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SCHRODINGER FLOW FOR MAPS INTO KAHLER MANIFOLDS*

PETER Y. H. PANG!, HONG-YU WANG!, AND YOU-DE WANGS$

Abstract. In this paper, we show that there exists a global Schrédinger flow for a map from
the unit circle S! into a K#hler manifold with constant holomorphic sectional curvature. Moreover,
the Schrodinger flow obeys a conservative law. We also discuss the Schrodinger flow from a compact
Riemann surface into a compact Kéihler manifold and prove that the Cauchy problem admits a
smooth local solution.

1. Introduction. Recently, in [DW], Ding and Wang considered Schrédinger
flows for maps into symplectic manifolds. Let (N,w, J, k) (sometimes denoted just by
N, (N, J) or (N, J,h)) be a symplectic manifold equipped with a symplectic form w,
an almost complex structure J, and the Riemannian metric A(-,-) = w(-,J-). Then,
given a map up from a Riemannian manifold (M, g) into (NN, J), the Schrédinger flow
u(-,t) : M — N for ug is defined by the Cauchy problem

Ou

u(z,0) = uo(z),
where 7(u) is the tension field of u. In local coordinates,

ouP ou”

Ozt OxI’

where A is the Laplace-Beltrami operator on M with respect to the metric g and I'g,
are the Christoffel symbols of the target manifold N.

For the case where M = S' and (N, J, k) is a Kihler manifold, Ding and Wang
[DW] discussed existence and uniqueness for (1.1). They proved that it admits a
unique local smooth solution if wg is smooth. Further, if (N,J,h) is a compact
Kahler manifold with constant sectional curvature K, the solution is in fact global
and smooth. This follows from the conservative law

d/ 9 K/ 4
— T(u)|*dS — — Vul|*dS} =0.
G Irwras =7 [ vurtas)

We point out that if N is a compact Kahler manifold with constant sectional curvature,
then it is either a closed surface or a flat complex torus of higher dimension.

We recall that the Heisenberg spin chain system (also called ferromagnetic spin
chain system) is given by

T*(u) = Au® + gijfgv(u)

Ou
ot
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where u takes values in $2 C R? and x denotes the cross product in R%. Zhou, Guo
and Tan in [ZGT] showed that for smooth Cauchy data there exists a unique smooth
solution for the Cauchy problem of the Heisenberg spin chain system from S! into
S2. In [W] and [W1] Wang proved that there is a global weak solution for the Cauchy
problem of the Heisenberg spin chain system (with or without external magnetic field)
from any closed manifold into S?. We note that

(i) J(u) = ux : TyS? — T, S? is the standard complex structure on S2, and

(ii) the tension field of the map u into S? is given by 7(u) = Au + |Vu|?u.
Hence,

ux Au = J(u)r(u),

i.e., the Heisenberg spin chain system is in fact the Schrédinger flow into S2. The
equivalence of the Heisenberg spin chain system to the Schréodinger flow can also be
seen by applying the stereographic projection S> — C U {co}. Using the above
transformation to define z as the complex-valued representation for u, the Heisenberg
spin chain system can be written as

%:i(Az 22 (Vz)2>.

ot 142
Also recall the nonlinear Schrédinger equation

Wy + Yz + 2I‘€|¢|2¢ =0,

where kK # 0 is a constant. This equation, which has many applications such as
nonlinear optics, has been widely studied, see e.g. [ZS]. In particular, the lattice non-
linear Schrédinger equations with « = %1 can be written respectively as Hamiltonian
equations on S? and the Lobachevskian plane, and thus represent respectively SU(2)
and SU(1,1) magnetic models, see [FT] for details. Zakharov and Takhtajan in [ZT]
and Lakshmanan in [L] pointed out that the Heisenberg spin chain system is gauge
equivalent to the nonlinear Schrédinger equation with « = 1, thus establishing a deep
relation between these two integrable systems.

Recently, Chang, Shatah and Uhlenbeck [CSU] employed a generalized Hasimoto
transformation to show that the nonlinear Schrédinger equations with k = +1 are
equivalent to the Schrédinger flows for maps from R! into S? and H? respectively.
Moreover, they considered the following Cauchy problem for the Schédinger flow into
a compact Riemannian surface:

Ou - o
(1.2) E—J(U)T(U), T€R™, m=12;

u(z,0) = uo(z).

By the Hasimoto transformation they showed that for m = 1 and smooth Cauchy data
up(z), the equation (1.2) admits a unique global smooth solution. For m = 2, they
considered radially symmetric maps, and equivariant maps when the target surface has
S! symmetry, and proved global existence and uniqueness in the small energy case
(see [CSU] for details). Independently, Ding in [D] pointed out that the nonlinear
Schrodinger equation with k = —1 is gauge equivalent to the the Schrédinger flow
from R! into H2?. He approached that problem by an appropriate choice of Lax
pair for the the nonlinear Schrédinger flow of maps from R! into H? according to
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the dynamical behavior of an auxiliary linear problem for the nonlinear Schrédinger
equation with K = —1 (see [D] for details).

If (N,J,h) is a complete K&hler manifold, it is well-known that we can always
choose local complex coordinates in N so that the operation of J is just multiplication
by i = v/—1. Then the Schrédinger flow from (M, g) into (N, J, h) with small Cauchy
data can be written as

% — i[Au + A(u, @) (du, da)),

u(-,0) =y : M — C™

Such Cauchy problems have been studied by Kenig et al in [KPV] and Hayashi and
Hirata in [HH], when a special form of the nonlinear term A is assumed. For M =
R™ and up having small size restriction, they proved short time and even global
existence and uniqueness using Fourier transform and methods of harmonic analysis.
More recently, in [KPV1] Kenig, Ponce and Vega considered the Cauchy problem for
nonlinear Schrédinger equation of the form

Ou=ilu+ P(u,V,u,4,V,4), t€ER, z€R"
u(+,0) =up: R* — C,

where u = u(z,t) is a complex valued function, V,u = (0,u,--+,0;.u), L is a
non-degenerate constant-coefficient second order operator

/3:2821. —Zaﬁ}., for some k € {1,---,n},

i<k i>k
and P : C?"*? — (C is a polynomial having no constant or linear terms, i.e.,

P(Z)=P(Zl,--',z2n+2)= Z aaza, 1022 )
lo<]a|<d

They established that the above Cauchy problem is locally well-posed in appropriate
Sobolev spaces without any size restriction on the data in any dimension (see [KPV1]
and reference therein for more details). We note that the case £L = A had been
considered previously by Chihara [Ch], and refer the readers to [B] and [Cz] for the
semilinear case P = P(u,%). In particular, Bourgain considered the initial value
problem for the periodic nonlinear Schrédinger equation over 7" = R™/Z™ as follows

i0u + Au+ululf2=0 (p>3)
with initial data

u(z,0) = ¢(z).

In [B] Bourgain obtained local and global results on the well-posedness of the above
initial value problem in one and several space dimensions for initial data ¢ € H*(T")
for essentially optimal a.

In this paper, we consider the Schodinger flow from S! into a complete Kihler
manifold with constant holomorphic sectional curvature. Examples of such manifolds
include complex projective space CP™ with the Fubini-Study metric, and complex hy-
perbolic space CH™ with the Bergmann metric and its compact quotients by isometric
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cocompact lattice groups. We will derive a new conservative law for the solutions of
the Cauchy problem.

THEOREM 1. Let M = S and (N, J,h) be a compact Kihler manifold with con-
stant holomorphic sectional curvature K. If u is a smooth solution of the Schrédinger
flow from S into N, then u obeys the following conservative law:

d 2 K 4 —

Using the above conservative law, we can prove the following two theorems:

THEOREM 2. Let (N, J, h) be a compact Kihler manifold with constant holomor-
phic sectional curvature and let ug : S' — N be a smooth map. Then, the Cauchy
problem for the Schridinger flow from S' into N with the Cauchy data ug admits a
unique global smooth solution.

THEOREM 3. The Cauchy problem for the Schridinger flow from S into complex
hyperbolic space CH™ (with the Bergmann metric) with smooth Cauchy data ug admits
a unique global smooth solution.

Finally, in this paper, we consider 2-dimensional Schrédinger flows, i.e., where M
is a Riemann surface. We have the following local existence and uniqueness result:

THEOREM 4. Let M be a closed Riemann surface and N a compact Kdhler man-
ifold with nonpositive sectional curvature. Let ug be a smooth map from M into N.
Then, the Cauchy problem for the Schrédinger flow from M into N with Cauchy data
ug admits a unique local smooth solution.

The key step for proving the local existence and uniqueness is to establish a re-
lation between the Sobolev norms of du and the tension field 7(u), and then adopt
a Landau-Lifshitz type equation to approximate the Schrédinger flow equation. To
contrast our results with those obtained in [KPV1], we remark that the term contain-
ing the first order derivatives in the Schrédinger flow equation cannot be expressed
as a polynomial in general. For instance, the Schrédinger flow into the Poincaré disk,
which is equivalent to the anisotropic ferromagnetic system, is given by the equation

0z

. 2z 5
5 = <Az+ 1—|Z|2(vz) )

=i{Az + 2372, |2[72(V2)?},

where 2(z,t) € {z € C : |z| < 1}. Thus, the Fourier analysis methods of [KPV1] do
not seem to be applicable. We also note that our method can be employed to prove
the local existence of the inhomogeneous Schrodinger flow from a compact manifold
into a compact Kahler manifold. This has been treated in a separate paper [PWW].
This paper is organized as follows: In Section 2, we recall some facts and notations
in differential geometry, and establish some relations on the Sobolev norms. In Section
3, we prove the conservative law (Theorem 1) and use it to prove global existence and
uniqueness (Theorems 2 and 3). Section 4 is devoted to proving Theorem 4.

A note on notation. We shall use the symbol C generically to denote certain
scalar-valued terms in the estimates to be derived in the remainder of the paper. We
will, however, normally specify the objects/quantities on which these terms depend, by
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means of arguments to C. For example, the symbol C(M, N) shall denote a constant
depending only on the manifolds M and N, whereas the symbol C(||7(u)||2, E(u))
shall denote a smooth scalar-valued function depending on the quantities ||7(u)|| L2
and E(u). Thus, the latter C is not necessarily a constant but may vary with u. Also,
unless otherwise specified, C shall be assumed to depend on its arguments smoothly.

Acknowledgement. We would like to thank Wei-Yue Ding for his valuable
comments and suggestions, and especially for his interest in the conservative law.

2. Some Geometric and Analytic Preliminaries. Let 7 : E — M be a
Riemannian vector bundle over a Riemannian manifold M. Then, for p = 1,2,---,
dim(M), we have the bundles APT*M ® E — M over M whose smooth sections
constitute the sets T'(APT*M ® E). On APT*M ® E, we have the induced metric

(s1,80) = D (s1(en, -, ei,),00(e0, - 5)) s

i1 <ia < - <ip

where {e;} is a local orthonormal frame of TM. This induces an inner product on
T(APT*M @ E) as follows:

(s1,82) = /M(31732> dM.

The space L?(M,APT*M ® E) is the completion of ['(APT*M ® E) with respect to
the above inner product (-,-). Analogously, we may also define the Sobolev spaces
HE™(M,APT*M ® E) (see Appendix in [DK] for details) as follows: Let V be the
covariant differential induced by the metric on APT*M ® E, then the bundle-valued
Sobolev spaces H*"(M,APT* M ® E) are defined by taking completions with respect
to the norms

k . .
Iollr = (3 /M VeS| dbr)

where

|Vis| =(V---Vs,V---Vs)2.
N— N—\—

i times 4 times
In the case where M is a compact Riemannian manifold, we recall two standard results
on Sobolev spaces, namely, the Rellich theorem and Sobolev imbedding theorem. Also,
in the rest of the paper, we shall use the short-hand notation V; for V., where {e;}
is a local orthonormal frame of T M.

On the other hand, it is well-known that a compact Riemannian manifold N
can be isometrically embedded into a Euclidean space R? for some positive integer
d > dim(N). Hence, one can define the Sobolev spaces W*P(M,N) = {g : g €
WhP(M,R%),g(x) € N for a.e. € M}. These spaces are sometimes called Sobolev
spaces of maps. Our main task in this section is to establish some relations between
the norms of the Sobolev spaces of maps and the bundle-valued Sobolev spaces.

In terms of the covariant exterior differential operator d : I'(APT*M ® E) —
[(APTIT*M ® E) defined by

ds(Xo, -+, Xp) = (=1)F(Vx,8)(Xo, -+, Xk, -+, Xp),
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and its formal adjoint ¢ : D(APT*M ® E) — ['(AP"!T*M ® E) defined by
0s(X1,--, Xp—1) = —(Vis)(es, X1, -+, Xp-1),
where Xo, X1,-+,Xp € I'(T'M), the Hodge-Laplace operator is given by
Ag =dd+dd.

It is well-known that A g is a self-adjoint, positive semi-definite elliptic operator, and
the following Weitzenb&ck formula holds:

PROPOSITION 2.1. For any s € T(APT*M ® E),
Apgs=-As+ S,
where A = —V*V is the Laplace-Beltrami operator and
S(X1,- -, Xp) = (=1)*(R(es, X1)s)(es, X1, -, X, - -, Xp)-
Here, R(-,-) is the curvature operator associated to the induced connection on the

vector bundle APT*M Q E.

Let f: M — N be a smooth map and regard df € I'(T*M ® f*TN). We note
that

d(df)(X1,X2) = (Vx,df)(Xa) — (Vx.df)(X1)
(2.1) = Ax,x,(f) — Ax, x, ()

b

where Ax, x,(f) is the second fundamental form of f which is symmetric. On the
other hand, we have (see [EL])

0(df) = —(Vidf)(es) = —trace,Vdu = —7(f).

Hence, 7(f) = 0 is equivalent to the harmonicity of the I'(f*T'N)-valued 1-form df.
In other words, f is a harmonic map if and only if Ag(df) = 0.
The energy of the map f is defined by

B() =3 [ VP

To describe the tension field of f, one usually adopts local frames on M and N. Let
{e;} be a local orthonormal frame on M and {e} its dual frame. Let {&,} be a local
orthonormal frame on N. Then, with respect to the above frames, df = fe} ® é,,
and 7(f) = V. f; where f; = f2é, = fse;.

From the Weitzenb6ck formula we can easily derive:

ProPOSITION 2.2. Let M be a closed Riemannian manifold and N a complete
Riemannian manifold with nonpositive sectional curvature. For a smooth map u :
M — N, there exists a constant C(M) such that

/ Vdul2 dM < / r(w)[2 dM + C(M)E(u).
M M
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In particular, if M has nonnegative Ricci curvature, then

/ \Vdul dM < / ()| dM.
M M

Proof. We note that

S(X) = ( (€, X )df)el

. KN(feei, foX) fuei + fuRicM(X),

where KV (-,-) is the sectional curvature operator of N, Ric™(-) is the Ricci curvature
operator of M, and f. is the tangent map from T M to TN. Thus, by Proposition 2.1
with p =1 and s = df,

Ae(f) = (A(df),df) +|A(f)
= _<AH(df)7 df> + |Vdf|2 + (f*RiCNI(ei), f*ei>
_'<I(N(f*ei7f*ej)f*eiyf*ej)~

Since the sectional curvature of N is nonpositive, i.e., (K™ (f.e;, fv€;) fe€i, fx€j) <0
we get

(2.3) Ae(f) > —(Au(df),df) + |Vdf|® + (f.Ric" (e:), fues).

The result now follows by integrating the two sides of (2.3) over M and noting §(du) =
—7(u).

In the following two results, (IV,h) is regarded as an isometrically embedded
submanifold in the Euclidean space R%. For convenience, we denote || - ||co s, rey and
Il - llww.p(m,re)y by || - [lco and || - ||ywe.» respectively. A word of caution on notations:
we use V to denote both the covariant derivative induced by the Riemannian metric
on M and the covariant differential on @”T*M @ u*T N induced by the Riemannian
metrics on M and N, with the distinction given by the context. In the former case,
for any smooth map u : M — N, its tangent map du is equal to Vu; both notations
will be used.

PROPOSITION 2.3. Let M be a closed Riemann surface and N a compact Rieman-
nian manifold with nonpositive sectional curvature. For a smooth map w: M — N,
there exists a constant C' (M, N) such that

ldullw=2 < COM, N){(E(w) + VE@W) + D(IVr@)1F + [[97(w)]z2) + C(E@))}.

In particular, if M has nonnegative Ricci curvature, then
ldullwzz < C(M, N){(E(u) + VE@)IIVr@ll = + |V7(w)|z= + C(E@w)}.

Proof. We first discuss the case where M has nonnegative Ricci curvature. From

the identity
/ (r(u), 7(u)) d / (ViT(u), uve;) dM
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we get

(2.4) /M(T(u),r(u)) dM < (/M |V (u)|? dM)é (/M |du|? dM>% .

As 7(u) is a semilinear elliptic operator with a square term in the first order deriva-
tives, by standard elliptic theory, for any p > 1, we have

(2.5) lldullw.r < C(M, N){|l7(u)llLr + lldullF20}-
By the Kato inequality and Sobolev imbedding theorem, we have

7). < CAO{IVIT(@)llz + lI7(w)llL2}

26) < CON{IVr(w)llz2 + lIr(@)2)
and
o ldulZ < COM){IV|dullZe + [ldullZe)

< CM{IIVaull3= + [ldullZ:}-
Combining (2.4)-(2.7), and using Proposition 2.2, we obtain

ldullwre < C(M, N){|IVr(@w)ll2 + T (w)llz2 + [|Vdull72 + |dul 7.}
(2.8) < OM, N{|IVr(@)llzz + Ir(w)ll72 + lIr(w)llz2 + lldull72}
< C(M, N){(1 + lldull )V (@)llz2 + I (w)llz2 + lldullZ2}-

Hence, for p > 2, the last inequality in (2.8) and the Sobolev imbedding theorem for
functions imply that

(2.9)  ldullce < C(M, N){(1 + | dull L)1V (w)]| 2 + [I7(u) |22 + lldul|2}.
From (2.9) and (2.4) we deduce that

lldullce < C(M, N){(1 + lldullL2)IVT(w)llL2 + lldullz2 + lldulZ.}
=CM, N{(1+ VE@)IVT ()l + VE() + E(w)}.

Similarly, by standard elliptic regularity theory,

(2.10)

ldullw=z < COM, NY{[Vr(u)llze + lldullz2 + | /M|Vdu|2|du|2 dM}),

< C(M, N){IVT(u)llz2 + lldull L2 + |IVdul| L2 ||dullco}
< C(M, N){[IVT(w)llL2 + lldullz> + lI7(w)l] L2 |ldullco}-

From (2.4), (2.10) and the preceding inequality we conclude that

3
(2.11) lldullw=2 < C(M, N){(E(u) + VE@)IVT(u)l|Z2 + V7 (w2 + C(E(w))}-
For the general case, a modification of the above arguments yields

lldullwaz < C(M, N){(BE(w) + /E@)||IVr(w)||2,
+(E(w) + VE@) + D||[Vr(w)||= + C(Ew)},



SCHRODINGER FLOW FOR MAPS INTO KAHLER MANIFOLDS 517
from which the desired inequality follows.

PROPOSITION 2.4. With the same assumptions as in Proposition 2.3, for k > 1,
there exist constants C(M, N) such that

ldullwaesrz < C(M, N)|A*7(w)|| 2 + Corgr (IVAF (@)l L2, - -, IV (W) | 2, E(u)),
and

lldullwawszz < C(M, N)IVA*T(w)|| 12 + Corsa (IAST @)l 12, -, IVT(w) | 12, E(w)).

Proof. Denoting the second fundamental form of the isometric embedding NV C R4
by A‘l‘%, the tension field can be written as

Pu(e) = A (o) + 904" (5 ).

Without loss of generality, we may assume that M is a flat torus, i.e., M = T™.

We proceed by induction. For & = 1, with respect to the natural local frame
=2} of R?
{aya }o >

Vir(u) = (Vi (u))? 5;25.
By a direct computation, we have
.12 (Ver()? = (5w} + 2248, () ),
and
ory Ot = (@) + 25 A8 ) (T )

= A%u® + Py (du, Vdu) + Py(du) * V3du,
where P; are polynomials with matrix (or vector) values and

Pg(du) * v2du= Piligia (du)V,-l Vi2 V,’au
= Piyigis (du) Vi, Viy iy

for 41,12,i3 € {1,2} (here we have suppressed reference to the G-th component).
Applying the Sobolev imbedding theorem and Proposition 2.3 to (2.13), we see that

1P1(du, Vdu)||L> < C(IVT(w)llz2, E(u)),
and
[IP2(du) * V2dul|p2 < C(IV7(w)llz2, E(w)).
Hence, by standard elliptic theory,

(2.14) ldullws.> < C(M, N)|AT(u)l|p2 + C(IIVT(w)lL2, E(u)).
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When k > 1, with respect to the natural local frame { %;},
Abr(u) = (AkT(u))di.
Oy®

Similarly to (2.12), we have

o) Vikr(u) = %(Akr(u))& + g’g A% (u){(Akr(u)"}
= AFH % + P{(du, Vdu,---,V*du) + Py (du) * V¥T1dy,
where
Py(du) * V** ' du =P, . (du)Vi, Vi, Vige,, Uiny
for 41,42, - ,i2k+2 € {1,2}. We leave the details of the induction step to the reader.

We end the section with the following proposition concerning the interpolation
inequality (see [Au]):

PRrROPOSITION 2.5. Let E — M be a Riemannian vector bundle over a closed
Riemannian manifold with dim M = m. For s € I'(E), there ezists a constant C(M),
which does not depend on E, such that

(2.16) Vsllze < CM)|IVsl§.-llsllz2®,
where
1 1 1 2 1
112 e
p m r m q
for all a in the interval % < a <1 for which p is nonnegative.

Proof. We begin by establishing the interpolation inequality

(2.17) IVsll7s < (Vm+|p = 2])lIsllzal| V?s]lL-,
where % = % + % First, suppose p > 2. Then, for s € I'(E), we have
Vi(|Vs|P~2(s,V;s)) = [Vs|P + [Vs|P2(s, As)
(2.18) +(p - 2)|V8,p_4(8, Vﬁ) (V,‘Vjs, Vjs).
Integrating the above identity over M, we get
—/ (s, As)dM, if p=2,
M
Vsl =4 = [ (s, 20)]7sP 2 an
M

+(2 —p)/ |Vs|P~4(s, V;s)(V;Vs,V;s) dM, ifp>2.
M
Noting that |As[? < m|V2s|? and |(s, Vis)(V:V;s, V;s)| < |V2s]|Vs[?|s|, we get

Vsl < (Vi + [p — 2]) /M V25| Vs[P2 5| M.
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As zp = % + %, (2.17) now follows from the Holder inequality.

When 1 < p < 2, the proof is similar, but a little more delicate (see [Au]).

To complete the proof of Proposition 2.5, we need to discuss the the following
two cases:

Case 1: r < m. The desired inequality for @ = 1 is just the Sobolev imbedding
theorem, while for a = 1, it reduces to (2.17). Hence we can deduce the required
inequality for % < a < 1. Indeed, by the Holder inequality, for p € [r, g],

[[sllze < [Isl3-1Isllz2%,

where a(; — 2) = 1 — 2. It follows that for - = —

1
m

Q=

1

)
IVsllze <[IVsll7011Vsll15",

where - = v7 + (1 = v);. On the other hand, applying (2.17) we have

IVsliZ, < C(m, p)lIsl|LalIVs]|Lr,

where 2 = L 4 % Hence, combining the last two inequalities and using the Sobolev
imbedcﬁng t(i]eorem we obtain that
(1-a) a
IVsllze < C(m,p)llsl|za ~[IVs]|Fr.-

wherea(i - L —1)=1_ L1 1

T m q Y4 m q
Case 2: r > m. Applying the interpolation inequality to the function |Vs| we
obtain that

b —
IVsllze < CON{IIVIVSIIE- + IVslIZ-} 2 VslILs",

where lp = % +b( - L —-1)>0and 0<b< 1. By Kato inequality, it follows that

m b

(2.19) Vsllze < CM)IVsll.- IV 2"-
By using (2.17) again, we have

(2.20) IVsllZ, < C(M, p)IsllzalIVs]lz-

where % = % + L. Substituting (2.20) into (2.19), it follows that by a direct compu-
tation that

(2.21) IVsllze < CM)|Vsll%.-lIsll 2,
where
1 1 1 2
Lo Lio(t-2)ra-al
p m r o m

This is the desired result.
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3. One-Dimensional Global Schrédinger Flow. In this section we discuss
the global existence of smooth solutions for the Cauchy problem of the Schrodinger
flow into a Kéhler manifold with constant holomorphic sectional curvature. We shall
refer to the following local existence result about one-dimensional Schréodinger flows
from [DW].

PRrOPOSITION 3.1. [DW] If M = St and (N, J,h) is a complete Kihler manifold,
then the Cauchy problem (1.1) of the Schrédinger flow for maps from S! into N
with Cauchy data ug € C®(S',N) has a unique smooth solution on S* x [0,T),
for some T € (0,00]. Furthermore, the energy is conserved along the solution, i.e.,

E(u(z,t)) = E(uo(z))-

As remarked earlier, the conservative law (Theorem 1) is essential in proving
global existence. We now give the proof of Theorem 1 which will then be exploited
to prove Theorems 2 and 3.

Proof of Theorem 1. For ease of notation, we denote du/dt and Ou/dx by u

and u’ respectively, and write V,, (&) = Vi and V,, (2) = Ve Since u satisfies

u = J(u)T(u), and VJ =0 as (N, J h) is a Kahler mamfold using the formula (see
[H]) ViV =V, Vi + R(u,4)u’, where R(-,-)- denotes the Riemannian curvature
tensor of NV, we have

2dt/ [r(w)f* S :th/||2ds
/(u,Vt(J(u)Vmu'))dS
s1

- / (, Vo(J (1)) Vo) dS + / (i, J (4) VeV our')) dS
St S1

- / (Vatt, J (1) Vo2) dS + / (6, J(w)R(u, )’} dS.
St st

(3.1)

The first integral on the right hand side of the above equality vanishes since

(Vot, Ju)Vei) = h(Vet, J(u)Ve1)
w(Vat, J? (u) Vi)
= —w(Va1, Vai) = 0.

As (N, J, h) has constant holomorphic sectional curvature K, for any tangent vectors
X,Y,Z and W, the following identity holds true (see [KN]):

(3.2) R(X,Y, Z,W) —{h (X, Z)W(Y, W) — h(X,W)h(Y, Z) + h(X, JZ)R(Y, JW)
—h(X, JW)R(Y, JZ) + 2h(X, JY)h(Z, JW)}.

Since the complex structure J commutes with the Riemannian curvature operator

R(X,Y)oJ=JoR(X,Y),
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it follows from (3.2) that
(, J(w)R(',w)u') = (R(,u)Ju',u)
= R(u' u, Ju', i)
(3.3) = —{ u', ), Ju') — (', Ju) (i, J2u')
+2(u yJuy(Ju', Ju)}
= K, u)(u',Ji).
Thus,

1d

(3.4) 37

/ IT(w)|*dS = /Ku u)(u, Ju) dS.

On the other hand, by [DW], we know that

4dt/| 1*dS /|u|(u V') dS

=/51|u| (u',Vgu)d

(3.5) = —/ {2V, 0) + 2(u’, u)(u’, Vu') } dS
/ {2 (T (u), JT(w)) + 2(u’, u)(u', 7(u))} dS
:2/Sl(u ,uy(u’, Ju) dS.

Combining (3.4) and (3.5), we conclude that

%{/51 |T(u)|2d5——/ IVul* dS} = 0.

This completes the proof of Theorem 1.

Proof of Theorem 2. With Proposition 3.1 at hand, it remains to extend the local
solution into a global one. For this, the proof proceeds similarly as in [DW] with
Theorem 1 replacing Proposition 3.2 in [DW]. The issue of uniqueness has also been
addressed in [DW].

Proof of Theorem 3. By Proposition 3.1, a maximal local smooth solution u
defined on S* X [0, Tinax) exists for the Cauchy problem of the Schrodinger flow.
To prove global existence, we consider the quantity

max

dul?

I dt}.

dmax = Sup{
seSt Jo

First, we note that CH™ is a Hermitian symmetric manifold and thus its curvature
tensor is parallel, i.e., VR = 0. Then, by the integrability of the complex structure
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J, we have
vtva(u) = VzvtT(u) + R(UI,U)T(U)

= Vi(V.Vit' + R(w,u)u’) + R, 4)7(u)
= V.V.V.i+ RV, 4)u' + R,V 4)u'

(3.6) +R(W, ) Vau' + R, )7 (u)
= V.V.Vit+ R(t(u), JT(u))u' + R(u, JV7(u))u’
+2R(u',u)7(u).
Thus,
%% [ (Ver(u), Var(w)as
_ / (Vo (u), ViVar(w)) dS
Sl
_ / (Var(w), Vo VaVad (w)r(w)) dS
(3.7) st

+/SI(R(T(U),JT(U))’L/,V,;T(u))ds

+/51 (R(u', IV T(u))u' + 2R(u, 4)7(u), V,7(u)) dS
< o[ (Wl PIVar(]+ 1 PIVar(w) ) ds,
where Cjp is a constant which is independent of u. By Kato inequality,

/ |Vz|u'||2dS_<_/ |Vzu'|2d.5'=/ Im(w)[2 dS,
St St St

and
[ Vel as s [ vart s
St St

By the Sobolev imbedding theorem,

(3.8) W10 < C(S){ [ Vel dS + Bu)}

and

(3.9) 7)o < O [ IWalr@IPas+ [ 1r@P ds).
Sl Sl

Combining the last four inequalities, we get

(3.10) Julize < O [ 17wl S + Bw)

and

B1) )l <O [ VerP s+ [ i as),
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Substituting (3.10) and (3.11) into the last term on the right hand side of (3.7), in
view of the fact E(u(t)) = E(up) and using the Holder inequality, we have

[ A )P 9] + PV dS

IN

lI()llcollwllcollT (@)l 22l Var(u)llL> + IIU'II"’CD/SIIVxT(U)I“’dS
3.12) < CEH{Ulr@lz:llw'llce + IIU’II%o)LIVzT(U)IZdS+ (w72l llco }
(z”(Sl){IIT(u)II%z/SIIVzT(u)I2 dS + |7 (w)llzz + VE(uo)ll7(w)ll3=}

< OGS lrtun)lee luplleo) [ IVr) dS + 13

IA

Here we have used the inequality
/ |7(u)]?dS < / |7 (uo)|? dS +/ lug|* dS, for any t € [0, Tmax),
st s st
which is a consequence of the conservative law in Theorem 1, viz

/ |T(u)|2d8+/ |u’(t)|4dSE/ |T(uo)|2d5+/ lup|* dS.
St St S1 S1

As the holomorphic sectional curvature of CH™ with the Bergmann metric is equal
to —4, the inequality (3.7) implies that

d .19 _ d 2
dt/51|ku| s = dt/51|vzr(u)| ds

(313) < O™ irtwollza Iublloo) [ 1Var(uPds + 1)
= O™ lirtwo)leo Il [ Vil ds + 1.
By the Gronwall inequality,
(3.14) /S (V20 dS < (1+][9r(uo)}) exp (CH) ~ 1,
where C = C(S*, ||7(uo)||z2, ||ubl|L+) depends only on ug and S*. Similarly, for k& > 1,
/51 |AFa|?dS < Cy(t, k,uo),
and
/S VLA dS < Ot o),

where Ci (t, k,uo) and Ca(t, k, uo) are independent of the image set u(S* X [0, Tipax)) C
N. By the Sobolev imbedding theorem and (3.14), it follows that

la(t)llco(sry < CSH{(L + IV (uo)llZ2) exp (Ct) — 1}
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for any ¢ € [0, Tmax)-
Suppose Tmax < 00, then

dmax S C(Tmax) < 0.

This indicates that the image set of u is contained in some compact subset @ C CH™.
In this case, for a small o > 0, consider the Cauchy problem

ov
(3.15) o = T,

v(z,0) = u(z, Thax — 7).

As in [DW], we can show that there exists a positive real number T, which depends
on £ but not on o, such that (3.15) admits a local smooth solution v on S* x [0,7p).
Thus u can be extended to St x [0, Tinax + To — o). By the unigeness theorem given
in [DW], we know that v(z,t) = u(z, Tmax — 0 +1t) for any ¢ € [0,Tp) so the extended
u is still the solution for the Cauchy problem of the Schrédinger flow. Choose o small
enough so that

Tmax +To — 0 > Tax.

This contradicts the fact that Tp,ax is maximal. Thus Tihax must be co and the proof
of Theorem 3 is complete.

We end this section by recalling that the complex hyperbolic space CH" is a rank
one symmetric space of noncompact type. Its ball model is given by (B", gy) where
B"={z€e€C":|z| <1} and

1 " Wi;W; _
"= T 22,0 T

is the Bergmann metric. It is well-known that CH™ with the Bergmann metric is a
complete Kéhler manifold with holomorphic sectional curvature —4 (see e.g. [KN]).
In particular, any compact K&hler manifold with constant negative holomorphic sec-
tional curvature —K must be a compact quotient of (CH", dsk) modulo an isometric
cocompact lattice group where dsg = %gb.

4. Two-Dimensional Local Schrodinger Flow. In this section we consider
Schrodinger flows defined on Riemann surfaces, and establish local existence for the
Cauchy problem. As in [DW], our strategy is to consider approximate equations of
Landau-Lifshitz type:

Ou

(4.1) ot
u(z,0) = uo(),

= et(u) + J(u)7(u),

where 0 < € < 1. By the results in [Am] (see also [GW]), there exists a unique local
smooth solution for the Cauchy problem (4.1) on M x [0,T"). Also, it is well-known
that the energy functional is decreasing (see e.g. [DW]), i.e., for a solution u of (4.1),

E(u) < E(uo).

Hereafter, we shall assume that N is embedded isometrically into the Euclidean space
R4
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The key step for proving Theorem 4 is to establish some a priori estimates for
u(z,t) which hold uniformly for small € < 1. To do this, we need the following result
whose proof will be relegated to the end of the paper:

ProOPOSITION4.1. Let M be a closed Riemann surface and N a compact Kihler
manifold with nonpositive sectional curvature. If u is a smooth solution of the Cauchy
problem ({.1), then there ezists a positive T, which does not depend on 0 < e < 1,
such that the following estimates hold uniformly for 0 < e < 1:

sup / |AFT(w) |2 dM < C(k, T, uo),
t€[0,T)

and

sup / VAR (u)|?> dM < C(k, T, uo).
te[0,T)

With Proposition 4.1 at hand, Theorem 4 follows immediately.

Proof of Theorem 4. By Proposition 4.1, for each 0 < € < 1, the problem (4.1)
admits a unique smooth solution u. on M x [0,7) where T" does not depend on &.
Note that, for any k,

sup / |AFT(ug) |2 dM < C(k, T, ug) < o0,
te(o,T) J M

and

sup / VAR (u.)|? dM < C(k, T, up) < 0.
teo,T) J M

Now letting € — 0, it follows from the Sobolev imbedding theorem that there
exists a function u(z,t) defined on M x [0,T) such that, for any 7" < T and any
k>1,

llue — ullc2rx (arxo, 71,4 — 0,

where || - ||c2x.%(prx[o,777],R¢) denotes the parabolic Holder norm. Furthermore, u(z,t)
satisfies (1.1). This completes the proof of Theorem 4.

In order to prove Proposition 4.1, the following two lemmas are needed:

LEMMA 4.2. Let M be a closed Riemann surface and N a compact Kdhler man-
ifold with nonpositive sectional curvature. If u is a smooth solution of the Cauchy
problem (4.1), then there exists a positive T, which is independent of 0 < & < 1, such
that the following inequality holds uniformly for 0 < e < 1:

sup / IVT(u)|? dM < C(T,uo).
te[0,T)J M

Proof. For ease of notation, denote 2 5¢ by u, and u.e; by u;. As VJ =0, bya
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direct calculation,
th/ |Va|* dM /(Vu V, Vi) dM
(4.2) = /M(Vizl, VVi(er(u) + J(u)7(u))) dM
= /M{e(Vﬂl, VaViVju;) + (Vit, J(u)Vi ViV )} dM.

By the commutation relation of covariant derivatives, we have the following formula:
ViViViu; = V;ViVju; + R(u;, )V u;
ViV;Viu; + Vi(R(uj, @)uj) + R(ui, @) Vju;
= V,;V;V i+ R(u;,4)Vju; + R(Viuj, 0)u;
+R(uj, Vit)u; + R(uj, u)Viu; + (ViR)(uj, 0)u;.
Combining (4.2) and (4.3), we obtain that, for small ¢,

2
2dt/|V|dM

(4.4)

(4.3)

IN

e / (Ad, AdydM + C(M, N){ / (Vi () 2] ds

M M
|Vl (u)|dul| Vdu| + |dul?|Val? + |Va|dul|a]) dM}
—e/ (A, AdydM + C(M, N){/ (|dul?[a]| V4l

M M

IN

+|Val{|Vdul?|du] + [Vl dul?}) dM}.
Here we have used |r(u)|? < C(M, N)|Vdu|? and
/ (Viit, J(u)(V:V; V1)) dM = — / (A%, J(w)At) dM = 0.
M M

From (2.10), we have the estimate

%
ldullen < O, N, B@o){( [ (9t anr)” + VEG).
M
Upon differentiating the two sides of (4.1),
Vi =eVr(u) + J(u)VT(u),
and as (V7(u), J(u)V7(u)) =0, we have
[Val* = (1 +¢€*)|Vr(u)l.
Thus, it follows that
M,N
(4.5) [|du||co < Cl( e ){</ |Va? dM) +VE(u)}.
By Propositions 2.3 and 2.5 and using (2.4),
IVdull7: < C(M, N){lldullfyr.a + lldullzs}
C(M, N){lldullfy1.a + lldullZ=(IVdul|z2 + v/ E(uo))}
(4.6) < C(M, N){lldullfyss + lldullZa (Il (w)l]z2 + Cv/E(uo))}
3 1
< C(M, N){l|dullyz.z||dul |72 + [ldul|Z2 (IIT Nz +Cv/E(uo))}
C(M, N, E@){[[Vr(w)l|zs + [ Vr(w)l|}z + 1}
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Next, we use (2.4) and (4.5)—(4.6) (see also (2.6)) to estimate the last term on
the right hand side of (4.4). By the Holder inequality, we obtain that

/ Vil {|dul*[a] + [Vdul?|du] + |Vil|dul?} dM
M
lldwl|Zo (||dul| collall L2 Vil L2 + |Vl + [ldul|col | Vdull? ||Vl 2

<
] 3 :
< C(M,N,E(uo){IVillze + IVallz. + (IVallze + [[Vall7 + 1)%}
= F(IVallZa).

Thus, by (4.4) and (4.7),

(4.7)

d o .2 = .
SVl < F(IVil).

It follows from the last inequality that, for 0 < e < 1,

d ~ 2 2
(48) SIVr@lie < 7 F(A+ )T w)3:)
< FQIVT(u)lz2) = F(IVT(u)l72),
since

|Va]? = (1+ 52)|\7‘r(u)|2.

We note that F(-) depends on M, N and E(ug), and not on &.
Consider now the initial value problem for the ordinary differential equation

10 _ pa),

1) = [ [Vr(u)l* it

It is easy to see that this initial value problem has a local smooth solution. Hence,
by the comparison principle of ordinary differential equations, there exists a positive
real number T, which does not depend on ¢, such that on [0,T)

sup / Ve dM < C(T,up),
te[o,T) J M

where C(T, up) is independent of €. This finishes the proof of Lemma 4.2.

LEMMA 4.3. Under the same assumptions as tn Lemma 4.2, let u be a smooth
solution of the Cauchy problem (4.1). Then the following estimate holds for t € [0,T)
uniformly for0 <e <1 and k > 1:

(IV¥ dul| e < ||dullyrsre + C(||dullyr.z, ||V T (@)l 12, E(uo))-

Proof. Using the estimate
lldullco(ar,rey < C(IVT(u)llL2, E(uo))

and the expression of V¥*1du in a local coordinate chart, the proof proceeds as that
of Proposition 2.4. We will omit the details.
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We complete this paper with the proof of Proposition 4.1.

Proof of Proposition 4.1. The proof proceeds by induction. First, we consider the
case of k = 1. We compute

1d "

(4.9) / (V;V1, V, ViV a) dM
M

/ (e(Ai, V,AT(w)) + (VY jit, () Vo Vi Vir(u))} dM.
M

Now, we note that
ViViViT(u)
= V@Vtvn(u) + R(ui, iL)V,'T(u)
(4.10) = V.ViVir(u) + Vi(R(u;, 0)7(w)) + R(us, 0)ViT(u)
= V,-V,-Vjvju + V,-Vi(R(uj, u)u]) + Vl(R(u,, U)T(u))
+R(u;, 4)ViT(u).

Also, as in (4.3), we have

Vi(R(us, u)7(u)) =  R(1(u),4)7(u) + R(u;, Vi) T(u)

(.11 R(ug, @) Vir(u) + (ViB) (s, )7 (1),
and

ViVi(R(uj, ©)u;)

Vi{(ViR) (’I_Lj, 'd)uj + R(Viu]', ’[L)Uj + R(’LL]', V,"l't)u]' + R(Uj, ’Il)V,‘Uj}
(4.12) = R(Auj,d)u; + R(V;uj, Vit)u; + R(Vin,ﬂ)Vin

+R(V;uj, Vit)u; + R(uj, Ad)u; + R(u;, V,"[I,)Viuj

+R(Viuj,4)Viuj + R(uj, Vi) Viuj + R(uj, @) Auj + (ViViR) (uj, @)u;
+2(V;R)(Viuj, w)uj + 2(ViR)(uj, Vid)u; + 2(VR)(uj,w)Viu;.
Substituting (4.10)-(4.12) into (4.9) and using the estimate

lldullco < C(M, N){IIVT(u)llz2 + v E(uo)} < C(T, uo),

we obtain that
i/ |Awf®> dM + 23/ |VAQ? dM
dt Jar M
(413) = C(M,N,T,uo) { / Ir(@)|Aul{|r(u)]? + |V7(u)| + |V>dul} dM
M
+ / |AG{|AG| + |VT(w)||Vdu| + |Vdu?|T(w)| + |Vdul|® + |V} dM} .
M

Thus, by using the Holder inequality on the integral terms on the right hand side of
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(4.13), it follows that
C(M, N, T, u0)q / @) A { @) + |Vr(w)] + |V2dul} dM
M

+/ |Au|{|Aw] + |VT(w)]|Vdu| + |Vdul?|T(u)] + |Vdul|® + |Vu|} dM}
M

C(M, N, T, uo){|A%|l3ll7(@)lI3 s + lIT@)llco I VT (u) || 2| At]| L2
+Hlr@)lleol|V2dul| 2 || Al 2 + 1AL 2 + | Al 2 || Vdullco || VT (w)]| 2
A2 (IVaull}s + IVdullcol|Vdul| 2 + ||Vl 2)}

(4.14)

By the interpolation inequality, we have

(4.15) Ir@llzs < COML N )l e ()]

The Sobolev imbedding theorem and Proposition 2.4 imply that

(4.16) lIr(W)llco < C{IAT(u)llL2 + C(M, N)(|[VT(u)llL2, E(uo))},
and
(4.17) IVdullco < C(M, N){||AT ()2 + C(IIVT(u)l| L2, E(uo))}-

Further, by Lemma 4.3 and Proposition 2.3,
lldullpz2 < lldullwzz + C'(IV7(w)ll2, E(uo))
S CUIVT(@)lLzs E(uo)) = C(T, uo)-

Using this esimate, the Kato inequality and Propsition 2.5, we obtain that

IVdullze < COM, N){|[Vaullz2 + ||V|Vdul|l 2 }} | Vdul|?,
< C(M, N){||Veul 2 + [|V2dul| .2} | Vdu] 3.
2 1
< C(M, N)lldullin,:»IIVdu||22
< C(M, N, ||V7(w)| 22, E(uo))
< C(Tv UO)'

(4.18)

Finally, substituting (2.4), (4.15)—(4.18) into (4.14), we get
d
—/ |Au? dM = —25/ |VA11|2dM+C(T,u0){/ |Au|? dM + 1}.
dt J M M
It follows that
/ |AY?dM < C(T,up) <00, t€[0,T),
M
and hence
/ |AT(u)|*dM < C(T,up) < o0, te€[0,T).
M
For the induction step, assuming

/ AFr(w)[2dM < C(k,T,uo), ¢ € [0,T)
M
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for k > 1, we would like to prove

sup / VAR (w)|? dM < C(k, T, uo).
tefo,T)J M

As before, we consider

k12
m/'m al? dM

(4.19) / (Vi v,V ARGy dM
M

/ {e(V:A 4, Vi Vi AR T (w)) + (Vi ARG, J(w)V VAR (1))} dM.

It is not difficult to see from the commutation relatlon of covariant derivatives as in
the previous argument that

(4 20) VtviAkT(u) = Z vPl U Vpso R(vil e vis], u, v]l T vjsz ’[l’)vkl e vks:;u
' +V,~Ak+lzl,

where sg + s1 + s2 + s3 = 2k + 3, and up to a permutation
(plu”’apSo)il)"'7i81$j17"'7j527k17"'7k$3) = (i7llull7"'7lk+17lk+l)7 li =1or2.
We can rewrite (4.20) as

VtViAkT(u) = V;AFLg 4 R(u]', VZ'AkI'L)Uj + Q1 (du, Vdu, V2k+1du)

4.21
(421) +Qs(du, Vdu, - -+, V*du),

where @, Q- are multilinear vector-valued functions and
IQ2 (du7 Vdu'u ] V2k+1du)|

(4.22) B C(N)|V2dul?|du| + P(|dul, |Vdul,|V?dul), k=1,
C(N)|Vdu|P'(|du|,|Vdul|,|V3du|) + P(|dul,---,|V*1du|), k>1,

for some positive multilinear functions P’ and P. Thus, from (4.21) and (4.22) we
have

(VA a, J(w)VViA 7 (u))]

I(V Aku J ) Z R(V“ cot VZ'” u, le te Vjsz it)vkl M .vk-’s ’U,)I
[(ViAkq, J(w){R(uj, ViA d)u; + Q) (du, Vdu, VZ*+1du)})|
+(V; Ak, J(w) Q2 (du, Vdu, - - -, VR du))|.

(4.23)

IA

When k = 1, applying Lemma 4.3, Proposition 2.4 and the Sobolev imbedding theo-
rem, we obtain from (4.19) and (4.23) that

2dt/ |VAu|? dM

—e/ |A2a|2dM+C(N,uo)/ {IVAuL? + |VAG|| V3 dul
+IVAL/§1},HV2du|2 + lvMu]P(I%L |Vdu|, |V2du|)} dM
—s/M]A2u|'2 dM + C(N, uo)/M|VAu|2 dM + C(M, N, ug).

<
(4.24) =

IA
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When k > 1, by using Proposition 2.4, Lemma 4.3 and the Sobolev imbedding theo-
rem, the following two inequalities follow:

/ {P(ldul,---,|V* T du) Y’ dM < C(N, |[uollwar+22)
M

< CNIA*T(uo)ll L2, -+, IV T (w0) |22, E(uo)),
and

IP"(Idul, [Vdul,|V?dul)llco < C(N, l[uollws.2)
< C(N AR T (woll2, - -+, IV T (uo)ll 2, E(uo))-

Therefore, by a direct calculation, we deduce from (4.19) and (4.23) that
Ld
2dt
—s/ |AF+14|2 dM + C(N, uo)/ {|VARG)? 4 |[VAFG||V2E+2y)
+|VX’%'L||V2’°+1U| + |VA’“11|P(|¢912|, o, [ V2Rl du))} dM

< —e/M|Ak+1u|2 dM + C(N, uo)/\[r\m’*m2 dM + C(M, N,up),

/ |VAkG2dM
M

<
(4.25) ~
where C(N,uo) and C(M, N,uo) depend on E(uo), [[7(uo)l|z2, -, [|A¥7(u)||z2. By

the Gronwall inequality the required estimate follows from (4.24) or (4.25). Similarly,
we can also deduce

(4.26) sup / |AMHLL ()2 dM < C(k + 1, T, uo),
tef0,1) J M
where C(k + 1,T,uo) depends on E(uo), ||7(uo)llz2,- -, [|A¥+ 7 (up)||z2. This com-

pletes the proof of Proposition 4.1.
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