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FINITE JET DETERMINATION OF
HOLOMORPHIC MAPPINGS AT THE BOUNDARY*

PETER EBENFELT?

0. Introduction. A classical theorem of H. Cartan ([HCa]) states that an au-
tomorphism f of a bounded domain D C CV is completely determined by its 1-jet,
i.e. its value and derivatives of order one, at any point Zg € D. If D, in addition,
is assumed to be smoothly (C°) bounded and strictly pseudoconvex, then by Feffer-
man’s theorem [Fe] any such automorphism extends smoothly to the boundary 0D as
an automorphism D — dD. It is then natural to ask: is f completely determined by
a finite jet at a boundary point p € dD? An affirmative answer to this question, when
D is strictly pseudoconvex, follows from the work of Chern and Moser [CM] (see also
E. Cartan [ECal-2] for the case N = 2, and Tanaka [T1-2]). Indeed, the following
local version of Cartan’s theorem is a consequence of their work. Any holomorphic
mapping which is defined locally on one side of a smooth, Levi nondegenerate real
hypersurface M C CN and extends smoothly to M, sending M diffeomorphically into
another smooth real hypersurface M' C CN, is completely determined by its 2-jet at
a point p € M. Observe that the conclusion is nontrivial even in the strictly pseu-
doconcave case when the mapping extends holomorphically to a full neighborhood of
D.

The main objective of the present paper is to extend the above mentioned local
result to a more general class of real hypersurfaces (Theorem 1 below). We should
point out that the result for Levi nondegenerate hypersurfaces follows from the con-
struction of a unique Cartan connection on a certain principal G-bundle over such a
hypersurface. There is no analogue of this construction in the more general situation
considered in this paper.

Let M C CN be a smooth real hypersurface and assume that M is defined locally
near a point po € M by the equation p(z,Z) = 0, where p is a smooth function with
p(po, Po) = 0 and dp(po,Po) # 0. Let Li,...,Ln, with n = N — 1, be a basis for the
CR vector fields on M. We shall say that M is ko-nondegenerate at pg if

(0.1) Span {L%p, (po, fo): |a < ko} =CV,

where p, := (0;;p)1<j<n, Oz; := 0/0z;, and standard multi-index notation for differ-
ential operators is used i.e. L% := L$* ... L3". This nondegeneracy condition will be
given in a different, but equivalent, form in terms of the intrinsic geometry of M in
the next section. The reader is referred to the book [BER3] for basic material on real
submanifolds in complex space and CR structures, and further discussion of various
nondegeneracy conditions (see also §1 of the present paper). We mention here only
that Levi nondegeneracy at a point pp € M is equivalent to 1-nondegeneracy. Our
main result is the following.

* Received October 23, 2000; accepted for publication February 8, 2001.

f Department of Mathematics, Royal Institute of Technology, 100 44 Stockholm, Sweden. Cur-
rent Add: Department of Mathematics, University of California at San Diego, La Jolla, CA 92093
(pebenfel@math.ucsd.edu, ebenfelt@math.kth.se). The author is supported in part by a grant from
the Swedish Natural Science ResearchCouncil.

637



638 P. EBENFELT

THEOREM 1. Let M, M' C CN be smooth (C*® ) real hypersurfaces. Let f,g: U —
CN, where U C CV is an open connected subset with M in its boundary, be holomor-
phic mappings which extend smoothly to M and send M diffeomorphically into M'. If
M is kog-nondegenerate at a point pg € M and

(0.2) (02 f)(po) = (829)(po), Va € ZY: |a| < 2ko,

then f =g in U.

Finite jet determination of holomorphic mappings sending one real submanifold
into another has attracted much attention in recent years. We mention here the papers
[BER1-2, 4-5], [L], [Han1-2], [Hay], [Z]. The reader is also referred to the survey article
[BERG] for a more detailed history. However, in all the above mentioned papers, it is
either assumed that M and M' are real-analytic (which will imply that all mappings
f extend holomorphically to some neighborhood of M), or the conclusion is that
the formal power series of the mapping f is determined by a finite jet (see [BER4],
[L]). Theorem 1 appears to be, to the best of the author’s knowledge, the first finite
determination result, since the work of Chern and Moser mentioned above, which
applies to merely smooth hypersurfaces and smooth mappings. We should mention
that if M and M’ are real-analytic, then the conclusion of Theorem 1 was proved in
[BER2] (cf. also [Han1] and [Z]). A related notion is that of unique continuation at the
boundary for holomorphic mappings. A unique continuation principle is said to hold
for a class of mappings at a point p if any mapping from this class which agrees with
the constant mapping to infinite order at p is necessarily constant. (Observe that,
due to the nonlinear nature of mapping problems, a unique continuation principle for
a class of mappings into a manifold does not imply that two mappings, in this class,
which agree to infinite order are necessarily the same.) We shall not address this
problem further here. We mention the papers [ABR], [BR], [BL], [CR], [E1], [HK],
and refer the interested reader to these papers for further information.

The proof of Theorem 1 is based on Theorem 2 below, and a result from [BER4],
alluded to above, which asserts that, under the assumptions of Theorem 1, the jet of
f at po of any order is completely determined by its 2k¢-jet. The proof of Theorem 1
is given at the end of §3.

Our second result, which is the basis for Theorem 1 above, states, loosely speak-
ing, that given two suitably nondegenerate real hypersurfaces, there is a system of
differential equations, which is complete in a certain sense, such that any CR diffeo-
morphism f: M — M’ must satisfy this system. The idea to look for such a differential
system goes back to the work of E. Cartan and Chern—-Moser mentioned above. The
approach was further developed in the work of Han. To formulate the result more
precisely, we need to fix some notation. Let us denote by J*(M, M’ )(p,p') the space of
k-jets at p € M of smooth mappings f: M — M’ with f(p) = p’ € M’. Given coordi-
nate systems ¢ = (21,... ,%an-1) and 2’ = (2,... ,z4y_,) on M and M’ near p and
p', respectively, there are natural coordinates \* := ()\fa ), where 1 <4 < 2N — 1 and
B e Z?l_N*l with 1 < || < k, on J*(M, M')(p,py in which the k-jet at p of a smooth
mapping f: M — M’ is given by /\f =(8%f)(p), 1< |8 <kand 1 <i< 2N —1.

THEOREM 2. Let M,M' C CN be smooth (C*™) real hypersurfaces. Assume
that M is ko-nondegenerate at a point py. Let fO: M — M’ be a smooth CR dif-
feomorphism. Then, for any multi-indez o € Z2V™! with |a| = k§ + k3 + ko + 2
and any j = 1,...,2N — 1, there are smooth functions r3(\F;a’)(z) on U, where
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k:=k +ki+ko+1andU C Jk(M7M/)(po,p6) X M x M' is an open neighborhood
of ((82 £°)(0), f°(po), po), such that

(0.3) f;=r3(0Bff), Val=ki+ki+ko+2, j=1...,2N—1,

where 1 < |B| < k, for every smooth CR diffeomorphism f: V — M', where V C
M is some open neighborhood of po, with ((82 £)(0), f(po),po) € U. Moreover, the
functions % are rational in A € J¥(M, M')(p, p1); here, £ = (z1,... ,Z2n-1) and
g’ = (zf,...,25y_,) are any local coordinate systems on M and M' near py and
fO(po), respectively, and f; := f o .

Similar results for real-analytic hypersurfaces can also be found in [Han1-2] and
[Hay]. The idea behind the proof of Theorem 2 is to consider the tangent mapping
df : CT'M — CI'M' and derive differential equations for df using properties of a
sequence of invariant tensors (generalized Levi forms) which were developed in the
author’s paper [E3]. The proof of Theorem 2 is given in §3.

We conclude this introduction by giving two applications of Theorems 1 and 2.
For this, we need some more notation. A smooth real vector field X on M is called
an infinitesimal CR automorphism if the local 1-parameter group of diffeomorphisms,
exptX, generated by X is a local group of CR diffeomorphisms (see e.g. [BER2] or
[S1-2]). The set of infinitesimal CR automorphisms, defined near p € M, forms a
vector space over R denoted by aut(M,p). We shall give a sufficient condition on M
at a point p for dimgaut(M,p) < co. A smooth real hypersurface M C CV is called
(formally) holomorphically degenerate at p € M, if there exists a formal holomorphic
vector field

N
(0.4) Y =) a;(2)3,,
j:l

where the a;(z) are formal power series in z — p, which is tangent to M, i.e. such that
the Taylor series at p of a defining function p(z,2) for M divides (Y p)(z, 2) in the
ring of formal power series in (z — p, Z — p). Being holomorphically nondegenerate (i.e.
the opposite of being degenerate) at a point is a strictly weaker condition than that
of being k-nondegenerate for some integer k. (See [BER3, Chapter XI] for a more
detailed description of the relationship between the two notions). Also, recall that M
is said to be minimal at p € M (in the sense of Tumanov and Trepreau) if M does
not contain a complex hypersurface through p.

THEOREM 3. Let M C CN be a smooth (C*) real hypersurface which is holo-
morphically nondegenerate and minimal at pg. Then,

4N—3>

(0.5) dimgaut(M,po) < (2N —1) <2N _9

A real-analytic hypersurface M is said to be holomorphically degenerate at p € M
if there exists a holomorphic vector field, i.e. a vector field of the form (0.4) with the
a;(z) holomorphic, tangent to M near p. This definition turns out to be equivalent
to the one given in the smooth category above (i.e. using formal vector fields) for a
real-analytic hypersurface (see [BER3, Proposition 11.7.4]). Stanton [S2] proved that
dimghol(M, p) < oo for a real-analytic hypersurface M, where hol(M, p) denotes the
subspace of aut(M, p) consisting of those infinitesimal CR automorphisms which are
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real-analytic, if and only if M is holomorphically nondegenerate at p. The correspond-
ing statement (as well as results for higher codimensional real-analytic submanifolds)
for aut(M,p), with M real-analytic, was proved in [BER2]. In contrast to the real-
analytic case, the condition of (formal) holomorphic nondegeneracy is not necessary in
Theorem 3. A real smooth hypersurface M in C? which is holomorphically degenerate
and minimal at 0, but everywhere Levi nondegenerate outside 0 is given in [BER3,
Example 11.7.29]. The fact that M is Levi nondegenerate outside 0 can be seen to
imply (see the concluding remarks in §4.2) that dimgaut(M, 0) satisfies the bound in
(0.5). However, if there exists a vector field

N
(0.6) Y =) a;(z20.,,
) j=1

where the a;(z,Z) are smooth functions whose restrictions to M are CR, tangent to
M near p, then the arguments in [S2] easily show that dimgaut(M,0) = oo. This
discrepancy is addressed further in §4.2. The proof of Theorem 3 is given in §3.

For our final result, we shall denote by Aut(M,p) the stability group of M at
p € M, i.e. the group of germs at p of local CR diffeomorphisms f: V — M, where
V C M is some open neighborhood of p, with f(p) = p. If M is kg-nondegenerate
at po, then, by Theorem 1, the jet mapping j2*° sends Aut(M,po) injectively into
the jet group G2 (CV),, C J?%0(CN,CY )(pypo)> Which consists of those jets that are
invertible at pg. We shall show that the elements of Aut(M,pg) depend smoothly on
their 2ko-jets at po. More precisely, we have the following result.

THEOREM 4. Let M C CN be a smooth (C*®) real hypersurface which is ko-
nondegenerate at po € M. Then, the jet mapping

32k Aut(M, po) — G (CN),,

is injective and, for every f© € Aut(M,po), there exist an open neighborhood Uy of
720 (£9) in G?*o(CN),,, an open neighborhood Vo of po in M, and a smooth (C*)
mapping F: Uy x Vo = M such that

(0.7) F(e(f),) = £,

for every f € Aut(M,po) with j2¥(f) € Up.

For real-analytic hypersurfaces, the result in Theorem 4 (with real-analytic de-
pendence) was proved in [BER1]. (See [BER4] for the higher codimensional case; cf.
also [Z].).

Acknowledgement. The author would like to thank B. Lamel and D. Zaitsev for
many helpful comments and discussions on a preliminary version of this paper.

1. Preliminaries. A real hypersurface M C CV inherits a CR structure V :=
T9'CN N CT'M from the ambient complex space CV. (Here, T%'CY denotes the
usual bundle of (0,1) vectors in CV.) In this section, we shall consider abstract, not
necessarily embedded (or integrable), CR structures. At the end of this section, we
shall again specialize to embedded hypersurfaces, which substantially simplifies some
of the computations in subsequent sections. The reader is referred to the concluding
remarks in §4 for a brief discussion of the abstract case.

Let M be a smooth (C'*°) manifold with a CR structure ¥V C CT'M. Recall that
this means that V is a formally integrable subbundle (the commutator of two sections
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of V is again a section of V) such that V, NV, = {0} for every p € M. Sections of the
CR bundle are called CR wvector fields. We shall denote by n > 1 the CR dimension of
the CR manifold M, which by definition is the complex fiber dimension of V, and we
shall assume that the CR structure is of hypersurface type, i.e. that dimgM = 2n+1.
The reader is referred to [BER3] for an introduction to CR structures.

We define two subbundles T°M C T'M C CI'* M as follows

(1.1) T°M :=(VeV):. T'M =V,

where A+ C CT*M, for a subset A C CT/. denotes the union over p € M of the
set of covectors at p annihilating every vector in A4,. Real nonvanishing sections of
TOM are called characteristic forms and sections of T’/ are called holomorphic forms.
Thus, characteristic forms are in particular holomorphic forms.

We shall give an alternative definition of kg-nondegeneracy, as defined in the
introduction, in terms of the intrinsic geometry of ). This definition appeared in
[E2]. For a holomorphic form w, the Lie derivative with respect to a CR vector field
X is given by

(1.2) Lxw=X_dw.

where 1 denotes the interior product, or contraction, and d denotes exterior differen-
tiation. For p € M, define the subspaces

(1.3) TIM :=Eo(p) C Ex(p) C ... C Ex(p) C ... C T,M

by letting Ej(p) be the linear span (over C) of the holomorphic covectors

(1.4) (Lxy - Lx,0)(P).

where X1,..., X} range over all CR vector fields and 8 over all characteristic forms

near p. M is called finitely nondegenerate at p € M if Ex(p) = T, M for some k. More
precisely, we say that M is kp-nondegenerate at p if

(1.5) Eko—l(p) g By, (p) = T;,;J[‘

For an argument showing that this definition coincides with that given for embedded
hypersurfaces in the introduction, the reader is referred to [BER3] (see also [E2]). For
each k, set

(1.6) Fi(p) = Vp N Ex(p)~-
It was shown in [E3] that the mapping
(1.7) (X1, Xk, Y, 0) = ((Lx - Lx,6)(P), Y (D))

defines a multi-linear mapping
(1.8) Vp X ... Vp X Fi_1(p) x TSM - C.

which is symmetric in the first k positions. The tensor so defined for k = 1 coincides
with the classical Levi form, and the space Fj(0) is the Levi nullspace.

Let us fix a distinguished point on M denoted by 0 € M. We choose a basis
Ly, ..., L, of the sections C®°(U, V), where U C 1/ is some sufficiently small neigh-
borhood of 0, adapted to the filtration

(1.9) D():F()(O)DFl(O)DDFk(O)D3{0}
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in the following way. Observe that the sequence of subspaces Fj(0) stabilizes at a
smallest subspace Fy,(0), which equals {0} if and only if M is ko-nondegenerate at
0. Let ry, = n — dimcFy(0) and choose Ly, ..., L, so that L, 4+1(0),...L,(0) spans
Fi(0) for £ = 0,1,...,ko. We shall use the following conventions for indices. For
j = 1,2,..., Greek indices o), 80), etc., will run over the set {1,...,r;_;} and
small Roman indices a(), b\, etc., over {rj_; + 1,...,n}. Capital Roman indices
A, B, etc., will run over {1,... ,n}.
Now, choose also a characteristic form 6 on M near 0. We write

(1.10) ha, Ai.B = ([ng . Lg,86, LB) ,

where £z := L1, and Lz := L4. Note that (hz,  z,o% (0)) represents the tensor
defined by (1.7) relative to the bases L z(0), Ly (0), and 6(0) of Vo, Fi(0), and T M,
respectively.

Let T be a vector field near 0 such that T, L 4, L 5 form a basis for C* (U, CT' M).

Let 6,0*,04 be the dual basis for C*(U,CT*M). Note that, for each k = 1,... , ko,

the covectors 0(0),0"““ (0) form a basis for Ex(0). For brevity, we introduce the
functions

(1.11) hglmgk ‘= (ﬁgk...ﬁgle,T>,
and also

RSp = (d9°,LzALg), REp:=(df° LpALg)
(1.12) RS :=(d8°,LzAT), RS :=(d8°,TALpg).
The following identity is useful.

LEMMA 1.13. For any nonnegative integer k, and indices A;,... ,Ax,C, D €
{1,...,n}, the following identity holds
(1.14) ha,..a.cp = Loha,..aup + ha,..4sREp + ha,..a.hep-

Proof. Recall that Lz, ...L3,0 is a holomorphic 1-form and, by the definitions
(1.10-11),
(1'15) ‘CA)C . 'ﬁlilo = h'Al/-ikDoD + hA]Ake

Here, and for the remainder of this paper, we use the summation convention which
states that an index appearing in both a sub- and superscript is summed over; e.g.
hpt? =% ph pOP. We also have, by the definition of the interior product,

(1.16) ha, A.cp= <d£§k...EAIQ,LéALD>.
The identity (1.14) follows by applying the exterior derivative d to (1.15) and substi-
tuting in (1.16). a

Define £y to be the smallest integer £ for which
{hﬁl...ErD(O) =0, VA,,...A.,Dc¢ {1,... ,n}, r</{

1.17
(1.17) hao..A9p0(0) #0, for some A9,... A% D% e {1,... ,n}.

If no such £ exists then we set £y = oo. Observe that if M is k-nondegenerate at 0
for some k, then £y < k, but £y < oo does not imply finite nondegeneracy. Also, note
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that, for any r < £y, the subspace F._1(0) = Vo and, hence, the indices a”, b", etc.,
introduced above run over the whole index set {1,... ,n}.

(Also note, by the fact that L4 is adapted to the filtration (1.9), that if £y < co
then we can take D° = 1 in (1.17).)

LeEMMA 1.18. For any integer v > 2 and any integer j > 0 such that j +1r < £
and indices Aq,... ,Ar,C1...,C;,D € {1,... ,n}, the following holds

ha,. i_,4,00) = (Laha,. 4._,0)0)
(1.19) ,
(Le, ---Lgha,. 4,1 4,0)(0) = (Lg, - Le, Lz, ha,..4,_,p)(0).
In particular,
(1.20) h4,As... A, 0(0) = (LA, ---La,h4,p)(0)

Proof. The first identity in (1.19) follows immediately by evaluating (1.14) at 0
and using the definition of £y. In particular, it follows that

(1.21) (LATrhfL.,-ArqD)(O) =0
for any 2 < r < £p. Now, the second identity in (1.19) follows by applying Lg, to
(1.14) and using (1.21). The conclusion of Lemma 1.18 follows by induction. O

Recall that M is said to be of finite type at 0 € M if L4, L 5 and all their repeated
commutators

(122)  [Xos [(Xmets .- (X2, X1) oy Xiyeoo s Xm € {L1s- s Loy iy Lk,

evaluated at 0 span CTop M. The commutator in (1.22) is said to have length m. (A
commutator of length one is simply one of the vector fields L4, Lz.) If M is of finite
type at 0, then it is said to be of type mg if mg is the smallest integer for which all
commutators of the form (1.22) of lengths < mg span CIz M. Define ¢; to be the
smallest integer ¢ for which

(1.23)

{ (6,[La,,-.-[Lg,,Lp)---]y(0)=0, VAi,...A,,De{l,...,n}, r<?
-]

<9,[ng,...[L;1?,LDo].. >(O)760, for some A%,... 4%, D% € {1,... ,n}.

If no such £ exists then we set ¢; = co. Observe that ¢; < co implies that M is of
finite type mo < ¢1 + 1 at 0, but the converse is not true, i.e. M can be of finite type
at 0 while /1 = 00 .

PROPOSITION 1.24. If either of the two integers £y, %1 is finite, then they are
equal. Indeed, for any r < {, it holds that

(1.25) (9,[Lgr, . [LAI>LD] .. ]) (0) = _hﬁl.../irD(O)>

forall Ay,...A.,D € {1,...,n}. In particular, if M is k-nondegenerate at 0, then it
is also of finite type < k + 1.

Proof. Note that the first part of Proposition 1.24 clearly follows from (1.25).
Hence, we shall only prove (1.25). For any 1-form ¢ and vector fields X, Y, we have
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the following well known identity (see e.g. [He])
(1.26) (d6, X NY) =X (YY) -Y (£, X) - (£ [X,Y]).
Thus, for a holomorphic 1-form w on M, we obtain
(1.27) (w,[Lg,La]) = Lz {w,Lp) - (L4w,Lp).
By applying (1.27) with w = 6, we deduce that
(6,(La,,Lp]) =—ha,p
By Lemma 1.18 and the symmetry of the tensors hz, 1 p(0), we then deduce that
(128)  (Lg,---Lg, (0,[La,,Lp]))(0) =—hs, ¢.4,00), VO<s<b-—1,
where s = 0 in (1.28) means (6, [Lz,, Lp]) (0) = —hz,(0). By applying (1.27) with

w=~Lg, ...Lp 0, we obtain

(1.29) <£B]~ ... Lp,0, [LAI,LD]> =Lz, hp,. 5,0~ ha,5..5D
Hence, it follows from Lemma 1.18 and the symmetry of the iz, 1 p(0) that
(1.30) (Lél . Lg, </:Bj ... Lg0, [LAI,LD]>> 0)=0, VI<j+s<l—1.

Now, assume that

(1.31) (Le, - Lo, (6, [La,, - [La,, Lol) ) (0) =
—he,..6.4,..4,00), V1<s+r <,

where s > 0 and the meaning for s = 0 is analogous to (1.28), and

(1.32) (Lc-,l...La<z:Bj‘..cBle,[LAr,...[LAI,LD]...]>)(0):0,
V1<j+s+r<l,

where j,s > 0, for r = 1,... R. Observe that we have proved this for R = 1. Now,
if R < {p, then the (1.31) and (1.32) follows for all » = 1,...,R + 1 by applying
(1.27) and Lemma 1.18. The verification of this is straightforward and left to the
reader. By induction, we deduce that (1.31) and (1.32) hold for r = 1,... ,4y. In
particular, (1.25) holds for any r =1, ... ,4y. This completes the proof of Proposition
1.24. 0

So far, everything has been done with an arbitrary choice of basis T, L4, Lz,
except that we chose the Ly to be adapted to the filtration in (1.9) as explained
above. We shall now use the fact that M is embedded in CV and choose a particular
basis.

LEMMA 1.33. Let M C CN be a smooth real hypersurface. Then, there is a basis
T,La, Lz such that T is real, the L4 adapted to the filtration (1.9) as explained above,
and

RS = R§

1]
=Q
I
1l

(1.34) RS 5 =R%p 0,
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for all indices A,B,C,D € {1,...,n}.

REMARK. Clearly, the conditions (1.34) are equivalent to d9¢ = 0. Based on this
observation, an alternative proof of Lemma 1.33 can be given by pulling back suitable
coordinate functions from the ambient space.

Proof. By making use of the identity (1.27), we conclude that

RSy =—(0%[La Lel), R4p=—(0°[La,Lsl),

(1.35) RS = —(6°,[Ls,T)), RG=—(6,[T,La)).

Hence, to prove the lemma, it is equivalent to show that there is a basis T, L4, Lz
with T real and L4 adapted to the filtration (1.9) such that the L4 commute, and
[L z,Lg) and [L4,T] are multiples of T'. The existence of such a basis, disregarding the
adaption of the L4 to the filtration, is well known (see e.g. [BER3, Proposition 1.6.9]).
Since the adaption of the L4 is a condition only at the point 0, we may achieve this
by applying a linear transformation with constant coefficients to any basis L4. Such
a transformation does not affect any commutator relations and, hence, the lemma
follows. 0
In what follows, we shall assume that (1.34) holds.

2. A Reflection Identity for CR Diffeomorphisms. Let M be a smooth
CR manifold as in the preceeding section, and let M be another smooth CR manifold
of the same dimension and CR dimension, with dlstinguished point 0 € M. We
shall denote corresponding objects on M by using”; e.g. V C CT'M denotes the CR
bundle on M, T, L4, L /5 1s a basis for C(U,CT M ), where U is some sufficiently
small neighborhood of 0 € M. We shall assume that both M and M are embeddable,
locally near 0 € M and 0 € M, as real hypersurfaces in CV. Hence, (1.35) holds on
M and analogous identities on M.

Assume that f: M — M is a smooth CR diffeomorphism defined near 0 in
M such that f(0) = 0. Recall that a smooth mapping f: M — M is called CR
if f.(Vp) C f)f(p), where f,: CTM — CT'M denotes the tangent mapping or push
forward, for every p € M; a CR diffeomorphism is a diffeomorphism which is CR and
whose inverse is also CR. In particular, if f is a CR diffeomorphism then, for every
p € M near 0, f.(V,) = f)f(p). We introduce the smooth GL(C")-valued function
(7%), and real-valued functions &7 so that

(1) fulls)=vLa, fulp)=vELz, fT)=€T+n"La+nils
We can write (2.1) using matrix notation as
0 0
(2:2) f(T,Lp, L) = (T, LaLa) (1% 76 0 |.
By duality, we then have

0 & 0 O 0
(2.3) flér)=n" s 0 ||6B].
A 77_A 0 ’7§ 9B

The main technical result in this section is the following, which can be viewed as
reflection identities for v2 and nP.
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THEOREM 2.4. If M is ko-nondegenerate at 0 € M, then the following identities
holds for any indices D, E € {1,... ,n},

(2.5) 78 =rp (LIS, L& f),

(2.6) nP =sP(L7~S, LT¢; f)

where

(2.7) rB (LIS, L7 q)(p), sP(L/7G,L7q)(p)

are smooth functions which are rational in W and polynomial in fiz, the indices
A, C run over the set {1,...,n}, and J, I over all multi-indices with |J| < ko — 1
and |I| < ko; here, (p,q) € M x M. Moreover, the functions in (2.7) depend only on
M and M (and not on the mapping f).

For the proof of Theorem 2.4, we shall make use of the following identity

(2'8) (df*(f),X AY) = (d(f),f*X AfY),

which holds for any 1-form & on M and vector fields X, Y on M. First, letting @ = 0,
X =Lj, and Y = Lp, we obtain

(2.9) Ehap = ’Yg’—gﬁéo-

Here, and in what follows, we abuse the notation in the following way. For a function
¢ defined on M, we use the notation é to denote both the function ¢ o f on M and
the function ¢ on M. It should be clear from the context which of the two functions
is meant. For instance, in (2.9), we must have hzp = hgp o f. By letting & = 67,
X =Lz andY = Lp in (3.1), we obtain

(2.10) LivE +nFhzp =0.
Applying (2.8) with X = Lz, Y =T, and & = 6, we obtain
(2.11) L€+ ¢hz = E1She +1§n"hep,
and with & = €, we obtain

(2.12) Lin° +n°hz =0.

To obtain (2.11) and (2.12), we have used the fact

<dL:J,LC'n A iD> =f/@ <GJ,I:D> — LD <(:J, EC> - <C:)a [Ec"ai’f)]>

which holds for any holomorphic 1-form & on M by the formal integrability of the CR
bundle V. We apply (2.8) one last time, with @ = §°, X =T, and Y = L4, to obtain

(2.13) T§ — Lan® —n°hz =0.
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LeEmMA 2.14. For any nonnegative integer k, and indices A,...,Ax,B,C €
{1,...,n}, the following identities hold
(2.15) LC’('YI?BAI...AkD) = ’Yg’YcIyilAl...AkiH - ’Yg’YéilAl...AkﬁiH - ﬂHﬁAl...AthéB

and

—_—a

(2.16) Lg(n® hAl Ap) =17 ’)’chA1 Aun —nvkha .AkiliH-ﬂHBAI...AthC*-

Proof. We shall prove (2.15). Recall that hglmng in (2.15) denotes fzglmngOf
by the convention introduced in §1. Hence,

(2.17) Le(ha,...a.0) = v5(Liha,.. 4,p),

where according to our convention Lth Ay.. AD = (L7 fz A.p) © f, and we obtain
(2.18) Ls(v8ha,...a.p) = (LevBha,. 4,0 + B’é(ifﬁg A.D)-

Let us rewrite (2.10) as

(2.19) Lzvg =-n"hip

The identity (2.15) follows by substituting (2.19) in (2.18) and then applying Lemma
1.13.

The proof of the identity (2.16) is completely analogous. Expand the left hand
side by the chain rule, and then substitute for the derivatives of n° by using (2.12),
and for the derivatives of h A,..A,p by using Lemma 1.13. The details are left to the
reader. 0

The following two lemmas will be important in establishing Theorem 2.4.

LEMMA 2.20. For any integer k > 0, and indices Ai,... ,Ax,B € {1,...,n},
the following identity holds

(2.21) vES A5 he,ep =74, A8 (LS ) + €54, 4,8 (277G )

k-1 1
.CIE N G
+ Z7E h01 C’[Dt ALB(LJ’)’S;f) + ZnDh‘C_’l...C';D uAl AkB(LJ'YAvf)
=1 =
where
(2.22) ra.as (LG OE),  sa. 45770 0),

G GRG0, uFr iR TG

are polynomials in LJ'yf, where A, C run over the indices {1,...,n} and J =
(Ji,-- Jy) € {1,. ..n}t for t < k — 1, whose coefficients are smooth functions of
(p,q) € M x M; here we have used the notation L7 = Ly, ...Ly,. Moreover, the
functions in (2.22) depend only on M and M (and not on the mapping f).

Proof. We observe that (2.9) satisfies the conclusion of Lemma 2.20 for k = 1.
Assume that the conclusion of Lemma 2.20 holds for all integers k =1,...7 — 1. Fix
indices Ay, ... ,A4;_1,B € {1,...,n}, choose an index A; € {1,...,n}, and apply Lg,
to (2.21) with k = j = 1. The statement of the proposition for & = j now follows by
applying Lemma 2.14 and substituting for L 4,;€ using (2.11). The proof is completed
by induction on k. 0
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REMARK. In what follows, we shall use the notation r, s, ¢, and u with varying
sets of sub- and superscripts for “generic” functions which may be different from time
to time.

LEMMA 2.23. For any integer k > 0, and indices Ay,... ,Ax € {1,...,n}, the
following identity holds

~Ci O}
k-1 k-1

+ > vBhe,. antGE (LG ) + Y nPhe, apuG G (LIS ),
=1 =1
where
(2.25) iy i (L7956 m),  w§ 3P (L79G59)(p)

are polynomials in L/y§ and L& in the former case and in L'~S in the latter, where
A, C run over the indices {1,... ,n} and J = (J1,...,Je), I = (I1,... ,It41), with
I, J; € {1,...n}, for t < k-1, whose coefficients are smooth functions of (p,q) €
M x M; here, we have used the notation LY = Ly, ... Ly, and L7 = Ly ...,Ly.
Moreover, the functions in (3.18) depend only on M and M (and not on the mapping
f).

Proof. We start with equation (2.11) and proceed as in the proof of Lemma 2.20.
We leave the details to the reader. 0

We are ready to prove Theorem 2.4.

Proof of Theorem 2.4. Using the fact that the matrices (7§) are invertible, we
rewrite (2.21) and (2.24) as follows

k—1

(2.26) ’thAl "'z:’YEhc1 C,Dt iﬁ(LJvS;f)wL
=1
k-1

G1..C el
277 hé,..cip ugt A;B(LJ’Yg;f)=’T/_11...AkB(LJ'7g§f)+
=1

sz, 4.8(LIG NE

k—1 _ _
(227) 7P (hill.../'lkD +Y he, op'uG (}I (LJWA,f)>

7 1,C1...CLF
’Y?hc-'lc_’(D t v A’L (LJ’YA)f) - ,Tﬁl.../&k (LJ’)/%', Ié) f)‘

To prove the theorem, we must show that there are n choices A7 where A7 = A{ e A{j
with I; < ko, such that the linear equations (2.26-2.27), with A= A7 for j = 1,...,n
and B = 1,...n, can be solved uniquely for v5 and n® near 0. For this it suffices to



FINITE JET DETERMINATION OF HOLOMORPHIC MAPPINGS 649

show that if, for some (vD,vP) € cn'

k-1

(2.28) vBha, 4,0(0) + Y vBhe, c,p(0) 15 G (L75G; £)(0)+
=1

S 0Phey..cp(0) GG L (L74S: £)(0) =0
and

(229) o° <B21 +Zh01 (065G (L7 £)(0 ))

vRhey..op(0) 5 G (L9A; £)(0) =0,

=1
for all A1,...Ag, B € {1,...,n} and all k < kg, then v5 = vP = 0. To see this, note
that (2.28-2.29), for k£ = 1, implies directly that v = v%m = 0; recall the convention
introduced in §1 that the indices a(**1) run over {1,...,7}}, where r, = n—dimF}(0)
as introduced in §1, and the indices a(*+1) run over the set {r +1,...n}. Thus, since

R a2 (0) = 0, the equations (2.28-2.29) for k = 2 reduce to

@3 NP

(230) ’UB hAlAza(z) (0) = 0 v hA1A2G(2> (0) = 0,
which in turn implies v = v%m = 0. Proceeding inductively, using at each step

the fact that for any integers 1 < 5 < k < ko,

(2.31) hi,...2,a0(0) =0,
we conclude that the equations (2.28-2.29), for k < ko, imply v*"**" = vg(kom =0,
which is equivalent to v? = vE = 0 since 74,41 = n for a kp-nondegenerate CR

manifold. This completes the proof of Theorem 2.4. O

3. Proofs of Theorems 1, 2, and 3. We begin with the proof of Theorem 2.
For this proof, we shall need the following two lemmas. We shall keep the notation
introduced in previous sections.

LEMMA 3.1. For any indices D, E,F € {1,... ,n}, multi-index J, and nonnega-
tive integer k, we have the following

(3:2) LeL’yR =R (L),
(3.3) LpLITknP =sB7* (LITmyC, LKTm+1yC),

where the functions in (3.2-3) are smooth functions which are rational in the arguments
appearing inside the parentheses. The indices A, C run over the set {1,...,n}, and
I, K, over all multi-indices with |I| < |J|, |K| < |J| —1; the integer m runs from 0
to k. Moreover, the functions in (3.2 3) depend only on M and M (and not on the
mapping f).

Proof. We shall use the following fact, which is an easy consequence of the
commutator relations established in the proof of Lemma 1.32. For any vector field
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X € {La,Lj,T} and any multi-index J = (J1, ... Jjz), we have

(3.4) XL =r'X+ Y cxL®T,
K| <IJ|-1

where the cx are smooth functions on M (which depend on X and J). To prove (3.2),
we observe that, in view of (3.4), we have

LpgL’yR =LgL’~f
(35) =LLp B+ Y. cxLKTHR.
|KI<71-1

The identity (3.2) follows from (2.10) and (2.13). The proof of (3.3) is similar, and
left to the reader. 0

LEMMA 3.6. For any indez E € {1,... ,n}, multi-indices J and any nonnegative
integer k, we have the following

(3.7)  LpLIT*¢ = sIF(LK~G, LIT™nC, LIT™¢, LRT™H1E, T™§, T™1C; f)

where the function in (3.7) is a smooth functions which are rational in the arguments
preceding the ;. The indices A, C' run over the set {1,...,n}, and I, K over all
multi-indices with |I| < |J|, |K| < |J| — 1; the integer m runs from 0 to k. Moreover,
the function in (3.7) depends only on M and M (and not on the mapping f).

Proof. We apply (3.4) as in the proof of Lemma 3.1 to deduce that that LgL/Tk¢
is linear in LIT™¢, LET™+1¢ and LIT™ L€, To evaluate the latter term, we make
use of (2.11) and (2.13) to deduce that L/T*Lz¢ is polynomial in LIT™¢, LITmnC,
LEy9, and LT T™§. Finally, we commute LT and T™ using (3.4), and then use
(2.10) to conclude that LT T™~¢ is a linear function of 7™v$ and 7™n°. Summing
up, we obtain (3.7). This completes the proof of Lemma 3.6. O

The following argument is inspired by the paper [Han2]. We shall say, for a
function w on M, that v € Cp if

(3.8) u=r(L1yg, LIT™nC, LIT™E, LNT g, LN T™°; f),

where the function in (3.8) is a smooth functions which is rational in the arguments
preceeding the ;. The indices A, C run over the set {1,...,n}. The multi-indices
I, N and the nonnegative integers m, n run over all multi-indices with |I| + m < p,
IN|+n < a. Moreover, the function in (3.8) should depend only on M and M (and
not on the mapping f). Similarly, we shall say that u € C;;g if (3.8) holds with the
additional condition that m < g, n < b. Observe that by Lemma 2.30 (and the reality
of £), we have

(3.9) vB, 1%, €€ Ol

where the negative ones in the superscript signify that no terms involving LY 'yg or
LNnC appear. Recall that ko is the order of nondegeneracy of M. By (2.10-12), we
obtain

(3.10) LI, LI e o ly™!
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for any multi-index J. By applying Lg to e.g. the equations for L7 YR and using
Lemmas 3.1 and 3.6, we conclude that

(3.11) LeL7yR = r$(LKAS, TIT™nC, TIT™¢, 4, nC; ),

where |K| < ko — 1, [I|+m < ko, and m < 1. By substituting for v§ and 7€ in (3.11)
using the equations provided by (3.10), we conclude that LgyR € Chry 17’1_1. We obtain
a similar equation for L ELj C. Hence, we obtain

(3.12) LgL7yB, LgL'n® e i

Next, by applying L to the equations for L gL’ 'y}? and LpL’ n©, provided by (3.12),
we obtain

(3.13) LpLpL?yB, LpLeL’n® € 411
Similarly, repeated application of Lg,, Lg,, ..., Lp, yields
(3.14) Lp, ...LpLgL7y8, Ly, ... Lp LEL7n® € CLL3)-

Hence, by taking linear combinations of L, ... Lz LgLp, ... L }‘;‘ij , we deduce that
(3.15)  [..[Ls,Lp),--.,Lp)L7AE, .. [LE,Lpy)s-. ., Le L0 € Ch

Let £y < kg be the integer provided by Lemma 1.24 for which

(3.16) [...[Le, LR, Lp ] =aT,

for some function a with a(0) # 0. Then, (3.15) implies, in particular, that

(3.17) Tvg, Tn° € Cliny.

Before proceeding, we shall need the following result on commutators of differen-
tial operators, which seems to be of independent interest.

PROPOSITION 3.18. Let £y be the smallest integer for which (1.23) holds. Then,

for any multi indez J integer k > 1, and index F € {1,... ,n} there exist smooth
functions aBrBmFiFs pEiBm sych that
[J|+k meg
(3.19) SN aPrBeRe R (L . Lp,,Lg),Lp)...  Lg) = LT"
m=1 s=0
and
[JI+E &
(3.20) > > vFEnl Lg, .. Lg,,Lp), Lp]... ,Lp] = (hp1)PL' T,
m=1 s=0 len;t'h s

where p=k+ |J| —|J|1 +1 and |J|1 denotes the number of occurences of the indez 1
in the multi-index J; here, the length of the commutator [...[X,Y1],Y2]... ,Ys] is s.
Proof. In this proof, we shall use the following notation to simplify the notation,

Cpy..Bp,Fr k= [ [[LEy - L, LR LRy] -5 L),
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where Cg, . .p,, is understood to mean Lg, ... Lg,, . Using bilinearity of the commu-
tator and the identity

(3.21) [AB,C] = A[B,C] + [A,C)B,
a straightforward induction shows that
(322) [..[[LeLE,-.-Lg,,Lp),Lg,) .-, Lp]=

§ : CE],F.‘I...F‘I*S_ICEz...Em,Fjl...F‘jl7
(2,5)€Pa(s)

where P, (s) denotes the set of all partitions of {1,...,s} into two disjoint increasing
sequences © = (i1,...,9sy), 1 < 41 < ...15_; < s, and l = U1, 0, 1 <51 <
.<ji<sforl=0,...s. (Of course, for e.g. I = 0 the partition is understood to
be the trivial one 4 = (1,...,s) and j = (.) Similarly, if we denote by P, (s) the set
of all partitions of {1,...,s} into m disjoint increasing sequences 3¢ = (s¢,... ,15.),
1< <...if, <s,t=1,...m,and Y s = s (allowing empty sequences), then we
have

(323) [...l[LeLE,...LE, ,Lp),Lp,)...,Lp] =

> Cp,Fy..Fy - -CEp Fom.. . Fim >
1 sy 1 Sm
(22, , i) E P (s)

Observe that Cg 5, p, = ap p 5T, for some function ap g, 7, such that

ap,F..F,(0)=0, Vs</l, and app. 5, (0)=hp f e(0) #0,

for some choice of Fi, ..., Fy,. Hence, with s = ¢y we obtain, by (3.23) and Lemma
1.24,
(3.24)

m

[. [LE'1 . ~~LEm7LF'1]7LF'2] . ’LFZO] = E(hﬁ'lmpzoEl +o(1))Lp,...Lg,...Lg, T

=1
+ Y bipLKTP 4+ > exLXT,
T <im=>
where b;p,(0) = 0, f;, means that factor is omitted, and o(1) denotes a function
vanishing at 0; the last sum in (3.24) arises from arranging (by commuting) so that
the vector field T comes last in the first sum. Recall, from §1, that for each index
al®) € {1,... 74} there exist Fi,...,Fp, so that hplmploa(eo)(O) # 0. For this
argument, we only need the fact that there exist Fy,. .., Fy, so that hp, g, 1(0) # 0.
We choose Fi,...,Fy, to be minimal, in the lexicographical ordering (A4;...4; <
B;...B; if, for some r < s, A; < B; for i < r, and A, < B,), with this property.
Setting E; = ...E,, = 1, we observe that we can solve for L{" T in (3.24). Setting
E,=...Ep_1 =1and Lg, = Lg with E > 2, we can then solve for L{""ILET.
Proceeding inductively, we see that we can solve for any L'T, with |J| = m — 1, in
terms of
[...[Le . -Le,,Lp). Lp) . Lg, ), bxpL"T?, LXT,



FINITE JET DETERMINATION OF HOLOMORPHIC MAPPINGS 653

where K runs over multi-indices with |K| < m — 2, and p over positive integers such
that |K| 4+ p = m, and each by, (0) = 0. Next, letting s = 2{p and Fy,4; = F) for
I=1,...4y, we obtain (by also using that hg, 7 g is symmetric in the first s indices
F,.. . Fy)

m
(325) [..[Lp, - -Le, Lp)iLa)-- Ly ) =D agp. fo LBy LB - LB, T
=1

+cp Z (hF1~~~F'zOE11hF1---onEz2 +O(1))LE'1 ...LE',1 ~~LE‘12 ...LEmTz
1§11<l2§m
+ > o(MLETP+ Y e LFT,

|K|+p=m IK|+p<m—1
|K|<m -3 p=1,2

where cp is some combinatorial factor (> 0) which depends on the minimal set of
indices F1,...,Fp,. Using the fact that we have already solved for the LT, |J| =
m — 1, in terms of bgs LXT? where bgo(0) = 0, a similar argument to the one used
above shows that we can solve for each L/T?, |J| = m — 2, in terms of

[--[LEy -+ -LEa, L) LR, Lpy, ) o()LXTP?, LT, L¥T?

where K, Q, runs over multi-indices with |K| < m—3, |Q| < m—2, and p over positive
integers such that |K| + p = m. Proceeding by induction over k£ (with the total order
m fixed), we eventually find that we can solve completely for 7™ in terms of

[..[Le,---LEa Lp) LR, Lp,, ), LXTP,

with | K| +p < m — 1. Substituting back, we obtain

kéo o

> ol EnbiEnl (g .. Lp,,Lp), L), Lp,] = LT

n=0
+ Y. cxpl®TP,
|K|+p<m—1

where m = |J| + k. The proof of (3.19) is completed by a simple induction on the
total degree m.
For the proof of (3.20), we proceed analogously by first setting s = 1 and E; =
..=E, =1in (3.23). We find that

(3.26) mhp LT =Cp, g p+ Y, cxL5T.
|K|<m—2
Next, with By =... = E,—1 =1 and E,, = E, we obtain

327)  (m=Vhm L °LgT + hpplP ' T=Cp, g, r+ . cxL¥T.
|K|<m—2

Thus, multiplying by hz; and using (3.26), we obtain (3.20) for a multi-index J =
(1,...,1,E) € {1,...,n}™! and k = 1. Similarly, we obtain (3.20) for arbitrary
multi-indices J and k = 1. Proceeding inductively, setting s = 2,3, ...k, using (3.23),
and multiplying through by a suitable power of hp; to apply the results obtained in
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previous steps, we arrive at (3.20). The details are left to the reader. This completes
the proof of Proposition 3.18. 0

To complete the proof of Theorem 2, let us observe the following schematic dia-
gram which describes the action of applying the operators Lg to elements in | +1i;—,;1

_1-1 Le Lg Lg Lg
(3.28) C it —HClL . —HCHyH = =

q+k,q g+k,g+2
Lz, Catk-lig+k-1 Ly Cathath Leyys CatktLatk Loiys
g+k,q+k 5 q+Fk,q+k gt+k,q+k T

The verification of the diagram is straightforward using Lemmas 3.1 and 3.6, and the
details are left to the reader. Similarly, we have

Lg Lg Lz Lg Lp
atk,a “F1 a+k,a+1 TF2 F a+k,a+k k+1 a+k,a+k k+2
(3.20) Cgtke Zhy gotkatt 2By Ty getketk fin, gathotk T,

We claim that the following holds for any multi-index J and nonnegative integer &,

(3.30) LIT*yR, LIT*0P € CLli T in(io.m):

where m = |J| + k. Observe that (3.30) holds for m = 1 by (3.12) and (3.17).
We shall prove (3.30) by induction on m. Thus, assume that (3.30) holds for all
m < mg — 1. By Proposition 3.18, we can produce the differential operator L/T* by
taking linear combinations of operators of the form LFLYL¥, where |P|+|R| < mg/o,
|Q] < mo, and mg = |J| + k. Applying first L2LE to e.g. v2 we conclude, using
(3.10) and the diagram (3.28), that L2LRyD ¢ ¢ro-bmin(komo=1) ‘Bo ohn)ving ILP

_ ku,min(ko,mo)
to the equation for L2L#yR and using the diagram (3.29), we obtain L/T*2 €
~1,mo—1 rJmkaD ¢ g—Lli-l -
C’gim(’;ﬁ‘fmin(koymo). The conclusion LT yg € Cy o win(ke,mo) [OllOWs by using
the induction hypothesis to substitute for the LIT™+§ and LIT™n®, with |I| +m <
mo — 1, that appear in the equation for LYT*yR. By applying the same argument
to n?, we conclude that (3.30) holds for m = mg and, hence, for all m by induction.

This proves the claim. In particular, we then have
kD mk_D -1,~1
(3.31) TR, T " € C’ko%Zo’min(ko,k).

By applying L’ to these equations and using (3.28), we deduce that

(3.32) L'T*R, L'T*P e cpllee iR
where

(3.33) a(J, k) = min(ko, k) +|J] -1

(3.34) q(J, k) = min(ko + ko, min(kq, k) + |J1),
and

q' (J, k) = min(ko + kfo, min(ko, k) + |J| — 1).
Observe that (3.32) implies

(3.35) LIT*R, LITknP € Ok blotiol - k. 0 < & < ko.

Now, from (3.4) it follows that LET*¢ = T*LE¢ modulo terms of the form T*LS¢
with |S| < |R|. Hence, by applying (2.11-13), we conclude that LET*¢ is a polynomial
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in T™¢ = TmE, TmnC, L¥~9, and LIT™ 'n®, where m < k, |K| < |R| — 1, and
|I| < |R|. It follows that we also have

(3.36) LITkg € Pl bioriol - Yk 0 < k < ko
Let us introduce the new class D;;g consisting of functions u for which there is an
equation
3.37 u=r(L1yS LTT™nC LT, LN TG, LN T §),
A A

where |I| +m < p, m < g, |[N|+n < a, n < b, and the function r is rational in the
arguments preceeding the “;” and only depends on M and M. By the above remarks
concerning L®T*¢ and (3.31), we have

k_D k_D min(ko,k),min(ko,k)
(3.38) T™yF, T*1° € Dy kty min(ko k) -

Since equations of the form (3.37) do not involve terms of the form L/T™¢, we obtain

a different diagram describing the action of Lg on the classes Dg;g , namely
a,b L, a+1,b LE, Lg,, a+k—1,b Lepis
(3:39) DYy = Dofklgrr = -+ = Dyt

LEyia Dotk LBy, otk Leyys
qtk,g+k g+k,q+k

By (3.38-39), we deduce

Jmk D 7Jmk_D ko+|J1.k .
(3.40) L'T%~%, L'T"n" € Dk2+keo,xﬁin(k0+keo,ko+u|)’ Vk: k> ky+1.

We have the following technical, but important, lemma.
LEMMA 3.41. For any multi-index J, and nonnegative integer k < ko, we have
Jpk D 1Jpk D 1Jmok -1,-1
(3.42) L'T%yg, L'T®y", L'T"¢ € ot (Ko-+ko £0)2o o -+ (koo 20) o
Proof. By (3.35-36), we have

Jk, D Jmk, D Jmk |J|+k—=1,ko+kol
(3.43) LT yg, L'T"n™, L'T"¢ € Cko+ko£0,k00+k;)l(?‘

Observe that (3.43) reduces the total order of the unconjugated terms by at least one.
Now, in the equations given by (3.43), there may appear terms of the form L' T51~¢,
LU ThnC where |[I'| + k; < |J|+ k—1, and k1 < ko + kolo. For those term with
ko +1 < k1 < ko + kolp, we may apply (3.40) to deduce that

Nk, C 71 ik, C ko+| 1|,k
(3.44) LET™yg, LT TP € Dio{ (kotkoto) o min(ko-+(ko-+kofo)osko+ 1))

Note that, since k; > ko +1 and |I}|+k; < |J|+k—1, we have ko + || < |J|+k—2.
For those terms L1 T*14$, LT TF19C with k; < ko, we may apply (3.35) again. In
any case, we have reduced the total order of the unconjugated terms by two. In the
equations given by (3.44), there may appear terms of the form LI Tk2y§, LT*T*2pC,
and also L12T’“2§, where |I?| + ko < ko + || < |J|+k — 2, and kg < ko. We again
substitute for these terms, using the equations given by (3.35-36). This reduces the
total order of the unconjugated terms another step. Proceeding in this way, alternately
substituting using either (3.35-36) or (3.40), we eliminate all the unconjugated terms
(in a finite number of steps). At each step we introduce new conjugated terms, but in
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view of (3.35-36) and (3.40), the total order of these never exceed ko + (ko + kofo)%o.
This completes the proof of Lemma 3.41. O

By substituting, using Lemma 3.41, for the conjugated terms that appear in the
equations provided by (3.30), we conclude that for any multi-index J and nonnegative
integer k, we have

(3.45) LTk D7 LJTk’I]D € D/iol+£ko+kofo)lo,ko+(ko+kofo)fo

By using (2.10) and (2.12), we conclude that for any multi-indices R and S, any
nonnegative integer k, and any indices D, F' € {1,...n}, there are smooth functions,
which are rational in their arguments preceedmg the “”, such that
(3.46) LET*LSR =58 (LT G, L' T9nC, L'T7¢; ),

' LRT*LnR = "5 (L' G, L' T, L'T¢; f),
where |I|+j < ko + (ko + kofo)€o- Finally, by using (2.11), its complex conjugate, and
Proposition 3.18, it is not difficult to see that LET*L>¢ can be expressed in terms of
€ and derivatives of v§, 74, n°, and nC. Thus, in view of (3.46), we also have, for
any R, S, and k,
(3.47)  LET*LS¢ = t®5% (L1194 §, L' TnC, L' T9¢, LIT~§, LT, LT3¢, f),
where I and j run over the same indices as in (3.46). Now, recall that ¢y < kp. The
conclusion of Theorem 2 follows by writing (3.46-47), for all R, S, k such that

|R|+[S|+k=ko+(ko+k3)ko+1

in any coordinate systems z = (xl, oo, Ton+1) and T = (21,... Zop41) for M and M
near the points 0 € M and 0 € M, respectlvely, and observing that the same system
of differential equations holds for any CR mapping f sending a neighborhood of 0
in M into M with f (0) sufficiently close to 0. This completes the proof of Theorem
2. 0

REMARK. We would like to point out that a much simpler conclusion of the proof
of Theorem 2 can be given in the case £, = 1, i.e. when the Levi form of M has at
least one nonzero eigenvalue at 0. We can then use the commutator identity (3.20)
instead of (3.19) to conclude

Jk D Jmpk, D
(348) L T LT no e Ck0+},, min(kg,m)’

instead of (3.30). By substituting for conjugated terms, using only (3.48), we obtain
directly equations of the form (3.46) in which |I| + j < 2ko. We invite the reader to
carry out the details in this case. Observe that the system of differential equations
obtained for f using this argument is of order 2ko + 2 rather than k3 + k2 + 2 as given
by Theorem 2 (or ko + (ko + kofo — 1)€o + 2 = 3ko + 1 for o = 1, which is the order
that actually follows from the proof of Theorem 2 presented above).

A similar simpification of the proof in the general case would be possible if one
could prove that it suffices to take the sum over s in (3.19) to run from s = 0 to
s = ko instead of all the way up to s = méy.

Proof of Theorem 1. The system of differential equations (0.3) is a so-called com-
plete system of order k3 + kZ + ko + 2. In particular, any solution is completely
determined by its (k3 + k2 + ko + 1)-jet at 0 € M (see e.g. [BCG?]. cf. also [Han2,
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Proposition 2.2]). On the other hand, if + — Z(z) is an embedding of M into CV
sending po € M to 0 € CV and 2’ — Z'(z) is an embedding of M’ sending p} to
0 € CV, then for any smooth CR mapping f: M — M, with f (po) = P}, there exists
(see e.g. [BER3, Proposition 1.7.14]) a formal power series mapping Z’' = F(Z), with
F(0) = 0, sending M into M’ (i.e. p(Z, Z) divides o' (F(Z), F(Z)) in the ring of formal
power series in Z, Z; cf. e.g. [BER4]) such that

(3.49) Z'(f(2)) ~ F(Z(x)),

where ~ denotes equality as formal power series. Also, by [BER4, Theorem 2.1.1], the
2ko-jet at 0 of any invertible formal mapping Z' = F(Z), with F(0) = (0), sending
M into M’ determines the series F'(Z) completely. In particular, it follows from
(3.49) that the 2kg-jet at po of a CR diffeomorphism f: M — M’, with f(po) = pg,
determines its (k§ + k2 + ko + 1)-jet at po. Hence, the conclusion of Theorem 1 follows
from Theorem 2. O

Proof of Theorem 3. We shall need the following proposition.

PROPOSITION 3.50. If a smooth real hypersurface M C CN is holomorphically
nondegenerate at pg € M, then there exists an open neighborhood U of po € M and a
dense open subset U' C U such that M is (N — 1)-nondegenerate at every p € U’.

Proof. The statement that, under the hypotheses in the proposition, there exists
an open neighborhood U of pp such that M is finitely nondegenerate on a dense open
subset U"” C U is a consequence of [BER3, Theorem 11.7.5 (iii)]. To prove Proposition
3.50, it suffices to show that if M is not k-nondegenerate, for any kK < N — 1, on an
open set V, then M is in fact not finitely nondegenerate at any p € V. Recall the
subspaces E;(p) C T,M defined for j = 0,1,... in §1. Assume that Enx_;(p) is a
proper subspace of T, M for every p € V, i.e. M is not k-nondegenerate, for any
k<N —1,in V. Since dimc7,M = N, we conclude, by (1.3), that there must be an
open subset V! C V and an integer 1 < ¢ < N — 1 such that

(3.51) Ep_1(q) = E¢(q), VqeV'

We claim that if Ey_1(q) = E¢(q) for all ¢ in some open sufficiently small set V' C M,
then in fact Ey—_1(q) = Ex(q) for all £ > £ and all ¢ € V'. To see this, observe that
(3.51) implies that, for every Aj,..., Ay € {1,..., N}, there are smooth functions

C1...Cj
az 7 such that

(3.52) Lz,
Jj=

in V'. (3.52) implies that Fy11(q) = Eu(q) for ¢ € V', and the claim follows by
induction. We conclude that M is not finitely nondegenerate in V’. A simple connect-
edness argument applied to each component of V' proves that M cannot be finitely
nondegenerate at any point in V. This completes the proof of Proposition 3.50. 0

We return to the proof of Theorem 3. The fact that M is minimal at pg implies, by
a theorem of Trepreau (see e.g. [BER3, Theorem 8.1.1]; the analogous result in higher
codimensions was proved by Tumanov), that for any open neighborhood U of py in
M, there exists an open connected set  C CV (on “one side of M”) such that U’ :=
QN M C U is an open neighborhood of py and every smooth CR function in U is the
smooth boundary value of a holomorphic function in 2. We deduce by the uniqueness
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of boundary values of holomorphic functions, Proposition 3.50, and Theorem 1 that
there exists p; € U’ such that if f1, fo: U — M’ are smooth CR diffeomorphisms
into some smooth real hypersurface M’ C CV and 8%f,(p1) = 8% f2(p1), for all |a| <
2(N —1), then fi; = f» in U’. Using this fact, the proof of Theorem 3 is completed
exactly as the proof of [BER2, Theorem 2]. Choose Yi,...,Y,, € aut(M,py) which
are linearly independent over R, and denote by F(z,y), where z = (z1,... ,zay—-1) is
some local coordinate system on M near pg and y = (y1,- . ,Ym) € R™, the time-one
map of the flow expt(y1 Y1 +. ..+ ymYm), for y in some sufficiently small neighborhood
V of the origin R™. The arguments in [BER2] combined with the uniqueness result
stated above, for a suitably chosen open neighborhood of U of py in M, shows that
the mapping V — JX*¥ =1 (M, M"),,, given by

(3.53) y = (05 F(p1,9))aj<2(N-1)»

is smooth and injective. Hence, m < dimgJ?(V ‘1)(M ,M'")p, which proves Theorem
3. a

Proof of Theorem 4. The conclusion of Theorem 4 is a direct consequence of
Theorem 2 and Proposition 3.54 below. We shall use the notation J*(R?, R™), for
the space of k-jets at 0 € RY of smooth mappings f: R? — R™, and \¥ = (/\f), 18] <k
and 2 = 1,... ,m, for the natural coordinates on this space in which the k-jet of f is
given by X2 = 38 £,(0).

PROPOSITION 3.54. Let U C J*(R?,R™)o x R? be an open domain. Let
r;-"()\k)(x), for any multi-index o € ZT with |a| = k+ 1 and any j = 1,...,m, be
smooth (C*) functions on U. Then, for any Ak € J*(R?,R™)q such that (\E,0) € U,
there exists a uniquely determined smooth function F: Uy X Vo — R™, where Uy is an
open neighborhood of & € J¥(RY,R™)o and Vp is an open neighborhood of 0 € R?,
such that if f = (f1,...,fm) solves

(3.55) 82fi =r2(02f), Vla|=k+1,j=1,...,m,
near 0 € R? and j&(f) € Uo, then
(3.56) F(55(f),") = f-

REMARK 3.57. Observe that we do not claim that F(\¥,) solves (3.55) for any
initial value A\¥, but only that if there is a solution with this initial condition then it
coincides with F'(A*,-). The idea for Proposition 3.54 was suggested to the author by
D. Zaitsev.

Proof of Proposition 3.54. By a standard argument (considering the derivatives
02f, |8l < k, as new unknowns), it suffices to prove Proposition 3.54 with k& = 1.
Thus, we may assume that the system (3.55) is of the form

(358) 3iji=ri]-(f), i:l,...,m; j=1,...,q.

Fix A} as in the theorem. Write z = (t,2') € R x R%"! and consider the initial value
problem for a system of ordinary differential equations

(3.59) 8. fi(t,0) = ru(£(£,0))(t,0), f(0,0) = A%,

for A! in some sufficiently small neighborhood of A\j. By a classical result (see [CL,
Chapter 1.7], Theorem 7.5 and the following remarks), there is a smooth function
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F': U, x Vi — R™, where U; is an open neighborhood of A} € J!(R?,R™), and V4
is an open neighborhood of 0 € R, such that ¢ — F1(\!,t) is the unique solution of
(3.59). Next, write = (z1,t,2"") € R x R x R?~2 and consider for each z; € U; the
initial value problem

(360) atf’i(xlvtvo) = r’il(f(zlytvo))(xlat) O)> f(xlaovo) = Fl()‘lvxl)‘

Again by [CL, Chapter 1.7] (Theorem 7.5), there is a smooth function F2: Uy x V5 —
R™, where U, is an open neighborhood of \} € J!(R?,R™), and V5 is an open
neighborhood of (0,0) € R x R, such that ¢ — F2(\!,z;,t) is the unique solution of
(3.60). Proceeding inductively in this way, we obtain the desired function F' after the
g:th step. The straightforward details are left to the reader. We emphasize however
that the function so obtained need not be a solution of the system (3.58), but it satisfies
F(33(f),") = f whenever f is a solution. This completes the proof of Proposition
3.54. O

The proof of Theorem 4 follows by applying Proposition 3.54 to the system of
differential equations provided by Theorem 2.

4. Concluding Remarks.

4.1. Abstract CR manifolds. In this paper, we have considered embedded real
hypersurfaces as abstract manifolds with a(n integrable) CR structure. We have used
the fact that the CR manifolds are embeddable (i.e. the CR structure is integrable)
to choose a basis for the sections of CT'M that satisfy certain commutation relations
(Lemma 1.33). The author felt that the resulting equations (1.34) simplified the
computations in the proofs to an extent which, by far, outweighed the loss of generality
in assuming that the manifolds are embeddable. Without the use of the equations
(1.34), the key equations (2.10-13) take the following form

LavE +vBRRp +n"hap = vBvGRE D,

Lz +¢hz = €15he +731hep,

Lan® +1°hz +v§RE = EYERE +vEn" R 5,

TG — Lan® +v§RE —n°hs = EY5RE + v5nPRG 5 + vEnFRE 5.

(4.1.1)

Analogous reflection formulae to those in Theorem 2.4, as well as analogues of the
crucial Lemmas 3.1, 3.6, and Proposition 3.18, can be established (with considerably
more work than above). The author is confident that a proof of Theorem 2 for abstract
CR manifolds (of hypersurface type) M and M’ of the same dimension can be produced
from these ingredients, but he has not had the patience to check the details.

4.2. Infinitesimal CR automorphisms. It is clear from the proof of Theorem
3 above that in order for the estimate (0.5) to hold, it suffices that M is minimal at po
and that there exists an open subset U C M with pg in its boundary such that M is
finitely nondegenerate on U. The latter holds, in particular, if M is holomorphically
nondegenerate at pp (and, in the real-analytic case, only if), but may hold, in the
case of merely smooth manifolds, even if M is holomorphically degenerate at po (see
[BER3, Example 11.7.29]). On the other hand, as is mentioned in the introduction, if
there exists a vector field Y of the form (0.4), where the restrictions of the a; to M
are CR functions, which is tangent to M near pg, then dimgaut(M,po) = co. Let us
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call the restriction to M of such a vector field Y a CR holomorphic vector field. Thus,
one is led to the following question. Suppose M is not finitely nondegenerate at any
point in an open neighboorhood of pg. Does there then exist a CR holomorphic vector
field on M near po? The author does not know the answer to this question in general,
but it seems to be related to the range of the tangential Cauchy-Riemann operator
Oy (see e.g. [B] for the definition). We conclude this paper by briefly outlining this
connection.

First, observe that a vector field Y is CR holomorphic if and only if Y is a section
of V and [L, Y] is a CR vector field (i.e. a section of V) for every CR vector field L. Now,
suppose that there is an open set U C M in which M is not finitely nondegenerate at
any point. We claim that there exists a (non-vanishing) CR holomorphic vector field
Y near p € U if (i) dimcEn—1(q) (which is < N for g in U by assumption) is maximal
at ¢ = p, and (ii) Gyu = f is solvable at p for every (0,1)-form f with Jf = 0. For
simplicity, we shall indicate the proof of this only in the case dimgEy_1(p) = N — 1.
We choose a smooth nonvanishing section X of V near p such that X(¢) € Ex(q)*
for all k£ and all ¢ in an open neighborhood of p. (This can be done by assumption
(i) above.) We denote by Lj,..., Lz a basis of the CR vector fields on M near p,
where L, := L = X. We choose a tranversal vector field T', as in §1, and denote
by 6,604,804, with notation and conventions as in §1, a dual basis of T, L4, L. The
fact that L, is valued in Ej-, for every k, implies that [L 1, L,] = bzL, modulo the
CR vector fields. We shall look for a CR holomorphic vector field Y of the form uL,,
where u is a function to be determined. It is easy to see that [Lz,Y] is a CR vector
field if and only if

(4.2.1) Lzju+ubz =0

and, hence, Y is CR holomorphic if and only if (4.2.1) is satisfied for every -4 €
{1,...,n}. If we could solve

(4.2.2) Opv = f,

where f = b/@"i, then u = e~ would solve (4.2.1). The (0,1)-form f coincides with
the form L, .0,0™, as the reader can verify. From this observation, one can check that
f satisfies the necessary compatibility condition for solvability,

(4.2.3) Oy f = Oy(Lpn0p0™) = 0.

Hence, if the tangential Cauchy-Riemann complex is solvable at level (0,1) at p, then
we can solve (4.2.2) and obtain a CR holomorphic vector field Y = uL, near p.
However, the author knows of no results on solvability which apply in this situation
(unless, of course, M is real-analytic).
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