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THE LIE TRIPLE SYSTEM
OF THE SYMMETRIC SPACE F,/SPIN(9) *

MYKYTYUK LV.t

Abstract. The Lie triple system of the rank-one compact symmetric space Fy/Spin(9) (the
Cayley projective plane) it is described in terms of an algebraic structure associated with the spinor
representation of Spin(9). We also discuss related questions in this 16-dimensional representation
using the octonion algebra approach.

1. Introduction. Let G/K be the compact symmetric space Fy/Spin(9). Let g
and € be the Lie algebras of the Lie groups G and K respectively. Fix on g the positive
definite scalar product (,) = —®/72, where @ is the Killing form of g. Denote by m
the orthogonal complement to € in g. The isotropy representation of the Cayley plane
G/K Ady : K — End(m), k+— Adk|m is the (16-dimensional) spinor representation
of K ~ Spin(9). There exist nine orthogonal endomorphisms E; : m — m satisfying
the relations

E;E,+ E,E; =0, j#p, E;=1Id, Ej=E;'=E;, jp=0,...,8

and such that the linear 9-dimensional subspace U of End(m) spanned by Ej,j =
0,...,8 is invariant under conjugation by elements of Adm K : (Ad k)U(Adm k71) =
U. In the present paper we prove that for any w,&,n € m the triple commutator
[w, [&,7]] is given by the following formula

[w,[s,nn=3<w,n>£—3<w,£>n+2 J(Eim,w) Ejé ~ Z J(Eitw)

In [My] we found a complicated expression for this commutator using the Lie
bracket identity [\/ - adfv(ﬁ),\/ - adfv(n)] = —[w,[¢,n]], where we consider the

vector-functions w +— 1/—ad2(¢), ¢ € m as the vector fields on the set m® of all
nonzero w € m. To simplify this expression we prove here that the vector fields
{(Iw]zfd - |w|\/—ad,20)(g), ¢ € m} commute on m°® (Jw|? = (w,w)). To this end
we use the realization of the spinor representation of the Lie group K in terms of the
octonion algebra.

This work was done while the author was visiting the Ruhr-University (Bochum,
Germany) in November-December, 2001. The research was supported by Sonder-
forschungsbereich 237 of the German National Science Foundation. The author would
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2. The Lie triple system of F4/Spin(9).

2.1. The spinor representation of Spin(9). Let G/K be the Riemannian
symmetric space Fy/Spin(9), a unique exceptional compact symmetric space of rank
one.. We denote by g and € the Lie algebras of the groups G and K respectively. Let
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® be the Killing form of the Lie algebra g and m be the orthogonal complement to €
in g with respect to @, i.e. g = €@ m is the Ad K-invariant direct sum decomposition
of g.

Fix a base {W,} in m. Let {ws} be the coordinates in m with respect to this basis.
With any vector-function 7 : m — m, 7 = >, 7,(w)W; we can associate the vector
field >, Tb(w)ai%‘ By [My, Corollary 3.10.1] for any vectors £, € m the following
Lie bracket identity holds on the set m® of all nonzero points w from m

5 o0) 2 X (o) ] = Sl

But for the symmetric space Fy/Spin(9) (of rank one) the positive restricted root
system T has only two elements ¢ and 20 with multiplicities m, = 8 and ma, =
7 [He, Table VI]. Therefore for any w € m? there exists a restricted root decomposition
m = Vg(w) ® Vz(w) @ V1(w) of the space m, where the subspaces Vz(w), V7 (w), V1(w)
are eigenspaces of ad2, of dimension 8, 7, 1 respectively and the space V3 (w) = (w) (the
Cartan subspace) is generated by the vector w. Let o ), ny ), Y be the orthogonal
projectors from m onto the spaces Vz(w), Vz(w), V1 (w) respectively. Then there exists
a unique positive definite scalar product (,) = c¢® on the compact Lie algebra g such

that \/—ad?|m = lwl(HE,,s) + 21'11(1:")), |w|? def (w,w). Since ®(w,w) def Trad? =

2Tr(ad? |m) and —ad? |m = (w, w)(IISE) + 41'11(,,7)), the constant ¢ = —1/72.

The Ad-representation Ry of K ~ Spin(9) in m is a faithful real representation
in a 16-dimensional space [He, GG] and is a unique irreducible representation of the
group Spin(9) in dimension 16 [On]. Moreover, Ady K ~ Spin(9) acts transitively on
the 15-dimensional sphere of all vectors from m of constant length; the isotropy group

K, ¥ {k € K : Adk(w) = w} of any nonzero w € m is isomorphic to Spin(7) [On,

Ch., §5, Example 5]. The spaces Vg(w), Vz(w), Vi (w) are Ad K-invariant. It is clear
that V3(w) and V7(w) are simple K,,-moduli (see [On, Ch.I, §5, Examples 4,5]). To
describe the Lie triple system of Fy/Spin(9) in terms associated with the Lie group
Ady, K ~ Spin(9) we consider the construction of the spinor representation of Spin(9)
in more detail.

Let V be a real vector space of dimension 9 endowed with a positive definite
bilinear form Q. Let ey,..,eg be an orthonormal basis of V. The Clifford algebra
Cl4(9) in terms of this basis is defined as the real associative algebra with unit 1,
generators eg, .., eg and defining relations

ej-ep+ep-e; =0, j#p, e?zl, 4p=0,...,8.

Let pin4(9) be the subgroup of the multiplicative group of all invertible elements of
Cl4(9) generated by vectors of length one in V. If Q(v,v) = 1 then v-v = 1, so
that v € piny(9). The Lie group Spiny(9) ~ Spin(9) is the subgroup of pin4 (9)
consisting of even elements, i.e.

Spm(9) = {Ul < Vg - VUgp, Q(’Uj,’Uj) =1, 45=1,.,2p, p € N}

Moreover, the group Spin(9) preserves under conjugation the space V: gVg~! =
V [Po, Lecture 13].

There exists a faithful 16-dimensional representation pi¢ of pin (9) by orthogonal
matrices [Po, Lecture 15]. In other words, Adm K C p16(pin4(9)) C O(16). Therefore,
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there exist nine orthogonal (with respect to the form (,) on m) linear transformations
E, : m — m satisfying the relations

E;E,+ E,E; =0, j#p, E; =1d, E; =E;' = Ej, j,p=0,.,,8. (2)

Before going into further details we describe these transformations in terms of the
octonion multiplication. To this end consider the algebra Ca of octonions with the
standard basis e; = 1,ey,...,es, e?) =-1,p=2,...,8. To simplify notation we shall
often write ab - ¢ and a - bc instead of (ab)c and a(bc) for any elements a, b, ¢ of the
nonassociative algebra Ca. Denote by aba the common element a(ba) = (ab)a (the
flexible law). We can identify m with Ca® such that for each w = (w1,w2) e m =Ca
(see [Po, Lecture 15)):

Eo(w1,ws) = (—w1,ws), (3)
E,(w1,ws) = (epWa, Whep), p=1,...,8. 4)

(the operators {¢;Ej,e; = +1,j = 0,..,8} also satisfy conditions (2)). Then for
any vectors € = (£1,62),m = (71,72) € m we have (§,7) = (§1,m) + (§2,72), where
(&, mi) = 3(&M+mi&;), i = 1,2, and |w|? = |w|? + |we|?, where |w;|? = w;w; = W;w;.

By (2) for any nonzero w € m the vectors Ejw,j = 0,...,8 form an orthogonal
basis of some subspace Vo(w) C m. Moreover, since gV g~! = V, where g € Spin(9),
foreachk € K,j =0,...,8 the endomorphism (Adm, k) E;(Adm k71) is a linear combi-
nation of endomorphisms E,,p =0,...,8. Hence Ad K,(Vo(w)) = Vo(w). Using the
dimension arguments we obtain the splitting Vo(w) = Vg(w) @ V1 (w) and the identity

o

def

Y (Bjw, &) Eyw = [w(I® + TP)(€) = [wlPI (), w,éem’.  (5)

j=0

2.2. Two operator-functions. We continue with the previous notations. Our
interest in this subsection focuses on what will be shown to be the most important
ingredients of the calculation of the Lie triple system. Consider on m® two operator—
functions: A : w+— A,

A E o (-1 + () = [ (-Id+ ) + 1IE)) (6)
and B : w— B,
def (8
B, = Zj=o(ij,w)Ej. (7)

PROPOSITION 1. For any w = (wy,ws), € = (£, &) € mO

Ay (&1, &) = (W€ wy + wi€s - Wa, walowy + Wy - Eyws). (8)
Proof. By (5) and definition (6)

Aw(&) = —(w, w)& + Zj=0(ij’€>ij + <w’§)w (9)
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Since Ey(wi,ws) = (—ws,ws), we first readily verify that

— (Jw1]? + [wa]?) (€1, &2) + ((—w1, wz), (€1, &2))(—w1, wa) (10)
+ (w1, wa), (£1,&2)) (w1, w2)
= (wi& wy — |wa|%1, walywe — lw1|?E),

using the identities (ab)b = a(bb) and b(ba) = (bb)a, a,b € Ca. By relations (4)
8 8
Y AEBjw, &) Ejw = (1 + v)We, Wi(p + v)), where p = 3 (ejWa,€1)e; and v =
Jj=1 j=1

8

Y. (wiej,&2)e;. But for any octonions a,b, ¢ : {ca,b) = {c,ba) [Ok, (1.36),(3.8)] and

LW
-

since (ca,b) = (ca,b) we have also the identity (ac,b) = (c,ab). Therefore p =
8 8
2. (e, &iwa)e; = E1w, v = zl(ej,w1€2>ej = w1§2 and

j=

.
ey

8
> (Ejw, &) Ejw = (w1 Wa + |wal*€1, W1 - Erwa + [wi]%6) (11)
=1

Adding equations (10) and (11) we obtain the assertion of Proposition 1. O

We wish to describe some defining relations between the operator-functions A
and B.

PROPOSITION 2. For any nonzero w = (wq,ws), & = (£1,&) € m = Ca®

By () = 2(w1wz &, & -wlwz) + (lwa? — lwr[*) (&1, &) (12)
and
By = 4w’ TIY — |w)?Id — 2A,, = |w*(-TI®) + I + 1), (13)

Proof. 'To prove (12) it is sufficient to see that (Fow,w)Epf = ((—wq,ws),
(w1, w2))(—€1, &) and S0, (Byw,w) s = ((+ v)€y, & (u +v)), where the oc-
tonion p + v is given by:

8
ptv= Zj=1((eﬂz, w1) + (Wiej, wa))e;
8
= ijl((ej,wlwz) + (ej,wlwg))ej = 2w we
(see the proof of Proposition 1). To check the second assertion of the proposition, we
can use the already proved relations (8) and (12). Indeed, since ab-¢+ac-b = a(bc+cb),

b-Za + c-ba = (b + cb)a [Po, Lecture 15,(1)] and (a,b) = (@,b), we have

Hw, Ew — (w, w)¢ —2A,(§) =
2((w1§1+€1m)w1+w1(w2€2+€zwz), (@ré1+E w1 )ws + wo (52524"52102))

—(lw1]? + |w2l?) (€1, €2) — 2(wr& w1 + wiks - Wa, walyws + W1 - E1wa)
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= 2(wiwe &, & - wiwa) + ((wal® = hwal)en, (wal® = )6 ) = B

Taking into account definition (6) we complete the proof. O
We can now supplement Proposition 2 with

COROLLARY 2.1. For anywem® p=0,...,8:
1) By E, + EyBy = 2(Eyw, w)ld;

2) Y E,IIY) = 0;

3) n{ e, = (Epw, w)|w| =211,

Proof. The first assertion is an consequence of (7) and defining relations (2). The
second holds because V7 (w) L Epw and E; = E,. To prove 3) it is sufficient to see that

2w|?TIY = By, + jwf*ld — 2jwPIYY, B, = [w]2TI and use 1), 2). Indeed,
(By + [w]2Id — 2wPTI) E,;IY = (- E,By, + 2(Epw, w) )T + jw2E,I{. O

The following property of the mapping A is needed for the proof of Proposition 4.

PROPOSITION 3. For any vectors £,1 € m the vector fields Zb(Awg)bE‘Z—b and
Eb(Awn)b‘a%,, commute on mY.

Proof. It is sufficient to show that the vector-function Y,(&,7) =

(d/dt)oA(w+ta,e)(n) is symmetric for exchanges of two variables £ and 7. Since
2A, = 4w|?T1§) — |w|2Id — B,

8

2A,€ = 4w, &)w — (w,w)E — Y (Epw, w) E,E. (14)

p=0

Therefore

45, (6,m) = 16(w, ), ) — A, w)(E hw =43 (Byw, w) By,

+16(w,m) (w,€)w — 4w, 1), )€ — A1) D (Bypw, w) By
— 8w, w)(w, 0 + 2w, w) (w, 1 +2 Y (Bpwyw) (Eyt, whn
~8(w,&) Y (Byw,w) By +2(w,u) Y (Eyw, &)y
+23° (Byw,w) (Byw, Ey) Eyn.

Since all generators F, are symmetric operators and w € Vy(w),

Zf,:O(Epw,w)(Ep&,w)n = (w,w)(w,§)n. Taking into account relations (2) we

obtain
8
Zj,p:O (Epw,w){Ejw, Ep€) Ejn
8 8
- ZWO (Bpw, w) (Epw, E;€)E;n + 2 Zj=0 (Ejw, w)(w, &) E;n

— —(w,w) Zj=0(ij, €)E;1 + 2(w, €) Z;(ij, w) ;.
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Hence

4Yw(§a 77) = S(w,{, TI)w - 4Z:=_1<ij’w>((wa §)EJ77 + (w’ U)Eaﬁ),

where S(w,&,7) = S(w,n,€) € R and we put E_1 € Id. Thus Y, (¢,n) = You(n,€). O
But for w € m® y/—ad?|m = |w|(I® + 2m1) = |w|Id - |w|~'A, and the

function w +— |w| is constant along any vector field 1/ —ad2 (¢), £ € m, so that as

an immediate consequence of (1) and Proposition 3 we have the equality [w,[£,n]] =
(d/dt)oA(wte)(n) — (d/dt)oA (wttn) (§). Now, using (9) or (14) and Proposition 1, we
obtain

PROPOSITION 4. For any w,§,n € m
[, 16,7)) = 3w, )€ = 3w, + Y, _ (Esm, VB~ Y (Eséw)Eym,

or in terms of the octonion algebra (m = Ca?)

(w1, w2), [(&1,&2), (1, 72)]] (15)
= ((€1ﬁ1 cwy 4+ €12 - Wa + Wiy - &1+ winz - &)

- (17151 cwy +mée - Wo +wiéy M+ wike - Ty),
(&2 - Towa + &1 - mwa + wa - Tpa + W1 - m&a)

— (2 - Eqwa + T - Eywe + wa - Egmz + Wy - 51772))-
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