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INTEGRAL CANONICAL MODELS
OF UNITARY SHIMURA VARIETIES*

ADRIAN VASIUf

Abstract. We prove the existence of integral canonical models of unitary Shimura varieties in
arbitrary unramified mixed characteristic. Errata to [Val] are also included.
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1. Introduction. A Shimura pair (G, X) consists of a reductive group G over
Q and a G(R)-conjugacy class X of homomorphisms Resc/gGm,c — Gr that satisfy
Deligne’s axioms of [De2, Subsubsect. 2.1.1]: the Hodge Q-structure on Lie(G) defined
by any = € X is of type {(—1,1),(0,0), (1, —1)}, no simple factor of the adjoint group
G* of G becomes compact over R, and (Ad o x)(i) defines a Cartan involution of
Lie(Gad). Here Ad : Gg — GLy;c(gaa) is the adjoint representation. These axioms
imply that X has a natural structure of a hermitian symmetric domain, cf. [De2, Cor.
1.1.17). We say (G, X) is unitary if the group G® is non-trivial and all simple factors
of G%fi are of some A,, Lie type with n € N (i.e., are groups isomorphic to PGLn@ for

some n € N). Let X° be a connected component of X. Let Z(G) be the center of G.

Let Ay = Z ®z Q be the ring of finite adeles of Q. Let (G)(Q) be the clo-
sure of Z(G)(Q) in Z(G)(As). Let €(G) be the set of compact, open subgroups of
G(Ay) endowed with the inclusion relation. For O € €(G), the quotient complex
space G(Q)\(X x G(Ay)/O) is a finite disjoint union of quotients of X° by arithmetic
subgroups of G(Q). Each such quotient has a natural structure of a normal, quasi-
projective complex variety, cf. [BB, Thm. 10.11]. By the complex Shimura variety

Sh(G, X )¢ one means the C-scheme

(1)
Sh(G, X)c == projlim.oce(o) GIQ\X x G(Af)/0) = GQ\X x G(Af)/Z(G)(Q))

together with the natural right action of G(Ay) on it (see [De2, Cor. 2.1.11] for the
equality part). This action is continuous in the sense of [De2, Subsubsect. 2.7.1].

Let E(G,X) be the number field that is the reflex field of (G,X). Roughly
speaking, F(G, X) is the smallest subfield of C over which Sh(G, X)¢ has a (good)
canonical model Sh(G, X) (see [Del] and [De2] for the case of Shimura pairs of abelian
type; see [Mil] and [Mi4] for the general case). One calls Sh(G, X) the Shimura variety
defined by (G, X).

Let p € N be a prime such that the group Gq, is unramified i.e., Gg, has a Borel
subgroup and it splits over a finite, unramified extension of Q,. It is known that
Gq, is unramified if and only if it is the generic fibre of a reductive group scheme
Gz, over Zy, cf. [Ti, Subsubsects. 1.10.2 and 3.8.1]. Each subgroup of Gg,(Q,) of
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the form H := Gz,(Z,) is called hyperspecial. We refer to the triple (G, X, H) as a
Shimura triple (with respect to p). Let Agf ) be the ring of finite adeles of Q with the

p-component omitted; thus we have Ay = Q, x A(fp). Let Z,) be the localization of Z

at the prime ideal (p). For a subfield E of Q, let E(;,) be the normalization of Z,) in
E. As the group Gg, is unramified, the field E(G, X) is unramified over p (cf. [Mi3,
Cor. 4.7 (a)]) and thus E(G, X)) is a finite, étale Z,)-algebra. We recall some basic
definitions from [Val] and [Mi2].

1.1. DEFINITIONS. (a) A Z,)-scheme Y is called healthy regular if it is regular
and faithfully flat and if for each open subscheme U of Y which contains Yo and
whose complement in Y is of codimension in Y at least 2, every abelian scheme over
U extends to an abelian scheme over Y. A flat E(,)-scheme Z is said to have the
extension property if for each E(,)-scheme Y that is healthy regular, every morphism
Ye — Zg extends uniquely to a morphism Y — Z.

(b) By an integral canonical model N of (G,X,H) we mean a faithfully flat
E(G, X )(p)-scheme together with a continuous right action of G(A(fp)) on it in the
sense of [De2, Subsubsect. 2.7.1], such that the following three axioms hold:

(i) we have N, x) = Sh(G,X)/H and the action of G(Ag}j)) on Nga, x) is
canonically identified with the action of G(A;p)) on Sh(G, X)/H;

(ii) there exists a compact, open subgroup H, of G(A&P)) such that N/H, is a
smooth E(G, X)-scheme of finite type and N is a pro-étale cover of it;
(iii) the E(G, X))-scheme N has the extension property.

(c) If the integral canonical model N of (G, X, H) exists, then we say N is quasi-
projective (resp. projective) if in the axiom (ii) of (b) we can choose H) such that
N/H, is a quasi-projective (resp. projective), smooth E(G, X)p)-scheme.

1.2. The uniqueness of N. Each regular scheme that is formally smooth
and faithfully flat over either Z,) or E(G, X)) is healthy regular, cf. [Va2, Thm.
1.3]. Thus if the integral canonical model N of (G, X, H) exists, then it is a regular,
formally smooth Z,)-scheme (cf. axiom (ii) of Definition 1.1 (b)) and thus it is a
healthy regular scheme. From this and the axiom (iii) of Definition 1.1 (b) we get
(cf. Yoneda lemma): if the integral canonical model N of (G, X, H) exists, then it is
uniquely determined up to a canonical isomorphism (cf. axiom (i) of Definition 1.1
(b)). The main goal of this paper is to prove the following basic result conjectured by
Milne (see [Mi2, Conj. 2.7]).

1.3. BAsiC THEOREM. We assume that the Shimura pair (G, X) is unitary and
that the group Gq, is unramified. Then every Shimura triple (G, X, H) with respect
to p has a unique integral canonical model N. Moreover, N is quasi-projective.

The resulting smooth, quasi-projective (G, X)p)-schemes N/H,, are the unitary
equivalent of Mumford’s moduli Z,)-schemes A, ny that parametrize isomorphism
classes of principally polarized abelian schemes which are of relative dimension g and
are endowed with level-N symplectic similitude structures (see [MFK, Thms. 7.9 and
7.10]). Here g, N € N, with N at least 3 and relatively prime to p. We recall from
loc. cit. that Ay 1 n is a quasi-projective, smooth Z,)-scheme.
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1.4. On the proof of the Basic Theorem and literature. To explain the
three main steps of the proof of the Basic Theorem and the relevant literature that per-
tains to them and to the Basic Theorem, in this Subsection we will assume that (G, X)
is a simple, adjoint, unitary Shimura pair of isotypic A,, Dynkin type. In [De2, Prop.
2.3.10] it is proved the existence of an injective map f1 : (G1, X1) — (GSp(W, ), S) of
Shimura pairs such that we have (G54, X#d) = (G, X), where (G39, X34) is the adjoint
Shimura variety of (G1, X1) (see [Val, Subsubsect. 2.4.1]) and where (GSp(W, ), S)
is a Shimura pair that defines a Siegel modular variety (thus (W) is a symplectic
space over Q).

The first step uses a modification of the proof of [De2, Prop. 2.3.10] to show that
we can choose f1 such that G is the subgroup of GSp(W, ¢) that fixes a semisimple Q-
subalgebra B of End(W) cf. Proposition 3.2. Thus the injective map fi is a unitary
embedding of PEL type and therefore it allows us to view Sh(G7, X1) naturally as
a moduli E(G1, X1)-scheme of principally polarized abelian schemes endowed with
symplectic similitude structures and with a suitable Z-algebra of endomorphisms that
is an order of B. Following [Val, Subsects. 6.5 and 6.6], Proposition 3.2 is worked
out in the context of embeddings between reductive group schemes over Z,): we can
choose f1 such that moreover there exists a Z,)-lattice L,y of W which is self dual
with respect to ¢ and which has the property that the Zariski closure G1 7, of Gi
in GL Ly, 1s a reductive group scheme over Z,) whose extension to Z, has Gz, as its
adjoint group scheme.

The second step only recalls the classical works [Zi], [LR], and [Ko] to get that
the integral canonical model Ny of the Shimura triple (G1, X1, Gz, (Zp)) exists and
is a moduli scheme of principally polarized abelian schemes endowed with compatible
level-N symplectic similitude structures for every N € N\ pN and with a suitable
Zp)-algebra of Z,)-endomorphisms which is an order of B (see Subsections 4.1 to
4.3).

The third step uses the standard moduli interpretation of N7 to show that N
exists as well (see Theorem 4.3 and Corollary 4.4). If W (IF) is the ring of Witt vectors
with coefficients in an algebraic closure I of I, and if we fix a Z,)-monomorphism
E(G,X)(p) — W(F), then every connected component € of Nyy ) will be isomorphic
to the quotient of a connected component C; of Ny y(r) by a suitable group action
¥ whose generic fibre is free and which involves a torsion group. The key point is to
show that the action ¥ itself is free (i.e., € is a smooth W (IF)-scheme). If p > 2 and p
does not divide n + 1, then the torsion group of the action ¥ has no elements of order
p and thus the action ¥ is free (see proof of [Val, Thm. 6.2.2 b)]). In this paper we
check that the action ¥ is always free i.e., it is free even for the harder cases when
either p = 2 or p divides n + 1. The proof relies on the moduli interpretation of Ny
which allows us to make this group action quite explicit (see proof of Theorem 4.3).
The cases p = 2 and p divides n + 1 are the hardest due to the following two reasons.

(i) If p = 2 and if A is an abelian variety over F whose 2-rank a is positive,
then the group (Z/ 2Z)a2 is naturally a subgroup of the group of automorphisms of
the formal deformation space Def(A) of A in such a way that the filtered Dieudonné
module of a lift x of A to Spf(W(F)) depends only on the orbit under this action of
the Spf(W (IF))-valued point of Def(A) defined by .

(ii) For a positive integer m divisible by p — 1 there exist actions of Z/pZ on
Zp[[z1, ... ,xm]] such that the induced actions on Z,[[z1, . .. ,xm]][%] are free.
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The general case of the Basic Theorem is proved in Corollary 4.4 and Section 5.
If p =2 and (G, X) is a Shimura curve, then the Basic Theorem is in essence part
of the mathematical folklore (see [Mo2], etc.). We do not know any other previously
known cases of the Basic Theorem in which G is a simple, adjoint group of isotypic A,,
Dynkin type and p is a divisor of n + 1. For p > 5, the Basic Theorem was claimed in
[Val] using a long and technical proof that applied to all Shimura varieties of abelian
type and that did not use unitary PEL type embeddings. Unfortunately, loc. cit. had
a relevant error in the cases when p divides n + 1. But the error is now corrected in
this paper. In the Appendix we include errata to [Val].

2. Complements on Shimura varieties. In Subsection 2.1 we gather supple-
mentary notations. In Subsections 2.2 and 2.4 we include a review and complements
on Shimura pairs and triples. Lemma 2.3 pertains to reductive groups over Q. Let
p € N be a prime. Let n € N.

2.1. Extra notations. If G is a reductive group scheme over an affine scheme,
let G9er, Gad Gab and Z(§) be the derived group scheme, the adjoint group scheme,
the abelianization, and the center (respectively) of §. We have G4 = G/Z(G) and
Gab — S/Sdcr. Let Z°(G) be the maximal torus of Z(G); the finite, flat group
scheme Z(G)/Z°(§) is of multiplicative type. Let S := Resc/gGm,c. We have S(R) =
Gum,c(C). We identify S(C) = Gy c(C) X Gy c(C) in such a way that the monomor-
phism S(R) — S(C) induces the map z — (z,%). For a, b € NU {0}, let SU(a,b)
be the simply connected semisimple group over R whose R—valued points are the C—
valued points of SLq44 ¢ that leave invariant the hermitian form —z1Z1 — - - — 24Z4 +
Zat1Zat+1 + ** + ZatbZatp on COTP.

Let F be an algebraic closure of F,,. Let W(F) be the ring of Witt vectors with
coefficients in F. Let B(FF) be the field of fractions of W (F).

If M is a free module of finite rank over a commutative ring with unit R, let
GL); be the reductive group scheme over R of linear automorphisms of M. Let
SLy := GLYS'. If Ay is a perfect alternating form on M, then GSp(M, A\pr) and
Sp(M, A\rr) := GSp(M, A\pr)%e* are viewed as reductive group schemes over R. If Y (or
Y or Y, g with * as an index) is an R-scheme and if R is a commutative R-algebra,
let Y5 (or Y, ) be the product over R of Y (or Yg or Y, g) and R. Let (W)
be a symplectic space over Q. It is known that there exists a unique GSp(W, ¢)(R)-
conjugacy class S of homomorphisms S — GSp(W, ¢)g that define Hodge Q-structures
on W of type {(—1,0),(0,—1)} and that have either —27i1) or 27wiy) as polarizations
(see [Del, Example 1.6]). The Shimura variety Sh(GSp(W,),S) is called a Siegel
modular variety.

The adjoint and the toric part of a Shimura pair (G, X) are denoted as (G24, X24)
and (G®P, X2P) cf. [Val, Subsubsect. 2.4.1].

2.2. Complements on Shimura pairs. Let (G, X) be a Shimura pair. Let
x € X. Let py : Gp,c — G be the cocharacter given on complex points by the
rule z — x¢(z,1). The reflex field E(G, X) of (G, X) is the field of definition of the
G(C)-conjugacy class of u, (see [Del, Subsect. 3.7]). This implies that (cf. also [Del,
Prop. 3.8 (i)]):

(i) the field E(G, X) is the composite field of E(G2¢, X2d) and E(G?*P, X2P),
(ii) each map ¢ : (G, X) — (G, X) of Shimura pairs induces a natural embedding
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E(G,X)— E(G,X), and

(iii) if ¢ : (G, X) < (G, X) is an injective map that induces an identity (G24, X29)
= (~Ga~d,Xad) at the level of adjoints of Shimura pairs, then we have E(G,X) =
E(G,X).

We recall that to each map ¢ : (G, X) — (G, X) it is associated naturally an
E(G, X)-morphism Sh(G, X) — Sh(G, X), cf. [Del, Cor. 5.4 and Def. 3.13]. From
now on until Lemma 2.3 we will assume that G is a simple, adjoint group over Q such
that all simple factors of G@ are of A, Lie type.

Let F be a totally real number subfield of Q C C such that G = Resp/qG|F],
with G[F] as an absolutely simple adjoint group over F' (cf. [De2, Subsubsect. 2.3.4
(a)]); the field F' is unique up to Gal(Q)-conjugation. Let T be a maximal torus of G.
Let Bg be a Borel subgroup of Gg that contains 7. Let © be the Dynkin diagram
of Lie(Gg) with respect to Tz and Bg. It is a disjoint union of connected Dynkin
diagrams ®; indexed by embeddings ¢ : F' — R; more precisely, ©; is the Dynkin
diagram of the simple factor G[F] xr; Q of Gg with respect to (G[F] x Q)N Ty
and (G[F] xr; Q)N Bg. Let gn be the 1 dimensional Lie subalgebra of Lie(Bg) that
corresponds to a node n of ®. The Galois group Gal(Q) acts on © as follows. If v €
Gal(Q), then y(n) is the node of ® defined by the equality g.() = iy, (7(gn)), where

ig, is the inner conjugation of Lie(Gg) by an element g, € G(Q) which normalizes T
and for which we have an identity g,v(Bg)g; " = Bg.

2.2.1. The field I. Let J := PGL,{1q. Let Aut(J) be the group over Q of
automorphisms of J. The quotient group Aut(J)/J is trivial if n = 1 and it is Z/2Z
if n > 1. Let I be the smallest field extension of F' such that G[F]; is an inner form
of Jr; the degree [I : F| divides the order of Aut(J)/J. If n = 1, then I = F. Let
now n > 1. As X is a hermitian symmetric domain, every simple factor Gy of G is
an SU(a,n + 1 — a)*® group for some a € {0,... ,n+ 1} (see [He, Ch. X, §6, 2, Table
V]). But as n > 1, the group SU(a,n + 1 — a)®? is not an inner form of PGL,, |1 .
This implies that for n > 1 the field [ is a totally imaginary quadratic extension of F'.

2.2.2. DEFINITIONS. (a) We say (G, X) is of compact type if the F-rank of G[F]
(i.e., the Q-rank of G) is 0.

(b) We say (G, X) is of strong compact type if one of the following two disjoint
conditions holds:

(b.i) n = 1 and there exists a finite prime v of F such that the F,-rank of G[F|,
is 0; here F), is the completion of F' with respect to v;

(b.ii) n > 1 and the I-rank of G[F]; is 0.

2.2.3. LEMMA. Let Gy be a simple factor of Gg that is an SU(a,n+1—a)>? group
for some a € {1,... ,n}. Let x9: S — Go be the homomorphism defined naturally by
an arbitrary element x € X. Let ¢ € N. Then there exist a reductive group Goo over
R, a faithful representation Goo — GLv,,, and a homomorphism oo : S — Gog such
that the following three properties hold:

i) we have a natural identification G233 = Go under which xo lifts zo;
00

(ii) the torus G3b is isomorphic to S;
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(iii) the Hodge R-structure on Voo defined by xqo is of type {(—1,0),(0,—1)} and
moreover we have dimg(Voo) = 2¢(n + 1).

Proof. As a ¢ {0,n+ 1} and as the Hodge Q-structure on Lie(G) defined by z
has type {(—1,1),(0,0),(1,—1)}, the image Im(zg) is a rank 1 compact torus. Let
G be the simply connected semisimple group cover of Go. We will identify G¢ with
SLy,, where V := C"*tL. Let Vyo := Voq but viewed as a real vector space. We have a
natural faithful representation G§° — GLy, .

Let Gop be the reductive subgroup of GLy,, that is generated by G and by the
center of the double centralizer of Gf° in GLy,,. We have a direct sum decomposition
Voo @r C = Vi @ Vb into Goo,c-modules such that the following two properties hold:

(iv) we can identify Z(Goo,c) = Z(GLyg ) Xc Z(GLyg ), and

(v) the Ggj c-modules Vo1 and Ve are irreducible and correspond to the funda-
mental weights @y and w,, (respectively) of the A,, Lie type.

Thus Gy is the extension of G by Z(Goo) and moreover Z(Gop) is a torus isomorphic
to S (i.e., property (ii) holds). We easily get that there exists a homomorphism
Yoo : S — Goo that lifts ¢ and such that under it the G,, r subtorus of S gets
identified with Z(GLy,,). As the Hodge R—structure on Lie(Gy) defined by x¢ has
type {(—1,1),(0,0), (1,—1)}, we can choose the pair (Vp1, Vo2) such that there exists
an integer b with the property that the types of Vo1 and Vpa defined by yoo are
{(b—-1,-b),(b,=b—1)} and {(=b—1,b),(=b,b— 1)} (respectively).

Let C(G") be the compact subtorus of Z(G). The homomorphisms S — G
that lift ¢ are in natural bijection to Z = End(C(Ggp)) = Hom(S, C(Gop)). We can
choose the last isomorphisms such that the homomorphism .09 : S — Ggo that lifts
xo and that corresponds to ¢ € Z = Hom(S, C(Gyp)), achieves the replacement of b
by b — c¢. Therefore oo = Yp.00 : S — Goo is the unique homomorphism that lifts
xo and that defines a Hodge R-structure on Vo of type {(—1,0),(0,—1)}. Thus the
properties (i) and (iii) also hold. O

2.2.4. DEFINITION. An injective map f1 : (G1,X1) — (GSp(W,%),S) of
Shimura pairs is called a unitary PEL type embedding if the following two axioms
hold:

(i) each simple factor of G?d_ is isomorphic to PGL,, 5 for some n € N, and

(ii) the group G is the subgroup of GSp(W, 1) that fixes a semisimple Q-
subalgebra of End(W).

2.3. LEMMA. Let G be a reductive group over Q. Let p be a prime such that the
group Sq, is unramified. Let M be a free Zy)-module of finite rank. We have:

(a) Let H be a hyperspecial subgroup of Sq,(Qp). Then there exists a unique re-
ductive group scheme 92(;:) over Z,) that extends G and such that we have 92(;:) (Z,) =
H.

(b) Let G be a subgroup of GLy;(1y. We assume that the Zariski closures 9%‘2) and

Z°(8)z,, of §%° and Z°(§) (respectively) in GLys are a semisimple group scheme and
a torus (respectively) over Zy). Then the Zariski closure of G in GLy is a reductive
group scheme over Zp).
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Proof. We prove (a). We know that there exists a unique reductive group scheme
Gz, over Z, that extends Gg, and such that we have Gz, (Z,) = J(, cf. [Ti, Subsects.
3.4.1 and 3.8.1]. But Gz, is the pull back of a reductive group scheme SZ(p) over Z),
cf. [Val, Lem. 3.1.3]. Obviously Gz, (Z,) = H and Gz, is unique. Thus (a) holds.

We prove (b). Let Tz, be a maximal torus of 9%‘(3;

C =Ty, NZ°9)z,, and 9%?:) NZ°(9)z,,, coincide. But C is isomorphic to the kernel
of the product representation 77, Xz, ZO(S)Z(M — GLj; and thus it is a flat group
scheme of multiplicative type over Z,). As Cp is a finite group, we get that C is a
finite, flat group scheme over Z,). We consider the closed embedding homomorphism

C — 59 xz,, Z2°(9)z,, which at the level of valued points maps ¢ to (¢, —c). As

(p)
C is a flat, closed subgroup scheme of the center of 9%2) XZpy ZO(S)Z(p), the quotient

. The fibres of the intersections

group scheme Gz, = ( %f;) Xz, Z2°(9)z,)/C exists and is reductive (cf. [DG, Vol.
II, Exp. XXII, Prop. 4.3.1]). The fibres of the natural homomorphism Gz, — GLs
are closed embeddings. Thus this homomorphism is a monomorphism (cf. [DG, Vol.
I, Exp. VIp, Cor. 2.11]) and therefore it is also a closed embedding (cf. [DG, Vol. II,
Exp. XVI, Cor. 1.5 a)]). But the Zariski closure of § in GLys is Gz, and thus (b)
holds. g

2.4. Complements on Shimura triples. Let (G, X, H) and (G, X, H) be two
Shimura triples with respect to p. Let Z(Gz,, )(Z(y)) be the closure of Z(Gz,, )(Z,))

in Z(G)(AP). We have (cf. [Mi3, Prop. 4.11])

2) Sh(G, X)/H(C) = Gz, (Zip\(X x GAP)/Z(Cz,,) ) (Ty)-

Let Gz, be the reductive group scheme over Z,) that extends G and such that
we have H = Gy, (Zp), cf. Lemma 2.3 (a). The groups H* = G%‘(ip) (Zp) and
H = G%‘?p) (Z,,) are hyperspecial subgroups of G@i (Qp) and G@bp (Qp) (respectively).
The triples (G*4, X34, H2d) and (G#P, X, H?P) are called the adjoint and toric part
(respectively) triples of (G, X, H).

By a map ¢ : (G, X,H) — (G,X,H) of Shimura triples we mean a map q :
(G,X) — (G, X) of Shimura pairs such that the homomorphism ¢(Q,) : G(Q,) —
G(Qp) maps H to H. We say ¢ : (G,X,H) — (G,X,H) is a cover, if the following
two properties hold:

(i) the group G surjects onto G, and

(ii) the kernel Ker(g) is a subtorus of Z(G) with the property that for every field
K of characteristic 0 the group H'(K,Ker(q)x) is trivial.

Each cover ¢(G,X,H) — ((?,X,ﬁ) induces at the level of adjoint triples an
isomorphism (G4, X4 fad) & (Gad xad prad),
2.4.1. LEMMA. If q: (G,X,H) — (G,X,H) is a cover, then the natural mor-

phism Sh(G, X)/H — Sh(G, X) p(g.x)/H is a pro-étale cover and moreover
Sh(é,X)E(G)X)/f{ is the quotient of Sh(G,X)/H by Z(G)(Agcp)).

Proof. The holomorphic map X — X is onto (cf. [Mi2, Lem. 4.11]) and locally
an isomorphism. The homomorphism q(A(fp ) - G(A;p ) — G(A(fp )) is onto, cf. [Mi2,
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Lem. 4.12]. From the last two sentences and (2), we get that we have a natural
identification Sh(G, X)c/H = (Sh(G, X)c/H) /Z(G)(AP)) and that Sh(G, X)c/H is
a pro-étale cover of Sh(G, X)c/H (to be compared with [Mi2, Lem. 4.13]). From this
the Lemma follows. o

2.4.2. Functoriality of integral canonical models. In this Subsubsection
we assume that the integral canonical models N and N of (G, X, H) and (G, X, H)
(respectively) exist and that we have a map ¢ : (G, X,H) — (G, X, H) of Shimura
triples. As N is a healthy regular scheme (see Subsection 1.2) and as N has the exten-
sion property, the natural F(G, X )-morphism Sh(G, X)/H — Sh(G, X)/H defined by
q extends uniquely to an E(G, X ) (p)-morphism N — N.

Suppose ¢ is injective. This implies that Sh(G,X) is a closed subscheme of
Sh(G, X)p(a,x), cf. [Del, Prop. 1.15]. Due to the analogy between (1) and (2),
the proof of loc. cit. adapts entirely to show that Sh(G, X)/H is a closed subscheme
of Sh(G, X)E'(G,X)/H

Suppose that ¢ is injective and that ¢ induces an isomorphism (G24, Xx2d) =
(éad, X ad) at the level of adjoint Shimura pairs; thus we can identify G = Gder . We
have E(G, X) = E(G, X) (cf. property 2.2 (iii)) and dim¢(X) = dime(X). By reasons
of dimensions we get that Sh(G, X)/H is an open closed subscheme of Sh(G, X)/H.
Let N’ be the unique open closed subscheme of N for which we have an identity
N}E(G)X) = Sh(G, X)/H. Let H, be a compact, open subgroup of G(A;p)) such that
N is a pro-étale cover of N/ﬁp. Thus if Hy, = G(A(fp)) N ﬁp, then N’ is a pro-étale
cover of N'/H,,. Also N’ has the extension property as it is a closed subscheme of N.

We get that N’ is the integral canonical model of (G, X, H). Due to the uniqueness of
N, we get that N = N’ and thus that N is an open closed subscheme of N.

We have the following enlarged version of [Val, Lem. 6.2.3] that holds for all
primes p.

2.4.3. PROPOSITION. Suppose we have an identification Gder = Gder that induces
naturally an identity (G*4, X4, H3d) = (G24, X2d H3d). Let Spec(Z‘(J;)) — Spec(Zp))
be the maximal connected pro-étale cover of Spec(Zyy). We have:

(a) The integral canonical model N of (G, X, H) exists if and only if the integral
canonical model N of (G, X, H) exists.

(b) If the identification G = Gt s defined by a map q : (G,X,H) —
(G,X,H) of S’himw:a triples and if N exists, then N is a pro-étale cover of an open
closed subscheme of N and therefore it is the normalization of N in the ring of fractions
of Sh(G,X)/H.

(c) As E(G, X)) and E(é,f()(p) are finite, étale Zy)-algebras, we view Z)
as an ind-finite, ind-étale algebra over either E(G, X)) or E(G, X)(p). If N and N
exist, then the connected components of NZF;]) and NZFP?) are naturally identified.

Proof. We first show that to prove the Proposition we can assume that we have a
map ¢: (G,X,H) — (G, X, H) of Shimura triples. We identify X and X with unions
of connected components of X?d = X2d  Ag G%‘?p) (Z(p)) permutes transitively the

connected components of X2? (see [Val, Cor. 3.3.3]), by composing the identification
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Gder = Gder with an automorphism of G4°* defined by an element of GZ( )(Z(p)), we

can assume that the intersection X N X is non-empty. Thus we can speak about a
quasi fibre product (see [Val, Rm. 3.2.7 3)])

(élaxlvgl) L) (éa

X
qll ldad
(G,X, H) dad (Gad xad Had) (Gad Xad Had)

where gaq and gaq are the natural morphisms defined by taking adjoints and where
X1 contains an a priori chosen connected component of X N X. The reductive group
G1 is a subgroup of G XQ G which via the two projections induces isomorphisms
G3d 2 Gad and G242 G2 at the level of adjoint groups. Thus we can identify nat-
urally é‘fer = éder = G, Due to the existence of such a quasi fibre product, to
prove the Proposition we can assume that we have a map ¢ : (G, X, H) — (G, X, H)
of Shimura triples. Either N or N exists and thus we have to consider two cases.

Case 1. We first assume that N exists. It is well known that the integral canonical
model N#P of (G2P, X2P H#P) exists, cf. either [Mi2, Rm. 2. 16] or [Val, Example

3.2.8]. Let ((;2,5(2,1?2) = (G, X, H) x (G, X2> Hab) and N, := NE(G2 Ta)m X

E(éz,Xz)<p)NaEb(éz,X2)(p)' The integral canonical model of (GQ, Xo, HQ) is No. Moreover

we have a natural injective map (G, X, H) — (G, Xo, Hy). Thus, to prove (a) to (c),
we can assume that the homomorphism G — G is injective. The integral canonical
model N of (G, X, H) is an open closed subscheme of N, cf. the last paragraph of
Subsubsection 2.4.2. Obviously this implies that (a) to (c) hold in the Case 1.

Case 2. We now assume that N exists. Let (ég, X, ﬁg) be as in Case 1. We have
an injective map (G, X, H) < (G2, Xo, Hy) of Shimura triples that induces an identity
(Gad, x2dy = (G54, X39). Thus E(G, X) = E(G2, X5) and Sh(G, X)/H is an open
closed subscheme of Sh(G, X5)/Hs, cf. Subsubsection 2.4. 2 The connected compo-
nents of Sh(Gaq, X»)c/Ho are permuted transitively by GQ( ) cf. [Val, Lem. 3.3.2].
Let U be a connected component of N. As N is a healthy regular E(G, X)(p)-scheme
(cf. Subsection 1.2) that has the extension property, each E(G, X )-automorphism of
Ug(q,x) defined by a right translation by an element of G (Agcp )), extends uniquely
to an E(G, X)p)-automorphism of U itself. This implies that we can speak about the
faithfully flat E(G, X)(,)-scheme Np whose fibre over E(G, X) is Sh(G2, X2)/H> and
AP

)

whose connected components are translatlons by elements of GQ( of connected

components of N. Thus the group GQ( ) acts on NQ, N is an open closed subscheme

of Ny, and the G (Af )-orbit of U is Ng.
~ Let U?P be the connected component of NaP that is the image of U in N*P. Let
N9 be the open closed subscheme of Ny that is the inverse image of U*" via the natural

morphism Ny — Nab: the existence of this morphism is guaranteed by the fact that
the B(G*®, X ab)(p)—scheme Neb has the extension property. Let A be the group of

E(G, X)(p)-automorphisms of Ng defined by translations by elements of the subgroup
Gab(A(fp)) = {1} x Gab(A;p)) of GQ(AE}))). The group A acts freely on N9 as it does



160 A. VASIU

so on N2b,
Faithfully flat descent. Let s1, s3 : Spec(Z‘(l;’) X E(G,X) () Z‘(l;’)) — Spec(Z (p))
\ o, of NS by A

exists, that the morphism J(fg — NE(Q X)) 15 @ pro-étale cover whose pull back to
Spec(Z‘(“‘)) induces isomorphisms at the level of connected components, and that we

be the two natural projections. We check that the quotient Ng(g, x)

have NE(G,X) = Sh(é7 X)E(G X) /lfl As each connected component of NZ?;)[%] is geo-
metrically connected over Z‘(m)[ ], the Z‘(J;)[ ]-morphisms NZF;)[ 1y = Sh(G, X )Zl(;;)[ 1) JH
— Sh(Gg,Xg)Z?;)[%]/Hg — Sh(G,X)ZF;)[;]/H induce isomorphisms at the level of
connected components (cf. Subsubsection 2.4.2 for Sh(G,X)ZE,;)[%]/H — Sh(Ga,
Xg)Zun 1 / H,). This implies that all the desired properties hold after pull back to
Spec(Z‘(“‘))' in other words, the Spec(Z‘(l;’) )-scheme NZE?) exists and no element of A
produces a non-trivial automorphism of a connected component of N%ZE,;). This last
thing implies that Nzun has an open, affine cover that is stable under the isomorphism

s3 (NZun)) = 55 (Nzun ) that defines the faithfully flat descent datum on Nzun Thus this
faithfully flat descent datum is effective, cf. [BLR, Ch. 6, 6.1, Thm. 6]. Thls implies
that Npa,x) () EXists and it has all the desired properties.

Galois descent. Let Ey(G, X) be the Galois closure of E(G, X) over E(G, X).
The finite Z,)-algebra Fa (G, X)(p) is étale. The E(G, X)(,)-scheme NY has the exten-
sion property and it is a pro-étale cover of NE(G)X)@). Thus from [Val, Rm. 3.2.3.1
6)] we get that the F(G, X)(p)-scheme NE(GVX)@) has the extension property. Thus
the By (G, X ) (p)-Scheme N Fa2(G.X) () has also the extension property; as it is formally
smooth over Z(p), it is also a healthy regular scheme (cf. Subsection 1.2). Thus
the natural action of the finite Galois group Gal(Ez(G,X)/E(G, X)) on Np, 4 )
extends naturally to an action of Gal(E»(G, X)/E(G, X)) on Ny, & K that is au-
tomatically free. Using Galois descent with respect to the morphism Spec(Z‘(”’)) —
Spec(E(G, X )(»)), as in the previous paragraph we argue that the quotient N of
NEQ(G %), by the group Gal(E»(G, X)/E(G, X)) exists, that we have an identity

N B(G,X) = = Sh(G, X)/H, and that the natural morphism N — N is a pro-étale cover

of its image and moreover its pull back to Z‘(”’) induces an isomorphism at the level of

connected components. Thus (b) and (c) hold, provided N is the integral canonical
model of (G, X, H).

Extension property. But it is easy to see that~N is the integral canonical model
of (G, X, H). For instance, we will check here that N has the extension property. Let
Z be a faithfully flat E(G, X),-scheme that is healthy regular. Let u : Zp6.x) —

NE(G ) be a morphism. The scheme ZZ?:) is a pro-étale cover of Z and thus it is a

healthy regular scheme, cf. [Val, Rm. 3.2.24), property C)]. But the Z?Zﬂl)-scheme NZ?;)
is a disjoint union of connected components of NZFE) (cf. (c)) and thus it also has the

extension property. Therefore Uzan [1] extends uniquely to a morphism ZZE';) — NZ‘(?)'
p)tp
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This implies that v extends uniquely to a morphism Z — N. Therefore N has the
extension property. Thus (a) to (c) also hold in the Case 2. O

3. The existence of unitary PEL type embeddings. Let p € N be a prime.
Proposition 3.2 presents a Z,) version of the embedding results of [Sal, Subsect. 3.2]
and [Sa2, Part III] for unitary Shimura varieties; the approach is close in spirit to
[De2, Prop. 2.3.10] and [Val, Subsects. 6.5 and 6.6]. The setting for Proposition 3.2
is presented in Subsection 3.1. In Subsection 3.3 we include some simple facts.

3.1. The setting. Let (G, X) be a simple, adjoint Shimura pair that is unitary.
Thus G is a non-trivial, simple, adjoint group over Q and there exists n € N such
that all simple factors of Gz are isomorphic to PGL, ;5. Let I and G[F] be as in
Subsection 2.2; thus we have G = Resp/gG|[F]. Let the field I be as in Subsubsection
2.2.1. We assume that the group Gg, is unramified. Let H be a hyperspecial subgroup
of Gg,(Qp). Let Gz,,, be the unique adjoint group scheme over Z,) that extends G
and such that we have H = Gz, (Zp), cf. Lemma 2.3 (a).

3.2. PROPOSITION. In the setting of Subsection 3.1, there exists an injective map

of Shimura pairs
f1:(G1, X1) = (GSp(W,4), S)

which is a unitary PEL type embedding such that the following two conditions hold:

(i) the adjoint Shimura pair (G54, X) is (G, X);

(ii) there exists a Zy)-lattice Ly of W for which we get a perfect alternating
form ap: Ly @z, Ly — Zp), the Zyy-algebra O := End(L,)) N {e € End(W)le is
fized by G1} is semisimple, and the Zariski closure G1z,,, of G1 in GSp(L(y), ) is

the subgroup scheme of GSp(L(y),v) that fizes O and it is a reductive group scheme
over Zy) whose adjoint is Gy, -

Proof. Once G1z,,, is constructed, its derived group scheme will be the simply
connected semisimple group scheme cover GZ( ) of Gz, - As the proof is quite long,
we itemize and boldface its main steps.

Step 1. The construction of the G’SC -module L y,). There exists an identity
GSZC@) = Resr,, /2., GIF ]}C(p , where G[F ]SCP IS a simply connected semisimple group
scheme over F,) that extends the simply connected semisimple group scheme cover
G[F]* of G[F]. Let Tz, be a maximal torus of Gy, Let T:=Ty, xz,, Q;itis a
torus of G whose role is to make all the below data very precisely constructed.

Let F1 be the smallest Galois extension of Q with the property that the torus T,
is split. As T' extends to the torus Tz, over Z,, Fi is unramified over p. As F'is
a subfield of F7, it is also unramified over p. Let K be a totally imaginary quadratic
extension of F' unramified over p and disjoint from F;. If n = 1 and (G, X) is of strong
compact type, then we choose K such that the group G[F]k is not split; for instance,
if v is a finite prime of F' as in the condition (b.i) of Definition 2.2.2 (b), then v is
prime to p and thus it suffices to take K such that moreover v splits in it. If n > 1
(resp. n = 1) let Ey be Fy (resp. be Iy @ K). The Z,-algebra E; ) is étale.

Let Wy () be a free Fy (,)-module of rank n + 1. Let Wy () = Wy ) ®F,
Ei (p)- When we view W () as a free Z,)-module we denote it by W3 (). We
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identify G[F]}Cly(p) = SLw, (,, and G[F]SEEL@) = SLw, (,,- Let m: G7 = — SLw,
be the composite of the natural monomorphisms GSZC(p) = Resg, /2, GIFIE, o
SLw, (,,, the second one being defined via the mentioned identifications. Let W ) =
Homgz,,, (W3, (p), Z(p)) and

1

L(p) = W37(p) D W;(p) and W = L(p) [5]

Let GSZC(p) — Sp(Lp), 1/;) be the composite of m with standard monomorphisms

SLw, ,, — GLw, ,, — Sp(L(p),J)), where v is a perfect alternating form on L)
such that we have (W3 ,) @ W3 () = 1/)(W§7(p) ® Wz;(p)) =0.

Step 2. The construction of Gl,z(p)- Let 8 be the set of extremal nodes of
the Dynkin diagram ® of Lie(Gg) with respect to Lie(Tg) and some fixed Borel Lie
subalgebra of Lie(Gg) that contains Lie(T5). The Galois group Gal(Q) acts on 8 (see
Subsection 2.2). Thus if n > 1 we can identify § with the Gal(Q)-set Homg(X, Q),
where X := I is a totally imaginary quadratic extension of F'. If n =1 let X := K.
We have [X : Q] = 2[F : Q]. Always X is a subfield of F; and thus L, has a natural
structure of a X(,)-module. Thus the torus T := Resx(m/z(me,x(p) acts on L.
If n > 1 this action over the Witt ring W (F) introduced in Subsection 2.1, can be
described as follows:

(*) if £ is a direct summand of L,y ®z,, W (F) which is a simple Gy (ry-module,
then the highest weight of L is a fundamental weight associated to an extremal node
n € 8 and moreover Ty () acts on L via the character of Ty (p) that corresponds
naturally to n.

As X is a totally imaginary quadratic extension of F', for n >1 the extension to R
of the quotient torus J/Res Fp)/Z (p)Gm7 F,, 1s compact. This implies that the maximal
subtorus T, of T that over R is compact, is isomorphic to ‘J'/ResF(p)/Z(p)Gmp(p).

We view G%C(p) as a closed subgroup scheme of Sp(L(p)J/N)). Let (%, be the
centralizer of G%C(p) in GLr,,,, cf. [DG, Vol. II, Exp. XI, Cor. 6.11]. If n > 1,
then (7, is a reductive group scheme over Z,) and the torus Z(C%,,) = T has rank
2[F : Q] (cf. (*) and the definition of the representation G7,, — GLz,) Ifn=1,
then 7, is a reductive group scheme and Z(C7,) is a torus of rank [F": Q] (cf. the
definition of the representation G%C(p) — GLL(p)); we view T, as a torus of C’Z(p).

Let T¢+ be the subtorus of (7, generated by T. and Z(GLL@)); its rank is
[F: Q]+1 and it commutes with GSZC(M. Let Gy be the subgroup of GLy generated by
Te,+,0 and GSZC(p) XZpy Q. Let GLZ(p) be the Zariski closure of G in GLL@). As To 4
and G%Cp are a torus and a semisimple group scheme (respectively), from Lemma 2.3
(b) we get that Gz, is a reductive group scheme over Z,).

The representation of Gy w ) on L) ®z,, W(F) is a direct sum of rank n +
1 irreducible representations. This implies that the centralizer Cl,Z(p) of Gl,z(p) in

GLL(p) is also a reductive group scheme; its center is J. Let O be the semisimple
Z(p)-subalgebra of End(L,)) defined by the elements of Lie(C1z,, ).

Step 3. Real and complex representations. Let R := Homg(F,R). For
i € R let V; be the real vector subspace of W®gR generated by its simple G[F|* x g ;R-
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submodules. We have a product decomposition Tg = [[,. 7i into 2 dimensional tori
such that T; := Resxg ., k/RGm, ke r acts trivially on Vs if and only if i' € R\ {i}.
Each torus Tj is isomorphic to S and acts faithfully on V;. We have T, r = Hiejz T
where T, ; is the rank 1 compact subtorus of 7;. We have a direct sum decomposition

W &g R = ®icrVi
into G1 g-modules. We also have a unique direct sum decomposition
VierC=V oV~

into G1,c-modules such that T¢ acts on each V;* via a unique character; here u €
{-,+}. Each foé-module V* is isotypic i.e., it is a direct sum of isomorphic simple
G‘li)cé—modules. More precisely, the highest weight of the representation of the factor
G[F*® xp,; C of G‘fﬁé on Vi is wg,(y), where s; : {+,—} — {1,n} is a surjective
function. Thus the torus Tj; := Im(7; — GLy;) is the center of the centralizer of C; g
in GLy,. Moreover, the G‘li)cé—modules V.* and V;~ are dual to each other.

Step 4. The construction of the Shimura pair (G1,X;). Let x € X. We
will construct a monomorphism x; : S < G'1 g such that the Hodge Q-structure on W
defined by it has type {(—1,0), (0, —1)} and the resulting homomorphism S — G??R =
Gr is x. We will take 27 such that its restriction to the split subtorus G,, g of S
induces an isomorphism G,, r = Z(GLwg,r) and the following two properties hold:

(iii.a) if ¢ € R is such that the group G[F] xr; R is non-compact, then the homomor-
phism S — GLy, defined by z; is constructed as in the proof of [De2, Prop. 2.3.10]
and it is unique; more precisely, the faithful representation Im(G; g — GLy;) —
GLy; is isomorphic to the faithful representation Gog — GLy,, of Lemma 2.2.3
for ¢ = [E1 : F] and thus the homomorphism S — Im(G1 g — GLy;) defined by
21 is obtained in the same way we constructed xgo in Lemma 2.2.3;

(iii.b) if ¢ € R is such that G[F] x p; R is compact, then the homomorphism S — GLy;
defined by z; is a monomorphism whose image is naturally identified with 75;.

For the rest of the proof it is irrelevant which one of the two possible natural
identifications of (iii.b) we choose; one such choice is obtained naturally from the
other choice via the standard non-trivial automorphism of the compact subtorus of S.

Let X; be the G1(R)-conjugacy class of x1. As 1 lifts € X, the pair (G1, X1)
is a Shimura pair whose adjoint is (G, X). Thus the property (i) holds.

Step 5. Centralizing properties. For every i € R, the two characters of
Tec (equivalently of T, ;c) that define the actions of T, ¢ on Vi‘Ir and V,” are non-
trivial and their product is the trivial character. Moreover, the representations of
G‘li)cé on ViJr and V;~ are dual to each other. The last two sentences imply that T ;

is a subgroup of the subgroup GLWs,(p)®z( R of Sp(L(y) ®z,, R, 1/3) Therefore T, is a
torus of Sp(L(p)J/N)). Thus G1z,,, is a closed subgroup scheme of GSp(L ), 1/;) The
representation of Gy y (r) on L) ®z,,,) W(IF) is a direct sum of rank n + 1 irreducible

representations that are isotropic with respect to 1/3 The number of pairwise non-
isomorphic such irreducible representations is [X : Q] = 2[F : Q] (for n > 1 cf.
(*)). Thus the subgroup scheme G v, ) of GSp(L ) ®z,, W(F), ) that centralizes
0®z,,, W(F) (equivalently Cy w ) is a reductive group scheme that has the following
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three properties: G w (r) is a subgroup scheme of G’LW(F), G'l’)d;,r(F) is isomorphic to

SLEi?}W (;y> and Z %(G" () s isomorphic to GLZ;‘%](J]FF;. Thus by reasons of dimensions

we get that Gy ) = G'LW(]F). Therefore the subgroup scheme of GSp(L ), z/NJ) that
centralizes O (equivalently Cl,z(p)) is Gz,

Let A be the free Z,)-module of alternating forms on L, that are fixed by

G1,2,, NSP(L(p), ). There exist elements of A ®z,, R that define polarizations of
the Hodge Q-structure on W defined by x; € X1, cf. [De2, Cor. 2.3.3]. Thus the real
vector space 2 ®z, R has a non-empty, open subset of such polarizations (cf. [De2,
Subsubsect. 1.1.18 (a)]). A standard application to 2 of the approximation theory
for independent valuations, implies the existence of an alternating form 1 € 2 that is
congruent modulo p to 15 and that defines a polarization of the Hodge Q—structure on
W defined by 21 € X;. As ¢ is congruent modulo p to t, it is a perfect, alternating
form on L(,). Moreover, the subgroup scheme GLZ(p) of GSp(Lp),v) that centralizes

O contains Gl_Z(p) and its special fibre is G1r,. This implies that GLZ(p) = Gl_Z(p).
Thus the condition (ii) also holds. |

3.3. Simple facts. The semisimple Q-algebra B := O[%] has X as its center
and thus it is simple. The double centralizer DC; of Gy in GLyy is such that the

group DC 7 is isomorphic to GLi[fl% and DC74 is Resy oG[F]x. Thus if (G, X) is
of strong compact type, then the Q-rank of DC3 is 0 (for n = 1, cf. the choice of

K =%).

4. The proof of the Basic Theorem, part I. Let p € N be a prime. All
continuous actions of this Section are in the sense of [De2, Subsubsect. 2.7.1] and are
right actions. Thus if a locally compact totally discontinuous group I' acts continuously
on a scheme Y, then for each compact, open subgroup 1 of I' the geometric quotient
scheme Y/{ exists and the epimorphism Y — Y/{ is pro-finite; moreover, we have
Y = projlim.;Y/f. In this Section we apply Proposition 3.2 to prove the Basic
Theorem 1.3 in the case when (G, X) is a simple, adjoint, unitary Shimura pair.

Until Section 5 we work under the setting of Subsection 3.1 and we also use the
notations of Proposition 3.2 and its proof. Thus (G, X) is a simple, adjoint, unitary
Shimura pair, we write G = Resp,oG[F] where G[F] is an absolutely simple, adjoint
group over a totally real number field F, Gz, is an adjoint group scheme over Z,) that
extends G, H = Gz,,,(Z,), we have an injective map f1 : (G1, X1) — (GSp(W,v), S)
of Shimura pairs such that (G3¢, X24) = (G, X), the reductive group scheme Cizq,,
over Z, is the centralizer of Gl,Z(p) in GLL(F)7 Gl,z(p) is the closed subgroup scheme
of GSp(Lp),v) that fixes a semisimple Z,y-subalgebra O of End(L(,)) and it is a
reductive group scheme over Z,), as Lie algebras we can identify O = Lie(C1 7, ),
etc. Let g := 3dimg(W) € N. Let B := O[5]. Let U := GSp(L,),v)(Zy); it is a
hyperspecial subgroup of GSp(W ®q Q,, ¥)(Qy). Let Hy := UNG1(Qp) = Gz, (Zy);
it is a hyperspecial subgroup of G1,g,(Qp). Let L be a Z-lattice of W such that we
have L(,) = L ®z Z,) and 9 induces a perfect alternating form on L.

In Subsection 4.1 we introduce the integral canonical model Ni of the Shimura
triple (G1, X1, Hy). In Subsection 4.2 we introduce another integral canonical model
N’ that has N as an open closed subscheme. Theorem 4.3 constructs the E(G, X);)-
scheme N which will turn out to be the integral canonical model of (G, X, H). Corol-
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lary 4.4 proves the existence of the integral canonical models of those Shimura triples
whose adjoints are isomorphic to (G, X, H).

4.1. The scheme N;. Let N € N\ ({1,2}UpN). Let v : L/NL®z/NnzL/NL —
Z/NZ be the reduction modulo N of ¢. If (C, \¢) is a principally polarized abelian
scheme of relative dimension g over a Z[3;]-scheme Y and if Ac(n) : C[N] xy C[N] —
i,y is the Weil pairing induced by Ac, then by a level-N symplectic similitude struc-
ture of (C, A\¢') we mean an isomorphism ky : (L/NL)y = C[N] of finite, étale group
schemes over Y such that there exists an element v € un y(Y) with the property that
for all points a, b € (L/NL)y (Y') we have an identity ¥~ (@®%) = \q(y(kn(a), £y (b))
between elements of un,y (Y).

Let Ay 1~y be Mumford’s moduli Z,)-scheme mentioned before Subsection 1.4.
Let

M:= proj-hm~NeN\({l,2}UpN)'Ag,1,N-
Thus M is the moduli Z,)-scheme that parametrizes isomorphism classes of principally
polarized abelian schemes which are of relative dimension g and are endowed with
compatible level-N symplectic similitude structures for all numbers N € N\ pN.

We can identify Mg = Sh(GSp(W,v),S)/U, cf. [Del, Thm. 4.21]. Thus M
together with the continuous action of GSp(W, 1)) (A(fp )) on it defined naturally by the
choice of the Z-lattice L of W, is an integral canonical model of (GSp(W, ), S, U), cf.
either [Mi2, Thm. 2.10] or [Val, Example 3.2.9 and Subsect. 4.1].

We recall that Sh(G'1, X1)/H; is a closed subscheme of Sh(GSp(W, v), S)g(a,,x1)
/U =Mg,, x,), cf. Subsubsection 2.4.2. We have the following Corollary to Propo-
sition 3.2.

4.1.1. COROLLARY. Let N1 be the normalization of the Zariski closure of
Sh(G1,X1)/H;y in ME(Gy,Xx1) ¢ the group Gy (Agcp)) acts continuously on the E(Gy,
X1)(p)-scheme Ni.

(a) Then Ny is the integral canonical model of (G1,X1,H1). Moreover Ny is
quasi-projective and a closed subscheme of ME(Gl,Xl)(p)-

(b) If moreover (G, X) is of strong compact type, then Ny is in fact projective.

Proof. From [Val, Prop. 3.4.1] and its proof we get that the following three
properties hold:

(i) the E(G1, X1)(p)-scheme Ny has the extension property of Definition 1.1 (a);

(ii) axiom (i) of Definition 1.1 (b) holds for Ni;

(iif) there exists a compact, open subgroup U, of GSp(W, w)(A;p)) such that if
Hy,:=UyNGy (Agcp)), then N; is a pro-étale cover of N1 /Hy , and Ny/H; j is a finite
ME(017X1)(P) /Up-scheme.

It is well known that the following two properties also hold:

(iv) Ny is in fact a closed subscheme of ME(G1,X1)
(v) if Uy is small enough, then the E(G1, X1)(,)-scheme Ny /H; , is smooth and

quasi-projective (see [Zi, Subsect. 3.5]; see also [LR] and [Ko, Sect. 5]).

This implies that the axiom (ii) of Definition 1.1 (b) also holds. Thus Nj is the
integral canonical model of (G1, X1, Hy) and it is quasi-projective. Thus (a) holds.
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We now assume (G, X) is of strong compact type. The Q-algebra B is simple
and the Q-rank of the adjoint group of the centralizer DC; of B in GLy is 0, cf.
Subsection 3.3. Therefore the Q-algebra Endg (W) is a division Q-algebra. Thus by
taking U, to be small enough, we can assume that moreover Ny /H; , is a projective
E(G1, X1)(p)-scheme (cf. [Mol, Thm. 2]; see also [Ko, end of Sect. 5]). Thus (b)
holds. g

4.2. The scheme N|. Let G be the subgroup of GLy generated by G¢° and
Z%(Cy) = Z(C4). From Lemma 2.3 (b) we get that the Zariski closure Gll,z(p) of G} in

w) = 2°(Cizg)
is the torus T = Resx(p)/z(p)Gm,x(m of the proof of Proposition 3.2, G z,,,, is a closed,

GL.,, is a reductive group scheme. Thus the group scheme Z(G1 5

normal subgroup scheme of G/l,Z(pw and we have G‘li)czr(p) = Gllfdzc(i)- Let X{ be such that
we get an injective map (G1,X1) — (G}, X1) of Shimura pairs. Let ¢} : (G}, X7) —
(G, X) = (G7*, X be the resulting map of Shimura pairs. The subgroup H} :=
G/l,Z(m (Zp) of G} g,(Qp) is hyperspecial. Let Ny be the integral canonical model
of (G}, X}, Hy), cf. Proposition 2.4.3 (a) and the first part of Corollary 4.1.1 (a).
Thus N; is an open closed subscheme of N}, cf. Subsubsection 2.4.2. The connected
components of N} are permuted transitively by G} (Agcp )), cf. [Val, Lem. 3.3.2]. From
the last two sentences and the second part of Corollary 4.1.1 (a), we get that N is
quasi-projective. If N is projective, then N} is also projective.

4.3. THEOREM. There exists a unique pro-étale cover Ny — N of E(G, X)(,)-
schemes that extends the natural pro-étale cover Sh(Gy,X})/H; — Sh(G,X)/H of
E(G, X )-schemes. Moreover, the E(G, X),)-scheme N has the extension property.

Proof. The uniqueness part is obvious. As the argument for the existence of N is
quite long, in this paragraph we outline its main parts. The scheme N, x) ) will be

the quotient of N} by Z(G1)(A). The difficult part will be to check that Z(G4)(AY)
acts freely on N (equivalently, that this quotient is a smooth E(G1, X1)(,)-scheme).
In order to achieve this, we will rely heavily on the moduli interpretation of N} and on
the explicit description of the right action of Z (G’l)(Agcp )) on N} (see Step 1 below).
The scheme N will be obtained from Ng, x,) Vi standard descent whose very
essence will be the fact that the F(G1, X1)(,)-scheme NE(GI,Xl)@) has the extension
property (see Step 2 below).

As Z(G7) = Tg = Resy/gGm,x, for every field K of characteristic 0 the group
HY(K,Z(GY)k) is trivial. Thus ¢} : (G%, X1, H;) — (G, X, H) is a cover in the sense of
Subsection 2.4. We consider an arbitrary Z,)-monomorphism E(G1, X1) ) — W(F)
and we use it to view also W (IF) as an E(G, X)p)-algebra. We have the following two
main steps; as they are quite long, its main parts are itemized and baldfaced.

Step 1. We first consider the case when the field E(G1,X;) = E(G}, X7) is
E(G, X) (see Subsection 2.2 for the last identity). As E(G}, X]) = E(G,X) and as ¢}

is a cover, we have Sh(G, X)/H = Sh(G, X1)/(H{ x Z(G;)(A?))) (cf. Lemma 2.4.1).
If Hi, is a compact, open subgroup of G (Agcp )), then the following quotient
group Qf , := Hi,pZ(Gll)(Ag‘P))/H{,pZ(G/LZ(p))(Z(p)) is finite. Thus as N} /Hj , is a

quasi-projective E(G, X)(,)-scheme, its quotient (N’l/HLp)Q/le by @}, exists and is



INTEGRAL CANONICAL MODELS OF UNITARY SHIMURA VARIETIES 167

a normal, quasi-projective E(G, X )(,)-scheme (cf. [DG, Vol. I, Exp. V, Thm. 4.1]).
Let N be the projective limit of the E(G, X),)-schemes (N} /H{)p)Qlle indexed by the
groups Hj .

Step 1.1. Connected components. The E(G, X),)-scheme N is the quotient

of N} by Z (G’l)(A&P )) and it is a faithfully, flat E(G, X)(,)-scheme whose generic fibre
is Sh(G, X)/H. Let € be a connected component of Ny () that is dominated by
a connected component C; of Ny yy ). The connected components of Np(g) (resp.
of N’l) B(F)) and thus also of Nyy ) (resp. of N’LW(F)) are permuted transitively by
G(A&P)) (resp. by G} (Agcp))), cf. [Val, Lem. 3.3.2]. Thus as the homomorphism
a (A(fp)) 1 G (A(fp)) — G(A(fp)) is onto, to show that N/ is a pro-étale cover of N it is
enough to show that C; is a pro-finite Galois cover of C.

The scheme C is the quotient of C; by a group of C-automorphisms 2 of C; defined
by right translations by elements of a subgroup of Z (G’l)(A(fp )). It is known that there
exists Ng € N such that £ is an Ny-torsion group, cf. [Vai, p. 493, Fact]. Let t € Q
be an element that fixes a point y € C1(F). We denote also by ¢ an arbitrary element
of Z (G’l)(A(fp )) that defines it. The point y gives birth to a quadruple

Qy = (Ay7 )\Ay7 0, (K/N)NGN\;DN)u

where (Ay, A4, ) is a principally polarized abelian variety over I of dimension g, en-
dowed with a Z,-algebra of endomorphisms denoted also by O, and having in a
compatible way a level-N symplectic similitude structure «y for all N € N\ pN.

Step 1.2. Axioms. The quadruple @), is subject to some axioms, cf. the
standard interpretation of Ny as a moduli scheme (see [Zi, Subsect. 3.5]; see also [LR]
and [Ko, Sect. 5]). Briefly, the axioms say (for instance cf. [Ko, Sects. 5 and 8]):

(i) if {a1,... ,m} is a Z,)-basis of O and if X3,..., X, are independent vari-
ables, then the determinant of the linear endomorphism Z;nzl Xja; of Lie(A4,) is the
extension to IF of a universal determinant over E(G1, X1)(,) that is of a similar nature
and it is associated naturally to the faithful representation O — End(L,));

(ii) for each prime [ € N\ {p}, the following symplectic similitude isomorphism
ki o (W®q Qi) = (Ti(Ay) @z, Qi, Aa, ) induced naturally by r;m’s (m € N), is also
a B-linear isomorphism; here we denote also by A4, the perfect alternating form on
the [-adic Tate-module T}(A,) of A, induced by Aa;

(iii) under an E(G, X))-monomorphism W (IF) < C, the principally polarized
abelian schemes over W (IF) that are endowed with a Z,-algebra of endomorphisms
and that lift the triple (Ay, Aa,, O) give birth to principally polarized abelian varieties
over C that are endowed with a Z,)-algebra of endomorphisms and that are naturally
associated through Riemann’s theorem to triples of the following form

0,—1
(L1\W ®q (C/le' €11, 0).
Here W ®g C = F;ll’o @ Ffl’*l is the Hodge decomposition defined by an element

x1 € X1, L1 is a Z-lattice of W such that we have hi(L ®g Z) =L ®y 7 for some

element hy € Gy (Agcp )), and e; is the unique non-zero rational number such that
e1v : L1 ®z L1 — Z is a principal polarization of the Hodge Z-structure on L, defined
by x-
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Step 1.3. Moduli interpretation of Nj. Let G’LZ@) (Zpy)™* be the maxi-
mal subgroup of G/LZ(F) (Z(py) that normalizes X;. The group G1,z,, (Z)) permutes
transitively the connected components of X;, cf. [Val, Cor. 3.3.3]. As the group of
connected components of X (or of X7) is abelian, every element of G (R) that takes
a connected component of X7 into another connected component of X7, will in fact
take X; onto X;. From (2) and the last two sentences we get a natural identification

(8)  Sh(Gi, X1)/H{(C) = Giz, (Z¢)) " \(X1 x GLAP)[Z(GCT L VZ).

Formula (3) implies that we also have a standard moduli interpretation of Nj,
provided we work in an F{;)-polarized context (see [Del, Variant 4.14] for the case of
C-valued points, stated in terms of isogeny classes). In such a context we speak about
an abelian scheme B which is endowed with an F{,-principal polarization Ag and with
a Zp)-algebra of endomorphisms denoted also by O and which has in an F-compatible
way level-N symplectic similitude structures kp n for all N € N\ pN. If B is over
an algebraically closed field or over a complete discrete valuation ring that has an
algebraically closed residue field, then the F-compatibility refers here to the fact that
for every prime | € N\ {p}, there exists a B-isomorphism kg ;= : W ®qQ; = T}(B) ®z,
Q; induced naturally by £ m’s (m € N) and such that for all a, b € W ®q Q; we have
PY(a®b) = xiAp(kB,i=(a), kp 1o (D)), where x; € Gy, p(F ®0Q;) and where we denote
also by Ap the non-degenerate alternating form on 7;(B) ®z, Q; induced by Ap. As B
is an F-algebra, it makes sense to speak about the action of F' on T}(B) ®z, Q;. Also
by an F{;,)-principal polarization Ap of B, we mean the set of G, 7z, (F(p))-multiples
of a polarization of B that induces for every m € N an isomorphism between B[p™]
and its Cartier dual. The composite embedding F' — B — End(B) ®z Q defines
naturally an action of F' on Hom(B, BY) ®7 Q, where B? is the abelian scheme that is
the dual of B. Thus the G, z,,, (Fip))-multiples of Ap are well defined as elements of
Hom(B, B?) @7 Q.

Step 1.4. Crystalline setting. Due to this moduli interpretation of N}, the
right translation of y by ¢ gives birth to a quadruple

Q; = (A;;a )‘A’ya 0, (ﬁﬁv)NeN\pN),

where the pair (4], A4, ) is an abelian variety over I that is endowed with an F{;)-
principal polarization and it is naturally Z,)-isomorphic to (Ay, Aa,). Thus we can
identify

M i= HL (A /W (F)) = Hl o (AL /W (F)).

crys

The fact that t fixes y means that the quadruples @), and Q;J are isomorphic under
an isomorphism a : A, = A]. Let ¢ be the Frobenius endomorphism of M and let
An be the perfect alternating form on M defined by Aa,. Let ap : M = M be the
crystalline realization of a. We check that the following property holds:

(iv) the element aps € End(M [%]) belongs to the Q-vector space generated by

crystalline realizations of Q-endomorphisms of A, defined naturally by elements of
Lie(Z(GY)).

To check (iv), it suffices to show that for a prime I # p, the Q;-étale realization of a
belongs to the Q—vector space generated by Q;-étale realizations of Q—endomorphisms
of A, defined naturally by elements of Lie(Z(G})). But this is a direct consequence
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of the facts that t € Z (G'l)(Agcp )) and that the isomorphism a : A, = Aj is compatible
with the level structures ;= and xj.. for all m € N.

Due to (iv), the automorphism aj; normalizes each direct summand F* of M
which is the Hodge filtration of the abelian scheme over W (IF) that correspond to a
W (F)-valued point z of €; that lifts y. If p > 2 such a lift z is uniquely determined by
F' cf. the deformation theory of polarized abelian varieties endowed with endomor-
phisms (see the Serre-Tate and Grothendieck-Messing deformation theories of [Me,
Chs. 4 and 5]). Thus based on the moduli interpretation of Ny, for p > 2 we get that
t fixes all these lifts. Therefore for p > 2 we have t = 1e,.

Step 1.5. The case p = 2. In the remaining part of the Step 1 we show that
we have t = le, even for p = 2. In order to achieve this we will first show that there
exists a lift z9 € Ny (W (F)) of the point y € Ny(F) which is uniquely determined in
some sense by the Hodge filtration Fj of M it defines. We begin by constructing first
the direct summand Fj of M.

Let M = My & My & M, be the direct sum decomposition left invariant by
¢ and such that we have ¢(My) = My, ¢(M1) = pM;, and all slopes of (M, @)
belong to the interval (0,1). This decomposition is left invariant by the crystalline
realization of each Z,)-endomorphism of A, and thus by the crystalline realizations
of elements of 0. Thus the opposite Z)-algebra O°PP of O acts on My, M, and
M. The subgroup scheme éLw(]F) of GSp(M, A\ps) that centralizes the crystalline
realizations of O°PP®z, W (IF) is a reductive group scheme isomorphic to Gy w (r). Let
p: G wr) — él)W(F) be a cocharacter such that we have a direct sum decomposition
M = F} @ F{ for which the following two properties hold:

(v) the cocharacter u fixes F) and acts on Fj via the inverse of the identical
character of G, w (r);

(vi) the kernel of ¢ modulo p is Fy/pFy.

The functorial aspects of [Wi, p. 513] imply that the inverse of the canonical
split cocharacter of (M, F!,¢) defined in [Wi, p. 512] normalizes the W (FF)-span of
Ay and it commutes with the crystalline realizations of O°PP; thus as p we can take
the factorization through éLw(]F) of the inverse of the canonical split cocharacter of
(M, F!,¢).

Let v : Gy, wr) — GLa be the cocharacter that fixes My, that acts on M; as
the second power of the identity character of G, w(r), and that acts on My as the
identity character of G, w (). The cocharacter v factors through él)W(F).

The intersection jl,W(]F) = él,W(]F) N (GLyy, X W (F) GL,, X W (F) GL,,) is the
centralizer in GLW(F) of Im(v) and thus it is a reductive, closed subgroup scheme of
C:'LW(]F) (cf. [DG, Vol. III, Exp. XIX, Subsect. 2.8 and Prop. 6.3]). The special
fibre vp of v factors through the parabolic subgroup of jmr that normalizes Fy /pF,.
This implies that up to a replacement of p by its conjugate under an element of
G'LW(]F)(W(IF)) that normalizes F} /pF, we can assume that the special fibre up of p
factors through jl_’]F. Based on [DG, Vol. II, Exp. IX, Thms. 3.6 and 7.1], by perform-
ing a similar replacement of y we can assume that p itself factors through jl)W(]F).
Thus we have a direct sum decomposition Fy = &7 ,M; N F,}. For i € {0,1,2}, let
D; be the unique p-divisible group over W (F) whose filtered Dieudonné module is
(M;, F} N M;, ¢), cf. [Fo, Ch. 1V, §1, Prop. 1.6]; we emphasize that, strictly speaking,
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loc. cit. is stated in terms of Honda triples (M;, (b(%Fol NM;),¢). Let D := H?:o D;.
Loc. cit. also implies that there exists a unique principal quasi-polarization A\p of D
whose crystalline realization is Aps; it is a direct sum of principal quasi-polarizations
of Dy & D1 and Ds. From loc. cit. we also get that the crystalline realizations of
elements of O°PP are crystalline realizations of endomorphisms of D. Thus from Serre—
Tate deformation theory and the standard moduli interpretation of N1, we get that
there exists a W (F)-valued point zg of €; such that the principally quasi-polarized
p-divisible group of the principally polarized abelian scheme over Spec(W (F)) that
corresponds to zg and that lifts (A4,,a,), is (D, Ap). As the pair (D = H?:o D;, A\p)
is uniquely determined by the Hodge filtration Fj = ap(Fy) of M and as the right
translation of z by t € Z (G’l)(Agcp )) gives birth to an analogous pair, we conclude that
t fixes z0. As Cy p(r) is a pro-finite Galois cover of Cp(r), each C-automorphism of €;
either acts freely on €; p(p) or is le,. Therefore we have ¢ = 1¢, even for p = 2.

Step 1.6. Conclusion. Thus regardless of what p is, we have t = le, and
therefore Q acts freely on €;. Thus C; is a pro-finite Galois cover of € and therefore
the desired pro-étale cover N} — N exists.

Step 2. We now consider the general case; thus E(G}, X7) does not neces-
sarily coincide with E(G,X). As in Step 1 we argue that there exists a pro-étale
cover N} — NEe@Gy.x}), Of E(GY, X1)(p)-schemes that extends the pro-étale cover
Sh(G1, X1)/H] — Sh(G, X) g, x;)/H of E(GY, X7)-schemes. Let Q be the Galois
group of the Galois extension Ej(G,X) of E(G,X) generated by E(G},X]). The
finite £(G, X)p-algebra E1(G, X)) is étale over Z,).

Step 2.1. Extension property. In this paragraph we recall the argument
(see [Val, pp. 493-494]) that the E7(G,X)()-scheme Ng; (g x),, has the exten-
sion property. Let Z be a faithfully flat E|(G, X)(,)-scheme that is healthy regu-
lar. Let u : Zpr(a,x) — Ngic,x) be an E{(G, X)-morphism. Let D be a local
ring of Z that is a discrete valuation ring. Let W and € be the normalizations of

Z and D (respectively) in Zp(q, x) XNgt (@) NII,E{(GX)' If W is a pro-étale cover

of Z, then W is a healthy regular scheme (cf. [Val, Rm. 3.2.2 4), property C)])
and thus from the fact that N} has the extension property we get that the mor-
phism Z g (q, x) XNE;(G,X)(T,) N/LEQ(G,X) — NIl,E;(G,X) extends uniquely to a mor-

phism W — NIl,E;(G,X)(p)' This last thing implies that u extends uniquely to an

E1(G, X)p)-morphism Z — NE;(G,x),,- Thus to end the argument that Ng; ¢ x),
has the extension property, it suffices to show that W is a pro-étale cover of Z. Based
on the classical purity theorem of Zariski and Nagata (see [Gr, Exp. X, Thm. 3.4
(1)]), it suffices to show that Spec(€) is a pro-étale cover of Spec(D). To check this,
we can assume that D is a complete, local ring that has mixed characteristic (0, p)
and an algebraically closed residue field. Thus we can assume that the morphism
Spec(D[%]) — N/ (a,x) factors through Np(p). If J is the field of fractions of a con-
nected component of Spec(&), let (V, Ag) be the principally polarized abelian variety
over F which is associated naturally to the morphism Spec(F) — NY; it has a level-N
structure for all N € N\ pN. From [Val, p. 493, fact] we get that there exists Ny € N
such that the Galois group Gal(.‘}”/D[%]) is an Ny-torsion group (to be compared with
the fourth paragraph of Step 1). Let [ € N be a prime that does not divide pNy.
Each Ny-torsion subgroup of an [-adic Lie group is finite. Thus the image of the I-adic
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representation of an open subgroup of Gal(F/ D[%]) associated naturally to a model
of Vg over a finite field extension of D[%], is an l-adic Lie group (cf. [Se, Thms. 1
and 2]) which is an Ny-torsion group. Thus this image is finite. From this and the
Néron—Ogg—Shafarevich criterion of good reduction of abelian varieties (see [BLR, Ch.
7, 7.4, Thm. 5]), we get that V5 has an abelian scheme model V; over the ring of
integers Oy of a subfield F; of F which is a finite extension of D[}—lj]. But each level-
N structure, polarization, or endomorphism of V; 5, extends uniquely to a level-N
structure, polarization, or endomorphism (respectively) of V; (cf. [FC, Ch. I, 2, Prop.
2.7] for endomorphisms). From the last two sentences and the moduli interpretation

of N1, we easily get that the morphism Spec(c‘i[%]) — Nll,E;(G,X) defined by u extends
to a morphism Spec(€) — NIl,E;(G,X)(p)' This implies that v extends to a morphism
Spec(D) — NE; (G, x)(,,- Thus Spec(€) = D xn
cover of Spec(D). This ends the argument that the E(G, X)(,)-scheme NE(G.X) )
has the extension property.

N’ is a pro-étale
Ei(G,X)(p) 1L,E (G, X)(p) p

Step 2.2. Galois descent. As NE{(G,X)(p) is a healthy regular scheme (cf.
Subsection 1.2) that has the extension property, the canonical action of Q on NEe;(6.x)
extends uniquely to a free action of Q on NE{(G,X)(p) . Thus as Ng; (G,X) () 152 pro-étale
cover of a quasi-projective (G, X)p)-scheme, the quotient scheme N of NE{(G,X)(p)
by Q exists and the quotient morphism Ng; (g x),, — N is an étale cover (cf. [DG,
Vol. I, Exp. V, Thm. 4.1]). This implies that the E(G, X ),y-morphism N} — N is a
pro-étale cover that extends the E(G, X )-morphism Sh(G), X{)/H; — Sh(G, X)/H.

Step 2.3. Conclusion. Due to the fact that the E} (G, X),)-scheme NE;(G.X) ()
has the extension property, as in the last paragraph of the proof of Proposition 2.4.3
we argue that N itself has the extension property. g

4.3.1. REMARK. For p > 2, the above usage of N} and of the moduli interpreta-
tions of Ny and N}, can be entirely avoided as follows. Let G := G Xg Gy,q. Thus
Hy := H X Gy, 3, (Zy) is a hyperspecial subgroup of G,q,(Qp). Let GY be the sub-
group of GGy that fixes ). We consider the homomorphism ¢; : G; — G4 that lifts the
two natural epimorphisms G; — G4 = G and G; - G1/GY = G,,, - Let X3 be such
that ¢; defines a map ¢1 : (G1,X1) — (G2, X2) of Shimura pairs. The torus Ker(q;)
is the torus T, g of the proof of Proposition 3.2 and thus it is the Resg/g of a rank 1
torus which over R is compact. Thus for each field K of characteristic 0, the group
HY(K,T. i) is a 2-torsion group which in general (like for K = R) is non-trivial. From
this and (2), we easily get that the image of C; ¢ in the quotient of Sh(G1, X1)c/Hi
by ‘J'C)Q(Agcp)) is a (potentially infinite) Galois cover of Im(Cy,c — Sh(Ga, X2)c/Ha2),
whose Galois group is a 2-torsion group; here C; ¢ is obtained via extension of scalars
through an F(G1, X1)p)-monomorphism W (FF) < C. Thus it suffices to show that
t = le, under the extra assumption that there exists s € N such that ¢2* is the au-
tomorphism of C; defined by an element of U’C,Q(A(fp)) and thus also of Z(Gl)(A;p)).
But if *° = l¢,, then, as we assumed p > 2, we get that t = le, (cf. [Val, Prop.
3.4.5.1]). Thus the part of the proof of Theorem 4.3 that involves ¢ can be worked out
only in terms of t*° and thus of the map ¢ : (G1, X1) — (G2, X») and not of the map
a1 : (G, X7) — (G, X).

4.4. COROLLARY. Let g3 : (G3, X3, H3) — (G, X, H) be a map of Shimura triples
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that induces an isomorphism (G329, X34, H3d) = (G, X, H). Then the normalization
N3 of N in the ring of fractions of Sh(Gs, X3)/Hs is a pro-étale cover of an open
closed subscheme of N. Moreover, N3 together with the natural continuous action of
Gs (Agcp)) on it, is the integral canonical model of (G3, X5, Hs) and it is quasi-projective.
If the integral canonical model N1 of Subsection 4.1 is projective, then N3 is projective
too.

Proof. We consider the fibre product (cf. [Val, Subsect. 2.4 and Rm. 3.2.7 3)])

sal lq;
(Gs, X3, Hs) —2— (G, X,H).

As G{°* is simply connected (cf. proof of Proposition 3.2), we have nger = G'l’der =

G{er. Thus by applying Proposition 2.4.3 (a) and (b) to (G, X4, H}) and (G, X1, H}),
we get that the normalization N5 of N} in the ring of fractions of Sh(Gj, X}%)/H}
together with the natural continuous action of G¥ (Ag? )) on it, is the integral canonical
model of (G3, X3, Hz). We consider an arbitrary Z,-embedding E(G3, X3),) —

We can identify each connected component C3 of N 1 ) with a connected com-
ponent €} of N’LW(F), cf. Proposition 2.4.3 (¢). Let C3 and € be the connected
components of Ns yy () and Nyy ) (respectively) dominated by C3. The composite
morphism €5 = €] — €3 — C of pro-finite covers, is a pro-étale cover (cf. Theorem
4.3). Thus C3 is a pro-étale cover of C. As ¢ is a cover, s3 is also a cover. Therefore the
homomorphism s3 (A(fp )): Gy (A;p )) = Gs (A;p )) is onto. As the connected components

of N3y (r) are permuted transitively by G3(A§?)) (cf. [Val, Lem. 3.3.2]), by using

G (A;p))—translates of €4 (and thus G4 (A;p))—translates of C3) we get that N3 yy gy is
a pro-étale cover of an open closed subscheme of Ny (py. Thus N3 is a pro-étale cover
of an open closed subscheme of N. As N has the extension property (cf. Theorem
4.3), each closed subscheme of it which is flat over E(G, X)(,) has also the extension
property. From the last two sentences we get that the E(G3, X3)(,)-scheme N3 has
the extension property, cf. [Val, Rm. 3.2.3.1 6)].

It is easy to see that there exists a compact, open subgroup Hs, of G's (A&P)) such
that the morphism N3 — N3/Hs ,, is a pro-étale cover. As N} is quasi-projective, we
easily get that N3/Hj, is a smooth, quasi-projective E(G3, X3)(,)-scheme. Thus N
is the integral canonical model of (G3, X3, Hs) and it is quasi-projective.

If Ny is projective, then N} is projective (cf. Subsection 4.2) and thus N is
projective (cf. Theorem 4.3); this implies that N3 is projective. O

5. The proof of the Basic Theorem, part II. We have the following stronger
form of the Basic Theorem 1.3:

5.1. Basic THEOREM. Let (G, X, H) be a Shimura triple with respect to p such
that the Shimura pair (G, X) is unitary. Then the following two properties hold:

(a) The integral canonical model N (resp. N*4) of the Shimura triple (G, X, H)
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(resp. (G*, X2, H*)) over E(G, X)) (resp. over E(G*™, X)) exists and it is
quasi-projective.

(b) The E(G*, X2d)-morphism Sh(G, X)/H — Sh(G?4, x24) /{2 extends uni-
quely to an E(Gad,Xad)(p)—morphism m : N — N2 that is a pro-étale cover of its
1mage.

(c) If each simple factor of (G2, X?d) is of strong compact type, then N is pro-
jective.

Proof. Let (G*4, X2, H*) = [],.,(G", X*, H') be the product decomposition
into simple factors. Let N’ be the integral canonical model of (G% X H?) over
E(Gi,Xi)(p); it is quasi-projective (cf. Corollary 4.4). We consider the product
Nad . — Hiea NiE(Gﬂd,Xad)(p) of E(Gad,Xad)(p)—schemes. Let N be the normalization

of N2d in the ring of fractions of Sh(G, X)/H.

We check that the natural E(G*!, X*d) -morphism m : N — N*d is a pro-étale
cover of its image. Let g4 : (G4, X4, Hy) — (G, X, H) be a cover such that at the level
of reflex fields we have E(G4, X4) = E(G, X) and the semisimple group G$°" is simply
connected, cf. [Val, Rm. 3.2.7 10)]. Similarly we consider a cover ¢} : (G4, X%, Hi) —
(G*, X%, H*) such that at the level of reflex fields we have E(GY, X}) = E(G*, X?) and
the semisimple group G4 is simply connected. The morphisms Sh(Gy, X4)/Hy —
Sh(G, X)/H and Sh(G%, X3)/H: — Sh(G?, X*)/H® are pro-étale covers, cf. Lemma
2.4.1. In particular, we get that to check that m is a pro-étale cover of its image,
we can assume G is simply connected. Let (Gs, X5, Hs) := [];c4(Gi, X4, Hj). We
have (G&4, X34 [2d) = (G2d, X4 [ad) and G4 = G4°*. Based on Proposition 2.4.3
(a) and (c), we can also assume that we have (G5, X5, Hs) = (G, X, H). Thus to check
that m is a pro-étale cover, we can assume that J has one element (i.e., that G is a
simple, adjoint group over Q) and this case follows from Corollary 4.4.

As in the end of the proof of Corollary 4.4 we argue that N is the integral canon-
ical model of (G, X, H) and it is quasi-projective. See Subsubsection 2.4.2 for the
uniqueness of m. Thus (a) and (b) hold. Based on (b), to check (¢) we can assume G
is a simple, adjoint group. But this case follows from Corollary 4.1.1 (b) and Theorem
4.3. g

Appendix: Errata to [Val]. We now include errata to [Val].

E.1. On [Val, Prop. 3.1.2.1 c¢)]. Gopal Prasad pointed out to us that the
result [Val, Prop. 3.1.2.1 ¢)] and its proof are partially wrong for the prime p = 2;
see [Va3, Thm. 1.1] for a correction of this. It is easy to see that [Va3, Rm. 3.4 (b)]
implies that [Val, Lem. 3.1.6] remains true even if p = 2.

E.2. On [Val, Subsubsect. 3.2.17]. Faltings argument reproduced in the last
paragraph of [Val, Subsubsect. 3.2.17, Step B] is incorrect. A correct argument that
implicitly validates all of [Val, Subsubsect. 3.2.17] is presented in [Va2, Prop. 4.1 or
Rm. 4.2]. Loc. cit. proves a more general result: every p-healthy regular scheme is
also healthy regular.

E.3. On [Val, Thm. 6.2.2]. Paragraphs [Val, proof of Thm. 6.2.2, F) to H)]
are wrong. But the only cases of [Val, Thm. 6.2.2 b)] that can not be easily reduced
based on [Val, Lem. 6.2.3 and Rm. 3.2.7 11)] to [Val, Thm. 6.2.2 a)], are the ones
that involve simple, adjoint, unitary Shimura pairs of A, type and an odd prime p
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which divides n 4+ 1. Thus the case p > 2 of Corollary 4.4 indirectly completes the
proof of [Val, Thm. 6.2.2].

E.4. On [Val, Subsubsubsect. 6.6.5.1]. The third paragraph of [Val, p.
512] referring to PEL type embeddings is incorrect. It is corrected by Proposition 3.2.

E.5. On [Val, Subsubsect. 6.4.11]. Remark [Val, Rm. 6.4.1.1 2)] is in-
correct. This invalidates [Val, Subsubsect. 6.4.11 and Cor. 6.8.3]. However, [Val,
Subsubsect. 6.4.11 and Cor. 6.8.3] hold for Shimura pairs (G, X) with the property
that each simple factor (Go, Xo) of (G®4, X2d) is either unitary of strong compact type
(cf. Theorem 5.1 (c)) or such that Gor has simple, compact factors (cf. [Vad, Cor.
4.3 and Rm. 4.6 (b)]).

E.6. On [Val, Example 4.3.11]. In [Val, Example 4.3.11], as we worked with
the natural trace form on the Lie algebra gsp of a GSp group scheme, the condition p
does not divide the rank r;, of L must be added in order to have this form perfect (i.e.,
in order that the fourth paragraph of [Val, p. 469] applies). If p is odd and divides rp,,
then, provided we work with Sp group schemes instead of GSp group schemes, [Val,
Example 4.3.11] applies entirely (cf. [Val, Lem. 3.1.6]). Thus the application [Val,
Example 5.6.3] of [Val, Example 4.3.11] does not require modifications, as it pertains
to primes p > 3.

E.7. On [Val, Rm. 4.3.6 3)]. The condition of [Val, Rm. 4.3.6 3)] on
the existence of Lie does not suffice; the reason is: it misses data required to relate
H{R/Ilﬂ2 with HQR/IlJrIz. Loc. cit. was thought to take aside part of the argument
of [Val, Rm. 4.3.7 4)]; thus in loc. cit. we had in mind the context of [Val, Rm.
4.3.7 4)]. Tt turns out that [Val, Rms. 4.3.7 4) and 5)] require also extra assumptions.
The impact of this to [Val, Prop. 4.3.10] is: the sentence between parentheses which
contains “it is instructive not to do so” and which was used before [Val, proof of Prop.
4.3.10, Case a)], has to be deleted.

E.8. On [Val, p. 496, Lem.]. A great part of the proof of [Val, p. 496,
Lem.] is wrong and in fact there exist counterexamples to [Val, p. 496, Lem.] (for
instance, with Ho of A,_1 Lie type). The error in [Val, p. 496, Lem.] implies that
corrections are required for [Val, Prop. 6.2.2.1, Cor. 6.2.4.1, and Lem. 6.4.5] as well.
The simplest way to correct these subsubsections is to eliminate all primes p € N that
are not greater than 1 4+ max{dim(Gg)|(Go, Xo) is a simple factor of (G2, X24)} (as
[Val, p. 496, Lem.] has no content if Ho(O) has no element of order p and thus if
p > dim(Hp)).

For minute and very general corrections to E.7 and E.8 we refer to math.NT /0307
098 (to be published later). The corrections E.2 to E.8 are incorporated in math.NT /03
07098.
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