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REGULAR MODELS OF CERTAIN SHIMURA VARIETIES*

MICHAEL HARRISt AND RICHARD TAYLOR?

0. Introduction. This paper develops a technique for studying the bad reduc-
tion of Shimura varieties attached to twisted unitary groups. The Shimura varieties we
consider are the precise analogues in higher dimension of the modular curves X;(p).
It turns out that the theory is completely analogous to the well-known theory for
modular curves, due to Deligne and Rapoport [DR].

Our original purpose in investigating these special cases of bad reduction was with
a view to extending the techniques of Taylor-Wiles [TW] to deformations of mod ¢
Galois representations of dimension > 2. The present article has been extracted from
an unpublished manuscript, mostly written between 1996 and 1998, which largely
realized this objective, though undoubtedly not in optimal form [HT1]. Subsequent
developments, especially an idea of Skinner and Wiles [SW] for bypassing Ribet’s
level-lowering argument, lead us to hope that more complete results may be within
reach.

The Taylor-Wiles method requires information about the tame ramification at ¢
of the Galois representations associated to modular forms of level I'1(g) for certain
primes g highly congruent to 1 modulo £. The extension of this method to higher
dimension is based on the detailed study of the singularities of the special fiber at ¢
for level subgroups generalizing I'; (¢). In the interim, our work on the local Langlands
conjecture required a much more comprehensive study of bad reduction of Shimura
varieties. The results of [HT2] apply in all levels, and yield the Galois-theoretic state-
ments of the present paper as a special case.

Nevertheless, we feel the present paper is of independent interest. In the first
place, the results presented here are somewhat more precise than those of [HT2], in
the situations to which they apply. In particular, the congruence formula for the
U-operator, proved in §4.2, is not stated explicitly as such in [HT2]. (A congruence
formula in the analogue of level I'y(g), valid in considerable generality, is due to T.
Wedhorn [We2]; we treat the analogue of level I'; (¢).) In the second place, our method,
based on the Tate-Oort classification of group schemes of order p, is relatively elemen-
tary, and is likely to apply to Shimura varieties whose geometry is not amenable to
the sort of analysis carried out in [HT?2].

Finally, the modular curves X;(p) play a special role in the theory of p-adic
modular forms, as developed by Hida and Coleman, as well as in the related work of
Gross [Gr]. We hope the approach to bad reduction developed here will contribute to
the extension of this theory to modular forms in higher dimension.
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use the Tate-Oort classification for passing from level I'g to level 'y, as in [DR]. We
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version of the manuscript, and Labesse for numerous conversations regarding base
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1. Notation for unitary groups.

1.1. Let E be a totally real number field of degree d over Q and let K be a
totally imaginary quadratic extension of E; let ¢ € Gal(K/E) denote the non-trivial
automorphism. We assume K contains an imaginary quadratic field Ko, so that K =
Ko - E. We denote by £ g and X the sets of complex embeddings of E and K. Let
D be a central simple algebra of dimension n? over K, endowed with an involution,
denoted ¢, that induces the Galois automorphism ¢ on K; i.e., ¢ is an involution of the
second kind.

We define algebraic groups U(D) = U(D, é) and GU(D) = GU(D, é) over Q such
that, for any Q-algebra R,

UD)(R)={ge D™ @qR|g-2g) =1}
GU(D)(R) ={g € D™ @q R | g-&(g) = v(g) for some v(g) € R*}.

Thus GU (D) admits a homomorphism v : GU(D) — G,, with kernel U(D). There
is an algebraic group Ug(D) over E such that U(D) — Rg/qUs(D), where Rg/q
denotes Weil’s restriction of scalars functor. This isomorphism identifies automorphic
representations of U(D) and Ug(D).

The groups U(D) (resp. GU(D)) are all inner forms of the same quasi-split
unitary group (resp. unitary similitude group), denoted Uy (resp. GUp). The group Uy
is of the form U (Do, X(*),) where Dy is the matrix algebra and X(*), is an appropriate
involution. Then Upeo = U(%, %)[E:Q] if n is even, Up e = U (%L, ”T‘l)[E‘Q] if n is
odd.

Let G be a reductive algebraic group over the number field E. If v is a place of
E we let G, = G(Qy); if v is archimedean we let g, = Lie(Gy)c. We let G, denote
Hvloo Gy, the product taken over all archimedean places of E, and let goo = Hvl o Ov-

Let 7 be an irreducible automorphic representation of G; i.e., an irreducible
(800, Koo) X G(AS)-module that embeds as a submodule of the space of automorphic
forms relative to the chosen maximal compact subgroup Ko,. We write 7 = o, ® 7
as usual, and say 7 is cohomological if 7 is cuspidal and if the relative Lie algebra
cohomology H* (oo, Kooj Teo ® V') # 0 for some finite dimensional representation V' of
Foo- We let Coh(G) denote the set of cohomological cuspidal automorphic representa-
tions of G, Coh(G,V) C Coh(@G) the subset of 7 for which H®(goo, Koo; Toeo @ V) # 0,
with V fixed. If K C G(AY) is a compact open subgroup, let Coh(G, K) denote the
set of 7 € Coh(G) such that 7¥ # {0}, Coh(G, K, V) = Coh(G,K) N Coh(G, V).

Let Ag(G) denote the space of cusp forms on G. Let Rep(G) denote the set of
equivalence classes of irreducible (goo, Koo) X G(Af)-modules. If 7 € Rep(G), we
let m(r) = dim Hom(m, Ao(G)), where Hom denotes the space of homomorphisms
of (goo, Koo) X G(AF)-modules. More generally, let S be a finite set of places of E,
containing the archimedean places (for simplicity) and let Rep(G)® denote the set of
equivalence classes of irreducible G(A¥*¥)-modules, where G(A/S) c G(AY) is the
subgroup with trivial entry at every place in S. We say 7° € Rep(G)* is automorphic
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if
Homg(Af,S) (7TS, Ao(G)) 75 0;

i.e., if 75 can be extended to a cuspidal automorphic representation of G. We say
75 is cohomological if it can be extended to a cohomological cuspidal automorphic
representation of G.

We now fix a rational prime p that splits in Xy and an archimedean prime sg
of E. We choose a central simple algebra D# over K, with involution of the second
kind &#. We write G = GU(D#,&#), G' = U(D#,&#), and view G' alternatively as
a group over Q or E. We assume that

(1.1.1) G =U(n-1,1) x Un)EAU-1,
Moreover, if v is a finite prime, we assume that
(1.1.2) G, = Uy, if v does not split in £/E.

In the applications, we will always assume D# to be a division algebra.

We need another involution & of the second kind on D#; &* is a positive involution,
so that the unitary group U(D,¢*) is totally definite at infinity. The existence of such
involutions is established as in the introduction to [HT2].

1.2. Open compact subgroups. Fix an open compact subgroup
K =T], K, C G(A'), and define

(1.2.1) 6x(C) =G(Q\G(A)/Zc(R) - Koo - K3 6(C) =1im 6k (C);

the limit taken with respect to inclusion. Then G is the locally symmetric space
associated to G and its subgroup K. The structure of the projective limit &(C) as
the set of complex points of a Shimura variety will be recalled below.

We will be working with specific choices of local subgroups K,. For any rational
prime ¢ that splits in Ko, we choose a maximal compact subgroup of G, in the form

(1.2.2) 2y x ] G,

v|gqg

the product being taken over divisors v of ¢ in E. Here if w is a divisor of g in K
lying above v and if D,, is isomorphic to GL(a, B,,) for some factorization n = ab
and some division algebra B,, of degree b2 over K., then G, can be taken in the form
GL(a,0B, ), where Op, is the maximal order of B,,.

We choose a finite set @ of finite places of E, each dividing a distinct rational
prime that splits in Ko, and an additional finite place {t} of E, also split in K. Primes
q € ) are assumed to have the property that, if ¢ is the rational prime divisible by q,
then g splits completely in E. We let Q(Q) denote the set of rational primes divisible
by primes in Q. For q € Q we define

oq={heGrmz) k= (7 ") (noda)

*n—1

T1q={ke€GL(n,Z,) | k= (é *n*_1> (mod q)}
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as subgroups of the g-factor of 1.2.2. Then we let
Kog=2Yx [[ GL(n,0,) xTo,q;

v#q,v(g
Kl,q = Z; X H GL(n,Ov) X Fl,qa
v#£q,v|q

viewed as subgroups of Gj,.
Let ¢(v) denote the residue characteristic of . Let Ny denote the upper triangular
unipotent subgroup of GL(n) and let

L(t)={k-n€GL(n,0) | k=1 (modt),n € No(O:)};

I)=2,x ][ GL(n0,)x L.
v#r,v]q(x)
We let
(1.2.3) Koy = I

LEMMA 1.3. For q(v) sufficiently large, the locally symmetric variety &k (C) is
smooth for K = Ko,g or K1,g. Moreover, for any s € G(AT) the groups s1G(Q)s N
Ko,g and s7*G(Q)s N K1,q are trivial.

Proof. The first assertion follows from the second. Let K = Ky g or Kj . Let
z € s71G(Q)s N K for some s € G(Af). The subgroup of G(A) generated by z is
both discrete and compact, hence finite. The group I; is pro-¢(t) and it follows that
z is a root of unity of order a power of ¢(t), lying in some extension field K’ of K that
admits an embedding in D#. The degree of K’ over Q is bounded by n[K : Q], hence
for q(t) sufficiently large we must have z = 1.

1.4. Cohomology. Let V be a finite-dimensional irreducible representation of
9o, and let 7 be an automorphic representation in Coh(G, K, V). Let £ be a field of
definition for V, finite over Q. Fix a rational prime £ and an embedding of £ in Q,,
and let V(Q,) be the Q,-form of V defined by extension of scalars from &. Let

(14.1) 7 = GQ\G(A) x V(T@)/Z6(R) - Koo - K

be the f-adic local system over Sk associated to V' and our chosen embedding of £
in Q,. The definition depends on K but the local systems for K’ C K are compatible
with the natural map G —G&k, so we omit K from the notation for V;. We define

H*(8(C), V) = limy H* (6 (), Vo).
K

Since ¢ occurs in the cohomology of the complex local system associated to V, it
admits a form, also denoted 7y over a number field E(w). Let A be a prime of E(r)
dividing ¢, and let 77\ = 7 ®g(x) £(7)x; we apply the same notation to the local
components of m¢. Let

(1.4.2) M3[rg] = H*(&(C), V)[mf] = Homg(ar(ms,x, H*(S(0), V2)),

a finite-dimensional vector space over E(7)y.



REGULAR MODELS OF CERTAIN SHIMURA VARIETIES 65

Let 7 be an automorphic representation of G. The restriction of 7 to the unitary
group G’, which can be viewed as an algebraic group over E, decomposes as a direct
sum of irreducible automorphic representations. Any two summands have the same
local components at any finite place w dividing a rational prime g that splits in o,
since at such places the similitude map splits as a product G(Q;) =~ G'(Q;) x Q. For
such a place w, we say 7 is non-monodromic at w if one component (hence every
component) of the restriction of 7 to the unitary group G’ corresponds under the local
Langlands correspondence to a semisimple representation of the Weil-Deligne group of
E,, (if Gy, is split) or corresponds to a supercuspidal representation of GL(n, E,,) by
the Jacquet-Langlands correspondence (if G,, is the multiplicative group of a division
algebra).

PRrROPOSITION 1.4.3. Let m be an automorphic representation of G such that
n%1a £ 0. Suppose m¢ is cohomological, and occurs only in cohomology in the middle
degree n — 1. Then mq is generic for every q that splits in ICo. For every w € Q, Ty
is either (a) unramified; (b) principal series attached to an n-tuple (o, B1,--.,Bn-1)
of characters of E, with o tamely ramified and each B; unramified; or (c) the Lang-
lands sum of a special representation of GL(2) and an unramified representation of
GL(n —2). In cases (a) and (c), but not in case (b), my, has a L'y -fized vector.

Proof. The first assertion follows from the existence and properties of base change
of  to Gk, ~ GL(n)x x GL(1)k,, [CL, L, cf. HT2, VI.2]. Let II denote the base
change. Since 7¢ occurs only in the middle degree, it follows from the results of [C2]
that II is cuspidal, hence globally generic by Shalika’s theorem. The genericity of mq is
then a consequence of Theorem 4.6.2 of [L]. The remaining assertions then follow easily
from the Bernstein-Zelevinsky classification of admissible irreducible representations
of GL(n) and from the theory of the conductor [JPSS].

REMARK 1.4.4 The hypothesis that m; occurs only in the middle degree is stan-
dard, and is automatically satisfied, for instance, if 7 is obtained by descent [C1,CL]
from a cuspidal automorphic cohomological representation of GL(n), or if 75 is su-
percuspidal at one place that splits in £ (cf. [H1]).

1.5. Notation for unramified Hecke algebras. Let CS(Q) denote the set of
all primes of Q, and let CS™(Q) be the subset of finite primes that split in Ko and are
unramified in K. For v € CST(Q) of residue characteristic p we choose a place v; of
Ko above v, and let ¥ = X(v;) be the set of primes of K dividing v;. Then we have

(1.5.1) Gy = [] GL(n,Kuw)xQ} .
wED

The Hecke algebra T, of G, relative to any maximal compact subgroup (conjugate
to [[,ex GL(n, Ok, )XZY) is isomorphic to a polynomial algebra over Z[%] in the
variables

{Tiw,i=1,...,n, T 0, w € T;T0,0, Tg, }-

Here Z[Tp,4, To_’j] is the Hecke algebra of the factor @ in 1.5.1; by abuse of language
we refer to the T; ., as the Hecke operators at w, or at the prime of E below w. The



66 M. HARRIS AND R. TAYLOR

Hecke operators at w are normalized so that

n

(1.5.2) Py(™®) =1+ (-1)'Tiwg™

=1

is the local Euler factor at w of the motivically normalized standard L-function of
GL(n). Here g is the order of the residue field k(w) and the inverse roots of P, (X)
are the Satake parameters, multiplied by ¢(*~1/2. Up to canonical isomorphism the
algebra T, does not depend on the choice of v; above v.

The global Hecke algebra T is the tensor product over v € CS1(Q) of the T,. If
S is a finite subset of CS*(Q), we let TS C T be the subalgebra generated by the T,
forvgsS.

2. Shimura varieties and Galois representations.

2.1. Shimura varieties defined by twisted and untwisted unitary
groups. Let E be a totally real field of degree d, Ky an imaginary quadratic field,
K =Ko-E. Asin 1.1, we let G be the similitude group of a division algebra D# of
dimension n? over K with involution & of the second kind (with rational similitude
factor). We will always assume n > 2. The unitary group G' C G is assumed to
satisfy (1.1.1) at real places and (1.1.2) at finite places; we let s; denote the real place
of E at which G' has signature (n — 1,1). The field K, is assumed to be given with
a fixed complex embedding 1x,, and we let ® be the set of complex embeddings of K
inducing 1x, on Ky. Then @ is a CM type of K. Let t; € ® be the complex place
above s;.

We use ® to identify D# ®g R — M(n,C)?. In terms of this identification, we
define

¢ C* ~ Rc/RGm’c—)(D#’OPP (<0 ]R)X

by

(2.1.1) ho(z) = ((z I 2) I A A

where the first matrix corresponds to ¢;. We may view hg as a homomorphism with
values in Gr. Let X = X,,_; be the Gr-conjugacy class of homomorphisms from
Rc/rGm,c to Gr containing hg. Then X has a natural Gr-invariant complex structure
which is isomorphic to the unit ball in C*~!. The pair (G, X) is the datum defining
the Shimura variety & introduced in (1.2.1), and considered in [C2,K,H1]. As in [H1],
we see that the reflex field (Shimura field) E(G, X) is just ¢ (K).

2.1.2. We fix a maximal order O# C D#, stable under ¢*, and let O% = O#* @47Z.
Let V = D#, viewed as a 2dn?-dimensional vector space over Q with an embedding
D#—End(V). The homomorphism hg takes values in D#:°PP = Endp#(V), and is
defined over some extension L of K which splits D#. There is then an L-rational
decomposition

(2.1.2.1) VeeL — Voa W,

where Vo (resp. Vi) is the Z- (resp. z)-eigenspace for h(z); the subspaces V5 and V;
are stable under the left action of D# ®q L.
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We restrict our attention to open compact subgroups K ¢ O# | though this
is only for convenience. Moreover, we always assume K factors as the product of
subgroups of G(Q,), as p varies over rational primes. We consider the moduli problem
Ak, defined on the category of schemes over Spec E(G,X). For T a scheme over
Spec E(G, X) = Spec K, the functor Ag (T") consists of equivalence classes (see below)
of quadruples (4, ¢, A, B) consisting of
(2.1.2.2) An abelian scheme A over T of dimension dn?;

(2.1.2.3) An embedding ¢ : O% — Endr(A);
(2.1.2.4) A polarization A : A = A, such that

o u(b) = (& (b)) o A
for all b € O#ﬂ
(2.1.2.5) An O¥*-equivariant level K structure

B:Hi(A,2) = [[Ty(4) = OF (mod K),
q

in the sense of Kottwitz ([K2], pp. 390-391; cf. [HT2]), compatible with \.
These data are assumed to satisfy the determinant condition of Kottwitz, namely

(2.1.2.6) deto, (b; LieA) = det (b; V1),  be O%.

We consider two quadruples (4,¢, A, B8) and (4',/,N,B") equivalent if there is an
isogeny o : A = A’ which takes (), ¢,8) to (tX,, '), where ¢ is a positive rational
number.

For K sufficiently small the functor A is representable by a smooth projective
variety, also denoted Ak, over E(G, X) [K2,85]. For general K we take a normal
subgroup of finite index K’ C K for which Ak is representable and then let Agx
be the scheme-theoretic quotient of Ax: by K/K'. Then the Shimura variety &g,
viewed as a scheme over Spec E(G, X), is an open and closed subscheme of Ag. More
precisely, Ak is isomorphic to a finite union of Shimura varieties of the form &g,
the number of Shimura varieties involved being given by the deviation from the Hasse
principle for G (cf. [K2,§8; RZ2, pp. 301-302]). In particular, & is projective for all
K, and is smooth provided K N (O#)* = {1}.

Warning 2.1.2.7 Note that the level structure 8 defined here goes in the direction
opposite to the level structures 7 introduced in [HT2,IV.1], as well as in [K2]. This
convention, which is justified on Hodge-theoretic grounds, leads to a dualization in
the associated Galois representations.

2.1.3. The level structures corresponding to the open compact subgroups of the
form Ko, and K1 q, defined asin 1.2, deserve special attention. Recall that () denotes
a finite set of primes of E dividing rational primes g that split completely in K, and
such that D# is split at all primes dividing ¢. In particular, we may take L = Q; in
(2.1.2.1); then

(2.1.3.1) VeeL2 P MKy = P Mn,Q)?,
w g w|q

where w runs through primes of E (note: not K) dividing ¢ and the exponent 2
corresponds to the quadratic extension KX/E. We let V,, = M(n,K,) in the above
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decomposition. Recall that we are identifying K with the subfield E(G, X) of C
via t;. Then the first coordinate of he, in the representation (2.1.1), picks out one
summand of (2.1.3.1), say the summand V; corresponding to the prime w = q. Write
Vo = Va0 @ Vi, where q and q® are the primes of K above w. These can be
numbered so that

(2.1.3.2) dimg, o NV =n; dimg, Vi N Vo) =n(n—1)
diqu Vo N Vq(z) = TL(’I‘L - 1); diqu Vin Vq(z) =n.

The corresponding maximal ideals of Ok are denoted mee, 1 =1,2.

We let the q chosen in the preceding paragraph be the prime in @ dividing g,
and we define Ko, and K, as in 1.2 with respect to this choice of w = q. Thus
K70 = K2?4x K9 where ? € {0,1} and K7 denotes the product of the level subgroups
at primes away from ¢. Then the datum S breaks up into g-primary and prime-to-q
components, denoted in the obvious notation 3, and

(2.1.3.3) A [ To(A) = (0%)7  (mod K9),
P#q

respectively. First consider Ky g. We let

T, =GU(O* @z Z,)* ~ [[GL(n, Zy) x L,

wlq

so that I'y/Kp 4 is naturally in bijection with P"~1(k(q)), where k(q) ~ F, is the
residue field of q. Let K+ =T xK1.

Let w be a uniformizer in E;. We write {(w); for the diagonal matrix with entry
w~! as first entry and 1 elsewhere, viewed as an element of G(Q,) C G(Af). Then

(2.1.3.4) Koo = KT Nt(w) ' K+t(w);.

We thus have two maps f; : Gk, ,—+Gk+, where f; is defined by the inclusion
Koo C K* and f, is defined by inclusion in t(w);'K+tt(w);, followed by right-
multiplication by t(w)l_l. Let z = (A,t, A, B) be a geometric point of Gk, and let
fo(z) = (A", ', X, 8"). Then z is determined by the quintuple (4, A, ¢, A, 89).

By modifying our definition of fs, we can arrange to have an isogeny A—A’, and
then realize &, ,, as (an open and closed subscheme of) the moduli space parametriz-
ing quintuples as above, with A—A’ an isogeny of a certain type. However, we do
not need an actual isogeny. Let A be an abelian scheme over T as in (2.1.2.2), and
let X,(A) be the associated g-divisible group. Then X (A) inherits an action of
O#* @7 Zg4. Let q(2) be the prime of K chosen above. Let e; be an elementary idem-
potent in M(n,Z,), which we identify with Ofiz) = 0% n Df;z). Then ey - X,4(A)
is a g-divisible group of height n, which we denote X (A4)z. With our choice of q(?),
it follows easily from (2.1.2.6) and (2.1.3.2) that X(A)2 is of dimension 1. Now the
rational Tate modules V,(A) = T4(A) ® Q; and V,(A’) can be identified. One sees
easily that e - T;(A’) D ea - Ty(A); hence there is an isogeny

with kernel Ok isomorphic to Ok /q?) = Z /qZ. We conclude that
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2.1.3.6. For K1 sufficiently small, the scheme Gk, , is an open and closed
subscheme of the moduli scheme parametrizing quintuples

(4,6,), 87, X(4)2—X(A")2),

where (A,¢, ) are as in (2.1.2.2-4), 87 is a level K9-structure as in (2.1.3.3), and
X(A)2—X(A")2 is a g-isogeny of g-divisible Og2)-modules of height n and dimension
1, the whole assumed to satisfy the determinant condition (2.1.2.6).

Here is an alternative definition of the moduli problem. Define X(A); = e1-X,(A)
by analogy with X(A), above, where e; is an elementary idempotent in Oﬁl,. We
choose the pair (e;, ez) in such a way that the polarization A places X(A4); and X(A4),
in Cartier duality. We consider diagrams of the form

AII

(2.1.4.1) ¢/ N
A Al

where (A L\, B9), (A,¢,N,(8)9) are as above. In particular A : A =5 A, X :
A’ =5 A’ are principal polarizations. We assume ¢ and 45’ are isogenies of degree ¢™,
with the following property. Let ¢ : A—+A" and ¢’ : A’ A" be the dual i 1sogen1es to ¢,
#', respectively. Then Ker(¢') (resp. Ker(¢)) is generated over Oq(z, (resp. qu) by
asubgroup Gy C X(A4'); (resp. C1 C X(A);) of order g. Welet C1,Cy C X(A”) be the
Cartier duals of €1 and Cb, respectively. Then ¢ (resp. ¢') induces an isomorphism
¢ : X(A")y = X(A) (resp. ¢1 : X(A")1 — X(A')1) so that ¢ o (¢2)™" (resp.
¢ o (¢1)!) defines a g-isogeny r : X(A)2—X(A")2 (resp. 7’ : X(A4")1—X(A)1) with
kernel canonically isomorphic to Cy (resp. C).

It is assumed that ¢ and ¢' are compatible with the O%-structure, in the sense
that the induced isomorphisms of rational g-adic Tate modules are assumed to be
O#-linear. Finally, the two isogenies are assumed to be dual to each other, in the
sense that

(2.1.4.2) FoNod =dorog: A" — A",

Using these conditions one reconstructs A” and (4’,, X, (8')?) from (4,, A, 87) and
T : X(A)2—X(A')2 in such a way that ' and (8')? correspond to ¢ and $? via the
isogenies. Indeed, we can define A” to be the quotient of A’ by the Oﬁz) -module

generated by 7(X(A)2[qg]). The map ¢’ is defined so that A'— A" A multiplication
by g, viewed as an element of O% (). Then ker(¢) is defined to be ker(¢' o X o ¢') N
A"[qM).

It follows easily from (2.1.4.2) that

(2.1.4.3) ker(¢') = ke/r(?S) (Cartier duality).
Indeed, letting f: A”— A" denote the map in (2.1.4.2), we see that
e1 - ker(f) x eq - ker(f) = ker(f) N X(A"); x ker(f) N X(A"),
= e - ker(@) X ey - ker(¢')
=e1- (Ao g) M ker(d) x ez (X o ¢') " ker(d)
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This implies ker(qg) — ker(¢'), which is equivalent to (2.1.4.3). In particular,
(2.1.4.4) Cy =5 C1 =5 en-ker(¢), C1 = Co = ey - ker(¢'),

where C7 and Cs are defined as above.

When K is not assumed small, we can realize &g, , as a quotient of a moduli
scheme by a finite group, as above. In the same way, we obtain a modular description
of & Ki,q .

2.1.4.5. For K7 sufficiently small, the scheme Sk, , is an open and closed
subscheme of the moduli scheme parametrizing quintuples

(A, 4, ), 8%,7 : Ox/qV = X(A')1),

where (A,¢,A) are as in (2.1.2.2-4), B7 is.a level K9-structure as in (2.1.3.3), and
~ is an embedding over T of the constant group scheme Ox/q(!) in the ¢-divisible
Oqm-module X(A");, compatibly with the Oya)-structures, the whole assumed to
satisfy the determinant condition (2.1.2.6). By Cartier duality, v defines an embedding
v pg—X(A)2.

Remark-Definition 2.1.4.6 The subgroup generated by v (resp. v*) is the one
denoted Cy (resp. C3) above. Thus taking the subgroup generated by v and forgetting
the generator defines a map of functors to G, ,. The quotient group Ko q/K1,q =
[Tuegk(w)™ acts on the data (1,4 | ¢ € @), hence as a group of automorphisms of
SKk,., With quotient S, ,. However, the datum (2.1.2.5) corresponds, not to -y, but
rather to v~ (a map from a subgroup of X(4'); to Ox/qM). Now g € Ko o/K1,Q
acts on the datum (2.1.2.5) by sending S to go 3. It follows that, for w € @, a € k(w)*
acts on by sending b — (b) to b — v(a7'b). For a € k(w)*, we thus define the
diamond operator < a >€ Aut(Sk, ,/Gk, o) to be the image of a™! € Ko 0/K1,0-
Then identifying v with the point P = (1), the diamond operator < a > takes P to
a- P. The group of diamond operators is just Ko q/K1,q, most frequently when @
consists of a single element.

2.1.5. Now let p be a prime of K of residue characteristic p at which D# splits.
Assume the rational prime p is unramified in K. Then G(Q,) admits hyperspecial
maximal compact subgroups. Suppose K, is a hyperspecial maximal compact. Then
Kottwitz has shown that G extends to a smooth proper scheme over Spec O,
representing the functor Ax defined as in 2.1.2, but with the additional hypothesis
that the polarization X of (2.1.2.4) is of degree prime to the residue characteristic (cf.
[HT2, K2]). In particular, the representation of Gal(Q/K) on the ¢-adic cohomology
is unramified at p, provided £ # p.

As observed by Carayol (cf. [Ca]), the hypothesis that p be unramified in K is in
fact unnecessary, but the functor defined by 2.1.2 needs to be modified. Details can
be found in [HT2,IV.2]

2.2. Modular definition of Hecke and U operators.

2.2.1. We define I'1 g C GL(n,Z,) as in §1.2. We consider the double coset
Ug = T'1,q - t(w)il'1,q C GL(n,Q;). Here and in what follows we are identifying
GL(n,Q;) = U(D*)q with D¥X. The identification with D7) identifies Uy with
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the double coset I} ; - (t(w)1)7'T'} 4, where T} ; consists of invertible matrices over
0

Z4 congruent to . (mod q).
n—1
One verifies immediately that
1 b
(2.2.1.1) Ug=]]Trq-t(@): - (0 In_1> :

where b = (by,...,bn—1) runs through (Z,/qZ)™"'. Write W = Q. Let A =Z} C
W be the standard lattice, and let A denote the row vector (¢71,1,...,1), so that

Fiq={9€GLW)|g(A)=A,g(N\) =X (mod A)}.

Let A’ be the lattice generated by A and A. Then the description (2.2.1.1) shows that,
in the standard right action on lattices, we have

(2.2.1.2) (AN Uy = {(A,X) [gN =X (mod A)}.

Now consider the correspondence Uq on &k, , X &k, 4, defined in terms of the
data 2.1.4.5 as follows: Let T be a scheme over E(G,X) and let z be a T-valued
point of S§ . Then z corresponds to a quintuple (4,¢, A, 39,7 : Ox/qM) < X(A")).
Of course v is determined by the q()-torsion point P = ~(1). Let A’ be the abelian
variety associated to A and to the isogeny p : X(A)2—X(A4")2 = X(4)2/Im(y*), asin
(2.1.3.6), where v* : ug—X(A)2 is the Cartier dual to v, as in 2.1.4.5. With respect
to the Weil pairings defined by A and A, we have

(2.2.1.3) (P,7*(¢)) = ¢ for any ¢ € pq.

We consider the set G* of homomorphisms (v')* : p,—X(A')2 such that, for any
¢ € pg,

(2.2.1.4) (V)*(¢) = p(P),q¢P =v*({)
Then U, associates to = the set of quintuples
(2.2.1.5) {4, X, (8,7}

where 4 runs through the set of maps Ox/q(!) — X(A’); such that (')* € G*.

LEMMA 2.2.2. The correspondence Uy is induced by the Hecke operator Uy by
the standard recipe [K2, p. 393].

Proof. This is clear from (2.2.1.2).

2.2.3. For use in §3, we make explicit the diagram (2.1.4.1) associated to the
image of the point (A’,/, X, (8')%,7') in 6k, ,. We have replaced A by A’, and then
A’ is replaced by an abelian variety B’, say, so that the diagram is

BII
(2.2.3.1) ¢/ ¢
A B’

satisfying the analogue of (2.1.4.2).
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2.3. A-adic representations on the cohomology. We return to the situation
of §1. Let SC, @, ¢, K1, and V be as in 1.2. The primes in @ are denoted w
rather than q, and the primes above them in K are denoted w; and ws. As in §2.2,
the identification I'y, ~ GL(n,Q,) for w € Q is made via ws, so that Ko g is upper
triangular parahoric. Let 7 € Coh(G, V'), in the notation of §1, and assume:

(2.3.1) nfuae £

Then M ![ry], defined as in (1.4.2), is an n-dimensional @,-vector space with a
natural action of Gal(KX/K), which we henceforth denote Gx. Let E(m)y be asin 1.4,
and write My [ms] for M~ [ms]. We let

r#(ﬂ) : Gr—rAut(M[ny])

denote the natural action.

This is not quite the representation we want to associate to 7. In [H1,p 101] we
define a Hecke character a(m) = { o r,. More precisely, in [loc. cit.] we defined a
Hecke character denoted v(Gw), which in the present notation should be equal to

y(Gm) = a(m) ™ [e |5 T

but the formula was incorrect; the correct formula is given below. We let a(w), denote
the corresponding A-adic character of Gk — indeed, the field of coefficients of a(n) is
contained in F, so this makes sense — and we let

(2.3.2) ro(m) = rf (m) ® (ar)a,
acting on My[ms]. The correct formula for a(r) can be found in [H2, Errata to H1]J:

(2321) 0,’(7!')(&) = gﬂ(N}C/lCo(a))’

where &, is the central character of 7 and G, x, is regarded as the subgroup
ZgL(n,ko) NG of G, the intersection taking place in GL(n,K).
Next, we let G denote Gal(E/E), and define

p(r) = Indi/gry(r)

to be the induced 2n-dimensional representation of Gg, acting on the E(7)x-module
Ind)c/EM)\[Trf].

For any prime v of Q that splits in Ko and is unramified in K, and such that , is
unramified we let ¢, » : T, = E(m) denote the character by which the local unramified
Hecke algebra acts on mX>. Let S(m) be the set of all such unramified primes, let T*
be the corresponding global Hecke algebra, as in §1.5, and let ¢, : TS — E() be the
corresponding character; ¢, gives the natural action of TS(™) on 7%, If w is a prime
of F dividing some prime in S(7), we let

(2.3.3) ¢ (Pu)(X) =1+ > _(=1)'¢(m)(Tiw) X"

’l:=1

in the notation of (1.5.2).
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THEOREM 2.3.4. Suppose w contains a fized vector for a hyperspecial mazimal
compact subgroup of Gy (i.e., not only a fized vector for Ky, as implied by (2.3.1)).
Let S%¢ be the set of primes of K dividing primes in Q or of residue characteristic
€. Then the representation r,(m) is unramified outside S®2%. Moreover, for all but
finitely many primes w of E dividing rational primes in S(r), there is a prime w; of
K diwviding w and such that the arithmetic Frobenius Frob,, satisfies

¢ (Py)(Froby,) = 0.

REMARK. The choice of w; in the above theorem is determined as in 1.5 by the
choice of identification of G, with a general linear group. The base change of 7 to
K is conjugate self-dual, and one verifies that, if w, is the other prime dividing w,
then ¢-(Py)(¢" *Frobg!) = 0. Bear in mind also that the natural action on the
cohomology of the Shimura variety is that of the Galois group of Q over the reflex
field, and that there is an implicit identification of the reflex field with K.

An alternative way of phrasing this theorem is in terms of partial L-functions:
there is a finite set S of finite primes such that we have the equality of Euler products

n—1
2

Here the right-hand side is the standard L-function with the unitary (Langlands)
normalization; the superscript ° indicates that factors at S have been removed. As
mentioned above, we have normalized r, to make (2.3.4.1) true; cf. the discussion on
p. 100 ff. of [H1].

Proof. The proof of this theorem is mainly due to Kottwitz, and is contained in
[K2]. Specifically, Kottwitz proves there that r,(7) is unramified outside $°3¢, except
possibly at primes of X ramified over Q. Moreover, Kottwitz determines the charac-
teristic polynomial of Frobenius in [K1] for almost all unramified primes. His original
formulation includes an exponent for the (unknown) multiplicity. This exponent was
removed by Taylor a few years later (cf. [H1, pp. 102-103]).

(2.3.4.1) L5(s,rp(m)) = L5(s —

, BCx(m)).

THEOREM 2.3.5. Let w € Q of residue characteristic q. Let wy be the prime of
K above w and let Z,, C Gg denote a decomposition group. Suppose T, is in case (b)
of Proposition 1.4.8. Let (a, B1,...,Bn-1) be the corresponding n-tuple of characters.
Then 1,(m)|z, breaks up as a direct sum

ro(m)|z, —> A®B.

Here B is an unramified representation and the inertia subgroup I, of Z,, acts on A
via the restriction to L, of the character associated to o via local class field theory.

One of the main results of [HT2] is the generalization of Theorem 2.3.4 to de-
termine the restriction of r,(m) to the decomposition group of an arbitrary prime of
K not dividing £, up to semisimplification. In particular, Theorem 2.3.5 is a weak
version, in a very special case, of what is proved in [HT2]. We give another proof
in this special case, based on a different analysis of the bad reduction. The proof of
Theorem 2.3.5 requires a lengthy detour through the theory of moduli of p-divisible
groups, and is the subject of §3.

3. Regularity of certain moduli problems.
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3.0. Conventions. We will now study the Shimura varieties G at certain
places of bad reduction. The techniques of the present section undoubtedly generalize,
but for the time being we will make a series of restrictive hypotheses. The notation is
as at the beginning of 2.1. We fix a level subgroup K C G(Ay) that satisfies (1.2.3),
for ¢(t) sufficiently large. Let ¢ be a rational prime that splits completely in K and
such that K = K, x K9, with K, C G(Q,) a maximal compact subgroup. We assume
the division algebra D¥ to be split at all primes of K dividing ¢, and we identify K,
as in 2.1.3 with

(3.0.1) 23 x [[GL(n, 0,),

the product being taken over divisors v of ¢ in E.

We let q be the divisor of g in E chosen in §2.1.3 and let q() and q(® be the
divisors of ¢ in K, numbered as in (2.1.3.2). We identify Gf, with GL(n, Ky ). Inside
its compact open subgroup GL(n, Oy ), which we identify with GL(n,Z,), we define
the open subgroups I'g q and I'; 4 as in §1.2. Similarly, we define Ky, and K4 as
subgroups of G,. We let

Ko(q) = Ko,g x K% Ki(q) = K1, x K*
be the corresponding subgroups of K. There is a natural isomorphism

(3.0.2)  FY =5 Ko(q)/Ki(a) = Aut(Sk,(9)/6k,(q)).

We denote by < a >€ Aut(Sk,(q)/Sx,(q)) the image of a € Fy under the isomor-
phism (3.0.2). We will later have occasion to consider subgroups intermediate between
Ko(q) and Ki(q).

On the other hand, we will be studying the reduction of Shimura varieties over
(’)qu) C ICqu). We will identify Oy with Og, which is isomorphic to Z4, and write
Sq = Spec(Oq). N.B.: the divisors in K of q used in the geometry and in the group
theory are conjugate to one another! This is an inevitable consequence of our choice
of Shimura datum.

Since the prime q will be fixed throughout this discussion, we will write Ko =
Ko(q) and K; = K;(q) when there is no danger of confusion. We write Sx, and G,
for the corresponding Shimura varieties over E(G, X). We let Oy = O ®7 Z4, so that
Oq 21,4 Ov-

3.1. Modular interpretations of Gx and Gg,. As indicated in §2.1.5, the
Shimura variety &k has good reduction at all primes of K dividing ¢q. Let S ¢ denote
a smooth model of Gk over S; and let p = pg : Sk — Sq be the natural map. Under
our hypothesis that K satisfies (1.2.4) for g(x) sufficiently large, we have seen in 2.1.5
that p is a smooth projective morphism [K2, §5]. Moreover, Sk is (an open and closed
subscheme of) a moduli space for abelian varieties with a certain PEL type. Indeed,
with our choice of ¢, the moduli problem (2.1.2.2-6) is well-defined and representable
on the category of schemes over Sq, and Sk is the corresponding moduli scheme.
Note, however, that Kottwitz’ determinant condition (2.1.2.6) must be interpreted as
an equality of polynomials, cf. [K2,p. 390].

Let ¢ : Spec(k(q)) = Spec(IF;) < Sq denote the special point of Sq. The following
proposition is a special case of a theorem of Wedhorn.
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PROPOSITION 3.1.1 [WE1]. Leti:y — Sq be a geometric point lying over i, and
let Sk, = y xs, Sk denote the corresponding geometric special fiber. The ordinary
locus is open and dense in every irreducible component of Sk, .

Here by “ordinary locus” we mean the subscheme whose geometric points corre-
spond to ordinary abelian varieties with structure (2.1.2.2-6).

The moduli problem defining G, is rather more intricate to describe. Our
conventions will be those of Rapoport and Zink in [RZ2]. We will first define the
moduli problem in their notation, then provide a brief translation into more familiar
language. Let V = Ry /qD#, Kq =K ®o @, E; = E®qQy, V; =V ®g K. Let ¢V
and ¢® denote the two primes of Ky dividing ¢, and let

(3.1.2) K:q =K (S0 Qq = ICq(l) X ]Cq(z)

be the natural decomposition, with K¢ = Hv| o) Ky, i = 1, 2, the product taken

over primes of K. There is a corresponding decomposition V; — V) X V), and
the hermitian form < a,b >= Trp#(aé(b)) (reduced trace) on V induces a duality
between Vg and Vi) :

(3.1.3) Vq(z) = HOmEq(‘/;I(l),Eq).

As in §2, we let ¢ and q(® be the primes of K dividing g, with ¢ above ¢(!) and
q® above ¢(?.

By a lattice in V), ¢ = 1, 2, we mean a free Of—submodule. The subgroup K,
fixes a pair of lattices A; C V), ¢ = 1, 2, that are placed in duality with respect to
(3.1.3). The subgroup Ky, is the stabilizer in K, of a unique sublattice A} C Ay of
index ¢; we let A5 D A denote its dual in V 2. In general, if A C V) is a lattice,
we write AL for its dual in Vy. Let £ denote the collection of all pairs of lattices
(A, A1), with A C V,a), At C V@), such that A is fixed by Ko,q. Then £ is an
example of what Rapoport and Zink call a multichain of Og-lattices in V [RZ2, Def.
3.10]. More precisely, the set A @ AL C V is the multichain, in the sense of [RZ2],
but in the present case the two notions are equivalent.

For future reference, we let £; denote the pair of lattices Ay C A} in Vi@ -

We will work in the category AV of abelian varieties up to prime-to-g isogeny.
This is the category obtained from the category of abelian varieties by formally ad-
joining the inverses of all isogenies with kernel of order prime to ¢. It is a category
whose sets of morphisms are naturally modules over the localization Z ) of Z at ¢. If
A is an abelian variety we let A(4) denote the corresponding object in AV'. If A, A’
are abelian varieties, an isogeny p : Ay — Azq) is a morphism such that np is an
isogeny from A to A’ for some integer n > 0 prime to g. The g-part of the kernel
of p is well-defined and independent, up to canonical isomorphism, of the choice of
representatives A and A’ in the category of abelian varieties; we call it the g-kernel of
p.

A quasi-isogeny p : A(q)—>A’( g isa diagram of the form

n T2 !
(@ —* (9

where the two arrows are isogenies. We define

Ag) -

height(p) = height(rs) — height(r1).
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Let AVO# denote the category whose objects are abelian varieties A(g) up to
prime-to-g isogeny, given with an embedding

OF =0* @ Ly = End Ay.

The morphisms in AVO# are those morphisms in AV that respect the (9# -action. The
g-divisible group X (A) of A € AVO# depends only on A(,). We define the g-divisible
Og-module X(A); = e; - X4(4), i = 1,2, as in 2.1.3. Recall that X(A); is of height
n and dimension 1.

An L-set of abelian varieties is a covariant functor from the category £ (maps
given by inclusions) to the category AVO# satisfying several periodicity hypotheses
[RZ2, Def. 6.5]. In the present situation, it corresponds to a pair (A4, A’) of abelian
varieties in the same isogeny class, determined up to prime-to-¢ isogeny, with PEL
structures (2.1.2.2-4) and a K9-level structure. We are also given a pair of isogenies
p: X(A)2 = X(4)s, p1 : X(4")1 = X(A)1, in each case with kernels isomorphic
over Ok to (’)q(s)/q(i)—modules C;, respectively, each of rank 1. It is assumed that
Ker(ps) is the Cartier dual of Ker(p;) with respect to the polarization (cf. 2.1.3.6).
We can express this by saying that there is a quasiisogeny A <> A” % A’ with r;
and 2 both isogenies of height n of O#-modules, such that r; (resp. r2) induces an
isomorphism on X(e); (resp. on X(e)s). In particular, A’ is uniquely determined by
(s, or equivalently by p, and by the condition that A and A’ both admit actions by
the same maximal order in O¥ ® Z,. Thus we occasionally drop A’ from the notation.

Rapoport and Zink [RZ2, Def. 6.9] define a functor Ak« (L), a point of which
over the Sg-scheme T is given by a quintuple as in (2.1.3.6). In the language of [RZ2],
this consists of

3.1.4.1. An L-set (A, A’,p: X(A)y = X(A")2) of objects of AVC,# (T), as above;

3.1.4.2. A Q-homogeneous principal polarization A4 of A;

3.1.4.3. An O,C,(q)-equz'variant K9-level structure

7: Hi(A,AY )~V®A (mod K1)

that respects the bilinear forms on both sides up to a constant in (A%)*.

We also use the term L-set to refer to the triple (X(A)2, X (4')2,p). The above
data have to satisfy the determinant condition (2.1.2.6), which is adequate because g
is assumed unramified in K. As remarked in [RZ2, p. 279], we then have

PROPOSITION 3.1.5. The functor Ag<(L) is representable by a projective scheme
over Sq, which we also denote Axq(L). The generic fiber Axa(L)x, of Axa(L) con-
tains (& x,)k, as an open and closed subscheme.

The second statement is as in §2.1.

In particular, we can define Sk, to be the scheme-theoretic closure of (G, )k, in
Aga(L). It is again an open and closed subscheme and the local properties of Aga (L)
determine those of Sk,.

3.2. Local models of Gk,. For any A € AV let X(A) denote its associated
g-divisible group, and define X(A), as above. The determinant condition (2.1.2.6)
translates into the condition that

3.2.1. (a) The connected part X(A)3 of X(A)2 is a rank-one formal Ok g -
module. In particular, X(A)g,q(z, is a one-dimensional formal group.
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(b) Let ' # q be a prime of E dividing q, and let "9 be the divisor of q' in
K dividing ¢, i = 1,2. Then the localization X(A)g .y of X(A) at O g s of
multiplicative type (resp. étale) fori =1 (resp. 1 =2).

Let S¥%, denote the special fiber of Sk,. Let z be a geometric point of S ; i.e.,
a morphism Spec(R) — Sk, of Sq-schemes, where % is the algebraic closure of the
residue field &(q) of Oya), which we identify with Oq4. Rapoport and Zink have shown
that the infinitesimal structure of the moduli space Ax+ (L), and hence of the open
and closed subscheme Sg,, is determined in a neighborhood of = by the deformation
theory of the g-divisible O (a)” -module(s) attached to z.

We follow the discussion in [RZ2,6.12], to which we refer for a dlscussmn of the
crystalline data. The point = corresponds to a quintuple

(Aa:al'z,/\zaﬂgapz :X(AZ)Z - X(Am)2)

of data (2.1.3.6). Let K be the field of fractions of the Witt ring W (g), with canonical
Frobenius operator o, and write S, = Spec(W (g)). Let N be the isocrystal associated
to Az by the covariant Dieudonné functor. There is an isomorphism of polarized
K ® Ko-modules

(3.2.2) N = VekK,

The crystalline Frobenius operator ¢ on N corresponds under this isomorphism to
the operator b ® ¢ for a (unique) b € G(Kjp). To these data we can then associate a
(crystalline) PEL type

(323) (*7(9}C,(q)7vy b7 ,u,[:),

where p is the minuscule cocharacter of G corresponding to the Hodge decomposition
(2.1.2.1). The data (3.2.3) determine a formal scheme M which is a moduli space, on
the category Nilps, of Sy schemes on which ¢ is nilpotent, for L-sets (X,X’) of ¢-
divisible O (4)-module(s) with PEL structure analogous to (2.1.2.2-4), endowed with
quasi-isogenies

(3.2.4) P+ (X,X) — (X(As), X(4})).

For any such £L-set (X, X') of g-divisible O (q)-modules, there is a decomposition
(3.2.5) X 5 X x X,

and a quasi-isogeny

(3.2.6) Ag : X=Xy

corresponding to (3.1.2) and (3.1.3), respectively, with compatible decomposition and
quasi-isogeny for the primed g¢-divisible group. The map A, identifies the action of
Ox,qm on the left-hand side with that of Ok,q» on the right, via the isomorphism
(complex conjugation) ¢ : Ky —/K,a). Moreover, these structures, together with the
Ok, (g)-action and the pair of quasi-isogenies

pP1 Xl—-)X(Az)l; p2 - Xz—)X(Az)z,

deduced from (3.2.4), determine the object (X,X’) uniquely. Here X(A;); is defined
asin 2.1.3 and X(A;)2 is defined analogously.
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We state a weak version of the Rapoport-Zink theorem on p-adic uniformization
[RZ2, Theorem 6.23].

THEOREM 3.2.7. Let z be a geometric point of S§ . There is a locally closed
connected subscheme T'(z) C Sk, containing the image of z, and a connected formal
subscheme M° C M, admitting an étale morphism

0: M° — T(x)

of formal schemes over Spf(W(R)). Here T(x) is the formal completion of Sk, along
T(z). :

The statement in [RZ2] concerns the whole isogeny class containing «, which is
a union, generally infinite, of closures of subschemes of the form T'(z). We are only
concerned with the étale local structure of Sk, in a neighborhood of z, hence the
above formulation suffices for our purposes.

It follows that the nature of the singularities of of S%, if any, is encoded by

the singularities of the connected components of the formal scheme M. Let X*(G)
denote the group of Qp-rational characters of G. Rapoport and Zink construct a
natural morphism x : M—A of formal schemes over Spf(W (%)) where A is the
constant group scheme over Spf(W (%)) [RZ2,3.52] associated to the discrete group
Hom(X*(G), Z) (homomorphisms of abelian groups). By construction x is a fibration.
It can be defined by replacing the group G by its abelianization G®® and by replacing
the data (b, 1) in (3.2.3) by their images in G*°, cf. the proof of Prop. 1.21 in [RZ2];
however, we will not use this fact.
Now we return to the decomposition (3.2.5). The map

(3.2.8) (X, X';p) = (X2,X5; 02)

defines a morphism

fliM—)M1

where M is the moduli space of EL type, in the terminology of [RZ2,§3] (see below),
parametrizing £;-sets (X1, X]) of g-divisible O ,)-modules of height n and dimen-
sion 1, rigidified by a quasi-isogeny p; to the fixed £i-set (X2(Az),X2(A%)). Here
by £;-set we just mean a pair (X, X5) as above connected by an isogeny Xo — X
of degree g (cf. the definitions following (3.1.3)). By the discussion preceding Theo-
rem 3.2.7, we see that this morphism is just the forgetful map “forget Ay”. The set
of possible Ag’s is a principal homogeneous space under Qy /Z ¢ thus the map f is
étale. Moreover, if M° C M is a connected component, f induces an isomorphism
MO =5 F(MO). Thus we have

COROLLARY 3.2.9. In Theorem 3.2.7 M can be replaced by M.

Now we are reduced to studying the singularities of M. We begin by recalling the
definition of the EL data defining M;. We are given the Qp-algebra K ), its maximal
order O 42, the free rank n KCy2-module V), and its rank one submodule V; ;2.
To these data is associated the group Go = GL(n)/K,=. We are also given the
crystalline Frobenius ¢z = ¢|V,2) ® Ko with respect to the isomorphism (3.2.5), and
hence the image b of the element b € G(Kp) under the natural map G—G2 (forget
the similitude factor).
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However, the structure of possible singularities is independent of b2. More pre-
cisely, Rapoport and Zink define a local model Mo, a projective formal scheme over
Spf(W(R)) depending only on the data (ICqm,(’),c,q(z),an),Vl’q(z)), for which the
following proposition holds:

PROPOSITION 3.2.10. ([RZ2,Prop. 8.88]) Let x € M, be a closed point. Then
@ has a pointed étale neighborhood (U,y)—(My, ) which is formally étale over M'oc,

The construction underlying this proposition will be outlined in the course of
the proof of Lemma 3.3.2. We copy the definition of the functor M‘° from [RZ2,
Definition 3.27]. Recall that we identify Ox,q with Oq.

DEFINITION 3.2.11. A point of M'° with values in an Oq-scheme T is given by
(a) an Lq-set of locally free rank one Op-modules ta, — 7 and
(b) a morphism of L,-sets

@' 1 A ®z, O = tay; ¢ Ay ®z, O = ta,,

Both ¢’ and ¢ are surjective, and the obvious diagram is assumed commutative.
We let M!°¢ denote the g-adic completion of M'*® x g, Spec(W (%)).

PROPOSITION 3.2.12. Let s be a closed point of M, and let M'°¢ denote the
formal completion of M!¢ along s. Suppose M!¢ is singular at s. Then there are a
complete local smooth W (R)-algebra S and an isomorphism

Mge = Spf(Slu,v]l/ (v - q))
of formal schemes over Spf(W (%)).

In particular, M is reqgular and flat over Spf(W (R)), and its special fiber has
only singularities of the form (smooth) x (ordinary double point).

Proof. The proof proceeds by making the local equations for M!*¢ explicit. Our
approach is similar to that of de Jong in [dJ]. We work over W(g). If T is a W(R)-
scheme, the points of M!°¢ with values in T are given by the data (a) and (b) of
Definition 3.2.11. In particular, if T is in characteristic zero then the homomorphism
ta, — tay is necessarily an isomorphism.

We choose bases {e,e1,...,en—1} and {f, f1,..., fn—1} of A} and A, respectively,
so that

e=qf, e; =f,',, i:l,...,n—l.

These bases identify the projectivizations P(A}) and P(A;) with projective space ]P’}{;l.
Let {X,X1,...,Xn_1} and {Y,Y1,...,Y,_1} be the corresponding sets of homoge-
neous coordinates. The quotients ¢4, of Ay ®z, O7 defines a T-valued point of P(A3);
likewise t5, defines a T-valued point of P(A;). The compatibility condition is that
these two points are identified to the same point in ]P’%l. Assume T = Spec(R) to
be affine and let (z,z1,...,2n—1) and (y,¥1,--.,Yn—1) be their expressions in the ho-
mogeneous coordinates defined above, with the z’s and y’s in R; then the condition
is that (qz,21,...,2Zn-1) and (y,y1,.-.,Yn—1) are proportional. In other words, the
matrix

(3.2.12.1) (qx T .. xn_l)
Y Y1 -.. Yn—1

is of rank one.
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The 2-by-2 minors of (3.2.12.1) provide a set of homogeneous equations for the
scheme M!°¢, The assertions of the proposition follow easily from the form of these
equations, as we will see in a moment. We note for future reference the following fact:

REMARK 3.2.12.2. The open subscheme M!°%¢ C M, defined by the condition
that the homomorphism tp, — ta be an isomorphism, is non-singular.

It suffices to consider a geometric point z of M!%¢ in characteristic g. Let R be
a complete local ring with residue field ¥ and let the z’s and y’s be local homogeneous
coordinates near z, as above; we may assume the z’s and 9’s lie in R. The condition
z € M'%€ corresponds to the condition that the rows of (3.2.12.1) be proportional with
a factor of proportionality « invertible in R. Consider the inhomogeneous coordinates.
There are essentially three possibilities:

(a) z1 is a unit, y; is a unit. Let

Yy o T

Yi . '
==Jj>Ly=—,1=—.
1 ’ v Y1 3]

s
z; =

/
J 331’ J

The inhomogeneous equations are
] Y A
y=x’xj—yja]>1a

and these are always smooth.
(b) s is a unit for some ¢ > 1. Without loss of generality we may assume 7 = 1.
Then the invertibility of o implies z; is also a unit, and we are reduced to case (a).
(c) y is a unit. This is impossible because y = agz with « invertible and = € R.
It is case (c) that gives rise to the singularities of M!°¢ outside M!o%:¢.
The following theorem appears to be the natural generalization to higher dimen-
sions of the well-known theorem of Deligne and Rapoport on the local structure of the
modular curve Xo(q).

THEOREM 3.2.13. The moduli scheme Sk, is regular and flat over Sq, and its
special fiber is a union of smooth divisors with normal crossings. Moreover, if T is a
singular point of the special fiber then the formal completion Sk, is isomorphic to a
formal scheme of the form Spf(S[[u,v]]/(wv —q)), where S is a complete local smooth
Og-algebra.

Proof. The properties in question are local in the étale topology. Thus it suffices
to verify the theorem after base change to W(&). The Theorem is thus a consequence
of Theorem 3.2.7, Corollary 3.2.9, Proposition 3.2.10, and Proposition 3.2.12.

The following proposition is a strengthening of Proposition 3.1.1.:

PROPOSITION 3.2.14. Leti:y — Sy be a geometric point lying over i, and let
Skoy = ¥ Xs, Sk, denote the corresponding geometric special fiber. The ordinary
locus is open and dense in every irreducible component of Sk y.

Proof. First note that the forgetful morphism S, , — Sk, is finite, i.e. has finite
fibers. Indeed, let = be a geometric point of S 4, corresponding to an abelian variety
Az; then the points of Sg,, above z correspond to the rank 1 Oy / q®)-subgroup
schemes Cy C A[q(?)]. But the connected part of the finite flat group scheme A4,[q(*)]
is of dimension one. It follows easily that the set of possible C5’s is finite.

On the other hand, it follows from Theorem 3.2.13 that every irreducible compo-
nent Sk, is of dimension n — 1. Combining these two facts with Proposition 3.1.1,
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we see that no irreducible component of Sk, lies entirely over the complement of the
ordinary locus in Sk ,. The assertion now follows from Proposition 3.1.1.

REMARKS. The results of this section were obtained in 1996. Analogous results
for Iwahori level were known to Rapoport previously (cf. [R] which, however, only
treats places where the division algebra is ramified). General parahoric levels and
general signatures have since been treated by Gortz [G], and Theorem 3.2.13 is now
regarded as the trivial case.

Counterexamples due to Stamm show that the analogue of Proposition 3.2.14 is
not valid in the generality of [Wel]. However, the present case has also been considered
in [We2], where Wedhorn obtains a congruence formula related to the one proved in
section 4.2, below.

3.3. Local models of &k, .

3.3.1. Let (Aunv Aluniv puniv . X (Afuniv), 4X(AHUniv),) denote the universal
L-set (3.1.4.1) of abelian varieties over the moduli scheme Agq(L). Then the kernel
of p*™ is a finite flat group scheme C¥™" of order g, isomorphic over Ox to an
Oq/ q®-module of rank 1 (3.1.4). We use the same notation to denote the pullback
of C¥™ to Sk, via the natural inclusion. Similarly, we let C#™¥ denote the kernel
of the homomorphism p"¥™ : X(A»¥"); X (A¥""); described in 2.1.3.6, so that
C¥™v and C¥™ are canonically Cartier dual (2.1.4.4).

The property “C, is étale” is relatively representable over the functor Ax. (L)
and defines an open subscheme Agq(£)¢ [cf. [DR,§V.1]. Likewise, the property “Ci is
étale”, equivalent to the property “C is locally isomorphic to p, in the étale topology”,
defines an open subscheme Agq (L)%, of Aga(L). It follows from Proposition 3.2.14
that

3.3.1.1. The union Agq(L)° = Aga(L)e U Aga(L)2, is open and dense in
Akaq(L).

We let S, S, ¢» and S%, ,, denote the corresponding subschemes of Sg,. Note
that S%, contains the ordinary locus but is in general larger.

Let Sk, denote the special fiber of Sk,, X3, = Sk, N S%, . X¢ = Sk, NS%, ¢

and let X,, and X denote the closures in Sk, of X2, and X 2, respectively. It follows
from (3.3.1.1) that

(3.3.1.2) Sk, = Xm U Xe.
We will need the following strengthening of Theorem 3.2.13:
LEMMA 3.3.2. Let x be a singular point of the special fiber of Sk,, and let
(Ao, A7, po + X(Az)2 2 X(4;)2)

be the corresponding L-set of objects of AVO?}*' Then Ker pg is isomorphic to the
unipotent group scheme oy.

Proof. First, suppose Ker p, is of multiplicative type. Since A;[q(?] is one-
dimensional, it follows that z is in the ordinary locus and Ker p, is the full g-torsion
subgroup X (A)3[q] of the formal group X(A)$ (cf. 3.2.4). Let (Sk)°, resp. (Sk,)°
denote the ordinary locus of Sk, resp. Sk,. The former is an open and closed
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subscheme of the moduli space Ag for triples (4,\,3) as in 3.1.4, and the func-
tor “forget p : X(A)2—=X(A')2” from Ag«(L) to Ax restricts to the canonical map
f:X2—(Sk)°. Then the map f admits a section:

(A’A7ﬁ) '_) (AiA,’p7A7IB)7

where p : X;—+X2/X(A)3[q] is the tautological map and A’ is determined by A and
Ker(p) as in the discussion preceding 3.1.4.1. Since Sk is smooth, it follows that X2,
is smooth, hence z is a smooth point.

To treat the étale case we need to recall briefly how Proposition 3.2.10 is proved.
Let (X2,X3;p2) be the universal rigidified £;-set of g-divisible Oy ,2)-modules over
My, in the notation of (3.2.8). Let Nilpw(z) be the category of W (%) schemes on
which q is locally nilpotent. Let A be the functor on N ilpw () such that, for S €
Nilpw ), N(S) is given by triples ((X2,X5); p2; (12,73)). Here ((X2,X%);p2) €
M;(S) and

(v2,73) + (M(X2), M(X3)) — (A2, A3) ®z, Os

is an isomorphism of £;-sets of Os-modules, where M (®) denotes the crystal associated
to the g-divisible Oy ,2)-module o. Then N is representable by a formal scheme. The
forgetful functor defines a formally smooth morphism A —AMj.

Consider the morphism ¢ of functors that to the triple ((Xz,X5%); p2; (72,73))
associates the composite morphism of £;-sets:

(3.3.2.1) (A2, A}) @z, Os = (M(X3), M (X)) = (Lie(Xz), Lie(X5)).

Here the first arrow is given by (y2,v5) ™!, while the second morphism is given by the
theory of Grothendieck and Messing [Me]. Then ¢ defines a morphism v : A'—Mo¢
(cf. [RZ2], p. 90).

Let z € M be a closed geometric point, and assume the corresponding morphism
Xo,z —*Xlz,z is étale. We need to show that z is a smooth point of M. Rapoport and

Zink consider a certain class of sections s of A'—M; on pointed étale neighborhoods
U,y) of (My,z), which are called rigid of the first order [RZ2,p. 91]. They show
that if s : (U, y)—>M 1 is rigid of the first order, then ¥ os : U — Mo ig formally étale
in a Zariski open neighborhood of y ([RZ2, Prop. 3.33]). On the other hand, it is
immediate from the definitions that if X2 ;—X}  is étale, then s(y) € M€, defined
as the g-adic completion of M'°®€ X g,.c(0,) W (E). But Remark 3.2.12.2 implies that

M'o¢ is smooth. This implies that z is a smooth point, and completes the proof of
Lemma 3.3.2.

PROPOSITION 3.3.3. The subschemes X, and X¢ are smooth divisors on Sg,.

Proof. Let  be a singular point of Sk, contained in X,,,. We replace Sk, by an
appropriate étale neighborhood of z, which we may take to be isomorphic to Spec(R),
R = S[u,v]/(uv — q), with notation as in Theorem 3.2.13. It follows from Theorem
3.2.13 that z lies on the intersection of two smooth irreducible components of the
inverse image in Spec(R) of X,,, say D; and D,. Following a suggestion of de Jong,
we use the Tate-Oort theory [TO] to describe the group scheme of prime order C3™%
in a neighborhood of z. We may assume u to be a local parameter for D; and v a
local parameter for D,. Let C denote the pullback of C¥"™ to Spec(R). Since R
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is affine it follows from the main theorem of [TO] that C is determined by a pair of
elements z,y € R with zy = ¢, and that C is étale on the subset of Spec(R) where x
is invertible. But our hypothesis is that C¥"" is multiplicative, hence C¥™" is étale,
on the non-singular locus of Dy U D,. Since S, is regular, the subvariety defined by
the vanishing of x is purely of codimension one. Thus z is invertible in R, and C is
étale on Spec(R). But then it follows from Lemma 3.3.2 that z is not a singular point.
The argument for X¢ is analogous.

REMARK 3.3.4. Let R be a Z, algebra. The Tate-Oort theory actually classifies
group schemes of order q over Spec(R) by elements a and b in R such that that
ab = wy, where w, = vq for a certain explicit unit v in Z,. Our parameters above
are ¢ = v~ la, y = b. The distinction is important for the group structure but not for
the local geometry. Thus we let Ggr(z,y) denote the group over Spec(R) associated
to (a = vz,b = y) in the Tate-Oort classification. Then

Gr(z,y) =2 Gr(z',y") if and only if z/x' is the (¢ — 1)st power of a unit in R.
The proof yields the following Corollary:

COROLLARY 3.3.5. Let s be a singular point of Sk, and let Spf(S[[u,v]]/(uwv—q))
be a local model for the formal completion of Sk, along s, in the notation of Theorem
3.2.13. Then s lies in the intersection Xp,, N Xg, and, up to interchanging v and
v, u s a local equation for X¢ and v is a local equation for X,,. Moreover, in the
Tate-Oort classification for the pullback C of C¥™ to Spf(S[[u,v]])/(uv — q)), we
have C ~ Ggr(z,y), with R = S[[u,v]]/(wv — q), z = au, y = a~lv, for some
a € (S[[u,v]]/(w — q))*.

Proof. Only the last statement needs justification. But in the Tate-Oort theory,
z (resp. y) vanishes precisely where C¥™" is not étale (resp. multiplicative). Thus
the variety defined by z is the subset X where C4™* is not multiplicative, so = au
for some a € (S[[u,v]]/(uv — ¢))*, and we conclude by recalling that zy = ¢ = uv.

We now turn to the moduli scheme Gk,. Let C* denote the complement of
the zero section of C}™ over the generic fiber (6k,)k,. Then C7T tautologically
represents the functor

{T—Valued point f : T—=(6x, )k, }
T~

3.3.5.1 .
( ) plus a generator of f*(C7™") over T

On the other hand, just as in the elliptic modular case (3.3.5.1) is represented
by &k, over Ky (cf. 2.1.4.5). Thus in order to obtain a regular model for Gg, over
Sy it will be enough to find a regular model for C*. We do this explicitly using the
Tate-Oort equations.

PROPOSITION 3.3.6. (a) The moduli scheme G, has a flat model Sk, over Sq
which is a reqular scheme, and whose special fiber is a divisor with normal crossings,
each of whose components has multiplicity prime to q. More precisely, there is a finite
flat morphism p; : Sk, = Sk,-

(b) The inverse image Y, = pfl(Xm) is a reduced divisor on Sg,, while Y¢ =
pl‘l(Xé) s a divisor with multiplicity ¢ — 1, and the map p1 : Ys rea—Xe is an iso-
morphism.

(c) Let Yiing denote the singular locus of Sk,. Then Yiing red is smooth and all
its components are of codimension 1 in the special fiber.
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Proof. We define Sk, to be the normalization of Sk, in CT. All assertions are
local on S k,, so we can work over a neighborhood of 4 geometric point s of the special
fiber Sk,. There are three cases to consider.

Case 1: s € X2,. Then C7 is étale over Sk, in a neighborhood of s, and the
claims follow immediately from Theorem 3.2.13.

Case 2: s € XZ. Then C is of multiplicative type, hence is isomorphic to y, on
an étale neighborhood of s. The statement about multiplicities is then obvious, as is
the assertion that p; : Y req—X¢ is an isomorphism.

Case 3: s € X¢N X,,. We use the notation of Corollary 3.3.5. Let a be the
unit introduced in the statement of Corollary 3.3.5. By the remark preceding that
corollary, C' ~ Gr(u,v) if and only if the unit « is a (¢—1)st power in S[[u, v]]/(uv—g).
Now the extension (S[[u,v]]/(uv — q))[(a)ﬁ'i-l] is finite and étale over S[[u, v]]/(vv —q).
Since our theorem is local in the étale topology, we may assume C ~ Gg(u,v).

Now we recall the Tate-Oort local equations for Gr(u,v). On p. 13 of [TO] are
introduced parameters U and y such that, setting X1 = w,U*~9, Xo = U971, and
Y = U~'y, and working on the formal completion of Spec S[u,v]/(uv — q), we have

(3.3.7) Gr(u,v) = Spf(S[Y][[X1, Xa]l/ (X1 Xa—w,, YI-X1Y); X; =vu, Xz =0.

Now the factorization Y9 — X;V = Y (Y971 — X;) defines an injective map from the
ring on the right-hand side of (3.3.7) to the direct product of two rings Ry and R*,
where

Ro = S[[X1, Xall/(X1 Xz —wp);  R* = S[[Xa, Y]}/ (Y X; — w,).
Dually, we have a surjective morphism )

Spf(Ro) [[ Spf(R*) = Grlu,v).

The image of Spf(Rp) corresponds to the zero section, while the image of Spf(R*) is
the scheme-theoretic closure of C*+. It follows that Spf(R*) is a local model for C*
over a neighborhood of the singular point s. Obviously Spf(R*) has the properties
required, and the construction shows that p; : Ye req—X¢ is an isomorphism near s.
Moreover, Spf(R*) is normal, and it follows just as in [DR,§V.2] that Spf(R*) is a
formal local model for S g, near s.

This completes the proof.

The analogy with [DR] becomes clearer if we extend scalars to Oq[(,], where (,
denotes a primitive g-th root of 1. Let Sy = Spec(Oy4[¢,])-

PROPOSITION 3.3.8. (a) The moduli scheme Gk, xx, Kq({;) has a flat model
S K, over 5‘., which is a regular scheme, and whose special fiber is a reduced divisor
with nor@al crossings. More precisely, there is a finite flat morphism Py : S K, =
S Ko X Sq Sq.

(b) The inverse images Yz = py " (Xs) and Yo, = 7 (Xm) are reduced divisors on
S Ky Moreover, Y, ~ Y, and f’e" =p; ! (X2) is étale over (Y2)rea ~ X2 with Galois
group isomorphic to the group of diamond operators (cf. Remark-Definition 2.1.4.6).

(c) The model Sk, can be defined as the normalization of Sk, x Sq S, in the
scheme

Isoms . x s, Spec(Kq(¢y)) (L/4Z, Ch).
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(d) Over the complement of Y, (resp. Ys) Sk, represents the functor
Isom(ug,C1) (resp. Isom(Z[qZ,C)), and these two are canonically isomorphic over
the generic fiber.

Proof. The first part of the proof of Proposition 3.3.6 showed that we can take
the universal group scheme C over S, to be étale locally isomorphic to Gg(u,v). Let
Ry = Zg[u,v]/(uv — q). Then Gr(u,v) is the base change from Ry to R of Gg,(u,v),
and it suffices to work over the base Ry, a local curve over Spec(Z,) = S;. Then the
proof of [DR,Lemma V.2.8] applies word for word to yield the result. Parts (c) and
(d) are the analogues of [DR, Theorem 2.7] and [DR, Prop. 2.3], respectively, and the
proofs are identical.

We write down the explicit local equations since we will need them for the fol-
lowing lemma. The formal completion of Sk, at a singular point is isomorphic to

(3.3.8.1) Spf(S[[¢g, 7, y]l/ (zy — w)),

where w is a uniformizing parameter in Z4[(,].
Let w: (Z/qZ)* — Z be the Teichmiiller character.

LEMMA 3.3.9. The diamond operators < a > € Aut(Sk,(q)/6k,(q)) extend to

automorphisms of Sk, (resp. Sk,) that act trivially on (Ys)req (resp. on Ym NYz).

Proof. The action of the diamond operators < a > on G, (g), in terms of (3.3.6),
is deduced from the action on C* taking a section ¢ to [a]c, where [a] denotes mul-
tiplication by a (cf. 2.1.4.6). In the model Gg(u,v), with equations (3.3.8) [a] takes
Y to w(a)Y [TO, p. 13]. The assertion of the lemma follows when Sg, is replaced by
its local model Spec(R*), in the notation of the proof of Proposition 3.3.7, and this
implies the result for Sk, .

In the local model 3.3.8.1 near a singular point of Sk, [a] acts by taking z to
w(a)z, y to w(a)y (cf. [DR, V.2.15]). This shows that [a] extends to an automor-
phism that fixes Y, N Ye.

4. Vanishing cycles and cohomology.

4.1 Calculations of vanishing cycles. Let n = Spec(K,an)) be the generic
point of Sy, 7 the spectrum of the algebraic closure of Ky, j : 1 — Sy the natural
map. We write Gal(7]/n) for Gal(Kya)/Kqm), and let I C Gal(7j/n) denote the
inertia subgroup and P C I the wild inertia subgroup. The next step is to study
the f-adic cohomology of &k, (q)7 = Gk,(q9) X, 7 as a module for Gal(7/n), by
comparing it to the £-adic cohomology of the special fiber. It follows from Proposition
3.3.7 that the model Sk, satisfies hypotheses (i)-(iv) of [RZ1,(2.2)], and that each
irreducible component of the special fiber occurs with multiplicity prime to g. Then
Grothendieck’s purity conjecture [SGA 7, I, §3] follows from [RZ1, (2.21)]. It follows
that the calculation in [SGA 7, I, 3.3] of the sheaves of tame vanishing cycles is valid.

4.1.1. We follow the notation of [RZ1] and let R¥?Q, denote the gth vanishing
cycle sheaf. By [RZ1, (2.23)], the vanishing cycle sheaves and the tame vanishing cycle
sheaves coincide under our present hypotheses. We recall the calculation of R¥?Qy in
the case at hand, which we will treat abstractly.

Consider a regular scheme X, flat and of finite type over Sq, with smooth generic
fiber X, and special fiber X;. The special fiber is assumed to be étale locally of one
of the following types:
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4.1.1.1. X, is smooth. This corresponds to a neighborhood of a point in Y,, not
in Yz. Then the regularity of X implies that X is smooth. In this case R¥?Qy, = 0
for ¢ > 0, RT9Q, = Q.

4.1.1.2. X is of the form Spec Z,[X,Y,Y~1]/(X9 'Y — q). This corresponds to
a neighborhood of a point in Y not in Y,,. Let X’ = Spec Z,[z,y,y~]/(z?! - q),
and define a map 7 : X’'—X via the embedding

ZII[Xa Y, Y_l]/(Xq_IY - Q) - Zq[xay’y_l]/(xq_l - Q); Y= yq—l, X = xy—l'

The morphism 7 is étale with Galois group Fy* = u,_;, the group of (¢ — 1)st roots
of unity. Here ¢ € py_1 acts by multiplying both = and y by {. The special fiber X,
is a non-reduced divisor with multiplicity ¢ — 1; the associated reduced divisor X; req
is defined by the equation X = 0 and is smooth; it is isomorphic to Spec F,[Y,Y 1],
which we view as (G, )F, .

We first compute the vanishing cycle sheaves R¥9Q)y in the étale neighborhood
X' of X. Let O =Zy[{,] = Z,[z]/(z?* — ¢). Then we may write

(41121) X' = Spec O X Spec Zg4 Y,

where Y = Spec Z,[y,y~!]. The second factor is smooth over Z,, hence (R¥Qy) - is
the pullback from R¥? for the finite flat morphism Spec O— Spec Z,. The morphism
is of relative dimension zero, hence RU? = 0 for ¢ > 0, and it is elementary to see
that R¥P is the group algebra Qp[uq—1], with the inertia group of O over Z, acting
as Hg—1-

It follows that R¥?Q, = 0 for ¢ > 0, and that RU°Qy is a lisse £-adic sheaf of
rank ¢ — 1 on X req that becomes constant over X ;ymi. Moreover, since Gal(X'/X)
acts as the inertia group on the first factor of (4.1.1.2.1), one sees easily that the
canonical action of Gal(X'/X) on (R¥°Qy) x: _, identifies the latter with the group

algebra Q;[Gal(X'/X)]. It follows that
(4.1.1.2.2) RY°Q, = 7, Q.

The inertia group pq—1 still acts on R¥°, and we have seen that the lift of this
action to X, coincides with the action of Gal(X'/X). We write

(4.1.1.2.3) RY°Q; = &, RY°Q[x],

the decomposition with respect to characters of the inertia group. We write L[x] for
the rank one local system RU°Q,[x]. Let xo denote the trivial character. Consider
the embedding

j:Xs,red = (Gm)]Fq — Al = Spec ]Fq[Y]

as the complement of the origin Y = 0. The morphism = is totally ramified along
Y =0. It follows that

(41124) R%j.L[x] = 5iL[x}; RU«L[x] =0, ¢>0 (x # xo);

(4.1.1.2.5) R%j.L{xo] = Q¢; R%+L[x0] =0, ¢ > 0.
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More generally, suppose X = Spec R[X,Y,Y~1]/(X91Y - q), where R is a
smooth Zg-algebra of finite type. Then X is the fiber product

X = Spec R X spec z, Spec Ly X, Y, Y71 /(XY - q),
where the first factor is smooth. We define
Jx =1xj: X;rea = Spec R X spec 2, (G )F,—Spec R X spec z, Spec Fy[Y].

Letting X5 denote the second factor above and letting p, denote the projection X —+Xa,
we see that

(4.1.1.2.6) RUIQ, = p; RY% Q,

where RUx, denotes the vanishing cycle sheaves for the map from X3 to Spec Z,.
In particular, R¥9Q, vanishes for ¢ > 0, while R¥°Q, breaks up under the action
of the inertia subgroup of Gal(Q,/Q,) as the sum of rank one local systems Lx]:
L[xo] = Q¢, whereas L[x] for non-trivial  satisfies the analogue of (4.1.1.2.4):

(4.1.1.2.7) R%x.Llx] = jx,LIx]; R%x+LIx]=0, ¢>0 (x # Xo)-

In other words, jx.L[x] is the intersection complex (pure perverse sheaf) on
Spec R X spec z,Spec Fy[Y] associated to the local system L[x] on the open subscheme
Xs,red~

4.1.1.3. X is of the form Spec R[X,Y]/(X97'Y — q), where R is a smooth Z,-
algebra of finite type. This corresponds to a neighborhood of a point in Y; NY,,. We
want to calculate the stalks of R¥9Q), at a geometric point T of the singular locus Xsing
of the special fiber, defined by X =Y = 0. In this case we simply quote the result
from [SGA 7, loc. cit]: R¥IQ, = 0,q > 1; (RZ°Qy)z = Q, (RYU'Qy)z = Q(-1),
with trivial action of the inertia group on @, the (—1) denoting Tate twist.

We now apply the above calculations to the cohomology of Sg,. We write Y, =
YeNYy,,. Let i : Y =Sk, % : Ys—=Sk,, and i, : Y,—Sk, be the natural maps.
Let Y denote the complement of Y, in Y, and let je : (Y)rea—>(Ys)req be the open
immersion. Then

PROPOSITION 4.1.1.4. The vanishing cycle sheaves RYQy are calculated as fol-
lows. Let I denote the inertia subgroup of Gal(@q/@ﬁ. Then the action of I on
RYQy factors through the map to pq—1 given by the action on Q[(,]. For a charac-
ter X of pqg—1, let [x] denote the x-isotypic component, and let xo denote the trivial
character. Then

(i) RT°Q[xo] = Q. |

(ii) R¥'Q; = R¥'Q[xo0] is a rank one local system supported on Y, locally
isomorphic at any point of Y, to Qu(—1).

(iii) For x # xo0, RY°Q[x] is the extension by zero of a rank one lisse sheaf
L[x] supported on Y. Moreover, the natural map je  R¥°Qy[x]— Rje,« RY°Qy[X] is a
quasi-isomorphism.

(i) Finally, RVIQ, =0 for ¢ > 1.

Proof. Everything follows immediately from (4.1.1.1-3) except the global triviality
of RU%Qe[xo]- But there is always an injection Q,—RT¥°Q;[xo0], so (i) follows from
the fact that all stalks of R¥°Q[xo] are one-dimensional.
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Since the tame vanishing cycle sheaves are concentrated in two degrees, the van-
ishing cycle spectral sequence degenerates to a long exact sequence

oo~ H (S g5, RY°Qe) = H (G k, (4)7, Q)
—HH S gy 5 RY' Q)= B (S, RTQe) ..

Using (4.1.1.4.ii), we rewrite this
(4.1.2) . ‘ .
oo > H (Skyr, RY°Qe) = H (G k, ()7, Qo) = H ™ (Yo ) reds RZ Qe [x0])— - - - -

We deduce from (i) and (iii) of (4.1.1.4) that the first term in turn is calculated
by a long exact sequence

(4.1.3) ... H7Y(Ya)red, Q)= H Sk, 5, RI°Q)
—H (Y, Q) ® H((Ye)rea, Q) © P HI(YE, LX)

X7#X0

Here and in (4.1.2) we have replaced Y¢ and Y, by the associated reduced schemes,
since the étale cohomology is insensitive to nilpotents.

The diamond operators act on S, (q)7 as well as on Y¢ and Y, and thus induce
compatible actions on the spaces in the exact sequences (4.1.2) and (4.1.3). These are
determined as follows:

LEMMA 4.1.4. The diamond operators < a > act on the outer terms of the exact
sequence (4.1.3) as follows: The action is trivial on H*((Y¢)rea, Qe), H*((Ya)red, Qz),
and on H7Y((Ya)rea, RY*Qe[x0]) and acts via x on L[x].

Proof. By Lemma 3.3.10 the diamond operators act trivially on (Ys)req and
(Ya)red, so it suffices to determine their action on R¥°Q, and on RU'Qy.

We first determine the action on R¥°Q,. By the calculation in (4.1.1.2), we
see it suffices to determine the action of the diamond operators on H° (S’pec(@q ®q,
Qg [¢q), Qr), via the identification of Qg [(,] With the generic fiber of u, and the latter
with C¥™% in (4.1.1.1-2). But the diamond operators on p, are tautologically given
by the cyclotomic character.

As for the action on RU!Qy, this is again local. But locally the calculation in
(4.1.1.3) shows that R¥'Qy is a constant sheaf, so the triviality of the action of the
diamond operators is clear.

COROLLARY 4.1.5. Suppose x # Xo, and denote by <>=X the x-isotypic compo-
nent for the action of the diamond operators. Then for any i, there is a canonical
isomorphism of Gal(7/n)-modules

Hi(Ym, Qe)<>=x ® Hé((yéo)red, L[X]) = Hi(6K1 (q)ﬁa Q€)<>=x
Proof. Indeed, in (4.1.3), the diamond operators act trivially on the term
H71((Y3)red, Q) and coincide with inertia on L[x], inducing an isomorphism
H (S5, RY°Qe) =X = H (Y, Q)" @ Hi(YY, LX)

Similarly, the diamond operators act trivially on the H*=1((Yy)red, R¥ Qe [x0]) term
in (4.1.3).
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Over S'q = Spec(Oq4(¢q]) the special fiber of Sk, is a reduced divisor with normal
crossings (Prop. 3.3.8). Let R¥?Q; denote the corresponding vanishing cycle sheaves.
It follows that there is a canonical isomorphism

(4.1.6) RI°Q; ~ Q.
The following lemma is immediate from the above calculation.

LEMMA 4.1.7. We identify (Y?)req ~ X via the morphism py. Then the mor-
phism Py : Y2 —=(Y$)rea of Proposition 8.3.8 defines a canonical isomorphism

e
P RY°Q ~ 1, Qp ~ j} (RT'Q).
Moreover, this isomorphism is equivariant with respect to the diamond operators.

Proof. Tt is easy to see that the étale covering X' of X used in the calculation
of 4.1.1.2 is represented by Isomx (ug,C1). It follows from Prop. 3.3.8 (d) that the
calculation globalizes to give the indicated isomorphism. The diamond operators act
as Aut(uq) ~ p1q—1 on X', and the final assertion follows from the discussion in 4.1.1.2.

COROLLARY 4.1.8. Let x # xo be a non-trivial character of the diamond opera-
tors. Then the canonical maps

HY((YE)reas LIX]) = HI(Y?,Qu)<7=X = H(Ye, Q) <>=X
are isomorphisms.

Proof. The first isomorphism is a consequence of the preceding lemma. The
second isomorphism follows from the fact that the diamond operators act trivially on
the complement Y,, NY; of Y2 in Y.

4.2. The congruence formula and proof of Theorem 2.3.5. As explained
in §2.2, the double coset U, defines a correspondence U, on Sk, (4)7%X Sk, (9)7. Its
modular interpretation in characteristic zero has been described in §2.2. An alterna-
tive description will be useful in defining its reduction (mod q). Consider the finite
flat group scheme X(A)2[¢?] over &k, ,, and let m, : X(A)2[g*]+X(A)2[q] denote
multiplication by q. Let P = v*(¢), { € pq, as in the discussion in 2.2. The in-
verse image m; 1 (F;) C X (A)2[q?] defines an étale covering of &, (q)7, whose image
under p, p(mg*(P)) C X(A')z[g] is a well-defined étale covering of S, (q)7. Over
Sk, (9)7%6 K, (9)7, Uq is in one-to-one correspondence with the set of

(4.2.1) {(4,0,0,89, P; A",/ N, (B)%, P')}

with notation as in (2.2.2). Here P = (1) € X(A')1[q], P’ = +'(1) € X((4"))1]d],
where (A')’ bears the same relation to A’ and Im((y')*) € X(A’), that A’ bears to
A and Im(y*). Recall that P and P’ determine P; = v*(¢) and P, = (')*(¢) as in
(2.2.1.3), and (P, P;) C X(A)2[q] x X(A)2[q] is defined by the closed relation

(4.2.2) P} € p(m; ' (F)).

This subset is independent of the choice of ¢ and defines a closed relation on the set
of (P, P') € X(A")1[q] x X((A"))1lq]-

Let 5 : 6k, —+X(A')1[q] denote the canonical section sending (4,¢, A, 39, P) to
P. Then (4.2.1) is contained in s(&k, (q)7) X s(Sk,(q)7). We use the same notation
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U, to denote the scheme-theoretic closure of (4.2.1) in s(Sk,)xs(Sk,). Let p; :
Uy = Sk, ¢ =1,2, denote projections on the ith factor.

Over the open subset Y, defined to be the complement of Y, in Y, the morphisms
p1 and p; are both étale. Moreover, it is straightforward to see that pa(p; ' (YY) C Y.
In particular, the modular description (4.2.1) holds without change over Y,?. We let
U denote the restriction of U, to Y XY .

The situation is more mterestlng over Y,°. First, suppose (A4, L,/\,,Bq,P) is a
(T-valued) point of ¥,2. Then the étale group C; generated by P corresponds (by
Cartier duality) to a subgroup C p of X(A)2 isomorphic to p,. The isogeny F; :
X(A)2—=X(A")2 = X(A)2/Cp is just the geometric Frobenius map. Indeed, one veri-
fies that A’ is nearly isomorphic to the transform A(9) of A under Frobenius. In fact,
this is true at the level of g-divisible groups: writing

X(A") = [X(4)1 & X(4)q]™,
we have canonical isomorphisms
(42.3) X(4")2 = X(AD)y; mg - X(A")1 = X(A): /7' (X(A)1[g]) = X(AD),

where the first isomorphism is given by Fj, the second is obtained by factorizing
mq : X(A")1>X(A"): via the morphism r’' : X(A’)1—=X(A); of 2.1.4, and the third
is a consequence of our choice of F;. Moreover, the point P’ of (4.2.1) satisfies the

relation
P' e my(r')~H(P)

derived from (4.2.2), as one verifies by looking at the multiplicative formal group.
Here the isogeny r' : X((4'))1—=X(A4’); is again as in 2.1.4, but this time relative to
A'! We note that, identifying mq - X(A'); with X(A4');, P’ can be identified with the
image of P under the Frobenius map

X(A4); x X(A); = X(AD); x X(AD),.
It follows that
(4.2.4) (4,0, 1, 8%, P) = {(4,,,\, 89, P; A",/ N, (8)%, P')}

is the graph of a morphism U}, : Y,2 —Y,2 that defines a section of p; over Y,. Here
the quadruple (A',¢, X', (8')?) is defined by A and the isogeny F5 : X(A)2—=X(A4")2
asin 2.1.4.

Next, let U;, = p7(¥;2) Np; ' (Y?). Then we have

(4.2.5) ; p N (Y2)=Uluu,,.

In particular, U} (resp. Uj,) is the graph of a correspondence on Y;3 x Y2 (resp.
Y2 x Y?). We denote their closures in the special fiber of Sk, xSk, by the same
notation.

The morphism U} is not quite equal to geometric Frobenius on Y,3. Recall from
3.2.1(b) that the g-divisible Ok q-module X(A) breaks up over the divisors of ¢ in K.
The components corresponding to divisors of ¢(*) (resp. ¢(®) other than q(*) (resp.
q®) are of multiplicative type (resp. étale). Thus geometric Frobenius on Y2 acts as
multiplication by ¢ on the ¢-factors of X(A) (other than q()) and as the identity
on the ¢®-factors (other than q(®). Moreover, the maximal connected subgroup
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X (A)? is purely of multiplicative type. Thus geometric Frobenius replaces X(A); by
X (A)1/X(A){[g]). But it follows easily from (2.1.4.2) that

X(A)1/X(A)[g] = X(A")/X(A")[q).

We combine these observations as follows. Let [g~!]; denote the image of ¢~*
GL(n, Ko 4 ), which we embed diagonally in GL(n, Kqn) ). This is a central element
of G(Ay), hence induces automorphisms of all Shimura varieties at finite level that
extend trivially to Gk, (q)7. Bearing in mind that inclusions of lattices induce maps
of abelian varieties in the opposite direction, we conclude that

PROPOSITION 4.2.6 (CONGRUENCE FORMULA). We have the identity

[g7"): - UF, = Frob,
the geometric Frobenius map on the scheme Y, over k(q(V)).

4.2.7. We need to explain how to relate the cohomological correspondence defined
by U, in characteristic zero to the finite correspondences calculated above over Y and
Y,°. This is somewhat delicate, since the base scheme S, has a singular special fiber
and we have not determined the structure of Uy over the singular locus. Fortunately,
we are only interested in the action on R¥P. It is convenient to write

(4.2.7.1) RY°Q, = Q & € jm.LIX]-

XFXo0
We consider the first map of (4.1.2):

bi : H*(Sky 7 RY°Qe) = H (S, (4)m Q).
We need to find a cohomological correspondence Ug on R¥°Qy such that
(4.2.7.2) b; o Ug =Ugob;.

We define Ug on the separate summands on the right-hand side of (4.2.7.1). On
the summand @ one just takes the natural cohomological correspondence (pullback
followed by push-forward) defined by the proper correspondence Ug. Recall from
Corollary 4.1.5 that, if x # xo, then

(4273) Hi(SKl,R‘vQZ)<>=X = Hi(Ym7@f)<>=X‘

Now U, commutes with the diamond operators, hence fixes the x-eigenspace. We have
seen that Ug restricts to a sum of two correspondences U}, + U, on Y,, and the
restriction of Uj to H*(Y;,, Q) <>=X is evidently the sum of the induced cohomological
correspondences, say U} [x] and U;, [x].

It remains to define U on the L[x]. In fact, it is enough to define U} on
H i((Y")red,L[X] Extendmg scalars to Sq, we can use the model § K., and deﬁne
a correspondence Uq on Sk, x Sk, as above. We have seen that R¥°Q, = Q; (4.1.6),
hence we can define U9 again as the natural cohomological correspondence on R¥°Q;.
This commutes with the action of the diamond operators, hence for each x defines an
operator on H z(S k1.7 Q) <”=X. Since the diamond operators act trivially on YNV,
it follows as before that, for x # xo, this breaks up as

H (Yin, Q) 77X @ H (Yo, Qo) <77% = H (Vin, Q) 77X @ HI((YS)reas LX),
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by Proposition 3.3.8 (b) and Corollary 4.1.8. It is clear that U9 induces U}, [x]@ U, [x]
on the first fac~t0r. On the second factor it suffices to know that fJ'q fixes Y;. By proper
base change, Ug satisfies (4.2.7.2). Hence

LEMMA 4.2.8. Fiz an integer i. Let x # Xo be a non-trivial character of the
diamond operators. The correspondence Uq acts on

HY Sk, () Q) =X = H (Y, Q) <>=* @ He (Y7, LIx])

via the matriz

([q‘lh';' Frob D(()x))

where [q™ )1 is the automorphism defined above, Frob is geometric Frobenius, lifted
to Kq[Cq), and D(x) € Aut(H (Y, Q) <>=X).

Proof. Everything is clear except the 0 in the upper right-hand corner. But it
follows from Lemma 4.1.4 and Proposition 4.1.1 that the inertia group I acts triv-
ially on H*(Y;», Q) and coincides with the diamond operators on H*(Yy?, L[x]). The
correspondence Ug is defined over Sq, hence commutes with inertia. The Proposition
follows.

4.2.9.

Proof of Theorem 2.8.5. We can now complete the proof of Theorem 2.3.5. We are
given an automorphic representation m that contributes to H"~!(S g, ()7, Q) but has
no Ko(q)-fixed vector; i.e., we are in case (b) of Proposition 1.4. Let {«, f81,. .., Bn-1}
be the characters defined there, so that « is tamely ramified and the f5; are unramified.
Let x denote the restriction of « to the inertia subgroup; thus x coincides with the ac-
tion of Ko(q)/K1(q) on the K(q)-fixed vectorsin 7. In particular, and bearing in mind
the discussion in 2.1.4.6, 7 contributes to H" (& k, (q)7, Q:)<>=X"". Define M[ry]
as in §2.3. The two components Y, and Ys are invariant under prime-to-¢ isogenies,
hence My [rf] breaks up as above as the sum of A# = H"1(Y,,,Q;)<>=X"'[rf] and
B# = HMY(Y?,L[x™'])[r;]. Inertia at q acts on the first factor trivially and on the

second factor by the character x~!. Then
rp(m) = A* @ a(n) ® B¥ ® a(n) = A® B.

But
a(r) =& o Nk, =a- Hﬁi-
;

On the one hand
a(m)(w) = &x(Nic/xo (@) = &x(lg™ ) 7!

On the other hand, the restriction to inertia of £, is the same as that of a, namely x.
It follows from Lemma 4.2.8 that

4.2.9.1. Geometric Frobenius coincides with Uq on A. Moreover, inertia acts as
x on A.

4.2.9.2. The representation at q(*) on B is unramified.
These two assertions complete the proof of Theorem 2.3.5.
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dimA'

But the determinant of r,(7) is given by &, at all unramified places, hence at q® by
Chebotarev density. It follows that

(4.2.10.1) xdmA=L — .

Now suppose

(4.2.10.2) ¢g=1 (mod¥{), £>n, x|a, #1,

where A, denotes the ¢-Sylow subgroup of Fy. It follows from (4.2.10.1) that
?|(dim A — 1). Under hypotheses (4.2.10.2), this is only possible if dim A = 1. Thus

COROLLARY 4.2.10.3. Under the hypotheses (4.2.10.2), the spaces A and B in
the statement of Theorem 2.8.5 are of dimension 1 and n — 1, respectively.

[AC]
[BZ]
[Ca]
[cy)
(c2]
[CL)
[43]
[DR]
(G]
[Gr]
(H1]
[12]
(HL]
[HT1)

[HT2]

(He]
(HH]

[JPSS]
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