0, to denote the usual C*—function on M, while
Ck2(M), k> 0and 0 < a < 1, always denotes the Cheng-Yau’s Holder spaces. By
definitions we have, for each k& > 0,

Ch(M) c Whi(M,w), forall0<a <landalll<g< +oo.

And it follows from the usual local Sobolev embedding theorem that

2
Wh(M,w) C C™(M),  forall 0 <m <1— —.
q

In particular, we will use that a function in W%°°(M,w) belongs to C*(M).

3. Some useful tools. Maximum principles play an very important role in
analysis and geometry. For a complete manifold, we have Yau’s generalized maximum
principle, and Yau’s upper bound lemma. The latter does not even assume the a priori
boundedness of the function under consideration. This makes it extremely useful for
deriving estimates on complete noncompact manifolds. The following lemma is a
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special case of Yau's upper bound lemma (See, for example, Theorem 8 in [2, p. 353]
for a general case).

LEMMA 1. Suppose that a function u € C?(M) satisfies
Ayu > f(u),

where f is a continuous function on R such that

t
lim inf —f( ) >0, for some constant p > 1.
t—+oo tH

Then we have

supu < 400, and f (supu) <0.
M M

0

Let us remark that this lemma still holds when w is replaced by any Hermitian
metric equivalent to w. We refer to the Section 3 in [15] for a self-contained short
proof. For some applications in this paper, the function f(¢) would be the usual
exponential function.

The integration method will be used to show the uniqueness of the degenerate
equation. The following lemma enables us to integrate by parts. It can essentially
be viewed as a special case of Gaffney’s theorem ([5, p.141]), which works for an
orientable complete Riemannian manifold. The difference here is that the differential
forms are allowed to have certain mild singularities. In addition, the proof uses a
global distance function associated with D. This is similar to the proof of Yau’s
upper bound lemma in [15]. The global distance function is smooth everywhere, and
independent of the Levi-Civita connection. Hence, the proof is simpler and works
also for the Hermitian metrics equivalent to w.

LEMMA 2. Let h € W*?(M,w), and let ® be a d—closed real (n —1,n —1)-form
on M, which is smooth outside the zero set of a smooth function on M, and satisfies
that

0<®<Cw" ! onM,

for some constant C > 0. Then we have
/ d (hd°h A ®) = 0.
M

As a very special case, let ® = w™ ™!, and notice that any function in Cheng—Yau’s
Hélder spaces with k > 2 belongs to W22(M,w). Then this lemma implies that

—/ vddcv/\wn_lz/ dv/\dcv/\wn_l,
M M
for all v € C**(M), 0 < a < 1.

Proof of Lemma 2. let x(t) be a smooth function which is 0 for ¢ < 0, between 0
and 1 for 0 <t < 1, and 1 for ¢ > 1. For each m > 1, we define

Xm(t) = x(t —m).
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Let us denote by

p p
p= Zlog(—log |sil*) = ZlOgUzw
=1 i=1

where 0; = —log|s;|?. This is the distance function associated with the boundary
divisor D, and

p(x) — +oo,
as x approaches D. Then
d(hd°h A ®) = d[xm(p)hdch A <I)] + d{[l — Xm/(p)]hdh A <I>}.

Notice that 1 — x,,(p) has compact support in M, and hence the integration of the
second term on the right is zero, by the usual Stokes’ theorem (together with approx-
imation of smooth forms, if necessary). Therefore,

/ d(hdh A ®) = / X (p)hdp A d°h A ® + / Xom (p)d(hd°h A ®).
M M M

Note that

P
hdp Ad°h =Yo7 'doi A hd®h,
i=1
and by the Cauchy—Schwarz inequality,
do; Nd°o; do;
QNI ghpdoh < 25 A hdh+ hdh

o; o ;

doi _ h?

—h? + dh A d°h.

dO’i A dCO'i
o}

Hence,

" (pYhdp Ad°h A D] K b
Xm(p) P ’ < 3 <h2Z|0,i—lvai|2 +C|th|2> ,

wt i=1
where K is the upper bound of x/(¢). Then it follows from Lebesgue dominated

convergence theorem that

lim Xom (P)Rdp A d°h A ® = 0.
M

m—00

Similarly, we also have

lim Xm (p)d(hd°h A @) = 0,

m—00 M

because of

‘ Xon(p)d(hd®h A D)

wn

‘ < |hALR| + C|V AP,
and by Hélder’s inequality hA,h € L'(M,w). Thus, we conclude that

/ d(hd®h A ®) = 0.
M
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4. Degenerate Monge—Ampeére equation and zero order estimates. We
will use the approximation method to solve the degenerate equation. Let us consider,
for e > 0,

(w + dd°u)™ = =T (1 4 £)2w™. (4.1)
Observe that for each ¢ > 0,
log(t +¢) € C®°(M) C R(M).

Therefore, by a well-known result of Cheng—Yau (this can also be viewed as a special
case of Lemma 8 in [15] where all a; = 0.) that there exists a solution u. € R(M) for
(4.1) and the metric defined by

we = w + ddu,

is equivalent to w, for each € > 0.

We want to show that there exists a subsequence of {u.} which converges to a
solution u € R(M) of the original degenerate equation. For this purpose, one need
to derive a priori uniform Holder estimates for second order derivatives of u., or
uniform C3-estimates for u.. For a Monge-Ampere equation like (4.1), the third and
higher order estimates can always be localized, as long as one have a priori uniform
C?—estimates for u.. The latter depends on the uniform C%—estimates of u..

In the following, we will always use C' to denote a positive constant independent
of e, although it may mean different constants in different inequalities. Notice that
for an equation like (4.1), one can always derive a uniform lower bound for u. and a
uniform upper bound for u. + alog(r + €). In fact, we have by (4.1)

(we — ddCu.)™ oF
we'
(we — ddCug)™

n
wE

—Us

(r+e)"

<C
1., "

<C 1+ -A'(—ue)| ,
n

where A’ stands for the negative Laplacian associated with w.. It then follows from
Yau’s upper bound lemma that

sup(—ue) < C. (4.2)
M

On the other hand, let
ve = ue + alog(t +¢).
Then by (4.1) we have

_p |w— add®log(t +¢) + dd°v.]"

wn

e" =e€

n

1
<C|1- %Alog(T +e)+ EAUE . (4.3)
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Here and from now on, we denote by A the negative Laplacian associated with w,
unless otherwise indicated. By the assumption (1.1),

Alog(t+¢) > —-C on M. (4.4)
Substituting this into (4.3) and applying Yau’s upper bound lemma to v. yield that

sup [uc + alog(r +¢)] = supv. < C. (4.5)
M M

Next, we will improve (4.5) to get a uniform upper bound for w,., for which we
need the integrability of —log T with respect to w. By the assumption D N E = §),
there exists a sufficiently small constant » > 0 such that for each point p € F, the
closure of the geodesic ball centered at p with radius r, denoted by B,.(p), is contained
in M. Clearly E is compact since it is closed in M. Then there exist finitely many
points in F, say p1,...,p;, such that

l

E c |JB.(pi) = E..
i=1

If u. achieves or tends to its supremum outside E,., then in view of (4.5) we have

supus < C +a sup (—logT),
M M\E,

where the right hand side is independent of €. Thus we only need to consider u. inside
E,. Without loss of generality, let us assume that

Ue(p1) = Sup ue.
M

Let G(p,q) be the positive Dirichlet Green’s function on B,(p1) (see, for example,
[10, p.81]). Namely, G is a nonnegative smooth function defined on the complement
of the diagonal in B, (p1) X By(p1), and satisfies that

G(p,q) = G(q,p),
AqG(pv q) = _517((])7 (46)
G(p,q) =0, forall ¢ € dB,(p1) and p # g,

where d,, is the Dirac é—function. Furthermore, for small r, we have

|G(p,q)| < C(2)|logd(p,q)|, ifn=1, (4.7)
IG(p,q)| < C(n)d(p,q)* 2", ifn>2,

and
IVoG(p,q)| < C(n)d(p,q)" " (4.9)

Here d(p,q) denotes the geodesic distance between p and ¢, and C(n) are positive
constants depending only on n. For simplicity, we denote d(q) = d(p1,q)-

Let x(t) be a smooth function which is 1 for ¢ < 1/2, between 0 and 1 for
1/2 <t < 3/4, and 0 for t > 3/4. We denote by

xr(¢) = x(d(q)/r),  forall g € B,(p1),
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where d(q) stands for d(p1,q). Then yx, is a cut—off function on B,(p;) such that
Xr = 1 on B, /3(p1) and x, = 0 outside Bs, 4(p1). We claim that both |Vy,| and
Ax, are bounded independent of ¢. Indeed, we have by the construction

Voxe? = X'V /r? = [P/,
AXT — X//|Vd|2/7"2 + X/Ad/’l’ — X///TQ + X/Ad/’l’

It follows immediately that |V, | is uniformly bounded with respect to €. Since the
Poincaré metric w has bounded curvature, by the well-known Hessian comparison
theorem (see, for example, [10, p.5]), we have

2n—1

Ad —
| d

< C.. (4.10)

Here the constant C,, depends only on n and the sectional curvature bounds. On the
other hand, x’(d(-)/r) has compact support in Bs,./4(p1) \ By/2(p1). Therefore, x'Ad
is bounded independently of e. Hence, Ay, is also uniformly bounded with respect
to €.

Now we are ready to derive the uniform upper bound for u.. Since w, is equivalent
to w, in particular we have

n+ Au. >0

on M. Multiplying both sides by x,G(p1,-) and integrating over B, (p1) yield that

- / 3o (@G (1, @) e ()" (q) < / o (@) G (o1, ) (9).
B, (p1)

BT(PI)

Integrating by parts, it then follows from (4.6) that

ue(p1) <n /B T(m)xr(q)G(pl,q)w" + /B G(p1, Q) Axr(q)uc(q)w”

r(p1)

n / V@)V G, 0) e (@)™ (q).
BT(PI)

The key observation is that both |[Vx,.| and Ax, have compact support in Bs, /4(p1) \
B, 2(p1), on which G(p1,¢) and [V,G(p1,q)| are both bounded independent of ¢, in
view of (4.7), (4.8), and (4.9). We have already shown that |Vy,| and Ay, are both
uniformly bounded with respect to €. Hence, we obtain that

Ue < C+C/ |ue|w™.
M
Now it follows from (4.3) and our assumption (1.2) that
u€<C+aC/ |log T|w™ < C1, (4.11)
M

where C; is positive constant independent of €. This completes the uniform C°-
estimates of wu,.
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5. Second order estimates and uniqueness. The uniform C?-estimate of v,
will follows from the standard process, as long as we have the C%—estimates, the lower
bound of the bisectional curvatures of w, and (4.4), i.e

Alog(t+¢) > —-C on M.
In fact, for any constant A > 0, we always have

A’ (efA“E (n+ Auc)) > e~ AU (n 4 Au)(— AA'u.)
V' (Aue) ] (5.1)

—Au, l _
+e A'(Auy) o

By (4.1), we can estimate as follows the second term on the right of (5.1) using a
normal coordinate chart at a point in M.

V' (Aue)?
n+ Au,
>AF —n 1nfRzm + Alog(t+¢)—n

A'(Aug) —

(14 Due) + (inf Rigy)(n + Aue) 37

j=1

_
L+ (ue) 3

> C—i—(n—i—Aug)—i—lnfR”” (n 4+ Aug) 214— (5.2)

j=1 )JJ

Here (4.4) is used in the last inequality. Observe that the first term on the right of
(5.1) can be written as

" 1
—AAN'u. = —nA+ A _.

Plugging this and (5) into (5.1) yields that

A’ (efA“E (n+ Au.)) > —C — (nA —1)e s (n 4 Au,)

(A—I—lnfR**) Auaz n—|—Au5J

1177

where we use the uniform lower bound of v.. Notice that

- F 1
E >exp( tue ¥ og(7—|—a)> .(n+Au8)n£1
1+ )53

n—1

Jj=1

>C(n+ Aus)ﬁ,
in view of (4.5). Now let A be sufficiently large so that
A+ 1nf R

iij]
Then it follows that

A (e7(n + Au.)) > —C — nAe™ = (n + Au.)

+ Oy (e (n + Au.)) T ,
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where Cs is a constant independent of €. Applying Yau’s upper bound lemma yields
that

e AU (n 4 Au,) < C.
By C%—estimates of u. we obtain the desired estimate
n+ Au. < C.
Hence, we have the metric equivalence
C™H7+¢)"w < we < Cuw,

which holds uniformly for all € > 0. By this equivalence, one can localize the third
and higher order estimates on the relative compact subsets of M \ E. It then follows
from the Ascoli-Arzela theorem that there exists a subsequence of {u.} converging
to a solution u € C°°(M \ E) of (1.3) with

C™ 1% < w+dd°u < Cw on M,

as € — 0T. This also implies that u € W2°(M,w); in particular, u is a C'—function
over M. In addition, by (4.2) and (4.11) we have

sup |u| < 4o0.
M

Let us finish Theorem 1 by proving the uniqueness part.

LEMMA 3. The bounded solution of (1.3), which is smooth outside E and satisfies
(1.4), is unique up to a constant.

Proof. Let u; and ug be two such solutions, and denote by h = us — u;. Then
dd®h is bounded with respect to w, and hence, h € W2?2(M,w). By the local Sobolev
embedding we have that h € C1(M). We would like to show that

dh=0 on M. (5.3)
Let w; = w + dd®u;, i = 1,2. Then we have by (1.3)
(w1 +dd°h)" = e
Subtracting wi" from both sides and multiplying by h yield that
hdd°h A (Wi ™' + w2 Aws + -+ wh ™) = he" — Dw?.
It follows from Lemma 2 that
/M d[hdh A (WP~ 4+ wi ] =0.

Therefore, integrating by parts yields

—/ h(eh—l)w{‘:/ dh Nd°h A (WP 4wl h
M M

> / dh A d°h AW}t
M
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Here the term on the left hand side is nonpositive, in view of the fact that
xz(e® —1) >0, forallxzeR.
Then we have
dh=0 on M\E,

since wy > 0 on M \ E. Furthermore, F has measure zero since log 7 is integrable on
M. This together with h € C*(M) imply (5.3). Hence, we prove that h is a constant
on M. O

6. Singular Monge—Ampeére equation. In this section we consider the
Monge-Ampere equation with meromorphic right hand side, (1.8). Let us consider
its nonsingular perturbation:

(w + ddu.)" = "= (7 4+ &) bwm. (6.1)
For each € > 0, there exists a u. € R(M) such that
we = w + ddu,

is equivalent to w.

In the following, we use the generic C' to denote a positive constant independent
of e. We denote by A and A’, respectively, the negative Laplacians associated with
w and we.

Similar to the degenerate equation, we have

n

ets = e F(r + E)bw—E <C(1+ lAus)n.
wn n
Thus by Yau’s upper bound lemma
supu, < C. (6.2)
Let
ve = ue — blog(T + ¢).
By the assumption (1.7), i.e.,
w + bdd®log(T + €) > w, A >0,
we have
we = w + ddue > Iw + ddve.

Then by (6.1)

n C,y \M
_ w . (we — dd®v.
e 'UE:eF ngesupF)\ n( — )
We We

1 n
< S\ <1 — —A’vs) .
n
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It follows from Yau’s upper bound lemma that
infv, > —C. (6.3)

Let us now proceed to derive the second order estimate. For any A > 0, we have

N (r+ o) (n + Auc)] > e (7 +¢) <MAUE) - M)

+ e A% (1 4 &) (n + Aug) [-AA v, + A log(T + €)] .
By (6.1), we estimate in a normal coordinate system of a point:
V'(Aug)|? .
(t+¢) (A’(Aus) - %) > (1 +¢)(AF —n—n? 112’ Rip)
—b(r+¢e)Alog(t +¢€) + (7 + &) (n + Au,)
. 1
Observe that
vr?
Al =A1—-— < AT <C.
(T +e)Alog(t +¢) To o SATS
Thus, we have
(A 2
(1+¢) <A/(Au5) — M) > —C+(1+¢)(n+ Au.)
n + Au,
. 1 (6.5)
On the other hand, by the assumption (1.7) we have
—ddve = —w — dd°ue + [w + bdd® log(T + )]
> —we + Aw.
Thus,
—Alve >\ Z 1 n
© T f L+ (ue)i -
Similarly, by (1.7) or (1.1)
1
I
> -
A'log(t +¢) > czi: e
Hence,
(T+¢e)(n+ Au.) [—AA v, + A'log(T + €)] > —n(T +€)(n + Aue)
(6.6)

+ (T +e)(n+ Au)(AN = C) 3 T s

2
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Now let A be sufficiently large such that
AN-C+ ilyléfl'Rigl[ > 1.
Then plugging (6.5) and (6.6) into (6.4) yields that

Ale™ (1 + €)(n + Au.)] > —C — (An — 1)e Y (1 + &) (n + Au.)

1
—Av, E
+e (T+E)(n+AU5) i m

Notice that

1 ue + F — blog(T + ¢€) 1
- > _ Aug)™
Zlﬂua)ii_em( b (0 + Aug) 7T

%

> C(T—i—s)%(n—i—Aug)ﬁ.

Therefore, we obtain

Ale™ % (1 + €)(n 4 Aue)] > —C — (An — 1)e AV (1 + ¢)(n + Au.)
. [ (6.7)

+Cs(t+ 5)2% e~ Ave (t4+e)(n+ Aus)] weT ,

where Cj3 is a positive constant independent of . Because of the assumption b < 1,
the term (7 + £)?~! has uniform lower bound on M. Therefore, we can apply Yau's
upper bound lemma to get that

e A (r 4 ) (n+ Aug) < C.
Consequently,
(1 + )4 (n + Au.) < Cetvs < C.

This implies that n+Aw, is uniformly bounded over relative compact subsets in M\ E.
Then, one can get the uniform third order estimates on the subsets. Therefore, there
exists a subsequence of {u.} converging to a solution u € C*°(M \ E) of

(w4 dd°uw)"™ = et r=bym

Cl'rhw <w+ddu< Crtw, C>0,A>0,
on M\ E, as ¢ tends to zero. In addition, by (6.2) and (6.3), we obtain

sup 4 < +oo, and inf (v —blogT) > —00.
M\E M\E

Let us remark that, in the case that F is an analytic hypersurface contained in the
support of D, i.e., 7 = []\_, |s;|** for each a; > 0. Then we can drop the assumption
that b < 1 in Theorem 2. In fact, in this case one should replace the factor (7 + ¢)
by 7 in (6.4), and apply the usual maximum principle (see, for example, Section 4 in

[15]).
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7. Applications to Kihler—Einstein metrics. In this section, we consider
the Poincaré metric which is also Einstein. In this paper, we call such a metric
a Poincaré Kahler-Einstein metric. Notice that a Poincaré Kahler-Einstein metric
must be of negative scalar curvature, because of its finiteness of volume (by [16, p.667]
a complete noncompact Ricci—flat K&hler manifold always has infinite volume.).

Recently in [15], we have investigated certain necessary and sufficient conditions
for the existence of a Poincaré Kahler—Einstein metric on M. Specifically, we assume

that there exist real numbers o; < 1,7 =1,...,p, such that
p —_
KM—FZal[Dl] >0 on M. (71)
i=1

This assumption is conjectured to be the necessary condition for the existence of a
(possibly incomplete) Kéhler—Einstein metric on M with negative curvature. Let us
also assume that each irreducible component D; is smooth; i.e., D = >, D; is a simple
normal crossing divisor. Furthermore, if

for each D;, then M admits a unique Poincaré Kahler—Einstein metric.

Now suppose that M possesses a Poincaré Kahler—Einstein metric wixg. Let Ez
be an effective divisor in M. First, we would like to construct a Kahler-Einstein metric
whp on M\ Ez, which has Poincaré growth near D and degenerates at Ez in the
following sense. We call such a metric a Poincaré Kahler-Einstein metric degenerate
at Ez, or simply degenerate Poincaré Kahler—Einstein metric.

For this purpose, let us assume that Ez is disjoint from D. This is possible, even
for D to be a normal crossing divisor. For instance, let Ez be the exceptional divisor
obtained from blowing up a subvariety in the complement of D in M. For an example
which is not a blowing up, let M be an algebraic surface which has fibration over a
curve; then let D and Ez be different fibers, whose multiplicities could be greater
than one.

Let hz be a metric on [Ez] and sz be the defining section of Ez. Since wkp is
a Poincaré metric, we can choose a sufficiently small real number p > 0 so that

wrp + pddloghz >0 on M.
Let us fix such a pu. Then
wy =wiE + pdd®loghy

is a Poincaré metric on M.
Let

F =log <w¥> .
Y

Then F' € R(M). Thus, we arrive at the following Monge—-Ampeére equation
(wy + ddu)" = wZe“+F|sz|2“. (7.2)

Clearly, here 7 = |sz|? satisfies the conditions (1.5), (1.6), and (1.2). It then follows
from Theorem 1 that there exists a solution u of (7.2) so that

Wip = w, + ddu
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is the desired Poincaré metric which is Einstein on M \ E and degenerates exactly at
E:

C_1|Sz|2“wKE < u}IKE < Cwggp on M,
where C' > 0 is a constant. Furthermore, by (7.2) we obtained that
C7 sz (wip)" < (wkp)" < Clsz[*(wkp)" on M,

for some constant C' > 0. This proves Theorem 3.

Let us consider the case that D N E # (). It would be interesting to see whether
one can construct a Poincaré metric, which is Einstein and degenerates at F outside
a tubular neighborhood of D. One possible way is to apply the Theorem 1. At this
moment, it is unclear how to construct an appropriate function 7 which satisfies (1.1).

Finally, let us construct a Poincaré Kahler—Einstein metric which possesses a pole
near an effective divisor Ep in M. Suppose that M admits a Poincaré Kihler-Einstein
metric. Let hp be a metric on [Ep| and sp be the defining section of Ep. Similar
to the degenerate case, let us choose a sufficiently small positive real number v such
that

wgp —vdd®loghp > 0.
Let us fix such a v, and then
w, =wgpE — vddloghp
defines a Poincaré metric on M. We denote by
F =log (wn%) .
wl/

Then F' € R(M). Let us consider the following singular Monge-Ampére equation

(wy + ddu)" = e“+F|5p|72”w" on M\ Ep. (7.3)

v

By Theorem 2 there exists a function v € C*° (M \ Ep) satisfying (7.3) with sup,, u <
+400. Thus, by construction,

W p = wy, + dd°u

defines a smooth Kéhler-Einstein metric on M \ E, and (w% )" () grows upward at
most like [sp|~2*w?  when x approaches E. More precisely, we have on M \ E that

C_1|Sp|2AwKE < w/II(E < C|Sp|_2AwKE,

CNwip)" < (Wip)" < Clsp| ™ (wir)",
where C, u, A are all positive constants. This completes the proof of Theorem 4.
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