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DEFORMATIONS OF GENERALIZED CALIBRATIONS AND
COMPACT NON-KAHLER MANIFOLDS WITH VANISHING FIRST
CHERN CLASS *

JAN GUTOWSKI!, STEFAN IVANOV!, AND GEORGE PAPADOPOULOS!

Abstract. We investigate the deformation theory of a class of generalized calibrations in Rie-
mannian manifolds for which the tangent bundle has reduced structure group U(n), SU(n), G2 and
Spin(7). For this we use the property of the associated calibration form to be parallel with respect
to a metric connection which may have non-vanishing torsion. In all these cases, we find that if
there is a moduli space, then it is finite dimensional. We present various examples of generalized
calibrations that include almost hermitian manifolds with structure group U(n) or SU(n), nearly
parallel G2 manifolds and group manifolds. We find that some Hopf fibrations are deformation fam-
ilies of generalized calibrations. In addition, we give sufficient conditions for a hermitian manifold
(M, g,J) to admit Chern and Bismut connections with holonomy contained in SU(n). In particular
we show that any connected sum of k > 3 copies of §3 x S3 admits a hermitian structure for which
the restricted holonomy of a Bismut connection is contained in SU(3).

1. Introduction. Riemannian manifolds with structure group a subgroup of an
orthogonal group under mild topological assumptions admit a connection for which
its reduced holonomy is a subgroup of the structure group. This connection is not
necessarily the Levi-Civita connection but it may have non-vanishing torsion. The
existence of such a connection with reduced holonomy a subgroup of an orthogonal
group does not imply other geometric properties on a Riemannian manifold, like for
example irreducibility. This is unlike the well-known case that involves the reduc-
tion of the holonomy group of the Levi-Civita connection which has led to Berger’s
classification list. Nevertheless the question arises as to whether the reduction of the
structure group of a Riemannian manifold is related to some underlying geometric
structure.

The aim of this paper is three-fold. First, we shall show that Riemannian mani-
folds which admit a metric connection with holonomy an appropriate subgroup of the
orthogonal group may have submanifolds which are calibrated with respect to a gen-
eralized calibration. Second we shall investigate the moduli space of these calibrated
submanifolds. Finally, we shall show the existence of a large class of hermitian mani-
folds with trivial canonical bundle which admit either a Chern or a Bismut connection
which has reduced holonomy contained in SU(n). Our latter result can be though off
as a generalization of the Calabi-Yau theorem in the context of hermitian manifolds
which are not Kahler.

Generalized calibrations were introduced by Gutowski and Papadopoulos [17]
and further investigated in [18] to describe the solitons of brane actions with a non-
vanishing Wess-Zumino term. These solitons are certain submanifolds which minimize
an energy functional and are associated with calibration forms. These forms, unlike
the case of standard calibrations, are not closed. In what follows we shall use the
term generalized calibration to refer to both the calibration form and the calibrated
submanifold. The distinction between the two will be clear from the context.
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In this paper, we shall demonstrate that generalized calibrations arise in the inves-
tigation of manifolds that admit a metric connection with possibly non-vanishing tor-
sion which has holonomy an appropriate subgroup of the orthogonal group. Although,
generalized calibrations can be investigated independently, their use in manifold the-
ory becomes more transparent in the context of holonomy groups and in manifolds
- with reduced structure group. This is because for certain holonomy groups, like for
example those that occur in Berger’s list; U(n) (2n), SU(n) (2n), Sp(n) - Sp(1) (4n),
Sp(n)(4n), G2 (7) and Spin(7) (8), manifolds admit parallel calibration forms which
however are not necessarily closed; in parenthesis we have denoted the real dimension
of the associated manifolds. Such forms give rise to generalized calibrated submani-
folds which are minima of the energy functional

E(Z) = Vol(Z) — /Z v, (L.1)

where Z is a k-dimensional submanifold and 1 is a calibration form of degree k,
dip # 0. The submanifolds that minimize E are not necessarily minimal.

We shall focus our investigation to the generalized calibrations associated with
the holonomy groups U(n) (2n), SU(n) (2n), G2 (7) and Spin(7) (8). We shall show
that in most of these cases, the differential system associated with the deformation
of the above generalized calibrations is elliptic. So if the moduli space of a gener-
alized calibration exists, then it is finite dimensional. We shall not investigate the
obstruction theory; this will appear in another publication. We shall also compute
the second variation of the energy functional. The differential systems that arise in
the deformation of generalized calibrations will also be investigated for various classes
of manifolds that admit connections with the above holonomy. We shall see that in
some cases they become simplified. We shall also give a large number of generalized
calibrations as submanifolds of group manifolds, complex manifolds and homogeneous
spaces. In particular, we shall show that some Hopf fibrations are families of general-
ized calibrations.

In the second part of the paper we shall focus on hermitian manifolds with van-
ishing first Chern Class. This is because they are a generalization of Calabi-Yau
manifolds. Recently such manifolds have found applications in the investigation of
Reid’s conjecture and of mirror symmetry. This conjecture can be stated as follows:
Let X be a three-dimensional Calabi-Yau manifold and suppose that X can be blown
down along a rational curve to a possibly singular manifold Y;. Such singularities of
Calabi-Yau manifolds can be removed by a small deformation. Let Y; be the smooth
deformation of Y. Now Y7 has trivial canonical bundle and bz(?l) = ba(X) — L.
Continuing this procedure, we shall end up with a smooth manifold X with trivial
canonical bundle and b2(X) = 0. So X cannot be Kéhler. The conjecture is that
if X and Z are Calabi-Yau manifolds with b3(X) = b3(Z), then Z is in the same
deformation class of X.

The canonical bundle of a hermitian manifold can be topologically but not holo-
morphically trivial. For the definition of the former we take that the first Chern class
vanishes. For the definition of the latter, we take that the canonical bundle admits a
nowhere vanishing holomorphic section. We remark that there are canonical bundles
which are topologically but not holomorphically trivial, such as the canonical bundle
of SU(3). It was discovered recently by Hitchin [20] that complex three-folds with
holomorphically trivial canonical bundle appear as critical points of a certain diffeo-
morphism invariant functional on the space of differential three-forms on a closed
six-dimensional manifold.
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There are several connections on hermitian manifolds compatible with both the
hermitian metric and complex structure which coincide with the Levi-Civita connec-
tion in the K#hler case. Amongst these connections the Chern connection is the
unique connection for which the torsion 2-form is of type (2,0)+(0,2), and the Bis-
mut connection for which the torsion is a three form. If the torsion 3-form of the
Bismut connection is closed or equivalently the Kahler form is 80-closed, then the
hermitian structure is said to be strong. The latter connection was used by Bismut
[5] to prove a local index formula for the Dolbeault operator when the manifold is not
Kahler but strong; vanishing theorems for the Dolbeault cohomology on a compact
Hermitian non-Kéhler manifold were found [3, 21, 22]. For other applications of the
Bismut connection see [33, 21, 22]. In particular in [22] obstructions have been found
to the Hodge numbers h%!, h®™ for hermitian manifolds whose Bismut connection has
reduced holonomy contained in SU(3).

Given a hermitian manifold (M, g,J) with vanishing first Chern class, we give
some sufficient conditions for (M, g, J) to admit a Chern or a Bismut connection with
restricted holonomy contained in SU(n). The main tool that we shall use for the
investigation of hermitian manifolds with trivial canonical bundle is the 80-lemma.
This lemma is valid for any compact K&hler manifold but there are non-Kéhler spaces
satisfying the 80-lemma. A result of Deligne states that any Moishezon manifold is
cohomologically Kéhler and therefore it satisfies the d0-lemma. The 99-lemma also
holds for any compact non-Kéahler 3-fold with holomorphically trivial canonical bundle
which is diffeomorphic to connected sums of k > 2-copies of S* x S* [28]. One of our
main goals is to prove the following

THEOREM 1. On a connected sum of k > 2-copies of S° x S® there exists a
hermitian structure for which the holonomy of the Bismut connection is contained in
SU(3). Such a hermitian structure is not strong.

The celebrated Yau'’s solution of the Calabi conjecture [35] states that on a 2n-
dimensional compact complex manifold with vanishing first Chern class of Kahler
type there exists a Kéhler metric with restricted holonomy contained in SU(n) (Ricci
flat Kéhler metric). For non-Kéhler manifolds, it appears that the following holds:

CONJECTURE 1. On any 2n-dimensional compact complex manifold (n > 2) with
vanishing first Chern class there exists a hermitian structure with restricted holonomy
of the Bismut connection contained in SU(n).

The condition n > 2 on the dimension in this statement is essential since the Inoue
surface has vanishing first Chern class but it does not admit hermitian structure with
SU(2) holonomy of the Bismut connection as has been observed in [22].

Clearly this conjecture is true for connected sums of k > 2-copies of % x S2 in
view of Theorem 1. It is also true for Moishezon manifolds and for compact complex
manifolds with vanishing first Chern class which are cohomologically Kahler as we
demonstrate in sections 17 and 18 below.

This paper has been organized as follows: In sections two and three, we give
the definition of generalized calibrations and introduce the energy functional. In sec-
tion four, we compute the second variation of the energy functional and demonstrate
the relation between generalized calibrations and reduced holonomy. In section five,
we examine the deformations of a class of almost hermitian calibrations. In section
six, we derive the deformation equations of SAS calibrations and in section seven,
we explore them in various special cases. In section eight, we give many examples
of SAS calibrations and deformation families. In section nine, we give the defor-
mation equations of generalized co-associative calibrations. In section ten, we give



42 J. GUTOWSKI, S. IVANOV AND G. PAPADOPOULOS

the deformation equations of generalized associative calibrations. In section eleven,
we investigate the deformation equations of generalized associative and co-associative
calibrations in various manifolds with special G5 structures. In section twelve, we
give many examples of associative and co-associative calibrations that include various
deformation families. Some Hopf fibrations are such deformation families. In section
thirteen, we give the deformation equations of generalized Cayley calibrations and in
section fourteen we give a group manifold example. In section fifteen, we summarize
some useful formulae for hermitian manifolds. In section sixteen, we investigate the
existence of Chern connections with holonomy SU(n) on hermitian manifolds with
trivial canonical bundles and in section seventeen we investigate the existence of Bis-
mut connections with holonomy SU(n) on hermitian manifolds with trivial canonical
bundles. In section eighteen, we give the proof of theorem one and in section nineteen,
we give examples of manifolds with the holonomy of Bismut connection contained in

SU(3).
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2. Generalized calibrations and relative de Rham Cohomology. Here we
shall describe some of the main properties of generalized calibrations using relative
de Rham cohomology. Generalized calibrations were defined in [17] in the context
of understanding the solitons of brane actions with a Wess-Zumino term. In man-
ifold theory, these solitons are certain submanifolds of a manifold which admits an
appropriate form. These submanifolds are not minimal but they are the minima of a
certain energy functional. We begin with a definition of generalized calibrations and
in particular of the energy functional.

DEFINITION. A generalized calibration of degree k is a k-form ¢ on an oriented
manifold M which satisfies at every point p the inequality ¢(¢)|, < 1 for every oriented
k-plane £ in T, M.

For standard calibrations it is assumed in addition that ¢ is closed, d¢ = 0. This
is not the case here.

DEFINITION. The contact set Cp(¢) at a point p € M of a calibration ¢ is

Cp= {6 € Cr(k, T,M) : $(6)=1}. (2:2)

For calibrations of interest the contact sets are not empty.

DEFINITION. Generalized calibrated submanifolds X of M are those for which
d(TpX)=1atevery pe X.

In what follows we shall refer to both ¢ and X as “generalized calibrations” of
M. The distinction between the two will be clear from the context.

Generalized calibrations minimize a family of functionals [17]. Here we shall
repeat the analysis using relative homology and relative de Rham cohomology. Let
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M be a manifold and N a submanifold of M with dimN > k. Suppose that (o, () is
a pair of forms such that o € QF+1(M) and § € Q¥(N). In addition assume that 3 is
a calibration. Next suppose that K is a submanifold of N. Take an open ball D C K
and consider the functional

E(D,L) = Vol(D) — / o, (2.3)
L

where L is a submanifold of M such that 8L = D + Y. We shall refer to £ as the
energy of D.

We shall show that the functional £ is minimized whenever D C X and X is a
calibrated submanifold of N. However before we proceed to show this consider D;
and D, two open balls in N such that 9D; = 8D,. Then we have

[o-Letfp-fomfo-fe e

where 0L, =Y + Dy and S = D; — Ds is the sphere in N which can be constructed
by gluing the discs D; and D, along the common boundary taking into account their
relative orientations. In addition Z is obtained by gluing L, and L, along Y and so
it has boundary 8Z = 0Ly — 0Ly = (Y + D1) - (Y +D3) =Dy —D;=5.So Zis a
cycle in M relative to the submanifold N and Z € Hy1(M, N).

Now suppose that (o, 3) represents a trivial class in the relative de Rham co-
homology H, 5;’{1 (M, N). Recall that the cohomology operator d in relative de Rham
cohomology is defined as d{(a, 8) = (de, a| ;v — dB). Therefore [(a, B)] is a trivial class
iff « is exact, & = dv, which implies that d(y|y — ) = 0, and |y — B is an exact
form in N, 4|y — 8 =d(. In such a case, we have

fo- [ =0 (2.5)
fo-[ a-(f 8-[ a)=0. 26)

THEOREM 2. Let (o, ) represent the trivial class in Hc’fgl(M, N) and 8 be a
calibration form in N. Then calibrated submanifolds X of N minimize the functional
E(D 1y L 1) .

Proof. Let X be a calibrated submanifold of N and D; a disc in X. Then we
have

and so

8(D1,L1)=V01(D1)—/ «

Ly
=Alﬁ—Ala
=/D2,B—/L2a5Vol(D2)-—/Lza

= £(Da, Ly). (2.7)

The first equality follows from the definition of the functional. The second equality
follows from the assumption that X is calibrated. The third equality follows because
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the class (o, () is trivial in H ggl(M ,N). Finally the inequality follows from the
definition of generalized calibration. 0O

Next we shall investigate some of the properties of the functional (2.3). In par-
ticular we have the following:

THEOREM 3. Let K be a closed submanifold of N C M and L a submanifold of
M such that L = K. In addition assume that (o, §) represent the trivial class in
Hyr(M,N). Then the functional (K, L) is independent of the choice of L.

Proof. Let L' another submanifold of M such that 9L’ = K. Then we have
E(K, L") = Vol(K) —/ a = Vol(K) —/ v = Vol(K) — / a=E&(K,L). (28)
L K L

The first equality follows from the definition. The second equality follows from Stoke’s
theorem because « is exact and so o = dy. The third equality also follows for the
same reason as the second, and the last follows from the definition of the functional
g 0O

REMARK 1. Suppose that (a, 3) represents a class in H***(M,N;Z). Then it is
straightforward to see that the functional (K, L) mod Z is independent of the choice
of L.

3. Special Cases. A special case of interest is whenever the generalized cali-
bration form g is defined as a generalized calibration on M. For (a, 8) to be a trivial
class, a = dvy, a = df and v — 8 = d{ must be an exact form in M. In such a case
the functional £ can be written as

£(D) = Vol(D) — /D v (3.9)

If X is a compact calibrated submanifold of M with boundary 6X, then
£(X) = — / ¢ (3.10)
ax

In particular if X is closed, then £(X) = 0. Since £(Z) > 0 if Z is a closed but not
calibrated submanifold of M, calibrated closed submanifolds of M are global minima
of £. Another special case to consider is whenever @ = dv, and we choose v = 8.
This is the case which we shall focus on later. The functional £ in this case is

E(D) = Vol(D) — / 3. (3.11)
D
It is worth adapting the main theorem of generalized calibrations to this case. In

particular we have the following:

THEOREM 4. Let 8 be a generalized calibration in M ; then calibrated submanifolds
X of M minimize the functional E in (3.11).

Proof. Let X be a calibrated submanifold of M and D an open ball in X. Next
let D’ an open ball in M, such that 8D = dD’. Then we have

E(D) =Vo1<D)—/Dﬁ=/Dﬂ—/Dﬂ=o=/D,ﬁ—/,ﬁSVo1<D')—/D,ﬁ=E(D').
(3.12)
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The equalities are obvious. The inequality follows from the defining property of the
calibration form. 0O

The energy (3.11) vanishes when evaluated at every calibrated submanifold X of
M. In addition E(Z) > 0 if Z is not calibrated and therefore calibrated submanifolds
are global minima of E. From now on, we shall focus on the calibrated submanifolds
which are the minima of the functional (3.11).

REMARK 2. Standard calibrations for which the calibration form is closed d3 = 0
are special cases of the generalized calibrations associated with the functional (3.11).
The only difference is that the energy functional used for standard calibrations is
the induced volume Vol. Calibrated submanifolds under the standard calibrations are
minimal. For the generalized calibrations the functional (3.11) is not the induced
volume but nevertheless it can be identified with the “energy” of the submanifold.
Observe that the relation between (3.11) and induced volume evaluated on a closed
submanifold Z of M is

E(Z) =Vol(Z) - B]Z] . (3.13)

The last term depends only on the cohomology class of B. In particular it does not
contribute in the equations for the criticality of E and so the generalized calibrated
submanifolds X are minimal. Conversely, if 5 is a closed form, then minimal sub-
manifolds of M minimize the energy functional E.

4. Deformation of generalized calibrations.

4.1. The second variation of the energy functional. Here we compute
the second variation of the energy functional evaluated on a calibrated submanifold.
Suppose X is a calibrated submanifold of M with respect to a generalized calibration
¢, and let X (t) be a 1-parameter family of submanifolds of M with X(0) = X.
In addition let dvol(t) = dvol(X(t)) be the volume form of X(t), and ¢(¢) be the
restriction of the calibration form on X(¢). Since dvol(¢) and ¢(t) are top forms
on X (t), we have ¢(t) = A(t)dvol(t) for some function A(t) where A(0) = 1. This
condition follows because the volume form of a calibrated submanifold is equal to the
calibration form. Setting E(t) = E(X(t)), we have that the energy functional (3.11)

1S
B /X(t) ¢- /X(t) ¢
- [sr- [ 40

- / (MB)dvol(t) — 6(2)) - (4.14)
X
Thus [y A(t)dvol(t) — ¢(t) is independent of ¢. Differentiating the energy functional
twice and evaluating at ¢ = 0, we obtain
d? B _ d? d d
@ (t)|t=0 = - N @)\(t)lf;odVOI(O) -2 ; ﬁ)\(t)lt=02£dvol(t)|t=0 s (415)

where we have used A(0) = 1 and (4.14). To proceed with the computation of the
second variation of the energy functional, we shall show that %/\(t)|t=0 = 0. This a
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consequence of the calibration bound. In particular we have the following;:
dvol(t) — ¢(t) = (1 — A(2))dvol(¢) . (4.16)

Evaluating this on an appropriately oriented orthonormal basis and using the cal-
ibration bound, we find that A(f) < 1. Since A(0) = 1 is a maximum, we have
%A(t)|t=o =0.

To conclude, the second variation of the energy is

d2

2
FE o = = [ Z2MOle-odvol(0). (417)

As in the case of standard calibrations, the second variation of the energy can be
computed in terms of the normal vector field V. The proof is similar to that given in
[29]. The result is summarized in the following theorem:

THEOREM 5.

d? . .

'dt—2E(t)|t=0 = A (”VJ'V||2dVOI(O) - V%V%(ﬁ - ’le_‘/lv.Lv¢ - 2‘LV.LVv€/¢) (418)
where V5, is the Levi-Civita covariant derivative of M along the normal direction V
of X and V1V is the covariant derivative of the normal bundle of X in M induced
by the Levi-Civita connection of M.

4.2. Special holonomy and generalized calibrations. Let (M, g) be a Rie-
mannian manifold which admits a metric connection V with possibly non-vanishing
torsion and holonomy contained in one of the groups U(n) (2n), SU(n) (2n), Sp(n)
(4n), Sp(1) - Sp(n) (4n), G2 (7) and Spin(7) (8); the entry in (-) is the real dimension
of M. Manifolds with such holonomy admit generalized calibration forms. These are
forms parallel with respect to the connection V. In what follows we shall not inves-
tigate all cases. Rather we shall focus on Riemannian manifolds (M, g) which admit
a metric connection V with possibly non-vanishing torsion and holonomy U(n) (2n),
SU(n) (2n), G2 (7) and Spin(7) (8). The general theory of deformations of generalized
calibrations will be developed without further assumptions. However in many exam-
ples that we shall present later, we shall require that (M, g) satisfies some additional
geometric conditions in addition to those that are a consequence of the reduction
of the structure group of TM. These will simplify some aspects of the deformation
theory of generalized calibrations and in particular the deformation equations. In
particular we shall consider the following cases:

Holonomy U(n)

Suppose that a Riemannian manifold (M,g) (dim M = 2n) is equipped with
a metric connection V whose holonomy is contained in U(n). Then M admits an
almost complex structure J, J? = —1, which is parallel with respect to V and the
metric g is hermitian with respect to J, g(JX,JY) = ¢g(X,Y) for X,Y vector fields on
M. Therefore (M, g, J) is an almost hermitian manifold with compatible connection
V. Conversely, let (M, J,g) be an almost hermitian manifold, then (M, J, g) admits
a connection V with holonomy contained in U(n). Such a connection V can be
constructed from the Levi-Civita connection V9 of g as

1
VxY = VY - SJ(V&I)Y (4.19)
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where X,Y are vector fields on M. It is straightforward to verify that g and J are
V-parallel, Vg = VJ = 0. Note that any almost hermitian manifold (M, g,J) has a
Kabhler form Q(X,Y) = g(X,JY). Q is V-parallel but it is not closed, d{2 # 0.

PROPOSITION 1. Let (M,g,J) be an almost hermitian manifold and Q be the
associated Kdhler form. The forms ¢ = —Q’“ are generalized calibrations of degree
2k. The contact set at every point of M is Gr(k C").

Proof. To show this, we shall demonstrate the above statement at a neighbour-
hood U of a point p € M. Then because ¢; is parallel, it will hold everywhere in
M. We remark that there is a neighbourhood of a point p € M and a local frame
{e®,e%a=1,...,n}, (6% = (e2)), of (M, g,J) such that the metric and Kihler form
can be written as

Q=—i Y Szt Aed. ' (4.20)

a,b=1

Observe that in such a frame the metric and Kahler form take the standard form of a
Euclidean metric and (almost) complex structure on R** = C™. It follows that ¢y, are
calibrations from Wirtinger’s inequality on R*". From the same inequality it follows
that the contact set consists of the complex k-planes in R*™ = C™. All the planes of
the contact set can be constructed by acting with U(n) on the k-plane

¢ = {(21,-++52,0,...,0) : 2z1,...,2, € C} c C" . (4.21)

]

The calibrated submanifolds X are almost hermitian submanifolds of (M, g, J).
Both the metric and almost complex structure on X are induced from those on M;
the almost complex structure on X is induced from that on M because at every point
p € X, the holomorphic subspace of T, X ® C is identified with a complex k-plane of
the contact set at p. Observe that the dimension of the contact set at every point
is 2k(n — 1). We shall refer to these generalized calibrations as almost hermitian
calibrations. These results can be summarized as follows:

COROLLARY 1. The almost hermitian calibrations of degree 2k of an almost
hermitian manifold (M, g,J) are almost hermitian submanifolds of real dimension
2k.

Suppose that (M, g, J) is a hermitian manifold, i.e. the almost complex structure
J is integrable. It is known that such manifolds admit various connections V with
non-vanishing torsion such that Vg = VJ = 0. Because of this the holonomy of all
such connections V is contained in U(n). Again the forms ¢y = 1 -QF are generalized
calibrations. The contact set at every point of M is Gr(k,C™). The proof is identical
to the one given above for the almost hermitian manifolds. In this case, the calibrated
submanifolds X are hermitian submanifolds of (M,g,J). In particular, they are
complex submanifolds. To show this observe that the Nijenhuis tensor of X vanishes
because the complex structure J of M is integrable. Such calibrations have been
called hermitian calibrations in [17]. These results can be summarized as follows:

COROLLARY 2. The hermitian calibrations of degree 2k of a hermitian manifold
(M, g,J) are hermitian submanifolds of real dimension 2k.
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Holonomy SU(n)

Suppose that a Riemannian manifold (M,g) (dim M = 2n) admits a metric
connection V whose holonomy is contained in SU(n). In such a case (M, g) admits
an almost complex structure J such that (M, g,J) is an almost hermitian manifold
equipped with a (n,0)-form 9 such that Vg = VJ = Vi = 0. Compatibility of these
conditions requires that the form 1 is appropriately normalized. In particular

(-1 () A = dvl, (422)

where 1) is the associated (0,7) form and dvol is the volume form of M with respect
to the metric g.

Conversely, let (M, g, J) be an almost hermitian manifold with topologically triv-
ial canonical bundle, then there is a connection V which has holonomy contained in
SU(n). To see this, observe that (M, g,J) admits a no-where vanishing (n,0)-form
7 but in general % A 3 will not be related to the volume form of M as in (4.22). In
general, we have

YA = (~1) DR (20)" fdvol (4.23)

for some nowhere vanishing real-valued function f of M, where 1 is the associated
(0,n) form. Now there are two possibilities to consider. First, define x = f~%.
Observe that x is again a nowhere vanishing section of the canonical bundle and it is
normalized as in (4.22). In such case, one can show that the connection

) .1 1 _.
viyj — vé]vJY] + mXﬂn...kn_l vzg,JkaJ...kn_1Yk + mx]kq...kn—l vg,Jxkklmkn_lyk
(4.24)

has holonomy contained in SU(n), i.e. g, J and x are all V-parallel, where V97 is
a connection with holonomy contained in U(n), V9/g = V97 J = 0, such as the one
given in (4.19).

Alternatively, observe that f is either a positive or negative function. So without
loss of generality we can take f to be positive because if it is negative we can take | f]|.
Next define a new metric k on M by h = f2g. Then observe that (M, h,J) is again
a hermitian manifold and the (n,0)-form % is normalized as in (4.22) with respect to
the new metric h. In such a case, one can show that the connection

. 1 1 - _
viY] — V;MJYJ + mlp]kl...kn—lv?yJ,wkklmkn_lyk + m1p]k1...kn_1v?y-f,l/)kklmkn_lYls:
(4.25)

has holonomy contained in SU(n), ie h, J and % are all V-parallel, where V»7 is a
connection with holonomy contained in U(n), V»7/h = V*J.J = 0, such as the one
given in (4.19) but constructed using the Levi-Civita connection of the metric h.

PROPOSITION 2. Let (M,g,J) be an almost hermitian manifold, dimM = 2n,
with trivial canonical bundle and associated parallel (m,0)-form . The form ¢ =
Re(y) is a generalized calibration of degree n. The contact set Cp at every point of
(M, g,J) is SU(n)/SO(n).

Proof. As in the case of almost hermitian calibrations, we shall prove the propo-
sition in a neighbourhood U of a point p € M. In such a neighbourhood, there is a
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local frame {e%,e%'} in (M, g,J) such that

g=>_ ((e9)?+(*)?)
a=1
Q= Z e A e
a=1
Y= (el +iet ) Ar A (" +ie™) . (4.26)

Again in this frame the metric, Kéhler form and (n,0)-form take the standard form of
those in R®™. These are precisely the data of a SLAG calibration in R?". Therefore
it follows that ¢ is a generalized calibration from the results of Harvey and Lawson
as they apply for Special Lagrangian (SLAG) calibrations. Similarly, it follows that
the contact set at every point p € M is SU(n)/SO(n). All the calibrated planes can
be constructed by acting with SU(n) on the standard plane

& ={(z1,...,2n,0,...,0) : 21,...,2, € R} C R?" (4.27)

0

Such generalized calibrations have been called Special Almost Symplectic or SAS
for short [17]. The SAS calibrations are real middle dimension submanifolds of
(M,g,J). We remark that if Rey) is a SAS calibration, then Re(e®y) is also a SAS
calibration, where 6 is a constant angle.

So if (M,g,J) is an almost hermitian manifold with a compatible connection
which has holonomy contained in SU(n), then M admits two types of generalized
calibrations with calibrated submanifolds; the almost hermitian and the SAS. This is
reminiscent of Calabi-Yau manifolds which have two types of calibrated submanifolds
the Kéhler and SLAG.

A special case that we shall investigate later is that in which (M, g, J) is a her-
mitian manifold which admits a compatible connection V with holonomy contained
in SU(n). Again these manifolds admit two types of calibrations; the hermitian and
the SAS. The contact set of SAS calibrations is SU(n)/SO(n) at every point of M.

The above results are summarized as follows:

COROLLARY 3. Let (M,g,J) be an (almost) hermitian manifold with trivial
canonical bundle. Then (M,g,J) admits (almost) hermitian and SAS calibrations.

Another class of hermitian manifolds (M, g, J) are those for which the canonical
bundle is holomorphically trivial. Connections on such manifolds will be investigated
in the second part of this paper. Such manifolds admit a holomorphic (n, 0)-form 1.
Thus ¢ is closed, dyy = 0, but ¥ is not always normalized as in (4.22). In such a case,
as we have explained, we can either rescale the form 1 or we can rescale the metric g.
In particular we can rescale the metric g as h = f %g so that 1 becomes a calibration
form, where f is given in (4.23). Since 1 remains closed, the associated calibrated
submanifolds are SLAGs and therefore minimal with respect to h. Alternatively as
we have seen, one can rescale the holomorphic (n,0)-form v as x = f~19 where f is
given in (4.23). In this case, the rescaled form x is a calibration but it is not closed.
The associated calibrated submanifolds are SAS with respect to the original metric g.

Another special case that has recently been investigated is that of Kahler mani-
folds (M, g, J) with trivial canonical bundle for which the metric g is not a Calabi-Yau
metric. Such manifolds have been called almost Calabi-Yau and have been studied
in the context of mirror symmetry (see [24]). Note that as a consequence of the
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Calabi-Yau theorem, compact almost Calabi-Yau manifolds always admit a Calabi-
Yau metric. Compact almost Calabi-Yau manifolds admit a holomorphic (n,0) form
1, which is therefore closed (di) = 0), but not necessarily parallel with respect to a
hermitian connection because it does not satisfy the normalization condition (4.22).
The strategy adopted in this case is to conformally rescale the metric g, as in the case
of hermitian manifolds with holomorphically trivial canonical bundle above, so that
1 remains closed, and the associated calibrated submanifolds are Special Lagrangian
and therefore minimal with respect to the rescaled metric. Alternatively as we have
seen, one can rescale the holomorphic (n,0)-form 3. The associated calibrated sub-
manifolds are SAS with respect to the original metric g.

In the case that (M, g, J) is Calabi-Yau, then the hermitian calibrations become
the standard Kahler calibrations while the SAS calibrations become the standard
SLAG calibrations.

Holonomy G2

A Riemannian manifold (M, g) (dim M = 7) equipped with a metric connection
V whose holonomy is contained in G5 admits a V-parallel three-form % and a V-
parallel four-form 1) which is the dual of ¢. As we shall show these forms 1) and %
are generalized associative and generalized co-associative calibrations, respectively.

Conversely, let (M, g,7) be a Riemannian manifold which admits a three-form
that satisfies the algebraic conditions of a G5 invariant structure (such a three-form
is stable in the terminology of [20]), then there is a connection V which has holonomy
Ga. This connection can be expressed in terms of the Levi-Civita connection V9 of g
and the form 1 as

X . 1 . . 1 i .
VAY' = ViV 4 atpa VISP + 1o 0er VR4V, (428)

where Y is a vector field.

PROPOSITION 3. Let (M, g,1%) a seven-dimensional manifold which admits a G3-
structure as above. The forms 1 and xy are generalized calibrations of degree three
and four, respectively. In both cases the contact set at every point of M is G2/SO(4).

Proof. To show this, we remark that there is locally a frame {e*; 4 = 1,...,7}
of (M, g,v) such that the metric and the V-parallel three-form ¥ can be written as

7
g=Y (e*)?
A=1
Yp=eB el A -e)+e2A (e +e5)+ e A (e —€%),  (4.29)

where €12 = el Ae? and similarly for the rest. Observe that in such a frame the metric
g and parallel three-form 1 take the standard form of a Euclidean metric and Go-
invariant three-form in R’. It follows that both 9 and *7 are generalized calibrations
from the results of Harvey and Lawson as they apply for associative and co-associative
calibrations. It also follows that the contact set at every point of M is G3/SO(4). All
the planes of the contact set can be constructed by acting with G2 on the 3-plane

60 = {(.’131,1172,3?3,0,0,0,0) 1 Z1,%2,23 € R} - R7 ’ (4'30)
for generalized associative calibrations and on the 4-plane

¢0 = {(0,0,0, z4, T5, T6, T7) : T4, Ts5,T6, 7 € R} C R, (4.31)
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for generalized co-associative calibrations. 0

There are many special cases of seven-dimensional Riemannian manifolds that
admit connections whose holonomy is contained in G. We shall present many of
these cases when we investigate the deformation theory of generalized associative and
co-associative calibrations.

Holonomy Spin(7)

A Riemannian manifold (M, g) (dim M = 8) equipped with a metric connection
V whose holonomy is contained in Spin(7) admits a V-parallel self-dual four-form &.
As we shall see, ® is a generalized Cayley calibration.

Conversely, let (M, g, ®) be a Riemannian manifold equipped with a self-dual four—
form ® which satisfies the algebraic conditions of a Spin(7) structure, then (M, g, ®)
admits a connection V whose holonomy is contained in Spin(7). The connection V
can be expressed in terms of the Levi-Civita connection V9 of g as

ww=wW+%mWW@MWH (4.32)

where Y is a vector field.

PROPOSITION 4. Let (M,g,®) be an eight-dimensional manifold with Spin(7)
structure as above. The forms ® is generalized calibration of degree four. In both
cases the contact set at every point of M is Spin(7)/K, where K = SU(2) x SU(2) x
SU(2)/Z,.

Proof. To show this, we remark that there is locally a frame {e4; A =1,...,8} of
(M, g, ®) such that the metric and the V-parallel self-dual four-form ® can be written
as

8
g=> (e*)?
A=1
d = 61234 + (612 _ 634) A (656 _ 678) + (613 + 624) A (657 + 668)
+ (614 _ 823) A (658 _ 867) + 65678 . (433)

Observe that in such a frame the metric and parallel self-dual four-form take the
standard form of a Euclidean metric and Spin(7)-invariant four-form in R®. It follows
that @ is a calibration from the results of Harvey and Lawson as they apply for
the Cayley calibration. It also follows that the contact set at every point of M is
Spin(7)/K, where K = SU(2) x SU(2) x SU(2)/Z2. All the planes of the contact set
can be constructed by acting with Spin(7) on the 4-plane

€0 = {(21,72,23,4,0,...,0) : 21,73, 3,74 € R} CR® . (4.34)

o

It can be shown that given a self-dual four-form as in (4.33), there is always a

connection V with torsion a three-form given in [23] which has holonomy contained
in Spin(7). The torsion is

T=6®+%*@A®) (4.35)

where 0 = 1 % (6@ A @) is the Lee form of the manifold.
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4.3. Useful Formulae. For the investigation of the deformation theory of gen-
eralized calibrations, we shall use some formulae which relate the Lie derivative of a
form to a covariant derivative.

Let x be a k-form expressed as X = #;Xa4,..4,€* A-+- Ae?* in a frame {e?r}.
Then

dx = %VAIXAz...Atﬁl et AN AeAk+l * @j—].—)TXAL..AkTAI A3A2 A-eeAefx (4'36)
where T4 = Ve4 Apce? A eC is the torsion 2-form of V or equivalently
T(X,Y)=VxY —-VyX — [X , Y] (4.37)

for vector fields X, Y.
The Lie derivative of x with respect to a vector field V = V4ey4, (e4,ep) = 645,
is as follows:

. . k+
Lyx = (ivd+diy)x = —I'CT"VAI (VX)A1A2~~~Ak+1eA2 A--e A eet

1
(k 1)|XA1A2 AszTAl A eA2 ARERA 6

1
T Eoo) VEx4,Bas.. 4, T4 Ae® A pefte

1
+ VA (X At A A A
=2y

’VBVBXAI A€ AL A A e

+ VBXBAzAs...AkTAz A 6A3 VARREIWAN eAk

TR

1
(k 1! VAIV XBA;3...Ax € eM A Aet ) (4.38)

where V is the unique connection associated with V which has torsion T = —T. To
summarize

Lvx=VvX+ F—TXAAs As VeVAeB Aeft A pedi-t (4.39)

(k !
So, if x is V-parallel, Vx = 0, and

1 -
Lyx = WXAAl...Ak_IVBVACB AeM A Nedk-r (4.40)

Another formula which we shall find useful is the Lie derivative of a vector-valued
k-form

1
§= Ea.al e A Nt @es (4.41)
which may be written as

LvE =VvE+ ——E(BA,. 4,2 Va, VB A Net R ey

1
(k 1)!
EEAI...AkB?BVAeAI ANet@ey . (4.42)
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So, if £ is V-parallel, and X is some submanifold on which
Eaa e A Nettx Res =0 (4.43)

then
1 -
£V§lx = (k _ 1)'£BA2A)¢AVA1 VBeAl /\ L /\ €Ak|X ® eA . (4.44)

These formulae are key in the investigation of the deformation theory of generalized
calibrations.

4.4. Second variation of the energy functional revisited. The second vari-
ation of the energy functional is considerably simplified if we assume that the cali-
bration form ¢ is V-parallel. In particular, suppose that X is a k-dimensional sub-
manifold calibrated with respect to ¢. Suppose we consider an adapted frame so that
{e®:a=1,...,k} are tangent to X and {e*: i =k +1,...,dim(M)} are normal to
X, and we take ¢iq,..ap_, |t=oei Ae®t A-.-Ae®—1 = (. Then we deform the calibration
and write the calibration form as

p=Xe" A A ek + (Ic_—]:T)!¢ia“““’°“ei Ae®T A . Aetk-t (4.45)

! Bijay..ar_o€ NET AEB A Ne® 2 4 O((e))?) . (4.46)

D)

Using the fact that ¢ is V-parallel, we can compute ‘fi—ié by acting twice on (4.46)
with Vi where V = 9/8t is a normal vector field. After some lengthy computation,
we find

d2 d2
WEQ)It:O = — . ?d?/\(t)ltz,[)dVOl(O)

= /X [(6“‘1/,@-]-1/),1\;0](0) - 7:€7.Lv7161.v¢] lt=0 - (4.47)

5. Deformation of hermitian calibrations. Let (M,g,J) be a hermitian
manifold of complex dimension n. As we have mentioned the calibrated submanifolds
with respect to ¢ = leQk are the complex submanifolds of (M, g, J) of dimension k.
The deformation theory of a complex submanifold X of M is well known. The di-
mension of the moduli space is the number of holomorphic vector fields of the normal
bundle of the submanifold X, i.e. it is the dimension of the Cech cohomology H®(Nx)
where Nx is the normal bundle of X in M. There is an obstruction of integrating
these small deformations. This lies in the Cech cohomology group H(Nx). It is clear
that there should be a theory of deformations of almost hermitian calibrations. This
will be investigated elsewhere.

5.1. Complex submanifolds of Hermitian manifolds. It has been known
for some time that hermitian manifolds admit compact complex submanifolds which
represent the trivial homology class. This is unlike the case of compact Kahler mani-
folds where complex submanifolds always represent a non-trivial homology class. An
example of such a hermitian manifold that admits a holomorphic submanifold which
represents the trivial homology class has been given in [32]. This is an example of a
hermitian calibration which is not Kahler.
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Another example of a hermitian calibration is that of the Hopf fibre S* x S? in the
group manifold S2 x S3. As we shall demonstrate later in the investigation of exam-
ples of SAS calibrations in group manifolds, such a submanifold is holomorphic with
respect to a hermitian structure on S3 x S3. Observe that the hermitian calibration
S1 x S! represents the trivial homology class.

6. Deformations of SAS Calibrations. Let (M, g,J) be an almost complex
manifold which admits a compatible connection V (Vg = VJ = 0) which has holon-
omy contained in SU(n). The following can be shown using the results of Harvey and
Lawson:

THEOREM 6. Let (M,g,J) be a manifold as above. If X is a SAS calibrated
submanifold of M with respect to ¢ = Re w, where w is the parallel-(n,0) form, then
Q|x = Im w|x = 0, where Q is the Hermitian form obtained from J. Conversely, if
X is a middle dimension submanifold of M such that Q|x = Im w|x =0, then X is
calibrated with respect to ¢.

Because of this, the small deformations of X generated by sections V' of the normal
bundle, Nx, of X in M which preserve the property that X is calibrated satisfy

LyvQx =0, LyImw|x =0. (6.48)

To determine the conditions on V imposed by the above two condi-
“tions, we proceed as follows. We introduce an orthonormal basis {e,,e,} =
{e1, ... ,en,€17, ... ,en} of the tangent bundle of M and a dual frame {e“,e“'} =
{e, ... ,em, e, ... ,e”'} of M such that the Kahler form Q and the parallel (n,0)-
form take the (canonical) forms

n

Q= i Qabzea/\ebl= z": 6ab/ea/\ebl=Ze“/\e"’

a=1, b’'=1 a=1, b'=1 a=1

w=TI"_; (e® —iJ(e%) = (e' +ieX) A--- A (" +ie™) . (6.49)

It is clear that the non-vanishing components of the almost complex structure J in
this frame are J%,» and J"'a.

Restricting the orthonormal basis {eq, €q'} at a point p of the calibrated subman-
ifold X, {e,} is a basis in the tangent space T,X and {ey} is a basis in the fibre
Np of the normal bundle Nx of X in M. Therefore the deformations of X in M are
described by vector fields V = V@ e,s. Using this and (4.40), the conditions (6.48)
can be written as follows:

?aVb'Qb'be“ Aeb=0
VW% =0. (6.50)

These are viewed as equations for the normal vector field V.

There is another way to write the deformation equations of SAS calibrations.
For this observe that the normal bundle Nx and the tangent bundle TX of X are
isomorphic, Nx = TX. The isomorphism is induced by the almost complex structure
JasU=U%, =J(V) = JayVbe,. Using this, the conditions (6.48) on the normal
vector field V' can be rewritten as

d(in)lx + idelx =0, d(vIm UJ)IX + iy dlm wlx =0. (6.51)
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Next using the fact that both  and w are parallel with respect to the connection
V and (4.36), these two conditions can be expressed as

DU =dU —U,(T* +T%) =0 (6.52)
and
DIU = 6U + U%(ta +1,) =0, (6.53)

where T = €? A e Qup T 00/ Q%?, tg = TP and 1, = J* T 41y I
Equivalently, the deformation equations (6.52) and (6.53) can be written in com-
ponents as follows:

8#1 Uuz - 8#2 Uu1 - Up(Tﬁlm + Tulugp) =0 (6.54)
and
(VIOrU, — UH(t, + iu) =0. (6.55)

We remark that the deformations of SAS calibrations in the special case when M is
a symplectic manifold, and so  is closed, have been considered in [31]. It has been
shown that the moduli are unobstructed, and the dimension of the moduli space is
b1(X). Both expressions (6.50) and (6.52, 6.53) of the deformation equations will
be used later in the examples to find the moduli space of SAS calibrations in non-
symplectic manifolds.

6.1. SAS calibrations and an elliptic system. To investigate whether the
differential system (6.52) and (6.53) has solutions, consider the following resolution:

A% (X) 2 AT (X)) B A2(X) (6.56)

where D; has been defined as above and Dy is the adjoint of D(T,. Clearly we have the
adjoint resolution as follows:

D} D}
A%(X) € AYX) & AY(X), (6.57)
where DI is the adjoint of D;. Next we can consider the Laplacian
A = DoD{ + DiD; . (6.58)

From general elliptic theory, we know that the solutions of the equations D1U = 0
and DyU = 0 are zero modes of the Laplacian A. Conversely, the zero modes of the
Laplacian A are also solutions of the two differential equations. From general elliptic
theory we also have the following:

COROLLARY 4. The moduli space of a closed SAS calibration X in M, if it exists,
has finite dimension.
We shall investigate the elliptic system in more detail in special cases below.

7. Special Cases. There are several different types of almost hermitian struc-
tures, for example given in the Gray-Hervella classification [15]. We shall not explore
all cases here. Instead, we shall focus on some of these. Some explicit examples will
be given later. In what follows, we shall assume that some hermitian connections have
holonomy contained in SU(n).
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7.1. Almost Hermitian manifolds with skew torsion. Let (M, g, J) be an
almost hermitian manifold. It has been shown in [10] that (M, g, J) admits a unique
almost hermitian connection V with torsion a three-form iff the Nijenhuis tensor of J
is a three-form as well, ie (M, g, J) is a G manifold in the Gray-Hervella classification.
In that case the torsion of the connection is

T(X,Y,Z) = —dQUJX,JY,JZ) + N(X,Y, Z) (7.59)

where N(X,Y) = [JX,JY] — [X,Y] - J|JX,Y] — J|X, JY] is the Nijenhuis tensor.
Suppose that in addition the holonomy of this connection is contained in SU(n). In
such a case the differential system for SAS calibrations can be simplified to

dU — U, (T* +T*) =0
U +U%,=0. (7.60)

Despite the simplification of the second deformation equation, we have not been able
to analyze the system further. However, a special class of such hermitian manifolds
are the Nearly Kéahler ones. For these, the deformation equations simplify further.

7.2. Nearly Kihler manifolds. Let (M,g,J) be a Nearly Kahler manifold,
ie (M, g,J) is an almost hermitian manifold satisfying (V%J)Y + (V§J)X =0,
where X, Y are vector fields on M. It is known [14] that on a Nearly K&hler manifold
(M, g,J) the following identities hold:

4dQUX,Y,Z) =3N(JX,Y,Z) = -129((V%J)Y, Z) (7.61)
and
29((VEVLINY, 2Z) = —(g((V{}J)X, (V$.J)JZ) + cyclic(X, Y, Z)). (7.62)

The Nijenhuis tensor N is a (3,0) + (0,3)-form. Nearly Kéhler manifolds admit a
compatible connection V with torsion a three-form T = 1N and VT =0 [26, 4, 10].

We shall focus our attention to six-dimensional nearly Kéahler manifolds. Any
six-dimensional nearly Kahler manifold is Einstein and of constant type (see [14]).
This means that the Ricci tensor, Ricd = %ag and

(V% DYIP = 2a- (IXIP- VI — 206, ¥) ~ (X, JY)),  (763)

where a = Scal9/15 is a positive constant and Scal9 denotes the scalar curvature of
g. It is clear that the holonomy of the connection V of any six-dimensional Nearly
Kahler manifold which is not Kéhler is contained in SU(3).

To investigate SAS calibrations in six-dimensional Nearly Kéhler manifolds, we
shall first prove the following theorem for Lagrangian submanifolds in Nearly K&hler
manifolds.

THEOREM 7. A three-dimensional Lagrangian submanifold L of a siz-dimensional
Nearly Kéhler manifold (M, J,g) is a SAS calibration and minimal. Consequently any
Lagrangian submanifold L is orientable.

Proof. To show that any Lagrangian submanifold of a six-dimensional nearly
Kahler manifold is minimal, we shall first show that

9(V& )Y, 2) =0 (7.64)
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for X,Y, Z tangent to L. To see this, we use the fact that J is parallel with respect
to the connection V with torsion the Nijenhuis tensor N. Using the fact that N is a
(3,0) + (0, 3)-form and that L is Lagrangian, it is straightforward to verify (7.64).

To show that L is SAS, observe that a V-parallel (3,0) form 1 can be defined on
L with Reyy = N and Imy = %dQ; Q is the Kahler form. Since both the Nijenhuis
tensor N and the almost complex structure J are V-parallel, in view of (7.61), v
is parallel as well. So N can be identified with the calibration form. Using (7.64),
(dQ)|r = 0 and so L is a SAS calibration. Consequently L is orientable.

The second part of the proof of this theorem that L is minimal is a generaliza-
tion of a similar theorem for S® in [8]. To begin, denote with o and A the second
fundamental form and the shape operator of the submanifold L in a manifold M,
respectively. From the definition of @ and A4, we have X,Y tangent to L and £ normal
to L

VLY = VEY +a(X,Y), V%E=—AcX + Dx¢, (7.65)

where X, Y are vector fields tangent to L, £ is a vector field normal to L, V9~ is the
induced Levi-Civita connection on L and D is the induced connection on the normal
bundle. Recall that a(X,Y) = a(Y, X) and g(a(X,Y),§) = 9(4eX,Y).

To see that L is minimal we observe that the (3,0)+(0,3)-form d2 on M satisfies
the identity

—é(vg(dn)(x 2) = (V4 VL0)Z = %a (9(Y,TZ)X + g(X, Z)JY — g(X,Y)JZ),
(7.66)
where dQ)(X,Y) denotes the (1,2) tensor corresponding to the 3-form d2 via the
metric g.
Since d€2(X,Y’) is normal to L for X,Y tangent to L, we obtain DxJY =
—%dQ(X, Y)+ JVYY, AjyX = —Ja(X,Y). Using these properties of the sec-
ond fundamental form, we calculate

(V%d(Y, Z) = —Aaq(y,2)X + DxdQUY, Z) — dUV%Y, Z) — dQUY, V4 Z)
= Ja(JdQ(Y, Z),X) — %JdQ(X, dQUY, Z)) — J(V¥ JdQ) (Y, Z)
—dUa(X,Y), Z) — dUY, (X, Z)) (7.67)

for X,Y, Z tangent to L. Multiplying the last equality by J and using (7.66) we get
for the normal component

a(JdQ(Y, Z), X) + JdQU(X,Y), Z) + JAUY, (X, Z)) = 0. (7.68)

The last equality means tra = 0. Indeed, we may assume that %J dQ(ey, e2) = \/g .e3
form an orthonormal basis on L for any even permutation of (123). Evaluating (7.68)
on those basis we get tra. = 0 by taking the cyclic sum and using the skew-symmetry
of N. Hence, L is a minimal submanifold of M. 0O

The theorem above generalizes the result of Ejiri [8] which states that for the
Nearly Kahler S¢ any Lagrangian submanifold M3 C S is minimal. SAS calibrations
in the Nearly Kéhler S® will be consider below.

Since the torsion is a (3,0)+4(0, 3) form, the differential system for the deformation
of SAS calibrations on a nearly Kahler six-dimensional manifold (M, J, g) reduces to
the equations

dU = Z(iy)N = 3(iyT) = —(iju)dQ, U =0. (7.69)

> w
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PROPOSITION 5. Let V = JU be a SAS deformation of a SAS calibrated com-
pact submanifold L on 6-dimensional Nearly Kihler manifold M. Then the following
formula holds

/ (RO (U, U) ~ SallUI + 5(Lug))aVol|; =0 (7.70)
L

In particular, if M = S8 then U cannot be a Killing vector field on L.

Proof. We shall use the following general formula on a compact Riemannian
‘manifold [34]

/ (Ric;;UU? 4 (VIUH)(V,U;) — (8U)?)dVol. =0 . (7.71)
L

The formula (7.71) follows from the identity
Vz(UJ(V]Uz) - (V;U")Uz) = R?:CijUin + (VJU‘l)(V‘LUJ) - (VjUj)z (7.72)

by an integration over the compact L.

Let V = JU be a SAS deformation. The constant type condition (7.63) implies
[|[dU||? = 9|ivT||*> = 9a||U||?. Substituting the latter equality into (7.71) we get
(7.70).

For any minimal lagrangian submanifold L of the Nearly Kihler S® we have
Ricd(U,U) = a||U||? - Z?zl g(a(U,e;), (U, e;)), where e1,ez,e3 is an orthonormal
basis on L. Substituting the last equality into (7.70) and taking into account (7.69),
we get a contradiction with the assumption that U is Killing. D

7.3. Hermitian manifolds with holonomy SU(n). In this section, we take
(M, J, g) to be a hermitian manifold, dim M = 2n, for which the holonomy of either
the Bismut connection V° or the Chern connection V¢ is contained in SU(n). The
definitions of these connections are given in section fifteen. Both these cases will
emerge in the investigation of hermitian manifolds with trivial canonical bundle in
sections sixteen and seventeen.

First consider the case for which the Bismut connection has holonomy contained in
SU(n). In such a case the differential system for the deformation of SAS calibrations
becomes

]. / ’
dU — EU“H,,,,/C/ JY I P Aef =0
(V9)°U, —U%, =0 (7.73)

where H is the torsion of the Bismut connection and 6 is the Lee form (see section
fifteen). To derive the first equation, we have used the fact that the torsion three-form
H of the Bismut connection is (2,1) and (1,2) with respect to J; this follows from the
integrability of the complex structure and the fact that J is parallel with respect to
the Bismut connection.

There are two cases to consider. If the hermitian manifold (M, g, J) is balanced,
then 8 = 0, and the deformation equations are

dU — -;-U“Hab/c/ JY 0 e Aef =0
(V9)°U, = 0. (7.74)
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In particular, U is co-closed. Next assume that (M, g, J) is conformally balanced, ie
6 = 2df for some function f on M. This class of hermitian structures appears in some
applications in physics. Rescaling U = e2/U, we find that the differential system
becomes

dU +2df AU — %ﬁ“Hab'c,J”'ch'ce” Aef =0
(V9)°U, =0. (7.75)

So U is again co-closed.

Next take (M, J, g) to be a hermitian manifold for which the associated Chern
connection V¢ has holonomy contained in SU(n). In this case the parallel (n,0)-form
1) is holomorphic and therefore closed, diy = 0. The deformation differential system
(6.54, 6.55) for SAS calibrations becomes

dU - U,(C*+ (%) =0
(V9)*Ua =0, (7.76)

where C is the torsion of the Chern connection. Again, the one-form U is co-closed.

8. Examples.

SAS calibrations in hermitian group manifolds

8.1. Group manifold examples. Consider the group manifold S3 x §3 with
metric

ds? = (6" + (677 + (0°)% + (1) + (37)2 + (6°)? (8.77)
and a complex structure J with associated Kahler form
Q=0'No? -5 NG%+0%A5° (8.78)
where o and &¢ are left invariant one-forms satisfying
do® = —%e“bcab -
dé® = —%eabcab AGE . (8.79)
The associated parallel (3,0)-form is
w = €% (ol +i0?) A (61 —i6%) A (0% +i5°) . (8.80)

The X = S% submanifold of $3 x S% which is defined by the diagonal embedding
o'|x = &*|x is a SAS calibration.

This SAS calibration has moduli. To see this observe that both  and w are
invariant under the left action of S% x $3. In addition S% x S% acts on the diagonal
S3 as (k1,k2)(g,9) — (k19,k2g). Thus if the diagonal S® is a SAS calibration, then
all the right cosets of S in S3 x S3 are SAS calibrations as well. The moduli space
of these deformations is S3 x S3/S3. Observe that if (k;,k2) = (k}h, khh) for h € S3,
then (k1,k2) and (k{, k3) generate the same deformation.
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For an alternative way to see this, let V be the connection on the group S3 x S3
associated with the left action. Observe that the metric and the Kéhler form are
parallel with respect to the connection V. The connection V which has torsion T =
—T is associated with the right action on the group manifold $® x §3. In particular
all right-invariant vector fields are parallel with respect to V. Thus they satisfy the
equation (6.50). This is equivalent to the analysis above in which the left group action
was used. This is because the right-invariant vector fields generate the left-action on
group manifolds. Of course the right-invariant vector fields which are tangent to the
diagonal S generate diffeomorphisms of the diagonal S and so they are not tangent
to the moduli space. However, there are three linearly independent right invariant
vector fields which are normal to the diagonal S, which are given by

V((z?) = pi — Pi (8.81)
for i = 1,2,3 where {p;, p;;i = 1,2,3} are right invariant vector fields on S% x S3.
Hence the dimension of the moduli space is at least three.

To find whether the moduli space has dimension more than three, one should find
the number of solutions to the differential equations (6.52 and (6.53) or equivalently
(6.50). Adapting them to this example, we have

dU —UAc2+Usocl Ac? =0
SU-Us;=0 (8.82)

where U = U;ot|x. After some computation, it can be shown that the only solutions
to (8.82) are given by linear combinations of i,,(m (2| x as expected. Hence the moduli
(5)

space is three-dimensional.

We remark that there is a hermitian calibration which is a torus 72 = S x S!
along the directions (02,53) of S® x S3. This torus is the fiber of the product of
fibers of the product Hopf fibration 72 — 83 x §3 — S% x S2. The homology class
[T?] is trivial because Ho(S% x $3) = 0. This is an example of a family of hermitian
calibrations with base space 2 x S2.

A SAS calibration on the complex Iwasawa manifold is given at the end of the
paper, in the last section. '

SAS calibrations in almost hermitian group manifolds

For another group manifold example consider again the group manifold 3 x
S3 with metric (8.77) but now equipped with the almost complex structure J with
associated Kahler form

Q=0 A +0* NG+ NG3. (8.83)
The associated (3,0)-form is
w= (o 4+ ') A (6% +i6%) A (02 +i5°) . (8.84)

It is clear that the three-sphere given by S x {e} is a SAS cycle, where e is the identity
element. It is also clear that any three-sphere in S% x S given by the embedding
S3 x {k}, k € S3, is again a SAS cycle for the above generalized calibration. Thus
there is a moduli space which has dimension at least three. This can also be derived
using the connection V as in the other example above. In fact the dimension of the
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moduli space is three. To see this observe that the deformation equations for SAS
calibrations imply that

VU — VU, =0
v.Uu*=0, (8.85)

where V is the flat connection on S® with associated frame the left-invariant 1-forms
{0% a =1,2,3}. These equations in particular imply that

VeVeUp =0. (8.86)
Using

LvuE == [ wvir) =0 (8.87)
s3 53

we conclude that U is parallel with respect to V and so left-invariant. Since there
are three linearly independent left-invariant vector fields on S2, the dimension of the
moduli space is three. In fact the moduli space is S3.

We can also consider a similar group manifold example as above but this time
with

w =i(o! +i5) A (0% +i5%) A (02 + i52) (8.88)

as a (3,0) form. In this case a SAS cycle is {e} x S®. The moduli space is again S3.
We remark that in both the above group manifold examples, there is an almost
hermitian calibration which is a torus T2 along the directions (02,52). In fact the
induced almost complex structure on T2 is integrable and so T2 is complex.
The above two group manifold examples can be easily generalized as follows. Let
G be a semisimple Lie group (dimG = k). On the group manifold G x G, we can
define the metric
k
ds*(G x G) =) ((6%)* +(5%)?) (8.89)
a=1

and the almost complex structure J with associated Kéhler form
k
Q=> 0*A5" (8.90)
a=1

where {c%a = 1,...,k} and {6%a = 1,...,k} are the left invariant one-forms of
G X G; the first set is that of the first group in the product G X G while the second
set is that of the second group. We can also define a (n,0)-form as

w= (oL +igY)A--- A (o* +i5F) . (8.91)

The submanifold G x {e} is a SAS calibration with respect to Re w. In fact all spaces
G x {h}, h € G, are SAS calibrations. Therefore the dimension of the moduli space
is at least k. In fact it can be shown that the dimension of the moduli space is
exactly k by repeating the analysis for S x S% examples above. In particular, it is
straightforward to show that the solutions of the deformation equations U = —iy | x
are left-invariant one-forms. Similarly {h} x G are also SAS calibrations with respect
to Re w where

w=(@)"F +ig}) A A (oF +i5*) (8.92)

in this case. The dimension of the moduli space is again k.
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8.2. SAS submanifolds in S3xS3 with the left-invariant Einstein metric.
There is another Nearly Kahler structure on S x S% which can be constructed as
follows. First write Spin(4) = S% x S% and decompose the Lie algebra of Spin(4) as
spin(4) = so(4) = h+m with h = span{E12, E13, E23} and m = span{ E14, F24, F34},
where the matrices E;j, (i < j) are the standard generators of so(4). Denoting the
associated left-invariant forms as the elements of the basis, we have

4
dE;j == Ey A Eyj . (8.93)

k=1
Denote the Killing form on spin(4) by B(X,Y) = —1/2tr(XY). Then there are
two Einstein metrics on S x S§3. One is associated with the bi-invariant metric
B; = Bl|pxn + Blmxm- The SAS calibrations for this manifold have already been
investigated above. The other is associated with the left-invariant metric By/3 =
%B|hxh + Blmxm. With respect to By/3 we consider the orthonormal basis e; =
V3E13,e2 = V/3E13,e3 = V3Ea3,e4 = Erg,e5 = Eas,e6 = E34. In this basis the

Kahler form is

1
Q=—§ (e'nef—e2ne®+e2 net). (8.94)

Denote the associated almost complex structure with J. Then (S2 x S3%, B; /3,J) is a
Nearly Kéhler non-Kéhler manifold [16].

Consider a copy of S® C S% x S% determined by the integrable distribution h =
span{e;, ez,e3}. This is a lagrangian submanifold of the Nearly Kahler manifold
(8% x 83, B, /3,J) and therefore it is a SAS calibration.

The moduli space is at least 3-dimensional. Indeed, simple calculations show that

de? = —(ije;dQ), &7 =0 (8.95)

for j = 1,2,3, where €’ is the dual 1-form to e;. Hence, €1, e2, e3 are solutions of the
differential system (7.69).

8.3. SAS calibrations on Flag manifold. Let F; » = U(3)/U(1) x U(1) x
U(1) be the complex three-dimensional flag manifold. Consider the reductive decom-
position u(3) = h @ m where u(3) is the Lie algebra of the unitary group U(3) and
h and m are determined by: h == u(1) & u(1) ® u(1) C u(3) and

0 a b
m=4¢ —-a 0 c ;Cu(@3). (8.96)
-b —-c 0

Identifying any element X € TFi2 = m with the corresponding triple of
complex numbers (a,b,c), we consider the U(3)-invariant Riemannian metric on
Fi2,9(X,X) = |a]? + |b]? + |c|>. An invariant almost complex structure on Fj o
is defined by J : (a,b,¢) — (ia, —ib,ic) and it is compatible with the invariant met-
ric g. Then (F}2,9,J) is a Nearly Kahler non Kéhler 6-dimensional manifold. We
consider an orthonormal basis of T'F} 2 given by

1 1

€1 =E(17070)7 62=J617 e3=ﬁ(0v 1,0),

1
€4 = —J€3, €5 = 75(0,0, 1), € = Jes. (897)
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Then the 3-sphere S3 determined by the integrable lagrangian distribution e, e3, es
is a SAS calibration on the Nearly Kahler 6-dimensional (Fi 2,9, J).

8.4. SAS calibrations and the 6-sphere. Let ImO be the 7-dimensional vec-
tor space of imaginary octonions. Consider the unit sphere S C Im©. The right
multiplication by u € S® induces a linear transformation J, : © — O which is orthog-
onal and satisfies J2 = —1. The operator J, preserves the 2-plane spanned by 1 and
u and therefore preserves its orthogonal 6-plane which may be identified with 73,5.
Thus J, induces an almost complex structure on T, S® which is compatible with the
inner product induced by the inner product of ©. Therefore S has an almost com-
plex structure which is compatible with the standard metric g on S® and so (S%, g, J)
is an almost hermitian manifold. In fact (S,g,J) is Nearly Kihler. The group of
automorphisms is the exceptional group Gs.

Let L C S® be a three-dimensional Lagrangian submanifold of S® with respect
to a Kahler 2-form. Then by the results of section 7.2, L is a SAS calibration and is
minimal. In addition it satisfies g(V%J)Y,Z) = 0 for X,Y,Z tangent vectors to L
by the result of N.Ejiri [8]. For example consider the invariant G2 form in (4.29) or

equivalently in (9.99) below and view {e%;i = 1,...,7} an orthonormal basis in R,
Then the Kihler form at the point z = z'e; of §8, Y1_ (z)2 = 1, is
Q= xi(ﬁijkej A ek (8.98)

restricted in the directions orthogonal to z. The three-sphere defined by the equations
z! = 2% = 23 = 0 is a Lagrangian submanifold and so a SAS calibration.

9. Deformations of generalized co-associative calibrations. Let (M, g, )
be a seven-dimensional manifold which admits a metric connection V whose holonomy
is contained in Go. As we have mentioned there is a local orthonormal frame {e® , e}
for a,b = 4,5,6,7 and 4,7 = 1,2,3 such that the parallel three-form v takes the
canonical form

b= el L el A (e — )4 e A (% + &) 4 &8 A (VT — &) (9.99)
where e!2 = e! Ae? and similarly for the rest. Observe that 1/ can also be written as
3
p=eB+Y A, (9.100)
i=1

where {Q;,i = 1,2, 3} is a basis of anti-self-dual two-forms in the directions spanned
by the {e%;a = 4,5,6, 7} frame basis. The generalized co-associative calibrating four-
form is simply the Hodge dual of 1, *.

PROPOSITION 6. A necessary and sufficient condition for a four-dimensional
submanifold X of M to be a generalized co-associative calibration with respect to %
is that ¥|x = 0.

Proof. The proof of this proposition is similar to that given for standard co-
associative calibrations in [19] and so it will not be repeated here. O

If X is a co-associative calibrated submanifold, we can adapt a frame at every
point of X such that the directions {e%;a = 4,5,6,7} are tangent to X and {e‘;i =
1,2,3} are normal. Expressing the condition Lyt = 0 for the deformation of a co-
associative calibration X along the normal vector field V in terms of the V connection
of (4.40), we have

(Q)apVeViet Aeb Aef =0 (9.101)
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where {Q;;7 = 1, 2, 3} is the basis of anti-self-dual Kahler forms used to construct the
form ¢ in (9.99). Using the anti-self duality of {Q;;7 = 1,2, 3}, the equation (9.101)
also implies

> (Ji)*%VaV =0, (9.102)

%,a

where J; are the (almost) complex structures associated with €.

There is an alternative way to express the deformation equations. For this observe
that the normal bundle Nx of X in M is isomorphic to the bundle A?2~(X) of anti-
self-dual two-forms of X, Nx = A2~ (X). The proof of this is similar to that given by
[29]. It is based on the observation that the normal bundle Nx and A%~ (X) are both
associated to the principal SO(4) frame bundle of X with the same representation,
i.e. the three-dimensional anti-self-dual representation of SO(4). Note that the seven-
dimensional p; representation of G2 which leaves three form 1 invariant decomposes
as py = vz®v, under the action of SO(4) C G2, where v3 is the three-dimensional anti-
self-dual representation of SO(4) acting on the directions 123 and v, is the standard
four-dimensional vector representation of SO(4) acting on the directions 4567. Let
V = V'e; be a normal vector field of X, then the isomorphism is given by ay = iy9|x.
Observe that oy is an anti-self-dual two-form on X.

Next the condition Ly = 0 can be written as

day + ivd¢lx =0. (9.103)

If dyp = 0, then the dimension of the moduli space is equal to b2 (X), i.e. the dimension
of the space of anti-self-dual harmonic two-forms of X. Now we shall turn to the case
where diy # 0. Using the fact that 1 is parallel with respect to V, we find that

1 _
d(av) — (av)aT* Ae + SYibe V7T jae® A e ne=0. (9.104)
Using the relation

1
gAB = 6¢ACD1//'BCD ) (9.105)

the deformation equations may be written solely in terms of oy as
1 . .
dav + (av)a[ —T* A e + gv,picdzpﬂab:ﬁjal e“Ne? Ae] =0. (9.106)

Furthermore, as ay is anti-self-dual, this defines an elliptic system of partial
differential equations. Hence we conclude that

COROLLARY 5. The moduli space of generalized co-associative calibrations, if it
exists, is finite dimensional.

10. Deformations of generalized associative calibrations. Let (M, g, ) be
a seven-dimensional manifold which admits a metric connection V whose holonomy
is contained in G5. Such manifolds also admit generalized associative calibrations,
in addition to the generalized co-associative calibrations investigated in the previous
section. The former is a degree three calibration associated with the three form 1 of
(9.99). We again introduce the orthonormal frame {e4} = {e’ , e%i = 1,2,3,a =
4,5,6,7}, where now {e'} span the tangent directions of the generalized associative
cycle and {e®} span the normal directions.
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As in the case of standard calibrations, the condition for a three-dimensional
submanifold X to be calibrated with respect to ¥ is that a certain vector-valued
three-form x € Q3(M,TM) should vanish on X. The form ¥ is related to the cross
product on R” = ImO and it is invariant under G, so x is V-parallel. In particular
in the basis that we have written the three-form %, x is given by

7
x=> x"®ea (10.107)
A=1
where

Xl — (6256 _ 6247 + 6346 + 6357)
Y2 = (6147 _ o156 _ 345 | 6367)
S = (6245 _ o267 _ 146 _ 6157)
X4 — (6567 _ 6127 + 6136 6235)
X5 — (6126 _ 6467 4 6137 + 6234)
XB — (6457 _ 6125 6134 + 6237)
Y7 = (6124 _ 456 _ 135 _ 6236) (10.108)

To compute the dimension of the moduli space of generalized associative cali-
brations, we require that Ly x|x = 0. Using the fact that this vector-valued three-
form is parallel with respect to the connection V, (4.40) and after observing that
(x“Lvea)|x =0, we find that Ly x|x = 0 implies

Z(Qi)aﬁivb =0 (10.109)
ib
where V is the connection with torsion 7 = —T. The normal bundle Nx of a gen-

eralized associative submanifold is isomorphic to the spin bundle S of X. This can
be shown by observing that both Nx and S are associated to the Spin principal bun-
dle, P, of X, which is the double cover of the frame bundle of X, with the same
representation. The proof of this is similar to that for standard calibrations and it
has been described in [19, 29]. Here we shall summarize the proof. First observe
that every oriented three manifold admits a spin structure and so P exists for all
associative calibrations X. Then observe that the seven-dimensional representation
pr of G2 which leaves the three-form 1 invariant decomposes as p7 = v3 @ s4, where
v3 is the three-dimensional representation of SU(2) induced by the standard three-
dimensional vector representation of SO(3) acting on the directions 123 and s, is the
four-dimensional real spinor representation of SU(2) acting on the directions 4567.
Since 4567 are the normal directions of X, the normal bundle Nx and the spin bundle
S are associated to P with the same representation s4, so Nx = S. Therefore the
deformation equation (10.109) is the Dirac equation in three-dimensions with respect
to the connection V; the gamma-matrices are given by the {4;1 =1,2,3}. This is
in fact an elliptic differential equation and so if a moduli exist, the moduli space is
finite dimensional.

The index of the Dirac operator that appears in the deformations of generalized
associative calibrations vanishes. Because of this it is expected that generic gener-
alized associative calibrations will not have moduli. This is similar to the case of
standard associative calibrations. Although generic generalized associative calibra-
tions do not have moduli, we shall find many examples of families of generalized
associative calibrations in special cases.
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11. Special Cases. There are several special cases of G2 structures according
to Fernandez-Gray classification [9] depending on various additional conditions that
the three-form v and its dual *1 satisfy.

Calibrated and cocalibrated G2 manifolds

The manifold (M, g,1) is calibrated if diy = 0 and (M, g,v) is cocalibrated if
d* 1 = 0. It is known that if (M, g,v) is both calibrated and cocalibrated, then the
holonomy of the Levi-Civita connection V9 is contained in Gs.

For calibrated G» manifolds, the generalized associative submanifolds are minimal
because 1 is closed. In addition, the deformation equations of such submanifolds are
given by the Dirac equation in (10.109) with respect to a connection of the normal
bundle which is induced from a connection on M which has non-vanishing torsion.

For calibrated G, manifolds, the generalized co-associative submanifolds generi-
cally are not minimal because *% is not closed. The deformations of such submanifolds
are given in (9.101) or in (9.103). Because d¢ = 0, the latter equation can be simpli-
fied to

day =0 . (11.110)

Since ay is anti-self-dual, the dimension of the moduli space of generalized co-
associative calibrations in calibrated G2 manifolds is b; .

For cocalibrated G2 manifolds, the generalized associative submanifolds are not
generically minimal because 9 is not closed. The deformation equations of such
submanifolds are given by the Dirac equation (10.109) with respect to a connection of
the normal bundle which is induced from a connection on M, which has non-vanishing
torsion.

For cocalibrated G, manifolds, the generalized co-associative submanifolds are
minimal because d * 1 = 0. The deformations of such submanifolds are given in
(9.101) or in (9.103).

Another type of G2 manifold for which the associated generalized calibrations can
be analyzed as for co-calibrated G2 manifolds is that of cocalibrated G2 manifolds of
pure type. For such manifolds d * ¥ = 0 and diy A ¥ = 0. Again the co-associative
calibrations are minimal.

Integrable G2 manifolds

The manifold (M, g,) is an integrable G2 manifold iff
dxp=0A*p (11.111)

where 30 = — * (*di) A ) is the Lee form. It has been shown in [10] that such G;
manifolds admit a unique connection with torsion a three-form.

For generic integrable Gy manifolds, both 1 and %1 are not closed, so the gener-
alized associative and co-associative calibrations are not minimal. The deformation
equations for generalized associative calibrations are given by the Dirac equation
(10.109) but in this case the connection on the normal bundle is induced from a con-
nection with torsion a three-form on M. The deformation equations for generalized
co-associative calibrations (9.103) can be simplified somewhat using the expression
for the torsion in [10]. In particular, denoting the torsion 3-form by T' = H, we have
[10] that

dip = %(d¢.*¢)*¢+0A¢+*H. (11.112)
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Hence, noting that iy * 9|x = 0, it follows that
ivdp|x = (=0 Aay +iv(xH))|x (11.113)

and so we require that
1 )
day — 0 Aay + gg(av)alazip”“” * Higpee® Ne® Ae® =0 . (11.114)

However, despite this simplification, it has not been possible to compute the dimension
of the moduli space.

The subclass of integrable G manifolds which have applications in physics (string
theory) are those for which the 1-form 6 is exact and so 8 = —2d® for some function
® on M which is identified with the dilaton. The analysis of generalized associa-
tive and co-associative calibrations in this case is as for the integrable G2 manifolds
above. There is some additional simplification though in the deformation equations

for generalized co-associative calibrations. In particular, defining py = ¢*®ay and
substituting in (11.114), we obtain
1 )
dpv + == (PV)aray ¥4 * Higpee® NP Ae® =0 . (11.115)

36

Nearly parallel or weak holonomy G» manifolds

The manifold (M, g,) admits a nearly parallel or weak holonomy Gg structure
iff dip = A =1, for A constant. If A = 0, then (M, g,1) is calibrated. If A # 0, then
(M, g,1) is co-calibrated. Since we have already investigated the case of calibrated
G2 manifolds, we shall focus on the case that A # 0. In [10], it has been shown
that nearly parallel manifolds admit a connection V with torsion a three-form. In
particular T = —} M.

There are many examples of nearly parallel G manifolds which include S7,
SO(5)/S0(3) and the Aloff-Wallach spaces N(n,m) = SU(3)/U(1)p,m; the embed-
ding of U(1) in SU(3) will be described later. .

For nearly parallel Go manifolds, the generalized associative submanifolds are
not generically minimal because 1 in not closed. The deformation equations of such
submanifolds are given by the Dirac equation (10.109). Using the connection with
the torsion the three-form which is proportional to 1), the deformation equation can
be simplified to

> ()% VIV + %V“ =0. (11.116)
Wb

Therefore the deformations of the associative submanifolds are eigenspinors of the
Dirac operator.

There are no compact without boundary generalized co-associative submanifolds
in nearly parallel Go manifolds. Although in this case the calibration form * is
closed, it is also exact and therefore the volume of such a calibrated submanifold is

zerol.

1We thank D. Joyce for pointing this out to us.
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12. Examples.

_12.1. A group manifold example. Consider the group manifold M = $3 x
S3 x S§' with left-invariant metric

g= Z(ai)2 + Z(&’F + (0%)? (12.117)

and equipped with the left-invariant three-form
Y= Lo AGE -6B)+ 02N (62 +5%) + 03 A (% -512), (12.118)

where {aj; 1,2,3} and {6% 1,2, 3} are the left-invariant one-forms on the three-spheres
83 and 82 in M, respectively and &° is the invariant one-form on S1. Clearly this
three-form 1 defines a G5 structure on M which is parallel with respect to the V-
connection on the group manifold associated with the left action.

It can be easily seen that the submanifold 53 is a generalized associative calibra-
tion, while S* x 52 is a generalized co-associative calibration.

Observe that the submanifolds S% x {p}, p € S3 x S* are all generalized associative
calibrations and so the moduli space has dimension at least four. In fact the moduli
space has dimension exactly four. To see this observe that the equation for the
deformations in this case is

Y (Q)asViVe =Y ()as ViV =0 (12.119)
i,b i,b

and V is a flat connection. Therefore
ViVe=0. (12.120)
Then

/ (VV,VV) = — / (V,V2V) =0 (12.121)
S3 S3

and hence V is constant. So the moduli space has dimension four. In fact the moduli
space in this case is $3 x S! and therefore M is a family of generalized associative
calibrations. 3

Similarly, observe that the submanifolds S x S x {p}, p € S®, are all generalized
co-associative calibrations and so the moduli space in this case has dimension at
least three. In fact the moduli space has dimension exactly three. The deformation
equation is

D )PV VE =Y (J)PaVeV =) VP(ay ) =0. (12.122)
ib ib b

Therefore ay is co-closed with respect to the flat connection V. Since ay is anti-
self-dual, it is also closed, V A ay = 0, with respect to V. Since ay is both closed
and co-closed is harmonic with respect to the Laplacian V2. A partial integration
argument similar to the one above implies that ay is necessarily V-parallel. This
implies that the dimension of the moduli space is three. In fact in this case, the
moduli space is S3.
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Generalized calibrations in S7 = Sp(2)/Sp(1)

12.2. Generalized associative calibrations in homogeneous spaces. Iden-
tify R® = H?. Then observe that the action of Sp(2) preserves the equation for
S7 written in terms of quaternions with stability subgroup Sp(1) up to a conju-
gation. This implies that Sp(2)/Sp(1) = S”. In addition observe that Sp(1) C
Sp(1) x Sp(1) C Sp(2). This leads to the principal fibration Sp(1) — ST — HP?.
This is the principal fibration associated with the anti-self dual SU(2) = Sp(1) in-
stanton connection in §% = HP!. Let {o;i = 1,2,3} be the associated connection
with curvature

w' =da* + e jpad Aok . (12.123)
The Bianchi identity implies that
dw' = 26 1w’ Nk . (12.124)

In addition there is a local frame {£%;a = 4,...,7} such that
% 1 i pa b
wt = §Qab€ AN, (12.125)

where {07 = 1,2,3} is the basis of constant anti-self-dual two-forms in R* given in
(9.99) and (9.100).
Next consider the metric and the three-form on S7

3 7
d82 — yz Z(ai)2 + 22 Z(éa)Q
i=1

a=4

3
Yv=ydal Na? Aol +y2? Z at AWt (12.126)
i=1

where y,z € R — {0}. It can be easily seen by setting {e* = ya’;i = 1,2,3} and
{e! = z£%;i = 4,...,7} that the metric ds? and 1 above take the canonical form of a
G+ structure as in (9.99) and (9.100).

The fibres of the fibration Sp(1) — §7 — HP! are all associative generalized
calibrations; this can easily be seen by observing that

'lMSp(l) = y3(a1 Aa? A as)lsp(l) = dVOI(Sp(l)) . (12.127)

This is the case for any y, 2 € R—{0}. Therefore this fibration is a family of generalized
associative calibrations.

It can be easily seen that the G structure on S7 in (12.126) is nearly parallel,
dip = A+, iff

—3y = \z?
1 1
Sy 422 = -yt (12.128)
2 2
This system has a solution for y = —3/X and 2 = £3/A. This gives a nearly parallel G5

manifold which is the squashed S7. Clearly the squashed S” is a family of generalized
associative calibrations.
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REMARK 3. The Hopf fibration S* — S3 — 82 is also a smooth family of
generalized calibrations. To see this observe that the metric on S% can be written as
ds?(83) = (63)% + (1) + (¢?)? (12.129)

where al,02,0° are the left-invariant one-forms on S% and ds?(S?) = (01)? + (02)2.
It can be easily seen that o3 is a generalized calibration in S® of degree one. The
calibrated lines are circles which are the fibres of the Hopf-fibration. Therefore S° is
a family of generalized degree one calibrations with space of parameters S2.

Generalized calibrations in M = SO(5)/S0(3)

We shall demonstrate that M = SO(5)/SO(3) is a family of generalized associa-
tive calibrations. We remark that M is not homeomorphic to S7; M and S7 have the
same deRham cohomology but M exhibits torsion in the third cohomology. Observe
that so(5) = so(4) ® R* and so(4) acts with the fundamental representation on R
Since so(4) = so(3) & so(3), the structure constants decompose under the decompo-
sition AR* = A2*R* @ A2-R*. Under this decomposition of so(5) a frame can be
introduced at M which satisfies the following structure equations:

de® = (J))%p* Ae® + (I,)%0" A e (12.130)
dp* =€'pp' Np? — E(Qi)abe“ Aeb, (12.131)
where {e%a = 1,...,4} are associated with a basis in R*, {o%i = 1,2,3} are as-

sociated with a basis in the Lie algebra of the stability subgroup of the coset and
{p%;i = 1,2,3} are the rest of the generators. The structure constant matrices
{Ji;i = 1,2,3} are anti-self-dual and the structure constants {I;;i = 1,2,3} are
self-dual; (;)ab = dac(Ji)C-

The metric and three-form on M are the following:

3 4
ds*(ST) = (0" + ) _(e*)? (12.132)
=1 a=1
3
p=p' APP AP +2D (U)arp’ e Aeb. (12.133)
=1

Observe that both are invariant under the stability group SO(3) of the coset and so
they are globally defined on M. It can be easily seen that the data given in (12.133)
define a nearly parallel G5 structure on M.

Next consider the obvious subgroups of SO(5); SO(3) C SO(4) C SO(5). Then
there is a fibration SO(4)/S0(3) — SO(5)/SO(3) — SO(5)/S0O(4) or equivalently
83 — M — S%. The cotangent bundles of the fibres at every point p € $* are spanned
by {pt|p;i = 1,2,3} and because the metric on M is diagonal in this basis all the S3
fibres of this fibration are associative submanifolds of M. This fibration is a family
of generalized associative G calibrations.

Generalized calibrations in Aloff-Wallach spaces N (n,m)

Another class of nearly parallel Go manifolds are the so called Aloff-Wallach
spaces N(n,m) = SU(3)/U(1)n,m- The U(1) is embedded in SU(3) as

diag(e™™X, eimX, gt ntm)x) (12.134)
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where n,m € Z. To construct the G structures on this space write su(3) = u(1)®&R".
Under the action of U(1), R” decomposes as R’ = RZ@R*®R?@R. This can be seen
by using the action of %(1) on the Cartan subalgebra and the step operators of su(3).
In particular, each R? is spanned by the step operators F.,, where « is a positive
root, while R is spanned by the direction in the Cartan subalgebra of su(3) which is
orthogonal to the generator of the embedded u(1). A local frame can be introduced
on N(n,m) according to this decomposition as {o?, p?, (t,7;7 = 1,2}. To be precise,
let {Lp*;A,B =1,2,3}, (Lp?)! = Lp*, trL44 = 0, be the left invariant forms on
SU(3), dLa® =iL,C ALcA. Weset o' +i0? =iL3?, p* +ip? = L3 ¢* +14¢? = L,

and 1 = \/-2_(cos 8L;i! + sin6L52), where tand = — 7. This decomposition is similar
to that in [7]. A metric on N(n,m) can be written as
ds? =22 (") + 7Y (P2 + 22D (¢)2 + 2, (12.135)
i i i

where z,y,z, f € R —{0}. To define a G5 three-form, it is most convenient to induce
it from a Kahler form w and a (3,0)-form ¢ on R® because of the above decomposition
of R”. Indeed consider the two-form

w=z20t Ao? + 2l Ap? + 22 A2 (12.136)
and the (3,0)-form
¢ = zyz(at +i0?) A (p* +ip?) A (CF +i¢?) . (12.137)
Then the G, three-form on N(n,m) can be defined as

Y =Rep — fnAw. (12.138)

5 2

Setting e! = zol,e® = z02,e? = yp',eb = yp?,e3 = 2¢1,e” = 2¢%,e* = fn, one can
bring the metric ds? and 9 above into the canonical form of a G5 structure given in
(9.99) and (9.100).

For all z,y,2,f € R — {0}, the above data define a G2 structure on N(n,m).
However not all these G5 structures are nearly parallel. It can be shown that if

A=(®+y*+2%)
dzyz + 2V2f (y2(cos 6 —sind) + 22 sin 8) = Ay22?
4zyz + 22 f(2?(cos§ — sind) — 2% cos ) = Az?2?
dzyz +2v2f (2% sin§ — y? cos §) = Ay?a? (12.139)

then the G structure is nearly parallel. It is known that these equations have solutions
and so there are nearly parallel G2 structures on N(n,m); for a recent discussion see
6, 7].

To find generalized G2 calibrated submanifolds in N(n,m), observe that
U(l)p,m C S(U(2) x U(1)) C SU(3). Viewing S(U(2) x U(1)) as a 3 x 3 matrix,
the embedding of U(1) in S(U(2) x U(1)) is as in (12.134). This sequence of sub-
groups of SU(3) define the fibration

S(U2) xU1))/U(L)pm — N(n,m) — CP? . (12.140)

In fact it turns out that the typical fibre is S(U(2) x U(1))/U(1)n,m = S3/Z,, where
p =|n+m| > 0; for p = 0 the typical fibre is S x S*.
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Next decompose s(u(2) @ u(1)) under the action of u(1) as s(u(2) ® u(l)) =
u(l) & R3. Moreover R® decomposes under the irreducible two dimensional real rep-
resentation of u(1) as R® = R*®R. Since s(u(2)®u(l)) C su(3), R? is a submodule of
R” under the action of u(1). Therefore it can be arranged such that the tangent space
of the fibres of the fibration S3/Z, — N(n,m) — CP? is spanned by {n,o!,02}. It
is clear that 9|, JZ, = dvol(S3/Z,) and so every fibre is a generalized associative

calibration. Therefore the Aloff-Wallach spaces are families of generalized associative
calibrations for any G, structure defined in (12.135) and (12.138).

13. Deformations of generalized Cayley Calibrations. Let (M, g) be an
eight-dimensional Riemannian manifold which admits a metric connection V with
holonomy contained in Spin(7). On such a manifold there is a local frame {e#; A =
1,...,8} such that the self-dual four-form

B = 1234 1 (612 ¢3) A (€% —e78) -+ (e13 +e2) A (€57 +€58) -+ (614 —e2) A (€78 —e87) 47678
(13.141)
is V-parallel.

The condition that a four-dimensional submanifold X C M is calibrated with
respect to @ is that 7|x = 0 where 7 € Q*(M, F) is a four-form which takes values on
the vector bundle F; F' = P X4, R where d7 is the seven-dimensional representation
of Spin(7), i.e. the one induced from the standard seven-dimensional vector repre-
sentation of SO(7). This four-form 7 is associated with the four-fold cross product of
R® = O with values in ImQ and it is Spin(7) invariant, so 7 is V-parallel Explicitly,
in an appropriate basis, T is

(614 _ 623) A (657 + 668) _ (613 + 624) A (658 _ 667)

(612 _ 634) A (658 _ e67) _ (614 _ 623) A (656 _ 678)

(613 + 624) N (656 _ 678) _ (el2 _ 834) A (657 + 668)
2345 _ 1346 | 1247 _ 1238 | 1678 _ 2578 | 3568 _ 4567 (13.142)
2346 | (1345 | 1248 4 (1237 _ 2678 _ 1578 _ 4568 _ 3567
2347 | (1348 _ 1245 _ 1236 _ 3678 _ 4578 | 1568 | 2567
2348 _ 1347 _ 1246 | 1235 _ 4678 | 3578 | 2568 _ 1567

The Cayley calibration is a degree four calibration in an eight-manifold M. Let
X be a generalized Cayley submanifold whose tangent directions are spanned by
{e%a = 1,...,4} and normal directions by {e’;i = 5,...,8}. Then, by the same
reasoning used for the generalized associative deformations, the condition Ly7|x =0
implies that

DV; =) t5V,V7 =0, (13.143)
a,j

where {t%a=1,...4} = {1,Q,;r = 1,2,3}, and {Q,;r = 1,2, 3} is a basis of constant
anti-self-dual 2-forms in R* spanned by the directions 5, 6,7, 8; such a basis has been
defined in section nine for the G5 calibrations. The operator D is elliptic. So if the
moduli space exists, it is finite dimensional. It is expected that for generic generalized
Cayley cycles, the dimension of the moduli space is the index of the operator D.
The index of this operator D is the same as that computed for the standard Cayley
calibrations because the principal symbol is the same. It has been found [25] that
ind(D) = o(X)— 3x(X)—3[X]-[X], where o(X), x(X) and ([X]-[X]) is the signature,
Euler number and self-intersection of the Cayley calibration X.
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14. Examples.

14.1. A group manifold example. Let M = 53 x 53 x §! x 51 equipped with
the left invariant metric

3 3
g= Z(ai)z + Z(&i)z + (6°)2 + (5°)? (14.144)

=1
and the left invariant self-dual four-form

d = o012 (001 _ 023) A (&01 _ &23) + (002
+oB3YA (%2 +613) + (6% - o) A (69 — 51%) + 5912 (14.145)

where {o%;i = 1,2,3} and {5%;i = 1,2, 3} are the left-invariant one-forms of S% and
53, respectively, and ¢® and &° is the bi-invariant one-form of S and S?, respectively.
Both the metric and self-dual four-form are parallel with respect to the connection
associated with the left-action. With an appropriate choice of orientation of M both
submanifolds S x S and §! x §3 are generalized Cayley calibrations. We shall focus
on the investigation of the moduli space of the S x S calibration; the study of the
moduli space of S x §3 is similar. Observe that all the submanifolds S* x $3 x {p},
where p € S! x §3 are Cayley calibrations. Therefore the dimension of the moduli
space is at least four. In fact the dimension of the moduli space is exactly four.
To see this one uses the fact that V = 9 acting on the normal vector fields of the
calibration. Then the result follows from a partial integration argument as in the
group manifold example in the G5 case. The moduli space of the S x S3 Cayley
calibration is 8! x §3. So M is a family of generalized calibrations for which the
fibers and the base are calibrated.

This example is a special case of a larger class of examples which can be
constructed by taking a seven-dimensional manifold (N,g,) with a Gz structure
which admits a associative submanifold X. Then the manifold M = N x S with
ds?(M) = ds?(S) + ds?(N) and & = €® A1) + 1 is a Spin(7) manifold; * is the
Hodge operation in N and €° is the invariant one-form along S*. In addition S* x X
is a generalized Cayley calibration.

15. The d#d-lemma and some useful formulae. The main tool that we shall
use for the investigation of hermitian manifolds with trivial canonical bundle is the
65—1em~ma. This can be stated as follows. Let (M, g,J) be a hermitian manifold, and
¢ and ¢ be two closed (p,q)-forms. Locally one can always write

¢=¢+00y, (15.146)

for some locally defined (p-1, q-1)-form t. The 08-lemma states that if ¢ and ¢
represent the same class in the Dolbeault cohomology, then (15.146) is valid for some
(p-1, g-1)-form on M.

Let (M,g,J) be a 2n-dimensional (n > 1) Hermitian manifold with complex
structure J and compatible Riemannian metric g. Denote the Kihler form by .
The definitions JX and Je, for X a vector field and « a one-form, are (JX)¢ =
J4 X3, (Ja)t = —(ao J)' = —oxJ* respectively. The Lee form 6 is defined by

0=diQoJ 8, =—(VI)kQ,;J7, (15.147)

where d' is the adjoint of d and V9 is the Levi-Civita connection of the metric g.
Equivalently d'Q = J@. If the Lee form 0 = 0 then the hermitian manifold is said to
be balanced. Balanced hermitian manifolds are studied in [30, 13, 1, 2, 12, 11].
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The Bismut connection V? and the Chern connection V¢ are given by

oY, 2) = (V§Y, 2) + 2d°UX.Y, 2) (15.148)

o(V5Y,2) = (V%Y. 2) + 3dIX.Y, 2) (15.149)

respectively.  Recall that d° = i(0 — 8). In particular, d°Q(X,Y,Z) =
—dUJX,JY,JZ).
Let p® and p° be the Ricci forms of the Bismut and Chern connections respectively.
Then it was shown in [3] that
p® = p® +d(Jh) . (15.150)

In complex coordinates {2*},a = 1,...,,n, we have the following formulae:

Let 19‘ be the Chern connection. Then
£\é 6
(Tag = 97 Oagsx (15.151)
and so
(4 (4 B
(D)o = (D)gp = Oa(log(det(g)) - (15.152)
The Lee form is then
Ba = (T)op = (Dfge = 9°7 (Pagss — 059a) = Ba(log(det(g)) — 9°79pgas - (15.153)
In terms of the Chern connection, the Lee form is
™3 N
(d0)ay = 0a(T) gy — 04(T)g, - (15.154)
The Ricci form of the Chern connection is p°
ipge = 05D%, = 950a(log(det(g)) = 95 (97°Dagss) - (15.155)
The (1,1)-part of formula (15.150) can be written in the following way [22]
ip%a = iPEa - (8500 + 8005) .

Using (15.153), (15.155) we obtain that (15.150) is equivalent to the following two
formulae

103e = 05 (977059a3) — Oa (9770390%) + O (9°7039,5) (15.156)

iPpe = (d0)pa = Oa0s — Babp - (15.157)
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16. Chern Connections with holonomy contained in SU(n). Hermitian
manifolds which admit a Chern connection with holonomy contained in SU(n) neces-
sarily admit a holomorphic (n,0)-form. Since the existence of holomorphic (n,0)-forms
depends only on the choice of complex structure, this can be used to show whether a
complex manifold admits a hermitian structure for which the associated Chern connec-
tion has holonomy contained in SU(n). To find whether a certain complex manifold
admits (n,0)-holomorphic forms one can use the Kodaira-type vanishing theorems
(27, 13] together with the results in [22].

For complex manifolds satisfying the #5-lemma, we have the following:

THEOREM 8. Let (M,J) be a 2n-dimensional compact connected complex non-
Kahler manifold with vanishing first Chern class, c¢1(M,J) = 0. Suppose (M, J)
satisfies the 80-lemma. Then

1. i) There ezists a Hermitian structure such that the holonomy of the Chern
connection is contained in SU(n), p¢ =0;
2. ii) The Hodge number h™° = 1.

Proof. The Ricci form p¢ of the Chern connection of any hermitian structure
(g, J) represents the first Chern class of the manifold. Therefore since ¢1(M, J) = 0,
p° is exact. Because p° is also a (1,1)-form, applying the 80-lemma, we find that

p¢ =1i00h , (16.158)

for some real function A on M. Next we consider the manifold M with hermitian
structure (M, § = e?/"g, J). Using (15.155), we find that the Chern Ricci form 3¢ of
the new hermitian structure vanishes because

i = 050ah +ip5, = 0. (16.159)

Hence, the holonomy of the Chern connection of (M, §J) is contained in SU(n). This
proves (i).

To show (ii), the Gauduchon plurigenera theorem [13] implies A™%(M,J) < 1
since the function @ = trace(p¢) = 0. Since the holonomy of the Chern connection of
(M, §,J) is contained in SU(n), there is a parallel (n,0)-form. A parallel (n,0)-form
with respect to the Chern connection is necessarily holomorphic. Hence, A™° = 1.
This proves (ii). 0O

COROLLARY 6. On k > 2-copies of S® x S3 there exists a hermitian structure such
that the holonomy of the Chern connection is contained in SU(3). In the conformal

class of any hermitian structure there exists a unique (up to homothety) one with
Hol(V¢©) C SU(3).

17. Bismut Connections with holonomy contained in SU(n). Consider
the following lemma

LEMMA 1. The Bismut Ricci forms p®, p® of two conformally equivalent hermitian
structures (M, g,J) and (M,§ = efg,J) are related by

iPpo = 1Pga + (2= 1)050af i  Ppa = Ppa - (17.160)

Proof.. It follows by straightforward calculations from (15.156) and (15.157). O

THEOREM 9. Let (M, J) be a 2n-dimensional compact complex non-Kdihler man-
ifold with vanishing first Chern class, c¢1(M,J) = 0. Suppose (M,J) satisfies the
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00-lemma and that there exists a hermitian structure (g,J) such that df is a (1,1)-
form. Then there exists another unique (up to homothety) conformal hermitian struc-
ture (M,g = efg,J) such that the holonomy of the associated Bismut connection is
contained in SU(n), p° = 0, provided n > 3.

Proof. Let (M,g,J) be the hermitian structure with df a (1,1)-form. Using
(15.157), we find that the Ricci form p® of the Bismut connection is a (1,1)-form.
Therefore it is an exact (1,1)-form since p® represents the first Chern class which
is zero. Applying the &5-lemma we can write p® = i88f, for some real function f
on M. Next using lemma 1, it is straightforward to observe that the Ricci form p°
of the Bismut connection of the hermitian structure (M,§ = ef/2~"g, J) vanishes.
Thus, the holonomy of the Bismut connection of (M, g, J) is contained in SU(n). The
uniqueness follows since on a compact hermitian manifold the equation gﬂaaﬁaa =0
has only constant solutions. This completes the proof. [

We remark that if the Lee form 6 is an exact form i.e. the structure is conformally
balanced, then the above theorem applies. So we have the following corollary:

COROLLARY 7. Let (M,g,J) be a 2n-dimensional compact complez balanced non-
Kihler manifold with vanishing first Chern class, ¢1(M,J) = 0. Suppose (M, J)
satisfies the 00-lemma. Then there erists another conformal hermitian structure
(M,g = efg,J), unique up to homothety, such that the holonomy of the associated
Bismut connection is contained in SU(n) provided n > 3.

A Moishezon manifold is a compact complex manifold which is bimeromorphic to
a projective variety. Any Moishezon manifold satisfies the 80-lemma by a result of
Deligne. Alessandrini and Bassanelli proved in [2], Corollary 4.6 that every Moishezon
manifold is balanced. Therefore from the above Corollary 7 we have the following:

COROLLARY 8. Every Moishezon manifold of complexr dimension n, n > 3,
with vanishing first Chern class admits a hermitian structure for which the Chern
and Bismut connections have holonomy contained in SU(n). The torsion of such a
Bismut connection is not closed.

Proof. We need only to show that a Moishezon manifold cannot admit a strong
hermitian structure for which the Bismut connection has holonomy contained in
SU(n). For this, we use the result of [22], Corollary 4.2, which asserts the follow-
ing: if the torsion of a Bismut connection with vanishing Ricci form is closed on a
compact non-Ké&hler hermitian manifold, then there are no holomorphic (n,0)-forms,
i.e. the canonical bundle cannot be holomorphically trivial. But Theorem 8 implies
that the Moishezon manifolds with vanishing first Chern class admit a holomorphic
(n,0)-form, a contradiction. 0O

In view of Corollary 8 Moishezon manifolds with vanishing first Chern class may
have applications in heterotic strings.

18. Proof of Theorem 1. Let M denote a connected sum of k& > 2-copies of
5% x 83. M is cohomologically Kahler, by (M) = A1 = h%! = 0 and h30 = p%3 =1
[28]. According to Theorem 4.10 in [22], if there exists a hermitian structure such
that the restricted holonomy Hol(V®) C SU(3), then the structure is conformally
balanced i.e. its Gauduchon metric is balanced. Conversely, the existence of a bal-
anced Hermitian structure on M leads to the existence of hermitian structure in the
same conformal class with Hol(V®) C SU(3) by Theorem 9.

The existence of a balanced hermitian structure on a 2n-dimensional compact
complex manifold (M, J) has an intrinsic characterization, namely it can be expressed
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in terms of positive currents by a theorem of Michelsohn [30] which states that a
smooth compact complex 2n-dimensional manifold admits a balanced structure if and
only if it is homologically balanced.

We recall that the space of real currents of degree (n-k,n-k) is the dual space of
A®E(M)g, i.e. real (n-k,n-k)-forms with distribution coefficients. A compact complex
manifold is balanced if and only if there is no positive current T of degree (1,1) which
is the component of a boundary (i.e. if T = S+0S and T > 0 then T' = 0 [30]). This
result has an expression in terms of Aeppli group V!(M)g. The real (1,1)-Aeppli
group is defined as

Ker(i00 : AMY(M)g — A>*(M)R)

VI M)g = (OAOL(M) + OALO(M)) g

(18.161)

The Michelsohn theorem can be rewritten [2]: M is balanced if and only if ev-
ery non-zero positive 89-closed current of degree (1,1) represents a non-zero class in
yil (M ) R

Now, it is clear that any compact cohomologically Kéhler complex manifold is
balanced. Then, the above mentioned result of Deligne and similar arguments as in
the proof of Corollary 8 complete the proof of Theorem 1. [0

COROLLARY 9. Any compact 2n-dimensional (n > 2) complex manifold with van-
ishing first Chern class which is cohomologically Kdhler admits a hermitian structure
with vanishing Ricci form of the Bismut connection. Such hermitian structure is not
strong.

19. Examples. Here we shall give examples of Bismut connections with holon-
omy SU(n) which can be thought of as generalizations of Calabi-Yau manifolds.

ExAMPLE 1. Consider the U(n) invariant metric
ds? = (A(r?)8o5 + B(r?)Zaz5)dz"dz? (19.162)

where Z, = Jaﬁzﬁ and z5 = 6agzﬁ and r2 = JaBz"‘zE . In this case it can be easily
seen that the connection of the canonical bundle is wy = iZo f (1‘2), where

f=(n—-1)A"12B - 4A') + (log(A +r*B))’ (19.163)

where prime denotes differentiation with respect to r2. The condition that dw = 0,
necessary for the holonomy to be contained in SU(n), implies that

f=0. (19.164)

We remark that the Kahler case corresponds to taking B = A’. In this case the
solutions produce the Calabi-Yau metrics due to Calabi.

EXAMPLE 2. A compact example of a hermitian manifold for which its Bismut
connection has holonomy SU(3) is as follows. Consider the complex Heisenberg group

1 Z1 23
G= 0 1 =2 21,22,23 € C » , (19.165)
0 0 1

with multiplication. The complex Iwasawa manifold is the compact quotient space
M = G/T" formed from the right cosets of the discrete group I' given by the matrices
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whose entries 21, 29, z3 are Gaussian integers. The 1-forms dz;, dze, dzz — z1dze
are left invariant by G and by I'. These 1-forms pass to the quotient M. We denote
by a1, as, a3 the corresponding 1-forms on M, respectively. Consider the Hermitian
manifold (M, g, J), where J is the natural complex structure on M arising from the
complex coordinates 21, 22, z3 on G and the metric g is determined by g = Z?=1 a;Qa;.

The Chern connection D is determined by the conditions that the 1-forms oy, as, as

are parallel. The torsion tensor of D is given by C(a?,af) = —[az# ,af], i,j] =

1,2, 3, where af is the vector field corresponding to «; via g. The only nonzero
term is C’(a#, a# )= —af and its complex conjugate. Thus, the space (M, g,J) is a
compact balanced Hermitian (non Kéhler) manifold with a flat Chern connection and
automatically the holonomy group of its Bismut connection is contained in SU(3) by
formula (15.150). The (0,3)-form % = a; A a2 A as is parallel with respect to both
Chern and Bismut connections. Let e, es, €3, Je1, Jea, Jes be a real basis determined
by af =ej — V=1J ej. Then the real Iwasawa manifold X determined by ey, ez, e3
is a SAS calibration with respect to Rew. It admits moduli since V = —Jes is a SAS
deformation. Indeed, U = JV = e3 is a Killing vector field on M and therefore it is
also holomorphic by results in [11] since the Chern connection is flat. Thus, e3 is a
SAS deformation of X in M.

Note added to the proof. A counterexample to conjecture one has been found
in [36] for the case of holomorphically trivial canonical bundle.
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