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THE RESOLVENT TRACE FORMULA FOR RANK ONE LIE
GROUPS*

YASURO GONf AND MASAO TSUZUKI}

1. Introduction .

1.1. Introduction. Let X = G/K be a Riemannian symmetric space of non-
compact type with G a connected simple Lie group of real rank one and K a maximal
compact subgroup of G. In the paper [17], Miatello-Wallach introduced a family
of bi-K-invariaint functions Qg, s € C on G, which satisfies the same differential
equation as the elementary spherical function ¢, of Harish-Chandra on the open set
Gt = G - K but has singularities along K. By making the r-fold convolution of Q,
they defined a function Qs on G, which is less singular than @) itself. Then, given
a cofinite lattice I' of G, they introduced the distribution P, ;(&,y) by forming the
Poincaré series

Pro(d,9) =cr(s) Y Qralz™yy), 4, y€T\X (L1)
~Y€ET

with a suitable normalizing factor c¢.(s) and proved, among other things, that it
is smooth on the complement of the diagonal in (I'\X) x (T'\X) and satisfies the
differential equation

(A+p3 — $*)Prs(d, —) = 6(2) (1.2)

with A the Laplacian of I'\ X, (&) the Dirac delta supported at £. In the classical sit-
uation that X is the upper half plane, the distribution P4 s(&, ¢), the resolvent kernel
function of Laplacian for the Riemannian surface I'\ X, was intensively investigated
by several German mathematicians from the view point of real analytic automorphic
forms ([3], [19]). Based on these works, J. Fischer deduced the resolvent trace formula
by computing the integral

/ (P1s(¢,2) — P1g(,8))dz, s, s e€C (1.3)
T\X

in two different ways ([5]).
In this paper, we show that the same type of procedure is possible for a higher
dimensional X by considering the integral fr\ x Prs(%,%)ds with r greater than a half

of dim X instead of (1.3). As aresult, following Fischer, we can obtain another proof of
the meromorphic continuation of the Selberg zeta function for I'\ X and its functional
equation, which was originally proved by Selberg, Gangolli and Gangolli-Warner ([7],
(8], (20]).

Although a handy formula of @, in the ‘polar coordinate ’(Cartan decompo-
sition) is desirable for our purpose, it seems rather difficult to have such a formula
directly from the definition of @, ; recalled above. Our strategy is as follows. We first
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228 Y. GON AND M. TSUZUKI

have an explicit formula of Qs = Q1,5 in terms of Gaussian hypergeometric series as
in the classical case, and then use the system of differential equations among Qy,s’s to
show that @, s is obtained from @, by applying the differential operator (;—jad; T to it
(Proposition 3.1.7, Theorem 3.2.1). Thus a formula of Qs in terms of a derivative of
the hypergeometric series becomes available, which enables us to compute the integral
fr\ « Prs(%,%)dt by dividing it into the local contributions for I-conjugacy classes
and by using various formulas involving the beta function and the hypergeometric se-
ries. Consequently we can evaluate the integral by means of the logarithmic derivative
of the Selberg zeta function for I'\X. On the other hand, by the spectral expansion
of P, s(%,—) given in [17], we compute the same integral in terms of the eigenvalues
of Laplacian on L?(I"\X). Combining these two expressions of fr\ x Prs(,2)d, we
arrive at the resolvent trace formula, which was studied in [5, Theorem 2.5.2, p.108]
for G = PSLy(R), in [4] for G = PSLy(C) and in [1] for Jacobi forms.

Finally, we would like to say a few words on the status of our results. The
resolvent trace formula (RTF for short) for a general compact locally symmetric space
'\ X with rank one X is more or less known, because it is essentially the same as the
determinant expression of the Selberg zeta function obtained already in [15] together
with its explicit gamma factor. But we believe that our method, that is a slight
extension of Fischer’s, provides a more direct and elementary way to have the RTF
than the traditional method employed in [20], [7] and [8], which necessitates difficult
tools such as the Paley-Wiener theorem and the Plancherel formula for X = G/K.
We also believe that our Theorem 3.2.1, that gives an expression of Qr s in terms of
the derivative of the hypergeometric series, is new and is interesting itself.

The authors thank Professor R. J. Miatello for his comments on the proof of
Proposition 4.1.1.

2. Preliminaries. In this section we introduce basic objects and fix notations.

2.1. Notations. We denote by N the set of natural numbers, ie. N =
{1,2,3,...}. Put Ng = N U {0}. The cardinality of a finite set S is denoted by
#8S.

Let X be a set and f, g two positive real valued functions defined on X. We write
f(z) <g(z), zeX

if there exists a positive constant ¢ such that f(z) < cg(z) for all z € X.

2.2. Lie groups and Lie algebras. Let G be a connected semisimple Lie group
of real rank one with finite center. Put g = Lie(G), the real Lie algebra of G. Let K
be a maximal compact subgroup of G and 6 the Cartan involution of g corresponding
to K, then we have the Cartan decomposition g = ¢ + p with ¢ = Lie(X). We fix an
Iwasawa decomposition G = NAK of G; A is a maximal split torus in G whose Lie
algebra a is orthogonal to ¢ with respect to the Killing form B of G and N a maximal
unipotent subgroup of G normalized by A. Since dim A = 1 by assumption, there
exists a unique root o € a* such that nj, = {X € g| ad(H)X =j - ao(H)X, H € a}
with j € Z is zero if |j| > 2, and Lie(IV) = n = ny + n2q.

Let Hy be the unique element of a such that a(Hp) = 1. Let (, ) : axa — R be the
inner product induced by B; it gives the identification a 2 a*. The dual inner product
of a* is also denoted by (, ). Put p = dimg ng, ¢ = dimg nes, po = 27 (p + 29),
co = (2p+8¢)~! and m = 271 dim(G/K). Then by the classification, we have the
list:



THE RESOLVENT TRACE FORMULA FOR RANK ONE LIE GROUPS 229

g | » lal po | m |
(D) | 2—2 1 ] ]
so(l,1) | 1—1 |0 |271(1—-1)| 27U
sp(l,1) |4l—4|1| 2a-1 |2-1
fa(=20) 8 7 11 8

(! is a natural number greater than one.)
LEmMMA 2.2.1. We have
2m=p+q+1, (Ho,Ho)=c5', (a,a)=co.
From now on we assume that m € N, m > 2. In other words, we exclude the case
of g = sly(R) or so(20 +1,1) with [ > 1.

2.3. Haar measures. Let dk be the Haar measure of the compact group K with
total mass one. Let dt be the standard Lebesgue measure of R; by the identification
R & A =expa, t — exp(tHy), it gives the Haar measure of the torus A. Denote
by CI(N) the space of compactly supported continuous functions on N. Since N =
exp(ng + n2g) is a unipotent Lie group we can take its Haar measure dn such that
the formula

[ gman= [ [ flexpx + ) axay, feciw)
N ng Jnog

holds with dX (resp. dY’) the Euclidian measure of n, (resp. ngq). (We regard njq
as a BEuclidean space by the inner product —B(Z,6Z2).)

Then we fix the Haar measure dg of G = ANK by dg = da - dn - dk. To handle
various bi-K-invariant functions (distributions) on G, the Cartan decomposition G =
K exp([0, 00)Hp)K is indispensable. We put

Gt =G-K=KA"K with AT = {exp(tHp)| t > 0}.

If g € G, and g = k1(g)a(g)k2(g), with ki1(g), k2(g) € K and a(g) € A*, then a(g)
is uniquely determined by g. We choose the Riemannian metric dz on X = G/K,
induced by the restriction B|, of B to . We then have that the hyperbolic distance
d(zK,yK) = B(tHo,tHp)'/? = t if z,y € G and a(z~'y) = exp(tHyp), with ¢ > 0.
The measure dg on G is decomposed along the Cartan decomposition as follows.

LEMMA 2.3.1. For any positive measurable function ¢ on G, the formula

/G o(g)dg = ca /K /0 ” /K o (ky exp(tHo ko) (t) dkydidks (2.1)

holds. Here

p(t) = (sinht)?*?(cosh t),

cg = 20 (m) 7 (27 ep) "™+ 2 m,
Proof. Define the function f on G by
f(kyexp(tHo)ks) = (cosht)®  (k1,k2 € K, t € R).

Next integrate f in the both hand sides of (2.1). (]
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3. Spherical functions. In the first subsection, after recalling the standard
properties of zonal spherical functions for G/K, we introduce a bi-K-invariant func-

tion ¢§2) on Gt with singularities along K, which is called the secondary spherical
function by T. Oda ([18]). We investigate its properties in some detail to show that
its r-times derivative with respect to s2 gives the function Qs of Miatello-Wallach

(7).
3.1. The spherical function with singularities. For s € C, the zonal spher-
ical function ¢, for G/K is defined by the integral

bs(9) :/ e(3+p°)°‘(H(’“9))dk, geaq.
K

Here for g € G, H(g) denotes the unique vector in a such that g € Nexp(H(g))K.
The basic property of ¢ is listed below.

(a) It is bi-K-invariant C*°-function on G, i.e., ¢s € C*°(K\G/K).

(b) It satisfies the differential equation

Q¢s(g) = (32 - pg)d’s(g)’ geG

with © the Casimir element of G corresponding to coB.
(c) If Re(s) > 0, then

lim _e"*0=¢,(exp(tHo)) = ¢(s)

t—+4o00

with ¢(s) the c-function for G/K given by

o(s) = 2”0_3F(m)F(S)I‘( s z”")_lr(flﬁ‘;—”ﬁ) o

Put ugl)(t) = ¢s(exp(tHyp)), t € R. Then by (a), ugl)(t) is a C*®-function on
R which determines ¢ uniquely, and by (b) it satisfies the ordinary second order
differential equation
d?u D q du s o
(D) : d_t2+ (tanht+tanh(2t) d_t+(p0—s Ju=0
which has the regular singularity at ¢ = 0 with characteristic exponents {0,2 —
2m}. Change the variable by z = tanh®t and consider the function w(z) =

(cosht)”""sugl)(t). Then it turns out that w is a solution of the Gaussian hyper-

geometric differential equation z(1 — z)%i—‘;J +{c—(1+a+b)z}e — abw = 0 with

Z

=2"Y(=s+pp), b=2"1(—s+ po — ¢+ 1) and ¢ = m. Thus we have

—s+po —8+po—q+1
2 2

We are interested in another class of solutions of (D)s which admit a singularity at

t = 0. Among them, the one with the fastest decay at infinity, which we now define,

is of particular importance: For s € C — {-1,-2,-3,...}, put

1
;6+1;—— ), t € R—{0},
cosh2t> {0}

ugl)(t) = (cosh t)s_”°2F1< :m ;tanh? t), teR.

§+po 8= po+2m
2’ 2

y(s) = r<3 J;”")rc s 2m>F(s +1)7I0(m — 1)~ = 27*+Pm(sc(s)) L.

u®(t) = 7(s)(cosh £)=(+00), Fy (

ProposiTION 3.1.1.
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(i) If s € C is not a pole of ¥(s) and y(s) # 0, then the famzly {us ,Us )} gives
a system of fundamental solutions of (D), around t =

(ii) There exists a unique family of functions {¢§2)l Re(s) = O} in C®(K\G*/K)

such that
(a)
Q6P (9) = (s> — p3)9P(9), g€GT.
(b)
¢ (exp(tHy)) = O(e™HRe@+0)) (£ -5 100),
(c)

: 2m—2 1(2) —
tl_lgrlot #s” (exp(tHp)) = 1.

For a given g € G the function s — ¢ )(g) is holomorphic on Re(s) = 0. We have
) (exp(tHy)) = ul?(t) for t € R — {0}
Proof. (i) Let us consider the Wronskian of the {ugl), Us )} put

Wi, u)(0) = (1) - LoD (1) ~ Su® (1) u2(0) (31)
. . . @) _ . 4,1 _
It is easy to verify that lims.yous’'(t) = 1, limeyoFus’(t) = 0,
lim;_ 40 $2m=24,(2) (t) =1 and lim;—, ¢ t2m—1gzu§2) (t) = 2 — 2m. So we have

Jim WD, u]()

d d
— 1 (1) L 42m—1 2 1) L 42m—2, (2)
tlu_xl_lo{us (t)-t 71 Us (t) — tdtus (t) -t Uy (t)}
=2-2m #0.

Hence there exists a tg, 0 < tp < € with a small € > 0, such that W[ugl), Us )](t ) #0.
This means that the Wronskian W[ugl),us )](t) does not vanish identically and we
have the assertion .

(ii) By the condition (a) and the fact (i), ¢§2) can be written as a linear combination

1) and u§2 as

¢§2) (exp(tHp)) = a - ugl) ) +as- ugz) @t (t>0).

of ug

Since lim;_10t2™~2u{Y(t) = 0 and lims_10 2™ 2u{P(t) = 1, the condition (c)
implies that ay = 1. Let us check oy = 0. Firstly we assume that Re(s) >
0. By the explicit formula, we have lim; o e(p""s)tugl)(t) = ¢(s) # 0 and
limg 4 0o e(”"‘s)tu§2)(t) = 0. So we obtain @; = 0 by the condition (b). Sec-
ondly we assume that Re(s) = 0. Then we have u(l) (t) = O(log(cosht)e~rot) and
u®) (t) = O(e~*0t) when t tends to +co. Thus we obtain a; = 0 by (b). a

ProrosiTION 3.1.2. Put
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Then for s € C with |Re(s)| < 1, we have
8%)(9) = 6P (9) + c(s)¢s(9), g€ G*. (3.2)

Proof. The function u )( t) on t > 0 is a solution of (D). Hence by Proposition

(1) @ 4

3.1.1, it can be written as a linear combination of ug’ and ug

W@ ) =c1 - u® @) +er-uP(t) (¢>0)

Since lim;_, ;¢ t2m‘2u§1)(t) =0 and limy_, 1o £2m=24,(2) (t) = lim;_, 1o t>™ 2 u® ) =1,
we have ¢y = 1.

Let us determine c¢;. First we assume that 0 < Re(s) < 1. By the explicit formula,
we have lim;_, oo elpo=9)ty(? (t) =0 and lim; 4 o e(/’o‘s)tu(ﬂ (t) =y(—s)-27~% . So
we obtain

2m=ra(-s) = -2 Trmr (52) (2=t
Thus
= (D(m)T(m ~ I(s)T(1 - 5))
).
Note that

['(s)['(1 — s) = wsin(7s) L,
() =r(n- =)
_'ﬁl(m R B () R
() o4

m—1
—s—po+2 —s—po+2
(m j__%_m).r(l_w). (3.5)

j=1

Then we have

e e e )

=
XF(—s;-p())F(l_ —s+p0)r<—s—p2()+2m>r<1_ —s—p2o+2m>

X .
sin( =220 1) sin(=2=£+2 M 1)
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Since

sin(7s) _ (_l)m—l{cot(:i.;___pﬂqr) + cot(ﬁﬂw) },

s—po+2m 2

2400 ) gin (—S=AUE2M 1)

sin(=

the formula (3.2) is now established for 0 < Re(s) < 1. By the analytic continuation,
the formula remains valid on |Re(s)| < 1. (]

The ‘bad ’behavior of the function ¢§2) (exp(tHy)) near t = 0 is controlled by a
simple function. Indeed, we have

PROPOSITION 3.1.3. There exists a function (s,t) — Y(t) on C x (R — {0})
with the following properties

(a) We can write

inh t)27
* r(m)?isrw)z—n{‘”(ﬁp(]) “”( 1)}

with polynomial functions a;(s) and b(s) such that

Yq(t) = Z (saJ (s) + b(s) log(sinh® ¢)

aj(—s) = aj(s), deg(a;(s)) <2(m—-j-1), j=0,...,m—1,
am-1(s) =1,

wo-co - (5}

Here 1(s) is the digamma function, i.e., the logarithmic derivative of the
Gamma function.

(b) There exists a family of polynomial functions {cp(8)}n>1 and {d,(s)}n>1 such
that Y o> | Ca(S)t™ and Y oo | dn(s)t™ have positive radius of convergence and
such that

P (exp(tHy)) t) + Z cn(s)t™ + log(t Z dn(s)t™

on 0 <t < e with a small e > 0.
Proof. Put u = sinh®t, a = 27 (s — po) + 1 and b = 271(s + po — 2m) + 1. Then

u (t) = y(s) (1 + u)Em—ro=)/2=1, By (a,b sa+b+m—1 T i u>'
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By the formula [16, (9.7.5), p.257], we have

u@ (1) = A(s) - (1 +u) " gt

Ta+b+m—1) = (=1)k(m—k—2)! k
X{F(a+m—1) T(b+m—1) & Z Kl (@) (B)e (1+u)

(=)™ T (a+b+m— 1) Z (@a+m—1)k(b+m—1)
T(a)T(5) (m+ k-1

x(¢(k+1)+¢(m+k)— Yla+m+k—-1)—ypb+m+k—1)

_1og(1j:u)) . (1iu)k+m_l} (3.6)

m— 2
Z 1)';2171 2)116161 2. (@)k (B)kuF~™FL(1 4 ) -1k

k=0

— (a+m—1)k(b+m—1)k(a)m-1(0)m-1
(=1) 12 (’c )(m+1,::—1)

x{1/;(k+1)+1/1(m+k)—1,[)(a+m+k—1)—1,[)(b+m+k—1)

—log(T) k140 0 <lul < (3:7)

with a small e.
Note that y(s) ='(a+m —1)I'(b+m— 1)l (a+b+m—1)"1T(m —1)~1. Now
put

(—=1)%(m — k — 2)!

A(s) = Fim 2] (@)  (k=0,...,m—2), (3.8)
Bi(s) = (a4+m —k'l()ri:l(li;)%; -]’:)ll::(i)irsl—l(b)m—l (k € No), (3.9)
=y(k+1) +¢(m+k)
—pla+m+k—1)—vpb+m+k—1) (ke Ng) (3.10)
and
(14u)"b Zc weu™ (jul < 1),

(14w~ "7k = chk u (|ul < 1),

SRR k) o= ()

with ¢} .(s) =
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Then
ugz)(t) — ivi Ak S)C 3) gktn—m+1
n=0 k=0
(1) ST Bu(s) ¢ ()3 v — log (- ) puftm (3.11)
,;),;) % (8) Cp i (s {'yk (o) (1+u)}u
m—1
= a’;(s) + b(s) log(w) + 3o(s)
k=1
+{Zp u® + log(u qu(s)u } (3.12)
k=1

with b(s) = (—=1)™By(s),

aj(s) = > Ar(s)ch () (G=1,...,m—1), (3.13)
n>0,0<k<m—1
k+n—m+l=—j

m—2

Bo(s) = 3 Ak(s) ¢h_y_ix() + (=1 Bo(s) 0, (3.14)
k=0

and p (s) gx(s) are some polynomials. By the foumulae of Ay and cj; > We see that
Ax(s) ey + (s)withn >0,0<k<m—1, k+n—m+1= —j is a polynomial of s such
that deg(Ag(s) cmk(s)) =2k+n==Fk—j+m—1. Hence a;(s) is also a polynomial
with

() < . 1V —or 9o i),
deg(a](s))\wo’(x)lé%)im_l{k j+m—1}=2m—-2j-2=2(m—j—1)

._n

m—

k+n—m+1=—j
We have
SPECI
- I'(m —11)I‘(m) (s 55 1)m-~1(ii;eEZ:——Z2 + 1)m—1
1 m2 s po . s+po—2m .
= Tm = )T (m) 1] (i) (v )
= T(m —ll)I‘(m E (=52 +9) (H—gpq ~m+j)

- s 4 G) - (B-9)') (315)

=1

<.
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m—1

)= =g L) - (3}

x{zﬁ(“”" +m) +u(2T2) —y() —w(m>}

2 2

3
w

+ Ak(s) ey ke (5)- (3.16)

Using the formula

Yly+m) = vly+1) + Z L ey
we have
ym mel
Jo(s) = F(m(—ll))F(m) E {(%)2 (% _j)z} ' {¢(s 5 +1) +¢(s+p0)}
+ao(s) (3.17)
with ag(s) = "1:[11{< )2 - <._ —j>2} . (ng po—— +22m 5 P(1) — ?ﬁ(m))
+mZ:2Ak (s)ch i Kok (8)- (3.18)
k=0

By the formulae Ax(s) and cn,k(5)7 we have that ag(s) is a polynomial function with
degree no more than 2(m — 1). Put

m-—1
Yo(t) = ; (siar:}ﬁ;?j + b(s) log(sinh? t)

b(s) s+ po
T =1) {¢( 7o) re(5R ) ea)
Then all the assertions in Proposition 3.1.3, except that a;(s)’s are even functions
are established. To have a;(s) = a;j(—s), we use the functional equation in Proposi-
tion 3.1.2. From that equation '
aj(—s) = aj;(s) (j=1,...,m—1), (3.20)
do(—s) = dp(s) +c(s). (3.21)
From (3.17) and (3.21), we have

ag(—s) — ap(s)
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with
A(3)=71'C0t‘:<s_2'007r)+7rcot<ﬁ-—p%_—ﬁz7r)—+—v,!)(s_2p0 )
() (S 1) - (2R, (3.23)

We claim A(s) = 0. Indeed, the formula ¥(y) — (1 —y) = —m cot(ny) gives

—¢<_5+p0> +¢(1 _ 5t +7rcot(s—p07r) =0,

2 2 2
S+ po S+ po s+po \
1,b< 5 ) 1&(1— 5 +7TCOt( 5 7r)—0.
Since 7 cot(my + mm) = mcot(my), we have A(s) = 0. (]

We introduce a family of functions ¢£r] (Re(s) > —1, r € Np) as
DEFINITION 3.1.4. Forr € Ny, we put

et 1d
0= 5 (-5) #00h 9e0n Rl

The basic property of ¢£r] we need is as follows.

PROPOSITION 3.1.5. Let r € Ng and s € C with Re(s) > 0.
(i) The function ¢\ belongs to C°(K\G*/K).
(iz) We have

d).[g"] (exp (tHo)) = O(e_t(Re(s)‘Fpo)),

on t > R with a large R > 0.
(ii) If r = m, then the function d)lr] has a continuous extension to all of G. We
have

lim ¢']( )

g—e,geGt

O R ()

(iv) Let Re(s) > po. Then we have

(Q - 32 + pg)qs.[sr-l-l] = _d).[srl) re NO)
(@ =+ o)l = 5

in the sense of distributions on G/K with ¢ the Dirac delta supported at the
origin of G/K.

Proof.
(i) By the exphclt formula of ¢{? (exp(tHp)) = u? (), it follows that
W(exp(tﬂo» = (-2Lrul?(®) is C® on t > 0 and ¢{)(exp(tHy)) =

os ](exp( —tHp)). From this, the assertion follows.
(ii) Since oFy (22,252 +m ;5+1 ;2) is holomorphic with respect to (s, 2)
on the domain {(s, z)|Re(s) > 0, lzl < 1}, the function z — (L), Fy(stee, s=po 4
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m ;s+1 ;2) is holomorphic on |z| < 1, especially bounded at z = 0. It is easy to see
that ¢Lr] (exp(tHp)) is expressed as a finite sum of the functions of the form

_ d s+ s —
d;(s) - (cosht) (s+p°)'(d_s) 2F1( ST mis L cosh2t>

with 0 < j < 7 and d;(s) a holomorphic function on Re(s) > 0. Therefore we have
oI (exp(tHp)) = O(e~Be()+m)ty (a5 ¢ — +00).

(iii) By the formula of Y4(t), we have

m—1
(—213 ) Z (sinht) 23( ggdis)raj(s)

J:
1d

(_ﬁﬁ) b(s) log(sinh* ¢) + y/(s) (3.24)

+

with some y(s) independent of ¢. Since a;(s) and b(s) are even polynomial func-

tions of degree no more than 2(m — 1), (—% %) a;(s) =0 for j = 0,...,m — 1 and
(—=£)b(s) = 0if r > m. Hence (—a £)"Y,(t) becomes smooth at ¢t = 0 as well as
on R — {0}. Since
g 1d
(" (exp(t Ho)) — =—C—— Y, (t 2
A (o) ~ =G (55 g5) Yo (3.25)

is continuous in ¢ on all of R (Proposition 3.1.3 (b)), ¢ [T] (exp(tHp)) has a continuous
extention to all of R if » > m. This establishes the ﬁrst part of (iii). The formula in
(iii) follows from the explicit formula of Y,(t) in Proposition 3.1.3.

(iv) If p > 0, then we set C5°(G) equal to the all functions f € C°°(G) such
that

px,u(f) = sup ||g]|T#|X f(g)| < o0
9€eG

for all X € U(g). We endow C°(G) with the topology induced by the seminorms
px,u- (see [17, page 675].) The argument below is similar to the proof of (17, Lemma
2.2]. Let f € C°(G/K) with p > 0, and Re(s) > po + pu. By the integration formula
in Lemma 2.3.1, we have

o /c @) (@ -5+ f) W dy
400
= A/() /K ¢_[g7"](k1 eXP(tHo)kz) . ((Q - 32 + Pg)f) (.’13 . k;l eXP(tHo)kz)/,L(t) dlﬁdtdk)g

400
= [ #iexp(er) - (@ - 5% + A)F) (xp(tHo (e (3.26)
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with F(g9) = [, f(zkg)dk (g € G). For t > 0, put h.(t) = ¢ (exp(tHy)) and
Fy(t) = (exp(tHo)) Then by integration by parts, the last formula of (3.26) becomes

[ - DR nwyar
0

= Jim_tim {u(O(Q)F(0) = WO QF(C) — H(Oh (IFG(e) + MAN (OFs(e)

77 Dihe(t)- Folt) - (e dt (3.27)
0

with Dy = p(t) "1 & (u(t)L) + p§ — s®. By Proposition 3.1.5 (i), we have h,(t) <
e~ (Re(s)+r0)¢ a5 ¢ — 400 and h,,(t) < e”Re()+r0)C 55 ¢ — f00. By the formula of
u(t), we have, p(¢) < €2#° as ¢ — +oo. Using the property of the norm || - ||, we have
some constants T and My > 0 such that

ok exp(tHo)l < llall - | exp(tHo)ll < Mollalle! (vt >T, ¥k € K).  (3.28)
Since f € C;°(G/K), we thus have
[Fo(O)] < pulf) - Mollzlle™ (¢ >T),
IFo(Ol < prou(f) - Mollzlle* (V¢ > T). (3.29)

Therefore the first and the second terms in the bracket of the right-hand side of (3.27)
is estimated as

|(Q)Rr(C) Fo'(¢)] = elTRe(e)+ootmC
iN(C)hr/(C)Fo(C), < e(_Re(s)+P0+M)C’ 5.30)

so they tend to zero as ( — +o0o. We evaluate the third and the fourth term in the
right-hand side of (3.27). By the expression of g (exp(tHp)) around ¢ = 0 given in
Proposition 3.1.3, we have

|he(€)] < €72M=D (¢ — +0),
-1
k() = 2m - (1+O(eloge)) (if r =0),
|h,.(€)] < e~ @m=2r=1) (i r > ().
Since p(€) < €79 = ¢2m~1 and
Fo(e) = Fo(0) + O(e), Fy(e) <1
We have
(e () Fy(e)] <€ (e = +0),
l(e)h(€)Fo(e)] < € (e — +0) if 7 >0,
11(€)h,.(€) Fo(e) = cg (1 + O(elog €)) Fp(0)  (r = 0).

Therefore, the third and the fourth term of (3.27) are equal to zero if » = 1 and are
equal to calFo(O) if 7 = 0. Suppose r = 0. Since the last integral in the right-hand
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side of (3.27) vanishes due to the differential equation D;h(t) =0 (¢t > 0), we have
' [ 4 (@ = + )1 ) dy
= Fo(0)cg! = f(z)cg! (3.31)

When r > 1, all the terms in the right-hand side of (3.27) except the last one vanish.
Consequently we have

g /G (@) (@ — 82 + 2)f) (v) dy
= / ” Dyh(t) - Fo(t) - u(t) dt. (3.32)
0

To compute D;h,(t), we need a formula:

cLAIM 3.1.6. Forr > 1, we have

1 dNr 1 d\r-1
20 (52 | = (-55)
Proof of the claim. Obviously it is sufficient to prove
1 d\r 1 d\r-1
2 (_L & _(_2%
[s ’( 23ds) ] 7'( 2$ds)

If r = 1, then this is checked by a direct computation. Let » > 1, and assume that
the formula for » — 1 is valid. Then,

82(_513-%)r )
1 1
=52( 2sds (_EES-)
1d 1 d L d
={(‘£d—s Sre-0(-gg) K“iﬁ)

~(zz) Fare-0(-z%)"

To have the second equality, we used the induction-assumption. Since —%d% =14+
(-5 2)s?, we obtain

#(-5ez)
1 d\r-1 1d 1 d\r-1
=(5z) (- oy ?)+ -1 (~57)
1 dyr-1 1 dyr
=r(-5%z) *mm) o

This completes the proof of the formula for r. O
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Let us finish the proof of the proposition. We apply the claim to the function
¢>§2) (exp(tHp)) in s. Then

D;h,(t)

_ 1 d T Cc_;l (2)
—Dt(—ggg) mfﬁs (exp(tHp))

A Cnd) e ) P e

-1
= —hrs ) + e (-5 2 ) Dig? (exp(tFo)). (3.33)

Since Dt¢>§2) (exp(tHp)) = 0 for t > 0, we have
hr(t) = —hp_1(t) fort > 0. (3.34)

By (3.32), (3.34) and (3.26), we consequently have
it [ A (@ -5+ B)r) o)
= —cg' /G $r=(z"y) - f(y) dy (3.35)

for r > 1. By (3.31) and (3.35), we have the desired formula. (]
We have a characterization of the family {¢[ST]}.
PROPOSITION 3.1.7. Let{prq| r € No, Re(s) > po} be a family of bi-K -invariant
distributions on G with the following properties.
(i) Forr € Ny, Re(s) > po the distribution @, s is represented by a C*-function
on G*.
(it) For Re(s) > po,

m—2 —
tl_lgrlot ©o,s(exp(tHp)) = 1.

(iii) For r € No, Re(s) > po,
Grio(exp(tHo)) = O(e~ ) ¢, yoo,

(iv) Let Re(s) > po. If we regard ¢, s’s as distributions on G/ K, they satisfy the
differential equations

(Q—8®+ p3)prs1,s = —rs, T € No,
(@ —5° + pp)wo,s = 6.

Then for r € Ng and s € C, Re(s) > po we have ¢, s(g) = qﬁ[;](g) on G/K in the
sense of distributions.

Proof. The difference g, s — gb[sol, considered to be a distribution on G/K, is anni-
hilated by the elliptic differential operator Q2 — s% + p2 on G/K (see Proposition 3.1.5

(iv)). Hence by the elliptic regularity theorem g s — (j)LO] is smooth on all of G. By
Proposition 3.1.1 (ii) the two distributions ¢ s and (;5[30] coincide with each other on
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the open dense set G*. Therefore ¢g s = ¢L0] on all of G. Let r > 0. We use induction

on r to show @, = "l Assume Or—1,5s = =Y. Then from the property (iv) of

¢r,s and Proposition 3.1.4 (iv), the distribution ¢, s — Lr] (on G/K) is annihilated by
the elliptic differential operator 2 — s% + p; hence it becomes smooth on all of G and
is actually a constant (say Cp) multiple of the zonal spherical function ¢s. But the
property (iii) and Proposition 3.1.5 (ii) give that (¢ s — grl)(exp(tHg)) is of exponen-
tial decay as t — +oo. Since ¢s(exp(tHp)) with Re(s) > po grows exponentially as
t — 400, the proportionality constant Cy should be zero. This completes the proof.

O

3.2. Miatello-Wallach’s spherical functions. We recall some basic proper-
ties of the functions @, s, r € N which Miatello-Wallach introduced and studied in
detail ([17]).

(i) For s € C, Re(s) >0, Q1,5 € C®°(K\G*/K) (|17, Theorem 1.1 (a)]) .

(ii) For a fixed g € G, the function s — Q1,5(g) is holomorphic on Re(s) > 0

and has a meromorphic continuation to C ([17, Theorem 1.1,(b)]).

(i)

cg'sc(s) . 42-2m

— , t— 0

Q1,s(exp(tHo)) ~

([17, Theorem 1.1, (d)]).
(iv) Let Re(s) > po and 7 € N. Then Q,, is bi-K-invariant and integrable
function on G satisfying the formula

Qr+1,s = Q1,6%Qr s

Here * means the convolution on G with respect to the measure dg. (see [17,
page 678]).
(v) Let Re(s) > po and r € N. Then

Qr,s(exp(tHp)) = O(e~t®Bel)tr0)y ¢ too

([17, Lemma 2.4]).
(vi) Let Re(s) > po. Then the distributions Qs on G/K satisfy the differential
equations

(2= 8%+ 00)Qri1,s = —25¢(5)Qr,s

for 7 € Ng with the convention that Qo,s = §, the Dirac delta supported at
the origin of G/K ({17, Lemma 2.2, Lemma 2.6]).

Thus the family {—(2sc(s))~"+tYQ,41,5] r € Np, Re(s) > po} possesses all the
properties (i) to (iv) in Proposition 3.1.7. Hence applying that proposition, we have
the following theorem, which is one of the main results of this article.

THEOREM 3.2.1. Let Re(s) > pg and r € Ng. Then as distributions on G/K the
equality

#(g) = - (Wl(s))r+lc2r+l,s(g>

holds.
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4. Miatello-Wallach’s function P, ; and its spectral expansion.

4.1. The function P, ;. Let X = G/K. Let I’ be a neat co-finite lattice of G,
that is a discrete torsion-free subgroup of G such that I'\G has finite volume. We
assume that if " is not cocompact then it satisfies the Langlands’ axiom. Here is a
notational convention: A point of the double coset space I'\ X is denoted by a letter
with a dot and any one of the lifts of that point to G is by the same letter without a
dot. For example if z € G then the corresponding coset ['zK € I'\X is &.

Let A be the Laplacian of I'\X corresponding to —2.
In [17], Miatello-Wallach introduced the functions P, s (r € Ng, Re(s) > po) by

- 1\ - L
Pra(6) =~ 55275 ) S Quleu). 5 ienX

with @y s the spherical function which we recalled in 3.2. Among other things, they
proved that
(a) the series P, s(Z,y) converges absolutely and defines P, 4(,7) holomorphic
in s on Re(s) > pg and smooth in %,y in the complement of the diagonal of
(T\X) x (1\X);
(b) for each £ € T\ X, as a distribution on I'\X P, ¢(&, —) satisfies

(A + 32 - pg)rPr,s(i’v '") = —5("1.:)

with §(z) the Dirac delta on I'\X supported at &
([17, page 685, Theorem 3.4], [2, page 621, Theorem 3.2]).

PROPOSITION 4.1.1. Let s € C with Re(s) > po. If r > m, then P, 4(Z,7) has a
unique continuous extension to all of (T\X) x (T\X).

Proof. This is a consequence of [17, Corollary 2.5]. Indeed, by that corollary,
Qrs € L*G) if r > m/2 and Re(s) > po. Hence Qs is continuous on all of G if
r > m and Re(s) > po, since in general the convolution of two L2-functions on G
gives a continuous function. By the discussion in [17, pp.683-687], the continuity of
P, ; follows.

REMARK. Proposition 4.1.1 is also a corollary of our earlier results. Indeed, from
Proposition 3.1.5 (iii) and Theorem 3.2.1, the function Qs (r > m, Re(s) > po) has
a continuous extension on G.

By this proposition, we can consider the restriction of P, s(£,y) to the diagonal
t = gy of (T\X) x (T\X). From now on we assume that ' is cocompact. Then
P, ;(¢,y) becomes bounded on (T'\X) x (I'\X) if » > m; in particular the function
P, s(z, %) is integrable on I'\X. We want to evaluate the integral
/ Pro1s(3,2)dé (@.1)
r\Xx

with 7 > m explicitly.

4.2. Spectral expansion of P, (£,7). In this subsection we compute the in-
tegral (4.1) by using the spectral expansion of P41 (£, 7). Since we assume that I is
cocompact the Laplacian A has no continuous spectrum on L2(I'\ X). The eigenvalues
of A forms a countable subset of non-negative reals enumerated as

O=X <A< h<...< <.
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so that each eigenvalue occurs in this sequence with its multiplicity. Let {¢n}n>0 be

the orthonormal basis of L2(T'\X) such that ¢, € C®°(I'\X) and A¢, = Ap@yn. For

each n we fix a complex number s, such that \, = p2 — s2.

PROPOSITION 4.2.1. Letr € Ny and s € C be such that r > m and Re(s) > po.
Then

I ©n(E)en (Y .
Pri1,(,9) = Z el )82)£+)1 , &, geT\X. (4.2)
n=0

Here the infinite series in the right-hand side of this identity converges uniformly in
(#,9) € (T\X) x (T\X).

Proof. Since r+1 > m and I'\ X is compact, [17, Theorem 4.2, page 689] implies
that the series

2
5 r

converges uniformly in ¢ € I'\X. Hence by Cauchy-Schwarz inequality, we have that
the series

a: y) - Z (52 ;grsgl-l

n=0

converges absolutely and uniformly in (,9) € (I'\X)?, which in turn means the
continuity of the function ®(£,7) on (['\X)2. Since I'\X is compact, for a fixed %,
the function ®(#, —) is bounded on I'\X; in particular it is in L#(T"\X). Moreover

(@6, -), ) =~ 7 2

for n € Ny. Since the last formula equals (P, s(Z,—),¢,) ([17, page 688]), the
difference ®(&, —) — Py 4(&, —) is orthogonal to all ¢,. Noting that the difference is
continuous on I'\X (Proposition 4.1.1) we indeed have ®(&,y) = P, s(z,y) for all 3.
(]

By this proposition we can compute the integral (4.1) in terms of the eigenvalues
of A.

PROPOSITION 4.2.2. Ifr > m and Re(s) > po, then

/ P,i1,:(2,2)dt = Z (32 52)T+1 (4.3)

Proof. This is a direct consequence of Proposition 4.2.1 O

5. Computation of the integral fr\ x Pr,s(Z,2)dE and the resolvent trace
formula.
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5.1. Computation of hyperbolic term. Let I" be as in the previous section.
Then an element v € I' — {e} is G-conjugate to an element h, of ATM with AT =
exp((0, +00)Hy) and M the centralizer of A in K h, is not uniquely determined by
v, but its ambiguity is unimportant for our purpose. We can write

hy = exp(tyHo)m, ty >0, m, € M.

Let G, be the centralizer of v in G and put Iy = ' G,,. Then G, is reductive
and I'y\G is compact. We fix a Haar measure dg, on G, in a manner analogous
to the manner in which the Haar measure on G was fixed, following the Iwasawa
decomposition of G, and put dg, for the invariant measure on I';\G,. The group
I’y is known to be isomorphic to Z. Hence there exists a unique generator g of I'y
and a positive integer j(7y) (the multiplicity of ) such that v = 'yé("). Let H(T) be

[

the set of I'-conjugacy classes in I’ — {e}. We first calculate the orbital integral of ¢
associated with a hyperbolic conjugacy class.
PROPOSITION 5.1.1. Let r € Ng and Re(s) > po. For [y] € H(T'), put
JU([y] 5 8) = vol(T,\G,) / ol (g~ vg) dgs,

where dg is the G-invariant measure on G,\G normalized so that dg = dg~dgy. Then

the integral J1([y] ;s) converges absolutely and uniformly on Re(s) = po + € for any
€ > 0 and is evaluated as

r e—(s 0)7
T[] ;s)=l< 1 d) {”J'(’Y)"lldet(l—Ad(hv)’”")'—l%_t}‘

M\ 2sds

Proof. We shall compute the orbital integral

(] ;s) = / LA 0 s (5.1)

~

Let h = hy = exp(tyHo)m, = exp(tHo)m € ATM, to which v is conjugate. Then
I)([y] 5 5) = IM)([A] ; 5) and

10 = [ #le o) dgi =volaen [ e & 65)

Gh

where vol(A\Ghr) = [4\c, 4n Moreover

[r] -—lh d_gz [r] k‘_l -1 kd
/A\ngs (7o) G = [ [ o1 hnk) dian
=/ ¢£f](n‘1hn)dn=]det(l—Ad(h)]n)l‘lf qﬁL’](nh)dn. (5.3)
N N

We recall a lemma (cf. [12, p.487]) to calculate the integral (5.3). Put [Z|? =
—B(X,0X) for Z € g. If n = exp(X +Y') with X € ng,Y € nyg and we write

nh =n-exp(tHo)m = kj exp(uHg)k (k1,k2 € K, u>0), (5.4)

then we have

cosh?(u) = [cosh(t) + ge-tlxlz] * b oY, (5.5)
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where ¢ = 471 (p + 4q) ™! = 27 1¢y. We first treat the case of r = 0. We have
/ d)LO] (nh) dn
N
= [ 69 exp(uio)h) dn

g / @
— ¢y (expuHp) dXdY
(2 2m) g Xnag ( 0)

1
2L2)’7(8) (coshu) =+, Fy (a, Bis+1;
ngXnzg COSh

. ) dXdy
u

3+pi
1 )

~ 50 ., { (e ) et

1
" (cosh(t) + ge~t|X[2)2 + ce~2t|Y|?

xoF1 (a Bi54+1; ) dXdy, (5.68)
where & = (s+pp)/2 and 8 = (s—po+2m)/2. Substituting X = cosh(t)2 (2~ 1c)"3e5¢
and Y = cosh(t)c Zety, we have dX = (cosh(t)z(2~lc)"%es)Pdt, dY =
(cosh(t)c™3et)%dn and dXdY = (cosht)Poerot2—5c~m+idedn. So the integral (5.6)
equals

-1 _st+po

) /Rpxm{(l G+ l? ) (coshe) (e
(cosht)~ otof —mtl
X2F1<Of ﬁ $+1 (1+“€” )2+“7]”2)6p 22¢ dﬁdn
-1
N ﬁ”(s)(cosh £)teotaf cmmrEI(s). (5.7)

Here, I(s) is given by

= ) ) (cosht)~?
Lo farery oy s (et S dean. 69

Using polar coordinates for R?, R? and the power series expansion of the hyper-
geometric function, we carry out the integral term by term; this is permissible by
dominated convergence theorem. Hence,

2m2 272 [ 4 41 N2 o —zteg
1= figyegy Jy e (e )
cosht)™?
X9 Fy (a,ﬂ is+1 ,(—22)——;> dp1dps
(1+p1) + 3

ors ord _ —2te0
F(E I\(g // pp 1 1+p1) +pg} ’

I(s+1) SxD(a+BI(B+k) (_(cosht) \*
X I'(a)T(B) k}:o T(s+1+k)k! ((1 N p%)z n p%) dpidp2

_ 2’7!'12Z 271’% I‘(3+1) F(a+k)1"(ﬁ+k) B
F(%) F(%) F(OL)F(,B ZI ( s+1+ k)k! (c cosh ) (5.9)
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with
—_ ste -

k
I(s) = / / . (1+p1) +p§} ? dpidps  (k € Np). (5.10)
By making the substitution ps — (1 + p?)p2, we have the expression for Ix(s) as
o _steq
/ P14 )Tty / P 1+ p3) 7 2 Fdps. (5.11)
0

The relation

/Ooopgz"l(l +p2) " Vdp= %&iﬁ% Re(z), Re(y) >0

gives

TGN+ po+2~g—8) ITGN(H +F-4)
2 P(3+pO+2k—q) 2 F(s_-;&_'_k)
= (D) (d) D(s + 2K)0(25= + k)
4 2/ T(s + po — g + 2k)T(2E2 + k)
1_/p\w(q\ D(s + 2k) - w32~ (s+po=a+2k=1)
=77 (5)r()
_1
4

I(s) =

2) T + IR 1 51 )

g\ (s + 2k) - w32—s—pota+l . o—2k
= F(_)P(§> T(a+k)I(B+Ek) . (5.12)

The third equality is obtained by the duplication formula:
[(22) = 7~22% () (2 + 1), (5.13)

for 22 = s+ po—q+2k and the last one is by s+pp—q+1 = s+54+1 = s+2m—py = 20.
Substituting (5.12) into (5.9) and using the duplication formula (5.13) for 2z = s+ 2k,
we have

1 —s— ['(s + 1) I(s+2k) _ _
I(s) = 73P+a+1)g—s—potq+1 Z 9=2k (coch )2k
(s) = INGYIA I‘(s +1+ k)k' (cosh?)

_ dtag-reta LE D) ST +k>r<i—+k)
= qz(Pta)g p+qI‘(a)F(ﬁ)Z 2 NEESERATY

_ g—pota it L+ 1) T()T(=E) (s s+1 1
= E RN Tery i 2 i) 619

By [16, (9.8.3) in p.259]:

(cosh )2

AN\ —2a
oFi(a,a+3;2a+1;z2) = (1—-,-%) , (5.15)
we get
+ (+) ( ) (_+_) —st s
I(s) = 27Potagz(PTa —(a)_I‘(_)— (2cosht)’. (5.16)
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By (5.6), (5.7) and (5.16), we have
/ oL (nh) dn

- % / ¢ (exp uHp) dXdY
ngXngag

(2 —2m)
-1
Z26—2—)7(3)(005ht) terotobem™ a1 (s)
ch F'(a)(B —s —mal
T2 G2m) T(s +(1))1“(( ) —ycosht)™ - em2ie e
1 D)L
x2—ﬂo+q7T7(P+Q) (())]-E(ﬂ)) _St(2COSht)s
cg' Mt pmeg 2°T($)T (=) JE—
(2 —2m) TI'(m-1) I(s+1)
cgl  2mmeTmta e (s—po)t
(2 2m) T'(m—-1) s
_ CE: _ ﬂmc_m"'% e_(s-PO)t _ _e_(s-pﬁ)t
I L R o e A (5.17)
The proof for r = 0 is finished by
T[] 58) = vol(CNGNIN (] 3 8)
= vol(I'y\G)vol(A\Gr) | det(1 — Ad(hy)|a)| ! / ¢ (nh) dn

= vol(T,\G)vol(A\Gr) et det(1 — Ad(hoh)],)] 2 / 80 (nh) dn (5.18)
N

and (23, Theorem 11.30, p.189] (or [6]),
vol(T'y \G)vol(A\Gp) ™ = t5(7) . (5.19)

Finally we have the formula for JI"I([y] ;) (r > 1), by interchanging integration and
differentiation. l

Recall the integral (4.1), which is expressed by eigenvalues of Laplacian in Propo-
sition 4.2.2. Now we obtain another expression of that integral.

PROPOSITION 5.1.2.
(a) The infinite series
]_1 t,ye_(s'f'PO)t‘/

Fup(s) == 32 507 des(1 = Ad(hy )|

YEH(T)
converges absolutely and uniformly on Re(s) = po + € for any € > 0.
(b) If r > m and Re(s) > po, then we have

P &, d)di = vol(I'\G lim gl ) Jtrl(
[ Prosate e =val\6) (im0 RLCE

(5.20)
where the series in the right-hand side of (5.20) converges absolutely and
uniformly on Re(s) > po + € for any € > 0.
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Proof. The assertion is ensured by the next lemma. O

LEMMA 5.1.3. Suppose that T is a discrete subgroup of G such that T\G is
compact. Then the counting function

mo(Z) = #{{v}r € H(I)[N(y) =€ < T}, T>0
satisfies the growth condition
mo(T) = O(T?*) as T — oo.
Proof. (Similar to [4, Lemma 2.6.3, p.70]) It is well known that log N(y) =
ty = inf{d(z,yz)|z € X}. Set ax(y) = {z € X|d(z,vr) = t,}, the axis of 7.
Since I'\G is compact, I has a compact fundamental domain X C X such that
I'Xr = X. Let v € I, hyperbolic and suppose that z € ax(y). Then there is an
element hy € I" such that hoz € Xr and hence t, = d(z,v2) = d(hez, hofyhal - ho2)
with h = hoyhg! € {y}r. Let d(4,B) := inf{d(z,y)|z € A, y € B} denote the
hyperbolic distance between the non-empty sets A, B C X, and B(z,r) the ball with
radius r > 0 centered at z € X. Put dp := sup{d(z,y) |,y € Xr} and choose a point
g € Xr.
mo(T) =#{{7}r € H(T) | N(v) = e < T}
<#{h € T|d(Xr,hXr) < logT}
é#{h el | d(ﬂ?o, hiBo) <logT + 2d0}
<#{h € T'|hXr C B(zo,log T + 3do)}
< vol(B(zo,log T + 3dp))
= vol(Xr)
/logT+3do

ca
<
\VOI(X[‘) Jo

2_(p+2q)c log™ -3do
S vol(XF)G /0 (e" — e " )PFi(e! + %) dt

2~ (P+20) o, (P+29)3do
(p + 2q)vol(Xr)
So we have the desired formula 7o(T) = O(T?%°) as T — oo. UJ

5.2. The resolvent trace formula. From Proposotion 4.2.2, Proposition 3.1.5
(iil) and Proposition 5.1.2, we arrive at the formula.

w(t)dt

T(P+2q)

THEOREM 5.2.1. Ifr > m and Re(s) > po, then we hon:

ni:% m = ‘“;1‘! <—§%%)r <Jid(8) + Jhyp(s)>

with
Jia(s) = vol(T\G) Tm_s/?(r;cgl_l/? (-1
m—1
THE) - (30 Ho(52) (520}
Tnyp(s) == ) j(v)‘lldet(l—Ad(h;l)|n)|—17fv_e"(;:;”)t’_,

YEH(T)
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6. Selberg zeta function.

6.1. Analytic continuation of the Selberg zeta function. We recall the
definition of the Selberg zeta function for I'\X with [" as in the previous section.
Let H be a 6-stable Cartan subgroup of G containing A. Then H = AH~ with
H~ = HNK. Let P be the set of those root 8 for (§¢,gc) with S(Hp) > 0, and A
the set of linear forms on f¢ of the form

A= "ngB,  npeNo (6.1)
BEP

For A € A let m) denote the number of the ways to express it in the form (6.1).

Let Prim(T") be the set of primitive conjugacy classes in H(I'),i.e., the set of non-
trivial I-conjugacy class which is not a power of any other I'-conjugacy class. Then
for [y] € H(T') there exists a unique [y9] € Prim(T") such that [y] = ['y{,(")] with j(7)
the multiplicity of +.

Since H™ is a Cartan subgroup of the compact group M, any element of M is
M-conjugate to an element of H~. Hence the G-conjugacy class of a [y] € H(T)
contains an element of H expressed as

hy = exp(tyHo)h7, ty >0, hy € H™.

For A € A the associated character of H is denoted by &\ : H — C*. With these
notations, the Selberg zeta function for I'\ X is defined as the Euler product

Zris)= ] [l -é&aryestry™ (62)

[v]€Prim(T) A€A

It is easy to see that the logarithmic derivative of Zr(s) is related to the function
Jhyp(s) by the formula

1d
% ds log Zr(s + po) = Jhyp(s) (6.3)
Hence by Proposition 5.1.2 (a), the infinite product (6.2) converges absolutely and

locally uniformly on Re(s) > 2pg defining Zr(s) holomorphic in s on that half-plane.

COROLLARY 6.1.1. The Selberg zeta function Zr(s), defined for Re(s) > 2pq,
has the analytic continuation as a meromorphic function on the whole complex plane.
Zr(s) has zeros located at s = po £ sp,n 2 0. If Ap # pg, the order of the zeros at
s = po % s, equals the multiplicity of the eigenvalue \,. If p3 is an eigenvalue of the
Laplacian /\, then the order of the zero at s = po equals twice the multiplicity of the
eigenvalue A\, = p3.

Proof. By (6.3) and Theorem 5.2.1, we have

Z (2 — 32)r+1 = _;17(_2_13;_3) < (s) = —ilong(s +Po)>. (6.4)

n=0

The left-hand side of (6.4) is a meromorphic function of s € C and its poles are
located at the points s = s, with order r + 1 (or 2r 4+ 2 if s, = 0). It is simple
to see that Jiq(s) is meromorphic on C and its all the residues are integers. Hence
% log Zr(s) is a meromorphic function with simple poles only at s = pg + s, and at
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points coming from Ji4(s). For A\, # p2, the residue of % log Zr(s) at s = po £ sn
is equal to the multiplicity of \,, and if pZ is an eigenvalue, the residue of the pole
at s = pp equals twice the multiplicity of the eigenvalue p2. So all the residues at
s = po £ s, are non-negative integers. This completes the proof. O

REMARK 1. For almost all n > 0, s, is purely imaginary.

REMARK 2. We can also show that there exists a meromorphic function Zig(s)
such that

1d
~55 s 108 Zia(s + po) = Jia(s)-

Since the left-hand side of (6.4) is invariant under s — —s, the completed Selberg
zeta function Zr(s) := Zp(s)Ziq(s) satisfy the symmetric functional equation

Zp(on - s) = 2p(8).

The function Ziq4(s) is called gamma factors (or identity factor) of Zp(s). It is known
that Ziq(s) is described by the multiple gamma functions. We refer [15], [21] and [9]
for this topic.
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