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HARMONIC RADIAL COMBINATIONS AND DUAL MIXED 
VOLUMES* 

Y. D. CHAlt AND YOUNG SOO LEE* 

Abstract. For star bodies, p-harmonic radial combinations were introduced and studied in 
several papers. In this paper we study the relations of the dual quermassintegrals of p-harmonic 
radial combinations of star bodies to their dual quermassintegrals and obtain the upper bound for 
the dual quermassintegrals of p-harmonic radial combinations of star bodies. 

For star bodies, p-harmonic radial combinations were introduced and studied in 
several papers. The aim of this article is to study them further, that is, we investi- 
gate the relations of the dual quermassintegrals of p-harmonic radial combinations of 
star bodies to their dual quermassintegrals and obtain the upper bound for the dual 
quermassintegrals of p-harmonic radial combinations of star bodies. 

1. Preliminaries. By a convex body in En,n > 2, we mean a compact convex 
subset of En with nonempty interior. Let 5n~1 denote the unit sphere centered at 
the origin in En, and write On_i for the (n — l)-dimensional volume of 5n_1. Let B 
be the closed unit ball in En, write (jjn for the n-dimensional volume of B. Note that 

c^n = 7rn/2/r(l + -),        and        On_i = nujn. 
n 

For each direction u G 5n-1, we define the support function h(K,u) on 5n_1 of 
the convex body K by 

h(K, u) — supj-u • x\x G K} 

and the radial function p(K,u) on 5n~1 of the convex body K is 

p(K,u) = sup{A > 0\Xu G K}. 

If p(K,u) is positive and continuous, call K a star body (about the origin), and 
write S for the set of star bodies (about the origin) of En. Sets A, B are called 
homothetic if A = XB + t with t G En and A > 0 or one of them is a singleton ( a 
one-point set). 

The polar body of a convex body K, denoted by if*, is another convex body 
defined by 

if* = {y\x -y   < 1 for all x G if}. 

The polar body has the well known property that 

h(K*,u) = l/p(K,u) and p(K*,u) = l/h(K,u), 
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Let Kj be a star body in En with o € Kj, 1 < j < n. Then we define the dual 
mixed volumes V(Ki, • • •, Kn) by 

(1.1) V{Kw',Kn)^- [      p(Kuu)-.-p{Kn,u)du, 
n JSn-l 

where du signifies the area element on Sn~1. Let 

Vi(K1,K2) = V(K1,-..,Kl,K2,-..,K2). 

The dual quermassintegrals are the special dual mixed volumes defined by 

Wi(K) = Vi(K,B). 

Note that Wo(K) = V(K) is the volume of K, while Wn(K) = un does not depend 
onK. 

2. Main Results. Fix a real p > 1. For K, L G <S, and A, /x > 0 (not both zero), 
the p-harmonic radial combination A • K+p /J, • L G S is defined by 

(2.1) p(A • i^+p ii'L,u)-p = \p(K, u)-p + /i/9(L, w)-p. 

We obtain easily from the definition the following. 
THEOREM 1 (Positive multisublinear). Let K,L G S, a real p > 1, and A,// > 0 

(not both zero).  Then, for any M2, • • •, Mn G S, 

V(\.K+pfi'L,M2r..,Mn)<\V(K,M2r--,Mn)+fiV(L,M2,...,Mn) 

where A + // = 1. 

Proof. In the definition of the p-harmonic radial combination, if we use the fact 
that f(x) = x~p (p > 1) is convex, then 

p(X - K+p p- L,u) < Xp(K, u) + pp{L, u),        A -f- p = 1. 

So using the definition of the dual mixed volume, we easily obtain 

V{\'K+pp'L,M2,--,Mn) = - /       p(\ - K+p p - L,u)p{M2,u) - - • p(Mn,u)du 
n Jsn-i 

< - /      fA/9(i;i:,w)+/i/9(L,w)V(M2,u)---p(Mn,u)du 
nJSn-i\ / 

= Ay(^,M2,...,Mn)+//T/(L,M2,.-.,Mn).       D 

Now we consider the dual quermassintegrals of the p-harmonic radial combina- 
tions. 

In the following theorem we obtain the upper bound for the dual quermassintegrals 
of the j9-harmonic radial combinations of star bodies. 

THEOREM 2. Let K,L e S, a realp > 1, and A,/i > 0 (not both zero). Then, for 
the p-harmonic radial combination A • K+p p • L 

^(A.^p/4.L)<(^)^i(^_i^>«)^^)i(/^ip(L>tt)^du)* 
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for i — 0,1, • • •, n and s > 1 and ^ + | = 1. Equality holds if and only if both K and 

L are balls such that \PL = fx^K. 

Proof From the definition of the p-harmonic radial combination, we have 

1 ,1 1 
p(X-K+Pn-L,u)P        p{K,u)P     ^p(L,u)P 

_ Xp(L,u)P + np{K,uy 
p{K,u)Pp(L,u)P 

It follows from the inequality between arithmetic and geometric means that 

p(K,u)Pp(L,u)P 
p(X-K+p p-L,u)p = 

< 

vt,  „,„,       Xp{L,u)P + np{K,u)P 

p(K,u)Pp(L,u)P 

2^Xp(K,u)Pp,p(L,u)P 

= 2Jxn(piK>u)piL>u)) 2y/Xp 

It also follows that 
n — i 

(1 \     n — i 

^==)  '   (p{K,u)p(L,u)) 2 

and, using Holder's inequality for integrals, 

Wi{\ • K+p fi>L) = - [      p(A • K+p ii - L.uy-'du 

(2.2) K^yij^JpiK^piL^du 
(     f (n-i)s \   7 

rt   __ . ■ (  /       p(K,u)    2    du) 

( /       p{L,u) n ^    du) t 

where s > 1 and ^ + j — 1. From the equality conditions of the arithmetic-geometric 
mean inequality and Holder's inequality for integrals in last two inequality of (2.2), 
equality holds if and only if both K and L are balls such that \p L = fip K.     □ 

We obtain the relations of the dual quermassintegrals of p-harmonic radial com- 
binations of star bodies to their dual quermassintegrals. 

COROLLARY 1. Let K,L € S, a realp > 1, and A,// > 0 (not both zero). Then, 
for the p-harmonic radial combination A • K+p p • L, 

Equality holds if and only if K is homothetic to L such that \PL — /IP K. 



496 Y. D. CHAI AND Y. S. LEE 

Proof. In Theorem 2 take s = t = 2. Then 

MX-K^.L) < (^)~T~l- (l^ur-^y (Jsn_iP(L,ur-*du 
which implies that 

The equality condition follows from the equality cases of the arithmetic-geometric 
mean inequality and Holder's inequality for s = t = 2.     □ 

From Theorem 2 we also obtain the following. 

COROLLARY 2. Let K,L e S, a realp > 1, and A,// > 0 (not both zero). Then 

V(X.K+P».L) < (^Y1-/^ (p(tf,«)p(L,«))**, 

Equality holds if and only if K is homothetic to L such that \PL = /J,P K. 

Proof Take i = 0 in (2.2). The equality condition follows from the equality case 
of the arithmetic-geometric mean inequality.     D 

We also obtain the upper bound for the dual quermassintegrals of any star body 
and its polar body. K is homothetic to K* if and only if K is a ball. So we obtain 
the following. 

COROLLARY 3. Let K e S, a real p > 1, and A,// > 0 (not both zero) and K* 
the polar body of K. Then 

Wi{\-K+Pn-K*) < ^    1 

for i = 0,1, • • •, n, with equality if and only if K is a ball. 

Proof. If we take L — K* in (2.2) and use p(K*,u) = l/h(K,u), then we obtain 

mix •*+,„. K-) < (^) ^ I /^ („(*,*>,(*•,«)) ^du 

1    \ V" 1   /•       / rftofif, w) \ ^ , 1 '        ' *      du ,    -f   , 
K2yf\p)       nJSn-i\   h{K,u) 

UJn 

The second inequality follows since h(K,u) > p(K,u).   0 
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COROLLARY 4. Let K e S, a real p > 1, and A,/x > 0 (not both zero). Then 

v(x.K+p,.Kn<(^y^ 
with equality if and only if K is a ball. 

Proof. Take i = 0 in Corollary 3.    D 
We obtain the relations of the dual quermassintegrals of p-harmonic radial com- 

binations of star bodies to their dual quermassintegrals. 

THEOREM 3.   Let K, L 6 S and A,/i > 0 (not both zero).   Then, for the p- 
harmonic radial combination A • K+p fj, • L, 

Wi(X • K+p ii-L)< XWi(K) + jKWi(L),        A + A* = 1 

for p > 0 and 0 < i < n, with equality if and only if K = L. 

Proof. From the definition of the p-harmonic radial combination, 

p(A • K+p ix - L, u)-p = \p{K, u)-p + //p(L, u)-p. 

It follows that 

p(A • K+p ^ ' L, u)71'1 < Xp{K, u)71-* + iip{L, u)n-\    A + /i = 1. 

The inequality above follows from the Holder inequality. 
Therefore 

Wi{\ - K+p /i • L) = - [      p(A • K+p /x • L.uY^du 
n Jsn-i 

< - [       (Xp(K, u)71-* + /ip(L, ix)71-^ d^ 
n 75«-i v / 

= - /"      p(K^)n-^+ ^ /      piL.u^du 
n Jsn-i n JSn-i 

= XWi(K) + iiWi(L).    U 
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