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A NEW CONSTRUCTION OF EINSTEIN SELF-DUAL METRICS* 

RADU PANTILIEt  AND JOHN C. WOOD* 

Abstract. We give a new construction of Ricci-flat self-dual metrics which is a natural extension 
of the Gibbons-Hawking ansatz. We also give characterisations of both these constructions, and 
explain how they come from harmonic morphisms. 

Introduction. In [15, 18], G.W. Gibbons and S.W. Hawking introduced a 
construction of Einstein self-dual metrics with zero scalar curvature (see [24] for a 
thorough discussion of this ansatz). The construction is in the spirit of Kaluza-Klein 
theory with the projection of the (local) bundle being a Riemannian submersion 
followed by a conformal transformation. 

A harmonic morphism is a map between Riemannian manifolds which preserves 
Laplace's equation (see Section 2 below). In [7], R.L. Bryant gave a local normal 
form for the metric on the domain of a submersive harmonic morphism with 
one-dimensional fibres. When the domain is four-dimensional, this local normal form 
includes that of the Gibbons-Hawking ansatz. 

In [26, 27], it is shown that, from an Einstein four-manifold, there are precisely 
three types of harmonic morphism with one-dimensional fibres. The first two types 
are due to R.L. Bryant and to P. Baird and J. Eells, respectively, and lead to the 
Gibbons-Hawking construction and the well-known warped product construction of 
Einstein metrics (see Theorem 1.1 and Theorem 1.2 below). The third type can be 
seen as a construction of Ricci-flat self-dual metrics. We present this new construction 
in Section 1 (Theorem 1.3) together with the above mentioned result from [26, 27] 
reformulated as a classification result for Einstein four-manifolds whose metric can 
be written in Bryant's local normal form (Theorem 1.5). In Section 2 we review some 
facts on harmonic morphisms. In Section 3 we give proofs of the results of Section 
1 and show that our construction is a natural extension of the Gibbons-Hawking 
ansatz; indeed all three constructions are characterised by an equation (3.1) which 
generalizes the monopole equation. We also classify the harmonic morphisms with 
one-dimensional fibres on compact Einstein four-manifolds. Our new construction 
involves solving equation (1.5) below, which is a particular case of the Beltrami 
fields equation of hydrodynamics (see [20]). In Section 4 we describe all solutions of 
(1.5), both locally and globally, on 53 by a method similar to the one used in [20] to 
describe solutions of the Beltrami fields equation on R3 (see Remark 4.2), giving all 
Einstein metrics of the form (1.4) below; in fact we show that for such metrics the 
Einstein condition is equivalent to the Beltrami fields equation. 

We are very grateful to G.W. Gibbons and N.J. Hitchin for pointing out to us 
that (1.5) is a particular case of the Beltrami fields equation and for recommending 
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his paper [8], see below, and F. Belgun for useful comments. 
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1. The construction. Firstly, we recall the following ansatz of G.W. Gibbons 
and S.W. Hawking [15, 18] (see also, [24]). 

THEOREM 1.1. Let U C (M3,/i) be an open subset of the Euclidean three-space. 
Let u be a positive smooth function and A a one-form on U. Then, the Riemannian 
metric on R x U given by 

(1.1) g = uh + vr1{At + A)2 (t <E R) 

is Einstein if and only if u and A are related by the monopole equation: 

(1.2) &u = *&A 

with respect to a suitable choice of orientation on U. Moreover, if (1.2) holds, then g 
is Ricci-flat and self-dual. 

Note that (1.2) implies that u is a harmonic function. Moreover, if, for example, 
U is an open ball then, given a harmonic function u, we can find a one-form A such 
that (1.2) is satisfied. Also, note that A defines a principal connection on (R x [/, [/, R) 
with curvature form F = dA which is harmonic, i.e., dF = 0, d*F = 0. Conversely, 
given a harmonic two-form F on, say, an open ball U of R3, solving dA = F and 
du = *F gives a solution to (1.2). 

Another way of obtaining Einstein metrics, to which our construction is related, 
is given by the following well-known warped product construction (see [5, 9.109]). 

THEOREM 1.2. Let (Nn, h) be an Einstein manifold of dimension n with ^Ricci = 
cNh. Let g be the warped product metric on Mn+1 = R x Nn given by g = dt2 -f X~2h 
where A : R —> (0, oo) is a smooth function. 

Then, (Mn+1,g) is Einstein, with MRicci = cMg, if and only if X satisfies the 
following equation: 

(1.3) 2-X2-^— A4 + (A')2 = 0. 
n n — 1 v   / 

Moreover, if (Nn, h) has constant curvature (note that this is automatically satisfied 
if dim N = 3), then (Mn+1,g) also has constant curvature. 

Next, we give the new construction based on the Beltrami fields equation, see 
Proposition 4.1 for solutions. 

THEOREM 1.3. Let U C (S3,/i) be an open subset of the three-sphere endowed 
with its canonical metric. 

Let A be a one-form on U. Then, the Riemannian metric on (0, oo) x U given by 

(1.4) g = f)2h + f)-2(pdp + A)2 (pe(0,Oo)) 

is Einstein if and only if the following Beltrami fields equation holds on U: 

(1.5) dA-\- 2*^ = 0 

with respect to a suitable choice of orientation on U. Moreover, if (1.5) holds, then g 
is Ricci-flat and self-dual. 

REMARK 1.4. D.M.J. Calderbank [8, Theorem V] reduces the problem of finding 
scalar flat Kdhler self-dual 4-manifolds to certain affine monopole equations on an 
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Einstein- Weyl 3-manifold. For suitable choice of gauge, these equations reduce to the 
Beltrami fields equation. 

The proof of Theorem 1.3 will be given in Section 3. 

By a local principal bundle (Mn+1, Nn, S1) (with principal connection H C TM) 
we shall mean the restriction of a principal bundle (Mn+1,iV'n,51) (with principal 
connection H C TM) to an open subset Mn+1 of Mn+1. Then, the above three 
constructions admit the following characterisation which will be proved in Section 3. 

THEOREM 1.5. Let (AT3, h) be a Riemannian three-manifold and let (M4, AT3, S1) 
be a local principal bundle endowed with a principal connection Ti C TM. Define a 
Riemannian metric g on M4 by 

(1.6) g=t\-
2<p*(h) + \202 

where X is a positive smooth function on M4 , <p : M4 —> A^3 is the projection of the 
local principal bundle (M4, A/"3,51) and 9 is the connection form ofH. 

Suppose that (M4,g) is Einstein. 
(a) Then one of the following assertions holds: 

(i) 51 acts by isometrics on M4 (in particular, the fibres of ip form a Rieman- 
nian foliation); 

(ii) (M4,g) and (N3,h) have constant sectional curvature and, locally, g is 
given by Theorem 1.2, with n = 3 ; 

(hi) (N3,h) has positive constant sectional curvature and, up to homotheties, 
g is locally given by Theorem 1.3. 

(b) Furthermore, if(N3,h) has constant curvature then (i) can be replaced by 
(i') (N3,h) is flat and g is locally given by Theorem 1.1. 

Thus if(N3,h) has constant curvature, the ansatz (1.6) gives an Einstein metric 
if and only if it is one of the three constructions: Gibbons-Hawking (Theorem 1.1), 
warped product (Theorem 1.2) or Beltrami fields (Theorem 1.3). 

REMARK 1.6. 
1) If both (i) and (ii) of Theorem 1.5 occur then, locally, (M4,g) is the Rieman- 

nian product R x (N3,h); whilst, if both (ii) and (Hi) occur, then, locally and up to 
homotheties, (A/"3, h) is the three-sphere, (M4,g) is the Euclidean four-space and (1.6) 
corresponds to the polar coordinates. However, (i) and (Hi) cannot occur simultane- 
ously. 

2) Note that a map cp : (Mn+1,p) —> (Nn, h) is a submersive harmonic morphism 
if and only if it is locally as described in the hypothesis of Theorem 1.5 (see Theorem 
2.6 below). 

3) A similar result ([30]) can be given for a Riemannian manifold N of any di- 
mension n > 4. In that case, g = A~2 <p*(h) + X2n~4 62 (cf [7]), and g can be as in 
(H) only in the trivial case A = 0. 

4) Assertion (i) of Theorem 1.5 is equivalent to the assertion that X be constant 
along the fibres of cp, whereas, in case (ii), X is constant along horizontal curves (i.e., 
tangent to Ti), see, also, Proposition 2.4 and Proposition 2.5, below. 

5) In assertion (Hi) of Theorem 1.5, we have p = X~1 where p is as in Theorem 
1.3. Similarly, in assertion (i') of Theorem 1.5, we have u = X~2 where u is as in 
Theorem 1.1. 

2. Some facts on harmonic morphisms. Both Theorem 1.3 and Theorem 1.5 
have their origin in the theory of harmonic morphisms; in this section, we recall some 
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basic facts from that theory (see [4] for a general account and [17] for a frequently 
updated bibliography). For simplicity, from now on all the manifolds are assumed to 
be smooth, connected and orientable. 

DEFINITION 2.1. A harmonic morphism is a smooth map cp : (Mm,g) —> (Nn,h) 
between Riemannian manifolds which pulls back harmonic functions to harmonic func- 
tions, i.e., for any harmonic function f : ([/, h\h) —> M defined on an open subset U of 
Nn , with (^~1(t/) non-empty, f ocp : ((p~1(U),g\(p-i^) —> R is a harmonic function. 

To state the basic characterisation result for harmonic morphisms we also need 
the following. 

DEFINITION 2.2. A smooth map cp : (Mm,g) —> (Nn,h) between Riemannian 
manifolds is horizontally (weakly) conformal if, at each point x G M, either dipx = 0, 
or dtpx '• TXM —> Ty(x}N is surjective and its restriction to the horizontal space 

Tix = (kerd^z)-1 is a conformal (linear) map (Tix^gxlrCa:) —> (^(x)^^(«)) • Denote 
the conformality factor by X(x). The resulting function A is called the dilation of 
cp. The dilation is smooth outside the set of critical points and can be extended to a 
continuous function on Mm, with A2 smooth, by setting it equal to zero on the set of 
critical points. 

A smooth map is called horizontally homothetic if it is horizontally conformal 
with dilation constant along horizontal curves. 

The following theorem is due to B. Fuglede [13] and T. Ishihara [19]. 

THEOREM 2.3. A smooth map between Riemannian manifolds is a harmonic 
morphism if and only if it is a harmonic map which is horizontally weakly conformal. 

Any Riemannian submersion with minimal fibres is a harmonic morphism. This 
can be seen either directly or by applying Theorem 2.3. Other simple examples are 
radial projection Rn+1 \ {0} —> Sn (n > 1) defined by x H-> X/\X\ and the Hopf 
polynomial C2 —> M3 defined by (21,22) >-* (\zi\2 ~ \z2\2,2zi~Z2) • Note that radial 
projection is a horizontally homothetic submersion with geodesic fibres, whilst the 
fibres of the Hopf polynomial are tangent to a Killing vector field. Both of these 
examples are particular cases of more general constructions which we now present. 

PROPOSITION 2.4 ([2]). Let cp : (Mm,#) —► (Nn,h) be a non-constant horizon- 
tally weakly conformal map. If dim N = 2, then cp is a harmonic morphism if and 
only if its fibres are minimal at regular points. If dim N ^ 2, then any two of the 
following assertions imply the third: 

(i) (p is a harmonic morphism; 
(ii) the fibres of ip are minimal at regular points; 
(hi) cp is horizontally homothetic. 
From Proposition 2.4 it follows that any horizontally homothetic submersion with 

minimal fibres is a harmonic morphism. 

PROPOSITION 2.5 ([7]). For n>3, let (p : (Mn+1,#) —> Nn be a surjective sub- 
mersion with one-dimensional fibres which form an orientable Riemannian foliation. 
Then the following assertions are equivalent: 

(i) there exists a Riemannian metric h on N with respect to which the map 
cp : (Mn+1,g) —> (Nn,h) is a harmonic morphism; 

(ii) there exists a non-zero Killing vector field tangent to the fibres of cp. 
From [7], we also recall the following characterisation. 

THEOREM 2.6. Let (Mn+1,Nn,S1) be a principal bundle with projection cp : 
Mn+1 —» Nn and endowed with a principal connection 7i C TM . Let h be a Rieman- 
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nian metric on Nn and A a smooth positive function on Mn+1. 
Define a Riemannian metric on Mn+1 by 

(2.1) g = \-2ip*(h) + \2n-4e2 

where 6 is the connection form ofH. Then (p : (Mn+1,g) —> (JVn,/i) is a harmonic 
morphism. 

Conversely, any submersive harmonic morphism with one-dimensional fibres is 
locally of this form, up to isometrics. 

See [25], [26] for a proof of Theorem 2.6 and a more explicit version of the converse. 

REMARK 2.7. 
1) In the notations of Theorem 2.6, let V be the vertical vector field with 0{y) = 

1. Obviously, V is the infinitesimal generator of the Sl action and g(V, V) = A2rL~4 . 
We call V the fundamental (vertical) vector field. 

2) If (M4,g) is as in Theorem 1.1 (respectively, Theorem 1.2, Theorem 1.3) 
and N3 is an open subset of R3 (respectively, a constant curvature three-manifold, 
S3), then the canonical projection tp : (M4,g) —> (N3,h) is a harmonic morphism. 
Furthermore, if g is given by the Gibbons-Hawking construction then, obviously, its 
fibres are generated by a Killing vector field, whilst if g is given by Theorem 1.3, with 
A^O, then neither is ip horizontally homothetic nor do its fibres form a Riemannian 
foliation. 

3) Recall [1] that any harmonic morphism with one-dimensional fibres from a 
Riemannian manifold of dimension at least five is submersive, whilst if the domain 
has dimension four then the set of critical points is discrete. 

3.  Characterisations  of the   construction  and   some   related   results. 
From the previous section it follows that classifying Einstein metrics which can be 
locally written in the form (2.1) is the same as classifying harmonic morphisms 
with one-dimensional fibres from Einstein manifolds. Therefore the results of this 
section will be given in the language of harmonic morphisms. The reader who is not 
primarily interested in harmonic morphisms can easily rewrite all these results in the 
language of Section 1. 

PROPOSITION 3.1. Let {M4,g) be an Einstein four-manifold and ip : (M4,g) -» 
(N3,h) a submersive harmonic morphism to a Riemannian three-manifold. 

Then, the following assertions are equivalent: 
(i) (N3,h) has constant curvature; 
(ii) the following equation holds: 

(3.1) dw(A-2)=*wO; 

here dn is the differential followed by the orthogonal projection onto H, X is the 
dilation of (p, x-j-t is the Hodge star operator on (7i,ip*(h)) with respect to a suitably 
chosen orientation, and fi is the curvature form of the horizontal distribution (i.e., 
in the notation of Theorem 2.6, O = d 8). 

Proof. The following formula is a consequence of [26, (B.0.23)]. 

MRicci |„w = p* ("Ricci) - A"2 (AM(log A) + i A6 |Q|£) <p*(h) 

+ | A4 (*wn) ® (*wn) - 2dH(logA) ® dM(logA). 
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Assume (ii). Then from (3.2) and a Schur-type lemma (see [5]) it easily follows 
that (A/"3, h) is Einstein and hence of constant curvature. 

Conversely, suppose that (i) holds. Recall (see [5, Theorem 5.26]) that any Ein- 
stein manifold can be given a real-analytic structure. Then, as in [30, Proposition 
1.4], it follows that all the objects appearing in (3.2) are real-analytic. 

From (3.2) it follows that fi = 0 if and only if d^A = 0. Otherwise, by real- 
analyticity, both are non-zero on a dense open subset of M4 and we may choose a 
real-analytic positive orthonormal local frame {XL, X2, X3} for (l-l,y)*(h)) such that 
Xi{\) is nowhere zero for each i = 1,2,3. From (3.2) it follows that 

(3.3) (**fi)(*i) (*?<fi)(*i) = Xi(A-2)X;(A-2) 

for any 2, j = 1,2,3 , i ^ j . Equation (3.1) follows easily from (3.3). □ 
Next, we give the proof of Theorem 1.5. 

Proof. [Proof of Theorem 1.5] Part (a) follows from the main result of [27] (see 
[26, Corollary 3.4.5], and the proof of [30, Theorem 2.8]), by noting that Theorem 1.5 
can be viewed as a classification result for harmonic morphisms with one-dimensional 
fibres on Einstein four-manifolds. 

Part (b) is a consequence of Proposition 3.1. Indeed, suppose that both (M4,g) 
and (N3,h) are Einstein. If Q, = 0 on M then, from (3.1), it follows that A is 
constant along horizontal curves, and Proposition 2.4 implies that, locally, g is a 
warped product. Then, (1.3) (with n = 3) follows, for example, from [5, 9.109] (see 
also [26]), and hence assertion (ii) of Theorem 1.5 holds. 

If Q 7^ 0, then, as in the previous proof, Q, is real-analytic; hence it is non-zero 
on a dense open subset of M4. Now, note that the right hand side of (3.1) is basic. 
Hence V(X(X~2)) = 0 for any basic vector field X G r(W) where V is the fundamental 
vector field (Remark 2.7(1)). But V commutes with basic vector fields (because H 
is a local principal connection on (/?), and hence V(X~2) is constant along horizontal 
curves. It follows that, if V(X~2) is non-constant then Tl is integrable, equivalently, 
Q = 0. Thus we must have that V(A~~2) = c for some constant c £ R. 

If c = 0, then A is constant along the fibres of cp (equivalently, g is as in assertion 
(i) of Theorem 1.5), and from (3.1) it will follow that g is locally given by the Gibbons- 
Hawking construction, once we have shown that (N3,h) is flat; this will follow from 
(3.6) below. 

If c ^ 0, then (1/c) d(A~2) is a (flat) principal connection on ip. Let A £ r(T*N) 
be a local connection form of H with respect to (1/c) d(A~2), that is, A is the one-form 
on N which satisfies 

(3.4) e = -d{\-2) + v*(A). 

From (3.1) and (3.4), it follows that 

(3.5) -c<p*(A) = dH(A-2) = *wn = *w cp*(dA) = ^*(*dA) . 

Hence d^l + c * A = 0 which implies assertion (iii), except for the fact that N3 has 
constant sectional curvature equal to c2/4 which we shall now prove. 

Let <p : (M4, #) —> (iV3, h) be a submersive harmonic morphism between Rieman- 
nian manifolds of dimension four and three, respectively. If (3.1) is satisfied then, 
by applying [26, Lemma B.0.19], we get that the Ricci tensors of (M,^) and (N, h) 
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satisfy the following relations: 

MRicci Iv^v = 0 ,    MRicci Ivo^ = 0 , 
(3.6) 

Mmcci\n®n = ^(^Ricci) - y (p*(h) 

Prom (3.6) it follows easily that, if (M4, g) is Einstein and (3.1) holds, then it is 
Ricci-flat and (iV3, h) has constant sectional curvature equal to c2/4. □ 

REMARK 3.2. The proof of Theorem 1.5 shows that (3.1) unifies the S1-mono'pole 
equation and Beltrami fields equation. Therefore our construction may be considered 
to be a natural extension of the Gibbons-Hawking ansatz. 

Theorem 1.3 follows from the following result. 

THEOREM 3.3.  Let cp : (M4,g) —> (iV3,/i) be a surjective submersive harmonic 
morphism such that dn(X~2) = ^Q with ^(A-2) = c(E R). 

Then the following assertions are equivalent: 
(i) (M4,g) is Einstein; 
(ii) (iV3,/i) has constant sectional curvature equal to c2/4. 
Moreover, if (i) or (ii) holds, then (M4,g) is Ricci-flat and self-dual. 

Proof The equivalence of (i) and (ii) follows from (3.6). 
To establish the last statement, we may assume for simplicity that, if c / 0, 

(iV3,/i) is the three-sphere of radius 2/c with its canonical metric and, if c = 0, 
(iV3,/i) is the Euclidean three-space. Take p to be the Hopf fibration S3 —> S2 if 
c y£ 0, or an orthogonal projection M3 —* M2 if c = 0 . 

Then, ip = p o (p is a submersive harmonic morphism with two-dimensional fibres. 
Let J7 = ker d^ and define J to be the (negatively oriented) almost Hermitian struc- 
ture on (M4,g) given by rotation through angle —7r/2 on J7 and rotation through 
angle 7r/2 on J71-. 

A straightforward calculation shows that (M4,J,g) is a Kahler manifold if and 
only if d^(A-2) = *nn with V(A-2) = c. It follows that (M4,#) is hyper-Kahler 
and, in particular, Ricci-flat and self-dual (see [5]). (Note that the orientation of M4 

is given as follows: orient V = ker dip by 6 and then choose the orientation on M4 

such that the canonical vector bundle isomorphisms TM = V 0 H and H = ip* (TN) 
are orientation preserving.) □ 

REMARK 3.4. 1) The second part of the proof of Theorem 3.3 was inspired by 
C. LeBrun's discussion of the Gibbons-Hawking ansatz [24] (see also [34], [9, Theorem 
3.5]). 

2) In [31], the method is developed to give the following: 
Let (N3,h) be a constant curvature three-manifold and let A be a real-analytic 

one-form on N. Define a Riemannian metric on (0, oo) x N3 by 

(3.7) g^ph + p-^dp + A)2 (pG(0,oo)). 

Then g is self-dual (respectively, anti-self-dual) if and only if the following Bel- 
trami fields equation holds on iV3: 

(3.8) dA = - * A        (respectively, dA = *A) . 

Note that (iV3,/i) may have constant sectional curvature of sign unrelated to that 
in (3.8) and that g is not. in general, Einstein. 
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We shall give details on this construction in [31], together with another new 
construction of self-dual metrics. 

We end this section with the classification of harmonic morphisms with one- 
dimensional fibres on compact Einstein four-manifolds. For this we need the following, 
which improves one of the statements of [28, Theorem 2.9]. 

PROPOSITION 3.5. Let {MA,g) be an Einstein four-manifold and let ip : 
(M4,g) —> (JV3,/i) be a harmonic morphism with one-dimensional fibres to a Rie- 
mannian three-manifold. 

If if has critical points, then (M4,g) is Ricci-flat and there exists a (real-analytic) 
Killing vector field tangent to the fibres ofcp whose zero set is equal to the set of critical 
points of cp. 

Proof. By a result of P. Baird [1], a harmonic morphism (p : (M, g) —> (JV, h) with 
one-dimensional fibres is submersive if dimM > 4, whilst, if dimM = 4, the set of 
critical points of cp is discrete. 

Now Theorem 1.5 is equivalent to a classification result for harmonic morphisms 
with one-dimensional fibres on Einstein four-manifolds [27, Corollary 1.9], [26, Corol- 
lary 3.4.5]. As already explained, if assertion (ii) of Theorem 1.5 holds, then cp is a 
harmonic map which is horizontally homothetic, and hence, by a result of B. Fuglede 
[14], it is submersive. 

If assertion (iii) of Theorem 1.5 holds then V(X~2) is a non-zero constant where, 
as before, A is the dilation of cp and V is the fundamental vector field (Remark 2.7(1)). 
Because the critical points of (p are isolated, from [10] it follows that, in the neigh- 
bourhood of a critical point, ip is topologically equivalent to the cone over the Hopf 
fibration S'3 —> 52. Therefore there exists a connected component of a fibre of ip which 
is diffeomorphic to 51, and hence at some point we must have V(X~2) = 0. Thus, if 
(iii) of Theorem 1.5 holds, then ip is submersive. 

We have thus shown that, if (p has critical points, then its fibres are generated 
by a Killing vector field, namely V, which can be extended to a real-analytic Killing 
vector field on (M4,g) by setting it equal to zero at the critical points (see the proof 
of [27, Corollary 3.3] or [26, Corollary 3.6.3]). 

Because A and Q are basic they are locally the pull-backs of a function and a 
two-form, respectively, which are defined on N3 . For simplicity, we shall denote the 
corresponding objects on N3 by the same letters A and Q. Recall that MRicci = cMg 
and g\ji = \~2(p*(h). Thus (3.2) can be written as an equation on N3 . Further- 
more, by applying [26, (B.0.25)], the corresponding equation on N3 can be written 
as follows: 

(3.9) ^Ricci = 2cMA-2 h - ^A4(*ft) ® (*fi) + 2A-2 dA ® dA . 

From (3.9), it follows that any vector orthogonal to both (*fi)^ and gradA is an 
eigenvector for ^Ricci, the corresponding eigenvalue being cM A-2 . Hence, if cM ^ 0, 
this eigenvalue tends to oo as we approach a critical value of cp, which is obviously 
impossible (apply, for example, [30, Lemma 2.1]). Thus cM = 0, i.e., MRicci = 0. □ 

By applying Proposition 3.5 we obtain the following result, which improves [27, 
Theorem 3.8 , Theorem 4.11]. 

THEOREM 3.6. Let (M4,#) be a compact Einstein four-manifold and cp : 
{MA,g) —> (N3,h) a non-constant harmonic morphism to a Riemannian three- 
manifold. 
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Then, up to homotheties and Riemannian coverings, (f is the canonical projection 
T4 -> T3 between flat tori. 

Proof. If <p is submersive this follows from [27, Theorem 3.8]. 
If cp has critical points then, by Proposition 3.5, (MA,g) is Ricci-flat and there 

exists a Killing vector field V tangent to the fibres of y? whose zero set is equal to 
the set of critical points of ip. But, since (M4,g) is compact and Ricci-flat, by a 
well-known result of S. Bochner (see [5, 1.84]) V is actually parallel and hence of 
constant norm. It follows that (p must be submersive and the theorem is proved.    □ 

4. Solving d-4 -f 2 *A = 0 on S3. In what follows we regard 53 as the Lie 
group Sp(l) of unit quaternions. Let {Xj} be an orthonormal positively oriented left 
invariant frame on 53 , {6j} its dual and TT : S3 —> 52(|) the Hopf fibration chosen 
so that its fibres are tangent to X3; here 5'2(|) denotes the sphere of radius 1/2. 
For any three-dimensional submanifold (with boundary) N C S3 we shall denote the 
space of harmonic function on N by T-C(N), the space of harmonic functions on N 
which are basic with respect to TT by Tib(N), and the space of harmonic one-forms on 
N by H^N). 

PROPOSITION 4.1. There exists a subbase U for the topology of S3 such that, for 
each U € U, the closure U is a three-dimensional submanifold with boundary, and we 
have an isomorphism 

(4.1)        {A e rCTF) | dA + 2 * A = 0 on V } -^ ^ X nfl * ^ 

given by 

A = Aj Qi l_> (^ , A2 , A3 + ^{XMi) + ^2(^2)))    (mod W1^)) 

where ipjj : W(C/) —► W(!7) is a certain injective linear map such that Xsifyjiu)) = u 
for any u G TiiU). 

Proof. Firstly, we construct the subbase U and the functor ij). For each closed 
2-ball D in S*2 let 5 : D —> S3 be a section of TT. Because 7r~1(JD) is a solid torus 
we can find an open 3-ball U whose closure U C 7r~1(D) is a closed 3-ball such that 
s(D) C ?7 and 7r|^ has connected fibres. We define U to be formed of all such U. 

Let U G U. To define V^ ^et w ^ ^(^) and take w : J7 —> M to be the smooth 
function characterised by 

(4-2) Xz(w)=u,    Ms^V)) = 0 . 

Because X3 is a Killing vector field, we have 

Xs{Aw) = A(X3(w)) = Au = 0. 

Hence we can find w : 7r(U) —> R such that 

(4.3) 7r*(uf) = Aiy. 

Take tui : 7r(t/) —> R to be the unique solution of the following Dirichlet problem: 

(4.4) A5V=£;,    w1\dv(u)=0. 
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Define i/^j(u) = w — 7r*(wi); we show that Xs{^j(u)) — u and A(ipjj(u)) = 0. 
Indeed, by (4.2), we have 

MM")) = X^) - *3(7r>i)) =u~0 = u. 

Also, by (4.3) and (4.4), and since TT intertwines Laplacians (see, for example, [4, 
Chapter 4]) we have 

A(^(u)) = Aw- A(Tr*(wi)) 

= 7r* (w) -7r*(A52tyi) 

= 7r*(u;- A^w^ =0 . 

For a one-form A = AjOj on 53 set A A = (AAj)9
j. (Note that A is not the 

Hodge Laplacian d*d-f-dd* .) To prove that (4.1) is an isomorphism, it is sufficient 
to prove the following two facts: 

(i) The map H(U) x WJJ) x nh(U) —> {A | AA = 0, d* A = 0 } given by 

(ui ,U2,us) i—> (ui, U2 , us - ifc(Xi(ui) + X2{u2))) is an isomorphism; 

(ii) {A | AA = 0, dM = 0 } = {A | ((* d)2 4- 2(* d)) (A) = 0, d*A = 0 }. 
The proof of (i) follows easily from the properties of ife and the fact that d* A = 

-(^(AO+^AaJ+Xa^)). 
To prove (ii) we use the Dirac operator D : r(53 x H) -> r(53 x H) defined by 

D 

/ 0 -Xi -x2 -x2\ 
Xi 0 — X3 X2 
X2 X^ 0 —Xi 

\Xs -X2 x1       0  J 

Then, if A = Re A + Im A : 53 -> M we have 

DA = d*(ImA) + (d(ReA) 4- (*d+2)(ImA)) . 

Also, D2 = A + 2 D and the proof follows. □ 
REMARK 4.2. Proposition 4.1 and its proof are similar to the discussion of the 

Beltrami fields equation on R3 in [20]. This discussion admits the following reformu- 
lation (which we do not imagine to be new): 

Let A be the Hodge Laplacian on an oriented Riemannian three-manifold N3 . 
Then for a coclosed one-form A the vector wave equation AA — c2A, where c is a 
constant, reads 

(*d+c)(*d-c)(A) = 0. 

Therefore we have a linear map from the space of coclosed solutions of the vector 
wave equation to the space of solutions of the Beltrami fields equation 

*dA = cA 

given by 

(*d+c)(A) 
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which is easily seen to be surjective if c ^ 0 . 
The following result is an immediate consequence of Proposition 4.1 (see [26] or 

[27] for a different argument). 

COROLLARY 4.3.  The set of global solutions to dA + 2 * A = 0 on S3 is equal to 
the space of left invariant one-forms. 

EXAMPLE 4.4.   If A is a left-invariant one-form on (S3,h) considered with its 
canonical metric, then g = p2h + p~2(pdp + A)2 is the Eguchi-Hanson metric II [12]. 
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