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CHAIN LEVEL FLOER THEORY AND HOFER’S GEOMETRY
OF THE HAMILTONIAN DIFFEOMORPHISM GROUP*

YONG-GEUN OHt

Abstract. In this paper we first apply the chain level Floer theory to the study of Hofer’s
geometry of the Hamiltonian diffeomorphism group in the cases without quantum contribution: we
prove that any quasi-autonomous Hamiltonian path on weakly exact symplectic manifolds or any
autonomous Hamiltonian path on arbitrary symplectic manifolds is length minimizing in its homotopy
class with fixed ends, as long as it has a fixed maximum and a fixed minimum which are not over-
twisted and has no contractible periodic orbits of period less than one. Next we give a construction
of new invariant norm of the Viterbo type on the Hamiltonian diffeomorphism group of arbitrary
compact symplectic manifolds.

1. Introduction. In [H1], Hofer introduced an invariant pseudo-norm on the
group Ham(M,w) of compactly supported Hamiltonian diffeomorphisms of the sym-
plectic manifold (M,w) by putting

161l = jinf I (L1)
where H — ¢ means that ¢ = ¢}, is the time-one map of Hamilton’s equation
T = XH(.'II),
and ||H|| is the function defined by
1 1
IH| = / osc Hydt = / (max Hy — min Hy) dt. (1.2)
0 0 :

He also proved that (1.1) is non-degenerate for the case C" with respect to the stan-
dard symplectic structure. Subsequently, Polterovich [Pol] and Lalonde-McDuff [LM1]
proved the non-degeneracy for the case of rational symplectic manifolds and in com-
plete generality, respectively. We also refer to [Ch] for the proof in the case of tame
symplectic manifolds based on the Floer homology theory of Lagrangian intersections
and its simplification to [Oh4].

The invariant norm (1.1) induces a bi-invariant distance on Ham(M,w) by

d(¢,9) = llgy~ "
which is the Finsler distance induced by the invariant Finsler norm
|lA|| = maxh — minh (1.3)

on the Lie algebra C°(M)/R ~ T;qHam(M,w) of the group Ham(M,w). A natural
problem of current interest in the literature is the study of geodesics in this Finsler
manifold.

Hofer [H2| proved that the path of any autonomous Hamiltonian on C™ is length
minimizing as long as the corresponding Hamilton’s equation has no non-constant
time-one periodic orbit. This result was generalized in [MS] on general symplectic
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manifolds for the case of slow autonomous Hamiltonians among the paths homotopic
with fixed ends: According to [En], [MS] and [Mc], an autonomous Hamiltonian is
called slow if it has no non-constant contractible periodic orbit of period less than
1 and the linearized flow at each fixed point is not over-twisted i.e., has no closed
trajectory of period less than one

We call two Hamiltonians G and F are called equivalent if there exists a family
{FS}05551 such that

Sre =05
for all s € [0,1]. We denote G ~ F in that case and say that two Hamiltonian paths
¢t and ¢4 are homotopic to each other with fixed ends, or just homotopic to each
other when there is no danger of confusion.

In the present paper, we study the length minimizing property of quasi-autonomous
Hamiltonian paths: Such a Hamiltonian path was proven to be a geodesic in the sense
of the Finsler geometry [LM2] (up to the time reparameterization). We refer to [Po2]
for the precise variational definition of geodesics from the first principle and an elegant
proof of this latter fact. We will just borrow the theorems from [LM2] or [Po2] for a
concrete description of geodesics in terms of the quasi-autonomous Hamiltonian.

DEFINITION 1.1. A Hamiltonian H is called quasi-autonomous if there exists two
points 7, z+ € M such that

H(z™,t) = min H(z,t), H(z",t)= mfo(x,t)
T

for all ¢t € [0, 1].

It has been proven in [BP], [LM2], [Po2] that a path {¢'} is a geodesic in the
variational sense iff the corresponding Hamiltonian H is locally quasi-autonomous.
Based on this theorem, we just say that a geodesic is the Hamiltonian path generated
by a locally quasi-autonomous Hamiltonian.

We now recall Lalonde-McDuff’s necessary condition on the stability of geodesics.
In [Corollary 4.11, LM2]s Lalonde-McDuff proved that for a generic ¢ in the sense that
all its fixed points are isolated, any stable geodesic ¢, 0 <t < 1 from the identity to ¢
must have at least two fixed points at which the linearized isotopy has no non-constant
closed trajectory in time less than 1 in the sense of Definition 1.2 below.

DEFINITION 1.2. Let H : M x[0,1] — R be a Hamiltonian which is not necessarily
time-periodic and ¢%; be its Hamiltonian flow.

(1) We call a point p € M a time T periodic point if ¢ (p) = p. We call
t €[0,T] — ¢4 (p) a contractible time T-periodic orbit if it is contractible.

(2) When H has a fixed critical point p over ¢ € [0, T}, we call p over-twisted as
a time T-periodic orbit if its linearized flow d¢%;(p); t € [0,T] on T,M has a closed
trajectory of period less than T'.

The following is the main result of the present paper.

THEOREM 1. Suppose that G is a quasi-autonomous Hamiltonian such that
(i) it has no nonconstant contractible periodic orbits of period less than one,
(i) it has a fized minimum and a fized mazimum which are not over-twisted.

Then its Hamiltonian path ¢% is length minimizing in its homotopy class with
fized ends for 0 <t < 1, in cases
(1) (M,w) is weakly ezact, i.e., w|r,(ary = 0 or
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(2) G is autonomous.

The case (1) extends the result by Siburg [Si] on R?*", and (2) extends Entov’s [En]
and Lalonde-McDuff-Slimowitz’s result [MS] for the slow autonomous case in that it
removes the slowness assumption in the case of autonomous Hamiltonian. In fact the
proof of Theorem I (more specifically, Step II in §7) shows that the length minimizing
property is stable under the C?-small perturbation of Hamiltonians of the type in the
theorem and so the theorem still holds for C%-small perturbations of the autonomous
Hamiltonian G. When there exists quantum contribution, whether Theorem I holds
is still to be seen.

Our proof of Theorem I will be based on the Floer homology theory which has
been established on general symplectic manifolds by now [FOn], [LT], [Ru]. The idea
of studying the length minimizing property using the Floer theory was introduced
by Polterovich [Po2] for the case of small autonomous Hamiltonians when the action
functional is single valued as in the case of exact symplectic manifolds. We general-
ize his scheme to the case of quasi-autonomous Hamiltonian paths when the action
functional is not single valued.

We first summarize Polterovich’s scheme of the proof for the case of small au-
tonomous Hamiltonian when the symplectic form w is exact, say w = —df. A crucial
idea behind his scheme is to relate the norm ||h|| = h(z™) — hA(z™) with two homolog-
ically essential critical values of the action functional

1
An(y) = / 6- /0 h(y(2)) dt
Y

corresponding to the maximum and minimum points z+ and z~ of the function A,
which is precisely —h(z~) and —h(zt) respectively. This is carried out first by proving
some existence result for the Floer continuity equation

{ G+ J(5t — Xpon(u) =0 (1.4)
u(—00) € Crit k, u(c0) = z*
where L® is the linear homotopy

L°=(1-s)k+sF, s€l0,1] (1.5)

for the small autonomous Hamiltonian k and the arbitrary Hamiltonian F with F' ~ h,
and then by making some calculations involving the action functional and the solution
of (1.4). (Similar calculations of this sort were previously employed by Chekanov [Ch]
and by the present author [Oh3,5].) For the existence result, Polterovich exploits
the fact that when A is sufficiently small, then the Floer complex is diffeomorphic to
the Morse complex of h and so the maximum point on the compact manifold M is
homologically essential, which in turn is translated into the existence of a solution of
(1.4), via the fact that the Floer complexes of h and F are conjugate to each other
(see Proposition 5.3), when F ~ h.

When we try to use the Floer homology theory in the study of quasi-autonomous
Hamiltonian paths, the first obvious point we need to take care of is that the Hamilton-
ian may not be one-periodic. This can be taken care of using a canonical modification
of Hamiltonians into the time periodic ones without changing their time-one maps and
the quasi-autonomous property (see Lemma 5.2 for the precise statements).



582 Y.-G. OH

There are many difficulties to overcome for the non-autonomous Hamiltonians
especially when the action functional is not single-valued. However using the full power
of the Floer homology theory developed by now (in the level of chain, though) and an
idea of the mini-max theory via the Floer homology developed by the author in [Oh3,5],
we again reduce the proof of Theorem I to a similar existence result (Proposition 5.3)
for (1.4) where h is replaced by a quasi-autonomous Hamiltonian. Unlike the small
autonomous case, such an existence result is highly non-trivial (even in the autonomous
case) for large Hamiltonians. In fact, the method we employ to prove the existence
theorem heavily relies on the extensive chain level Floer theory. The latter turns out
to carry applicability much wider than as we use in the present paper and leads us to
the construction of the spectral invariants on arbitrary compact symplectic manifolds
(See §8 and [Oh7]).

The proof of Theorem I will then be carried out by a continuation argument over

the homotopy
ek — G —» G— F

combined with a delicate mini-max argument via the Floer homology over the adia-
batic homotopy. One important point that we are exploiting in the first step is that
when the Hamiltonian is C2-small as in the case of ¢ G¢ for ¢ sufficiently small, the
Floer boundary operator is decomposed into

0= +0

where @y is the classical contribution and 0’ is the quantum contribution (see §5,
and [Oh2] in the context of Lagrangian intersections ). This enables us to define the
concept of the local Floer homology which is invariant under the local continuation
(see [Oh1] in the context of Lagrangian submanifolds). In general &’ is not zero, but
is so either when (M,w) is weakly exact, or when the Hamiltonian is C?-small and
autonomous which is due to the extra S* symmetry (see [F12], [FHS|, [FOn], [LT]).
This is one place where we used the hypotheses in Theorem I.

The second ingredient we use in this paper is several versions of the Non pushing
down lemma culminating in Proposition 7.14. In fact this kind of non-pushing down
lemma is the heart of the matter in the chain level Floer theory (see [Oh7] for more
such arguments in general). The proofs of these Non-pushing down lemmas use the
above hypothesis in a more serious way and also use the concept of adiabatic homo-
topy and adiabadic chain map. The third ingredient is a Floer theoretic version of the
Handle sliding lemma (Proposition 6.3). These tools enable us to develop a mini-max
theory of the action functional in the non-exact case. In the much simpler setting of
the (weakly-)exact case where the action functional is single valued, similar mini-max
idea was previously developed by the author in [Oh3,5] for the Lagrangian submani-
folds on the cotangent bundle, and subsequently by Schwarz [Sc| for the Hamiltonian
diffeomorphisms on symplectically aspherical symplectic manifolds. As an application
of this mini-max theory, we prove the following construction of the spectral invariants

THEOREM II. For each cohomology class 0 # a € H*(M,Q) and Hamiltonian
H, there exists an invariant p(H;a) such that p(H;a) € Spec H, and the assignment
H s p(Hj;a) is CO-continuous.

In a sequel [Oh7] to the present paper, we have further developed the techniques
used here and applied them to extend the definition of these spectral invariants to
the arbitrary quantum cohomology classes a € QH*(M). These are then applied to
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construct an invariant norm and to obtain a new lower bound for the Hofer norm and
to the study of the length minimizing property of Hofer’s geodesics.

We would like to thank L. Polterovich for introducing us to the idea of studying
length minimizing property of geodesics in terms of the Floer theory during his visit
of KIAS Seoul, Korea, in April 2000 and giving us a copy of his book [Po2] before
its publication. We also thank D. McDuff for sending us the preprints [MS], [Mc]
and informing us that the proof in [LM2] already proves the local length minimizing
property of geodesics once construction of Gromov-Witten invariants on general sym-
plectic manifolds is established. We would also like to thank her for several helpful
e-mail communications. Finally we like to thank the referee for several suggestions to
improve the presentation of the paper.

2. Normalization of the Hamiltonian and the action spectrum. Let
Qo(M) be the set of contractible loops and Qo(M) be its standard covering space in
the Floer theory. We recall the definition of this covering space from [HS] here. Note
that the universal covering space of Qg(M) can be described as the set of equivalence
classes of the pair (v, w) where v € Qp(M) and w is a map from the unit disc D = D?
to M such that w|pp = ~y: the equivalence relation to be used is that [@#uw’] is zero
in o (M)

Following Seidel [Se], we say that (v, w) is I'-equivalent to (v, w’) iff

w([w'#w]) =0 and c;([w#w]) =0 (2.1)

where W is the map with opposite orientation on the domain and w'#w is the obvious
glued sphere. And c; denotes the first Chern class of (M,w). We denote by [y, w] the

I-equivalence class of (y,w) and by 7 : Qo(M) — Qq(M) the canonical projection. We
also call Qo(M) the T'-covering space of Qo(M). The action functional Ag : Qo(M) —
R is defined by

Ao(fryu]) = - / e, (2.2)

Two I'-equivalent pairs (v, w) and (7,w’) have the same action and so the action is
well-defined on o(}). When a periodic Hamiltonian H : M x (R/Z) — R is given,
we consider the functional Ag : Q(M) — R by

A ([, ]) = Aoy, w) - / H(t), tdt

Here the sign convention is chosen to be consistent with that of [Oh3,5],

Au) = [ 0~ /0 H(x(t), 1) dt
Y

where w = —df for the canonical one form # = pdq on the cotangent bundle which in
turn is precisely the classical mechanics Lagrangian on the cotangent bundle.

We would like to note that under this convention the mazimum and minimum
are reversed when we compare the action functional Ag and the (quasi-autonomous)
Hamiltonian G.

We denote by Per(H) the set of periodic orbits of Xg.



584 Y.-G. OH

DEFINITION 2.1 [ACTION SPECTRUM|. We define the action spectrum of H,
denoted as Spec(H) C R, by

Spec(H) := {An(z,w) € R| [2,w] € Qy(M), 2 € Per(H)},

i.e., the set of critical values of Ay : Q(M ) — R. For each given z € Per(H), we
denote
Spec(H;z) = {Au(2,w) €R | (z,w) € 771(2)}.

Note that Spec(H;z) is a principal homogeneous space modeled by the period
group of (M, w)
L, =T(M,w) :={w(A4) | A €m(M)}

and
Spec(H) = UzePer(H)SpeC(H; z).

Recall that ', is either a discrete or a countable dense subset of R.
LEMMA 2.2. Spec(H) is a measure zero subset of R.

Proof. We first note that Spec(H;z) C R is a countable subset of R for each z.
We consider the Poincaré return map in a tubular neighborhood of each z € Per(H).
More precisely, we choose a small neighborhood V' C M of 2(0). We identify V' with
2n-ball B?™(§) with the point z(0) identified with the center of the ball. Choose
another ball neighborhood V’ = B?*(§’) with V' C V’ such that the (first) Poincaré
return map denoted by
R.:V = V'ip— ¢y(p)

is well-defined. We now define a continuous map from V to the space of piecewise
smooth maps from S! 2 R/Z on M as follows: for each p € V, we first follow the flow
of Xy and then follow from R,(p) to p by the straight line under the identification
of V' with B?"(¢’'). We reparameterize the domain of the loop by re-scaling it to be
[0,1].

We denote by z, the loop corresponding to p € V' constructed as above, and by
V. C Qo(M) the image of the assignment p +— 2z,. Obviously z, is homotopic to z and
so any given disc w bounding z can be naturally continued to bound the loop z,. We
denote by wy, the disc continued from w and corresponding to p € V. It can be easily
checked that the function

h:m Y (V) = Ry hl[zp, wp]) == A ([2p, wp))

defines a smooth function on 7=!(V;) and its critical values comprise those of Ag near
Spec(H;z). This can be proven by writing Ag([zp,wp]) explicitly and by a simple
local calculation. Noting that 7~1(V}) is a finite dimensional (in fact, 2n dimensional)
manifold, Sard’s theorem implies that the set of critical values is a measure zero
subset in R. Since a finite number of such tubular neighborhoods together with their
complement cover M, Spec(H) C R is a finite union of measure zero subset of R and
so itself has measure zero. O
For given ¢ € Ham(M,w), we denote by H — ¢ if ¢}; = ¢, and denote

H(¢) ={H | H ¢}
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We say that two Hamiltonians H and K are equivalent if they are connected by one
parameter family of Hamiltonians {F°}o<s<1 such that F* - ¢ i.e.,

Pk = ¢ (23)

for all s € [0,1]. We denote by [H] the equivalence class of H. Then the universal
covering space %(M ,w) of Ham(M,w) is realized by the set of such equivalence
classes.

Let F,G — ¢ and denote

fi=¢%, g1 =d%, and hy = frog; .

Note that h = {h:} defines a loop based at the identity. Suppose F ~ G so there
exists a family {F*}o<s<1 C H(¢) with F; = F and Fy = G and satisfying (2.3). In
particular & defines a contractible loop. If we denote f§ = ¢t., this family provides a
natural contraction of the loop 4 to the identity through

TL:SHfsog_l; fsog—l(t) 1=ff°9t_1-

which in turn provides a natural lifting of the action of the loop & on (M) to (M)
which we define

b [, w] = [hy, hu] (24)

where hw is the natural map from D? obtained from identifying A : [0,1] x [0,1] —
Ham(M,w) as a map from D2

Even when F is not homotopic to G and so h is not contractible, note that the
(based) loop group Q(Ham(M,w),id) naturally acts on the loop space (M) by

(h-7)(t) = h(t)(7(2))

where h € Q(Ham(M,w)) and v € Q(M). An interesting consequence of Arnold’s
conjecture is that this action maps the particular component Qo(M) C Q(M) to itself
(see e.g., [Lemma 2.2, Se|). Seidel [Lemma 2.4, Se| proves that this action (by a
based loop) can be lifted to ﬁo(M ). In this paper, we will consider only the action by
contractible loops in Ham(M,w).

We now study the behavior of the action spectrum Spec H when H varies. In
particular, we would like to study the continuity property of certain critical values
which are relevant to the uniform minimum point of the given quasi-autonomous
Hamiltonian. For this purpose, we need to normalize the spectrum SpecH. We will
achieve this by restricting ourselves to Ho(¢) the set of normalized Hamiltonians with
H— ¢ by [,,Hidp = 0 as in [Sc]. The following is proved in [Oh6] (see [Sc] for
the symplectically aspherical case where the action fuctional is single-valued. In this
case Schwarz [Sc| proved that the normalization works on Ham(M,w) not just on

%(M, w) as long as F, G — ¢, without assuming F' ~ G).

PROPOSITION 2.3 [THEOREM I, OH6]. Let F, G € Ho(¢) and F = {F°} (o1
be a path in Mo(¢) such that FO = G and F* = F. Denote hi = f{ og;' and
h® - [z,w] = [h® - 2,h® - w] for a z € Per(G). Then the function x : [0,1] — R defined
by

x(5) = Ars (B - 2,u])
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is constant. In particular, we have
Spec(G) = Spec(F).

From now on, we will always assume that the Hamiltonian functions are normal-
ized so that

M

3. Floer homology with real filtration.

3.1. Behavior of the filtration under the chain map. For each given generic
H: M x S' - R, we consider the free Q vector space over

CritAn = {[z,w] € Qo(M) | z € Per(H)}. (3.1)

To be able to define the Floer boundary operator correctly, we need to complete
this vector space downward with respect to the real filtration provided by the action
An([z,w]) of the element [z, w] of (3.1). More precisely,

DEFINITION 3.1. We call the formal sum

B= > apulzw] ape €Q (3.2)

[z,w]€CritAn

a Novikov chain if there are only finitely many non-zero terms in the expression (3.2)
above any given level of the action. We denote by CF(H) the set of Novikov chains.

Here, we put ‘tilde’ over C'F' to distinguish this Q vector space with more standard
Floer complex module over the Novikov ring in the literature. Note that this is an
infinite dimensional Q-vector space in general, unless mo(M) = 0. It appears that for
the purpose of studying Hofer’s geometry this set-up of the Floer homology with real
filtration on the I'-covering space o(M) suits better than the more standard Floer
homology on Q¢(M) with the Novikov ring as its coefficient, although they provide
equivalent descriptions.

Since we will frequently use the chain level property of various operators in the
Floer theory for the study of changes of the action under the chain map, we briefly
review the construction of the basic operators in the Floer homology theory [F12].
Let J = {Ji}o<t<1 be a periodic family of compatible almost complex structures on
(M,w).

For each given pair (J, H), we define the boundary operator

8:CF(H) — CF(H)
considering the perturbed Cauchy-Riemann equation
{ Bu J(g—g —XH(u)) =0
lim,—— oo u(7) = 27, lim, 0o u(T) = 27

(3.3)

This equation, when lifted to S~20(M ), defines nothing but the negative gradient flow
of Ay with respect to the L*-metric on (M) induced by the metrics g, = w(, J;-) .
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For each given [2~,w™] and [2*, w*], we define the moduli space M j([z~,w™], [zF,w*])
of solutions u of (3.3) satisfying

wH#u ~wt (3.4)

O has degree —1 and satisfies 0 8 = 0.
When we are given a family (5, H) with H = {H*}o<s<1 and j = {J°}o<s<1, the
chain homomorphism

h(;»y : CF(J°, H®) — CF(J', H')
is defined by the non-autonomous equation

{ 'g—:_b + JPI(T) (%‘:" - XHPZ(T)(U)) =0

lim‘r—v—oo U(T) = z—71im‘r—>oo U(T) = Z+.

(3.5)

where p;, i = 1,2 is functions of the type p: R — [0, 1],

)= 0 forT<-R
plr) = 1 for7>R

p(r)=0
for some R > 0. h; ) has degree 0 and satisfies
O(y1,m) © hjmy = hgmy © O, mo).-

Finally when we are given a homotopy (7,7) of homotopies with 5 = {j.},
H = {H,}, consideration of the parameterized version of (3.5) for 0 < x < 1 defines
the chain homotopy map

H:CF(J° H® - CF(J', H")
which has degree +1 and satisfies
Piss,40) = higosrto) = O,y © H + H 0 8o, o).

By now, construction of these maps using the relevant moduli spaces has been com-
pleted with the rational coefficient (See [FOn], [LT] and [Ru]). We will freely use this
advanced machinery throughout the paper. However the main stream of the proof
can be read independently of these papers once it is understood that the bubbling-
off-spheres is a codimension two phenomenon, which is exactly what the advanced
machinery establishes. Therefore we do not explicitly mention these technicalities in
this paper, unless it is absolutely necessary.

The following upper estimate of the action change can be proven by the same
argument as that of [Oh3]. Because this will be a crucial ingredient in our proof, we
include its proof here for reader’s convenience.

PROPOSITION 3.2 [THEOREM 7.2, OH3|. Let H,K be any Hamiltonian not
necessarily non-degenerate and j = {J°®}scjo,1) be any given homotopy and Hbn =
{H?®}o<s<1 be the linear homotopy H® = (1 — s)H + sK. Suppose that (3.5) has a
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solution satisfying (3.4). Then we have the identity
Ar([zF,w?]) - Ar((z7,w7])

-/ laT o= | O (Pt ) et 0) e

(3.6)
/ . I / ~ min(F, — H,) dt (3.7)
SA —11:211\1} Ft Ht)dt (38)

In particular, when H and K are nondegenerate, the canonical chain map

i . CF(J,H) — CF(J,K)
restricts to
—~—(—00,a— [ min(K—

nin . GF 0N ) — GRS I Gy (3.9)

and so induces the homomorphism
—_ (= a— K-
htm HF( ](J H) — HF( 00,a— [ min( H)dt](J7 K)

Proof. We fix J here. Let [z+,wt] € CF(K) and [z~,w~] € CF(H) be given.
As argued in [Oh3], for any given solution u of (3.5) and (3.4), we compute
* d
Ax(u*]) = Al w7 = | (A () dr

Here we have

d—i—(Asz(r)(u('r)) =d.AHp2<f)(u('r))(%) - /0 1 (afg’;m)(u,t) it (3.10)

However since u satisfies (3.5), we have

Aignir W) () = [ (2~ Kprco), 22 a

A

/01 (8?:(T))(U, t)dt = —/OIPQ(T)(K — H)(u,t)dt. (3.12)

The identity (3.6) follows by integrating (3.10) over 7 after substituting (3.11), (3.12)
into (3.10). (3.7) follows from (3.6) and the inequality p5(7) > 0. (3.8) is obvious
and (3.9) follows from (3.8) by the definition of the chain map. This finishes the
proof. 0

(3.11)

Jf’l("')

and
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PROPOSITION 3.3 [LEMMA 4.3, OH3). For a fized H and for a given one param-
eter family J = {J°}sep0,1), the natural chain map
hy:CF(J°, H) — CF(J', H)

respects the filtration.
Proof. A similar computation, this time using (3.2) and (3.3) with H fixed, leads

Aue* ) - Anlem oy == [ |2

We refer to the proof of [Lemma 4.3, Oh3] for complete details. 0

We would like to remark that there is also some upper estimate for the chain
map over the general homotopy or for the chain homotopy maps. This general upper
estimate is used in our construction of the spectral invariants in [Oh7].

to

Jl’(")

3.2. The adiabatic homotopy and the adiabatic chain map. For our
purpose of using the Floer theory in the study of Hofer’s geometry, we also need to
consider a family version of the Floer homology to keep track of the behavior of the
action spectrum over one parameter family of Hamiltonians as in §2.

Let ¢ € Ham(M,w) and F = {F*}4¢(0,1) be a path in H(¢). We normalize F** so
that (2.5) (and so Proposition 2.3) holds. With this normalization, if Spec (G) C R
were isomorphic to T',Z or {0} like the case where mo(M) = 0 or more generally where
(M,w) is integral, the “adiabatic” homotopy

ha . CF(J,G) — CF(J,F)
as defined in [MO1,2] will induce an isomorphism

(_

7 (—00,0]

heto . T 5,6) - HF (J, F)

for any a € R. Since we will use this adiabatic homotopy in an essential way later, we
carefully explain how it is constructed following the exposition from [MO1,2].

Suppose that there is a ‘gap’ in the spectrum Spec (G) = Spec (F*), i.e, that
there is a positive number € > 0 such that

A—ul>e

for all X # p € Spec (G).
Since s — F* is a smooth path, there exists some § > 0 such that

[F* — F®l|o < § (3.13)
for all u, s € [0,1] with |u — s| < §. We consider the partition
I'0=ty<t1<---<ty=1

so that
Itj - tj+1‘ < § for all j.

By Proposition 3.2, the chain map
hin . CF(F*) — CF(F?)
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over the linear path
L:r— (1=1)F*+rF*% rel0,1]

restricts to

n (=002 — (=00, A+ 5]
hin . CF ~(FY) = CF o (F?)
for any u, s € [0,1] with |u — s| < d. Similarly, we have

plin - GF ey = GF T

for any )’ € R. Combining these two, we have the composition
i i ——(—00,A] ——=(=00,A E]
hlin o plin . CF (F*) - CF UFEY).
By the condition (3.5) and the gap condition, all of these three maps in fact restrict
to the same levels and induces homomorphisms
pin . BFC (F”) ~ BHFTM
. —oo (3.14)
Rln . 7F" (FS) HF' (F“)
and ( Al ( Al
hin o plin  HE ©C(FY) — HE O (FY),
provided A is chosen sufficiently close to Spec (G). However, if we choose § sufficiently
small, we can also prove the identity

. . ——(—00,\
REn o plin — p (—id Yon HEC 7 (FY)

which implies that (3.14) is an isomorphism for all u, s with |u — s| < §. By repeating

the above to (u, s) = (¢j,tj41) for  =0,... ,N —1, we conclude that the composition
hiin _ohn . L o.-.-ohlir . CF(G) — CF(F%) (3.15)
restricts to (oo ( Al
—00 (o8] .
hilt,_, 0o hilt, : CF @) — (FY)
for all 1 < j < N, and so induces the composition
in n (00, == (—00,}] .
h¥ L o--ohiR i HF (G) —» HF (F%) (3.16)
which becomes an isomorphism. In partlcular we have the isomorphism
in 1 ~(_ ( °°)
hin,  o...ohlin . HF (J G) — (J, F) (3.17)

DEFINITION 3.4. Let I : 0 < €3 < €3 <--- < ey =1 be a partition. We define its
mesh, denoted as Ay, by
AI = m]ax]tj_,.l - tjl‘

We call the associated piecewise continuous linear path Li#Lo# ---#LN—_1 and the
chain map (3.15) the adiabatic homotopy, denoted as Fy, and the adiabatic chain map
over the path F. We denote

hL = plin  o...0hln . CF(G) — CF(F). (3.18)

tity—1 tito
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We define the mesh A(Fy) of the adiabatic homotopy F; along the path F to be
1 1
A(Fp):=  max {/ —min(F% — Fi+1) dt, / max(Ft — th“)dt} (3.19)
§=0,--,N-1 L J, 0

We simply denote by 724, h2%® when we do not specify the partition J. Note that the
mesh of the adiabatic homotopy can be made arbitrarily small by making Ay small.

This adiabatic construction of homotopy in the chain level will be used in a crucial
way to study the global case of the length minimizing property of geodesics, where
the action spectrum is not necessarily fixed and does not have a ‘gap’ in general.

4. C2%-small Hamiltonians and the local Floer complex.

4.1. The local Floer complex. In this section, we consider C2-small Hamil-
tonians F' and the subset Qn, (M) of loops 7 with (v(0),v(t)) € M x M contained in
a fixed Darboux neighborhood Na of the diagonal A C M x M for all ¢ € [0,1]. In
particular, any periodic orbit z of Xy contained in Qu, (M) has a canonical isotopy
class of contraction w,. We will always use this convention w, whenever there is a
canonical contraction of z like in this case of small loops. This provides a canonical
embedding of Qn, (M) C Qo(M) defined by

z = [z,w,].

We denote by Hs the set

Hs={F:[0,1]]x M >R |||[Fllg: <6 and/ F, =0 for allt}.
M

Imitating the construction from [F12] and [Ohl], we define

DEFINITION 4.1. For any (J, F) € J,(M) x H; and for the given Darboux neigh-
borhood Na of the diagonal A C M x M such that

$r(A) CInt Na,
we define
M(J,F : Np)={u € M(J,F) | (u(1)(0),u(7)(t)) € Int Np for all 7}. (4.1)
Consider the evaluation map
ev: M(J,F: Na)— Qn,;  ev(u) = u(0).

For each open subset Y C M x M with A C U C M x M, we define the local Floer
complez in (Y by

S(J,F :U) :=ev(M(J,F: U)) C Q. (4.2)
We say S(J, F : U) is isolated in U if its closure is contained in the interior of .

The following can be proved by the same method as that of [F12] (See Proposition
3.2 [Ohl]), to which we refer readers for its proof.
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PROPOSITION 4.2. If S(J, F : U) is isolated in U, then for all (J',F') C*-close
enough to (J, F) in the C*®-topology, S(J', F' : U) is also isolated in U.

Using this proposition, we can define the local Floer homology, denoted by HF'(J, F :
U). Furthermore, the restriction of the action functional to the image of the embed-
ding Qn, (M) C Qo(M ) provides a filtration on the local Floer complex. Proof of the
following proposition is standard combining the existing methods in the Floer theory
(see [§3, Ohl]).

PROPOSITION 4.3. Let U be as above and F, F' € Hs. Assume that § > 0 so
small that (4.2) holds for F, F'. Then there exists a canonical isomorphism, we have

h(yuy : HF(J,F :U) - HF(J,F" : U) (4.3)

whose matriz elements are given by the number of solutions of (4.4) below whose
images are contained in U:

%1'71." + J(% _‘XHp(‘r)(u)> = O
u(—o0) =z € CF(F:U), wu(oo) =y e CF(F :U) (4.4)
WeFFU ~ Wy,

Following [Ohl], we call thin trajectories the solutions of the Cauchy-Riemann
equations defining the boundary map or the chain map whose images are contained
inl.

4.2. Fix q% versus A N graph q%: comparison of the two Floer ho-
mology. The main goal of this sub-section is to prove that when G is a C?-small
quasi-autonomous Hamiltonian, the minimum point ™, which corresponds to a (lo-
cal) maximum point of Ag in the local Floer complex, is homologically essential in
the local Floer complex. There does not seem to be a direct way of proving this in the
context of the Floer theory of Hamiltonian diffeomorphisms. We will need to use the
intersection theoretic version of the Floer theory of Lagrangian submanifolds between
A and graph ¢}, in the product (M, —w) X (M,w). This kind of comparison argument
has been around among the experts in the Floer theory but never been rigorously
carried out before. As we will see below, contrary to the conventional wisdom in
the literature, this comparison does not work in the chain level but works only in the
homology level.

We now compare the local Floer homology HF(J,G : U) of C?-small Hamiltonian
G and two versions of its intersection counterparts, one HF_ jg.0(4, graph ¢ : U)
and the other HF_ jg(44)-s00c(A, A : U). We will be especially keen to keep track
of filtration changes.

First we note that the two Floer complexes M_jgJ0(A,graph ¢ : U) and
M_je(ée)s00c(D, A : U) are canonically isomorphic by the assignment

((8),7(1)) = (2(2), ($&) (M) (2)).

and so the two Lagrangian intersection Floer homology are canonically isomorphic:
Here the above two moduli spaces are the solutions sets of the following Cauchy-
Riemann equations
(B rong =
U(t,0) € A, U(T,1) € graph ¢
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and
{ %+ (~J @ (9)"J) (% — Xooa(U)) = 0
U(r,0) € A, U(r,1) € A

respectively, where U = (u1,u2) : Rx[0,1] = M x M. The relevant action functionals
for these cases are given by

Aq([T, W) = — / W (—w & w) (4.5)
on (A, graph ¢L : M x M) and
1
Ao([T, W) = Ao(T, W) — /0 (0© G)(T(t), ) dt (46)

on (A, A : M x M) where we denote
Q(A, graph ¢% : M x M) ={T':[0,1] = M x M | T(0) € A, T'(1) € graph ¢&}

and similarly for Q(A, graph ¢§ : M x M). Again the ‘tilde’ means the covering space
which can be represented by the set of pairs [I', W] in a similar way (see [§2, FOOO] for
the complete discussion on this set-up for the Lagrangian intersection Floer homology
theory). The relations between the action functionals (4.5), (4.6) and (2.1) are evident
and respects the filtration.

Next we will attempt to compare HF'(J, G;U) and HF_ jg 09c(A, A : U). With-
out loss of any generality, we will concern Hamiltonians G such that G = 0 near
t = 0, 1, which one can always achieve by perturbing G without changing its time-one
map (See Lemma 5.2).

It turns out that there is no direct way of identifying the corresponding Floer
complezes between the two.

As an intermediate case, we consider the Hamiltonian G’ : M x [0, 1] defined by

0 for 0<t<L %
G/(l‘, t) = { )
2G(z,2t) for 1 <t<1
and the assignment
(vo,u1) € M_jgpr00c(D,A:U) —ve M(J,G :U) 4.7

with v(7,t) = Uo#u (27, 2t). Here the map To#u; : [0,2] — M is the map defined
by
uo(r,1 — 1) for 0<t<1

—_— ,t) =
To#u1(T, 1) {ul(T,t-—l) for 1<t<2

is well-defined and continuous because

(7, 1) = uo(7,0) = uy(7,0)

u1(r, 1) = up(r, 1) = Tg(7, 0).
Furthermore near t = 0, 1, this is smooth (and so holomorphic) by the elliptic
regularity since G’ is smooth (Recall that we assume that G = 0 near t = 0, 1.

Conversely, any element v € M(J,G’ : U) can be written as the form of Tp#u;
which is uniquely determined by v. This proves that (4.7) is a diffeomorphism from
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M_se100c(D,A 1 U) to M(J,G’ : U) which induces a filtration-preserving isomor-
phism between HF_ ;g5 00¢(A, A :U) and HF(J,G' : U)

Finally, we need to relate HF(J,G : U) and HF(J,G' : U). For this we note that
G and G’ can be connected by a one-parameter family G = {G®}o<s<1 With

0 forOStﬁ%

Gé(z,t) ==
(1) {T%G(x’l—it) for § <t <1

And we have
bts = ¢ for all s € [0,1].

Noting that there are only finite number of periodic trajectories in CF(G : U), the
“adiabatic argument” explained in §3 indeed proves that the adiabatic homomorphism

h5%: CF(G':U) — CF(G:U) (4.8)
respects the filtration and so the induced homomorphism in its homology
h&b . HF(J,G':U) — HF(J,G : U)

becomes a filtration-preserving isomorphism.

We note that S(J,0 : U) is isolated in Y. Therefore if follows from Proposition
3.1 that if ||G||c2 and ||K||c2 are sufficiently small, both S(J,G : U) and S(J, K : U)
are also isolated in U.

We now apply the above discussion to the C?-small quasi-autonomous Hamilton-
ian G to prove the following homological essentialness of the minimum points of G in
the local Floer homology. Recall from the remark in the beginning of §2 that the min-
imum of G corresponds to the maximum of the action functional and vice versa. We
quote the following from [Definition 13.2.F, Po2]| for a formulation of the homological
essentialness of the critical point

DEFINITION 4.4. Let (C,9) be a complex with a given basis B = {ej, - ,ex}.
An element e € B is called homologically essential if for any sub-complex K of C such
that
K C Span(B\ {e}),

the induced map H,(K,d) — H,(C,0) is not surjective.

For example, any (local) maximum point of a Morse function on compact M is
homologically essential in its Morse homology complex (see e.g., [Corollary 13.2.H,
Po2] for its proof).

PROPOSITION 4.5.. Suppose that ||G||c2 < & with § so small that graph ¢ C U
lies in the given Darbouz neighborhood of A C M x M. Suppose that G is quasi-
autonomous with the unique mazimum point z+ and minimum point z—. Then the
critical point £~ is homologically essential in S(J,G : U).

Proof. In the above discussion, we have shown that M (J, G’ : i) is diffeomorphic
to M_jgs0ec(A,A 1 U) = M_j5),0(A, graph ¢ : U). We will first show that
the intersection point (z~,z7) is homologically essential in the latter Floer complex,
which in turn will imply the homological essentialness of z~ in S(J,G' : U).

Identifying U with a neighborhood of the zero section of the cotangent bundle
T*A, we denote by Ja the canonical almost complex structure on T*A associated to
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the Levi-Civita connection of a given Riemannian metric on A. Since the image of
M —sep10) (A, graph ¢} : U) is isolated in U, we may perturb —J & J to J" in U so
that J’ = Ja near the boundary of If and also that

M _se1)(A, graph ¢& :U) = My (A, graph ¢ : U).

We connect J’ and Ja by a path :ft on U so that :f; = Ja near the boundary for
all t € [0,1]. Noting that T*A is pseudo-convex with respect to Ja, the two local
Floer complexes S;/(A,graph ¢f : U) and Sy, (A, graph ¢f : U) can be connected
by an isolated continuation in 4. Recall from Proposition 3.2 that this continuation
preserves the filtration of the Floer homology.

On the other hand graph ¢¢, is diffeomorphic to graph dS C U C T*A for a
generating function of the Lagrangian submanifold graph ¢& C T*A, if G is C%-
small. Moreover z~ corresponds to (z7,z~) which is the minimum point of the
generating function S : A — R. Since M (and so A) is assumed to be compact,
(z7,z7) is homologically essential in the Morse homology of —S. On the other hand,
M, (A, graph(—dS) : U) is diffeomorphic to MM°ms¢(—3, g) (see [FO] for its proof),
where Ja is the almost complex structure on T*A that is associated to the Levi-Civita
connection of a chosen metric g on A. Therefore (z7,z7) is homologically essential
in My, (A, graph ¢f : U). Combining all these, we derive that the constant solution
z~ is homologically essential in the local Floer complex M(J,G’ : U).

By the uniqueness of the minimum points, under the chain isomorphism (4.8),
the image h%fib(:c“) must involve £~ in its expression and so z~ is also homologically
essential in Sy, (J,G : U). We refer readers to the proof of this kind of result in a
more difficult context in §7. 0

5. Calculation. In this section, we start with the proof of Theorem I in the
introduction.
We consider the rescaled Hamiltonians

eG* =€eG(,et) 0<e<l

and choose €y > 0 so small that it has no non-constant contractible periodic orbit for
all 0 < e < ¢€g.
We first prove the following simple lemma.

LEMMA 5.1. Let {G;} be a sequence of smooth Hamiltonians such that G; — Gy
in C%-topology and ¢g, — ég, in C°-topology. If all G; are length minimizing over
[a,b], then so is Gy.

Proof. Suppose the contrary that there exists F' such that F' ~ Gy, but || F|| <
I|Gol|- We choose § > 0 with

IE1 < [|Goll — 6.

Therefore
1) < Gl - 55 (51)
for sufficiently large i. We consider the Hamiltonian F; defined by
Fy = (G#Go)#F
=Gi — Go(gg,) + F(¢G, © (¢6,)7) (5.2)
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This generates the flow ¢% o (¢,)™! o ¢% and so F; ~ G;. This implies, by the
hypothesis that G; are length minimizing over [a, b], we have

IG:ll < I3l

and so
1
|FI < I1F) - 56 (53)

for all sufficiently large i. However since G; — Go, ¢G; — ¢¢, by the hypotheses
(and also so ¢g, o (¢g,)”! — id) in C%-topology, we have F; — F in C°-topology.
Therefore we have

Jim [ = | 7|

which gives rise to a contradiction to (5.3). ]
Now, using the Floer homology theory, we would like to show

IGI < IF

for any F' ~ G when the quasi-autonomous Hamiltonian G satisfies the hypothesis
that there is no non-constant contractible periodic orbits. However we need to take
care of a problem before applying the Floer theory, that is, G not being time-periodic.
The following lemma will be important in this respect.

LEMMA 5.2. Let H be a given Hamiltonian H : M x [0,1] —» R and ¢ = ¢} be
its time-one map. Then we can perturb H so that the perturbed Hamiltonian H' has
the properties

(1) ¢k = ¢

(2) H =0 neart =0 and 1 and in particular H' is time periodic

(3) Both lfol max,(H' — H) dt| and | fol min, (H' — H) dt| can be made as small
as we want

(4) If H is quasi-autonomous, so is H'.

(5) There is a canonical one-one correspondence between Per(H) and Per(H')
with their actions fized.

Furthermore, this modification is canonical with the “smallness” in (8) can be chosen
uniformly over H depending only on the C®-norm of H.

Proof. We first reparameterize ¢%; in the following way: We choose a smooth
function ¢ : [0,1] — [0,1] such that

(t)={0 for 0 <

and
¢'(t) >0 forall te]0,1],

and consider the isotopy
. Q[
Pt = ¢80,

It is easy to check that the Hamiltonian generating the isotopy {y*}o<i<1 is H' =
{H{}o<t<1 with H{ = ¢(t)H¢ (). By definition, it follows that H' satisfies (1) and (2).
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For (3), we compute

1 1
/ max(H' — H)dt = / max(¢'(t)Hey — He)dt
0o 0o Z
1

< /0 lmfux (C’(t)(HC(t)—Ht))dt-i- /0 mfx((c’(t)—l)Ht>dt

For the first term,

1 1
| max (e - )it = [0 max(e ~ Hae
0 0
1
< [ ¢ max| o) ~ Fildt = max| o (@) — Hile)
0 ’ >

which can be made arbitrarily small by choosing ¢ so that [[{ —t||co become sufficiently
small. For the second term,

/01 max ((¢/(t) ~ VH,)dt < /01 €(¢) — 1t - max H(,1)

1
< | Hllo /0 () — 1]dt.

Again by appropriately choosing ¢, we can make
1
[ 16 -t
0

as small as we want. Combining these two, we have verified | fol max,(H' — H) dt| can

be made as small as we want. Similar consideration applies to | fol min, (H' — H) dt|
and hence we have finished the proof of (3). (4) and naturality of this modification are
evident from the construction. (5) follows from simple comparison of corresponding
actions of periodic orbits. a

We will always perform this canonical modification in the rest of the paper when-
ever we would like to consider the Cauchy-Riemann equation associated to the Hamil-
tonian H, when H is not a one-periodic Hamiltonian.

Let F' be an arbitrary Hamiltonian with F' ~ G. We want to prove ||G|| < || F]|.
Applying Lemma 5.2 to G and F, we may assume that G and F' are time one periodic,
allowing small errors and then getting rid of them by taking the limit. We will postpone
the proof of the following crucial existence result to the next sections.

From now on, we will always denote by w, the constant disc y for each given
constant periodic orbit y.

PROPOSITION 5.3. Let G be quasi-autonomous and z~ be a fized minimum point
of it. Suppose F ~ G. Let k be a Morse function on M and consider the linear
homotopy

L° =(1— s)ek + sF. (5.4)
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Then there exists €1 such that for any 0 < € < €3, the continuation equation
g_:_‘ 1 JPI(T)(% _ XL"Z(") ('LL)) =0
u(—00) =y, u(0)==z (5.5)
WyFFU ~ W

has a solution for some [y, wy] € Crit (Ae) and for some [z, w] € Crit Ap with
1
Ap(lzw]) 2 Ap((z, w,-])(= / — min G dt) (5.6)
0

where [z, w,-] = h- [t~ ,w,-] with h defined as in (2.4).

Assuming this proposition for the moment, we proceed with the proof of Theorem
I. The following calculation is a slight modification used by Polterovich [Po2] in our
context which will lead to the proof of Theorem I once we prove Proposition 5.3.

We compute

-AF([Z)w])—Aek([y—’wy‘])=/_oo dci_{‘ALPz(f)( ( ),w"#u(T))}dT
We have
d ou

1
{Apo ) #ur)} = dApn G =4t [ (P = eby(u(r)) ar

-/ (2 Xy, ) - () / (P - eRy(u(r)) di

dr

== [ 2~ Xppuort)]| - 40 [ - Rty a

< —py(T /mm —ek) < —ph(7) /mlnF /maxek

Therefore by integrating this over T from —oo to oo, we have
Ar([z,w]) = Ack([y™, wy-]) < /01 —min F + |lek]|.
On the other hand, we derive
Ap(fe ) 2 e[z, = Ao(le™, e = [ ~minGat

from the normalization condition (2.5), (5.6) and from the fact that =~ is the fixed
minimum point over ¢t. Therefore we have

1

1 1
/—minGdtS/ —minF+HekH+A6k([y‘,wy-])S/ —min F + 2€ |}k
0 0 0

By letting ¢ — 0, we have proven

1 1
/ min(G) > / min F (5.7)
0 0
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By considering F := —F(¢%(z),t) and G which generate ¢;1 and ¢51 respectively
and noting that G is also quasi-autonomous, we also prove

/01 min(—G) > /01 min(—

/{: max(G) < /01 max F' (5.8)

Combining (5.7) and (5.8), we have proved
IGIl < [IFl.

which is equivalent to

This will finish the proof of Theorem I up to the proof of Proposition 5.3. 0

6. Handle sliding lemma. In this section, we study an important ingredient
in our proof, the Floer theoretic version of the ‘handle sliding’ lemma.
Let H be any time periodic Hamiltonian and consider the Cauchy- Riemann

equation
ou ou
5=+ (5 — X @) =0 (6.1)

for generic J. We call a solution u trivial if it is 7-independent, i.e., stationary. We
define

2+ (5

. ou|? ,
Ay = 1nf{ ‘57?'.1 | u satisfies (6.1) for some € € [0, 1]
and is not trivial }. (6.2)

The positivity of A(; z) is an easy consequence of Gromov compactness type theorem,
whose proof we omit.

We will need a family version of A f). When there does not occur bifurcation
of periodic orbits, one can define this to be

Ay = 0_3;21 Ao, He)- (6.3)

However when there does occur bifurcation of periodic orbits, A; 1, could be zero,
which forces us to look at another positive constant the definition of which should be
given more subtly to make it suitable for our purpose. In introducing this constant,
we exploit the fact that only the index zero solutions of Floer’s continuity equation
(3.5) or (6.9) below are used in the definition of Floer’s chain homotopy map.

We first recall that for a generic one parameter family {H(s)}o<s<1, there are
only finite number of points Sing = {s1, 82, , Sk, } C [0, 1] where there occurs either
birth-death or death-birth type of bifurcation of periodic orbits (see [Lee] for a detailed
proof of this). Furthermore at each such s;, there is exactly one bifurcation orbit z;
of & = Xp(s;)(z) for which there is a continuous family of the pair 2% (s), 27(s) of
periodic orbits of & = X s)(z) for |s — s;| < 4, § sufficiently small such that

(1) 2%(s) — 2z as s — s;,

(2) the Conley-Zehnder indices satisfy

p(lz*, ™)) = p(lz™,w7)) +1 (6:4)
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where w* ~ w~#u for u a canonical ‘short’ cylinder between 2% and z~. This latter
condition makes sense because z* and z~ are close when ¢ is sufficiently small.

We now prove the following important lemma

LEMMA 6.1. Let {H(s)} be a generic one parameter family as above. For each
s € [0,1]\Sing, we define

A0, o = intf [ |2 tisfies (6.1), not trivial and Indez u = 0
(J2, 21y = inf{ 'E'Js | usatisfies (6.1), not trivial and Indez u = 0}

and

reg,0 — . 0
A67) = e Msing A0HH" (65)

Then Aze-% is strictly positive.

Proof. Suppose the contrary that A?;%’f; = 0, i.e., that there exists a sequence

e € [0,1]\Sing with 7, — ro € (0,1) and u; solutions of (6.1) for (J™, H™) such

that
/ l 5uk

Then we must have, by choosing a subsequence if necessary,

0, Index ux =0. (6.6)

Jrk

Teo € Sing
and a bifurcation orbit ze of & = Xpgre (%) such that ux — 2., uniformly and so
uk (00), U (—00) = Zgo-
Since ug(+o0) are solutions of £ = Xpgri (z), they must be the pair described in (1)
right above (6.4) and hence
Index (ug) = p([z* (&), w™ (ri))) — w(lz™ (ri), w™ (r&)] = 1.

But this contradicts to the index condition in (6.6) which finishes the proof. O

Again for a generic choice of {H*}, we may assume that there are only finitely
many points ¢; € [0,1]\Sing with ¢ = 1,--- , k2 at which (6.1) has exactly one non-
trivial solution w¢; that has the Fredholm index 0. (See [Fl1] for this kind of the
generic argument.) We denote

Nt = {ti}i=1,... k2 C [O, 1]\Sing.
Next we define

Ay = min{Age o) | sk € Sing) (6.7)

which is again positive by Gromov type compactness theorem. Now we have the
following crucial definition of a family version of the constant A(; ) suitable for our
purpose.
DEFINITION 6.2. We define
0 eg,0 sing
A = min{AG2), AGo} > 0.

The following proposition is an important ingredient of our proof.
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PROPOSITION 6.3. (HANDLE SLIDING LEMMA). Let j = {J"} be a (two pa-
rameter) family of almost complex structures and {H(n)}o<n<1 be a generic family
of Hamiltonians. Let A(()j,H) > 0 be the constant defined in Definition 6.2 and let
n1,m2 € [0,1]. Then there exists o > 0 such that if |m — n2| < §, any finite energy
solution u with

Indexu =0 (6.8)
of
ou Ou
o o) (?55 — Xppor (u)) (6.9)

must either satisfy

£(6) (6.10)

J15,
[1z,

where for £(8) — 0 as 0 < § — 0, provided § < dg. Here H® is the linear path
H® = (1—-3s)H(m)+ sH(n2) and p is the standard function defined as before.

We call a solution u of (6.9) very short if it satisfies (6.10), and long if it satisfies
(6.11). We can phrase the content of this proposition as “Any short path is indeed
very short”.

_]P("')

or

Jp('r) (]y'H) - 5(5) (6.11)

Proof of Proposition 6.3. We prove this by contradiction. Suppose the contrary
that there exists some € > 0, n; and n; with n; — 11 as j — oo, and solutions u; that
satisfy (6.8) and

Ou; - [ O
52+ IPO (S = Xy (uy)) = 0 (6.12)

s</)8u’

In particular, the right half of (6.13) implies the uniform bound on the energy of u;.
As j = o0, the equation (6.12) converges to (6.1) with H = H(n;). By Gromov type
compactness theorem, we have a cusp curve

oo = Z Uco,k
k
in the limit of a subsequence where each u x is a solution of (6.1) with H = H(n,).

We also have s 2
. U
ll;n / ) or

Ny
Je(r) : or

Jp(‘r).

but
(6.13)

Jp(-.-) (])H) -

On the other hand the left half of (6.13) implies that at least one of uq k is not trivial.

Now we consider three cases separately: the first is the one where n; € Sing
and the second where ; € Nt and the rest where n; € [0,1]\(Sing U N't). When
m € Sing, we must have

. 3Uj 2 sm
h;n/ l? Je(r) — (JH(m)) = A(J,H)
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which gives rise to a contradiction to (6.13) if j is sufficiently large. On the other
hand, if n; € Nt, the cusp curve must contain one component u, that has Index 0
and is non-constant. Again the right hand side of (6.13) prevents this from happening.
Finally when n; € [0,1]\(Sing U Nt), the index condition Index u; = 0 and the
transversality condition imply that all the components . x must be constant which
again contradicts to LHS of (6.13) if j is sufficiently large. This finishes the proof of
the proposition. 0
An immediate corollary of this is the following estimate on the action.

COROLLARY 6.4. Let j, H and §g as in Proposition 6.3. Suppose 0 < 6 < &g. If

u 18 very short, then we have the lower estimate

~<(0) + |~ max(H(m) — H(m) dt < Ann) (u(+00) = At (u(=09)) (6.14)

and so combined with the upper estimate (3.6), we have
1
~e(0) + [~ max(F () = () dt < An)(u(+60)) = Aty (u(=05)

1
< [~ min(E() — Hm) dt
0 (6.15)

If u is not very short and so must be long, then we have the improved upper estimate

Aty ((+09)) = Ay (u(=20)) < ~Agi0 +2 + [ —min(H () = F(n) .
(6.16)

Proof. A straightforward computation as in the proof of Proposition 3.2 leads to
the following general identity

AH(e) ((+00)) = Af (&) (u(—00))

__/ Ou |2

or
Corollary 6.4 immediately follows from this and Proposition 6.3. 0
We will apply the above handle sliding lemma and its corollary to the adiabatic
paths in the next section.

/_oo p’(’l’)/o (H(es) — H(er))(u(r)) dt dr.

Je(r)

7. Non-pushing down lemma and the existence. In this section, we will
assume the main hypothesis. This is the only section where we use the hypothesis. All
the materials in the other sections are valid in arbitrary compact symplectic manifolds.

Hypothesis. Assume one of the following two cases:
(1) either (M,w) is weakly exact, i.e., w|x,(ary = 0 or
(2) H is autonomous on arbitrary (M,w)

In the beginning, we will approach both cases in the general setting of quasi-
autonomous cases on arbitrary (M, w) and then explain how non-existence of quantum
contributions enter our proof of the Non-pushing down lemma.
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DEFINITION 7.1. Let H : M x[0,1] — R be a Hamiltonian which is not necessarily
time-periodic and ¢%; be its Hamiltonian flow.

(1) We call a point p € M a time T periodic point if ¢5(p) = p. We call
t € [0,T] — ¢%(p) a contractible time T-periodic orbit if it is contractible.

(2) When H has a fixed critical point p over ¢t € [0,T], we call p over-twisted as
a time T-periodic orbit if its linearized flow d¢%;(p); t € [0,T] on T, M has a closed
trajectory of period less than T

The remaining section will be occupied by the proof of the following result (The-
orem [ in the introduction).

THEOREM 7.2. We assume one of the two cases in the Hypothesis. Suppose that
the quasi-autonomous Hamiltonian G satisfies

(i) ¢& has no non-constant contractible periodic orbit of period less than one,
(i) it has at least one fized minimum and one fited mazimum which are not over-
twisted.

Then the Hamiltonian path ¢k, 0 <t < 1 is length minimizing in its homotopy
class with fixzed ends.

REMARK 7.3. (1) From our proof, it will be clear that the proof of Theorem 7.2 is
stable under the C2-small perturbation of the Hamiltonian and so allows sufficiently
C'-small non-constant contractible periodic orbits. It is rather awkward to state how
small the perturbation can be, though.

(2) Considering eG¢ with € < 1 but arbitrarily close to 1 and applying Lemma
5.2, we may assume the stronger assumption “ period less than equal to 1” instead of
“period less than 1” in both (1) and (2) in the hypotheses of the theorem. We will
assume this stronger assumption in the proof.

We consider the reparameterized Hamiltonians € € [eg, 1] — €G€. The assumption
(i) implies that there is no appearance of non-constant contractible periodic orbit as €
moves from €y to 1. The only possible bifurcation is by that of critical points of € G¢.
This proves

LEMMA 7.4. Suppose G satisfies the above. Then for each 0 < € < 1, there is
one-one correspondence between the set of contractible solutions and the set of points
x € M such that

dGi(z) =0 forall0<t<e. (7.1)

DEFINITION 7.5. We call a point z [0, €]-critical point of G if z satisfies (7.1). We
denote by
Crit§(G)

the set of [0, €]-critical points of G.
It follows from Lemma 7.4 that for any € > ¢ > ¢ there is a canonical injection

Gere + Crit( Ay ger) — Crit(Aege) — Crit(Aeoceo) (7.2)

and that there is a canonical one-one correspondence between the set of [0, €]-critical
points of G and that of critical points of A.g< which are of the type [z, w,]. From this
description of Crit A.ge, it follows that there does not emerge any new critical points
of Acg- as € moves from €g to 1.
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For any [0, €]-critical point z of G, we have

1 €
Acge([z,wg]) = —/0 eG(z,es)ds = —/0 G(z,t) dt. (7.3)

We denote

Yo(€) == —/0e G(z,t)dt

and

vE(e) = — /0 "G 1) d.

Using Lemma 5.1 and 5.2 and the conditions (i) and (ii) in the statement of
Theorem 7.2, by adding a small bump function around z~, we may assume, without
loss of any generality, that ™ is the unique minimum point of G; for each t € [0,1]
and that there is a ‘gap’ between —G(z7,¢) and —G(z, )

~G(z™,t) + G(z, t) > 6, (7.4)

for all t € [0,1] for any z # z~ € Crit ¢(G). Similar statement holds for the maximum
point zt. We will fix §; > 0 later in (7.15). This implies that for any 7 > ¢y we have

Ancn ([27,wg-]) — Anan ([z, we]) =¥ (1) — 72 (n) > 1d1 > &by (7.5)

for any [0, n]-critical point  # ™ of G .

For the proof of Theorem 7.2, it will be enough to prove Proposition 5.3. The
rest of this section will be occupied by its proof. We recall that we considered the
linear homotopy £ = {L*®},

L° = (1 - s)ek + sF.

and then studied the continuation equation
S+ (5t~ XL (w) =0
u(—o0) =y~ € Crit(K), wu(c0) =2 (7.6)
Yy~ Hu ~ w.
Using Lemma 5.2, after the preliminary perturbation of G, we may assume that there
are only finitely many constant periodic solutions of £ = X¢(z).

We will construct a solution of the equation (7.6) in four steps: First by consid-

ering the linear homotopy
K : ek — G,

we construct a cycle a € (CF(eaG*),d 7,0 G<o ) With its Floer homology class [«] being
the fundamental class [M] € Ha, (M) C FH,.(M). This can be realized by a linear
combination of the form

o=z, we-] + Zaj[acj,wxj], a; €Q (7.7)
J

where z;’s are the uniform critical points of G over t € [0, €o]. This is an immediate
consequence of the homological essentialness (Proposition 4.4) of z~ in the local Floer
complex CF(e G¢ : U), and of the Hypothesis above, which implies that there is no
quantum contribution for the Floer boundary operator for the C2-small Hamiltonians
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in either case. (See the proof of Proposition 7.11 below for the explanation for the
case (2) of autonomous Hamiltonians).
Secondly we consider the homotopy

G:n—{nG"}, né€leo,1]

from €gG*® to G. This step proves that the Novikov cycle ag of G transferred from o
via the adiabatic homotopy along G satisfies the Non-pushing down lemma, i.e, cannot
be pushed down by the Cauchy-Riemann flow of G. The proof heavily relies on the
Hypothesis.

Thirdly we consider the homotopy

F:s—{F°}, s€[0,1]

from G to F which is provided by the definition G ~ F. Again this step proves
that the Novikov cycle of F transferred from a¢ via the adiabatic homotopy along F
cannot be pushed down by the Cauchy-Riemann flow of F. However its proof does
not use the Hypothesis but uses only the fact G ~ F' and so the arguments used in
this step can be applied in general.

Finally, we glue the homotopies K, G and F and deform the glued homotopy
K#Rr,G#R,F to the linear homotopy

L:s— (1—5)eG® + sG.

The arguments in this step are independent of the Hypothesis. In the rest of this
section, we will carry out these steps.

Step I; from ek — oG

To carry out the first step, it is essential to further analyze the general struc-
ture of the boundary operator for the C%-small Hamiltonians (not necessarily quasi-
autonomous) like e G¢ of € sufficiently small. This will be carried out following the
argument used in [§3, Oh1].

For each time independent Jy, we consider the quantity

A=A(Jy,w: M) :=inf { /v*w |v:8%— M,0v= O,vnon-constant}.

We choose € > 0 so small and in particular so that || G¢|| < $A(Jo,w : M).

We now state the following proposition, which is the analog of [Proposition 4.1,
Oh1] to which we refer readers for its proof (see also [Appendix 1,0h7] for its complete
proof).

PROPOSITION 7.6.. Let U be the Darbouz neighborhood of A in M x M chosen
as before. Then, for any given a > 0 and for any fized time-independent Jy, there
ezists a constant § > 0 such that |le G||c2 < and |J — Jo|pxjo,1) <, we have

Ou |2
/’-57—_ J<A(Jo,w.M)—a. (7.8)
In particular, such a path has trivial homotopy class and so

Ou |2 .
/15 <Gl (7.9)
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Moreover, all the other u € M(J, G) which are not contained in M(J, G : U) satisfy
/' >AJ0,w M) —e (7.10)

for sufficiently small e1 = €1(8) which is independent of a.
By the argument similar to [§8, Ohl], we deduce that for (J, eG€) chosen as above,
the boundary map

0=0jeq: CF(eG*) — CF(eGF)

is decomposed into
0=0peqge +0.qe (7.11)

—~—(~00,A A—A+|leGe
such that 0, ;. maps CF' ](G) CF MO gere the part 0p is derived

from the ‘thin’ trajectories u and 0. 5. from ‘thick’ trajectories (or from the quantum
contributions). In this C2-small case where the only time-one periodic orbits are the
constant ones, this ‘thin’ and ‘thick’ decomposition coincides with that of homotopi-
cally trivial and nontrivial trajectories. The essential point of imposing the Hypothesis
is that under the Hypothesis, &' = 0 and so

0 = 0o.

This is easy to prove for the weakly exact case (see e.g., [§3, Oh1] for the proof in the
context of Lagrangian submanifolds). For the proof of this fact for the autonomous
Hamiltonians on arbitrary (M, w), we refer to the proof of Proposition 7.11 below (or
see [FOn], [LT]).

Now for each given € € (0, €1], we define the chain map

hiee : (CF(ek), o) = (CF(eo G), p,co6v0)
along the linear path
K:s— (1-98)k+seG® :=K?*
by considering the equation
S+ J(58 — Xkon (u)) =0
u(—00) = p~, u(o0) = p*
wo#Hu~w't
for given [p7,w.] € Crit A and [p*,w™] € Crit A¢,geo. The induced homomor-
phisms
c: CF(J,ek) — CF(J, ey G)
and its local version
R : CF(J,ek;U) — CF(J, e GO;U)

induces an isomorphism in the homology with its inverse induced by hAx-1 and h"’c
respectively.
Now we consider the Novikov cycles

,3 = Za[p,w] [p, w], Q[p,w] (<] Q (712)
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The following definition which will be crucial for the minimax argument we carry
out later.

DEFINITION 7.7. Let 3 be a Novikov cycle in CF(H). We define the level of the
cycle 8 and denote by

Au(B) = [pfglc{AH([P, w]) | appw) # 0in (7.12)}
if B # 0, and just put Ay (0) = 400 as usual.
As in (7.7), we can choose a cycle a for (E‘F‘(eoGe"), O(J,e0G0 ))

a= [m—7wa:‘] + Zaj[xjawzj]
J

with
AEOG‘O ([IL‘]', wxj]) < Ao ([.’E—, w:c—])

for all j, its Floer homology class satisfying [a] # 0. By considering the local Floer
complexes CF(J,ek;U) and CF(J,egG;U) and their continuation and using the
homological essentialness of the maximum point £~ of —egG°, we can write

a — hi(Qek) = Oepgeo (7)

for some v € CF(egg®;U) for each given 0 < € < €; so that o, is a finite union

£
ek = Z a[pivai] [I)i’ wpi] (713)

where p;’s are critical points of k.

LEMMA 7.8. Assume the conditions in Theorem 7.2. Let o be as above. Then for
any Novikov cycle 8 homologous to «, i.e., satisfying

a =+ 0eGeoy (7.14)
for some Nowvikov chain v € (,Z'f’(eoGEO), we have
AeoGeo (B) = AepGeo (@) (7.15)
Proof. Note that under the main Hypothesis, we have

aeoG‘O = 8O,EOG"O

for sufficiently small ¢y. In other words, all the contributions to the boundary O¢,g<o
come from ‘thin’ trajectories. Since 2~ is the maximum point of —G(-,t), there cannot
be any such thin trajectory landing at (27, w,-].

Therefore § must have contribution from [z7,w,-] by (7.14) since & does have
contribution from [z~,w,-]. Hence we must have (7.15) by the definition of the level
function A¢,geo. This finishes the proof of the lemma. ]

Step II: from egG* to G
In this step we consider the homotopy

G:n—nG" 1€ le, 1]
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We perturb this to a generic path
H:in— H(n),n€le,1], H(1)=G

so that it satisfies the genericity condition as in the Handle sliding lemma. (See the
paragraph above (6.4)). By the gap condition and the non over-twisting condition in
(ii) in Theorem 7.2, we can continue the fixed extremum points z¥ to isolated fixed
extremum points of the perturbed path H : n — H(n) without having small periodic
points bifurcated from them. In particular the perturbed path H itself becomes quasi-
autonomous. Without loss of generality, we may assume that these fixed extrema are
the same points z*.

Other contractible periodic orbits of H(n) will be bifurcated from the constant

periodic orbits of nG". More precisely, we have the following lemma.

LEMMA 7.9. For any given € > 0, there ezists a generic path H : n— H(n), n €
[eo, 1] in the above sense such that for each n € [no, 1], for any contractible periodic
orbit z of H(n) of period one there ezists z € Crit)G such that

(1)
Iz = z||os < € (7.16)

(2) there exists a canonical small cylinder v (up to homotopy) connecting z and
z such that
[Arm ([2,w:]) = Angen ([T, wz])] < € (7.17)

and

AH(n)([x_’wx—]) - AH(n)([zawz]) > %5051 (7.18)

where w, ~ wWy#v.

The point of Remark 7.3 (1) is that the length minimizing property holds for the
Hamiltonian path n — H(n) which is perturbed from G and this Hamiltonian satisfies
the property assumed in Theorem I (i). Indeed the proof below proves that this path is
length minimizing. Using Lemma 5.1, we then derive the length minimizing property
of G itself.

As in §3, we consider the partition

Inmp=e<m<mp<---<ngy=1
and denote its mesh of I by
Ap= max [mj+1 — ;]
We also consider the associated piecewise linear homotopy
Hi = La#Loft - #LN
where £; is the linear homotopy
s (L—s)H(nj-1) + sH(n;).

We call the above piecewise linear homotopy H; the adiabatic homotopy associated to
‘H and the partition I. We also denote the associated chain map

hg, 1= h9lin ... o pGlin . CF(H®) — CF(H(1))

INTIN-1 n1€0
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the adiabatic chain map associated to X and I. We will just denote H3% and hgd®
respectively for the adiabatic homotopy and the adiabatic chain map associated to H
when we do not need to specify the partition 7.

Now we choose I with A; so small that

A(H]), A(HI_I), Ar- ”H“CO < %6051 (7.19)
| @)@ ) - B 01t < geobr. (7.20)

We recall the Handle sliding lemma, Proposition 6.3, applied to our perturbed
family H. It is easy to see from the definition that we have

A(],H) A(] g) (7.21)

if H is sufficiently C°°-close to G, where the constants A?j’H), Agj,g) are defined as
in (6.3) and (6.5). Because there does not occur bifurcation of contractible periodic
orbits along the family G, a Gromov compactness type argument proves A(;g) > 0.
We now state a version of the Handle sliding lemma that we need in our proof.

PROPOSITION 7.10. Let G and H be as above and j = {J"} be a smooth periodic
(two parameter) family of compatible almost complez structures. Let n < n' € [0,1].
Then for any fized j and for any € > 0, there exists a constant § > 0 such that if
0 <1 —n <4, any finite energy solution of

8_?: + g (% — Xt (u)) (7.22)
must be either satisfies
/ l.a_“ "<e (7.23)
orl —
or
[ = 3400 (7.20

Here H® is the linear path H® = (1—s)H (1]1) + sH(n2) and p is the standard function
as before.
By choosing §; and then A sufficiently small, we will also make the constant

A(j,g), satisfy
A(j‘g) > 351 (7.25)

which is possible because A(; gy depends only on €p and G but independent of ;.
Next we consider the cycle

ac = apq) = (@) (7.26)

and prove the following proposition, where the condition of no quantum contribution
enters.

PROPOSITION 7.11. (NON-PUSHING DOWN LEMMA II) Let G and (M,w) as in
Theorem 7.2. Then the cycle ap (1) has the properties

(1) Anqy(anqy) = — [y H(1)(z™,t)dt



610 Y.-G. OH

(2) Non pushing-down lemma for a1y holds, i.e., for any Novikov cycle 5 € 6‘7?(1{(1))
homologous to g1y, we have

Aaa)(B) = Aaay(ar@))-
Proof. We consider the family of cycles

— pHlin o o hnHl’elm(a) € ﬁ(H(€j+1))

N5M5+1

for j =0,--- ,N—1. We will prove the following properties of the cycle ; inductively
over j:

(P1.j) o gets non-trivial contribution from [z~,w,-] € Crit Ag(y),
(P2.j) its level satisfies

AH(n;)(05) = /H(Tb z”,1)dt,

(P3.j) Non pushing down lemma for ¢; holds, i.e., for any Novikov cycle 8; homologous
to orj, we have

AH(n;) (B5) = ME(n;) () (7.27)

Once we prove this, Proposition 7.11 will follow by putting j = N — 1.

For j =0, (P1), (P2) follow from the definition of & and (P3) follows from Lemma
7.8. Now suppose (P1-3.j) hold for j and we will prove (P1-3.j4+1). We first prove
(P1.j4+1) and (P2.j+1). We note that

h’H Win h'H lin (aj)

Mi4+175 NiMi+1

is homologous to a; and so by (P3.j), we have

Ao (s © Piinis (9)) 2 Aoy (09) = / H(nj)(z™,t) dt.
Therefore (7.19) and (P2.j) together with the upper estimate imply
T 3 1
)‘H(m) (h"'_‘l+17§_7n h;’7—:,7§l§:£-1 (aj)) - /\H(nj+1) (h;’;’%’il (aj)) < 66061

and so

At (agany (RS0 (07)) > / H(n;) (@™, ¢) dt — —6051 (7.28)

This together with Proposition 7.10 and by (7.4), also implies that any trajectory
starting from the cycle o; that lands at the critical point and realizes the level
AH(nj+1)(CHn,,,) must be very short: for not very short path u staring from [z, w] #
[z7,w,-] a generator of a;, it follows from (7.24)

1 3
AH("?:‘+1)(U(OO)) - AH(nj)(u(—oo)) < —'Z'A(J',g) < —561
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and so

Ab(n; 1) (4(0)) < Apr ) (u(=00)) — 361

1
< Af(n;)([27, we-1) + 5€001 — 501

nj
S_ - H(T]j)(.’l/‘_,t) dt + —;—60(51 - ’3-(51 (729)
0

Here the last inequality follows from (7.19), (7.20) and (P2.j). Therefore it follows
from (7.28) that such trajectory u cannot land at a critical point that realizes the level
of a4 since

3 1 1
25 — = Zendn.
2(51 260(51 > 660 1

Because of (7.18) and the upper estimate, it follows that any generator [z,w] with
[z, w] # [x7,w,-] cannot land at the critical point of Ag,,,,) that realizes the level
of aj41. This proves that the only possible path realizing the level of ; is a very
short path « such that

u(—00) = (27, we-], u(00) = [z7, w,-].

This prove (P1.j4+1) and (P2.j+1).
Now it remains to prove (P3.j+1). We prove this by contradiction. Suppose that
there is a Novikov cycle 8,41 € CF(H(nj4+1)) homologous to a1, i.e.,

jt1 = Bi1+ 0541 (7.30)
but
Anjpacmi+s (Bir1) < Agyyigmives (@41)- (7.31)

We study the two cases separately:
(1) where (M, w) is weakly exact
(2) where G is autonomous.
In the case where (M,w) is weakly exact, (7.31) indeed implies

1
’\H(m+1)(ﬂj+1) < )‘H(m+1)(aj+1) - 56061 (7.32)

by (7.18) because the action depends only on z not on the choice of w. Then the
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upper estimate, (7.19) and (7.20) imply

1. 1
)\H(nj)(h%-;+1;5;n(ﬂj+l)) < A (ny40) (Bj41) + g €00y

1 1
< ’\H(m+1)(aj+1) - 56051 + 66061

My+1

1
= — H(nj+1)(x_,t) dt — -?;6051
0

n; Nj+1
< - 0 H(Wj)(x—,t)dt_ H(’?j+1)(37—;t)dt
N5

- [ a0 - H) e ) de - G

3 1 1
< —/ H(nj)(x',t) dt + '3'6051 - -3-6051
0

nj
== H(nj)(x™,t) dt = A (n,)(@))

and hence n

A (ny) (Bt B (B41)) < Abr(ny) (@t5)- (7.33)
However (7.33) is a contradiction to (P3.j) since the cycle h,,gl;:l’,i]in(ﬁj_*_l) is homologous
to

G ling,, . _ 167 Ylin _ 1 G lin )
h"lj+177j (aj41) = hnj+17lj oh’lj7lj+1(a.7)

which is in turn homologous to «;. This finishes the proof of (P3.j+1) for this case
(1).

When G is autonomous, we use a generic family of H = {H(n)} of autonomous
Hamiltonians H(n) which are Morse except at a finite set of n’s, and of 7 = {J"}
where each J is t-independent. Since z~ is the minimum point of H(7n), there is no t-
independent trajectory of A (y) landing at [x~,w;-]. Therefore any Floer trajectory
landing at [z7,w,-] must be t-dependent. Let the trajectory start at [z,w], z €
CritH(n) with

l, w)) - pia™, we-]) = 1, (7.34)

and denote by Msn p(n)) ([, w], [z™,w,-]) the corresponding Floer moduli space of
connecting trajectories. The general index formula shows

[z, w]) = p((z, we]) — 2e1([w)). (7.35)

We consider two cases separately: the cases of ¢1([w]) = 0 or ¢1([w]) # 0. If c1([w]) #
0, we derive from (7.34), (7.35) that = # z~. This implies that any such trajectory
must come with (locally) free S-action, i.e., the moduli space

M(J",H(n))([x? w]’ [x_’wil:_]) = M(J",H(n))([x1 'U)], [w— ’ wz—])/R

and its stable map compactification have a locally free S'-action without fized points.
Therefore after a S'-invariant perturbation = via considering the quotient Kuran-

ishi structure [FOn] on the quotient space /(/l\( g0, 81 (m)) ([, w], [27,w,-])/S?, the cor-

responding perturbed moduli space M\( g, =) [z, w], [z7,w;-]; E) becomes empty.
This is because the quotient Kuranishi structure has the virtual dimension -1 by the
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assumption (7.34). We refer to [FOn] or [LT] for more explanation on this S*-invariant
regularization process. Now consider the case ¢;([w]) = 0. First note that (7.34) and
(7.35) imply that = # z~. On the other hand, if z # z~, the same argument as above
shows that the perturbed moduli space becomes empty.

It now follows that there is no trajectory of index 1 that land at [z~,w,-] after
the Sl-invariant regularization. This together with (7.31) gives rise to a contradiction
to (7.30) as in Lemma 7.8 and finishes the proof of (P3.j+1) for the second case (2).
Hence the proof of Proposition 7.11. 0

REMARK 7.12. (1) We would like to note that a (Morse) gradient trajectory of
the Morse function H(n) is not necessarily regular as a Floer gradient trajectory i.e.,
as a solution of the perturbed Cauchy-Riemann equation, unless the C?-norm of H (1)
is sufficiently small. The “slowness” condition introduced in [En], [MS] is related to
this problem.

(2) A careful look of the above proofs shows that the only obstacle to extending
them to arbitrary quasi-autonomous Hamiltonians on general symplectic manifolds is
that Non pushing-down lemma will not be available for the cycle

g = aH®1) = hg{db(a)

defined in (7.26) in case quantum contribution exists for the Floer boundary operator.
This will prevent us from using the deformation argument used in the end of §7
to produce a solution for the continuity equation along the linear path £. Some
simpleness condition as in [BP] enables us to prove Non-pushing down lemma, which
we will investigate further elsewhere.

Step III; from G to F
Now we consider the homotopy F = {F* }o<s<1

G +— F.
We take a partition
I:0=51<s1< - <sny_1<sy=1

and its associated adiabatic homotopy F®%.
We first recall from Proposition 2.3 that

Spec(F?®) = Spec(G)
which is a measure zero subset R. We consider the family of cycles
h$P(ag), s €(0,1]
and its level function
u(s) = Ape (h3(aq)), s € [0,1]

Here F* is the path ¢t — F* ¢t € [0,1]. We will provide the proof of the following
proposition in the appendix.

PROPOSITION 7.13. The function p is continuous and so constant. In particular,
the cycle
ap = h#®(ag)
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has the level 1
Ar(ar) = Aalag) = — / Gz, t) dt. (7.36)
0

With this proposition at our disposal, we prove

PROPOSITION 7.14 (NON PUSHING-DOWN LEMMA III). Let ar be as above. If a
Novikov cycle ' is homologous to ap in CF(F), i.e., satisfies

ar =" +0r(v) (7.37)
then we must have
Ar(B8') > Ar(ar). (7.38)
Proof. Suppose the contrary that there exists 4’ and ' with (7.37) and
Ar(B') < Ar(ar) (7.39)

satisfied. We apply the homotopy h%%, to (7.37). Composing this with h%%, we get
the identity L
id — h%4 o h3d® = 9p o H + H 0 3¢ (7.40)

for the obvious Floer chain homotopy H: C,’\F(G) — CF (@) in a standard way. We
apply (7.40) to the cycle ag to get

ag — h3® (arp) = 0gH (ag) (7.41)

from the definition of ap in (7.41). Inserting (7.41) into (7.40) and using the chain
property of h%‘”’l, we get

ag - h§% (8) = 0(H(ac) + h5% (Y)). (7.42)
Lemma 7.8 implies that
Aa(hg2:(8) = Ae(ag) = ct (7.43)

On the other hand, using (7.39), (7.43) and the Handle sliding lemma, and applying
the proof of Proposition 7.13 in Appendix to 8’ backwards, F' — G, we prove that the

-1
function s — AI}; Fs’adb(,@’ ) is continuous and so constant. In particular, we have

Aa(h5 (6') = Ar (8).
Therefore we have proven
Ao (h%2:(8)) = Ar(6') < Ar(ar) = Ag(ac) (7.44)
Now (7.43) and (7.44) give rise to a contradiction. This finishes the proof. O

Step IV: from the }C#ngadb#R2]—'adb to £
Finally we consider the linear homotopy £ = {L°}o<s<1 from ek to F

L® = (1 - s)ek + sF
and the associated chain map
he: CF(J°,ek) — CF(J', F)
(by connecting J° and J! by a generic path {J*}).
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We connect the glued homotopy Lo = K#r, Godbdtp #F% and L1 = L by any
generic homotopy (of homotopies) £ = {Lx}o<k<1 and consider the parameterized
equation

0 0
51;' + Jpl(T) (‘8—7: — Xsz(f) (U)) =0

for k € [0, 1]. Again this parameterized equation induces the identity
he — h”C#Rl Godbghp Fadb = H70( o0 ek + a(Jl’F)H‘E‘

for the corresponding chain homotopy Hz : ﬁ(JO, ek) — 5’?‘(.] 1 F). Applying this
identity to a.x above, we have

hg(aek) - h"C#R,l g#Rz}'adb (aek) = 3(]17F)Hz(a6k).
Since the standard gluing theorem in the Floer theory implies
Rictt n, Goto i, Foav = hE® 0 ™ o h
for sufficiently large R; > 0, we have
h}C#ngadb#Rz Fadb (Ozek) = ha]:db le] hgdb o h}c(aek) = hc_;_gb(OlH(l)) = QFf.

Obviously hz(aek) is a Novikov cycle in CF (J*, F). Therefore Proposition 7.14 implies
that

Ar(hz(aek)) 2 Ar(ar).

By the definition of the chain map A and the cycle ae in (7.13), this then implies
existence of [y,w,] € CF(J% k) and [z,w] € CF(J' F) for which there exists a
solution of the following Cauchy-Riemann equation:

e 4 gm(n) (%% — Xpp2 (“)) =0
u(—00) =y, u(o0) =2
WyFU ~ W
with
Ar([z,w]) 2 Ar(ar) = Ar([27, w-])-

This is exactly what we wanted to prove in Proposition 5.3. This finally finishes the
proof of Proposition 5.3 and hence the proof of Theorem I.

8. Construction of spectral invariants. In this section, we outline our con-
struction of the spectral invariants of the Viterbo type [V] (more precisely, the type
the author constructed in [Oh3,5]) on arbitrary compact symplectic manifolds. As a
consequence, we also define a new invariant norm on the Hamiltonian diffeomorphism
group of arbitrary compact symplectic manifolds. We just illustrate the main idea
of the construction in the present paper with minimal possible sophistication in the
presentation and refer readers to (Oh7] for precise details of the construction.

The starting point of our construction of the invariants will then be the fact that
for any fixed generic autonomous Hamiltonian g on M we have the isomorphism

(CFu(eg; Aw), 0cg) ~ (CM o (—€g; Q), 0207°) @ A, (8.1)

—€g
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as a chain complex when € > 0 is sufficiently small and the canonical isomorphism
hegr : HF(eg; Ay) — HF,(H; A,,) (8.2)

for any Hamiltonian H over the Novikov ring A,. The natural isomorphism (8.2) is
induced by the chain map

hegrr : CF(eg) — CF(H) (8.3)

over the linear path H® = (1 — s)eg + sH. Here we also note that (8.1) also induces a
canonical isomorphism

HF.(eg; Aw) = HM.(—€g; Q) ® Ao

Here CM,(—eg; Q) and HM,(—eg; Q) denote the Morse chain complex and its asso-
ciated homology of —eg with the Q-coefficients.
By letting ¢ — 0, we will have the corresponding limit isomorphism

hy: Ho(M;Q)® A, — HF*(H; A,) (8.4)

by identifying the singular cohomology H*(M,Q) with HM*(eg; Q) by realizing its
Poincaré dual by a Morse cycle of —eg and then composing with the map (8.1).

DEerFINITION 8.1. Let H be a given generic Hamiltonian. For each a # 0 €
H*(M;Q), we denote by PD(a) its Poincaré dual to a. We consider the Floer ho-
mology class hegrr (PD(a)) € HF*(H; A, ). We define the level of the Floer homology
class heg(PD(a)) by

p(H;a) = lim inf{Arr(a) | [a] = hegrr(PD(a)), @ € CF(H)}. (8.5)

Of course, a crucial task in this definition is to show that this is well-defined, i.e,
the numbers are finite, independent of the choice of the Morse function g and behave
continuously over H (in C%norm). The following theorem is the analog to [Theorem
II, Oh5] which can be proved in a similar way. However we exploit the isomorphism
(8.1) in a crucial way here.

THEOREM 8.2. Let H be a given Hamiltonian. For each a # 0 € H*(M;Q),
the number p(H;a) is finite and the assignment H — p(H;a) can be extended to
C°(M x [0,1]) as a continuous function with respect to C%-topology of H.

Proof. The proof will be the same as [Oh5] once we prove the finiteness of the
value p(H; a).

To be more precise, we choose a Morse function g on M and use the chain map
(8.3). The homology class PD(a) considered as a Morse homology class of —eg defines
a Floer homology class of eg which is non-zero by the fact that the Floer boundary
operator O¢g = 6&462”6 ® A,. Therefore we have

inf Ag(a) < oo 8.6

fl=heantpo@y () (86)

since hegrr(PD(a)) # 0. In fact, by the same calculation as in Proposition 3.2, we can
prove

p(H;a) < /01 — min H dt. (8.7)
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To prove p(H;a) > —oo, we first prove the following lemma.
LEMMA 8.3. We have
p(eg : @) > —maxeg. (8.8)
Proof. Let v € CF(eg) be a Novikov cycle with [y] = PD(a). We write
T="+

where g is the sum of the terms with trivial homotopy class i.e., those of the type
with [z, wz], ¢ € Crit g and 4 are the ones [z, w] with non-trivial homotopy class with
[w] #0 € T,. Since O, preserves this decomposition (no quantum contribution!) and
since any b € H,(M;Q) can be represented by «9, both vy and +' are closed and satisfy

ol =b and [y] =0.

By setting 0 # b = PD(a) = [yo] in the Morse homology of eg, we have 9 # 0. An
easy fact from the (finite dimensional) Morse homology theory implies

Aeg(0) > min(—eg) = — max(eg). (8.9)

Obviously since we have A¢g(7) > Aeg(70), (8.9) finishes the proof. 0

Now we go back to the proof of Theorem 8.2. Let o € CF (H) with its Floer
homology class [a] = hega(PD(a)). Note that by the same calculation as that in
Proposition 3.2 along the linear path from H to eg, we have

1
Ao () < Na(e) + [~ min(eg - H) e (8.10)
where we know hii% (cr) # 0 because [hf?, ()] # 0 since [ # 0 and RYR induces an

isomorphism in homology. On the other hand, let 7o be a representative as in Lemma
8.3 with [yo] = b. Since [a] = hi¥%% (o), we have

[Py ()] = o).
It follows from Lemma 8.3 that
Aeg (hﬂz';;g(a)) > — maxeg. (8.11)
From (8.10), we derive
1
A (a) > / min(eg — H) dt — maxeg
0
1
= / —max(H — €g) dt — maxeg.
0
Letting € — 0, we have proved
1
Ag(a) > / —max H dt (8.13)
0
and then taking the infimum over a € ﬁ(H ) with hegrr(PD(a)) = [o], we derive

1
p(H;a) > / —max H dt (8.14)
0
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which in particular proves p(H;a) > —oo.

To prove the continuity of H — p(H;a) in the C%-topology, we imitate the above
argument by replacing eg by another generic Hamiltonian K. As in (8.10), we have

Ak (REn (o) S/\H(a)%—/gl—min(K—H)dt. (8.15)

We have [h47% ()] = [hegx (PD(a))] in HF(K;A,,) because [¢] = hegur(PD(a)) in
HF(H;A,). From (8.15) and the definition of p(H;a), we have

p(K;a) < Ap(a) + /1 —min(K — H)dt.
0

This proves

p(K;a) Sp(H;a)-{-/O —min(K — H) dt

by taking the infimum of Ay (c) over a with [a] = heg(PD(a)). Equivalently we have

1
o(K;a) — p(H;a) < / — min(K — H) dt (8.16)
0
Next we want to prove
1
/ —max(K — H)dt < p(K;a) — p(H;a). (8.17)
0
We apply (8.15) with H and K switched and o’ with [¢/] = hegx(PD(a)) and
get
1
(A (') < Ak () +/ —min(H — K)dt
0
or

1
k(@) = A (B (o) / min(H — K) dt = / —max(K — H).
0
Since [o] = hegre(PD(a)) and hi} o hegi is chain homotopic to All;, we also have

[Riue] = hegr (PD(a).

Therefore we derive (8.17) from this by the same argument as that of (8.16). Com-
bining (8.16) and (8.17), we have proved

/l—max(K—H)dtS p(K;a) — p(H;a) < /l—min(K—H)dt. (8.18)
0 0

Now it follows from (8.18) that the function H — p(H;a) can be extended to CO(M x
[0,1]) as a continuous function in C°-topology. This finishes the proof. 0

These numbers p(H;a) will satisfy the properties of the same kind as the in-
variants constructed by the author in [Oh5]. We refer to [Oh3,5] for the statements
and proofs of the properties of p in the context of Lagrangian submanifolds on the
cotangent bundle leaving complete details to [Oh7] for the present case.

We now focus on the special cases where the corresponding class a is the class 1
in H*(M;Q).
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DEFINITION & THEOREM 8.4 [OHT7]. Let 1 be the identity class of H*(M,Q).
For each given Hamiltonian H, we define

V(H) = p(H;1) + p(H; 1). (8.19)

Then we have v(H) > 0, and
Y(H) = y(K)

as long as H ~ K. This makes v(H) depends only on the equivalence class [H], i.e,

defines a well-defined function on the covering space 7 : Ham(M,w) — Ham(M,w).
Now for a given Hamiltonian diffeomorphism ¢, we define

(@) = jnf dﬂ(H )= ﬂ([g%: ¢'r([H]) (8.20)

for any Hamiltonian diffeomorphism H +— ¢.
The following theorem has been proven in [Oh7] to which we refer the readers.

THEOREM 8.5 [OHT|. The above function v : Ham(M,w) — Ry satisfies the
following properties:

(1) v(¢)=0iff p=1id

(2) Y(d12) < ¥(¢1) +v(d2)

(3) (Yo potp™) = (@) for any symplectic diffeomorphism 1.

() ~(9) < Il

This norm reduces to the norm Schwarz constructed in [Sc] for the symplectically
aspherical case where the norm - is defined by

Y(H) = p(H;1) — p(H; p) (8.21)

where p is the volume class in H*(M), following [V] and [Oh5]. The reason why the
two (8.19) and (8.21) coincide is that in the aspherical case, we have the additional
identity

p(H :1) = —p(H; ). (8.22)

But Polterovich observed [Po3] that this latter identity fails in the non-exact case due
to the quantum contribution. In fact in the non-exact case, even positivity of (8.21)
seems to fail. It turns out that our definition (8.19) in Definition 8.4 is the right one
to take, which satisfies all the expected properties. We refer readers to [Oh7] for the
proof of Theorem 8.5 and for further consequences of the spectral invariants in the
study of length minimizing property of Hofer’s geodesics and new lower bounds for
the Hofer norm of Hamiltonian diffeomorphisms.

Appendix. In this appendix, we prove Proposition 7.13. Since this proposition
is a general fact for arbitrary pairs (G, F') of Hamiltonians with G ~ F, we gather
the facts from the main part of the paper that are needed and make this appendix
self-contained.

We first recall the Handle sliding lemma. Let H be any Hamiltonian and consider
the Cauchy-Riemann equation

Ou ou
=+ J(—é? - XH(u)(u)) =0. (A1)
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We call a solution u trivial if it is 7-independent, i.e., stationary. We define

2
A,my = inf { / ‘gg‘ | u satisfies (A.1) and is not trivial }. (A.2)

Let j = {J°}o<s<1 and the family H = {H () },¢[0,1] be given. We define
Ay = Inf A H)- (A-3)

In general, this number could be zero. When it becomes positive, we have the following
result. This is an easy version of Proposition 6.3

PrOPOSITION A.1. Let {H(n)}o<n<1 be a smooth family of Hamiltonians and
Jj = {J*®} be a smooth periodic (two parameter) family of compatible almost complex
structures. Suppose that Aj 3 is positive. Let m1,m2 € [0,1]. Then for any fized j and
for any e > 0, there exists a constant § > 0 such that if |n1 —n2| < d, any finite energy
solution of

% + JPm) (?9_1: — X ot (u)) =0 (A4)
must be either satisfies
/ { { <e (A.5)
or
/ |24 > gy~ (A.6)

Here H® is the linear path H® = (1 —s)H(n1) +sH(n2) and p is the standard function
as before.

As in Proposition 6.3, we call a solution u of (A.4) very short if it satisfies (A.4)
and long if it satisfies (A.6).

COROLLARY A.2 [COROLLARY 6.4, §6]. Let € > 0 be any given number. Then
there exists 6 > 0 such that for any 01, no with |ne — m1| < &, the following holds: if u
is very short, then

1
et /0 — max(H (112) — H(m)) dt < Api(ry) ((+00)) = A () (u(—=00))

< / —min(H(m) - Hm))de. (A7)
0

If u is not very short, then we have

Aty (u(+90) = At (u(=09)) € ~As+e+ | —min(H(m)~H(m)) . (A8)

We would like to apply these results to the path F = {F*}o<s<1. We first prove
LEMMA A.3. Let j = {J*} be the family of almost complex structures defined by
= (h{)"Je.
Then we have
Ao, roy = Au,c)-



HAMILTONIAN DIFFEOMORPHISM GROUP 621

In particular, we have
AgF) > 0. (A.9)
Proof. We first note that the map
x— 2g;  2g(t) = hi(z) (A.10)

and (2.4) give one-one correspondence between Per(G) and Per(F*) and between
Crit Ag and Crit Ap- respectively. Furthermore (A.10) also provides one-one corre-
spondence between the solution sets of the corresponding Cauchy-Riemann equations
by

uu®y u’(r,t) = hi(u(rn,t)).

And a straightforward calculation shows the identity

—_— =
WhiCh ﬁniSheS the pI‘OOf. D

We are now ready to provide the proof of Proposition 7.13. We choose the parti-
tion

Ou® |2
or lJs

I:0=s5<s1<--<sy=1

so that its mesh )
Ar(F) < 552 (A.11)

where Aj(F) is defined by
1 1
Ay(F) :=inf { / —min(F%+1 — F%) d,t,/ max(F%+1 — F%9) dt}.
J 0 0

We will prove the proposition in 3 steps: the finiteness, the upper estimates and the
lower estimates.
Step 1: the finiteness
The finiteness of this function follows from the assumption [&] # 0 and from
construction of the chain map. More specifically, the chain map
red . CF(G) — CF(F)

maps Novikov cycles to Novikov cycles and induces an isomorphism in the homology

over the Novikov rings. Since [ag] # 0, we have [h%%(ag)] # 0 and in particular

h%(ag) # 0 for all s. Hence comes the finiteness of the level of h%%(ag), i.e, the
value of u(s).

Step 2: the upper estimates
In this step, we will prove

1 !
w(s) —p(s) < /0 - mmin(Fs —F%)dt (A.12)

for s, s’ with |s — §'| < § for sufficiently small §. This upper estimates can be proved
without help of the Handle sliding lemma.
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We recall that the chain map h‘“’"7 is defined as the composition of the chain maps
W s, : CF(Fs+1) — CF(F%) over the linear homotopy for the partition I. We
first consider the first segment [0, s1]. In this segment, we have

adb lin
hadb = plin

over the linear path v+ (1 — u)G + uF'*.
We consider the chain map k7' which is induced by the assignment

ss!

R (2= w™) = 3 #(Mgl([z—,w-],[z+,w+]))[z+,w+]

[zt wt]€CritA

for each [27,w™] € CritAps. Here M9 ([z~,w™], [2*,w*]) denotes the moduli space
of trajectories of the Cauchy-Riemann equation
ou ou
p(r) (2=
a+J ( o~ Xpeo (u)) (A.13)
and #(Mg‘ ([z=,w™], [z, w+])> denotes its (rational) Euler number (see [FOn], [LT],

[Ru] for the precise meaning). In the case relevant to the chain map the moduli space is
zero-dimensional. In particular, if this number is not zero, then (A.13) has a solution.

Assuming the existence of such pair [27,w~] € CritAp. and [2*,w™] € CritAp.
for the moment, we proceed with the proof. Then to every pair [z, w™] and [z+,wT]

for which #(M%‘([z‘, w], [z+,w+])) is non-zero, we have

1
A p (1(00)) = Aps (u(=00)) < /0 — min (F* — F*)dt. (A.14)

T

Taking the maximum over [z~, w™| among the generators of h}_ b (ag), we get

1
Aupglw(o)) = pa(n) < [ —min (F* - F*) (A.15)
0
Since this holds for any generator [zt,w*] = wu(o0) of hl/™(ag), (A.15)) proves
(A.12) by the definition of u.
Now it remains to prove the existence of a pair, [z7,w™] € CritAps and [zT,wt] €
CritAg,, such that

#(MG (==, w7), [+, wH])) #£0 (A.16)

and [z~,w™] contributes Ay, (ag) and [z, w™] contributes ki, " (ag). We recall
that

hg-;[lzn _h}'lzn ohflz’n — 8Fa’ oﬁ-f—ﬁoaps

where H is defined by considering parameterized equation induced by the homotopy
(of homotopies) £ = {L,}, connecting the linear homotopy between F® = G and F*
and the glued homotopy via 0 — s — s’. However if s is close to s’ and the Cauchy-
Riemann equation for Ly is regular, then those corresponding to L are all regular for
0< k < 1. Since H is defined by counting generic non-regular solutions on & € (0,1),
this proves that H=0ifsis very close to s’. Therefore we have

.7-' l'm(a ) h}',l'm h]—' l'm( G) (Al?)

Os’ ss’



HAMILTONIAN DIFFEOMORPHISM GROUP 623

if |s — §'| < § for sufficiently small §. By the definition of the chain map h’F " there
must be such a pair of [z7,w™] and [zF,w™] for which (A.15) holds. This ﬁmshes the
proof of (A.12).

Step 3: the lower estimate
This is the place where the Handle sliding lemma plays a crucial role. We apply
—1 ;.
hZ ™ o (A1T) to get

F1 Fli FLli Fli Fli
hs’O "o hOs’zn( ) = hs’O o hss’zn ° h ”l(aG)'
, —_— —1 s
Therefore hs,0 lingp F ’lmoh]: lm(ag) is homologous to ag in CF(G) because hio ding

ss’!
h]: lm(ag) is so. By the Non pushing-down lemma, Proposition 7.14, we have

Moo (g "™ 0 K™ 0 W™ (0g)) > Aglag) =t

ss’!

This gives rise to
Aper (B5H0 0 hEHM (06)) > Mg (ag) — 152
> Aps (hEy “”( G)) = 8.

Now we choose 2 so small in (7.4) that we have

1 1
02 < min { §A(j,_7:), '2'A(j-1,_7-'—1)}-

Then the trajectory constructed in Step 2 that satisfies (A.15) must be very short.
On the other hand for the very short trajectories, the lower estimate (A.7) holds.

Combining Step 1-3, we have proved that the function p is continuous and so
must be constant on [0, s1]. Then this also implies Non pushing-down lemma for F*
from which we can repeat the above argument to the segment [sq, s3]. We repeat this
toall j =3,---, N — 1 which finishes the proof of Proposition 7.13.
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