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ROUGH MARCINKIEWICZ INTEGRALS RELATED TO
SURFACES OF REVOLUTION *

HUSSAIN AL-QASSEM! AND AHMAD AL-SALMANY

Abstract. In this paper, we present a systematic treatment of Marcinkiewicz integrals with block
space function kernels and prove the LP boundedness of several classes of Marcinkiewicz integrals
along surfaces of revolution. The results in this paper extend as well as improve previously known
results.

1. Introduction and results. Let R", n > 2 be the n—dimensional Euclidean
space and S™~! be the unit sphere in R" equipped with the normalized Lebesgue
measure do.

For a suitable mapping ¥ : R* — R™, we define the Marcinkiewicz integral
operator My qn by

(L.1) My anf(z) = (/R ¢ w f(2)]? db)3,

where

1

s )= [ Flo = VM)

=1
y™

h(-) is a measurable function on R*, and € is a homogeneous function of degree 0,
integrable over S"~!, and satisfies

dy,

(1.2) /S _ 9(z)do(z) =0.

Ifh=1 m=mn, and ¥(y) = (y1,...,yn) we shall denote the operator My o n
by Maq.

E. M. Stein introduced the operator Mg and showed that if Q € Lip,(S™~1),
(0 < @ < 1), then Mg is of type (p,p) for p € (1,2] and of weak type (1,1) (see
[St1]). Subsequently, A. Benedek, A. Calderén, and R. Panzone proved that Mg is
of type (p,p) for p € (1,00) if 2 € C! (S"~1) (see [BCP]).Very recently, the study of
the more general class of operators My o » for various mappings ¥ and under various
conditions on Q has attracted the attention of many authors (see, for example, [AsAq],
(CFP), [DFP], [DP)).

On the other hand, there has been a considerable amount of research concerning
the L? boundedness of singular integrals along surfaces of revolution. For relevant
results one may consult [AqP], [AsP], [CF], [KWWZ], [LPY], among others.

In this paper, we shall investigate the LP boundedness of Marcinkiewicz integrals
along surfaces of revolution ¥ = ¥y = {(y, #(|y|)) : y € R™} for various mappings ¢
and when Q € B%(S""1), ¢ > 1, where BJ:°(S™~1) represents a special class of block

spaces which will be recalled in Section 3. Here our Marcinkiewicz integral operator
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My, q,n will be denoted by Mgy q,x. It should be remarked that BY?(S™~1) contains
L7(S™"1) as a proper subspace for each ¢ > 1 and

U Lq(Sn—l); U B‘(I),O(Sn—l).

g>1 g>1

For a measurable real valued function h on R*, we say that h € A_ (R*), v > 1,
if

2R 5 1
Ihls, = sup (R [ h@ d)” <co.
R>0 R

Our main results are the following:

THEOREM 1.1. Assume that Q € BY°(8"1), h € A (R*) for some ¢,v > 1

and ¢ is in C%([0,00)), convez, and increasing. Then for every p satisfying
[1/p —1/2] < min{1/2,1/+'}, there ezists a constant Cp such that

(1.3) [Msg,0,n (f)”Lp(Rn+1) <Cp ”f”LP(R"+1)

for every f € LP (R™+1).

THEOREM 1.2.  Suppose that @ € BX°(S™1), and h € A (R™) for some
q,v > 1. Suppose that ¢ is a continuous function on [0,00) and ¢ € C*((0,00)) such
that (i) ¢ is strictly increasing function on [0,00); (i) ¢ (t) > Cigﬂ for t > 0 and
C > 0, and (iit) ¢(2t) < ch(t) for t > 0 and ¢ > 0. Then (1.8) holds for every
feL? (R,

THEOREM 1.3. Assume that Q € B}°(S™"1), h € A (R*) for some ¢,y > 1 and

¢ : (0, c0) — R is a smooth function which satisfies the following growth conditions:
(i) lp(t)] < Cit4, (ii) Cat®~ < |¢/(2)] < Catd2, (iii) ¢ (t)| < Cat?=2, for some d # 0
and t € (0, 00), where Cy, C2, C3, and Cy are positive constants independent of t.
Then (1.8) holds for every f € LP (R™*!).

THEOREM 1.4. Assume that @ € B}°(8"1), h € A (RY) for some q,y > 1
and ¢ is a polynomial. Then (1.3) holds for every f € L? (R™+1).

It is worth pointing out that using the same argument as in [DFP] we are only
able to obtain Theorems 1.1-1.3 under the stronger condition € LY(S"~1), ¢ > 1.

Therefore, it is imperative to attack the problems under considerations through a
proper decomposition of our operators along with keeping track of certain constants.
In fact, the proof of our results will be a consequence of two general theorems stated
in Section 2. We shall present a systematic method which not only allows us to obtain
the LP boundedness of Macinkiewicz integral operators under considerations, but also
has shown to be useful in handling some other problems in this area which will appear
in forth coming papers.
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2. General results. Given a family of measures {o; : t € R}, we define the
maximal operator o* by o*(f) = sup ||o¢| * f|. Also, we write t¥* = inf {t*,¢~*} and
tER

|o| for the total variation of o, which is a positive measure.

LEMMA 2.1. Let {o; : t € R} be a family of Borel measures on R™ such that
llot]] < 1. Assume that

(2.1) lo*(H)llqy < Bl|fll, for some g >1and B > 1.

Then the inequality

(2.2) “(/: |oe * g¢|* dt)?

o0
< \/B”( [ o d?
Do —o0

Po

holds for |1/po — 1/2| = 1/(2q) and for arbitrary measurable functions g(t,z) = gi(x)
defined on R x R™.

Proof. We use a similar argument as in [Du]. Since ||o¢|| < 1 we immediately get

(o ]
< “ / g¢| dt
1 —o00

(2.3) ” /_Z |0y * ge| dt

1

On the other hand,

(2.4) <

q

sup |og * gy o (sup|g:|)|| < B |lsup(|g:|)
teR teR q teR

q

By interpolation between (2.3) and (2.4) we get (2.2) when 1/py = (1/2)(1 + 1/q).
The case py > 2 follows by duality.

THEOREM 2.2. Let L : R™ — R™ be a linear transformation and {o: : t € R}
be a family of Borel measures on R™ such that ’
(@) lloell <15
s " tF
(1) [6:(€)] < (a*|L(E)])
for some constants a > 2 and B > 1. Assume that for some po > 2 and for
arbitrary functions g(z) defined on R x R™, we have

(25) (i) svB [ o an

0o 9 L
(/ ,Ut *gtl dt)i

Po

Then for py < p < po, there ezists a positive constant Cp such that

p

(2.6) ¢/ o sitay

for all f € LP(R™). The constant C, is independent of B and the linear transforma-
tion L.

Proof. Clearly, we may assume that 0 < o < 1. By the arguments in the
proof of Lemma 6.2 in [FP], we may assume without loss of generality that m < n
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and L = 77%,. By an elementary procedure choose a collection of smooth functions
{®:,8}ter on (0,00) with the following properties: for each ¢t € R,

0< q)t,B <1, Z ®k+t,B (u) = 19
keZ
ds(bt,B (U)
dus®

<<

supp &5 C {u cq DB <) < a‘(“l)B} , i <=

where C' can be chosen to be indepelndent of the constant B. \
Let T(f) = (J° loe* fI°dt)? and Ten(f) = (J° |ome * Ukye,p * fI dt)3

where m(é) = &, (|72 £|). Then it is easy to see that the following inequality

Tf(z) < VB> Tk pf(z)

kez

holds for f € S(R™). Therefore, to prove (2.6), it suffices to prove
2.7) ITe,5 (N, < CpvB2- A= 7|,

for some positive constants 8, and C, and for all pj < p < pp.
The proof of (2.7) follows by interpolation between a sharp L? estimate and a
cruder LP° estimate.

First,
Tzl = = ([ [ Barg ] a0}
= — t
k,B Do \/E o t k+§,B -
o0 2 1
<[ leersoe ol ot
- Po
(2.8) < Cpo VB, -

The first inequality follows by (2.5) and the second inequality follows by a trivial
change of variable and the same argument as in the proof of (20) in [St2], page 27.

On the other hand, the L? boundedness of T} p is provided by a simple application
of Plancherel’s theorem. If & > 0,

2
dédt

IO = [ [ 1@urenlime? a6

. 2 [loga®) " log(a™*=DB|x] g7 20
< [ JFol (@*® ) ¥ de)a

loga#)~* log(a=(++15x7,€)| )

(2.9) < 2q7 %=1 | 7|2,

Similarly, if k < 0, we get
(2.10) ITe,5(Hl; < V2a*a®* |||, -
By combining (2.9) and (2.10), we obtain

(2.11) 1T, 5(H)ll, < V2a%a=H | £]l,.
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By (2.8), (2.11) and applying the Riesz-Thorin Interpolation Theorem for sublinear
operators we get (2.7). This finishes the proof of our theorem.

Let us now establish the following theorem on maximal functions.
For given two families {y; : t € R} and {7, : t € R} of non negative Borel mea-
sures on R™ we define the corresponding maximal functions p* and 7* by

p* (f) = sup |pe * f| and 7 (f) = sup |7  f].
teR teR
We have the following theorem.

THEOREM 2.3. Let {p:} ,cg and {7} ,cg be families of non negative Borel
measures on R™. Let L: R™ — R™ be a linear transformation. Suppose that for all
te R, e R, for some a > 2, a,C > 0 and for some constant B > 1 we have

@) el <15 =l < 15

(i9) |1 (€)] < C(at |L(€)])~B;

(i) 12:()—~7(6)] < C(a* |L(E)])5;

(iv) For any nonnegative function f,xz € R™, the function hy(t) = a® |u: * f(z)|
is an increasing function in t;

(v) Forall 1 <p < oo and f € LP(R"),

(2.12) : I~ (D, < Bl -

Then the inequality

(2.13) I (A, < BIIFll,

holds for all 1 < p < 0o and f in LP(R™). The constant Cy is independent of B and
the linear transformation L.

Proof. Without loss of generality we may assume that m < n, L = ), and
0<a<1. Let ¢ € S(R™) be a Schwartz function such that ¢ (z) = 1 for |z| < 1/2

and 9 (z) = 0 for |z| > 1. Define the family of measures {; : t € R} by

(214) (€)= mu(€) — Pla T &) 7 (€).
By (7)-(4it) and (2.14) we get

(2.15) pt(g)} <C@t|mme)®  foreeR™
Let

0, () (@) = ( / Dex F(@)2dt)? and 2 (f) = sup ]« .

Then by condition (iv) and (2.14) we have

(2.16) #* (f) (2) < 95 () (@) + C(Mrm @ idpn—r )(7" (f) (),
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(2.17) A" (f) (2) < g, (f) (z) + 2C(MRm ® idpn-m)(7" (f) (2))

where Mg~ is the classical Hardy-Littlewood maximal function on R™ which is
bounded in L? (R™) for 1 < p < co. By (2.15) and Plancherel’s theorem we obtain

(2.18) lg, (F)lly < CVB|£ll,
which when combined with (2.12) and (2.17) gives that
(2.19) IA* ()l < CB|fll

with C independent of B. Thus, by applying Lemma 2.1 with py = 4 and ¢ = 2, we
have

(2.20) H( [ o apant

[0 o]
< o\/‘B‘“(/ lg.? dt)}
Po —o0

Po

for arbitrary functions g:;(z) defined on R x R"™. By taking po = 4 and invoking
Theorem 2.2, we get that

(2.21) lgs (DI, < CoB I £ll,

for 4/3 < p < 4 and f € LP(R™) with a positive constant C, independent of B. A
new application of Theorem 2.2 gives

(2.22) g, (D, < CoB 1,
for 8/7 < p < 8. By repeating this process, we obtain that
(2.23) lgx (NI, < GBI fl,

for 1 < p < oo and f € LP(R™). Therefore, by (2.12), (2.16) and (2.23) we obtain
(2.13) for 1 < p < o0 and f € LP(R™). The proof of our theorem in now complete.

3. Definitions and some basic lemmas. Let us begin by recalling the defini-
tion of a block function on S™~1.

DEFINITION 3.1. For 1 < q < 0o we say that a measurable function b(-) on S*~1

is a q—block if it satisfies the following: (i) supp (b) C I and (ii) ||b||, < |1 |_?1’,
where I is an interval on S™71; i.e.,

I={z' €S"1: |z’ — x| < a for some @ >0, z{, € S""1} and |I| = o(]).

The block spaces B0 on §"~! are defined as follows:

DEFINITION 3.2. The function space BJ*(S"1), 1 < q < oo, consists of all

functions Q € LY(S"1) of the form Q = fo:lc"b# where ¢, € C; each b, is a
q—block supported in an interval I,; and

(3.1) MO0 ({,}) = 3 e, | (1 + log || ™) < co.

pu=1
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The special class of functions B were first introduced by Jiang and Lu in their
study of singular integral operators of Calderén-Zygmund type (see [LTW]).
For suitable mappings ¢ : [0,00) = R, h: Rt — R and b: S*~! — R, we define

the family of measures {Ut,é, hité€ R} and the related maximal operator o7 , on Rl
by
_ b(y'
(32) [ fdnga= [ fws )l =,
Rr+1 lyl<2t lyl

*f

(3.3) GB*,h (f) = fé’RH”tvs’h

LEMMA 3.3. Let h € A (R*) for some 7,1 < v < 2,¢(-) is in C* of (0,00)
and b be a function on S™1 satisfying the following conditions: (i) [.5“q <|I I_El’ for
some ¢ > 1 and for some interval I on S™1; (i1) [g._, b (u) do (u) = 0; (i) ”5“1 <
1. Then there exist constants C and 0 < 8 < 1/q" such that

(3.4) Iat,g,h(g,f)I <Clhlly, |2 €[TR if (1] < e~? and

(3.5)

5 e _
ot,B,h(f, T)l S C”hl|A,1 I2t &l h} lf |II Z e 1

forallt € R¢ € R™, and 7 € R. The constant C is independent of t, b, &, T and
¢ ().

Proof. We shall only prove (3.4) and the proof of (3.5) will be easier. By Holder’s
inequality and noticing that |I;(s,£)| < 1 we have

o5& 7)] < Wl ([ 165,00

where
I(s,6) = [ et sV a)do (z).
Su—l
However,
1
/ €2'56:(@=%) Js| < C'min {1, |25¢ - (z - y)[_l}
0
<Cl2te[ Pl (@ -y) 7
and
2 -~ - .t
s, = | b(z) B(y)e? =€ dor (z) do(y)
Sn—-len—l

where ¢’ = ¢/ €|, and B > 0 with 0 < B¢’ < 1. Therefore, by Holder’s inequality we
get

1
vq

R

¥ -Bq’
{/ |z1 — 1] do (z) dU(y)}
q Sn—-1xSn—1
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By using (i) and noticing that the last integral is finite, one obtains that

5 R |otg|m 2T
Gipnl&m)| S C IRl 11777 [2€]77

By combining the preceding estimate with the trivial estimate |5‘t .16 7')' < lAlla
b, .

we obtain (3.4) with a plus sign in the exponent. :
On the other hand, by the conditions (ii)-(iii) on b we obtain

65,167 < Il |2%€]

which, when combined with the trivial estimate l[f“; h(E,T)’ < ||hllo_, yields the
b, N
second estimate in (3.4). This finishes the proof of our lemma.

LEMMA 3.4. Let ¢ be a function given as in any one of the Theorems 1.1-1.3.
Define the mazimal function M, by

2t
2~ A flu—o(s))ds

Mot =g

Then,
(3.6) 1M, (DI, < Collf1,

for 1 < p < 0o and some positive constant Cp.

Proof. First, assume ¢ is a function given as in Theorem 1.1. Without loss of
generality, we may assume that ¢(t) > ¢(0) for all t > 0. For f > 0 and u € R, we
have

M, f S g
u=sup2‘/ U—8)———7—)
oS () teR( - Jg(0) ¢'(¢72(s))
Since the function 275,(;—_1(;)—) is non-negative, decreasing and its integral over [¢(0),
#(2%)] is equal to 1 we have

(3.7) M, f(u) < Mg f(u)

which implies (3.6) by the boundedness of Mg in L? (R) for 1 < p < oo. This
completes the proof of the lemma for the case that ¢ is given as in Theorem 1.1.
Next, assume ¢ is given as in Theorem 1.2. Then, for f > 0,

2t+1

M, f(u) < 2sup(2* / £(u— §(s))ds).

teR 2t

By the conditions on ¢, we get

¢(2t+1) dS
M, f(u) < Csup( / flu— )%,
teR Jg(2t) s

cp(2*1) ds
< C’sup(/ flu—s)—).
teR Jg(2t) S

< CMrf(u)
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which easily implies (3.6)
Finally, to prove (3.6) for ¢ given as in Theorem 1.3, we define a family of measures
At on R by

t

2
A(¢) = 2‘t/ e~%90) g,
0
Then by the conditions on ¢, it is easy to see that
(3.8) 4(0) = %(0)| < C [2%] and [3()| < C 2%

By (3.8) and the same argument as in the proof of Theorem 2.3 we get (3.6). The
lemma is proved.

THEOREM 3.5. Let h € A_(R™) for some v > 1,4 be given as in any one

of the Theorems 1.1-1.4 and b be as in Lemma 8.3. Then for v < p < o and
f € LP (R™*1) there exists a positive constant Cj, which is independent of b such
that

(3.9)

7], < ClogI™) Al i€ 111 < e

(3.10)

N, <, wize

Proof. We shall only present the proof of (3.9). Without loss of generality we
may assume that b > 0 and h > 0. By Hélder’s inequality we have

o n (F) <Rl (T§(|fl"l))?1’

where
-t B(’U,) *
fdr,; =2 Flu d(ul)) —Zrdu  and Ti(f) = sup Hrt 5] * f] .
R7+1 |u|<2t IUI teR ’
So we only need to prove that
(3.11) I3, < Clog(i17) IIfll,, for ¥ <p < co.

If ¢ is given as in any one of the Theorems 1.1-1.3, then the inequality (3.11)
follows by Lemma 3.3, Lemma 3.4 and Theorem 2.3.

On the other hand, if ¢ is a polynomial, (3.11) follows by a theorem of Stein
and Wainger on maximal operators along curves (see [St2], p. 477). The theorem is
proved.

4. Proof of theorems. Since {2 € BOO(S“ 1), we can write Q = Zu__l b,

where each b, is a g—block function, and M°({c, }) < oo. Without loss of generality,

we may assume that h € A, for some v, 1 <y < 2 and p satisfies |1/p — 1/2| < 1/%.
: To prove our theorems, we shall need to decompose Q as follows: For each block
function b, let

(4.) b,(2) = b, (2) - / b, (wdo(u).
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Then one can verify that each l~)u enjoys the following properties:

(4.2) /S b (wde (=0,
(43) b <2077
(4.4) b, [ S2

The new introduced functions 5“ allow us to decompose 2 into 2 = E;’f:l c, l;“

which naturally induces the following decomposition of the corresponding operators:

(4.5) My nf(@ 1) <Y e, My s, 1f (@ Tns1)-

p=1

By Theorem 3.5 and using a similar argument as in the proof of Theorem 7.5 in
[FP] we get

(4.6) [ len ol i <coa, (] et

P

for all p satisfying |1/p—1/2| < 1/9' and f € LP (R™*1) where 4, = ]og(IIFrl) if
|| <eland A, =1if |I,| > e . By (4.6), Lemma 3.3 and Theorem 2.2 we get

2 1
4.7) Mo, pr = “( /R o5 % | at)? <G Il
for all p satisfying |1/p — 1/2| < 1/4' and f € L? (R™*!). By (3.1), (4.5) and (4.7) we
obtain (1.3) if ¢ satisfies the conditions as stated in any one of the Theorems 1.1-1.4.
This completes the proof of our theorems.
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