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GROMOV-WITTEN INVARIANTS OF THE HILBERT SCHEME
OF 3-POINTS ON P2 *

DAN EDIDINt, WEL-PING LI}, AND ZHENBO QINS

Abstract. Using obstruction bundles, composition law and localization formula, we compute
certain 3-point genus-0 Gromov-Witten invariants of the Hilbert scheme of 3-points on the complex
projective plane. Our results partially verify Ruan’s conjecture about quantum corrections for this
Hilbert scheme.

1. Introduction. Motivated by the pioneering work of Nakajima and Gro-
jnowski [Nak, Gro], there have been intensive studies of the cohomology ring struc-
ture of the Hilbert schemes of points on a smooth algebraic surface (e.g. [Leh, L-S,
LQW1, LQW2, LQW3, Q-W, Go2]). While our understanding of this ordinary coho-
mology ring structure has deepened rapidly, the quantum cohomology ring structure
of these Hilbert schemes remains to be a mystery. A limited progress to the quan-
tum cohomology ring structure has been made in [L-Q] where certain 1-point genus-0
Gromov-Witten invariants of these Hilbert schemes have been determined. These 1-
point invariants come from the contributions of curves contracted by the Hilbert-Chow
map from the Hilbert schemes to the symmetric products of the surface.

In this paper, we study 3-point genus-0 Gromov-Witten invariants of the Hilbert
scheme (]P’2)[3] of 3-points on the complex projective plane P2. Again, we are primarily
interested in those invariants which come from the contributions of curves contracted
by the Hilbert-Chow map (2.8). These curves are homologous to d33 for some positive
integer d, where 33 C (P?)[3 is the rational curve defined by

B3 = {€ +x2| £(§) = 2, Supp(§) = z1}

with z; and z, being two fixed distinct points of the projective plane X = P2,

To state our main results, we introduce some notations. Let H*(X?) and
H,(X¥) be the cohomology and homology of X[l with C-coefficients. For i =
2,4,6,8,10, a linear basis B; of H;(X [3]) in terms of the Heisenberg operators in-
troduced in [Nak, Gro] can be determined (see Lemma 2.3 and Definition 2.4 for
details). For ai,...,ar € H*(XP), we use {(a1,...,ak)0,4 to stand for the k-
point genus-0 Gromov-Witten invariant (aa,...,Qk)o,ds,- Now the 3-point genus-0
Gromov-Witten invariants (a1, ag, @3)0,q of X 3! are reduced either to the 2-point in-
variants (PD(A1), PD(Az2))o,q with A; € Bg and Az € Bg, or to the 3-point invariants
(PD(A1),PD(As2),PD(As))o,q4 with Aq, As, A3 € Bg. Here PD denotes the Poincaré
duality. Our main results are the following.

THEOREM 1.1. Let X = P2, and B¢ and Bg be defined in Definition 2.4. Let
d>1, A; € Bg and Ay € Bg. Let x,£ be a point and a line in X respectively. Then,
(PD(A1),PD(A2))0,q is zero unless the pair (A1, Ag) is one of the following:
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(i) (a—2(X)a_1(2)|0),a-1(X)a—2(£)|0))
(ii) (a-2(£)a—1(£)|0),a_2(X)a-1(£)[0))
(iif) (a-3(£)0), a—3(X)|0)).
Moreover, (PD(A;),PD(4z2))o0,a4 = 12/d in cases (i) and ().

THEOREM 1.2. Let X = P2, and Bg be defined in Definition 2.4. Let £ C X be
a line. Let d > 1, f(d) =d <PD(G_3(€)IO>), PD(a_g(X)I())))o,d, and Ay, As, A3 € Bg.
Then, the 3-point genus-0 Gromov- Witten invariant (PD(A;), PD(A3), PD(A3))o,q4 is
zero unless the unordered triple (A1, Az, A3) is one of the following:

(i) (a—2(X)a_1(6)|0),a_2(X)a_1(£)|0), a1 (X)a_2(£)|0))

(i) (a—a(X)[0), a—3(X)]0), a_2(X)a_1(£)[0))

(iii) (a—3(X)|0), a—3(X)[0), a_1(X)a_2(£)|0))

(iv) (a—3(X)|0), a_3(X)|0), a_3(X)|0}).
Moreover, (PD(A;1),PD(Az2),PD(A3))o,q = —24 for case (i); for cases (ii) and (iii),
(PD(41), PD(A3), PD(A3))o.s = —2f(d); for case (iv),

(PD(A1),PD(42),PD(43))0,4
=-162—-15f(d)+6 Y f(di)+ % Y. fd)f(d—d).

0<d;<d 0<d;<d

These two theorems are proved by using obstruction bundles and composition laws
in Sect. 3, which generalizes the earlier methods in [L-Q]. In view of our theorems, to
compute all the 3-point invariants (o, a2, @3)o,q of X BBl it remains to determine the
2-point invariant (PD(a_3(£)|0)), PD(a—3(X)|0)))0,¢- In Sect.4, using the standard
(C*)2-action on X = P? and the virtual localization formula from [G-P], we reduce
the computation of (PD(a_3(¢)|0)),PD(a_3(X)|0)))o,s to a summation over stable
graphs. Even though we could not simplify this summation for a general d, we are
able to calculate the summation for d < 4 by employing Mathematica. This enables
us to prove the following.

PROPOSITION 1.3. Let X =P?, and £ C X be a line. Then, the 2-point genus-0
Gromov- Witten invariant (PD(a_3(£)|0)), PD(a_3(X)|0)))o,a is equal to —27, 27/2,
18 and 27/4 when d is equal to 1, 2, 3 and 4 respectively.

One of our motivations for this present work is to verify Ruan’s conjecture in
[Ru2] about the quantum corrections for crepant resolutions of orbifolds. The sym-
metric products of a smooth projective surface are global orbifolds. The Hilbert-Chow
map (2.8) presents the Hilbert schemes of points on a smooth projective surface as
crepant resolutions of the symmetric products of the surface. For the Hilbert scheme
(IF’2)[3], our results enable us to verify Ruan’s conjecture for those quantum corrections
not involving (PD(a_3(£)|0)), PD(a—3(X)|0)))o,4. Since the verification involves only
straight-forward computations, we omit the details.

Finally, we remark that our methods can be extended in several directions. First
of all, they can be used to compute many 3-point Gromov-Witten invariants of the
Hilbert scheme (IP?)["] for a general n. Secondly, our methods of proving Theorem 1.1
and Theorem 1.2 can be easily modified to work for an arbitrary simply connected
projective surface X. In addition, the ideas of proving Proposition 1.3 can be applied
to other toric surfaces. We leave the details to the interested readers.

Acknowledgments: The authors thank Y. Ruan for stimulating discussions. The
third author also thanks Hong Kong UST for its warm hospitality and support.
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2. Preliminaries.

2.1. Stable maps and Gromov-Witten invariants. Let Y be a smooth pro-
jective variety. A k-pointed stable map to Y consists of a complete nodal curve
C with k distinct ordered smooth points p;,...,pr and a morphism g : C — Y
such that the data (u,C,p1,...,px) has only finitely many automorphisms. In this
case, the stable map is denoted by [u : (C;p1,...,pr) — Y]. For a fixed homology
class B8 € Hy(Y;Z), let My (Y, B) be the stack parameterizing all the stable maps
[w: (C;p1,...,pk) — Y] such that u.[C] = B and the arithmetic genus of C is g.
It is known [F-P, LT1, LT2, B-F| that M, (Y, B) is a complete Deligne-Mumford
stack with a projective moduli space. Moreover, it has a virtual fundamental class
[g,x (Y, )" € Ao (Mg (Y, B)) where

2= —(Ky )+ (dim(Y) - 3)(1—g)+k - (2.1)

is the expected complex dimension of Mg (Y, B), and Ay(My x(Y,H)) is the Chow
group of d-dimensional cycles in the stack Mg x(Y, B). The evaluation map

ev: My (Y, B) — Y (2.2)

is defined by evg([u: (C;p1,--.,p8) = Y]) = (u(®01), - - ., u(pk))-

The Gromov-Witten invariants are defined by using the virtual fundamental class
D0, (Y, B)]"". Recall that an element o € H *(Y)cgf@gi:)m‘:(y) HI(Y) is homoge-
neous if « € H?(Y) for some j; in this case, we take || = j. Let ay,...,ar € H*(Y)
such that every «; is homogeneous and

k

Z |a;| = 20. (2.3)

i=1

Then, we have the k-point Gromov-Witten invariant defined by:

(a1,...,aK)q,8 :/_ evp(a1 @ ... Q@ ag). (2.4)
B, (Y,B)]ir

Next, we summarize certain properties concerning the virtual fundamental class.
To begin with, we recall that the excess dimension is the difference between the
dimension of M, (Y, B) and the expected dimension d in (2.1). Let Ty stand for the
tangent bundle of Y. For 0 <4 < k, we shall use

fr,i s Mg (Y, B) — My i(Y, B) (2.5)

to stand for the forgetful map obtained by forgetting the last (k — i) marked points
and contracting all the unstable components. It is known that f ; is flat when 8 # 0
and 0 <4 < k. The following can be found in [LT1, Beh, Get, C-K, LiJ].

_PrROPOSITION 2.1. Let 8 € H2(Y;Z) and B # 0. Let e be the excess dimension
of My (Y, B), and M C My (Y, B) be a closed substack. Then,

@) [@g,k(}/’ ﬂ)]vfr = (fk,o)*[ﬁ oY, BV
(i) Mgk (Y, B)]"" o = Ce((R*(frs1,k)«(evhs1)*Ty)|om) if there exists an open
substack Y of Mg 1 (Y, B) such that M C U (i.e, L is an open neighborhood of

M) and (R (frt1,6)«(€vkt1)*Ty )]s is a rank-e locally free sheaf over sl.
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We also need one formula for g = 0 known as the composition law. Let {Aq} be
a basis of H*(Y'), and {A®} be the basis of H*(Y") dual to {A,} with respect to the
intersection pairing of Y. Let a1, a2, a3, a4 € H*(Y) be classes of even degrees. Then
the combination of (3.3) and (3.6) in [K-M] says that

(a1, a3,04)0,8 + (@1, 2, 0304)0,8
+ > D (01,02, Dadop, (A% 05,04)0,8,
B1+B2=p,B1,627#0 a
= (003, a2, 04)0,6 + (01,3, 0204)0,8

+ Z Z (al , 03, Aa)o,[ﬁ <Aa7 a2, a4>0,,32 . (2~6)
B1+B2=4,B1,827#0 a

2.2. Basic facts about the Hilbert scheme of points on a surface. Let
X be a simply connected smooth projective surface, and X ™ be the Hilbert scheme
of points in X. An element in X" is represented by a length-n 0-dimensional closed
subscheme € of X. For ¢ € X[, let I: be the corresponding sheaf of ideals. In
X"l x X, we have the universal codimension-2 subscheme:

Z, ={(¢z) c X" x X |z € Supp(é)} c X x X. (2.7)
Let X(") be the n-th symmetric product of X. We have the Hilbert-Chow map:
p: XM o x™), (2.8)
For a subset Y C X, we define the subset M, (Y) in the Hilbert scheme X[":
M, (Y) = {€ € X™|Supp(¢) is a point in Y} c X", (2.9)

In particular, for a fixed point z € X, M, () is just the punctual Hilbert scheme of
points on X at z. It is known that the punctual Hilbert schemes M, (z) are isomorphic
for all the surfaces X and all the points z € X.

Let ¢ € X% and n € XK. If Supp(€) N Supp(n) = 0, then we use £ + 7
to represent the closed subscheme & U7 in X[™. Similarly, given a subvariety Y of

X"k and a point n € X! such that ( U Supp(§)> N Supp(n) =0, we use Y + 7
5%

to represent the subvariety in X[™ consisting of all the points & 4+ n with & €Y.
Next, we review some results on homology groups of the Hilbert scheme X due
to Gottsche [Gol], Grojnowski [Gro|, and Nakajima [Nak]. Their results say that the

oo 4n
space H def @ @ Hi(XM) is an irreducible highest weight representation of the
n=0 k=0

4
Heisenberg algebra generated by a_,(a),n € Z,a € H.(X) def P Hi(X). Moreover,
k=0

0) €1 € Ho(X!9;C) = C is a highest weight vector. It follows that the space H is a

linear span of elements of the form a_,, (a1)...a_p,(ax)|0) where £ > 0, ny,...,ng >
0, and ay,...,a; € H.(X). The geometric interpretation of a_,,(a1)...a_yn, (ax)|0)
for homogeneous classes ay,...,ar € H.(X) can be understood as follows. For i =

1,...,k, let a; € Hq,(X) be represented by a cycle X; such that Xi,..., Xy are in
general position. Then,

G, (1) ... 0n, (az)]0) € Hy(XM) (2.10)
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k k
where n =}~ n; and m = 3 (2n; —2+lay|). Up to a scalar, a_n,(a1) ... a—n,(ax)|0)

=1 i=1

k
is represented by the closure of the real- . (2n; — 2 + |a;|)-dimensional subset:

=1
{&1+... +& e XIM|g; € M,,, (X;), Supp(&) N Supp(€;) = 0 for i # j} (2.11)

where M, (X;) is the subset of X! defined by (2.9).

DEFINITION 2.2. Let ¢ € X, and C be a real-2-dimensional submanifolds of X.
Then, we define B, = a_s(x)a_1(z)"2|0), Bc = a_1(C)a_1(x)""|0), and
1

O (C)a—1(X)"~10).

By = ——a_»(X)ay(X)"%0), Do = =

(n—2)!

LEMMA 2.3. Let x and £ be a point and a line in X = P? respectively. Then,

() a basis of Hy(XB);Z) consists of B3 and B;

(ii) a basis of Hy(X®B) consists of the five homology classes a_1(X)a—1(x)?|0),
a_z(0)a—1(2)[0), a_1(€)*a_1(2)[0), a_1(€)a—2(2)|0), and a_3(z)|0);

(i) a basis of He(X) consists of the classes a_a(X)a_1(x)|0), a—1(X)a_z(z)|0),
a_1(X)a_1(£)a—1(2)[0), a—3(6)[0), a—2(£)a_1(0)|0), and a_(£)*|0);

(iv) a basis of Hg(X®) consists of the five classes a_3(X)|0), a—2(X)a—1(£)|0),
a_1(X)a_2(6)|0), a_1(X)a_1(£)*|0), and a_1(X)%a_1(2)[0);

(v) a basis of Hio(X®);Z) consists of the divisors Bz and D.

Proof. The proof of (i) and (v) was contained in the proof of the Theorem 4.1 in
[LQZ], while the rest statements follow by exploiting (2.10). O

DEFINITION 2.4. For X =P? and i =2,4,6,8 and 10, let B; stand for the linear
basis of the homology group H;(XB)) given in Lemma 2.3.
Fix p € XBl. Then a basis {A,} of H*(X ) is given by the Poincaré duals of

[p], B; (i =2,4,6,8,10), [XF]) (2.12)

where [p] = a_1(2)|0) € Ho(XPl) and [XB)] = 1/6 a_1(X)?|0) € Hi2(XB]) are the
homology classes corresponding to p and X respectively.
The following is the main result proved in [L-Q)].

LEMMA 2.5. Letd > 1, and x and £ be a point and a line in X = P? respectively.

(i) If « stands for the Poincaré duals of the homology classes a_1(X)a_1(x)?|0),
a_1(£)%a_1(z)|0), a_1(£)a_2(2)|0), and a_3(z)|0), then (a)oap, = O.

(ii) If « is the Poincaré dual of a_o(€)a_1(z)|0), then (a)o,a, = 2(Kx - £)/d>.

2.3. Curves from the punctual Hilbert scheme.

LEMMA 2.6. Fizn > 2. Let Hilb™(C2,0) be the punctual Hilbert scheme of points
on C? at the origin, and u,v be the coordinates of C2. Then, Ho(Hilb"™(C?,0);Z) = 7.
Moreover, a generator of Ho(Hilb™(C2,0);Z) is given by

on = {Ou+ po™ L u? uv, v™) |\, u € C with || + || # 0} (2.13)

Proof. The first statement was proved in [E-S]. To prove the second statement,
following [E-S], take a C*-action on C? given by t - (u,v) = (t~%u,t ?v) with 8> .
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For £ € Hilb™(C?;0), we use the ideal I C Clu,v] to represent £. Then the C*-
invariant ideal in C[u,v] corresponding to a generator o, of Hy(Hilb™(C?,0);Z) is
(v, uv,u?). Therefore o, is the closure of the cell

{I € Clu,v] | ¢(Clu,v]/I) =n, tli_%(t 1) = (0" uv, u?)}
={(w"! + au,uv,u?)|a € C} = C.

Finally, notice that if a # 0, then (v~ + au,uv,u?) = (v~ ! + au,v™). So letting
a — oo, we see that the ideal (u,v™) is also contained in o,. Thus,

on = {(" + au,wv,u?) |a € C} U {(u,v")}

which is the same as {(Au + pv™ 1, u? uv,v"™) |\, p € C with [A| + |u| # 0}. O
Let R = Ocz g be the local ring of C? at the origin, and m = (u, v) be the maximal
ideal of R. Let n € Hilb™(C2,0). It is known that there exists an embedding

7 : Hilb™(C?,0) — Grass(R/m",n)

where R/m™ is considered as a C-vector space of dimension ("'2"1), and 7 maps an

element 77 € Hilb™(C?,0) to the n-dimensional quotient of R/m™ in the exact sequence
0— Ipo/m" - R/m"™ — R/I, o= Opo— 0.

Let p : G — PN~ be the Pliicker embedding where N = ("'ZH) (("‘ZH) —n).

LEMMA 2.7. Identify M, (z) with Hilb"™(C20), and regard o, as a curve in
My, (z) € X"\, Then as a curve in X, o, is homologous to f,.

Proof. According to the results in Sect. 3 of [LQZ], it suffices to show that the
image (p o 7)(0y,) is a line. Fix a basis for the C-vector space R/m":

3 =2 2 =n—1 =n—2— -2
K

1,%,u, a0, @, 80,802, .., L, a" " %y,. .., " 7"

yUyoony 0
Note the special ordering of this basis. Recall from (2.13) that for any n € o, C
Hilb™(C?,0), Ino = (Au + pv™ 1, u?, uv,v™) for some X, € C with [A| + |u| # 0. So
a basis for the subspace I 0/m™ C R/m™ can be chosen as

Na + pot wt, un, wl, e, u e, ..., a L, T, T2,
and the matrix representation of I, o/m™ is given by the (}) x (";1)-matr1x
0 X0 0 0 0 u
0 0 1 0 0 0 0
S (2.14)
000 ...10 ...00

Thus, (po7)(n) =[0,...,0,,0,...,0,4,0,...,0] where the positions of A and p are
independent of i € o,,. So the image (p o 7)(0y,) is a line. O

Note that the flat limits of the elements (Au + v,v™), A € C* in Hilb™(C?,0) as
A — 0 and A — oo are equal to (v,u™) and (u,v™) respectively. So in the punctual
Hilbert scheme Hilb"™(C?,0), we have the projective curve: ’

0n = {(Au+v,v™)| X € C*}U{(v,u"), (u,v™)}. (2.15)



GROMOV-WITTEN INVARIANTS OF HILBERT SCHEMES 557

LEMMA 2.8. As a curve in X["], 0n is homologous to (72‘) On-

Proof. Tt suffices to show that 6, ~ (5)on in Hp(Hilb"(C?,0);Z). By (2.15), if

n € &n — {(v,u"™), (u,v™)}, then a basis for the subspace I, o/m™ C R/m™ is
NG + T, \T? + T, \GT + 72, . ..,
DA 7Lt v Vit T i LR\ i B s Lt

As in the proof of Lemma 2.7, we see that the degree of (po7)(d, —{(v,u™), (u,v™)})
is (3). So (po7)(Ga) has degree (). By Lemma 2.6, there exists an integer d such

that &, ~ doy, in Hy(Hilb™(C?,0);Z). Since (p o 7)(op) is a line, d = (3). O

3. 3-point genus-0 Gromov-Witten invariants of (P?)®l. Let X = P? and
d > 1. For simplicity, we shall use (o, ..., ax)o,qa to stand for (aq,...,ar)o,qs,. Our
goal is to compute the 3-point Gromov-Witten invariants (a1, a2, a3)o,q of X B3], Recall
from Lemma 2.5 that the 1-point Gromov-Witten invariants (ai)o,q of X (3] have been
calculated. Since the expected complex dimension of the stack 9% 3(X%, dBs) is 6,
it remains to compute the 2-point Gromov-Witten invariants (PD(A1),PD(A42))0,q
when Aj runs over the basis Bg of Hg(X [3]) in Lemma 2.3 (iii) and A2 runs over
the basis Bg of Hg(X?) in Lemma 2.3 (iv), and (PD(4;),PD(4z),PD(43))0,4 when
Ay, As, Az run over the basis Bg.

3.1. <PD(A1),PD(A2)>0,d with A; € B¢ and A, € Bs.

LEMMA 3.1. The 2-point Gromou- Witten invariants (PD(A1),PD(Az2))o,q are
equal to zero for the following pairs of (A1, As) € Be X Bg:

(a—2(X)a_1(2)]0),a—2(X)a-1(£)]0)), (a-1(X)a_2(z)|0),a_1(X)a_2(£)|0)),
(a-1(X)a—2(@)[0), a-1(X)a-1(£)*0)), (a-1(X)a-1()a_1(2)|0),a_3(X)),
(a-1(X)a-1(0)a-1(2)[0), a—1(X)a-1(¢)?[0)),
(a-1(X)a—1(8)a-1(2)|0),a_1(X)?a1(2)[0)), (a-3(£)|0),a—1(X)a-1(¢)?|0)),
(a—3(0)[0), a-1(X)?a_1(2)[0)), (a—2(£)a—1(£)]0), a-1(X)?*a_1(2)[0)),
(a-1(£)%]0), a-3(X)), (a-1(6)*|0), a—1(X)a—2(£)]0)),

(a-1(0)°0), a-1(X)a-1(6)*(0)), (a-1(6)*|0), a-1(X)?a_1(2)|0)).

Proof. These follow from similar geometric arguments. For instance, let us show
that (PD(A41),PD(A42))0.a =0 when A; = a_;(£)3|0) and Az = a_1(X)a_1(£)2|0).

Choose five lines £1,...,¢5 C X = P? in general position. By (2.11), we see that
up to a scalar, A; is represented by the closure of the subset

{z1 + z2 + z3| 1, T2, 23 are distinct and z; € ¢; for each i}. (3.1)
Similarly, Az is-represented by the closure of the subset
{x + x4 + T5| T, 74,75 are distinct and z; € ¢; for each i}. (3.2)

Let 9 be the substack of My 2(X B, dBs) parametrizing all the stable maps [ :
(C;p1,p2) — XB)] with p(py) € Ay and p(p2) € Az. We claim that 9t = 0. Indeed,
assume [p : (C;p1,p2) — X[l is an object of 9. On one hand, by (3.1), p(u(C)) =
2(4; N 4;) + z where p is the Hilbert-Chow map (2.8), {i,,k} is a permutation of
{1,2,3}, and z}, € £x. On the other hand, by (3.2), we obtain

p(u(C)) =2(4sNts) +
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for some z € X, or p(u(C)) = 2x; +x; where {7, j} is a permutation of {4, 5}, z; € 4,
and z; € ¢;. Since the lines ¢y,...,¢;5 C X = P? are in general position, such p(u(C))
does not exist. So M = . Hence (PD(A;), PD(43))0,qa =0. O

LEMMA 3.2. The 2-point Gromov- Witten invariants (PD(A;),PD(Az2))0,a are
equal to zero for the following pairs of (A1, A2) € Bg X Bs:

(a—2(X)a_1(2)[0),a_3(X)|0)), (a—2(X)a_1(2)[0),a_1(X)a_1(£)*|0)),
(a—2(X)a-1(2)[0), a_1(X)?a_1(2)(0), (a-1(X)a_2(z)[0), a_3(X)|0)),
(a-1(X)a—2(2)[0), a-1(X)?a_1(2)|0)), (a-1(X)a_1(£)a_1(z)[0),a_2(X)a_1(£)|0)),
(a-1(X)a-1()a-1(2)[0), a_1(X)a_2(6)[0)), (a_3(£)[0), a_2(X)a_1(£)[0)),
(a-3(0)|0), a-1(X)a—2(0)[0), (a-2(¢)a-1(€)[0),a_3(X)|0)),
(a—2(0)a-1(0)|0), a1 (X)a-1(0)%]0)), (a-1(6)*|0),a—2(X)a_1(£)[0)).

Proof. These invariants are equal to certain genus-0 Gromov-Witten invariants
of a K3 surface. So our lemma follows from the fact that all the genus-0 Gromov-
Witten invariants of a K3 surface are equal to zero. For instance, let us show that
(PD(A1),PD(A42))0,a = 0 when A; = a_2(X)a_1(z)|0) and Az = a_3(X)|0).

Fix £ € X, and a small analytic open subset U of X such that z € U. We may
assume that U is independent of X. Note that for a stable map [u : (C;p1,p2) —
XBl € 9 2(X B dBs), either u(C) ¢ U or pu(C) N UL = §. So the analytic open
substack 1 C 9y 2(X B, dB3) parametrizing all stable maps [u: (C;p1,p2) — XPI]
with u(C) c UB! depends only on U, and is independent of X.

Let 9t be the substack of M o(X ), dBs) parametrizing all the stable maps [u :
(C;p1,p2) — XB] such that u(p;) € Ay and u(ps) € Az. Note from the descriptions
of A; and A that if [u : (C;p1,p2) — XBl € 9, then u(C) C Ms(z) c UB. So
9 C §l. In fact, 90 parametrizes all the stable maps [u : (C;p1,p2) — XBl] € U with
1(C) € Ms(z) c UBL So 91t is also independent of X.

In summary, we showed that 9t C  where 4 is analytic open in ﬁo,g(X Bl dps),
and 9 and U are independent of X. It follows from the constructions of the virtual
fundamental class (see [LT2, LT3, Rul]) that the restriction [90% (X!, dBs)]Vi"|on is
independent of the smooth surface X. So we have (PD(A;),PD(A2))o.q
= (PD(A}),PD(A5))0,¢ where A} = a_2(X")a_1(2)|0), A, = a_3(X")|0), ' € X/,
and X' is a K3 surface. Therefore, we conclude that (PD(A;),PD(A2))0,¢ =0. O .

To compute other 2-point invariants (PD(A;),PD(Az2))o,q4, we recall from [L-Q)]
some results concerning obstruction bundles and virtual fundamental classes. Fix
n > 2. Let B, = {¢& € XI"||Supp(¢)|] = n — 1} and x% = p(B.) where p is
the Hilbert-Chow map. Let jo : X s(f) — X be the morphism defined by sending
2z + 23+ ...+ 2z, to z. For k > 0, let 4y be the open substack of ﬁo,k(X[”], ag)
parametrizing stable maps [u: (C;p,...,px) — X™] such that u(C) C B.. For
k > 1, note that U = f,;é(ilo) Put évy, = evk|y, and fro = fr,o0lu,. Then we can
regard €vy and fk,o as morphisms from i, to (B.)* and o respectively. In addition,
there exist morphisms ¢ and j; forming a commutative diagram:

kS
18
=
&

P(j3T%)
Fro I 1" (3.3)
x® B x

&
s

=

S
|
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where 7: P(j3T%) — X (") is the natural projection of the P!-bundle. By the Lemma
3.1 in [L-QJ, the restriction of R!(f1,0)«(eviTxin) to Lo is a locally free sheaf of rank
(2d — 1). Since the excess dimension of iy is (2d — 1), Proposition 2.1 implies that if
M is a closed substack of My (X, dB,) contained in Ly, then

00,6 (X1, dB)] " |om = {fi,o(02d-1(Rl(fl,o)*(evl)*Txtnl)|fk,o(zm))} lom- (3.4)

The following summerizes the formula (32), Lemma 3.2 and Remark 3.1 in [L-Q].

LEMMA 3.3.

(1) Op.(B.) = jiOpgzTs)(—2).

(ii) Let V denote the restriction of R(f1,0)«(ev1)*Txim to to. Then, the locally
free sheaf V sits in the ezact sequence

0— (j20¢)"Ox(~Kx) =V —=E—0

where € = R*(f1,0)«(j1 © €v1)*((J2 © )" Tx ® Op(j515)(=1))-
(iii) Over ¢ 1(2zo+ 23+ ... +5) = Mo o(P, d[P]) where 2, . .., z, are distinct
points in X, there is an isomorphism of locally free sheaves:

Elp=1@uatast..ten) = R (f1,0)x(ev1)* (Op1 (~1) © Op1 (-1)).
Next, using Lemma 3.3, we compute other 2-point Gromov-Witten invariants.

LEMMA 3.4. Let X =P? and d > 1. Then,
(i) (PD(A1),PD(Az2))0,a =0 for the two choices of (A1, A2):

(a-1(X)a_2(2)|0), a—2(X)a-1(€)[0), (a-2(£)a-1(£)[0),a-1(X)a_2(£)[0));
(ii) (PD(A;1),PD(A2))0,a = —4(Kx - £)/d for the two choices of (A1, Az):
(a_2(X)a_1(2)|0), a_1(X)a-2(£)[0)), (a—2(£)a-1(£)|0), a-2(X)a_1(£)[0)).

Proof. (i) Since the proofs for the two choices of (A1, A2) are similar, we only prove
(PD(A1),PD(A2))0,d =0 for A1 = a_1(X)a_s(2)|0) and Ay = a_o(X)a_1(£)|0). Fix
a point = and a line £ in X = P? such that z ¢ £. By (2.11), we see that up to a
scalar, A; is represented by the closure of the subset

{z' + €| € € Ma(z) and 2’ # z}. (3.5)
Similarly, As is represented by the closure of the subset
{€ + 21| 21 € £,§ € My(x2) for some zo & £}. (3.6)
Working with algebraic cycles instead of cohomology classes, we have
(PD(A1), PD(A2))o,a = [Mho2(X P, dBs)]""" - ev3[A; x Ag). (3.7

)
Note that evi[A; x Ag] is an algebraic cycle supported in evy*(4; x Az). By (3.5)
and (3.6), evy }(A; x Ay) parametrizes all the stable maps [ : (C;p1,p2) — XPI]
satisfying p(u(C)) € 2z 4 £. In particular, evy ' (4; x A) C Up. Applying (3.4) to
M = evy '(A; x Ap) and combining with Lemma 3.3 (i), we obtain

[D700,2 (X, dB3)] " |om = {f;,o(CZd—l(Rl(fl,O)*(evl)*TXlnl)lfz,o(‘.m))} |om
= { f0((j2 © #)*(—Kx) - Czd—2(5)|f2’o(gjt))} |ome. (3.8)
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Now (j2 0 ¢)*(=Kx) = 3(j2 o ¢)*[¢'] where the line # in X = P? is chosen not
to contain the fixed point z. We have (jz 0 @)71(¢) N f20(9) = 0. Therefore,
(G2 © $)* (—Kx)l s, 00m) = 0. By (3.8), [Mo,2(X P, dB3)]"|ox = 0. Since evi[A; x Ao
is supported in M = evy *(A; x Asz), we see from (3.7) that (PD(A4;),PD(42))0.q4 = 0.

(ii) Again, the proofs for the two choices of (A4;, A3) are similar. So we only
prove (PD(A;),PD(A2))0q = —4(Kx - £)/d for Ay = a_z(£)a_1(£)|0) and Ay =
a_z(X)a_1(¢)|0). We follow the argument for the Lemma 3.3 (ii) in [L-Q].

Fix three lines ¢1,¢3,¢3 C X = IP? in general position. Then A, is represented by
the closure of the subset {€ + z| £ € My(41),z € £2,z & |Supp(€)|}. Similarly, A; is
represented by the closure of the subset

{€+2z| £ € Ma(X),z € £3,2 & |Supp(¢)|}-

So evy '(A; x Ay) parametrizes all the stable maps [u : (C;p1,p2) — XP] satisfying
p(p(C)) € 261 + (b2 N £3) C By, and evi[A; x Ag] is a cycle in evy  (A; x Ag) C Us.
As in (3.7) and (3.8), we see that (PD(A;),PD(A42))o4 is equal to

f~2*,0((j2 0 $)*(—Kx) - c2a—2(€)) evi[A; x Ao).

Since fio ((j2 © ¢)*(—Kx) - caa—2(€)) is supported in s, recalling the definition of
€vy from the paragraph containing (3.3), we see that (PD(A;),PD(A2))o,4 equals

F30((j2 0 8)* (=K x) - c2a—2(E)) €v3(([A1][B.]) x ([43][B.]))-

Now, [A;][B.] = [4i N B.]c1(OB, (B«)). Let D stand for the first Chern class of the
tautological line bundle over B, = P(j3T%). Then we obtain from Lemma 3.3 (i) that
the invariant (PD(A;), PD(A32))o,4 is equal to

4f30((z2 0 9)*(—=Kx) - c2a-2(€)) - €03 (([A1 N B.ID) x ([A2 N B.]D)).  (3.9)
Fix a line £ such that ¢1, £3, 43, £ are in general position. We claim that
3002 0 )*[4] - €v3(([A1 N B.D) x ([A2 N B.D)) = [evz (&1 x &)]  (3.10)

where & and & are two fixed points in Ma(z1) + z2 with {z1} = ¢; N4, and {z2} =
fo N £3. To see this, let €; and €y be.the restrictions to Uy of the two evaluation
maps from My (X B, dBs) to XBl. ‘We regard é; and &, as morphisms from i to
B,. Then, €v; = & X & and ¢ o fag = poé;. So

f30(j2 0 9)*[0) - €3 (([A1 N B.]D) x ([42 N B.]D))
= f30(j20¢)"[] - €1([A1 N B.]D) - &;([A2 N B,]D)
= €1((J20p)*[€] - [A1 N B.] - D) - &([A2 N B.]D).
Now the cycle (jz 0 p)*[£] - [A1 N B,] -D-is represented by 71 + £2 where 7, is a fixed
point in Ms(z1). So &((j2 0 p)*[4] - [A1 N B,] - D) is represented by the substack 90,

of Mo o(X B, dBs) parametrizing all the stable maps [1 : (C;p1,p2) — X ] such that
w(C) = Ms(z1) + x for some z € £5 and p(p1) = m + 2. It follows that

F30(i2 0 ¢)"[€] - €03 (([A1 N B.ID) x ([A2 N B.]D))
=[] - &([A2 N B.ID) = [ev3 (€1 % &))]
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where & =1 + 22 and & is a fixed point in Ma(z1) + x2. This proves (3.10).
By (3.9) and (3.10), (PD(A;),PD(Az2))o,q4 is equal to

12f5 5 (coa—2(E)) - [€v7 (&1 x &2)]
= —4(Kx - £) - c2a—2(E) - (f20)«[é07 ' (&1 x &)]. (3.11)

Note that év; (€1 x &) parametrizes all the stable maps [ : (C;p1,p2) — XB] in
Mo o(X B, dBs) satisfying p(p1) = €1 and p(ps) = &. For these stable maps, we must
have p(C) = Ms(z1) + 2. So the restriction of fzyo to €vy 1(51 x &2) is a degree-
d? morphism to ¢~1(2z; + 22). Thus, (fa,0).[ev7 (&1 X &)] = d?[¢p~1 (221 + x2)].
By (3.11), we obtain (PD(A]_),PD(Az))O,d = —4(KX . €)d2 . C2d—2(8|¢-1(2x1+x2))~
By Lemma 3.3 (iii) and the Theorem 9.2.3 in [C-K], c2a—2(E|4-1(20,425)) = 1/d°.
Therefore, we have (PD(A;), PD(Az2))0,a = —4(Kx - £)/d. O

In view of Lemma 3.1, Lemma 3.2 and Lemma 3.4, the only 2-point Gromov-
Witten invariant (PD(A;), PD(A2))o,q¢ with A; € Bg and A, € Bg that has not been
computed is when A; = a_3(¢)|0) and A2 = a_3(X)|0). This invariant

(PD(a-3(£)|0)), PD(a—3(X)|0)))o,a (3.12)

will be studied in Sect. 4 by using the localization formula.
We summarize the results in this subsection into a theorem.

THEOREM 3.5. Let X = P2, and B¢ and Bg be defined in Definition 2.4. Let
d>1, A; € Bg and Az € Bg. Let x,f be a point and a line in X respectively. Then,
(PD(A1),PD(A2))0,q is zero unless the pair (A1, As) is one of the following:

(i) (a—2(X)a_1(2)|0),a-1(X)a_2(£)|0))

(i) (a—2(€)a_1(€)|0), a_2(X)a_1(£)|0))

(iii) (a—3(£)]0), a_3(X)|0}).

Moreover, (PD(A1),PD(Az2))o0,a = 12/d in cases (i) and (i). O

3.2. <PD(A1),PD(AQ),PD(A3)>0’d with A]_,A2,A3 € Bg.

LEMMA 3.6. The Gromov-Witten invariants (PD(A1), PD(A2), PD(A3))o,a are
equal to zero for the following triples of (A1, As, A3) € (Bg)3:

A1 = a_3(X)[0), Az # a_3(X)[0), A # a_3(X)|0),
Ay = Ay = a_1(X)a_1(£)?|0), As arbitrary,
Ay = a_1(X)%a_1(x)|0), Ay arbitrary, Az arbitrary,
(a-3(X)[0),a_3(X)|0),a_1(X)a_1(6)*|0)),
Ay = Az = a_2(X)a_1(£)]0), A3 # a_1(X)a_2(6)[0),
(a—2(X)a—1(£)]0), a_1(X)a—2(£)[0), a_1(X)a_1(£)*|0)),
Ay, Ag, A3 € {a_1(X)a_s(0)]0), a1 (X)a_1(£)%|0)}.

Proof. The arguments are similar to those for Lemma 3.1 and Lemma 3.2. O

LEMMA 3.7. Let X =P2, £ C X be a line, and d > 1. Then,
(i) (PD(A1),PD(Az2),PD(As))o,a =0 for the following triple:

(A1, Az, As) = (a-2(X)a-1(£)[0), a-1(X)a_2(£)[0), a_1(X)a_2(¢)[0));
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(ii) (PD(A;),PD(A3),PD(A3))o0,q = 8(Kx - £) for the triple:
(A1, Az, As) = (a_2(X)a-1(£)0), a_2(X)a_1(£)]0), a-1(X)a_2(£)[0)).

~ Proof. The arguments are similar to those for Lemma 3.4 (i) and (ii). O
According to Lemma 3.6 and Lemma 3.7, it remains to compute the invariants
(PD(A1),PD(A2),PD(A3))o,q4 for the following 3 triples of (A, A2, A3) € (Bg)>:

A1 = Az = a_3(X)|0),
Az = a_3(X)a_1(£)[0), a_1(X)a_2(£)|0), a_5(X)|0).

In the next two lemmas, we shall calculate them in terms of (3.12). Put
& =m(m30x(9)|oz,) (3.13)

where 7, and 7, denote the projections of X3 x X to the two factors. It is known
that ¢; (€;) = ¢Dg— B3 /2. Using the commutation relations among standard operators
on H (e.g. the Theorem 3.1 in [LQW4]), we obtain

c1(£)? = a—3(X)|0) — a_1(X)%a_1(2)|0)
—%a_l(X)a_1(£)2]0) - %a-l(X)a_g(KXﬂO). (3.14)

LEMMA 3.8. Letd > 1 and A = a_3(X)|0). Let wy,ws denote the two invariants
(PD(A),PD(A),PD(A3))o,q for A3 = a_2(X)a_1(£)|0), a_1(X)a_2(£)|0) respectively.
Then, wy = wg = —2d (PD(a_g(Z)|O)),PD(a_3(X)|0)))0,d.

Proof. Since the arguments for w; and ws are almost the same, we only prove that
we = —2d (PD(a_3(¢)|0)),PD(a_3(X)|0)))o,4- Let c1 = ¢1(€) = —B3/2 (we regard
a divisor as either a homology class or a cohomology class depending on the con-
text). Apply the composition law (2.6) to ay = ag = ¢1, a3 = PD(a_3(X)|0)),as =
PD(a_1(X)a_2(£)|0)), and to the basis {A,} of H*(XB]) given by (2.12).

First of all, the left-hand-side of (2.6) is equal to

(2, as,a4)0,q + (c1,¢1, 0304)0,4

+ Z Z (cla cl»Aa)O,dl (Aa7a3» a4>0,d2‘ (3‘15)
dy+do=d,dy,d2>0 a

By (3.14) and Lemma 3.6, (c?, a3, @a)0,4 = wz. Since the intersection number (c; - B3)
is equal to 1, {(c1,c1,@304)04 = d? (azaa)o,qa and {c1,¢1,A0)0,4, = d3 (Aa)o,d,- By
Lemma 2.5, (Ag)o,q; # 0 only when A, = PD(a_2(£)a_1(x)|0)). Note that A* =
~1/2PD(a_1(X)a_2(£)]|0)). So (A% as,04)o,d, = 0 by Lemma 3.6. It follows from
(3.15) that the left-hand-side of (2.6) is equal to

wy + d2 (a3a4)0,d. (3.16)

We claim that {(a3aa)o,q = —12(Kx - £)/d?. To prove this, note from (3.14) that
a_3(X)[0) = ¢} + a_1(X)?a_1(2)|0) + 1/2a_1(X)a_1(¢)*|0) — 3/2a_1(X)a_2(£)|0).
Choose lines #,¢" in X = P? such that £,£',¢"” are in general position. Then,
(a_1(X)a—2(0)]0)) N (a—1(X)a—2(¢)|0)) N (a—1(X)a_2(¢")|0)) = 0. It follows that
(CL_l(X)CL_2(€)|O))3 = 0. In view of the linear basis in Lemma 2.3 (ii), we see that
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(CL_1(X)CL_2(€)|O))2 is a linear combination of a_;(X)a—1(z)2|0), a_1(£)%a_1(z)|0),
a_1(£)a_2(z)|0), and a_3(z)|0). Hence (PD(a_1(X)a_2(£)|0)) as)o,a = O according
to Lemma 2.5 (i), and we see that (asay)o,q is equal to

(caa)o,d + (PD(a_1(X)*a_1()[0)) as)oa+ %(PD(G—l(X)a—l(f)QIO)) @4)0,d-
Since (Dg)? = a_1(X)a_1(£)?|0) + 1/2a_1(X)%a—1(z)|0), we obtain
(asaaboa = (Fanoa+ 3(DRas)oa + 1 (PDE-1(XPass(@)]0) ago. (317)

Since a_;(X)%a_1(z)|0) - a—1(X)a_2(£)|0) = 2a_2(f)a—1(z)|0), the third term in
(3.17) is equal to 3(Kx - £)/d? by Lemma 2.5 (ii). Since D? - a_1(X)a_2(¢)|0) =
a_z(£)a_1(z)|0) +4a_;(£)a_2(z)|0), the second term in (3.17) is equal to (Kx - £)/d?
by Lemma, 2.5. Using a similar argument, we see that the first term in (3.17) is equal
to —16(Kx - £)/d?. Thus, (azas)oq = —12(Kx - £)/d? in view of (3.17).

Combining with (3.16), we see that the left-hand-side of (2.6) is equal to wy —
12(Kx - £). Similarly, the right-hand-side of (2.6) is equal to

—2d (PD(a_5(£)[0)), PD(a_3(X)|0)))o,a — 12(Kx - £).

Hence we have wy = —2d (PD(a_3(¢)|0)), PD(a_3(X)|0)))o,q. O

LEMMA 3.9. Letd > 1. Put f(d) = d(PD(a_3(¢)|0)),PD(a_35(X)|0)))o,4. Let ws
denote (PD(A),PD(A),PD(A))o,4 for A=a_3(X)|0). Then w3 equals

—24K% — 18(Kx - £) + 5(Kx - £) f(d)
“AKx ) Y fld) g Y f@)fd-d)

0<di<d 0<di<d

Proof. Our idea is the same as in the proof of Lemma 3.8. Let ¢; = ¢1(&).
Apply (2.6) to a1 = az = ¢; and a3 = a4 = PD(a_3(X)|0)). Then, the left-
hand-side of (2.6) is still of the form (3.15). By (3.14), Lemma 3.6 and Lemma 3.8,
(3, 03,04)00 = w3 — (Kx - £)/2w2 = w3 + (Kx - £)f(d). Also, (c1,c1, a304)0,a =
d? (a3a4)0,0 = 24K% + 18(Kx - £), and >, (c1,¢1, Aa)o,a; (A%, a3, 04)0,4; 1S equal to

~ % (PD(a_(0)a+(2)10)o, (PD(a-1(X)a_3(0)[0)) 03, 2l
2 ‘
-5 2D o) = 200x 010

by Lemma 2.5 (ii) and Lemma 3.8. So the left-hand-side of (2.6) is
ws + (Kx - 0)f(d) + 24K% +18(Kx - 0) +2(Kx ) > f(d1).  (3.18)
o<di<d
Similarly, the right-hand-side of (2.6) is equal to
1
6(Kx - )f(d)+ 5 > fldi)f(d—dy). (3.19)
0<di<d

Now we prove the lemma by comparing (3.18) and (3.19). O
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The results in this subsection are summarized into a theorem.

THEOREM 3.10. Let X = P2, and By be defined in Definition 2.4. Let £ C X be
a line. Letd > 1, f(d) =d(PD(a_3(¢)|0)),PD(a_3(X)|0)))o,q4, and A1, A2, A3 € Bs.
Then, the 3-point genus-0 Gromov- Witten invariant (PD(A1), PD(A2),PD(A3))o0,q is
zero unless the unordered triple (A1, Aa, As) is one of the following:

(1) (a_2(X)a_1(6)[0), a_s(X)a_1(0)10), a_1(X)a_2(£)[0))

(i) (a_3(X)[0), a-5(X)[0), a—5(X)a_1 (0)[0))

(i) (a—3(X)|0), a_3(X)[0), a_1(X)a_2(£)|0))

(iv) (a—3(X)[0), a_3(X)[0), a_3(X)[0})).
Moreover, (PD(A1),PD(A3z),PD(A3))0,q = —24 for case (i); for cases (i) and (iii),
(PD(A1), PD(4z), PD(43))0.q = —27(d); for case (iv),

(PD(41), PD(42), PD(45))0.q
=162 15f()+6 Y fldn)+3 D f(d)f(d—du).

0<di<d 0<di<d

4. Computation of (PD(a_3(¢)|0)),PD(a_35(X)|0)))o,q. In this section, we
study the remaining 2-point Gromov-Witten invariant

(PD(a—3(£)[0)), PD(a—3(X)[0)))o,a

in (3.12). Using the standard (C*)2-action on X = P? and the virtual localization
formula in [G-P], we reduce the computation to a summation over stable graphs. This
allows us to calculate (PD(a—3(¢)|0)),PD(a_3(X)|0)))o,q for d < 4.

4.1. The contracted (C*)2-invariant curves in (P?)Bl. Let T C SL3(C) be
the subgroup consisting of diagonal matrices. Then T ~ (C*)? acts on P? with fixed
points Py = (1,0,0), P, = (0,1,0) and P, = (0,0,1). There is an induced action
of T on the Hilbert scheme (P?)[3! with a finite number of fixed points. The T-fixed
points in (P?)3] are enumerated as follows. If (u;,v;) are the local coordinates at the
fixed point P;, then there are three T-fixed points in M3(P;) C (P?)1® corresponding
to the partitions (3), (2,1) and (1,1,1) of 3. The corresponding ideals are (u3,v;),
(u2,u;v;,v?) and (u;,v3). Also for each ordered pair of points (P, P;) with i # j, we
have two fixed points st) =&+ Pj and Rz(,zj) = ¢ 2+ Pjin (P?)B), where ¢; 1,2 €
M, (P;) correspond to the ideals (u;,v?), (u2,v;) respectively. Finally, Py + Py + P, is
also a T-fixed point in (P2)#l,

Next, we start enumerating T-invariant curves. Observe that a T-invariant curve
is the closure of a 1-dimensional T-orbit. Thus, a T-invariant curve is the T-orbit of
a point in a fixed component of a 1-parameter subgroup of T' corresponding to the
kernel of the T-action along the curve. In particular a T-invariant curve is a smooth
rational curve, and must contain exactly two fixed points.

We are only interested in T-invariant curves that are contracted under the Hilbert-
Chow morphism (P?)B! — (P?)(®). Such curves must be entirely contained in Mz(P;)
for some 4, or in Ma(P;) + P; for some i # j. Since Ma(P;) ~ P!, we immediately
obtained six T-invariant curves Cj ; défMz(Pi) + P;, with 1 <4,j < 3 and @ # j,
contracted by the Hilbert-Chow morphism (P?)B — (P2)(3),

We now analyze T-invariant curves in M3(P;), by using a tangent space analysis.
Suppose that (s,t)(ui,v;) = (Ai(s, t)us, 1i(s, t)v;) where A; and u; are independent
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characters of T. Let Q;,0, Qi,1, Qi,2 € M3(P;) be the three T-fixed points correspond-
ing to the ideals (u?,u;v;,v?), (ud,v;), (ui, v) respectively. For simplicity, denote the
tangent space of (P?)P] at the point Q;; by T, ,. By [E-S], we have the following
decompositions for the tangent spaces as a representation of T

TQio = 20+ 207 + A7 s + Aapsy”® (4.1)
Tqun = A7 05 + A7+ AT i o (4.2)
Tio = A2+ A2+ AT+ AT+ g+ (4.3)

The kernel of each character appearing in equations (4.1), (4.2), (4.3) determines
1-parameter subgroup whose fixed locus contains T-invariant curves. Since we are
interested only in T-invariant curves contained in M3(P;), we need only to analyze
characters of the form \*uf with k¢ # 0. (The kernel of a character A¥ or uf will have
fixed locus that moves out of the punctual Hilbert scheme.)

Looking at Tq, , we see that the character A;u; ~2 has multiplicity one. This means
that its kernel has one-dimensional fixed component containing the point @Q; . Now
the character A\ 'u? in Tg, , has the same kernel as the character A;p; % in Tg, ,. So
there is a unique T-invariant curve, denoted by CO 1, which contains Q; o and Q;1,
and is the fixed locus of ker(A;u; 2). Similar analysis shows that there are two other
T-invariant curves ng and C’iz in M3(P;); namely, C 5 through Q; o and @; 2 which
is the fixed locus of ker(\; 2/1,-) while C'(z through Q, 1 and @; 2 which is the fixed

locus of ker(A; 1 ;). This analysis partlally proves the following.

LEMMA 4.1. There are 15 T-invariant curves contracted under the Hilbert-Chow
morphism (P2)Bl — (P2)®). They are described as follows:

(i) the siz curves C',J = My(P;) + P; where 1 <14,5 <3 and i # j;

(i) the nine curves C' C Mg(P) 'where 1<i<3and0<k<f<Z2.
Furthermore, 01’2 ~ 303 and C(()’i ~ 0’2 ~ B3 for every i.

Proof. It remains to prove the last sentence. Identify M3(P;) with the punctual
Hilbert scheme Hilb3(C2,0). By (2.15), C’§g = G3. It follows from Lemma 2.8 that

C{g ~ 3033. Similarly, we see from (2.13) and Lemma 2.7 that Céfi C{) ~ Bs. 0O

Next, we compute the equivariant first Chern classes of the restrlctlons of the
tautological bundles (3.13) to the T-fixed points in (P?)PBl. Let w; = ¢1()\;) and
z; = c1(p;) in the equivariant Chow group AT (pt). If we put (wo,20) = (w, z), then
(w1, 21) = (—w, —w + 2) and (wa, 22) = (-2, —z + w).

LEMMA 4.2. Let g9 =0, g1 = w, and go = z. There are T-linearizations on &
and &, such that 01(80|R<1)) = 2z, 01(50|R<2)) = w;, c1(&ol@.o) = zi +wi, c1(&olg;,) =
3z, 01(50|Q1 2) = 3w; and Cl(gllR(l)) = 291 + 95 + zi, cl(gllR@)) = 2g; + g; + w;,
cl(glleo) =3gi + zi + w;, cl(glle 1) = 39i + 32, c1(€1lq.,) = 392 + 3w;.

Proof. The proofs of these conclusions are similar. For instance, let us prove
ai(&1lpe) = 29; + gj + w;. Note that the fiber £1] ) is canonically identified with

1,3 1,3
Ox(1) ® Ox/Ipm. Since R} = & + Pj, €|y is canonically identified with
7 2,3
(0x(1) ® Ox /I, ,) ® (Ox(1) ® Ox /Ip,). Therefore,

c1(lilpm) = 2e1(Ox(Wp) + e1(Ox/Ie;.x) + 1 (Ox (Dl p,)-
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Since. Ox(1)|p, = (C @ C)/(CP;), we have ¢;(Ox(1)|p,) = g;. Using c1(Ox/I¢,,) =
c1(A;) = w;, we conclude that ¢; (81|R(2)) =2g; +g; +w;. O
i

4.2. The Euler characteristic for a covering. An important step in comput-
ing the virtual Euler class of the T-fixed locus Mg »((P?)1%, dB3)7 is to compute (as a
representation) x(f*T(pz)ia1) where f : P* — (P?)1¥) is a degree-d morphism such that
the image is one of the 15 T-invariant curves in Lemma 4.1 and f is totally ramified
at the two T-fixed points in f(P?!).

4.2.1. Degree-d coverings of C(i) . Observe that if P! — (P2)B! is a degree-d

T-equivariant morphism with image C’,%, then the characters of T-action on P! are
(using multiplicative notation) al/d B/d where o, 8 are the characters of the T-action
on the image curve C’,E:)e. Let S;x and S; ¢ be the two fixed points of the action on

P! denoted so that the image of Sik is Qi and the image of S; 4 is Q;¢. If V is
a T-equivariant vector bundle on P!, then the localization theorem for equivariant
K-theory says that

Vlsi,k Vlsi,l
1- T]l::l,Si.k

x(V) = (4.4)

pt

where Ty, is the cotangent bundle of P*. Since Tpls,, = Té(i) |Q:.»» We can use
k.2

formulas (4.1), (4.2), (4.3) to determine x(f*T(p2)i)-

First of all, let f(P!) = Cézi The curve C’éﬁ is a component of the fixed locus
of ker(\jus;2). Thus, reading off (4.1) and (4.2), we see that Tc‘gi;,Qi‘O = Ay 2 and

Toglam = A7 142, Thus Tpi|s, o = 702 and Tp:|s,, = v; '6? where 4¢ = )\; and
0¢ = p;. Substituting (4.1) and (4.2) into the localization formula (4.4) yields

Npt A AT AN A AT

X(f*Tp2ym) =

1—'yz 192
)\—1 2+)\—1 . A -2 —1
4 i M i i AT+ +H'i + [
]-_'71'67;_2

Since 1/(1 — ~;*62) = —:072/(1 — v:6; ), the right hand side can be rewritten as

1
1 -6,
F s s T O+ O e+ )]

(O 2+ A7 s AT+ 7 a7+ ) — %0 (Ve DO )

Using A; = 7¢ and p; = 6, we conclude that x(f*T(pe)=) is equal to

Ai ?Z(’Yz A I-"zZ(’Yz ™!

m=0
2d—-2

—2d+l Z "Yz '71 _2 —d+1 Z(% +.U'z

To simplify this further, set @0 1= Efn;ll('yié){ 2)ym = Zd ! L Qup?)™/? (with the
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understanding that @(()’)1 = 0 when d = 1). Then we see that x(f*T(p2)s1) equals
(LN 2+ 2+ 0 s+ T+ ui =27t
O LA = A 2 = AT - AT el (4.5)
By symmetry, if f(P!) = 0 2, then x(f*T(pzy1) is equal to

L+ p ]+ a7 7 N+ AT+ AT AT
+ (7N L N = 2 = AT = e (4.6)

where @(()’;)2 = Zd L (uidy?)™/?) and as above 9(()?2 =0ifd=1.
Next, let f(P!) = CY;. Then Tc(i;|Qi . = A\ 'u; and TC(i)lei , = Xip; . Thus
’ 1, ’ 1, ’
Tp1|s,, =7 '0; and Tpi|s,, = v:0; '. By (4.4), (4.2) and (4.3), x(f*T(g2y=1) equals
1 _ _ _ -
W[(Ai T T D e VR ey Th
=8 P X AT AT 7]

As above, the numerator is divisible by (1 —v;,6;*), and x(f *T(p2y=) is equal to

2 (s+1)d sd—1
12“1 ZO 'L Z)\ Z_l(’}’ze:l)m

Let () = Y% (A 1)™? with ©f) = 0 when d = 1. Then x(f*T(p2ym) equals

AT+ 08) + a7+ AT (1 + 000) + (1 +000) + gt
A2 (14 08)) + mi(1 + 01)) + Mi(1 +0%)) + A2yt
_ )\.—le(i) - (A 72@(1) +A7 Nz_l(l +e(1) )
— (\7%012 + A2t 1+ ©19) + AT 2 (1 + 61).
Rearranging the terms, we conclude that x(f *T(Pz)[s]) is equal to
(O R ED St TR B RN V7ot IR Wty IRy TPED VN ED ¥ 4.7)
_)\1—1 )\2—1 )\1—2)
F AN 4 A AT = AT =T = AT = A2 = T 2)e ).

4.2.2. Degree-d coverings of C; ;. Consider maps f : P! — (P?)P¥ which are
degree-d and have image C; ;. To compute x(f*T(p2)a), we recall from subsection

4.1 that the T-fixed points on Cj; are nglj) and Rz%). Using the results in [E-S], we

have the following decompositions for the tangent spaces of (P?)[® at Rg}j) and jo)
as representations of T

Tamy =N A AT 72 7 5+ 5, (4.8)
-2 — -1 _ _ 1
Toe =X AT i T AT g (4.9)
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Also, Tc, ;| pey = A, s and T, ;| g = Aaptg "~ By (44), X(F*Tipayar) equals
2,3 %3

A A AT A AN et N AT +Aiuzl+u:1+kfl+u§1
1-— 750[1 11— Lo,
So we obtain the following formula for x(f*T{(p2ys):
(U AT Xapn AT AT g =T
+ T = A2 = A e, (4.10)

4.3. T-invariant stable maps, stable graphs and localizations. Let X =
P2. Note that if [f : (C;p1,p2) — X[3]] S ﬁo,z(XB],d,Bg,) is T-invariant and if P!
is an irreducible component of C' with nonconstant f|p:, then f(P!) is one of the
15 T-invariant curves in Lemma 4.1. The restriction f|p: is ramified at exactly two
points with ramification index deg(f|p:). Since f|p: is ramified at every special point,
P! contains at most two special points. Moreover, f maps the contracted components
and the special points (i.e., marked points, nodal points and ramification points) of
C into the T-fixed point set (X7,

Following the book [C-K], to each T-invariant stable map [f : (C;p1,p2) — XBl] €
Do 2(X ], dBs), we can associate a marked graph T' called a stable graph of genus-0.
The graph T has one vertex for each connected component of f~*((X)7). It has one
edge e for each non-contracted component C, ~ P!, whose two vertices correspond to
the connected components of f~*((XB)T) containing the two ramification points in

the component C.. The edge e is marked with the degree d. &f deg(f|c,)- Note that
the morphism f defines a labeling map £ from the vertices of I' to (X¥1)T. Finally, a
vertex is marked with {1} (respectively, {2}, or {1,2}) if the connected component of
FH(XBNT) corresponding to the vertex contains the marked point p; (respectively,
p2, or both p; and ps).

To a stable graph I', we introduce the following notation (cf. [C-K]). Recall
that a flag F is a pair (v,e) consisting of an edge e and a vertex v of e. For a flag
F = (v,e), define i(F) = £(v). Let S(v) be the number of markings of v, and val(v)
be the valance of v (i.e., the number of edges e such that v is a vertex of e). Let
n(F) = n(v) = val(v) + S(v). If val(v) = 1, let F(v) be the single flag containing v;
if val(v) = 2, let Fi(v) and F5(v) denote the two flags containing v.

Now the connected components of 9% 2(X[®!,dBs)T are enumerated by stable
graphs corresponding to stable maps whose images are unions of the 15 T-invariant
curves in Lemma, 4.1 and whose contracted components and special points are mapped
into (XBNT. We use T to denote these stable graphs, and use Mr to denote the
corresponding connected components of Mo 2(XB,dBs)T. If T is a stable graph,
let Mr = Hn(v)>3 M, ,n(v) Where M, ,n(v) is the (fine) moduli space of n(v)-pointed
stable rational curves. As discussed in [C-K], there is a finite map Mr — Yir such
that 9Mr = Mt /Ar where Ar fits in the exact sequence

0— [[2/d.z — Ar — Aut(T) — 0.
e

Since a stable curve is connected, we see from the description of the T-invariant
curves in Lemma, 4.1 that a summation over all the stable graphs I" breaks up as

Y- Y Yy ¥ an

1<i#5j<3 T'€Saq,i,; i=1 T€Ty,;
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where Sg; ; is the set of all stable graphs I' such that f(C) = C;; for every [f :
(C;p1,p2) — XB € My, and Ty is the set of all stable graphs I' such that f(C) C
C(z) U C(z) u C(z) for every [f : (C;p1,p2) — XBI] € My.

Our goal of this section is to study (PD(a_3(£)|0)), PD(a_3(X)|0)))o,a- To apply
the localization formula more effectively, we rewrite this 2-point invariant by using
the Chern classes of tautological bundles over X[3 = (P?)8] defined in (3.13). Let

A= (c1(&) —c1(&))e1(E0)? and B =c1(&p)>.
Intersecting (3.14) with Dy = ¢1(£1) — ¢1(&o), we see that A is equal to
3a-3(£)[0) — 3a_1(X)a_1(¢)a-1(z)[0)
~ 5a1(0710) +3a1(X)a_2(@)]0) + 3a_2(0)a1(0)0)
By Lemma 3.1, Lemma 3.2 and Lemma 3.4 (i), we obtain
(4,B)o,a = 3 (PD(a—3(£)[0)), PD(a_3(X)[0)))o,a (4.12)

where for notational simplicity, we make no distinction between the algebraic cycles
A, B and their corresponding cohomology classes.
By the virtual localization formula of [G-P], we have

1 (A® B)r
A, Bo, :/ evi(A® B) = —-/ A8 (413
( )0 d o 2(X 18] ) v 2( ) ; |A1"| (M Jvir 6(Nf—\”r) ( )

Here [Mr]"" is the pullback of [9r]""" to Mt via the finite map Mr — M. Likewise,
(A® B)r is the pullback of ev(A ® B)|smy. to Mr, and e(NFT) is the pullback of the
Euler class of the moving part N of the tangent-obstruction complex.

Let ' be a stable graph such that the labeling £ maps the marked vertices of
T to the same point in (XB)”. Then we have (A ® B)r = (1x ® AB)r where
1x € H°(X) is the fundamental cohomology class. By the fundamental class axiom,
(1x,AB)o,q = 0. Thus in view of (4.13) and (4.11), we obtain

(A,B)o,q = (A,B)o,a — (1x,AB)o,d

A®B)r — (1x ® AB .
>/ RRNTOEC Rkl VNPV IR IS

[Mp]vir 1<i#£j<3 T'es i=1 TeT;;

d,i,j

where the three prime signs indicate that we only sum over stable graphs I' such that

the two marked vertices of I' have distinct labels in (X [3])T. In other words, putting
Sy i ZI‘ES’ and sz ZFG%’,,-’ we have

(AB)og = . Sii;+ Z Ty ;. (4.15)

1<i#5<3

4.4. Computation of .S’d i . Let S g = Sd i ./ ~ where 'y ~ T3 if I'; and T2
are identical except that the vertex Whlch is marked with {1} (respectively, with {2})
in Ty is marked with {2} (respectively, with {1}) in I's. Then each graph I in S}, ;
gives rise to two graphs I'y, ' in S(’i ;,j- However, there is no ambiguity to define

i —_—— 4.1
aii = /M |AF1|€(N"") (416

resy,,
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By the definition of Sy ;, f(C) = C; ; for every stable map [f : (C;p1,p2) — XP] in
My, or Mr,. Recall that RE}} and RE? are the two T-fixed points in C; ;. So

/ (A® B)I‘1 —(1x ® AB)F1 +/ (A® B)r2 —(1x ® AB)F2
My, |vir |Ar1| e(NF;r) My, |vir |Ar2| e(Nl‘i;r

1
"_(Al 1) _Al (2))(B| 1) —Bl (2))'/ S —
Ri; R R;; R;; (M Jvir |A1-1| e(ngir)

Combining this with Lemma 4.2 and (4.16), we conclude that
wig = —(20i + g;)(w? — 27)? eqi ;. (4.17)
To compute eq 5, we calculate the contribution from a graph I'; by considering
the restriction of the tangent-obstruction complex on 9y o(X 3], dBs) to My, . Fol-

lowing [G-P], the fibers of its cohomology sheaves, 7' and 72, at a point associated
to a stable map [f : (C;p1,p2) — XB] fit into the exact sequence

0 — Ext®(Qc(p +p2),00)
— Extl(Qc(pl +p2),O0c¢)

— HY(C, f*Txs) — T!

— HYC,f*Txm) — T2 — 0.

To obtain the contribution of the moving parts of each term in the sequence, we use
an analysis similar to that carried out for P" in [G-P]. As was the case for P, the
fixed part 72! vanishes. So the fixed stack is smooth with tangent bundle 7%f. In
particular [, ]V = [Mr,]. As a result, denoting the contributions from the edges,
vertices and flags of the graph I'1 by e} , ey, 61131 respectively, we obtain

e(NFF) =€f. - el -ef, . (4.18)

First of all, we have e} = [], e(x(((flc.)*Txw)™)) where ((f|c,)*Txw)™ de-
notes the moving part in (f|c,)*Tx. It follows from (4.10) that

e = H (—1)%e=1((de — 1)) 2wiwjzizj (w; — 2;)? (4.19)
U (i )P+ 2 d, — 1)P(1 - St g, 1)

where P(a,n) denotes the polynomial a(a+1)...(a+n —1).
Now the contributions of vertices and flags are given by

er, = He(Ts(v)) Il wrwtwme) ] Wity (4:20)

val(v)=n(v)=2 val(v)=n(v)=1

erl H ((.L)F—ep He z(F)) (4.21)

n(F)>3

where for a flag F' = (v, €), we put wr = e(Tj(r)C; j)/de, and define er to be the first
Chern class of the bundle on Mt whose fiber is the cotangent space of the component
associated to v at the point corresponding to the flag F' (c.f. [C-K, p.285]). Note that
Tyr) = Tg(v) has been computed in (4.8) and (4.9). Thus, wr = (—w; + 2)/d. if

i(F) = RY, and wp = (w; — 2)/d, if i(F) = R,

%,5 )
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4.5. Computation of Ty ;. Recall from (4.14) and (4.11) that 7 ; is the set of
all stable graphs T such that f(C) C C§) U G U CL) for every [f : (C;p1,p2) —
XBl] € Myp, and that the marked vertlces of F have distinct labels in (XBHT. The

T-fixed points in C(z) UC(” (z) are Q;,0,Qi,1,Qi2- For0<j <k <2,let 7y, ;, be
the subset of T' con51st1ng of all T'e ’1:1 such that the labeling £ maps the marked
vertices of I to {Q”, Qik}- Then, Ty, 0, 7,00 and 7j, ; , form a partition of 75 ;.

So
o=+ >+ > (4.22)
Feﬂ,i FETc{,i,O,l Fer ,0,2 Fen,i,l,z

Put 73, . . = T3, jx/ ~ where the relation ~ is defined the same way as in the
first paragraph of subsection 4.4. As in (4.17) and (4.16), we get

A®B)yr—-(1x ® AB
/ ( Ai.r‘ (]\);Vir )F = ﬁﬁyjyk ) fdviuj)k (423)
PeTy; ik [Mrp]vix |Ar| e(Ng™)
where ;55 = —(AlQ:; = Al@ix)(Bla.; — Blq:,) and
fa / 1 1.24
dyi,j.k = Z Mrp ]vn' ‘AP1| e(N ) ( )

reTy, ;

By Lemma 4.2, we have v; 0.1 = —3g,(w +2w;z; —822)2, Vio.2 = —3gi(—8w? +2w;z;+
22)? and ;1,2 = —243g;(w? — 2?)%. Combining (4. 22) and (4.23) yields

T Z / (A® B)r — (1x ® AB)r
dl FGT' mr\]vu e(NFr)

=v%,0,1" fa,i01+%,02 " fa,i,02+ 7,12 fai1,2 (4.25)

The fa,,5,k can be calculated via graph sums in a manner similar to the calculation
of the eg; ; in subsection 4.4. Note that if fg;0,1 is written as a function of the
variables w; and z;, then fg;0,2 can be obtained from fg ;0,1 by switching w; and z;.
Also, for an edge e of a stable graph I" and for 0 < j < k < 2, define e € [Q; ;Q; &) if the
labeling £ of T' maps the two vertices of e to the set {Q; ;, Q;x}. By Lemma 4.1, the
curves C’é i, C’((f% and C’ are homologous to fs, 83 and 305 respectively. Therefore,
for each stable graph T, the edges e satisfy

Yo det Y. det > 3de=d. (4.26)

e€[Q:,0Q:,1] e€[Q:,0Qs,2] e€[Q:,1Qi,2]

4.6. Cases when 1 < d < 4. When the degree d is small, we can use Mathe-
matica and the setups of subsections 4.4 and 4.5 to make explicite computations. We
now do this for 1 < d < 4.

When 1 < d < 4, we have verified via Mathematica that

w; + 2 (29 + g5) (w; + 2)®

€dii = and S
1 dwiw (wi — 21)%2i2; g

dw;w;z;z; (4.27)

Unfortunately, we are not able to prove this formula for general d.



572 D. EDIDIN, W.-P. LI AND Z. QIN

Also, for 1 < d < 4, the functions fq;0,1 are given by

w; + z;
fl,i,O,l = : 2 : 2
wi(w; — 22;)%(w; — 2;) %}
Faion = 2w? + Tw;z; + 522
20T Qg (w; — 22)2 (wi — 2:) (2w; — )22
_ lf ‘ n 3(wi + Zi)
- 2 1,4,0,1 ’LU.L(’LUz — 231)2('“)1 — Z,)(Q'I.Uz — Zi)Zi
f _ 2(w,~ + zi)(wi + 4zi)
¥.¥O’ -
32,01 3wi(wi — 2zi)2(wi - zi)(2wi - zi)z?
A 3(w; + )
- 9 1! .’ ’1
3 &0 wi(wi — Zzi)z(wi — 2,’1)(211)z — 2,’1)25z
2w? + Tw;z; + 522
fai01=

4w,~(w1~ - 221)2(’[1)1 - z,-)(2w,- — zi)z?
3(wi + zi)

1
= Zfl,i,o,l +

2w,(wz — 2zi)2(w,~ — Z,)(?’LU.L — z,-)zi

(4.28)

(4.29)

(4.30)

(4.31)

Recall that if we regard f4:0,1 as a function of z; and w;, then fq ;0,2 can be obtained
from fq,0,1 by switching 2; and w;. So fg;,0,2 is known for 1 < d < 4. Furthermore,

fli12=0
Fritg = Wi + 2
2,41,2 wi(wi — 2zi)(w,~ - z,-)2(2wi - zi)z,-
f _ wi + z
3i,1,2 =
b wz(w, — 2zi)(w,- — zi)2(2wi — zi)zi
Wi + 24
fai1,2=

2w;(w; — 22;) (w; — 2:)%(2w; — 2

)z

Combining formulas (4.28)-(4.35) with (4.25), we conclude that

, —3gi(wd — 6wlz — 6wzl + 2P)

t= TE

, —3gi(wd 4+ 1202z + 12wzl + 23) lT' 3

20 = 2wl 72 =5l

, =3gi(wd 4+ 21wlz + 2wzl +22) 1,

3¢ 3w2z? R
T = —3g; (w3 + 12wi2z; -2{— 12wz} +23) 1 .

' 4wy z; 4 >

279;(w; + 2;)

Wiz

27gi(ws + 2)

Wiz

27g;(w; + 2;)

2wi z

In view of formulas (4.15), (4.27) and (4.36)-(4.39), we obtain

(A, B)o,1 = —81
81 81
(A, B)o’g = —? + 81 = 7
81
(A,B)o3 = 3 + 81 =54
81 81 81
(4, Boa= -t 8L 8L

4 2 47

(4.32)
(4.33)

(4.34)

(4.35)

(4.36)
(4.37)
(4.38)

(4.39)

(4.40)
(4.41)

(4.42)

(4.43)
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PROPOSITION 4.3. Let X =P?, and £ C X be a line. Then, the 2-point genus-0
Gromov-Witten invariant (PD(a_3(£)|0)), PD(a_3(X)|0)))o,a is equal to —27, 27/2,
18 and 27/4 when d is equal to 1, 2, 3 and 4 respectively.

Proof. Follows immediately from (4.12) and (4.40)-(4.43). O

[Beh]
[B-F)
[C-K]
(E-S]

[F-P]

[Get]
[Gol]
[Go2]
(G-P]
[Gro]
[K-M]
[Leh]
[L-s]
[LiJ]
(L-Q]
[LQW1]
[LQW2]
[LQWS3]
[LQW4]

(LQZ]

[LT1]

[LT2]

[LT3]

[Nak]
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