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TWISTED TORSION ON COMPACT HYPERBOLIC SPACES: A
REPRESENTATION-THEORETIC APPROACH*

MARIA G. GARGOVA FUNGT

Abstract. In this paper we consider a twisted version 7¢ of the Ray-Singer analytic torsion
on compact locally symmetric spaces X = K\G/I' (with G a noncompact connected semisimple
Lie group, K its maximal compact subgroup, and I' a discrete torsion-free cocompact subgroup),
where 6 is an automorphism of X with the property that 62 = 1. We obtain a representation-
theoretic interpretation of the twisted torsion via certain irreducible unitary representations of G.
By considering § = Cartan involution for SOo(2n + 1,1), we show that |7g] = 1 for the compact
hyperbolic spaces associated to this family of Lie groups.

1. Introduction. The analytic torsion of a compact Riemannian manifold, in-
troduced first by Ray and Singer in [18], is an important invariant that allows us to
distinguish between spaces with isomorphic cohomology rings and homotopy groups.
It is composed of the spectral information of the Laplacian operators associated to
the De Rham complex of the manifold. Cheeger and Miiller independently (see [5]
and [17]) have shown that this torsion coincides with its combinatorial counterpart,
the Reidemeister torsion.

In the special case when the manifold is a compact locally symmetric space X =
K\G/T, with G a real semisimple non-compact Lie group, K its maximal compact
subgroup and I" a torsion-free cocompact discrete subgroup, Speh in [22] expresses
the analytic torsion in terms of representation-theoretic data. Inspired by work of
Fried [7] on compact hyperbolic spaces, she describes the spectrum of the Laplacian
operators via certain irreducible representations in the unitary dual of G. This allows
Speh to construct a proof different from that of Moscovici and Stanton [16] of the
vanishing of the torsion on all compact locally symmetric spaces of the type above,
except in the cases when G has a factor locally isomorphic to SO(p, ¢) with pq odd,
or SL(3,R).

An automorphism of a compact Riemannian manifold acts on the Laplacian op-
erators associated to its complex of differential forms, and thus it acts on the building
blocks of the analytic torsion. Therefore, each such automorphism allows us to con-
struct a twisted invariant analogous to the usual torsion. In this paper we do this in
the case when 6 is an involution of a compact locally symmetric space. We prove the
following vanishing result:

THEOREM 4.2 For the compact locally symmetric space X = K\G/T with G
locally isomorphic to SOo(2n+1,1), K its mazimal compact subgroup and T a discrete
torsion-free subgroup, the twisted torsion

7ol =1

for all outer automorphisms of G such that > =1 and (K) = K, §(T) =T.

The proof of this theorem is modeled after Speh’s proof of the vanishing of the
analytic torsion. Thus, we first obtain a representation-theoretic interpretation of the
twisted torsion on a general compact locally symmetric space in 2.3. Then we relate
this invariant of the locally symmetric space to ” twisted torsion” of f-invariant unitary

*Received August 5, 2001; accepted for publication November 16, 2001.

tDepartment of Mathematics, Western Oregon Univeristy, Monmouth, OR 97361, USA. The
author would like to extend special gratitude to Birgit Speh for all her direction, encouragement,
and patience during the completion of this doctoral research at Cornell University.

169



170 M. FUNG

representations in the discrete spectrum of G/T". This twisted torsion on representa-
tions is distinct from Speh’s torsion on representations only when the automorphism
6 is outer.

We specialize to the case when G is locally isomorphic to SOp(2n + 1,1) and 6
is the Cartan involution, since for this Lie group it is essentially (up to inner auto-
morphism) the only outer involution. Moreover, in 3.1 we obtain a reduction of the
twisted torsion on unitary representations to that of invariant principal series repre-
sentations. This allows us to get a formula relating the logarithm of twisted torsion
on the manifold to special values of the twisted zeta functions of #-invariant principal
series representations. In sections 4, 5 and 6 we show that under the assumptions of
the theorem the twisted torsion of all #-invariant irreducible unitary representations
of G is 0, and hence the logarithm of the twisted torsion on the manifold is 0.

We work with the disconnected group G = SOg(2n + 1,1) x {1,8} whose non-
identity component we denote by G6. We extend each f-invariant principal series
representation I of G by induction to a representation of G with irreducible factor
denoted by I. We interpret the twisted torsion of such an invariant principal series
representation as the coefficient of the trivial representation in a virtual tensor prod-
uct module (see 4.5), on the K@ component. At the heart of this character theory
computation of the twisted torsion is the calculation of the twisted character tr (E)
performed in section 5. It turns out that this character is a locally integrable function
on the maximal torus of the subgroup M = SO(2n) of G.

To get our vanishing result, we complete our proof by recognizing the product of
the two characters that define the twisted torsion on representations as products of
sums of characters of SL(2,R). To obtain this interpretation, we use combinatorial
results in 6 to rewrite, in a suitable form, the characters of those M-representations
that parametrize the class of f-invariant principal series for SOp(2n + 1,1).

2. Twisted Torsion on Compact Locally Symmetric Spaces.

2.1. Preliminaries. Let X be a compact Riemannian manifold. Denote by
A(X) the complex of its R-valued differential forms. By taking the adjoint d* of
the differential D we can define the Hodge-Laplacian operator A; on j-forms by
Aj = Dd* +d*D. This operator is nonnegative and elliptic [24] and we can associate
to it the Dirichlet series

Ca; =) A°

where we sum over all nonzero eigenvalues of A;. This series converges absolutely for
Re(s) large enough, and in fact it can be analytically continued to a meromorphic
function in the complex plane [21].

We define

det A; = exp (—(’A]_ (O))
where (j . denotes the first derivative of the zeta function (a,.

DEFINITION 2.2. The square of the Ray-Singer analytic torsion [18] 72, corre-
sponding to the trivial representation of the fundamental group of X, is given by the
quotient

(det A;) (det Az)®. ..
(det Ag)® (det Ag)* ...~
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We consider only compact locally symmetric spaces of the following kind: X =
K\G/T', where G is a semisimple noncompact connected real Lie group with maximal
compact subgroup K and I is a discrete torsion-free cocompact subgroup of G.

The Lie algebra g of G has the Cartan decomposition g = ¢€D p, where ¢ is the
Lie algebra of K and p = T'(X)., the tangent space at the identity of X.

For every (g,%)-module M of the universal enveloping algebra U (g) of g we can
consider the relative Lie algebra complex

C* (g, M) = Homg (A*p, M)

where we consider p as a -module via the adjoint action. If M is unitary, there is a
natural inner product on Homg (A*p, M) coming from the Killing form on p and the
inner product on M. Thus, following the exposition of Chapter 2 in [2], we can define
" a Laplace operator

Afw : Home (/\jp, M) — Homg (/\jP,M) .

Kuga’s lemma (page 49 in [2]) then gives us that for each w € A7p* and v € M (recall
that C/(g, M) = [(Np)* ® M] !, where we take the E-invariants in the latter term)

Ny (W@ v) = we (~Cv),

with C being the Casimir operator associated to the module M. On the other hand,
A(X) is isomorphic to Homg (A*p, C* (G/T)), with C* (G/T") a module for the uni-
versal enveloping algebra U(g) via right invariant differentiation. Thus the spectrum
of the Laplace operator is in one-to-one correspondence with the spectrum of the
Casimir operator C on L?(G/T).

Fix dz to be the Haar measure on G/I' coming from the Haar measure on G.
Then the Hilbert space L2(G/T) of square integrable functions on G/T" with respect
to dz is the completion of the space C*°(G/I"). Moreover, we can decompose L2(G/T")
as a discrete sum of irreducible G-modules with finite multiplicities, by a theorem of
Gel’fand and Piateckii-Shapiro [9]:

12(G/T) = @m(r, ) Hy

where we sum over all irreducible unitary representations (, Hr) in the unitary dual
G, and m(m,T') = dim Homg (H,,,L2 (G/1)).
Hence it follows easily (see [22]) that for A # 0 € R,

dim ker(A; — A) = Z m(m, T')dim Home (A p, H),
Wedu
w(C)=A

where H° denotes the C*°-vectors in H,. We denote the dimension of this kernel by
m(A,5,T).
This allows us to write

(2.1) log 72 = ;%Z(—nfjggj(s) where (a; = m(),5,T)A~".
J
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2.3. Definition of the Twisted Torsion and Representation-Theoretic
Interpretation. Let us fix an arbitrary automorphism 6 of the Lie group G such
that 8(K) = K, (T') =T and 6% = 1. We can think of # as an automorphism of
X = K\G/T, by identifying it with the induced map on the locally symmetric space.

The automorphism 6 acts on the complex of differential forms A(X), which we
identify with the space Homg(A*p, C*°(G/T")), in the following way:

0-n(Y1,Ys,...,Y,)(z) = n(d6Y1,d6Ys, ...,doY,)(6(x)),

with 7 € Home(A%p, C*®(G/T)), Y1,...,Y; € pand € G/T'. Another way of writing
this -covariant action is:

(2.2) g-n= 779 = ealo(g/r) 01 0 pap,

with fce (g r) and Oa¢p denoting the action of # on C°(G/T') and A%p, respectively.
The automorphism @ acts on the Laplacian operator A, by

AG=0-Dq(m) =0(2g(07" 1)) = 6(A,(6 - )

since the Laplacian is a linear map.
DEFINITION 2.4. The square of the twisted torsion 13 corresponding to the trivial
representation of I is
(det A?) (det AZ)...
(det A9)® (det A9)* ...

We would like to obtain a representation-theoretic interpretation of the twisted
torsion on the compact locally symmetric space X. As a first step in this direction
we get the analogue of Kuga’s lemma.

We call a unitary (g, €)-module (7, M) f-invariant if the module (7?, M) is iso-
morphic to the original module, with 79(X) - m = n(df(X)) - m for X € g,m € M.

LEMMA 2.5. Let (w, M) be a unitary, 0-invariant (g, €)-module with corresponding
Laplacian operator A(r). If n € C1(M) = Home(Ap, M), then
(A(m)n’)1 = ==(C)f,
where C  denotes the Casimir element associated to (m,M) and
776 = 0;[1 ono Gqu.

Proof. The same proof as the one on p.49 in [2] goes through, with 7 replaced
byn®. O

COROLLARY 2.6. A(7)(w®v) =w ®8(—C(6 - v)) for w € A*p* and v € M.

Proof. By the above lemma we have that
O(A(m) (W’ ®0°%)) = 6(w’ ® -C(6-v)) =w 8(~C(8 - v)).

D .
If §(—C(v%)) = M for some A # 0, then —C(v?) = Mv?. Conversely, if C(v?) =
Mv?, then (—C(v%)) = —Av. Thus, the spectrum of the twisted Laplacian depends
on the spectrum of the Casimir element C.
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Recall now the decomposition of the unitary G-module L?(G/T') whose C*-
vectors are C°(G/T") (see [9])

(2.3) L*(G/T) = @m(m, ) Hy,

where we sum over all irreducible unitary representations (m, Hy) in the unitary dual
G, and m(n,T) = dimHomg (Hy, L%(G/T)). The map 6 acts on the left side of
equation (2.3) by

0 f(z) = f(6(z))

for all f € L2(G/T) and z € G/T. Obviously, 6 leaves L?(G/I") invariant.
Consider now the right side of equation (2.3). There are two possibilities that can
occur. First, it can happen that the representation H; is sent by the action of 6 to

a representation isomorphic to it. In this case, there exists an intertwining operator
Ap : Hy = H, such that

Agm(g) = m(6(g)) Ao

A2 =1.

Notice that the operator Ay is thus determined up to a sign, €. In this situation, 6
also acts on a € Homg(H,, L?>(G/T')) by

0~a=0;§(0/r)oa001{"

with 872(g/ry and 6, denoting the actions of 6 on L*(G/T") and H; respectively.
Note that this action is G-covariant.

Second, it can happen that @ sends the representation H, into a representation
H? which is not isomorphic to it. In this case, we can look at the direct sum H, & HZ.
Clearly, this sum is invariant under . Moreover, we can show the following.

LEMMA 2.7. If Hr % H?, then the trace of 0,
tre‘HOm.(/\ip,Hf@(Hgo)e) =0 forallj.

Proof. We can choose a basis of the finite dimensional vector space
Homg (A p, H®® & (H®)?) consisting of E-homomorphisms ay,...,q; which live on
(H®)? and are trivial on H®, for some positive integer /, and E-homomorphisms
Bi,--.,Bm which live on H® and are trivial on (H>)?, for some positive integer m.
Since 6 is an invertible linear map with the property 2 = 1, it follows that in fact
| = m. Moreover, 6 maps each a; into ) ;€iBi (1 <£j <) for some nonzero constants

¢;, and hence its trace on Homg(A7p, H® & (H®)?) is 0. O

THEOREM 2.8. Suppose that G/T" is compact and let C be the Casimir element
in the universal enveloping algebra U(g). For A #0 € R

dimker(A? - )\) = Z tr elHomG(HmLz(G/r)) tr BlHom!(/\jp,H:c).

TEG.
w(C)=A

Proof. Since the operator A; is elliptic, so is its twisted version Ag. This implies
that we can write A7(X) as a direct sum of its eigenspaces. By the corollary to
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Lemma 2.5, the action of the twisted Laplace operator corresponds to the action
of the Casimir element on C*®°(G/I'). By the above analysis, it follows that the
decomposition claimed in the theorem is precisely the eigenspace decomposition. 0O

REMARK. This theorem implies that if we want to calculate the twisted torsion
on X it suffices for us to consider only the unitary irreducible representations (m, Hy)
and their corresponding modules H° of C°°-vectors which are f-invariant.

COROLLARY 2.9. Suppose that X = K\G/T is a compact locally symmetric space
and let tr(X,7,T) =) red, T BlHomG(H,,,Lz(G/l")) tr 0|H0m'(/\jﬂ.,H;o). Then

m(C)=A

Cas(s) =D tx(\J DA™ for s€C.
A

Furthermore,

log 7§ = lim % *(=1)75CAs(s).
J

Proof. Since |(xs| is dominated by |¢a,| for the zeta function of the usual torsion,
7

it converges for Re(s) large enough (the classical case is shown in [10]) and can be
extended to a meromorphic function on C. Hence, the two equations in the corollary
make sense (see also equation (2.1)). The fact that they hold is obvious. O

In view of this result, it is reasonable to consider the following functions on (g, €)-
modules.

DEFINITION 2.10. Let (p, M) be a 6-invariant (g,€)-module. Define the torsion
tor(p) and its twisted version tor®(p) to be
tor(p) = Z(—l)jj dim Home(A7p, M)
J

toro(p) = E(_l)jj tr0|Homg(/\-’ip,M)~
J
We would like to find conditions under which these two functions coincide.

PROPOSITION 2.11. Suppose that 6 is an automorphism of X which comes from
an inner automorphism on G, and let (p, M) be a 6-invariant (g, €)-module. Then

jtor ()| = [t0r® (o).

Proof. The automorphism 6(g) = aga™! is defined by an element a € G of finite
order. This means that a € K. Denote by X, the corresponding element in €. Let
w € Home(Ap, M) and Y € A/p. Then

0. (w(Y)) = 47" (V) = 47 w(ad(Xa)Y) = 47 p(Xa)w(Y).
Now we can choose Ag = p(X,). O

COROLLARY 2.12. Assume 0 is an automorphism of X coming from an auto-
morphism of the group G of the form 8 = 6, o 02 where 6, is an outer automorphism
and 02 is an inner automorphism. Then for 8-invariant (g, t)-modules (p, M),

|tor? (p)| = |tor® (p)] -

Proof. This is immediate from proposition 2.11 and the multiplicative property
of the trace. O



TWISTED TORSION 175

3. Twisted Torsion on Representations of SOy(2n +1,1). From this point
on we are going to assume that the Lie group G is isomorphic to the connected group
SOo(2n +1,1).

3.1. Reduction to the Principal Series Case. Let P = M AN be a minimal
parabolic subgroup of G, ¢ an irreducible representation of M = SO(2n), and v a
character of Lie (A) = a. Denote the principal series representation Indg(a ®rel)
by (I(P,o,v),n). The action of G here is by w(z)f(9) = f(z~1g) for 2,9 € G,
feIl=I(Po,v).

For an admissible representation U such that U? = U 0§ = U and an automor-
phism @ of G with the property that 82 = 1, recall the following definition (in view of
2.10):

DEFINITION 3.2. The twisted torsion of U with respect to 0 is

tor?(U) = (=1 tr 0l omp (rip, ) -

%

We observe that the twisted torsion tor? (I(P, o, v)) is independent of the character
v since it depends only on the K-type structure of I(P,o,v). Moreover, as in lemma
2.7, if U? is not isomorphic to U, we can show that

tr 0|HomK(,\;P,U®Us) =0.

Now we can explore the vanishing properties of 7y on the associated locally sym-
metric space, by considering only the twisted torsion of #-invariant modules of G.

LEMMA 3.3. Let U be an admissible, 0-invariant representation of G. Then
the twisted torsion tor® (U) is completely determined by tor® (I(P,o,v)) for the prin-
cipal series representations which appear in the unique decomposition of U in the
Grothendieck group of G.

Proof. Write U in the Grothendieck group uniquely as
U= Zm(U,U ®v)I(P,0o,v)

where m(U, o ® v) are integral coefficients. As before, we may assume that I = I,
because U is #-invariant. Then the action of § on U is completely determined by the
operator Ay acting on I. The fact that the twisted torsion of a principal series is
independent of the parameter v, together with the linearity of the trace, then gives
us the required result. 0O

PROPOSITION 3.4. Suppose that X is the compact locally symmetric space asso-
ciated to G. Then

S (=175¢4, () = Y tor® (U) tr bl U(C)™*

J UeaG!,

where éz denotes the collection of all 8-invariant irreducible unitary representations
on which the Casimir element C has a nonzero eigenvalue.

Proof. This follows from corollary 2.9 since the series are absolutely convergent
for Re(s) large enough. 0O
Now we can conclude that
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COROLLARY 3.5. If the twisted torsion tor® (I) is zero for all 6-invariant principal
series representations of G, then the twisted torsion 7Z(X) equals 1 on the associated
locally symmetric space X = K\G/T.

Proof. By (3.3) and (3.4) it follows that the logarithm of 72(X) is 0. O

3.6. The Twisted Principal Series of SO¢(2n + 1,1). The only outer auto-
morphism (up to composition with an inner one) for SOp(2n + 1,1) is the Cartan
involution (see [19]), and thus from now on we will fix  to be exactly this map. It is
explicitly given by conjugation with the (2n + 2) x (2n + 2) matrix

-1 0 ... 0 O
0 -1 ... 0 O
o o0 ... -1 0
0o 0 ... 0 1

with 2n + 1 (—1)’s down the diagonal. We denote by € the Cartan involution, both
on the group and Lie algebra level.

We want to calculate tor?(I(P,o,v)) = tor?(I). Recall that § acts on o €
Homg (A'p,I) by

af = 01_1 o a0 fpip,

where 0; and 6,i, denote the actions of # on I and A'p, respectively. The Cartan
involution acts by —1 on the whole subspace p, and thus its action on A*p is given by
(—=1)%. The action of  on (I, ) is determined by an intertwining operator Ay, known
up to a sign, with the properties that

Agm(z) = m(0(z))Ap and A2 =1

forall z € G.

We want to obtain an explicit formula for Ag. As noted above, we assume that
I° = ]. First we analyze the twisted representation I = I 0. A calculation shows
that we can identify I? with the principal series I(P, o, —v), where P = §(P). We
would like this principal series to be isomorphic to I. By the theory of intertwining
operators (see [13], [14]) this will happen if there exists an element wo € Nk (4) (in
fact, wo here is a representative for an element of the Weyl group W (G, A)) such that
wp o0 =0, wpofv = v and wy ' (P) = P. Furthermore, we can explicitly exhibit the
map Int: I — I

£(g) = ¥(g) = ag f(gwg )

for all g € G. Here ag is defined to be a map (again determined up to a sign)
ag : Vs — Vo between the M-modules with the same underlying vector space
and different actions, encoded by the corresponding subscripts (i.e. for v € Vy40,
m -v = o(wef(m)) - v). This operator has the following properties:

ago(m) = a(wob(m))as and ag =1.

Now, we can compose the two maps Int o 0 to obtain a map Ag: [ — I.
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LEMMA 3.7. The operator Ag : I — I such that for f € I,

(3.1) Aof(9) = as f(6(9)wy ™),
gives explicitly the action of 8 on the principal series I = (I(P,o,v), ).

Proof. Tt is trivial to check that A2 = 1 and Agm(g) = m(6(g))Ags. Consider
f(zman) = Agf(zman),fort € G,me M,a€ Aandn € N.

f (zman) = ag f(8(zman)wy h
= ap f (B(z)wy 'm™°a~Yon) with g“° denoting wogwy*
and by wp 0 8(n) =n
o(m™) ' f(8(z)wg ) since f € I
= e 0P8 gy wp 0 6(m))~ f (B(@)wg )
= e~(¥en) logaa(m)—laﬂf(o(x)wo_l) by the definition of ag

and wg o fv = v.

—wg

= aee—('j"'Pl) loga

Thus f belongs to I. O

REMARK. If we assume the existence of wg, then the class of #-invariant principal
series is determined by the class of tempered representations on M with the property
that wg o 0 = ¢. In the case that we are interested in, this translates into the class of
irreducible representations of M such that wg oo = 0.

For G = SOy (2n + 1,1), the element wo can be chosen to be the
(2n + 2) x (2n + 2) matrix

-1 0 00 0
0 010 0
0 100 0
0 001 0
0 00O 1

with (2n — 1) 1’s down the diagonal, starting at the 4th row. This choice is based
on selecting, for the maximal abelian subspace a of p, the set of (2n + 2) x (2n + 2)
matrices (b; ;) whose only nonzero entries are the b; 2p42 = b2nt2,1. By Frobenius
reciprocity we have that for all ¢

Hompg (A'p, I(P,0,v)) = Homu (Alp, V),

with (0,V) denoting an irreducible representation of M. Thus we have to consider
only those representations of M that appear in the exterior powers of the (2n + 1)-
dimensional vector space p . This is the set of M-modules consisting of the trivial
representation T}, the standard representation Vy; of degree 2n, AVy; for 2 < i <
(n — 1), and the two irreducible representations Vi, V5 of degree %(27?) into which
A™Vy splits. As pointed out on p.185 in [2], the action of wo sends V; exactly into
V2, and since we know these two modules are not isomorphic to each other, we should

not take them into account when determining the value of the twisted torsion.
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Therefore, in calculating the twisted torsion for the principal series I = I(P, o, v)
for SOg(2n + 1,1), the set of -invariant modules I is exhausted by those with o-
parameters in the set of wp-invariant irreducible M-modules given by:

(32) {Tt'raVst,AiVst | for 2 S ') S (’I’L - 1)}

3.8. Example. Let G = S0y(3,1). Then we have that K = SO(3) and M =
SO(2). By (3.2) we only need consider the trivial M-module (T}, triv). Hence,
tor? (I(P, triv, v)) = tor? (I) equals
- trelHomK(p,]) + 2tr0|HomK(/\2p,I) —3tr G‘Homx(/@p,l)'

Since the trivial representation of M appears exactly once in each of the exterior
powers of p when considered as M-modules, it follows that

dim Homps (A’p, Tyr) = 1 for all . Let E; be the basis element of p whose only nonzero
(4,7)-th and (j,4)-th entries are 1, for j = 1,2,3. Then a basis of Homg (p, T},) is
given by ajs such that ap(Ey) = v # 0 € T and ay(Ez) = ap(E3) = 0. We can
pull back aps to a homomorphism A € Homg (p, I) such that for X € p and &k € K,

AX) (k) = am(p(k) 7' X),

where p denotes the representation of K on p given by conjugation. By choosing
ag =1, the action of # maps A(X) into

810 A(X) 06, = Ap(A(—X))(k) = —A(X) (k(wo) ™)
= —an(p(kwo) " X) = —an((kwo): X).

The multiplication (kw,)’ negates the entries in the first row of the element k! and
thus produces a negation of X. Hence, we get that

trelHomK(PyI) = (_1)(—1) =1.
A completely analogous calculation shows that

tr 0|Homx(/\2p,1) =-1

treiHcomK(/\:’p,I) =-1
and thus we get that
tor®(I) = =14 2(-1) = 3(-1) = 0.

Therefore, we have shown that the twisted torsion vanishes for all principal series
representations of SOy(3,1) and thus |79] = 1 on the associated locally symmetric
space.

4. A Character Approach.

4.1. The Vanishing Theorem. In the course of the following three sections
we prove the following theorem.

THEOREM 4.2. For the compact locally symmetric space X = K\G/T' with G
locally isomorphic to SOo(2n+1,1), K its mazimal compact subgroup and T a discrete
torsion-free cocompact subgroup, the twisted torsion

|Te] =1
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for all outer automorphisms 6 of G with the property that 62 = 1 and §(K) = K,
o) =T.

Since in this case it suffices to consider only the Cartan involution for the au-
tomorphism 6, and in view of the reduction to principal series, it is enough that we
show

THEOREM 4.3. For the Cartan involution 8, the twisted torsion of all 8-invariant
principal series representations I(P,o,v) =1 of G 2 S00(2n+1,1)

tor?(I) = > " (—1)"tr 6l tomy (rip,1) = 0-

We change our viewpoint by considering the disconnected group G given by the
semi-direct product G x {1, 68}, with multiplication defined by

(91,8°) - (92,67) = (916" (g2),0""7) fori,j € {1,2}.

This group has two components: the connected component of the identity which is
clearly isomorphic to G, and a second component consisting of all elements of the
form (g, ) which we denote by G6. _

We want to extend the representation (I, 7) of G to a representation on G. There
are two distinct ways to think about this extension. First, we can look at the induced

representation Indg(I). Since we have assumed that I 2 I?, this induced represen-
tation will have two irreducible components, each corresponding to the choice of sign
of the intertwining operator Ag. Second, we can define the extension of I to G by

(4.1) (g x %) = m(g)Ay fori e {1,2}.

Just as in [1],we make the following definition:

DEFINITION 4.4. The twisted character of the representation (I, ) is the distri-
bution on G whose value on f € CX(QG) is given by

trace(m(f)Ap).

Hence, the twisted character is in fact the trace of the irreducible factor I of the
extension of Ind$(I) on the component G§.
4.5. A Different View of the Twisted Torsion. In the disconnected group

G the analogue of the maximal compact subgroup K of G is the group K = K x {1,6}.
For G = SOy(2n + 1,1) we have that

LEMMA 4.6. K is isomorphic to the compact group O(2n + 1), and thus is the
direct product SO(2n + 1) X Zs.

Proof. 'The disconnected group K has its identity component isomorphic to
SO(2n + 1) and all k € K are orthogonal:

The second statement follows from [4]. O
Just as we can think of dim Homg ((\’p, I) as the coefficient of the trivial repre-
sentation of K in the tensor product A'p* ® I, we can interpret tr8|gomy (aip,1) @S

the coefficient of the trivial representation of K when restricted to its 6-component
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in the tensor product A‘p* ® I. This is because I extends to the -component of K
precisely by the intertwining operator Ay (see (4.1)). Hence, just as the usual torsion
associated to the principal series I is the coefficient of the trivial representation in the
Grothendieck group of K of the tensor product

S (DA pr el
i

(see [20]), we can interpret the twisted torsion tor? (I) as the coefficient of the trivial
representation in the Grothendieck group of K when restricted to the component K6
of the tensor product

Y (-1iinpr el
%
This means that to prove the vanishing theorem 4.3 it will suffice to calculate the
virtual character of K6 on ) ,(—1)% A’ p* and the twisted character tr (/|gg). Then,

after restricting the latter to K6, we can multiply them together as they are characters
of the non-identity component of the compact disconnected group K = O(2n + 1).

4.7. Virtual Character on Y ,(—1)% A’ p*. Let t denote a Cartan subalgebra
of €. Denote the set of roots of t on p by ) (t,p). Here the dimension of the maximal
abelian subspace a of p equals the multiplicity of the 0-weight space, which is 1 in our
case. Furthermore, if a root a is an element of  (t,p), then so is —a.

As~shown in [20], the character of K of the virtual representation
(=D At p = dE is given by 4(pp(t))lt=1  where
pE(t) = Haezj(t,p)(l — te®). We use this result to obtain the character of K
restricted to the 8-component.

PROPOSITION 4.8. Define ~the function pp(t) = [lpes(p)( + te*). Then
%(ﬁg(t)‘)]t;l is the character of K on the component K6 of the virtual representation
(1)1 A p*.

Proof. 1t is shown in [20] that pp(l) = [leaesy(r,p)(1 — €%), for T a Cartan
subgroup of K, is the character of K on Y ,(—1)* A* p*. We extend this to the -
component of K: [leaes(70,0) (1 —€*), where T8 is the 6-component of T=Tx{1,6}
and S(T6,p) = {a € t* | Ad(t0) X = e*X) X } with t = eX+. If e* € 3(T6,p), then
—e® € Y (T, p) and vice versa, since

Ad(te)Xt = tHXtB‘lt‘l = —(tXtt—l).

Therefore,

[I a+en= I @a-e.

e*€Y(T,p) e>€3(T0,p)

Finally, observe that the coefficient of ¢* in jp(t) is the character of K8 on A’p*
multiplied with (—1)%, which proves the required result. O

LEMMA 4.9. For SO¢(2n + 1,1) we have that

n

4 Belims = @n+ 1) [[( +e)(1+e7)

=1
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foraq,...,an in Y (t,p).
Proof. This is an application of the product rule and the identity

e¥(l1+e %) +e (1+e¥)=(1+e%)(1+e %)

foralll1<j<n. O

REMARK. Note that we can rewrite this formula for the character & (55(t)|):=1
as

n
(2n+1) [[(e""'/2 + e"""/2)2

=1
since (14 e%)(1+e %) =2+e% +e % = (e%/2 e %/2)2 forall 1 <i < n.

4.10. The f-regular Elements in SOy(2n + 1,1). For the purposes of calcu-
lating the twisted character tr(I|gg) we need to extend the notion of regularity of ele-
ments to the group G. Following the presentation of Bouaziz in [3], for z € G, we can
look at I(z), the multiplicity of the eigenvalue 1 of Ad(z). We put I(G;) = inf ved.t (y)

where G denotes the connected component of G containing the element z.

DEFINITION 4.11. Consider the analytic function on G given by
det (y + 1 — Ad(z)) = D(z)y"C=) mod (y/(G=)+1)

where y is a variable. An element = € G is regular if and only if D(z) # 0.

This definition allows us to conclude, just as in the connected case, that the set
of regular elements G’ of & is an open G-invariant dense set in G.

In the case we are considering we are interested in the regular elements on the
6-component GO of G. Their counterparts in the component of the identity (under the
obvious correspondence (g, 8) — g) are the elements we call the -regular elements of
G = S00(2n+1,1).

We follow the procedure described in Lemma 1.6.3 in [3] to find the conjugacy
classes of regular elements in G6. Let z = z(aa,...,a,) for 0 < a; < 27 be the
element in the maximal torus 7" of K given by the following matrix:

1
cosay sSinog
—sina; cosag

cosqa, Sina,
—sina, cosa,
1

We first look at the algebra a*® = {Y € g|26(Y) = Yz }. Then the group H =
Z(G,a®?) that consists of the set

{g€800(2n+1,1)|gA = Ag for all A € a®® }

has two connected components: the connected one containing the identity is precisely
the maximal torus T' of K, and the other component is —Idso,(2n41,1)T. Thus we
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already get that the elements of the form A6 for h € H and a; # 0,7 for all1 <7 < n,
as well as their conjugates under G, are regular elements on G6.

It is easy to verify that the only subalgebra of the form a%’ C b = a®t, contained
in the unique (up to conjugacy class) Cartan subalgebra h of G, comes only from
elements y € T'.

Finally, we have to determine whether there is more than one conjugacy class
of #-Cartan subalgebras a¥’ C . By Lemma 1.6.3 in [3] any two subalgebras are
conjugate via an element of the Weyl group W(Gg, hc). In our case this is the Weyl
group for type Dpy1, which is isomorphic to S, x Z%. If we think of the elements
in h as matrices H(a,€) parametrized by a € R and € = (ey1,...,e,) € R?, then we
can exhibit an element g € SO(2n + 2, C) such that gH(a,&)g™! is a diagonal matrix
with 2n imaginary eigenvalues. Then it becomes clear that every element of the Weyl
group which takes h into h leaves a®? invariant. Therefore, we have shown that

PROPOSITION 4.12. Ewvery regular element in GO is conjugate via an element of
G to an element of the form t0 or —t0 for t = t(ai,...,a,) € T, the mazimal torus
of K, with each a; # 0,7 for 1 <i <n.

REMARK. Let us denote the §-Cartan subgroup T'U (—Id)T by T. Notice then
that the above proposition says that we can write every #-regular element of g of G in
the form ytf(y)~* for some y € G (since (g,6) = (y,1)(¢,0)(y~*,1) = (ytb(y)~1,6))
and some t € T with each ¢ # 0,7 for 1 <i < n (t € T§).

5. Calculation of the Twisted Character. Recall from section 4 that we
are considering #-invariant principal series representations I = (I(P,a,v), ) of G =
S0p(2n +1,1).

PROPOSITION 5.1. For a function f € C°(G) we have that
trace(m(f)Ap) = / eaf(kmanwglk‘l)e(”*"’) logay _(m)dm dadn dk,
KMAN

with x, denoting the character of the representation o of M.

Proof. We assume the conventions on fixing the Haar measures on G, K, M,
A and N which appear in [12] and [13]. We follow the presentation of Chapter X,
section 3, in the latter source.

Using the decomposition G = KM AN we can write an element z of G in a
non-unique fashion as

z = K(z)p(z)(exp H(z))n.

Then for the vector-valued function ¢ € L?(K) taking its values in the Hilbert space
V7, in the compact picture of the principal series representation, we have that

m(2) Ao (p(k)) = e~ CHATET R Do (o™ kg h)) T app(s(a hug ),
because Ag(p(k)) = agp(kwyt). For the projection operator E given by
Bo(k) = [ als)e(ks)ds,
KOM
we look at 7w(f)E(Agp)(k):

(5.1) / e~ WA HET kW) (1 (27w 1)) L £ (z) E(age) (k(z ™ kwgt)) dz.
G
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The change of variables zkw;' — z of the unimodular group G followed by 8.44 in
[12] produces then

62 [ e~ =P 1088 (1m) L f (kg tn~ta I )
KXMxAXN
x E(agp(k')) dk dm da dn.

Now we substitute the formula for E as above. After we perform the change of
variables k’'s — k' and observe that, by the normalization of the Haar measure on
K N M, the integral there is 1, we obtain

(5.3) / e@=Ploga™ 5 =1 £ (kwyt (man) "K' ™ agp(k') dk' dy(man).
KxMAN
By 8.30 in [12] this can be written in the form

(5.4) / e tP 185 (m) f (kwy mank'™)agp (k') dk' dm da dn.
Kx(MAN)

Since the expression
/ Flhwy mank'™")e(*+P 18 25 (m) dm da dn
MAN

just as in [13] is a smooth compact average of a trace class operator, and as x, exists
and w(f)E is of trace class, then by Lemma 10.15 in the same source, we can conclude
that

(5.5) trace(w(f)Aq) = / egf(kwo_lmank_l)e(”“) logay (m) dm dadn dk
KMAN

L k

with € the choice of sign coming from ag. Now the change of variables kwg
gives the desired result. 0O
Before we proceed with the calculation of the trace, we need an analogue of the

Weyl Integral Formula (see p. 141 in [13]) for the twisted case.
LEMMA 5.2. The map ® : G/Tg x Tg = Uyeq 2T¢0(x) ™" given by

(z,t) — zt0(z) !

is an everywhere regular | |W(G,Tg)| : 1| map, with W(G,Tg) denoting the Weyl
group Na(Te)/Za(TG).

Proof. Recall that the elements of T, as determined in the previous section, are
fixed by the automorphism 6.

Take a point y = xt6(z)™! € U,cq2T¢0(z)~!. It is clear that the complete
inverse image under ® of y consists of | W(G,Tg) | points (w - z,w - t) where w -z =
Tty T, w -t = tyth(ty') = tytty® for t, € Ng(Tg), which are all distinct.

To show regularity of ® we follow the proof of Proposition 1.4.2.3 in [25]. A
calculation for py = (297G, t0) € G/Tg x T then produces that

| det (d@)Po ' = l det (Ad(tO)_l - e)g/t |
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But the latter term equals
| det (Ad(to)™ 08 — 1)g]

since the automorphism 62 = 1. We chose ty € T}, so by the observation on regularity
following equation 4.11, we have that

| det (d2)p, | # 0

and so ® is regular. 0O

We know from section (4.10) that the §-regular elements of G form a dense sub-
set and each of them can be expressed as a union of §-conjugates gtf(g)~* of T.
Therefore, if we normalize the Haar measures in such a way that for f € C°(Q)

/Gf(w) dg(r) = /G/TG { " f(at) dTGt} de /1%,

we obtain the twisted version of the Weyl Integral Formula:

(5.6) /G £(2) do(z) = W (G, Ta)| "
x / | det (Ad(t)™ 06 — 1))y drot
Te

X /;;/TG f(:vte(x)_l)dc;/TG:I_I.

To proceed with the derivation of the formula for trace(m(f)Ag) we are going
to apply the twisted version of the Weyl Integral Formula to the reductive group
MA. First, observe that T is still a §-Cartan subgroup in this case. Let us write
an element t € Tg as t = taty with t4 € A, t)y € M. Note that t4 can be
either the identity or the element given by the diagonal matrix where the top-most
and bottom-most entries are (—1)’s and the rest are 1’s. In fact, the Weyl group
W(MA,Tg) = W(M,Tg) = W(M,T) with T the Cartan subgroup of K and of M,
since ata™! =tforalla € A,t € Tg (as t C m = Zg(q) and Tg = T x Z3). Moreover,
we have that

|det (Ad(t)~' 08 — 1)|(m@a)/£ = 2| det (Ad(tp) ™" = Dl

because (m) = m for all m € M, and Ad(t)719(Y) -Y = -2Y for all Y € a.
Furthermore, we have that

| det (Ad(tar) ™" = Dl = [8n(tn)P?,

where following the notation in [26],

Aptn) =& (tr) [ 1 =&altm)™)

a€A*(tg,me)

for the positive roots «, their exponentials £,, and their half-sum py,.
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We begin by applying the Twisted Weyl Integral Formula to the group M A in
the trace formula (5.1):

(5.7)  trace(r(f)As) = 2eq|W (M, T)| " / At (£20) P xo (t2) dit

/ / / f(kmatf(ma) " nwy k™) dk dn d(ma).
MA/T

LEMMA 5.3. Let h € MA be such that det (Ad(h)~1 )ldlag(n@n) # 0, with
fi=0(n) and diag(n ® ) = {(Z,0(2))| Z € n}. Then the mapping £ defined by

(n,0(n)) = h~web(n)h™ nt
is an analytic diffeomorphism of diag(N x 6(N)) onto wo diag(§(N)N).

Proof. Tt is clear that ¢ is analytic. Given h%o T = wy ' hwo, and fixing n € N,
Z € n, we have that

E(nexp (¢2),6(n) exp (t0(2))) =
£(n,8(n)) exp (tAd(n (™ )~1)8(Z)) exp (~tAd(n) Z).

Therefore, since %5 = 6, we get that

det (d€)n = det (Ad(h¥0" )™ 08 — 1)) giag(marn) = det (Ad(R) ™ = 0), giaz(morm 7 O

which implies that £ is everywhere regular.
An inductive argument with N then shows that £ is in fact 1 — 1 and onto (see
Lemma 10.16 in [13]). D

COROLLARY 5.4. Fiz h € MA such that det (Ad(h)™" — 0)| giag(nan) 7 0- Then

(5.8) f(wobd(n)h*s " n~ wg™") d(won)
woN

= |det (Ad(R) ™" = 0)|Zag(nom) / f(hnwgt)

for any function f € C*(G).
We apply lemma 5.3 to the element h = matf(ma)~! of M A. Then

(Ad(matb(ma)™") — 0)| diag(nor) = (Ad(t™") — 6)| diag(ner)

since det Ad(6(rn)) det Ad(=) ™" =1 for 7 € M A. Therefore, we have that

| det (Ad(t)™" = 6)|diag(nan) = s"/T 11 1-&®)™)
acAt(tc,diag(necdiic))

with sN/T = (-1) number of roots in A™ (tc,diag(nc@®fic))
Now let us substitute this corollary of lemma 5.3 in the equation (5.7):
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(5.9) trace(m(f)Ag) = 2¢g|W (M, T)|™*
x /T 18 e (£20) X (100 | det (Ad(E)™ = 6)|ag(uom)

X / / f(kwob(n)wy tmatf(ma) ~rwon " w; k™) dk d(won) dma.
K JMA/T JwoN

We do a change of variables won + n. The observation that 6(n) = wg L hwe and
the change of variables kwy' + k let us rewrite the triple integral in the following
form:

(5.10) /K/N/MA/T f(knmatf(ma)~10(n)~*k~!) dk dn dma.

Putting it all together then we get:

(5.11)  trace(m(f)Ap) = 2€p|W (M, T)|™*
x /T 1A (ta0) [Pxo (tar)sV/T 11 (1= €a(t)™1) dt

a€A*(tc,diag(ncdic))

x /G L Jot0(6) ) ds

where fg(gtg~!) = f(knmatf(knma)~!), since 8(k) =k for all k € K.
A direct calculation shows that

sN/T 11 (1—&a®)™) =" ™[] - &ai(ta) ™)
a€A*(tc,diag(ncdiic)) i=1

for ai,...,a, the positive roots for SOg(2n + 1,1) in A*(tc,¥c) which are not in
A*(tc, mg), and s¥/M again denoting (—1) to the power equaling the number of
positive roots in this product. To keep the notation consistent, set

§arttan +ton =: §PK/M

and

Epepna (tar) TJ(1 = Eai (ta) ™) =2 Areyaa (Ema)-

=1

Then we have the following equality:

(5.12) sC/Te AP (t) = sM/TApr(tar) V2™ A e s (tr),
with

| det (Ad(t)™ 06 = 1)lg/e = |A°(2)[.
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By analogy with the usual invariant integral, consider
B, =00 [ falotdle) ™)
G/Te
Then the trace from equation (5.11) becomes
(5.13) VZeo|W (M, T)| 2 / SOITSMIT A (120 xo (0 1, (8) dt.
Tc

The integral ®;, is invariant under conjugation by elements of W (M, T) and so is x,.
Moreover the quotient

EprcsneE=pbor s/ T A

SM/ TA M

is invariant under conjugation by all of W (G, Tg). Therefore we can rewrite equation
(5.13) as

= s*M Ay

(5.14) sC/T|W(G,Te)|™

x/ 5, (0 eos™M/Ts8/Te B e w(G,1e)/wina,T) Xuwo (t11)
5 Ag/m(tu)

} A°(t) dt

Hence, we have the following
THEOREM 5.5. The twisted character trace(n(f)Ag) is a locally integrable func-
tion given by
eos™/Ts9TS S cw(c me) win,r) Xwe (tr)
Ageym(tm)
on the 8-regular elements of G and 0 elsewhere.

Proof. Consider the function Fj§ on G which vanishes outside the set of 8-regular
elements of the group and such that
1. Ff(ztf(z)™ ') =F§(t) (t€Tg, 9€q);
2. Fort € Tg

egsM/TsC/Te Lowew(G,T6)/w(M,T) Xwe (M)
Agcyn(tar) '
We claim that, in the sense of distribution theory, trace(w(f)Ay) = Fy, for f €

C(G). By using the Twisted Weyl Integral Formula and the expression for F§ we
obtain

Fg(t) =

| 1@F; @) ds
G
~ WG T [ INOPF O | fate)™) dg
Tc G/Ts
= SWG T [ AOFF (25,0
Te

:ﬁealW(M,T)I_I/ sCITe sMIT A py(ta)Xo (£) @, (2) dit.
Te

This final equation is exactly what we had in (5.13). The local integrability follows
from section 11.6 in [13]. O
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6. Conclusion. We first rewrite the character formula tr f|gg for the groups
SOo(2n + 1,1) x {1,0}. Recall that the group M here is isomorphic to SO(2n)
and T is its maximal torus. Thus we are in the situation of type D, and hence
|W(M,T)| = n!(2)"1. Also, notice that we have in this case /T = 1. Furthermore,
observe that W(G,Tg) = W (K, T) and thus we are in the situation of type B,. Then
IW(G,Tg)| = nl2", so

|W(GaTG’)/W(M7 T)l =2.

In fact, we can choose the element wq as the nontrivial representative of this quotient.
For n 0dd we have sG/T = —1, and for n even sG/T = 1.
This allows us to rewrite the numerator of the twisted character formula in the

following way:

Z Xwo (t) = Xo (t) + Xwoo (£)-

weW(G,Tg)/W (M,T)

The class of representations of M under consideration (see 3.2 in Chapter 2) are those
for which o = wgo; in fact it is the set given by the n irreducible representations

Ma ={Tt1‘7‘/st)/\i‘/st|2_<_isn_1}‘

Therefore, for the choice of €y = 1 we obtain the following form of the twisted character
formula:

)2
Ag/m(t)

We would like to write the characters xv,,, ..., Xan-1y,, in a suitable form. Let us
denote the highest weight of the irreducible representation A*V,; by A = ay +- - -+,
for 1 < k < n—1. We use the combinatorial results described on p. 469 in [8]. It
turns out that xary,, equals the determinant of the following matrix

(6.1) for o € M,.

hl h2 h3 e hk—l hk hk+1 e hn—l hn
1 hl h2 . hk_g hk—l hk e hn_z hn—l
0 1 hy ... hr_s hg_o hg_1 ... hn—3 hn—o
0 0 0 ... 1 hy ha ... hpn—k  hp—k1
0 0 0o ... 0 1 h, ce hn_k_g hn—k—l
0 0 0 ... 0 0 0o ... 1 hi
\0 0 0 ... O 0 0 ... 0 1
Here h;’s are the complete symmetric polynomials of degree i in the set of variables
{21, -y Zn,27%, ..., 271 } where z; = e*. By expanding along the last n — k rows,
we conclude that this determinant is equal to the determinant of the k x k matrix:
hi hy ... hg—1 g
1 hy ... hg—2 hg
Ay = 0 1 ... hg_z hg_s

o 0 ... 1 h1
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THEOREM 6.1. We have det Ay, = e for 1 < k < n — 1, where e denotes
the elementary symmetric polynomial of degree k in the ordered set of variables

-1 -1
{z1,--y2n,27 .-,z  }.

Proof. We prove this theorem by induction on k.

For k = 1, we have that h; = e;. Let us assume now that det A; = ¢; for all
positive integers I < k — 1. Consider now det Ax. We expand along the last row of
Ay, to get

det Ax = hydet Ax_1 — det Bk;_l(hz),
with By_1(h2) denoting the (k — 1) x (k — 1) matrix

hi he ... hg_o  hg

1 h ... hg—3 hga
Bk—l (hz) — 0 1 ‘e hk_4 hk_z

0o o0 ... 1 ho

By the induction hypothesis we have that det Ax—; = ex—;. Now expand By_;(hs)
along the last row to get:

det By_1 (hz) = hodet Ay_o — det By_» (h3) .

Now continuing this process, while successfully applying the induction hypothesis, we
obtain the following equality:

det Ax, = h1ex—1 — hoeg_o + hzep_1 — -+ + (—l)khk_g, + (—1)k+1 det B3(hk_2).

Here
hi hy  hg
det Bg(hg—2) = |1 h1 hg—1| = hg + h3hg_2 — hohg_o — erhy_;1.
0 1 hg_

We make use of Newton’s identity (for example see [15]):
hy —erthiy—1 +eshy—o—---+ (—]_)ke,c =0.

Thus by plugging in the expression for hy = ejhg—1 — e2hg—2 + - + (—1)*e; and
hy = €2 — e5 in det B3(hg—3) we have that

(6.2) det Ay
=ex—1h1 — ex—aha + ex—ghg — -+ + (=1)*ezhy_3
+ (=1)**(ezhp—3 — eghp—q + --- + (=1)*Fley)
= eg.
0
DEFINITION 6.2. Leti <n — 1. Then we define S; to be

-1 —
Z (zjl + zjl ) M (Z.'h + zj,'l)
1<j1<<ji<n
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where the sum is taken over all increasing sequences 1 < j1 < -+- < j; < n of length 1
of integers between 1 and n.

THEOREM 6.3. We have the following expressions for the elementary symmetric
polynomials ey, in the variables zj, z; ! where 1 < j < n:

' /m—-2i—-1 . ,
(6.3) ek=Z( Py )Szm fk=2j+1
=0
6.4) —Zj: n-2)g. i k=2
. ek—i=0 j—'i 21 =4).

Proof. Consider the space of the elementary symmetric polynomials e;’s as above
and the space of weighted sums of S;’s as above. It suffices to show that the dimensions
of these two spaces are equal. In fact, the equality of these two numbers follows from
a generating function argument, as follows.

LEMMA 6.4. Letn and k be positive integers with k <n — 1. Then

j .
(6.5) (2:> =) gt <" _]2_1; 1) (221 1), ifk=2j+1

=0

(6.6) (2:) = 27: 2% (’;:3’) (;) if k= 2j.

=0

Proof. Consider the generating function (1 + z)?™ = (1 + 2z + 22)" and compute
the coefficient of z* on both sides. O

This proves the theorem. [

Let us conclude the proof of the vanishing theorem by considering first the case
of the trivial representation of M. Its character equals 1, so with the choice of ¢5 = 1,
the twisted character has the form:

2-1)" 21"
A TTimg e/ —emei/2)

The character formula of K6 on 3_,(—1)% A® p* is given by:

n
(2n+ 1) H(em/2 +e—a.~/2)2'

i=1
Hence we can write the product of the two characters in the following way:
7 a; /2 —ai/2
e +e . —
(67) 2(2n + 1)(_1)n H (m) (ea,/Z +e a./2)‘
i=1
For each 1 <7 < n, we can interpret the term

ea.-/? +e—a.~/2
e®i/2 — g—ai/2
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as the difference of the characters @D;, GD; of the two discrete series representations

Dy and Dy of SL(2,R). Now we work with SO(2)-types. On the right side of (6.7)
we are left with terms of the form

eai/2 + e—a;/2’

which correspond to the sum of the characters of the two irreducible representations
parametrized by the integers 1 and —1. However, on the left the SO(2)-types which
appear (all with multiplicity 1) are the representations parametrized by 2,4, 6, ... and
—2,—4,—6,.... Thus, we obtain that the coeflicient of the trivial representation is 0,
for each i. Therefore, we have that the coefficient of the trivial representation is 0 in
the whole product (6.7).

Next let us look at xary,, for 1 <k <n—1. We assume that & is even (the case
when k is odd is handled completely analogously). Write £ = 2! for some positive
integer . We showed that

l .
n—2i
XAFV,, = €k = Z ( l—i >S2i-
=0
Recall that
Sy = D (€M bemo) . (e + o).

1<j1<<j2i<n

Again, after we choose ¢y = 1, we obtain for the product of the twisted character of
K0 and its character on Y_,(—1)*% A* p* the following expression:

l_ n—?i S ; n
(ot 1) (e (=5 ) e 4 ooy

=1

We can rewrite this formula as:

l .
o n— 2i
(-1) 2(2n+1)§(“">
(6.8) m (e /2y
N ) . o e%i +e %

1<1<<j2:i<n

We will denote each set of indices {ji,...,J2i} appearing in Ss; as Jz;. Then the
second sum in equation (6.8) can be taken over all possible Ja;’s. For each such Jo;
let us regroup the terms of the summand in the following way:

63/201]' +e—3/20lj +eaj/2 +e—aj/2
H e®i/2 — g—a;/2

(69) JE€J2i
e®il? 4 e—i/2?

i/2 —aj/2
X .J_\IJ gy pp— (e%i/* + e=%i/2).
J 2i

(eaj/2 + e—a,-/?)

Again we identify the first term of each factor as a character formula involving the
discrete series representations of SL(2,R). The expression

e3/2¢a; +e—3/2a,~ +ea,~/2 +e—a,~/2

ea,-/z — e—atj/2
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can be viewed as Opy — GD; + Op3 — Op- with © denoting the characters of the

discrete series representations determined by its subscript (see p. 345 in [13]). Just
as in the case of the trivial representation, we have that

eaj/2+e—aj/2 o o
o= gmar = Ont ~ Oy

In both case when we multiply with the factor e®i/2 4+ e=/2 we look at SO(2)-types
to conclude that the coefficient of the trivial representation is equal to 0 for every j.
Therefore, when we sum up all the products of zeros, we get that the coefficient of
the trivial representation is simply 0.

Since our choice of k£ was arbitrary, this argument shows that for every irreducible
representation of M in the set M,, we get that the twisted torsion equals 0. This
concludes the proof of the Vanishing Theorem 3.1.1 for the family of groups SOp(2n+
1,1).
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