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GERD SCHMALZ! AND JAN SLOVAK}

The aim of this article is to show how the individual harmonic components of the
torsion of the canonical Cartan connection of embedded hyperbolic and elliptic CR-
manifolds at a given point can be read off from the third order terms of the defining
equation given in normal form. The general theory ensures that the vanishing of each
of these one-dimensional components implies striking geometric consequences and we
link each of them to an easily computable coefficient in the normal form. This allows
to correct a mistake in [SS00] where it was claimed that four torsion components out
of six vanish automatically for embedded CR-manifolds. The failure in that article
appears already in Lemma 1.1 where the second order osculation was not dealt with
carefully enough. At the same time, the rest of [SS00] is essentially worked out for
abstract CR—structures and so the validity of the procedures and results has not been
effected in general. In what follows, we use the terminology and notation of [SS00]
without further comments.

In both, the elliptic and hyperbolic case, the 2-dimensional CR subspace H of
the tangent space splits canonically into the direct sum of (complex) one-dimensional
subspaces HL @ HE. This splitting allows to introduce a new CR structure J on
M by flipping the initial CR structure J to J at one of the summands, say H%.
(The other choice leads to the conjugate CR structure and so the new structure J is
uniquely given up to conjugation.) We will see that the 4 torsion components can be
interpreted as integrability conditions for these almost direct product and almost CR
structures.

Consider first the hyperbolic case. Let M C C* be a hyperbolic manifold given
by an equation that meets the normal form conditions (see [Lob88]) up to order 3:

1_ .12 2= 22 = =2 I
Imw™ = |21]° + 11122722 + Noos 23 Zo + 1132722 + Mgz Ziz2 + -

2 _ (.2 2= 25 4 = =2 _ 2
Imw® = |22|° + n1112771 + Ngo125 22 + Mi11125 21 + Mige1Z521 + -+ -

where the dots indicate higher order terms.
Two out of the six torsion components, namely those corresponding to the coho-
mologies represented by cochains of the form
L R L - .
g-1 X 91 — g7, (antilinear in both arguments)

gf, x gl; — g%, (antilinear in both arguments),

are responsible for the integrability of the CR structure and, therefore, vanish for
embedded CR-manifolds. -

It was shown in [SS00] that the remaining four torsion components can be inter-
preted as algebraic brackets on M. Let HL and HE be as above. These line bundles
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are determined by the condition
(1) 721, 22] =0

where Z; is a section of HL, Z, is a section of H® and = is the canonical projection
TM - QM =TM/HM.
The holomorphic part H*°M c C® HM is generated by

_ . N . 12 L= 52 L= 22\ 0
X1 = g, +2i(21 + 2n11a21 %) g + 21(2n01]21 | + Rua1 2L + Ro0iZs) e
_ . o2 s 22 = =2\ 8 . )
X2 = 323 + 21(277,222!2'2' + N9232o + nllgzl)awl + 21(22 + 2n221z2z1)——-3w2

(We wrote only the terms of order less than three.)
One can find generators Z; and Z, of HY and HE in the form

Zy = X1+ A1 Xo
Zy=AnX: +Xs
where A9, Aoy are chosen so that (1) be satisfied. We find
A1 = —2Mgo1 22 + 4n13n1121 + 4ngpaiingg |
A9 = —2My35 21 + Ang91 99325 + ANgotiings |22)?.
Define
Wiim (20, 2, W i= —[Zs, 2]
1~_2i 1, 41), 2~—2i 2, 42]

These vector fields are well-defined up to multiple and summands from C ® H™ resp.
C ® H~. Hence, they induce a splitting TM = TT @ TR where T* is generated by
Re Z1,Im Z;, W; and TP is generated by Re Zy, Im Z,, W.
The torsion components corresponding to the cohomologies
gl x g% — by
922 X 921 - Bitz,

are responsible for the integrability of this almost direct product structure. TT is
integrable if and only if [Z;, W3] € TL. At 0 we obtain

[Z1, Wh]lo = 21131 W2(0) + 2174111113 22(0),
and, analogously,
[Z2, Walo = 21555 W1(0) + 21 7ix337991 21 (0).

Hence, integrability of TF or T at 0 is equivalent to vanishing of nq17 or ngy3,
respectively.

One can see here that the vanishing of the TM/HM component of the brackets
above implies already vanishing of the complete brackets.

The remaining torsion corresponding to

gL, x g% — g%, (linear in 1st, antilinear in 2nd argument)

g% x g%, — g%, (linear in 1st, antilinear in 2nd argument)
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can be interpreted by the algebraic brackets
Sr(Z1, Zy) = mR[Z1, Z5), S1(Z2, Z1) = 7Rl Za, Z1]

where 7g (7) is the projection to H® (HL) in HM. Vanishing of these brackets is
equivalent to integrability of the flipped CR structure J. A simple calculation shows
that

[Z1, Z5)|o = 2R991 Z2(0) — 2141321 (0).

The torsions Sg and Sy vanish at 0 if and only if ny,7 = 0, resp. my13 = 0. This
corrects the claim in [SS00] that these torsions vanish automatically for embedded
CR-manifolds. Thus, the assertion of Theorem 3.9. in [SS00] for embedded manifolds
about splitting into a direct product of embedded hypersurfaces is only true if all four
(remaining) torsion components vanish. With the provided geometric interpretation it
is easy to see that this condition is necessary for this splitting, but we find remarkable
that the vanishing of the four coefficients at each point is sufficient too.

Let now M C C* be an elliptic CR-manifold given up to third order in normal
form (see [ES96)) by :
wy — Wy

—— =21Z2+ No1 + Nig + -+ -,

) 51

where Noj = 11172221 + No91232, and Nig = NojizeZs + NosszaZa.

As before, two of the six components correspond to the Nijenhuis tensor of the
CR structure and therefore vanish automatically for an embedded CR-manifold.

We start with the calculation of the generators Z; and Zy of the distinguished
line subbundles HY and H® of HM. The holomorphic part of the complexification
HY“OM is spanned by

(. BNy  ONy (0N, 0Ny
X, = 2 o 2
1 azl+21(zQ+ 9t g )3w1+21(az1 + 5 o
ONyy  ON. ONy, BN,
) . 12 21) o - 12 21\ &
X2—5z’;+2‘< 9 | om )6_wl+2l<zl+ 97 02 )8_102

The vector fields that generate HY and HE are linear combinations of the fields
Z1=X14+ A12Xo, and Z5 = Angl + X5 with Alg(()) = A21(0) =0.
From the conditions 7[Z1, Z1] = 0 and 7[Z2, Z3] = 0 we obtain
Ay = —20311%1 + 4n1117007127 + 40111790721 %2

— 3 S - .
Aoy = —2n953% + 4n901N93325 + 4naTiflezszi 2o.
The torsion components corresponding to cohomologies with cochains

951 X Bfil — glfl (sesquilinear)

g% x g — gf;  (sesquilinear)

are responsible for the integrability of the H resp. Hf. We compute

[Z1, Z1]|o = 27411 22(0) — 21,7 Z2(0)
(Z2, Za)lo = 2195321 (0) — 271933521 (0).
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Hence, these torsions do not vanish automatically for embedded manifolds, as claimed
in Theorem 4.4. in [SS00] but they are represented by the terms n;;7222; and nygs 2072
in the normal form.

The remaining torsion components correspond to the cohomologies

g_2 x g%, — g_o (antilinear in both arguments)

g_2 x g% — g_o (antilinear in both arguments)

and can be interpreted using the induced canonical almost complex structure J on
M. On HM the operator J is deiimed by JZ; = 17y and JZ3 = —iZ,. Consider
W = [Z1,Z2) € C® TM. Define JW :=iW and JW = —iW. This is well-defined
because another choice of Z; and Z3 would modify W by addition of a multiple of Z;
or Z, on which J acts also by multiplication with i.

This almost complex structure has the characteristic property that

(3) n[JE& n) — Jom[€,n]

is antiholomorphic in 7 (with respect to J) for an antiholomorphic argument £ and
7(J€) = Jom(€), where Jg is the almost complex structure on QM = TM/HM
induced by the Levi bracket.

Expression (3) defines a tensor S : QM x HM — QM which splits, according
to the second argument into ST : QM x HIE — QM. These tensors represent the
remaining torsion components. A direct calculation shows that (up to second order
terms)

W = —4(ny117io01 21 + Tia117233%2) 5 —2i 5o — 4i(fa1121 + 7—122152)%5"‘
+ 4(fi111M92321 + Na11N232 2 )a‘Z —4i(Ro1121 +n22122)3w —2izg aw2
Then
S(W,Z1)lo = —4ina11W (0)
S(W, Zz)lo = —4ing51W (0).

(Here we identified @M with the subspace of T'M spanned by ReW and ImW.)
The geometric meaning of the vanishing of these tensors is integrability of J:

W, Z1]lo = 2n211 W (0) + 4n1117i991 Z2(0)
s Z2)lo = 21991 W (0) — 479117955 21 (0)
vanish if S|p = 0.
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