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HIGH-DIMENSIONAL HELICITIES AND
RIGIDITY OF LINKED FOLIATIONS *

TRISTAN RIVIERE!

Abstract. We give an ergodic interpretation of Hopf-Novikov helicities as conjectured by
V.I Arnold in [1]. We then extend to higher dimension the topological lower bounds obtained by
M.Freedman and Z.X. He in [8] for energies of invariant forms of linked foliations.

1. Introduction.

1.1. Arnold’s ergodic interpretation of the generalized Hopf Invariant
and rigidity of knotted magnetic tubes. In their paper [7] and [8] M.H. Freedman
and Z.-X. He consider the following problem : Let K be a knot in R® (a regular
embedding of S* in R®) and T be a regular tubular neighborhood of K in R3, one
considers closed 2-forms w in T such that the restriction of w to the boundary of T'
is 0 (i.e. tjpw = 0, where tor is the inclusion map). They proved that for any such
2-form the following inequality holds

L / lw@)] W)l > [Flux(w)]® ac(K) (1.1)
dr JoJr |z —yl?
where Flux(w) is the integral of w over any surface in T whose boundary lies in 8T
and whose intersection number with K is +1. Moreover ac(K) is the following knot
invariant :

Let L be an embedded oriented closed curve in T, we denote by degL the inter-
section number of L with any oriented section of T' generating Ho (T, 0T'; Z) (oriented
such that the intersection number between ¥ and K is +1). Then

(1.2)

/
ac(K) = inf{ c(L, L) . , closed emb. }

|deg L| |degL’| * '~ curvesin T

where ¢(L, L’) is the over-crossing number of L and L’ : the minimal number of over-
crossing of L over L’ among all planar knot diagrams representing (L, L’). The result
above is also extended to the case of a general link (see (8]).

Since w is a closed 2-form in dimension 3, in a neighborhood U of a point z¢ such
that w(zg) # 0, using Darboux theorem, w can be written as w = ¢*(dz1 A dz2),
where ¢ : U — D2,

In the very particular case where w can be written globally as w = ¢*(dz; A dzs)
where ¢ : T — D2, the proof of (1.1) can be sketched as follows : Using Federer’s
coarea formula we have

1 T—y
Er' T qu(.’I?) /\X¢(y).|—x—_—y|§ dx dy ( )
1.3
1 . - T—y
= — d —_—
i 2@ [Lw© [ i

*Received June 18, 2002; accepted for publication July 12, 2002.
tD-Math, ETH-Zentrum, 8092 Ziirich, Switzerland (riviere@math.ethz.ch).

505



506 T. RIVIERE

where X is the divergence free field associated to w ( tx,dzdydz = w - ¢ is the interior
product of vectors on forms - and this yields Xy € Ker(w) and < *w; Xy >= |w|?),
do is the volume form on D?, £ is the unit vector tangent to the preimages of regular
points by ¢ and the measure on ¢~1(£) x ¢~1(¢) is the product measure obtained
from the restriction of the ambiant metric of R® to ¢~1(¢) and ¢~2(¢). Consider two

regular points of ¢ in D?, ¢ and ¢, for (z,y) € ¢71(€) x ¢71(¢), lf(:c) Af(y).lf:yl l is
the norm of the pull-back of the volume form on S2 : dvolgz, by the map L

L : ¢ Hn)x¢2(E) — 52

(ilf,y) I |m:y

Thus we have

/tb“(i)x(b“(C)

For any regular value s of L, Card(L~!(s)) is the number of over-crossing of ¢—*(7)
over ¢~1(¢) for the projection on an oriented plane orthogonal to s. Thus (1.4)
combined with the definition of ac(K’) implies:

t(z) A Ry)ﬁ = Card(L™1(s)) dvolgz (1.4)

s€S8?

1
AT Jy-1(6)xp=1(¢)

I T—y

t(z) A t(y)'ﬁ——yp > ac(K) degp™'(€) degp™'(n)  (1.5)

Using once again the coarea formula, we have, for any generator ¥ of
Hy(T, 0T, Z) whose intersection number with K is +1,

Flux(¢*do) =/E¢*da = /;2 do (&) degp™(¢) (1.6)

Combining (1.3), (1.5) and (1.6) we establish (1.1) for such globally integrable form
w.

One of the main achievement of [8] is to extend this proof to the case where w
cannot be written globally as ¢*dz; A dzg. In such a situation one does not have
anymore a nice indexation of the leaves, defined by w, by the values of a map ¢, the
coarea formula cannot be applied and the decomposition of the Lebesgue measure
on T as the measure %—Il along each leaf times some transversal measure, does not
necessarily exists (in particular because a.e. leaf, for the transverse measure w, is
not necessarily compact and one would have to find a measure on the space of leaves
that can be already particularly complicated, see [5]). The idea used to overcome
this difficulty, originally appeared in a paper by V.I. Arnold [1], where he gives an
ergodic description of what he called the asymptotic Hopf invariant. He introduced
the flow g; of the divergence free vector field X associated to w (i.e. for all vector Y
< *w,Y >= (X,Y) where <, > means the duality between forms and vector and
(, ) is the scalar product in R®), this flow preserves the volume form and he replaced
somehow the decomposition of the Lebesgue measure given by the coarea formula we
had in the case w = ¢*do, by the integration over the line flows of X :
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Yt>0 VfeLYT)

[ 1= [ 3z [ oo as

This elementary identity means that, in order to integrate a function over the space T',
one can start to take the mean value of f on the leaf starting at = up to g;(z) for the
measure dt = 'Qf%ll and then, integrate these time averages over all of T relatively to
the Lebesgue measure. Moreover, by the mean of Birkhoff Ergodic theorem, the time
average in the integral of the right-hand-side of (1.7) converges almost everywhere.
Precisely this idea was used in the following way. The Hopf invariant of a C* map u
from S% into S? is given by

(1.7)

H(u)=/ssu*w/\n

where w is any closed 2-form generating H2(S?), normalized such that [w =1 and n
is any 1-form such that dn = u*w. The use of the coarea formula as above yields

) = g5 [, [ o @rn) aeac

where lk denotes the linking number between two curves of $3. In [1] V.I. Arnold
considers any closed 2-form on S® and the generalized the Hopf invariant also called
the helicity of dA, introduced in hydrodynamics by H.K.Moffatt (see [15]),

H(dA) = / dANA
s3

and he gave the following ergodic interpretation for H

H(dA) = / / Az;y) dzdy (1.8)
58 Jg3
where A(z;y) is the following average of linking numbers for a.e. (z,y)
1 [T (T
Mzy) = im / _ /t=0 Ik(Ty (2); T (v)) dtds (1.9)

and I'; denotes the union of two paths I';(z) = Gi(z) U A(z, g:(z)). Gi(z) is the flow
line of the divergence free vector associated to dA between z and g;(z) (g denotes the
flow itself) and A is an assignment of a smooth curve A(z,y) to every couple (z,y)
that connects the points z and y such that it depends on z and y in a measurable
way and such that the integral of the Gauss-form « over the product of any two such
curves or over the product of any such a curve with a Gi(z) (¢ < 1) are uniformly
bounded. Recall that the Gauss-form living in A%2(R3 x R3) is given by

L zi—y
= ——=dz;p1 Ay
a 2 dn )z — y? Tit1 N AYi-1
where indices ¢ are in Z3. Such assignment of curves A is called a “system of short
paths” and it is proved that the limit A is independent of the choice of such a A.
Combining this approach and the proof we gave above of (1.1) in the particular
case where w—a.e leaves are compact, one can extend the lower bound to general w

(see [8]).
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1.2. High dimensional helicities. At the end of [1], V.I. Arnold ask about the
existence of a similar Ergodic interpretation like (1.8) but for the following higher di-
mensional helicities whose “compact” version was introduced by S.P.Novikov (see [16],
[17]) in it’s “geometric realization” of the theory of rational homotopy of D.Sullivan .

Consider 2 closed 2-forms on S* dA and dB that are integrable

dANdA=0 dBAdB =0 (1.10)

and that commute
dANdB =0 (1.11)

then we introduce
N(dA,dB) = ( S4dA/\A/\B; S4dB/\B/\A) (1.12)

The “compact” version of these helicities arises as one computes the rational homotopy
class of a map u from S* into R3\ {z1,z,} where z; and z are two separated points
of R3. The infinite part of m4(R3 \ {z1,z2}) is Z ® Z and the corresponding class to

u is given by
(/ uwy Am A 772;/ u*we Az A 771) (1.13)
g4 g4

where dn; = u*wi, dn = u*wg, and w; and ws are two 2-forms generating H2(R3 \
{z1,z2}) and normalized such that f w; =1 (o; is any sphere around z;).

In part I we give an interpretation of this integers in terms of the relative linking
number of preimages by u of certain subparts of R3 \ {z1,z2} (see proposition 2.3).
The relative linking number of a triplet (2o, X7, X2) of three closed disjoint surfaces
of R* is the topological degree of the following map

V : SoxT1x% — 83x93

e — (E4E2)

rlk(Zp|X1, Bg) := deg(V) (1.15)

(1.14)

See figure 1 for a non trivial relative linking number between 3 torii in R%.

Going back to the non-compact version of the Novikov helicities (1.12) we observe
first that since dA A dA = 0, Darboux theorem says that, in a neighborhood of a
point where dA does not vanish, it may be written as dA = ¢*dz A dy where ¢ is a
submersion into D? (i.e. the kernel of dA is an integrable distribution of 2-planes).
Thus dA defines a foliation in S* away from the set where dA vanishes. The leaf £4(z)
of this almost foliation defined by dA passing through = € S*, where dA(z) # 0, is
the set

LYz)={yes" st IeC(O1T) 0)=z~(1)=

vt € [0,1] dAyg #0 5 A(t) € Ker(dA,,(t))}
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S; splits and one of the component of S 4 the left one here) makes one lap 3
around the component of S 4t is linked with, passing inside the component of S gnd comes back to its original position.
e .. components
of Spand S
I;gr“l,ng ba&(
together
the two components of Sbring back together 4 5

F1G. 1.1. relative linking numbers of 3 torii S1, S2 and Sz in R* : picture 1 to 5 represents 5
slicing increasing in time of R%, in that case we have rlk(S3|S2, S1) = 1 providing a right orientation
of each torus - observe that rlk(S2|S3,S1) = 0.

Let X be the set of oriented 2-submanifolds of S* which are everywhere transverse to
the leaves, then dA defines a positive invariant measure over X (see [18]). We say that
some property holds for dA-a.e. leaves of dA if for any N in X the measure relative
to dA of the z in N such that the property does not hold for £4(z) is 0.

DEFINITION 1.1. The zero set of dA is said to be dA-negligible if for dA almost
every leaf the zero set of dA has no intersection with the closure of the leaf. The
foliation defined by dA is then called a lamination.

DEFINITION 1.2. A point z in §* is said to be essential for the lamination defined
by dA if the leaf through x does not intersect the closure of KerdA.

We will assume from now on that both dA and dB define laminations.

We will need some “closing at infinity” for dA-a.e. leaf of dA. A leaf £LA(z) is said
to be of Liouville type if there exists no non-constant harmonic function on £4(z) .
For instance, a sufficient condition for beeing Liouville is, for the leaf £4(z), to have
subexponential growth (see [12]) i.e.

WeLi(z)  lim 108 |9r(y)] ]l;R(y” —0

where Bg(y) denotes the geodesic ball in £A(x) of center y and radius R. The
characterization that we will use of being of Liouville type for £ is the cancellation of
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the Kaimanovich Entropy on £ that was proved in [11] and [12] :

tim = [ p(z,u,1) logp(z,9,1) dH3(y) =0 (116)
L

t—oo

for any = on £ and where p is the Heat-Kernel for the laplacian on L.

DEFINITION 1.3. An integrable 2-form dA defines a Liouville lamination if it
defines a lamination and if dA-a.e. leaf of this lamination is of Liouville type.

REMARK 1.1. Liouville laminations which are not necessarily compact are easy
to produce. One takes a non degenerate closed two forms in a 2-torus contained R3
minus the Oz-azis. Assume this two form is tangent to the boundary of the torus and
defines a non compact foliation inside. Then the non-compact Liouville lamination is
obtained by rotating this foliation in R* about the Oz axis.

Consider now two 2-forms dA and dB verifying (1.10) and (1.11) each of these
two defining a Liouville Lamination ( (1.11) implies in particular that dA x dB—a.e.
pairs of dA— and dB—leaves do not intersect - see lemma 2.1). Let = be an essential
point for dA we denote by p4 the heat-kernel on the leaf passing through =, £4(z),
for the metric induced on this leaf from gg«/|dA|. Let § be any positive number, we
define

Lis(z,t) = LAz) N {€; 65T <palz,&,t) < 6°}
and
Dl sp(m,t) = Lisp(2,1) U Cocps (=)

where C denotes an assignment of surfaces to any closed curve lying in a leaf of dA
called a “system of small caps” (see proposition-definition 2.1) replacing somehow the
“system of short paths” A of the 1-D case. Let d7 be a positive function tending to
1 as T — +00. We define AT to be the following relative linking average

For (z,y, z) being an essential triplet for rep. dA , dA and dB

Y(k,l,m) € N® let

1
Alz:-‘,l,m('za Y, z) = T / rlk (Dl‘cA,é'T ("Ea t)IDl‘?JT (yv 3); D’ﬁ,ﬁq‘ (Z, 0')) dtdsdo
[0,7]3 (1.17)

and define

AT(z,y,2) = Z 6’,}+l+mA,£l’m(a:, Y, 2)
k,l,m

AT(z,y,2) =0 otherwise
We can state now our first main result

THEOREM 1.1. Assume dA and dB are two integrable 2-forms of S* that com-
mute, dA AN dB =0, assume they both define Liouville laminations then the following
ergodic interpretation of the Novikov helicity holds : there exists é — 1 such that

lim AT(z,y,2) = A(z,y,2) eists for a.e. (z,y,2) (1.18)
T—+o00
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The limit is independent on the “system of small caps” chosen, moreover we have

dA/\A/\B:/ / / A(z,y,2) (1.19)
54 S4Jse /g4

An ergodic interpretation of the Hopf-Novikov helicities [, dAAAAB was already
obtained by B.A. Khesin in [13] and involves the notion of assymptotic linking between
divergence free fields and foliations (see more about this approach in [14]). This
ergodic interpretation is based on the following observation : since dA AdB = 0
generically as two leaves £4(z) and LB intersect the resulting intersection is a line.
The 1-dim “almost foliation” obtained is given by the flow of the divergence-free field
associated to the form dA A B. Then [ dAA B A A is interpreted as a mean value of
averages of linking numbers between the 1-dim lines of the foliation dA A B and the
foliation given by dA. Again Arnolds approach via the flow along the divergence-free
field associated to dA A B and the system of short path A is used but no ergodic
interpretation of the linking number between a curve and the 2-dimensional “almost
foliation” generated by dA is given. Using our approach, such an interpretation can
be given in terms of averages of linking between curves and surfaces in the case where
dA defines a Liouville lamination.

In particular our approach works also for the simplest helicity [dA A A, the
Liouville restriction is not needed in this case since the leaves are 1-dimensional. The
lamination condition was also required for the existence of short paths (see remark
4.14 page 145 of [2]) until the recent paper by T. Vogel [19].

Still for M = R3\ {z1, 72} one can iterate the procedure of computing the con-
tinuation algebras Cq(A) of the minimal model A of A*M (see [16] and [17]) in order
to obtain all the geometric realizations of the rational homotopy class of R®\ {z1, z2}.
For the m4(R3\ {z1,72}) ® Q ~ Q? these geometric realizations are u*w; An; Ame and
u*we A1 An2 that we saw before. One step further, for a map u : S% — R3\ {z1, 22},
the geometric realization, induced by u, of the generators of the H®(Cs(A)) gives
the following 3 homotopic invariants corresponding to m5(R3 \ {z1,72}) ® Q ~ Q3 :
w*wi Am AdT H(u*wy Ang), u*ws A Ad™H(u*wi Anz) and u*wy Ane Ad™H(utwr Ang).
The method we develop permits to give a geometric interpretation of these invariants
in terms of higher order linkings with a corresponding Gauss integral formulas...etc.
Moreover our method yields an ergodic interpretation of the following helicities in S°:

/dB/\B/\C’ /dA/\A/\C’ dANBAC
58 58 58

where we assume that A € A1S® B € A1S® verify

dANdA=0 dBAdB=0 dAAdB=0 anddC=dAAB

These helicities are again just examples and we claim that the approach we develop
for the helicity above (1.12) can be transposed to all the helicities one can construct
from the Hopf-Novikov Invariants that give integral representation of the rational
homotopy groups described in Sullivan Theory of the minimal models.

Passing from 1 dimensional leaves to 2 or any higher dimensional leaves required
the introduction of a new way of “moving around over the leaves” compare to the one
given by the flow of the divergence free field associated to the form in 3 dimension.
This way of moving has to “decompose” the Lebesgue measure in the ambient space
(like the coarea in the case of compact leaves) into a measure along the leaf times a



512 T. RIVIERE

measure over the set parameterizing the leaves. In the 1 dimensional case (1.7) the
set of leaves was trivially over-parametrised by the all set of points of the ambient
space. One of our main observation will be to interpret divergence free motion and the
corresponding Birkhoff Ergodic Theorem as a motion on the leaf which is deterministic
among motions of more general nature with more general ergodic theorem : we have

[r=[ ] e [ stz (20

where p(z,y,T) = 0, (z)- Our idea is to replace this deterministic motion, which has
no meaning for 2-dimensional leaves, by some Brownian motion on the leaves which
is not deterministic anymore : we will look for a probability measure p(z, dy, t), see
theorem 2.1, verifying the three following conditions

i) p(z,dy,t) is supported on the leaf passing through z.

ii) If the leaf passing through z, £(z) is compact, for every function f

nm/ £(v) pla, dy,t) — ¢ / F P
£(z) Y ) £(z) |dA]

t—+4o00

iii) (preservation of the Lebesgue measure) For every function f

L4dm%/OthL4f(y)P($,dy,r)_)/S“f(l.) de

where dz denotes the Lebesgue measure. Moreover we will require to have an Ergodic
property saying that the average in time in the left-hand side of the previous equality
converges almost everywhere. We will view the introduction of such a decomposition
of the Lebesgue measure as a substitute of the coarea formula in the case where the
leaves are not necessarily compact and not necessarily indexed as preimages of points
by some map.

1.3. Rigidity of linked Liouville Laminations. In this part we will apply
the technics developed to solve theorem 1.1 and to give the Ergodic interpretation
of Hopf-Novikov’s Invariants to get topological lower-bounds for conformal invariant
energies of differential forms (such as the L? scalar product of 2-forms in 4 dimensions)
defining Liouville Laminations in the spirit of estimate (1.1). To this aim we need to
introduce few topological invariants.

Let 31, ¥9 and X3 three closed disjoint (not necessarily connected) surfaces in
R* (or S*), we define the relative over-crossing number, rc(31|S2, $3), of $2 and T3
relative to ¥; in the following way. For almost every vector u in S® the projection of
Y2 and ¥; on a plane perpendicular to u are transverse to each other and for such a
u we define the “shadow” of X2 on ¥; to be the following set

Su(21,22)={m621 st. dye, “=|§_§:}

Take now another “generic” vector v of S® such that the projection of S, and X3 on
a plane perpendicular to v are transverse to each other. The over-crossing set of S,
and X3 relative to v is

Sus(S1|Te, B3) = {w €8, st 3zeTy v= Ii — il}
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The over-crossing number of Y5 and Y3 relative to ¥; is the minimum among all

smooth deformations of R* and among almost every “generic” u and v of the cardinal
of Sy v

I‘C(lezg,Zg) = min . Card (Su,v(il)(zl)l’(l)(zz),Qﬁ(zg)))
a. e. u,weS3ye diffeo. R4

In the same spirit of [8] we can define the asymptotic relative crossing number of
Y5 and X3 relative to X, arc(X;|X2, X3) to be the following number . We assume
in a first approach that each of the 3 surfaces ¥;, ¥ and X3 are connected. Let 77,
T, and T3 be 3 disjoint tubular neighborhoods of ¥1, ¥3 and ¥3 ( 7; ~ £; x D? ) in
R*. Inside 77, 7> and 73 respectively take ¥}, 5 and ¥4 to be 3 closed surfaces (not
necessarily connected) such that

deg(THT5) = [T - D #0

where [Z]] is the homology class in Hy(7;) of ¥}, D; is the homology class in Hy(7;, 0)
obtained from any section of 7; whose intersection number with [¥;] is +1 ( - is the
intersection numbers operation). Then we define

arc(21|22, 23) =

ST . )
re(%] |5, %) 7; disjoint tubu. neigh. of ¥
Hi:l [deg(:; 72) ¥ clos. surfaces in 7;

where the minimum is also taken among all smooth deformations of R.

In the case where X1, X2 and X3 are not connected anymore the definitions have
to be changed. For instance, if ¥; and X5 have 1 connected component each but ¥3
has 2 connected components S5 and S, arc(¥; Xz, 23) is defined in the following way

: for any choice of four surfaces ¥, X5, X5 and 23 in 71, T3, T and T3 we consider
the minimum among any generic u and v of the sum

SunTilTHEY) Sun(Z4[%5,5%)
|deg(S1, 72) deg(Sh, Ta) deg(S5, Ta)| | |deg(Th, T2) deg(Th, Tz) deg(Sh, T5)|

and the minimum of such quantity among all possible choices of i, 23 and E'
in 71, T2, T3 and T3 and all possible smooth deformations gives arc(21|22, ¥3).
Our second main result reads.

THEOREM 1.2. Let T;, T3 and T3 be three disjoint tubular neighborhoods of three
disjoint closed surfaces $1, Xy and X3 in R%. Let dA; be three integrable 2-forms
(dA; NdA; = 0) in T; defining Liouville laminations and so that vr.dA; =0 (i57; is
the inclusion map of 8T; in R*) then the following identity holds

/ / |[dA1|(2) |dA2|(y) |d4s](2)
167T L JnLJIn I.’L‘“‘ |3 |$*Z|3 -

(1.21)
HlFluddAi)i arc(%1 %2, Ts)
=1

where Fluz(dA;) is the integral over any oriented transverse section of T; having in-
tersection number +1 with ;.
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It is clear that
arc(X1|X2, B3) > |rlk(X1]|Xe, £3)|

Inequality (1.21) with rlk(3;]|Xq, ¥3) instead of arc(X;|X2,X3) does not require the
dA; to be integrable and follows by standard cohomological arguments using Poincaré
duality (see for instance [3]) and the integral formula we give bellow for the relative
linking number. In the last section we give an example of surfaces where

rlk(21]22,23) =0 and arc(¥1]X2,X3) >0

The asymptotic crossing number may be compared with other topological invariants
: Consider any smooth 3-manifold M> bounding s (0M> = ¥2) and intersecting
¥; transversally. The intersection M2 N ; defines an homology class 1,2 in H1(77)
which is independent on M» verifying 0Ms = ¥5. This is nothing but the intersection
pairing between the class defined by such an M, in H3(R*,¥3) and Ho(Z;) (see [6]
page 336). Taking now the restriction to R*\ 73 of an immersed surface that bounds
a smooth representant of oy o, it defines a class 07 2,3 in Ha(R*\ 73,31 U 73) which
is independent of the representant of o; chosen (since 1 N 73 = (). Observe that
the boundary part of 012,53 in H1(973) intersected with M3, a manifold bounding X3,
gives the relative linking number rlk(¥1|¥2, ¥3). Then we prove

THEOREM 1.3. Let 01,23 being the class in Hy(R*\ T3; £, U 0T3) defined above,
we have

arc(£1]82, B3) 2 |low,2,3l
where || || denotes the singular pseudo-norm in Ho(R*\ T3; 51 U 073)

llo1,2,3|| =inf{l/nz(S)| f:S—=M and

f«lS] =no13 in Hy(R*\ T3; 5, UOT3)} .

and x(S) = ), x—(S:) where S; are the connected components of S, x_(S;) =
max{0, —x(S;)} and x is the Euler characteristic.
2. Preliminaries.

2.1. The 4-dimensional Gauss formula for relative linkings. Let ¥g, ¥;
and X, be three closed surfaces in R* such that £, N Xy = @ and o N Ty = 0.
rlk(2o|X1, X2) is the relative linking number of this triplet defined by (1.15). The
following Gauss formula for the relative linking holds.

PROPOSITION 2.1. We have

rib(So[S1, Ta) = / G 21)

20)(21)(22

where G is the following Gauss-form defined on (R*)3

- TiYi T4 . ‘
g= pr, #Zk; P Yy z|4dxk dzy * (dy; dyg) * (dz; dz) (2.2)
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Proof of proposition 2.1. Let Q = —3— Z X; (dX;..dX4); where we will use the

notation (dX1..dX4); := te,(dX1dX> dX3 dX4) and ¢, is the interior product with
the i-th vector e; of the canonical basis of R%. € is the volume form on S3 normalized
in such a way that [ g3 w = 1. The integral representation of the topological degree of
V defined by (1.14) is

deg(V) = /E V) Any)

(2.3)

4
1 / Ti —Yi III]' — Zj
=77 E (d(z1— 11)--d(z4 — ya))i

47T4 ToXxX1 XXz i,j=1 Im - y|4 Im - Z|4 ’

(d(il)l — 21)..d(£L‘4 — Z4))j

Few terms vanish while developing the product forms and the above integral becomes

1 / — Y T —
%1 gy, dmy (dys.-dya)ee (dza--dza)
4774 SoXS; XDz gé:k ; ’1’ - y‘4 lm |4 ‘ !

which gives the result.

The following interpretation of the relative linking number illustrates perhaps
better the link between rik and arc.

PROPOSITION 2.2. Let Xy, ¥1 and Xy be three closed surfaces in R* such that
LoNZi =0 and BgNEy = 0. Let My and My be two 3 submanifolds of R* such
that OM; = S; (for i =1,2). Assuming My and ¥g intersect each other transversally
along a curve I'y and that this curve intersects M, transversally then

rlk(Eo|X1,%2) =T2 - My
where 'y - My is the intersection number between 'y and M.

REMARK 2.1. It is not difficult to see that any Novikov integral expression of
the rational homotopy class of a map from a sphere into a manifold (extending 1.18
for m4(R3\ {p,q}) ® Q to arbitrary mx(N) ® Q) admits such an interpretation via
intersection numbers between preimages of points and manifolds whose boundary are
preimages of points. Such an interpretation makes a “geometric” illustration via
intersection of submanifolds of the minimal model construction of Sullivan.

Proof of proposition 2.2. Let Ty, T1 and T be 3 disjoint tubular neighborhoods
of the 3 disjoint surfaces o, X1, Xo. Choose ¢; a smooth map from 7} into D? (the 2-
unit disk of R? centered at 0) such that ¢(97;) C 0D? and the degree of ¢; on a given
section .S; of T; generating Hy (T, 0T;) with intersection number +1 with ; is +1. We
have then 35, ¢;w = 0, where tar, is the canonical embedding of 9T; in T;, and w is
the volume form on D2 normalised so that [, w = +1. We have moreover |, 5, Piw =
1. From the homotopy invariance of degrees we get that for any arbitrary choice
(po,p1,p2) of regular point of (¢o, ¢1,¢2) in (D?)® rlk(¢g ™ (po)|1 ™ (p1), 5 ' (p2)) is
independant of (pg, p1,p2) and equals 7lk(2g|Z1,¥2). We then obtain by the mean
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of the Gauss formula above and the coarea formula that

rtk(EolZa, %) = [ [ [ rik(5 oo 01), 05 0a) dpodosdo

= / / dpo dp1 dps / g (24)
D /D2 JD? 0 ' (Po)x¢7 ! (P1)x ¢35 (P2)
= [ (@) A stule) Adi() AG
ToXTlez
Introducing 11 and 73 to be the following 1-forms
mim AT ) = [ (e
v P ziers 4m|z — 22T

A simple computation yields that
| il ndte@) Adiue) nG = [ diwamam
Tox Ty xTs R4

It is a2 well known reslt that the 7; are the Poincaré duals in H*(R*\ T;) of any cyle
bounding ¥; and the proposition follows.

2.2. Geometric interpretation of the Hopf-Novikov Invariants. We give
now the interpretation of the Hopf-Novikov Invariant in terms of relative linking.

PROPOSITION 2.3. Let u be a reqular map from S* into R3\ {p1,p2} where p; and
pa are two distinct points of R3. Let m; (i = 1,2) be the orthogonal projection of R3
onto S? the unit-sphere of center p;. Then for every regular pair of distinct points z,y
of u; = m1 ou and every regular point z of uy = my o u verifying 77 (z) N7y (z) =0
and 771 (y) Ny (2) = 0 in R3\ {p1,p2}, we have

/34 w*wi Am Ane = ik (u7 () ur (y); v (2)) (2.5)

where w; is any 2-form generating H*(R*\ {p;}) with the normalisation [, (o) Wi =
0ij (for sufficiently small r) and n; is any form verifying dn; = u*w;.
Proof of proposition 2.3. We first replace S* with R%. If @; denotes the unit

volume-form on Siz, we take w; = ZI;W;‘@- thus v*w; = 4177”1 w;. We also take a

particular choice for n; such that dn; = u*w; : Having in mind that —#]x—llg is the
green kernel of the Laplacian on R%, we take

S
42 |72

If we explicit the convolution x we get

Qpa .
n; = —Er_d I:Z d.’Bk dl’l/ m(u wi,dyk dyl)]

k<l

=12 Z Z (dz; * (dzk dzy)) / — yl4 * (dyx dyi) A u*wi(y) (2.6)

k<l j=1

=g [ 2

ksl

* (dyr dyr) A w*wi(y)
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Substituting in the formula for N(u) we get

/ urwy Anr A
S4

T —Yi Tj—Yj 2.7
167 ;;/ R4)3 Iﬂﬁ—yl4 |z —yl*
w*wi(z) A dzg dzy A w*wi(y) A *(dy; dye) A u*wa(z) A x(dz; dzp)

The coarea formula of Federer tells us that VF : R* — 52 and any 2-form « in R* we
have

/ aANF*Qg = ng(ﬁ)/ o
R4 ées? F-1(8)

Where Qg2 is the volume form on S2?. Applying the coarea formula three times in
(2.7), writing u*w; = v*W; /47 we obtain, using proposition 2.1,

/ urwi Am An2
S4
(2.8)

= [T ooy T O (0 8570) 50 A2 (6) @)

Now observe that the integral f ga W'w1 Amp Ame is independent on the choices of
the generators of H?(S?) and is also independent on the choice of the #; such that
dn; = u*w;.

Take & and (o two regular points of uw; and vy a regular point of uy. Re-
place now in the arguments above w1(€), w1(¢) and wWa(v) respectively by G)f" © =

Bty X Bo (60)P1(€) 31°(O) = [ty XBo (c0)P1(¢) and G5° (v) = (51X B (vo) P2(¥),
where B, denotes a geodesic ball in S? of radius ¢ and xp, is the character-
istic function of this geodesic balls. We choose o sufficiently small such that
rlk(uy(€))uy(€), u5 ' (v)) is independent of the choice of the triplet in By (&) X
B,(¢o) x B, (0) and then equal to rlk(u7!(¢)ur*(Co), u3 (1)) . So arguing like
above we obtain.

/5 wtn A A = rik(ur @)l (), v () (2.9)

this proves proposition 2.3.
2.3. Systems of “small caps”. we need the following elementary lemma.

LEMMA 2.1. Let dA and dB be two 2-forms of S* such that
dANdA=0 and dBAdB=0  inS*
assume they both define laminations L* and LB. If they commute :
dANdB =0
then for dA—a.e. x and for dB—a.e. y
LAZ)NLE(y) =0
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Proof of lemma 2.1. Assume this is not the case, then we may find two saturated
subsets S4 and S of £4 and £ of non zero dA and dB measures such that Vz € S4
and Vy € SB

LA)NLE (y) #£0

Because of the lamination hypothesis, we may also take S4 and S® to be subparts
of S* where respectively dA and dB do not degenerate with |dA| > ¢ > 0 on S
and |[dB| > ¢ > 0 on SB. Then, since dA A dB = 0, dB restricted to £L4(x) defines
a 1-foliation. Then there exists an at most countable union of 1-dimensional curves
(Tn)nen in £4 () transverse to this foliation such that every leaf of this 1-dimensional
foliation crosses T' = U,T'. Since every dB—leaf of SP is assumed to intersect £4(z),
every dB—leaf of SB intersects I' = U,I',, that has dB—measure 0. So S® has dB—
measure 0 which is a contradiction.

PROPOSITION-DEFINITION 2.1. Let dA;, dAs and dAs be 8 closed 2-forms on
S4 such that

Vi,j =1,2,3 dA;AdA; =0

Assume that the dA; define laminations. Denote by L%(x) the leaf of dA; that passes
through x. Then for dA; x dAz x dAs— a.e. leaves LA (z1) x LA2(z2) x LA (x3)
the following property holds : for any triplet of subsets K1, Ko and Ki of LA (x;),
LA2(z5) and L43(x3) such that the curvatures of 0Ky, 0Ko and 0K3 are uniformly
bounded we may assign 3 union of embedded 2-disks Ck,, Ck, and Ck, verifying

Vi=1,2,3 |Ck,

< C|0K;]

/ / 6| < CloKy| [0K,| 9Ks|
CKl sz CK3

Joode

-Vi=1,2,3

/C G| < C|Ki| |0Ki41] |0Ki—1]

Kip1

-Vi=1,2,3

/ / / G| < CIKi| |Kiqa| |0K;]
iJKip1 JCOKk,_,

where G 1is the Gauss-form given by (2.2). where the constant C' may depend on the
z; but not on the K; in LA (z;). A choice of such an assignment is called a system
of “small caps”.

Proof of proposition 2.1. For convenience of the presentation we give the proof in
the case where the dA;’s are supported in a compact sub-domain of R*. Because of
the previous lemma, for dA; x dAs x dAsz a.e. triplet (z1,T2,x3) Vi # §, L4 (z;) N
LA (zj) = 0. Moreover since they define Laminations, for dA; x d4s x dAs a.e.
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triplets (z1,z2,3) |dA;] > ¢ > 0 on LA (z;) for i = 1,2,3 and then the three leaves
LA (z;) for i = 1,2, 3 have bounded geometries. Take such a triplet. We then may
find a Lipschitz diffeomorphism of R* such that the restriction to the 3 skeleton of a
given lattice Ls = 0Z* of R* (for a sufficiently small size ) of the 3 leaves are made
of flat segments. Since all of the 0K; have uniformly bounded curvature, we may
modify K; a bit, keeping it’s area proportional to the original one and the length of
OK; proportional to it’s original one, in order to ensure that 0K; lies in the 3-skeleton
of Ls keeping K; in it’s leaf £4i(x;) and also to ensure that OK; is made of a union
of straight segments such that each connected component of 0K restricted to any
3-cell is made exactly of 1 segment. Take now one component of K; denote it by ;.
l; admits a projection [; in the 1-skeleton of §Z* such that the area of the annulus a;
bounding I; U l; is proportional to the length of I;, moreover [/;| ~ Il; ;|. Solve now the
plateau problem for l and denote by d; a minimal disk that bounds ;. Since [; lies in
a compact part of R* we clearly have |d;| < C|l;|. We project now d; in the 2-skeleton
of Lg in the following way : first we project d; in the 3-skeleton using the following
argument. Let cs be a given 4-cell of Ls, we claim that we can choose a point p in the
interior of ¢s such that the radial projection m, from cs onto Ocs relative to p keeps
the area of the projection of d; N cs proportional to the area of d; N cs itself. Indeed
let v be the conformal map from the unit disk solving our Plateau problem for [;, we
have

1
area(05ﬂdi)=§/ y md)]Vv z)|? dz
“1(es

Simple computations show that

area(mp(cs Nd;)) < C/ Vol dz

v=1(csnd;) [V(T) — pI2
integrating over p in the half 4-cube ¢5/2 we get

[Vul?
area(m,(cs Nd;))dp < C/ / ——————dxdp
/12605/2 i )) p€Ecs/2 Jv—1(csNd;) i’U( ) pl2

<c / Vo2
0"1(05ﬂdi)

applying the mean-value formula we get such a p. Then using the same idea we can
project mp(csNd;) onto the 2-cell of L and we then obtain a disk (ii that bounds fi and
which is made of flat pieces of the 2-skeleton of Ls and such that the number of pieces
is bounded by C|l;|/6. We take Ck, to be the union of these disks for the various
components of 0K;. The reason why ii), iii) and iv) hold comes from the fact that
the integral of the Gauss-form over a triplet of 2-parralelograms of size d is bounded
independently from their relative position in 4-space by a constant depending on 4.

2.4. Leaf harmonic measures and ergodic theorem for leaf-heat diffu-
sions on laminations. First of all we prove the following key observation.

PROPOSITION 2.4. Let dA be a closed 2-form of S* that is integrable : dANdA =
0. Assume that dA defines a lamination LA. Denote by Qga the standard volume-form
on S*. Take the metric on S* to be g = gga/|dA|. Then Qga is g —leaf-harmonic
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for the lamination defined by dA :
Vo € C°(S*) VS measurable non deg. saturated set of L4

/ Apad Qgs =0
S

where Apa denotes the Laplace-Beltrami operator restricted to the leaves of LA.

Proof of proposition 2.4. Let S be a non degenerated measurable saturated set :
|[dA| > ¢ > 0o0n S, for every z € S LA(z) C S. Take a ¢ in C*®(5*), we may always
assume that ¢ has a support contained in a sufficiently small ball B,(z) of center z
such that we can apply Darboux Theorem in the whole ball and we have on B,(z)
dA = H*dz; A dzy where H is a map from B,.(z) into D? (indeed since dA defines
a lamination, S is contained in a compact set where |dA| > 0 and we can extract a
finite covering from any covering of balls where Darboux theorem applies for dA and
construct a partition of unity from this covering). Applying the Coarea Formula to

H we have
2
/A£A¢ Qg =/ / AﬁAd)di
S E€D2NH(S) JH-1(€) |dA

=/ / Apag dvolpa
£eD?2NH(S) JH-1(¢)

where dvol,a is the volume form on the leaves induced by the metric ggs/|dA|. (Ob-
serve that H~1(¢) is a portion of leaf from our lamination). So clearly

/ ALA(b dVOlEA =0
H=1(6)

and the proposition 2.4 is proved.

Denote by p*(x,y,t) the heat-kernel for the Laplace Beltrami operator A 4 on
the leaf £4(z). Since the leaf is contained on a compact set where |[dA| > 0 it has
bounded geometry for the metric induced by gg4/|dA|. So the leaf is complete for the
diffusion and from [4] we have

pA('T’ Y, t) >0 and / pA(x, Y, t) dVOlCA(m) (y) =1
L£A(z)

pA(z,dy,t) = pA(z,y,t) dvol 4 (y) defines a probability measure in 5% in the following
way

p(z, E,t) = / P (2,9, %) dvolz(y)
EnLA(z)

This probability measure verifies the Chapman-Kolmogorov equation
P55 = [ edy ) 0B

We claim now that the standard volume form on S is invariant under this diffusion
: for any measurable non degenerate saturated set S we have

VE measurable /pA(m, E,t)Qgs(z) = Qg4 (2.10)
s SNE
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or equivalently for any f measurable in S

[ 95:(@) [ p@2.0) F0) dvoleaty) = / £(2) Qs (a) (2.11)
S S S

This result can be deduced from the theorem of L. Gardnett in [9] which says that
being leaf harmonic for a measure implies it’s invariance under the diffusion of the
corresponding heat kernel. Formally the proof can be sketched like this : for any
f € C* we have, using the definition of the heat Kernel

[-g—t + Ac] ( /S pA(z,y,t) f(y) dvolc(y)) =0

Using the fact that {ga is leaf harmonic, taking v to bev = [ p?(z,y,t) f(y) dvols(y)
and the characterization of leaf harmonicity of Qg4+ applied to that v (proposition 2.4)
yields

/S Qg1 Ara ( /S p*(z,u,1) f(v) dvolﬁ(y)> =0

Combining the two previous identities we obtain

55 [/s st (/Sp A@,y,t) £() dvolc(y))] =0

and since [ p?(z,9,0) f(y) dvolc(y) = f we get that Qga is invariant under the
diffusion.

Thus pA(z, E,t) defines a Markov process with the (g« measure as an invariant
measure. Adapting the result by Yosida (see [21]) to our situation we deduce the
following ergodic theorem

THEOREM 2.1. Let dA be a closed integrable 2-form on S* (i.e. dAANdA =0).
Assume that dA defines a lamination. Denote by S a measurable saturated set for dA
and by p(z,y,t) the heat-kernel for the metric induced by ggs/|dA| on every leaf of
dA (gsa is the standard metric on S*). Then for any f in L'(S;Qg4) the following
limit exists almost everywhere

1 T

. 1 A _
Jim % [ [ i) = .

and is in L1. Moreover we have

/Sf*954=/sfﬂs4

3. Proof of theorem 1.1. Let dA and dB be two integrable closed 2-forms of
S* which commute (dAAdB = 0). and assume that they both define laminations : the
zero sets of dA and dB are respectively dA and dB-negligeable. For the convenience
of the presentation we assume that both dA and dB are defined on a compact subset
of R%. From the lamination hypothesis it is not difficult to deduce the existence of
saturated subsets S2* and SP for respectively dA and dB such that
- |dA| > cc >0 on S# and |dB| > c. > 0 on SE.
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A,A,B A,A,B
/ g (x7y’z)_/ g (.’L',y,Z) SEZ
SAXSAXSE R4 xR4xR4

where

gA’A’B(iB, v, Z)

ZZ Y %Y (3.1)
To—ul®lz —uld

4t Ziim le—yltle -yl

dA(z) A dzy dzy A dA(y) A *(dys dyk) A dB(2) A x(dz; dz)

Using theorem 2.1 we know the existence of the limit

T—+o00 T3

hm / /AAB A(g; df’ ) A(y,d(,s) pB(z,du,a) gAAB(ng,V)
0,13 J&:

(3.2)
=M\ (z,y,2)
for a.e. (z,y,2) € SA x SA x SZ where
gMB (€, ¢ v) = (G4P 08 (6,¢v)
and that
/S . A Q3 = /S pone gAAB (3.3)

where SA4:8 denotes SA x S x SB, and p” and p? are respectively the heat
kernels for the heat operator on the leaves of dA and dB for the metrics induced
by grs/|dA| and ggs/|dB|. Moreover p”(z,d¢,t) denotes the distribution form
pA(x,€,t)dvola gy (€) and dvolpa(z) is the volume form of the dA-leaf passing by
z induced by grs/|dA| whose associated measure on the leaf is dH?2/|dA|| LA (dH?
is the two-dimensional Hausdorff measure). We modify p and p? in the following
way. Let 7 > 0 to be fixed later on in the proof, we just assume now that ér — 1
as T — 400 and we omit the subscript 7. Using the mean value formula we get that
for every integer k there exists §**1 < p < §* such that

dH*
@60 =) = | _dar
(€ 5 pA(&,t)=p} |dA|Z ()
dH
5 I / / dA|3 (34)
gk+1 {€ 5 pA(a,g,t)=q} |dA|2 ()

S_L

Vep| dvolpacgy (€
— &4 /cA(m)n{e gz T Oe@®)

where we used the coarea formula. Choose such a p, denote it by p;c“’ s(z,t) and let

£ﬁ5(m, t)={¢e LA(z) st Pf+1,6($y t) < p(z,&,1) Spf,a(-’ﬂ, t)}
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Denote by 54 (z,&,t) the approximated kernel such that

ﬁA(.’L‘,g,t) =p/§,6($>t) on Lﬁé(l‘,t)
By construction we have

A _ A
Ve e LA@) ViSO ]p (xij)(z z t)(x’f’ t)‘ <1 —% (3.5)

keeping in mind that 0 tends to 1 as T' — +00 so that the relative difference between
pA and $* will be small. Precisely we have, omitting to explicitly write z, y, z and ¢,
8’ a-’

A_ A
P (de) = pA(de) + [?-pr] (©) p(de)

PA(dC) = FA(d0) + [pAp;”A} (©) pA(d0)

and

() = () + | PP | ) pP
Clearly, from (3.5) we deduce
~A _ LA
/SA,A,B /SA,A,B [EP—AP—] g*4? p*(d€) p*(d¢) p® (dv)
[dA|() |dA|() |dB|(v)

1 A A B
SU=3) [inn foann P00 P40 () G

Taking the time average of it and the limit as T' — 400, we have

. 1 pA - pAJ A A B AAB
l —_—
T—I»Too/‘s;"‘” T3 /[O,T]3 /s:“"B [ (©) p{de) p(dc) p7(dv) 9

A
: 1 |dA|(z) |dA|(y) |dB](2)

< - = =

- :r'l—l}-lrloo(1 6T) /5:1,:4,5 |z —yPPlz — 23 0

(3.6)

A,AB
5¢

Thus for a.e. (z,y,2) in we have

‘”A
R, 7 /[0 1 /S o [ ] (&) p*(dg) p*(d6) p7(dv) g*4F =0 (3.7)

This result can be extended in a similar way to all the other error terms when we
replace p by p in (3.2), so that we obtain for a.e. (z,y,2) in S&4B

T-4oo T3

lim / / A(x,d€,t) p*(y,d¢, 5) §P(2, dv, 0) g*4P(€,¢,v)
[0,T]3 s’“‘B (3.8)

= A(z,y,2)
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and

1
A,AB _ . . AAB =A ~A ~B
/S?,A,Bg = /S Ans A0 /[O,T]a /S aand P (d€) p(d¢) 5~ (dv) (3.9)

We decompose now the leaves along the sets Lf 5, Lis and LB ; where the p# and
pP are constant, and we obtain

/S gA4B pA(dg) F(dC) 75 (dv) =

Z 5k+l+m/ / / gAAB del[;A(a;) dvolCA(y) d’UOlz:B(z)
Lf’s(-’l?,t) Liqg(yss) ‘C'Su E(Z’a.)

k,l,m
(3.10)
Recall that the volumes are taken with respect to the metrics g* = ggs/|dA|, g# =
gra/|dA| and gB = gr4/|dB|. We claim now that the restriction of G44F to LA(x) x
LA(y) x LB(2) coincide with gA48 dvolpa(gy dvolga(y) dvolss(,y. Indeed it suffices
to observe that for any ¢ and j in {1...4}, we have

[(dA A dz; dil;,-;an)l = |dA||’L*LAd.’L‘, d.’L‘]l (3.11)

where i,4 is the isometric embedding of £# into R* and | | denotes the scalar product
on 2-forms induced by the canonical scalar product in R%, grs. Taking into account
the orientation and the fact that g4 = gga/|dA| we have

(dANdz; dzj; Qpa) = (ipadz; dzj;dvolpa) (3.12)
So then
(dANdz; dxj; Qpa) dvolga = (ipadw; dzj;dvolga) dvolpa
(3.13)
= 1;2,4 d.’l?z d.’L‘j
Thus
/ / / gAAB d’UOlLA(z) d’UOlLA(y) d’UOlL-_B(Z)
[’f,é(z7t) Lé&(yvs) ‘ch;.,ys(zya') (3.14)

g

/['1'?,5 (z,t) C{‘,s (y,8) xCﬁy‘; (2,0)

where G is the Gauss-form introduced in proposition 2.1. We need now to close the
Ly 5(z,t), the L{(y, s) and the ﬁﬁ, s(2,0) by the mean of the system of “small caps”
introduced in proposition 2.1. Let D;: s(x,t) = Eﬁ s, t) U C’aﬂﬁs(z’t)...etc, where
Cars ,(a,t) is the union of small caps for the connected components of aﬁﬁ s(z,t)
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given by proposition 2.1. Using the result in this proposition we deduce that

g| <

o/,

/Ef,s(a:,t)x[,“s(y,s)xﬁﬁ 5(z,0) D 5(z,t)x D (y,8) xDE 5(2,0)
< C|oLgs(x, )] 1£75(ys 8)| [Lm 5(2,0)| + |LE5(2, )] [0L5(y, 8)| L7 5(2, )]

+C |L2 (2, )] |£{5(ys 8)| 0L, 5(2,0)] +|0LE ()] 0L 5(y, 8)| |L£05(2,0))]
0L (2] 1£5 (3, 9] 1OLE, (2, 0)] + Lo, ) 10LL5(0, ) 10£E,5(2,0)]
+C 0L 5(x,t)| [0L7)5(y, 9)| 0L, 5(2,0)|

(3.15)

Multiplying the quantities in the right-hand side of (3.15) by §**+™ and summing
over k, l and m, using (3.4), we get for the first term for instance

D SEFHALE (2, t)] L5y, 5)] LB 5(2,0)]

kl,m
o[ s [ o)
1— 63 kzl;n/kb'(xt) Lis(y,9) LE 5(z0)
1
< (T;TS)'J—:S/L:A( )|V£pA|dv0l£A

5 (3.16)
where [,;c‘l,é(m,t) = LA@z) N {¢; % < pA(¢) < 6%} we have used the fact that

fﬁA(y)pA =1 and fﬁB(z)pB =1.

This is now the step where the Liouville hypothesis on the lamination plays a
crucial role :

We have

3 A2\ 3
/ |Vep?| dvolea < C (/ (¢, t)) (/ Eﬁ%'-) (3.17)
LA LA LA P

moreover a short computation shows that for ¢ > 0

d(p* logp*) A Ay _ |VpA[?
Thus
[Vep?|? __d / A A
/ﬁA AT @ LAp log p (3.19)
Combining (3.17) and (3.19) we obtain
C d
Varl<t-of [ A O s
/LAI | < (1-19) Il cuny bl R logp (3.20)
Integrating on time and on S# we get
1 (T 1 A
/SAT/O 1—5/A|V5p |
: (3.21)

A
<018t~ oy [, [, Pt s



526 T. RIVIERE

and using the Liouville property expressed in term of the cancellation of the
Kaimanovich Entropy we have

T=4oo T

A
lim /SA/SA (z,d¢, T) log p™(z,£,T) =0

Choosing now dr so that we have

. 1 1 4 4
Tlirfoo (1_5T)3T/s;4 /s;*p (z,d§,T) logp®™(z,€,T) =0 (3.22)
and
- - B(y d ] _ P
TE+°°(1_5T3T./$B_/SB (z,d¢, T) logp®(z,€,T) =0 (3.23)

combining (3.16) and (3.21) we obtain

lim / S SHmIaLA (o 1) L5 (,9)] 1€ 5(2,0)]

T=too Jsaan T8 Jio.zpe S (3.24)
=0

So extending easily this result to each term of the right-hand side of (3.15) we deduce,
using (3.8) and (3.14), that, for a.e. (z,y,2) in SA*5 we have

1
lim / SR 1k (Df 5, (2,1)| D5, (1, 9), DR 5,.(2,7))
T=to0 T3 Jio 1ys klzm (Phsr T mr (3.25)

= A (z,y,2)

Integrating this identity on SA4-B

and theorem 1.1 is proved.

and making € tend to 0 we get the desired result

4. Proofs of theorems 1.2 and 1.3.

4.1. Proof of theorem 1.2. We use the same notations as in the previous
section and the outline of the proof will look very much the same.

Take SA¢ to be a saturated subset of the lamination defined by dA; in 7; such
that

- |dA,~[20>OonSg4*'
} f Ds dA; — Fludii’ <& where D; is a given section of 7;.

The existence of such a set is a simple consequence of the lamination hypothesis. We
use the following notation S, = SA1 x SA2 x SA2. We clearly have

/ |dA1|(z1) |dA:|($2) |dA:;](~'63) > 16”4/ g Az o) (4.1)
. |z1 — z2|? |71 — 73] Se

Introduce p4¢ and ¢ like in section II. We have

A1A2A3 — A1A2A3
/Se [g ] /S T1—1>1:Ii-loo T3 '/[0 T]3/ pA1 pAz pA:s ]g [ (4.2)
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Like for (3.10) we have

/ Day Pa, Pa, lgh A2

Se

= Z 5k1+kz+k3/ N IgA1A2A3| /\d’uolﬁAi(zi)
k1,k2,ka IL: £3 5 (@asts) i

(4.3)

Recall at this step that | | still denotes the norm for the canonical metric ggs on
R* but that dvol £Ai(z;) is the volume form for the metric induced on the leaf by

g% = gga/|dA;|. Arguing like for establishing (3.12) we get
|9A1A2A3 | = IL[,A1 x LA2 X LA3 glo (44)

where G is the Gauss form introduced in proposition 2.1 and | |, is the scalar product
for the metric on the leaves induced by g#¢. Applying the definition of the Gauss-form
we have

LeArxpazxcanG =V (QUX) AQY))

where V : L4 x £42 x L4 — §3 x §3 given by (1.14) and Q is the renormalized
volume form on $3 so that [, @ = 1. We then have

lgtt4243| N\ dvolpa; g,
/1_[i£f:.s(zi7t') /1\ @)

(4.5)
B TG g

Arguing exactly like in the previous section we can, here also, replace the Eﬁlf‘& by

the Dfiid. Indeed this require the adding of small caps that we can choose to be
contained respectively in 77, 72 and 73. Since the supports of the three laminations
are disjoint we can ensure that |V*(Q2AQ)|, is uniformly bounded for a triple of points .
in 77 x T2 x T3 where we choosed g4+ to be the standard metric gga on each additional
cap Cy £ (50,8) (it has no importance as long as the chosen metric is bounded from

above and bellow relative to the standard one). Then we need to choose a good dr
depending on T exactly like in the previous section in order to ensure

lim / / (z,d¢,T) logp(z,€,T) =0 (4.6)

T—+4oo (1 — 5T (1-0670)3T
Like above the following choice of 7 ensures

/ lim i‘/
s, T—+o0 T3 J

0TI k) kg ks

—/ lim i‘/
- 5T—~>+00T3 [

0.7]° k1,k2,ks

5k1+k2+k3 / N |V* (Q A Q) IO /\d’l)Ol[:Ai
H Lk J(Tut') A

gateatks / V*(QAQ) |, )\ dvolpa;
1 DL s (s ts) i

4.7)
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Using the Coarea formula of Federer, Since |S3|2 Q(X) AQ(Y) is the standard volume
form on S% x $% we have

[ @GO AN Advolon
I1 'Dkls(ziati i

1 (4.8)
TEE /53><S3 do Card{(xz’)i € H’DAi st V((z):) = a}

For almost every choice of ¢ = (u,v) € §% x % the shadow of D,‘i’ys(ccz,tz) on
D,’:‘ﬁ (z1,t1), relative to u, is a smooth curve and the projections of both this shadow
and ’D,f;, 5(3,t3) on a plane perpendicular to v are transverse and intersect each
other along the set {(z1,z2,23) € [[, D* s.t. V(z1,22,23) =0}. To simplify the
presentation we assume that X;, X9 and X3 are connected. The definition of the
asymptotic relative crossing number of ¥1, 9 and X3 gives

Card {(xl,xg,xg) € HDA" s.t. V(z1,32,23) = 0’} >
i

(4.9)
arc(21|22, 23)

11 dea(Df 5(ws 1) 54)

Combining (4.3), (4.5), (4.7) and (4.9) we then obtain

1 L
/S Tl—l}-Il-loo Tg [0,T)3 PAL P4, PAs |gA1A2A3| = MC(21122,23)X

dz; lim / okathaths
/5/1,'\ T—+o00 T3 {0,713 klz

ka2,k3

H deg(Dk 6(17“ ti )7 77:)

/\ dt;

(4.10)
The degree of a D4 in 7T is, by definition, the intersection number of this surface
with a section D; of 7;. So if w; is a 2-form in 7; Poincaré dual of D; we have

deg(Dfip o0t T) = [ w
DL s irte)

Let decompose fD oy i) wj _fc 5 @) wi + [ N w;, since

|C
(. 10)

< cE x;,t;)| we get, using (3.16), (3.21), (3.22) combined with
) k:, 0T

(a:“

1
l. o P ~ A31AzA3 > E: S z X
/Ss T 11+11 T3 p DA, DA, Pas |9 | > arc(%1|X2, ¥3)

1
i lim —
/E /z\dx T—l}-{-loo T3 /[O,T]3 ;

It is not difficult to transpose the arguments of section II in order to replace p*¢ by
p™ in the previous inequality. We have p4¢(x;, &, t;) dvolya;, = p™i(zs,dé;,t;) and

(4.11)
P4 (4, &3 1) wi

LAi (:l:,,)
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Ly As(g)Wi T * (wi A ]z—j}:—l) dvoly,, where x denotes the Hodge operator in R*. Using
now the fact that on £4: |dA;| dvolga; = dvolg,, we finally obtain

1
lim — 5a, Da, Dag |g714242| > arc($1]52, B3) x
/ST—I.IEOO T3/[T1 Pa; DA, Pas |9 | > arc(%1/%2, £3)

/ H dwz Tl—l>r£oo ﬁ [O,T]S ]:‘[

Using again the ergodic theorem 2.1 for the right-hand-side of (4.12) and combining
this inequality with (4.1) we have proved theorem 1.2.

(4.12)

/A.pAi  (wi A dAy)

4.2. Proof of theorem 1.3.. The proof of this theorem is strongly related to
the proof of theorem 4.1 in [8]. Let X7, X5 X5 be 3 surfaces respectively in 77, 72 and
T3 such that deg(¥/; 7;) # 0. Let u be a generic vector in $3 such that the projections
of ¥} and X} on a 3-plane perpendicular to u are transverse to each other. Let

Su={:c62’1 such that 3y € £y u= |§:z|}

From the definition of deg(X;; 7;) we have, since 7; retracts on X;,
deg(Z}; T2) [Zi] = [Z] in Hy(T;) ~ Ha(%:)
So that
[Su] = deg(Z;T1) deg(E5; T2) 01,2 in Hy(Th) = Hi(%1)

Consider now v, a generic vector in S3, chosen so that the half cylinder C =
{Su+tv teRy} is transverse to 073. For t sufficiently large (t > to), Sy + tv
does not cross 73 anymore and we can immerse 2-disks in R* \ 73 to close C and to
make it as a union of immersed disks transverse to 073. We denote by D = (D; )¢ this
family of disks (D; = p;(D?)). Let m; be the number of component of p; *(73) that
represent a non trivial element in Hy(73;073). Since deg(X};7;) is the intersection
with an oriented section of T3 generating Ha(73,073) we have

re(Z4[Zh, B5) 2 3 mildeg (T4 T3) (413)
iel
We claim that
m=Y m;> |o123] |deg(T1; T1)| |deg(Th; T2)| (4.14)
iel

This inequality is proved exactly following the proof of lemma 4.2 in [8]. Since
m1(73;073) = 0, we can, following lemma 4.3 in [8], homotope the p; relative to
the dD?’s to make it as a m; clean extension of the components of S,. It is performed
without increasing the number of essential components of the inverse image of 73 by
pi. So that, if p; is the m;-clean extension, p;” 1(’1'3) is made of m; disjoint disks in
D? that represent non trivial elements of Hy(73;073). Let E; be this union of disks
in D? and F; = D?\ E;. Then

> " [pi(Fy)] = deg(B4; T1) deg(Th; To) o123 in Hy(R*\ T3; 873 U 8T1)
i€l

We have m; — 1 = |x(F;)| then Y, ,m; > > 7. [x(F;)| Thus we get (4.14) and
theorem 1.3 is proved.
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5. An example where rlk(¥;]|32,X3) = 0 and arc(X1|X2,X3) > 0. We give
an example bellow (see figure 2) where

I‘lk(ZﬂEQ, 23) =0 and arc(21|22, 23) >0

A short description of the link : (We mainly rely on figure 2) We take Y1, ¥z and X3
so that ¥7 ~ T2, ¥y ~ T2 and X3 = 23 U X5 where 23 and X3 are two disjoint torii.
We slice R* by hyperplanes H; perpendicular to a fixed direction e for —1 <t < 1.
Let ¥ = UX;, H; N X is singular at exactly 8 dates —t4 = —1 < —f3 < —f2 < —t1 <
0 <t <ty <tz <ty=+1: Slicing increasingly in time we have
fort<—ty=—1H;NS =0
for —1 <t < —t3 H; NS is made of 4 unlinked circles.
- at t = —t3 &3 splits into two components as shown in figure 2.
- at t = —t9 both ¥; and X5 split into two components as shown in figure 2.
-att=—t; 33 split into 2 components as shown in figure 2.
Y is exactly symmetric relative to Hy except that between ¢t =0 and t = ¢;
the left componentAof 3 on figure 2 rotates exactly one time around the
left component of 33 so that a rigid disk bounding this component of ¥,
will intersect ¥; and S3 along respectively the generator of Hq(X1) and the
generator of H1(33) given by the left components of &; and 33 on figure 2
(fOI‘ HNY —t1<t< tl).
The class 01,2 in H;(X;) defined in the last part of section I and obtained from
the intersection of ¥; with any manifold bounding X5 has for representative the left
component on figure 2 of ¥; N Hy for —t; < t < t;. It is clear from the figure that
there exists a disk bounding this component and intersecting T3 (either S5 or S3) at
exactly two points with opposite intersection numbers so that

I‘lk(21|22, 23) =0

We prove now that arc(X;|Z2,¥3) = 2. From the previous remark we have
arc(¥;]|Xs,23) < 2. So we have to prove that arc(X;|Xq,X3) > 2. If ¥, ¥4 and

5= Sgui:g are three surfaces in Ti, T3 and T3 = T3U7;3 with degrees d; =deg(Z1;77),
dy =deg(Th; 7o) and (ds, ds) = (deg(24; 73),deg(X4; 73)), then for obvious homologi-
cal reasons (see the previous section) any generic 3-manifold bounding ¥, intersects
Y| along a 1-manifold homologous to dj dy 01,2 in H1(71) ~ H1(X1). Let I" be one of
the connected components of this manifold. Observe from figure 2 that there exists a
class [r] in H1(X1) which admits a representative 7 whose intersection number with
01,2 is +1, and which is bounded by a disk ¢ in R* that does not intersect 73. Both
01,2 and 7 generate Hy(Ty). If I' = doy 2 + v[7] and if A is any disk bounding I' and
intersecting X% transversally it suffices then to prove that

Card(A N 2f) Card(A N %)
dds dds

> 2 (5.1)

Without changing A N 73 we can modify it in the following way : we make a small
surgery by adding v times the disk § to A so that the boundary of the new disk
obtained I" = OA is homologous to d 01,2 we can then add to it a 2-dimensional annulus
contained in 77 so that the final disk bounds d o where ¢ is any curve generating o1 .
Thus we replace I by d times the curve og given in figure 2 by the left component
of H;NY; and A is now an immersed disk f,D? (f : (D?;0) — (R%;00)) bounding
d oo and we can always assume that it intersects 73 transversally and that f : D% —
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.=~ 33 splits into

Y> makes one lap [mmmmesse=ssss-s----mmzza- 33 splits into
around the left component 1 two components.
of Eg,the left .- !
components,of

22 and 23 i
pass 1n51de
during thl.’S lap. Q

-—___~

F1G. 5.1. An ezample where rlk(X1|X2,23) = 0 and arc(X1|Z2,%3) >0

oo ~ S! is monotonic. Let m be the number of essential components of f ~1(73) : the
components whose image by f are non 0 in 73(73;973) (has a non zero intersection
number with S3). Arguing like in [8] (lemma 4.2 and 4.3) we can deform A without
increasing it’s number of intersection with 3 such that every components of f~ 1(’1?;)
is a disk whose image by f is essential. Let N be a 3-manifold in R* \’ZE.:, bounding s
such that N N H; is made of embedded disks bounding the components of Y3NH;. It
can be chosen so that og and N intersect transversally at two points p; and ps we can
also choose N so that A and N \ 73 intersects along smooth oriented curves which are
closed or starting from p; arriving at 873 or py or starting from 873 arriving at ps.

Observe that N is chosen such that N and 73 are separable (There exists an isotopy

- two components.
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of R* sending N and 73 into opposite sides of an hyperplane in R*). Observe also
that since 8N = S3, the intersection number of N N 875 with an oriented section of
the tubular neighborhood T3 ~ D? x T2 is +1 and then the difference between the
number of curves of f~}(N \ 73) coming from f~!(p1) to a component of f~*(73)
and the number of curves of f~!(V\ 73) leaving this component to f~!(ps) is equal
to the intersection number of the image by f of this component with 3. Since 73
deforms smoothly to £3 in R? \ 75 UT; we may always choose N so that 873 \ N is
diffeomorphic to [0, 1] x .5'3 ~ [0,1] x T2. Then any connected curve on 873 \ N whose
two ends intersect N N 873 with total intersection number being equal to zero can
be smoothly deform in 873, keeping it’s ends fixed, to a curve in N N 873. Then we
deduce that we can homotope f in R*\ T3, keeping f(0D?) fixed, keeping the number
of essential components of f~ (’Zé) and their intersection number with S fixed, such
that the number of curves of f~1(N \ 73) intersecting a component of f~ 1(’2},) is
equal to the intersection number between this component with 33 (at this stage we
take into account the sign of the intersection number, so that if it is positive we only
have curves arriving from f~!(p;) and if it is negative curves leaving for f~1(ps)).
Since f : dD? — o is monotonic f~1(p;) is made of exactly d points alternated
with f~1(p2) which is also made of exactly d points. Let (v:)ier to be the union of
the connected curves among the one realizing f‘l(N \ 73) that connect f~!(p;) and

1(132) Let C be a connected component of D? \ U;y;. f(OC) defines a class in
Hl(lR \73,’]}, UN) ~ Hi(R*\ ’Z},) = Z since 73 U N is contractible to a point in
R%\ 73. The intersection number of C with S5 gives the class in Z. Let n be this
number. Let g be the algebraic number of oriented arcs in 9D? N dC joining a point
of f~1(p;) and a point of f~1(py) : the arc oriented by 0D? is counted positively if
it goes from a point of f~!(p1) to a point of f~!(p2) and negatively in the opposite
case; in the first case it counts as +1 as a contribution to Hj(R?*\ 73;73 U N) in the
other case it counts as —1. The difference between q and the absolute number of arcs
in D2 N 9C joining points of f~!(p1) and f~!(pz) is given by the number of arc
of f~}(N'\ 73) in C joining points of f~({p1} U {p2}) and components of f~*(73).
Collecting all the informations above we easily get (5.1).

Acknowledgments. The author is very gratefuhl to Robert Azencott and Lau-
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