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A GENERALIZATION OF THE YAMABE FLOW
FOR MANIFOLDS WITH BOUNDARY *

SIMON BRENDLE'

1. Introduction. Let M be a compact manifold of dimension n > 3 with bound-
ary OM, and let g be a Riemannian metric on M. We denote by R the scalar curvature
of M, and by H the mean curvature of M. Moreover, we denote by

[y RAV
JudV

the mean value of the scalar curvature on M, and by

R =

Jop A
Jon 44

the mean value of the mean curvature on M.

H=

For a closed manifold M, the Yamabe conjecture [22] asserts that in each con-
formal class there is a metric of constant scalar curvature. In order to find such a
metric, R. Hamilton introduced the Yamabe flow

0 —
~g=—(R- . 1

59=—(R-Tg 1)
R. Ye [23] proved that the initial value problem (1) possesses a unique solution which
exists for all £ > 0. The Yamabe flow is also studied in a recent work of H. Schwetlick
and M. Struwe [16]. To determine the asymptotic behavior of the solution, it is
convenient to distinguish three cases:

(a) The conformal class contains a metric of negative scalar curvature
(b) The conformal class contains a metric of vanishing scalar curvature.
(c) The conformal class contains a metric of positive scalar curvature.

In cases (a) and (b), it follows from the maximum principle that every solution
of (1) converges to a metric of constant curvature. The same holds in case (c) if M is
locally conformally flat (see [23]).

In this paper, we study two generalizations of the Yamabe problem for manifolds
with boundary. In the first case, we try to find a conformal metric which has constant
scalar curvature in the interior and vanishing mean curvature at the boundary. In
the second case, we look for a conformal metric with vanishing scalar curvature in
the interior and constant mean curvature at the boundary. These generalizations of
the Yamabe problem were studied by J.F. Escobar [4, 5]. Related questions were
addressed by M. Ahmedou [1], V. Felli and M. Ahmedou [6], and by Z.C. Han and
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626 S. BRENDLE
Y.Y. Li [9, 10].
To construct solutions to these elliptic problems, we study the corresponding

parabolic problems. In the first case, we start with an initial metric go such that
Hy = 0. Then we deform the metric by the Yamabe flow

0 —
=9=—(R-R)g 2)
in M with the boundary condition
H=0

on OM. In the second case, we assume that the initial metric satisfies Ry = 0. In this
case, we deform the metric by

0 -
59 = —2(H - H)g 3)
on OM. Moreover, we require that
R=0

in M. In order to analyze the long time behavior of the solutions of equation (2), we
consider three cases:

(Ia) The conformal class contains a metric with negative scalar curvature and
vanishing mean curvature.
(Ib) The conformal class contains a metric with vanishing scalar curvature and
vanishing mean curvature.
(Ic) The conformal class contains a metric with positive scalar curvature and

vanishing mean curvature.

THEOREM 1.1. In case (Ic), we assume in addition that M is locally conformally
flat and OM 1is umbilic. Then every solution to the initial boundary value problem
(2) converges to a metric with constant scalar curvature in the interior and vanishing
mean curvature at the boundary.

To study the asymptotic behavior of the solutions of equation (3), we consider
the following three cases:

(ITa) The conformal class contains a metric with negative mean curvature and
vanishing scalar curvature.
(IIb) The conformal class contains a metric with vanishing mean curvature and
vanishing scalar curvature.
(IIc) The conformal class contains a metric with positive mean curvature and
vanishing scalar curvature.

THEOREM 1.2. In case (IIc), we assume in addition that M is locally conformally
flat and OM is umbilic. In this case, we also assume that the boundary of the universal
cover of M is connected. Then every solution to the initial boundary value problem
(3) converges to a metric with constant mean curvature at the boundary and vanishing
scalar curvature in the interior.
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The evolution equation (2) equals the gradient flow to the functional

V‘"T—z/ RdV
M

up to a constant factor. Similarly, the evolution equation (3) is the gradient flow to
the functional

AR [ HJdA.
oM

The author would like to thank Gerhard Huisken for helpful discussions.

2. The case of vanishing mean curvature. Let gy be a Riemannian metric
on M such that Hy = 0 on OM. We study the initial boundary value problem

29=~(R~Tg
in M with the boundary condition
H=0
on OM and the initial condition
9=2

for t = 0.

LEMMA 2.1. For every metric go on M, there exists a metric g conformal to go
which satisfies one of the conditions (Ia), (Ib), (Ic).

Proof. Suppose that v € WY2(M) minimizes the functional

2 n—2 2
AIIVQUI d%+m4(n_l)A4Rou dVy

with respect to the constraint

/ w2 dVy = 1.
M

By replacing u by |ul, it follows that w is of one sign. Hence, we may assume that
u > 0. The function u satisfies

n—2
A0u+4(n_1) Rou=MA\u
in M and
0
o=

on OM. Therefore, the metric g = ww go satisfies

n—2

4
Simopv T

R
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in M and
H=0
on OM. From this the assertion follows.

Since the equation preserves the conformal structure, we may write g = uw2 Jo
for a positive function v on M. Then the scalar curvature of g is given by

R=u 3% (—flm—_l)Aou-i-Rou).
n—2

This implies

0 -2 -
aﬂ:(n—l)u—ﬁAou—nll (Rou—%—i_R)u
in M. Moreover, the boundary condition H = 0 is equivalent to
0
—u=0
vy v

on OM. The standard regularity theory for quasilinear parabolic equations guarantees
that this equation has a solution on a small time interval.

PROPOSITION 2.2. The conformal factor is uniformly bounded for all t > 0.

Proof. There are three possibilities:

(a) Suppose that there exists a metric go in the conformal class such that Ry < 0
and Hyp = 0. If we write g = uw2 go, then we obtain

0 __a_ n—2 __4_ =
5511.=(n—1)u "2 Agu — 1 (Rou™72 — R)u
in M and
0
a—VOU—O

on OM. Since Ry < 0, it follows from the maximum principle that the quotient

max v/ min u
TEM TEM

is bounded. Since the volume of M is constant, it follows that u is bounded.

(b) Suppose that there exists a metric go in the conformal class such that Ry =0
and Hp = 0. As above, we write g = unz go- This yields

g—tuz(n—l)u"n—i_onu-i-n_z-ﬁu

in M and
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on OM. Again, the maximum principle implies that

max u/ min u
zEM TEM

is bounded. Since the volume of M is constant, it follows that « is bounded.

(c) We now assume that there exists a metric go in the conformal class such that
Ry > 0 and Hy = 0. By assumption, M is locally conformally flat and M is umbilic.
Since M has zero mean curvature, it follows that OM is totally geodesic. Hence, we
may double M to obtain a compact manifold without boundary. The result follows
now from a result of R. Ye [23].

As a consequence, we obtain the following result.

COROLLARY 2.3. The evolution equation (2) has a unique solution for allt > 0.
We now want to determine the asymptotic behavior of the solution.

THEOREM 2.4. The solution converges to a metric of constant scalar curvature
ast — 00.

Proof. We define a functional E[u] as

Ej =V~ / RdV,
M
where g = = go. Then we obtain
SE[u] = 9y - / (R—R)u!dudV.
M

Hence, under the evolution equation (2) the functional E[u] changes according to

d n—2
P =-—

V‘"T_Z/ (R—TFR)2dV.
M
We now define
lim Efu] = a.
t—oo
Since the functional Ef[u] is real analytic, we can apply the Lojasiewicz-Simon in-

equality (see [17], Theorem 3 or [12], Proposition 3.3). Therefore, there exists a real
number 6 such that 0 < 6 < 1 and

(Elu] - 0)?0-9 < C / (R—TR)2dvV
M
for all ¢t > ¢p. Letting
22 =/ (R-R)%2dV
M

we obtain
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for all T' > tg. By Lemma 4.1 in [12], we conclude that

oo
/ z(t) dt < o0.
0
Therefore, the limit
lim u(t) =v
t—oo

exists in L2(M). This proves the assertion.

3. The case of vanishing scalar curvature. We now consider a Riemannian
metric go such that Rp = 0 in M. We study the initial boundary value problem

2= —(r-Ry
in M with the boundary condition
H=0
on 0M and the initial condition
9=290

fort =0.

LEMMA 3.1. For every metric go on M, there exists a metric g conformal to go
which satisfies one of the conditions (Ila), (IIb), (Ilc).

Proof. Suppose that u € W12(M) minimizes the functional
n—2

/ [Vou|?dVo + ——
M 2

HO u2 dVb
(n—1) Jom

with respect to the constraint

/ U2 dA() =1.
oM

By replacing u by |u|, it follows that u is of one sign. Hence, we may assume that
u > 0. The function u satisfies

0 n—2
-é;()-U'FmHou—-)\u
on 0M and
A0u=0

in M. Therefore, the metric g = = go satisfies

n—2 __2_
ERECEI
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on M and
R=0

in M. From this the assertion follows.

As in the previous section, we may write g = u=-2 go for a positive function u on
M. Then the mean curvature of g is given by

H=u 2( — ayou-l-Hou).
This implies

0 n—

2 2 —
gt~ g (Hou = - Hu

on OM. Moreover, the condition R = 0 is equivalent to
Aou =0

in M. In the first step, we show that this equation has a solution on a small time
interval. To this end, we need some estimates for the linearized equation. We begin
with an estimate for the elliptic problem.

LEMMA 3.2. Let ¢ be an harmonic function M with respect to the a metric go.
Then we have the estimates

IVéllLraary < Cllllwrran)

and

0
IVollLrony < C ”'87045”LP(8M)~

Proof. The first estimate is a consequence of [20], equation (4.71) on p. 168 and
equation (4.82) on p. 170. The second estimate follows from [20], equation (4.103)
on p. 172.

Since this estimate plays a key role in our subsequent arguments, we give a proof
for the model problem on the half-space {z, > 0}. For abbreviation, we denote by
f the restriction of ¢ to the boundary, and by g the normal derivative of f at the
boundary. Since ¢ is harmonic, we have

n 82

52" ="
=1

Taking the Fourier transform in the first n — 1 variables, we obtain

~

(Z - 167) die. ) = 0.

2
Ox2
Moreover, we have

$(€,0) = £(¢)
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and
o - N
5&¢(§,0) =-4(¢)

This implies

n —€lzn £ 1 _ Tn A

B(&,zp) = e Kl f(6) = e len g(g).
From this it follows that

T9(6,0) = —(it, lel) F©) = %

Therefore, the assertion follows from Mikhlin’s theorem (see [18], p. 109).

(i, [€1) 9(8)-

Given a function ¢ on OM, we can extend ¢ to M such that
Agp = 0.
We now define

0
Bogp = —(n — 1)51/—095

and

on OM. Note that

hence

LEMMA 3.3. Let ¢ be a solution of the linear initial boundary value problem
o= —(n=2)u T gt
on OM,
Agp=0
on OM, and
=0

for t = 0. We assume that u is uniformly bounded above and below. Then we have
the estimate

lgllw2mxiom) < CllfllLzemxio,)-



THE YAMABE FLOW ON MANIFOLDS WITH BOUNDARY 633

Proof. Integration by parts gives

d 0
- /Mtvo¢|2dvo —9 / Vogé- Vo dvo

=2 oar 5?25 —¢dA0

0 \2 0
= —9n—1 = dA +2/ — ¢ dAy.
(=1 /BM ¢ <5”/0 ¢) ° oM f Ovg ¢ ddo

This implies

(n—l)/T/ u‘ﬁ(-a—qsfdA dt</T 12 pdaydt
o Jom oo =)o Jom” oo 0T

Since u is uniformly bounded above and below, it follows that

T
/ / dAo dt < C/ f2 dAp dt.
oM 8”0 0 Jom

Using the estimate

0
lollwizany < C “5;8¢“L2(6M)
from the previous lemma, we obtain

lpllwr2amxio,r < CllfllL2amxo,1))-

This proves the assertion.

LEMMA 3.4. Let m be sufficiently large, and let ¢ be the solution of the linear
initial boundary value problem

2b=—(n-Du 5 g f
on OM,
Aop=0
in M and
¢=0

fort = 0. We assume that the function u is uniformly bounded above and below.
Moreover, we assume that ||u|lwm.2(ormx(o,7)) < C- Then we obtain the estimate

lgllwm+r2amxpor)) < C I fllwm2rx(0,1))-

Proof. We claim that

lollwrsr2amxior)) < Cllfllwrz@mxior)
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for kK < m. To prove this, we proceed by induction on k. For & = 0, the assertion

follows from the previous lemma. We now assume that the assertion holds for £ — 1.
The function ¢ satisfies the evolution equation

0
—¢ =B
6 =B+ f
with the initial condition ¢ = 0 for ¢t = 0. From this it follows that

5 U ézquﬁ-i-Bf

and B¢ = 0 for t = 0. The induction hypothesis implies that

8
5,86 =BB¢ -

| pllwe+r2oarx[0,7])
< C||Bogllwr.2(anmxo,1))
= C|lu™7 Bellwra(onxo,1])

< C||Bollwr2anmxo,))

4 0
< Clu™ zuB|lwe-120mxp0,1)) + C I Bflwe-12(00x[0,1))
ot

_n_ 0 __2_
= Cllu™ =2 mru Bodllwe-12amxpo,r)) +C llu=722 Bo f -2 (anx(o,7])

< CIBogllwe-1.2anrx(o,1)) + C Il Bof llwr-1.2anx[0,77)
< Clgllwr2amxio, + Cllfllwez@mx o)
< Clfllwrzamxfo,1))-

This completes the proof.

PROPOSITION 3.5. The initial boundary value problem

]
59 = —2Hyg

on OM and
R=0
in M has a unique solution on a small time interval.

Proof. Letting g = = go, we obtain the initial boundary value problem

%u:—(n—l)u‘ﬁf%u—ngzuz_ﬁHo
on OM,
Aou =0
in M and
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for t = 0. We define a map F : W™2(0M x [0,T]) — W™+L2(0M x [0,T]) C
Wm™2(dM x [0,T)) in the following way: Given a function u € W™2(dM x [0,T7])
satisfying u = 1 for t = 0, let ¢ = F(u) be the unique solution of the linear initial
boundary value problem

6 n—2 n-a

31/0¢ - 2 U HO

N
on OM,
Aop =0
in M and
¢ =

for t = 0. We claim that the map J has a fixed point. To prove this, we consider a
function ¢ such that

=i = 5;0-d3— 5~ @2 Hy
on OM,
Ao =0
in M and
p=1
for t = 0. Then the difference ¢ — ¢ satisfies
2 (8-8)= (- (=)
— (-1 (67 -5
—”g2(u%i—3—a%i—3)ﬁo.
on OM,
Ao(¢p—¢) =0
in M and
$—¢=0

for t = 0. Since ¢ is bounded in W™+12(8M x [0, T)), we conclude that

¢ — Gllwmsr2onxory < C (w722 — G~ 727) a_VO(Z;”W"‘IZ(aMx[O,T])

n_4 n-d
+ Clu™=2 — @"=2||ym.2 (arx[0,T])

< Cllu — dl|wm2@amxjo,))-
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Hence, if T is sufficiently small, then we obtain

~ 1 -
lp — dllwm.2armxior)y < 5 v — llwm2rxio,r))-

By the contraction mapping principle, the map F has a fixed point. From this the
assertion follows.

To derive uniform estimates for u, we employ the following variant of a result of
R. Schoen and S.T. Yau [15].

PROPOSITION 3.6. Let M be a compact Riemannian manifold with positive mean
curvature on the boundary and vanishing scalar curvature in the interior. We assume
that M is locally conformally flat and OM is umbilic. Moreover, we assume that the
boundary of the universal cover of M is connected. Then the universal cover of M is
conformally equivalent to a dense open subset Q) of B™.

Proof. After a conformal change of the metric, we may assume that M has positive
scalar curvature in the interior and vanishing mean curvature on the boundary. To
see this, we consider the first eigenfunction of the Laplace operator with the Neumann
boundary condition

0 n—2

TR - AP
oot oo Hou=0

on OM. Then the function u is positive, and satisfies
—Aou =\u

in M. This implies
n—2
2(n—1) Jou

Since Ho is positive, it follows that A > 0. Hence, the conformally modified metric
g= uT go has positive scalar curvature in the interior and vanishing mean curvature
at the boundary. Since M is umbilic, we conclude that M is totally geodesic.
Passing to the universal cover, we obtain a new manifold M such that M is simply
connected and &M is connected. Since the boundary of M is totally geodesic, we can
double M. The resulting manifold M will be complete and simply connected. Since
M has positive scalar curvature, it follows from a theorem of R. Schoen and S.T. Yau
[15] that M is conformally equivalent to an open subset of S™ whose complement has
Hausdorff dimension at most -";—2 Consequently, M must be conformally equivalent
to a dense open subset of S7.

HoUdAO—- / é—udAg- / AoudV():/\/ 'U,d‘/o
aMm oo M M

PROPOSITION 3.7. The conformal factor is uniformly bounded for all t > 0.

Proof. There are three possibilities:

(a) Suppose that there exists a metric go in the conformal class such that Hy < 0
4
and Ry = 0. If we write g = u™-2 gg, then we obtain
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on 9M and
Aou =0
in M. Since Hy < 0, it follows from the maximum principle that the quotient

max u/ min u
z€dM ' zedM

is bounded on M. Since the area of M is constant, it follows that u is bounded on
oM.

(b) Suppose that there exists a metric g in the conformal class such that Ho =0
and Ry = 0. As above, we write g = uw2 go. This yields

9] _=2_ 0 n—2—
-ézu——(n—l)u 25—V—0u+ 5 Hu
on M and
AOU=O

in M. Again, the maximum principle implies that

max u/ min u

€M T€eEOM
is bounded on M. Since the area of M is constant, it follows that u is bounded on
oM.

(c) We now assume that there exists a metric go in the conformal class such
that Hp > 0 and Ry = 0. By assumption, M is locally conformally flat and OM is
umbilic. By Proposition 3.6, the universal cover of M is conformally equivalent to a
dense open subset Q of B™.

We write g = w2 Jdo, where go denotes the standard metric on B™. Then the
function u satisfies © — oo for z — B™ \ Q. We will use the Alexandrov reflection
principle (see [7]) to show that u is bounded. To this end, we consider an arbitrary
point on the boundary of B™. We choose a conformal mapping from B™ to the half-
space H™ = {z,, > 0} which maps this point to infinity. The function u admits an
asymptotic expansion of the form

for |z| — 0o and some a > 0. We now write g;; = w"-ifdij. The function w satisfies

n—2 n—2
277 a 273 bi:v,'
w= >

‘x‘n—,‘Z
%

for |z| — co. We reflect the function w at the hyperplane {z; = A}, and denote the
resulting function by wy. The function w satisfies the evolution equation
0 n—2—

3} 2
— - _— —ﬂ— —_—
prid (n-1Dw §6mnw+ 5 Hw
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on O0H™ and

i [
in H™. Similarly, for the function wy we have

0 -2, 0 n—2—
.aw,\—(n—l)wA b—z';’UJ)\‘I'—THw)\

on 0H™ and
82
—sW) = 0
; oxz?
in H™. If we choose )\ large enough, then

w > Wy

for z;1 < A and ¢t = 0. In view of the asymptotic expansion for w, it is clear that this
is possible. By virtue of the maximum principle, this inequality remains valid for all
t > 0. Therefore, we obtain

w > Wy

for all z; < X and ¢ > 0. In particular, we deduce

0
—_—n <
azlw <0

for ;1 = X and t > 0. Using the asymptotic expansion for w, we obtain

w
0z |z[™ |z[™

0 (n—2) 2nT_2 axri 22;_2 b1 n2nT_2 bimizl
- -

for |z| — co. Hence, for z; = A we have

8  (n-227ar 27T b n2"7 biz;\
PR 2

Jar ER ER
for |z| — co. Thus, we conclude
—(n —2)ar +b; <0,
hence

b (n—2)\.

Therefore, the gradient of v at infinity can be estimated as

(Vo)iu
I < (- ),
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Similarly, we find
|(Vo)iul <c
u

for i = 1,...,n — 1. Hence, the tangential part of the gradient of logu is bounded
on every compact subset of OM. Therefore, the function logu is bounded on every
compact subset of OM.

LEMMA 3.8. The mean curvature satisfies the evolution equation

0 0 —

on OM. Here, the function H is extended such that
AH =0
in M.

Proof. Let go be a fixed metric with Ry = 0. We write g = = Jdo. We then
have

on OM and
Ao’u, =0
in M. Differentiating both equations with respect to ¢, we obtain

0 _=2_ 0 —
aH——-(n—-l)u 8—UO'H+H(H—H)
in M and

AoH +2u™ (Vou, VoH) =0

on OM. If we set go = g, we get

0 0 —
aH——(n—l)aj'H‘i‘H(H—H)

on OM and
AH =0
in M.
LEMMA 3.9. The mean curvature is uniformly bounded in L™~ (0M).

Proof. Using the evolution equation for the mean curvature we obtain

d n—1 _ —1)2 : n—2 0
dt(/¢')M |H| dA) =—(n-1) /BM sign(H) |H| BquA

=—(n-1)%n-2) /M |H|"3|VH|?dV

= —4(n — 2)/ \VIH|*Z | aV.
M
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Therefore, the expression
/ \H|"1 dA
oM
is decreasing.

LEMMA 3.10. The mean curvature is uniformly bounded in L™ +=2" (OM).

Proof. For abbreviation, let || - ||, = || - || Lr(anr) and || - |lrp = || - lwrr (o). From
the proof of Lemma 3.9 we know that

T
/ / |V|H|*T |*av dt < C.
0 JM
This implies
T n=1:2 T n=1):2
S W e < [ e
Since H is bounded in L™~!(8M), we obtain
r n=1)2
/0 12177 [} ydt < ©.
The Sobolev inequality yields
T
/ 1T | semn d < C,
0 n—2
hence
/ =™ ey 1)2 dt < C.

Moreover, we have

%(/BM |H|PdA> = —(n—l)p/aMSIgn(H) e 2 Haa
+(p_”+1)/aM|H|”(H—TJ')dA

=—(n-1)p(p—1) /M \H|P=2 | VH| dV
+(P—n+1)/8 \HP (H - H) dA
== 4(p /|VIHI ?av
+(p_”+1)/9MlH|p(H—H)dA

for all p > 2. At this point we use the estimate

G, < € [ vimER aas |
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(see [19], p. 27). Using the Sobolev inequality, we obtain
d 1 22 1
ZIHIE < —lIH ]+ ClEL +C
1
< -G I1E1E o + CIEIEL + O

< ——HHII

p(n 1

, +CIHIE +C

s ——IIHH”M o + CIHIEPDHIGP + ¢,

p(n—1) 1)
hence
d 8(p+1)p
—H|5 < ClIH|™ P +C
dt
for ¢ > 2. Here, we have to guarantee that 8(p + 1) > 1. The number 6 is given by
0 p n—2\ p n—2
g n—-1) p+1 n-1

Using this relation, we obtain

Op+1)>1 < ¢g>n—1.

2
We now take p=q = ﬁ';;_lzl— In this case, we obtain

(n— 1 2 (n— 1 2n 3
IIHH(,, 2 < C”H“(n 122 +C.
If we put
n— 1)2
Yy= “H” @2 1)2>
v
then we obtain
d
< n— A
dty C’y +C

From this it follows that

;tlog(y+ 1) < C’y"~1 +C.

On the other hand, we have shown above that

T n—2
/ y~=1dt < C.
0

Thus, we conclude
y<C

at time T'. Since T is arbitrary, this proves the assertion.
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LEMMA 3.11. The mean curvature is uniformly bounded in LP(OM) for allp > 2.

Proof. From the proof of the previous lemma we know that

d
prid IIHII ooy + CIHIS D HGCOP + ¢

for all p,q > 2. For q = S"_lzﬁ we have by Lemma 3.10
[Hllq < C.
From this it follows that

d
GIHIE < S H gy, + CIEIEAP + 0.

Since ¢ > n — 1, we have 6(p + 1) > 1, hence (1 — 6)(p + 1) < p. Thus, we conclude
that |H||, is bounded.

PROPOSITION 3.12. The function u is uniformly bounded in WHP(OM) for all
t>0.

Proof. Using Lemma 3.2, we obtain
0 2
llullwe@aary < C'H-ajoullw(aM) < Cllu™2 H — Hol|pr(am) < C
for all p > 2.

As a consequence, the function u is uniformly bounded in C®. Therefore, we
obtain the following result.

COROLLARY 3.13. The evolution equation (2) has a unique solution for allt > 0.
We now determine the asymptotic behavior of the solution.

THEOREM 3.14. The solution converges to a metric of constant mean curvature
as t — oo.
Proof. We define a functional F[u] on the space of harmonic functions on M by

n—2
Elul= A% [ HdA,
oM

where g = ur2 go- Then we obtain
SE[u) =2 A~ / (H - H)u' sudA.
oM

Hence, under the evolution equation (3) the functional E[u] changes according to
d _n-2 =0
—Eul=—(n—2)A"»=1 (H — H)* dA.
dt oM

We now define

lim Efu] =

t—o0
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Since the functional E[u] is real analytic, we can apply the Lojasiewicz-Simon in-
equality (see [17], Theorem 3 or [12], Proposition 3.3). Therefore, there exists a real
number € such that 0 < 6 < % and

(Eu) —a)?=9 <C [ (H-H)*dA
oM

for all ¢ > 9. Letting
22 =/ (H-H)?dA
oM

we obtain

(/ "y dt) <oy

T

for all T > to. By Lemma 4.1 in [12], we conclude that

/000 z(t) dt < oco.

Therefore, the limit

lim u(t) =v
t—oo

exists in L2(OM). This proves the assertion.
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