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INTEGRAL BASES FOR AN INFINITE FAMILY OF
CYCLIC QUINTIC FIELDS*
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Abstract. An explicit integral basis is given for infinitely many cyclic quintic fields.
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1. Introduction. We denote the set of integers by Z and the set of positive
integers by N. Let n € Z. The Lehmer quintic f,(x) € Z[z] is defined by

fn(x) = 25 + n?z* — (2n3 + 6n% + 10n + 10)23
+(n* +5n% + 11n? + 151 + 5)2% + (n® + 4n? + 10n + 10)x + 1,

see [5, p. 539]. Schoof and Washington [6, p. 548] have shown that f,(z) is irrre-
ducible for all n € Z. Let 8 € C be a root of f,(z) = 0. Set K = Q(f) so that
[K : Q] = 5. It is known that K is a cyclic field [6, p. 548]. We denote the ring of
integers of K by Ok . The discriminant d(K) of K has been determined by Jeannin
[4, p. 76], see also Spearman and Williams [7, p. 215], namely d(K) = f(K)*, where
the conductor f(K) of K is given by

(1.1) £y =5"T] ».
p = 1(mod5)
vp(n* + 51> + 1512 4 25n + 25) Z 0 (mod 5)

where v, (k) denotes the exponent of the largest power of the prime p dividing the
nonzero integer k and

(12) _{ 0, if5{n,

2, if5]n.
Set
(1.3) m=n*+5n% 4 15n? +25n+ 25 € Z,
(1.4) d=mn3+5n?+10n+7 € Z,
(1.5) a=m3—10m*+5m € Z.

From (1.3) we have
m=(n+2)(n+1)((n+1)*+6)+11
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and, as (n 4+ 2)(n+ 1) > 0 for all n € Z, we deduce that m > 11 so that
(1.6) m € N.

Then, from (1.5), we obtain a = m?(m — 10) + 5m > 176 so that

(1.7) a€N.

As 23 + 522 4+ 10z + 7 is irreducible in Z[z], we deduce from (1.4) that
(1.8) d#0.

A MAPLE calculation gives

a= (n®+5n?+10n+7)(n® + 10n® 4+ 60n" + 243n° + 730n°

(1.9) +1650nt + 282403 + 352012 + 2990n + 1357) + 1.

From (1.2) and (1.3) we observe that

(1.10) 5 || m.
From (1.4) and (1.9) we see that

(1.11) a=1+dk,

where

E= n’+10n8+60n" + 243n5 4+ 730n° + 1650n*

(1.12) +2824n3 + 3520n2 + 2990n + 1357 € Z \ {0}.

Gadl and Pohst [2, p. 1690] have shown that under the condition
(1.13) p* 1 m for any prime p # 5
an integral basis for K is given by
(1.14) {1,6,6%,6° ws},
where
(1.15) ws = % (n+2)+ 2n® +9n+9)0 + (2n* +4n — 1)6° + (—3n — 4)6° + 6*) .

Although it is very likely that there are infinitely many n € Z such that (1.13) holds
this has not yet been proved. Gadl and Pohst used their integral basis in a search
for cyclic quintic fields with a power basis. They proved under the condition that m
is squarefree that the field K admits a power basis if and only if n = —1 or n = —2
[2, Theorem, p. 1695], and noted that these values of n give the same field K [2, p.
1689]. They also observed [2, Remark, p. 1695] that their result is a special case of
a theorem of Gras [3], which asserts that there is only one cyclic quintic field with a
power basis, namely, the maximal real subfield of the cyclotomic field of 11-th roots
of unity.
In this work we give an integral basis for K under the weaker condition

(1.16) m is cubefree.
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From now on we assume that (1.16) holds except in Lemma 2.2. In view of (1.6),
(1.10) and (1.16), we have

(1.17) m = 5°PQ?,
where b is given by (1.2) and P,@Q € N are such that
(1.18) 5¢P, 51Q, (P,Q)=1, P,Q squarefree.

By [4, Lemme 2.1.1] every prime factor (# 5) of m is = 1 (mod 5). Hence, by (1.1),
we have

(1.19) f(K)=5"PQ
and
(1.20) p (prime) | PQ = p = 1 (mod 5).

By (1.17) we have @ | m. By (1.5) we have m | a. Hence @Q | a. Then, by (1.11), we
have @ | 1 + dk from which we deduce

(1.21) (d,Q) =1.
We define

1 n? 3
(1.22) ’U4=6<9—?(Q—1)> e K
and

adws + (1 — a)Qu4b c
dQ
We note that (1.8) ensures that v is well-defined. We prove

(1.23) vs = K.

THEOREM. Under the assumption (1.16)
{17 97 927 U4, U5}

is an integral basis for K.

We note that if (1.13) holds then

adws + (1 — a)6*
y .

Q:17 U4:937 Us =
Appealing to (1.11) we deduce
Vs = w5 + k(dW5 — 6‘4)

As dws — 6% is a cubic polynomial in # with coefficients in Z, we deduce from the
theorem that {1,0,6% 03 ws} is an integral basis for K showing that our theorem
includes that of Gadl and Pohst [2, p. 1690].

By a theorem of Erdos [1] there exists an infinite set S of integers n such that
m = n* 4+ 5n3 4+ 15n2 + 25n + 25 is cubefree. For n € S the integer m has the form
(1.17). Clearly S contains an infinite subset S; such that the values of 5°PQ are
distinct for n € Sy. Thus, by (1.19), the conductors f(K) are distinct for n € Sy thus
ensuring that the cyclic quintic fields K are distinct for n € S;. Thus our theorem
gives an integral basis for infinitely many cyclic quintic fields.
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2. Proof of Theorem. We require a number of lemmas.
LEMMA 2.1. Under the assumption (1.16), we have vy € Ok.

Proof. The asserted result is immediate if Q = 1. Hence we may assume that
Q@ > 1. By (1.19) we see that Q | f(K). Hence all the prime divisors g of @) ramify
in Or. Moreover, as K is a cyclic quintic field, each prime factor ¢ ramifies totally.
Hence there is a prime ideal p of O such that < ¢ >= ©° and N(p) = ¢q. Let
gn(x) € Z[z] be the minimal polynomial of 50 4+ n?. Using MAPLE we find

(2.1) gn(0) = m(4n® + 30n° + 65n* — 200n? — 1251 + 125).

From (1.17) and (2.1) we deduce that

(2.2) Q% | gn(0) = £N(50 + n?).
Let
(2.3) <50 +n?>= P ... P

be the prime ideal decomposition of < 50 + n? > into distinct prime ideals of Ok so
(2.4) IN(50 + n®)| = N(< 50+ n® >) = N(P)* --- N(P,)*.

From (2.2) and (2.4) we see that

(2.5) ¢ | N(P)™ - N(P)o.

Thus P, = p and a; > 2 for some ¢ € {1,2,...,7}. Hence by (2.3) we have

(2.6) o |[< 50 +n® > .

Since p° | Q we deduce from (2.6) that

(2.7) ©? |< 50 +n® —n?Q > .

As 5t @Q we have p 1< 5 >. Also by (1.20) we have Q =1 (mod 5). Thus
-1
02 |< 6 —n? (Q—) >
5
Hence
-1
(2.8) ©° |< 0 —n? (QT> >3
As (2.8) is true for each prime divisor ¢ of @ we have

Ql<0—n? (%) >3

This proves that

2 3
v4_é(9—%(Q—1)> € Ok
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as asserted. O

LEMMA 2.2. For all n € Z we have ws € Ok.

Proof. The proof is given in [2, pp. 1690-1691], where the case n = —2 should
be dealt with separately. O

LEMMA 2.3. Under the assumption (1.16), we have vs € Ok.

Proof. Let
(2.9) a = adws + (1 — a)Qu4b.
By Lemmas 2.1 and 2.2 we have vg € Ok and ws € Ok so
a€ Ogk.
From (1.5) and (1.17) we have @ | a. Hence
a =0 (mod Q)
in Og. From (1.11) we have d | 1 — a. Hence
a =0 (mod d)
in Og. Then, by (1.21), we deduce that
a = 0(mod dQ)

in Ok so that by (1.23) and (2.9)

as claimed. O

Proof of Theorem. We have

a = dQus = adws + (1 — a)Quyb

) 3
—a (6" +c(0)) + (1—a)f (9 - %(Q - 1)) ,
where
c(0) € Z[6), degc(f) = 3.
Thus
a=0*+d(0),
where

d(9) € Z[0], degd(8) < 3.
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Similarly
Quy = 602 + ¢(h),
where
e(9) € Z[f], dege(d) < 2.
Thus

disc(1,6, 0%, Quy, o) = disc(1, 6, 6%, 63, o) = disc(1, 6,62, 6%,6%) = m*d?,
by [2, p. 1691]. Therefore

) disc(1,0,0% Qus,a)  m?*
disc(1, 6, 6* = X — = 5% Pt = f(K)* = d(K).
ISC( Uy 7U47U5) QQ(dQ)Q Q4 Q f( ) ( )
As vy € Ok and vs € Ok by Lemmas 2.1 and 2.3 respectively, we deduce that
{1,0,6% v4,v5} is an integral basis for K. O
We conclude with an example.

EXAMPLE. Let n = 14 so that
K =Q(6), 6°+1960* — 68146° + 545076% 4 36780 4 1 = 0.
We use the theorem to determine an integral basis for K. Here

m=11xT712, b=0, P=11, Q = T1,
d="T7%x%T79,

a=2%x 11 x 712 x 192141181,

k=5 x 8807580989,

1 5+ 290 4 460? + 63
— (0 — 2744)3, vy =
v = oy (0= 2744)%, v 71

(mod 1),

16+ 52760 + 44767 — 466° + o

ws 3871 ’
and
450 — 107 + ub® + 0*
v = 9274841

with

r = 2727531680673536, s = 3522103818540433816557072,

t = 3850620295978378636848, u = 1395473396124589624,
so that

. 50339 + 276240 + 11270662 + 22060163 + 6*
>= 274841

Thus by the theorem

Lg.g2 290+ 467 + 6% 50339 + 276246 + 1127066 + 2206016 + 6*
T 71 ’ 274841

(mod 1).
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is an integral basis for K. As

65823 + 6246360 + 7012502 + 382562 + 6*
274841

50339 + 276246 + 11270662 4 2206016° + 0*
B 274841

5+ 290 + 462 4 63
(s

>+(4+239+392),

we see that

L 0.6° 5+ 290 + 40% + 6° 65823 4 624630 + 7012502 + 38256° + 6*
T 71 ’ 274841

is also an integral basis for K in agreement with MAPLE.

We close by remarking that when m is not cubefree the cyclic quintic field K may
not have an integral basis of the type given in our theorem. To see this take n = 44
so that m = 413 x 61. In this case (18 + 206 + 62)/41 is an integer of K and so 62 is

not a minimal integer of degree 2. Hence K cannot have an integral basis of the type
{1,0,0% %, }.
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