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POSITIVE DISKS WITH PRESCRIBED
MEAN CURVATURE ON THE BOUNDARY*

HONG JIAXINGT

1. Introduction. By a positive disk we mean a positive curvature metric g =
gijduidut, defined on the closed unit disk D = {(u!)? + (u?)? < 1}. In the sequel
we always denote it by (D, g). Recently, there have been some papers devoted to
the boundary value problems for isometric embedding of positive disks into R® with
prescribed vertical component of position vector, for example, [PO] [DE] [HO2] and
[HO3]. The present paper is devoted to the Neumann problem for isometric embedding
of positive disks which is posed by Yau in [Y4]. Given a smooth positive disk (D, g)
and a positive function h € C*°(9D), can we find a smooth surface

(1.1) 7: D+ R? such that di® = g

with the prescribed mean curvature h on 7(9D)

Before describing our results, we first introduce an invariant related to umbilical points
of surfaces in R3. Suppose that the given metric is of the form

(1.2) g = Edz?® + 2Fdzdy + Gdy?, (z,y) € D.
Let 7 be a smooth isometric immersion of (D, g) with the second fundamental form
(1.3) II = Ldz® + 2Mdzdy + Ndy? for (z,y) € D
DEFINITION. If 7 is of no umbilical points on 8D, with
o =2(EM — FL) +V=1(GL — EN)

the winding number of ¢ on 0D is called the index of the umbilical points of the surface
7 and denoted by Index(7) or Index(o).

Obviously, this definition makes sense since p is an umbilical point if and only if
a(p) = 0. We shall show that the definition of the index of the umbilical points is
coordinate-free and hence, an invariant of describing umbilical points of surfaces.

The problem about the realization of a positive disk into R® seems to have some
obstructions. For details, refer to Gromov’s counter example [GR] which is an analytic
positive disk not admitting any C? isometric immersion. On the other hand, to the
author’s knowledge the unique known sufficient condition for a smooth positive disk
to be smoothly embedded into R? is the geodesic curvature of the boundary positive.
Therefore the following hypothesis for the solvability is natural. Assume that

(1.4) (D, g) admits a smooth isometric immersion 7 in R

The main result of the present paper is as follows.
THEOREM A. If (D,g) is a smooth positive disk satisfying (1.4), then for any
nonnegative integer n and arbitrary (n + 1) distinct points pg € 8D, p,..., pn € D,
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the problem (1.1) admits two and only two solutions ¥ in C°(D, R®) with prescribed
mean curvature h on 0D and moreover,

one principal direction at po is tangent to 0D, and at py parallel to
(1.5) that of 7o, besides, Index () =n and H(py) = Ho(pr),k=1,...,n

where H and Hy are respectively the mean curvatures of ¥ and 7y provided that

h Hy
\/—E—1>4IT$%X|:\/—7—1} on 6D

Besides, this solution is a convex surface if the geodesic curvature of 0D is nonnegative
and

(17) (04 VO —K)d < x where 6 = Maz{{hloo, v/[K]oo + [K oo AK]c}

(1.6)

and d is the diameter of the given positive disk, A is the Laplacian with respect to the
given metric.

Throughout the present paper the uniqueness means unique up to a rigid motion
in R3. It is worth pointing out two extreme cases. The first one involves the existence.
Suppose that the given positive disk (D, g) is of positive constant curvature. Then it
is easy to see that this positive disk admits a smooth isometric embedding 7y in R3
which is a simply connected region of the sphere. Under the present circumstance 7
is totally umbilical and hence, the right hand side of (1.6) vanishes. Therefore we have

THEOREM B. If (D,g) is of constant curvature and VK < h € C®(8D), then
(1.1) with (1.5) is always solvable for each nonnegative integer n and arbitrary (n+ 1)
distinct points pg € 0D, p1,,..,pn € D.

The second extreme case involves the nonexistence. If the given positive disk
is radius symmetric, i.e., ¢ = dr? + G*(r)d8? 0 < r < 1 where G € C*([0,1]) and
G(0) =0,G'(0) =1, G > 0 asr > 0. Then if G, > —1, (D, g) has such a smooth
isometric embedding in R3,

) .
(1.8) 79:2=G(r)cosb,y = G(r)sinb, z = —/ V1—G2dr

With its mean curvature Hy = Ho(r) we have

THEOREM C. If Ho(1) > /K(1), then for arbitrary h € C*°(0D) satisfying
VK (1) < h < Hy(1) the problem (1.1) has no any C? solution.

It should be also pointed out that for this radius symmetric positive disk with
the aid of Theorem A (1.1) with (1.5) always admits two and only two solutions in
C°°(D, R?) provided that C*(0D) 3> h > 4Hy — 3VK asr = 1.

The sketch of the present paper is as follows. In Section 2 the invariance of the
index of umbilical points is discussed. In Section 3 the openness part of the method
of continuity is given and in Section 4 and Section 5 the proofs for Theorem A and
Theorem C are completed.

2. The index of umbilical points. Let the smooth metric be given in the
form of (1.2) and let 7 be its smooth isometric immersion with the second fundamental
form (1.3).

LEMMA 2.1. If ¢ # 0 on 0D, then the index of umbilical points of the surface,
Index(o) is coordinate-free.
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Proof. We first use the isothermal coordinates of the induced metric of the surface,
namely, g = E(dz? + dy?), (z,y) € D for some smooth positive function E. Hence, in
the present case,

(2.1) 0 =2ME +i(L - N)E # 0 on 8D

Suppose that there is a C* diffeomorphism from (z,y) > D onto (§,7) € D and that in
the new coordinates the first and second fundamental forms g = Ed¢*+2Fd€dn+Gdn?,
II = Ld¢? + 2Mdédn + Ndn? respectively. where

(2.2) E= E(:vz + yg),é' = E(a:% + y%) and F = E(ze¢xy + yeyn)
L= ng +2Mzeye + Nyg,N = Lar?, +2Mzpy, + Nyf, and
(2.3) M= Lzexy + M(Teyn + Tpye) + Nyeyn

Consequently, by the definition,

~_ L e ()
(2.4) 6 = EJ(2A +1iB) where J = det (5(faﬂ)> ,

(2.5) A= (N - L)zeye + M(zf — v3),
B= (L~ N)(xnyﬁ + z&l/n) + 2M(!I€yn — TeTy)

Expressing them in terms of matrix we have

26) T(L{JN> _ ( (zF = ¢) —Zeye ) (L]l/_/N> _ <g)

2(Yeyn — TeTy)  (Toye + $£yn)

Notice that det(T) = (zF +yZ) (Zeyn — Zn¥ye) equals zero nowhere on D. This implies
that & = EJ(2A + ¢B) vanishes nowhere on 8D from (2.1) and hence, Index() is
well defined.

Since the winding number is invariant under the homotopy preserving o # 0 on
OD, we can make such a homotopy T, A € [0,1]

TeYe + TyYn) J
27 :[;)‘::L'7 /\:(E——)\z —_— —
(27) € & Ye :vg-l—:c% ¢ .Z'g-i-l'% K
(Teye + Tnyy)
28 (1}>‘ =2 A = ASad -4y LA/ V4 Ty + 2
(2:8) n = Tn Y 22 + a2 T el

Replace y¢ and y, by yg‘ and y;\, in (2.6) and then denote T by T\. Set (A), B))! =

T\(M,L - N)t and o) = EJ(2A ++/—1B,). Evidently, 01 = & and T) is continuous
in D x [0,1]. Moreover,

det(Tx) = [#F + (2)°] (zeyn — Tqye) #0 on D

Therefore Index (o)) is also well defined for each A € [0,1] and furthermore,
Index(o1) = Index(oo). With |D¢|* = 2 +y7 we have

2

AN _p (M \_[ @EmEm) mE u
By) "°\L-N) | _ o J\L-N

2(1+]5J;?)z5m,7 ITJE—F(:L% -,
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Construct another homotopy in such a way that first by the rotation we find (cy,d))
€ C°(D x [0,1]) subject to (co.do) = (¢, Zy), (c1.d1) = (1,0) /(a2 + 2) and ¢ +d3

= (¢f +x3). Set

2
~ (ci N lb]sl"di) lﬁ]s—l_zc}‘dA
T

—2(1+ %;—)de ﬁg(ci —d2)
and define (Ay, By)! = T5(M, L — N)t. Similarly det(Ty) # 0 on D. By the homotopy
invariance we have
(2.9) Index(6) = Index(oo)
= Index {EJ(xg +zp)[2M + iﬁl—Q(L - N)]}
= Index {[2M +i(L — N)]}

Comparison (2.9) with (2.1) soon completes the proof for the present lemma.
Now let us look at some surfaces.
Index(c) = 0. Consider the surface

(2.10) z=z"+2y°

Then
E=1+42% F =8zy,G =1+ 164>

_ 2 - _4 -/ 2 2
= DO,M—O,N— Do where Do = /1 + 422 + 16y
It is easy to see GL— EN = —2 at z = y = 0 and hence, GL— NE < O near p = (0,0).
Therefore for the given surface B,: (z,y, x> +2y?), 22 +y> < r? where r is sufficiently
small, the index of umbilical points on dB,, Indez(o) = 0.

Index(o) = 2. Consider the surface

L

1 1
z = 5(:1:2 +y?) + az’y® (a > Z)
Then

E=1+2*1+2ay*)% F = zy(1 + 2az?)(1 + 2ay?),G = 1 + 3*(1 + 2az?)?

L

_ 1+2ay2,M= 4azy’N: 1+ 2az?
Dy Dy Dy

where Dy = /1 + 22(1 + 2ay?)? + y2(1 + 2az?)?, (z,y) = (0,0) is an isolated umbil-
ical point if @ > 1/4 and

Index(c) = Index[(4a — 1)zy +i(2a + 1)(y* — 2?)]

1
= Index(z® — y> +i2zy) =2 as a > 3
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LEMMA 2.2. If the revolution surface ¥: z = f(3r%), r = /22 +y*> < 1 has no
umbilical point at r = 1, then Index(7) = —2
Proof. A computation yields

E=1+(f)2*,F =(f)’zy,G =1+ (f')*y°
B f'+f”£L'2 _ f"a:y _ f/ fllyz
L= Dy M= Dy N = Dy
where Do = /1 + (f')2(z2 + y?). So

_{ " —()%)(2zy +i(z® —y*)} and Indez(o) =

since its mean curvature H # v/K implies f” — (f')* #0 as r = 1.

3. Perturbation of the boundary value problem. Let g = g;;du’du’ be
a positive disk. Sometimes denote u! and u? by ”1” and ”2” or by u and v. Let
7 be a smooth solution to the problem (1.1) and let its second fundamental form
II = Ldu? +2Mdudv+ Ndv?. Then L, M and N satisfy the Gauss-Codazzi equations

(3.1) Ly —M; -T},L— (T3, -T}))M +T3,N=0
(3.2) My — Ny = T3 L — (T3, —Ti,)M +T3,N =0
(3.3) LN — M? = K det(gi;) = K|g|

Next we try to put the Gauss-Codazzi equation in a complex form. Introduce the
complex derivatives

8, = %(au _ VZ19,),0: = %(au +V=18,)

Solving N from (3.3) and substituting it into (3.1) (3.2) we can get a 2X2 elliptic
system. Introduce the complex Riemann invariants, as one has done in the case of the
hyperbolic system (for negative Gaussian curvature)

M i/

(3.4) W= +—£KM
Obviously,

p= 2Kl W+W,/ N =2 V |g||W|2

W-w
We claim that W satisfies the following first order complex equation:
(3.5) Wy + WW1 (W W g)in D
where
W+W W+W

=~ [y +(03, ~Thy) —5— —TL|W P =W, + (0%, - T1) ~IH W]

2

+ =W o, /RTg) + Wy /KTg))

Indeed,

—M; + (/K[g)e My - (VR
W = 2+(L lg')ﬂ—W%and%:WlW+W M (LK'Q')”
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Combining (3.1)(3.3) with the last two expressions we can obtain (3.5) at once. By
the definition of the complex derivatives inserting 8, = 0, + 8z and 0, = i( 8, — 03)
into (3.5). Then it is reduced to the following form

(3.6) W: = u(W)W. + F(W, W, g)
where
(3.7 u=z,_l__gandF=—i_FW

It is easy to see |u| < 1 as long as K|g| > 0 and |y| is strictly less than one if M, L
and 1/L are finite.
Let us deal with the boundary condition of the prescribed mean curvature h.
Since
GL-2MF+ NFE
2|g|
M N
G-27F+TE
2|g|
WK
(W = W)/lgl

mean curvature =

=L

[G+FW + W)+ |W|*E|
namely,

(3.8) G+FW+W)+|W|PE =—i |g|\/%(W—W)

Under the isothermal coordinates the boundary condition is of the form

h
3.9 1+ WP +i—
(3.9) || 2\/1?

Furthermore in the present case F' in the right hand side of (3.6) is subject to

(W —-W) =0ondD

(3.10) FW,W,g)lw=: = ‘:IBZ In K

Now we proceed to deal with the linearized problem of (3.6) (3.9). Suppose that
the given surface 7 is a smooth solution to the problem (1.1). By the definition of W
in (3.4) and p in (3.7) we have |u| < o < 1 on D for some constant yo. And the
linearized problem of (3.6) (3.9) is as follows

(3.11) Ve =u(W)V, + AV + BV + Fy in D

with

(3.12) Re{cV} = ho, as |z| =1 where 0 = zL -w
. = I, - - \/E

and A, B are smooth functions depending only on the first and second fundamental
forms of the surface 7. In view of (3.9), a direct computation gives

2
(3.13) |0|2=%—1>00n8Difh>\/E0n8D
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Therefore the winding number of o along 8D, Index (o) is well defined. On the other
hand, by the definition of W, we have

a—%+ {L+N \/—E} M i{L2—LN+2M2}

oWKE L [ L 2LVKE
Since L, VK and E are positive, it turns out
Index(o) = Index {2M +i(L — N)}

This is nothing else but the index of umbilical points of the surface 7 introduced in
Section 1. If Index (o) = n, it is easy to see 0z™" = |o| exp (v/—1(Argo — nf)) on
8D where (Argo — nf) is a smooth function on 8D. Since |o| # 0, then without loss
generality we may assume that ¢ = 2", otherwise smoothly extend the domain of ||
and (Argo — nf) to D by preserving |o| # 0, A change of unknown function V to V
lo| exp (—v/—1(Argo — nf)) gives this situation. Now we are faced with the following
boundary value problem (3.11) with :

(3.14) Re(z7™V) = hg
By the Vekua’s theory the solution of (3.11) with (3.14) is of the form
(3.15) V =T(f) +T(ho) + &(2)
Here
z" t+zdt _ &
(3.16) L(ho) = o— /D ho-—— —,$(2) = icn2" + E k22" 7k — gy 2*)

k=0
with complex constants ¢, ¥k = 0,1, ...,n and ¢, real, and

2n+1 f _
(317) r=-1 [ [ 424 20 acnag
‘7n+1
=T0f—%/Dl_—]£(OdC/\d(

is a bounded operator from LP(D) into WP(D) for all p € (1,00) and moreover,
0:T f = f. Therefore, f satisfies the following integral equation
(3.18) f - pl9.Tf] - ATf - BTf
=Fo + p[0:T'(ho) + 8:¢(2)] + A['(ho) + ¢] + B[L'(ho) + g]
An important observation for this integral equation is, as an operator in L?(D),

N0:-T A1l

(3.19 As = <
) ? rerz(oy) £l

<1

(for details, see [V] ) and with A, the norm of operators in LP(D) by the convexity of
log A, in p and the fact that |p|e is strictly less than one we know

(3.20) Aplpleo < 1 for some p > 2 close to 2

Hence, the principal part of (3.18) is contractive and (3.18) can be reduced to a
Fredholm operator in LP(D). In the present section, unless otherwise statement, p
always satisfies (3.20).
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LemMA 3.1. Let A, B and p be bounded measurable functions and |yl < 1.
Then if Indezx (c) =n € Z+ then the homogeneous problem of (3.11) (3.14) has no
nontrivial solutions in W1P(D) satisfying V(po) = 0 and in addition, V(p;) = 0,
k=1,...n if n>1 for arbitrary po € 8D and distinct py, € D.

Proof. If V' is a solutions mentioned in this lemma. By the Vekua’s theory [V]
(also see Lemma 4.1 in the present paper) we can find two functions ¢, ¢ € W1P(R?)
respectively satisfying

(3.21) ¢z = pd. +[A+ B—I‘;] in D and Im¢ = 0 on 0D
(3.22) (:=pl inD

where ( is a homemorphism from D onto D with ¢(0) = 0 and ((po) = po (also see
[A]) and moreover, both of ¢ and ¢ are analytic outside disk. It is evidently that V; =
V exp(—¢) satisfies (3.22) in D and a direct computation gives, as the function of (,
V; is analytic in D and continuous on D. Furthermore from (3.14) we have

(3.23) Re (27 "e™?V1(¢)) = Re ("M Vi(¢))) =0 on 8D

where \; = et%((/2)". It is easy to see, as the function of ¢, Index()\;) = 0 on D
since ¢ is a homemorphism, preserving the origin and pg. (3.23) tells us, for some
function ¢(¢) analytic in D and continuous on D satisfying Imq = n(arg({) — arg(z))
on 8D, Re(¢~"e®(V;) = 0 on D. Hence,

n—1
eV, = enOVe=? = je (" + Z (k¢ *F —&x¢*¥) on D
k=0

Without loss of generality we may assume p; = 0 and py = (1,0). Hence V(p;) =0
implies ¢y = 0 and

n—1

(324)  dcn+ Yy (ck—@) =0
k=1

n—1
(3.25) icnpl, + Z (k2% —Gpk) =0,m=2,...,n
k=1 :

n—1
(326) ica(Bm) "+ (e Bm) Y = () F) = 0,m =2,.m
k=1

View of (3.24) (3.25) (3.26) as a linear algebraic equations with the unknowns ¢, ...,

Cn—1, i€n, —Cn—1, —Cn-2,-.., —C1. 1t is easy to see that the matrix of the coefficients
is nothing else but the Vandermonde determinate composed of 1,ps ,...,pn , (P2) 7},
vy (Pn) Y. Since pr # pr and pr, € D forall k > 1, ¢; = ¢3 =,..,= ¢, = 0 follows

immediately. This proves V = 0 and completes the proof of the present lemma.
From the above argument it is easy to fix the constants ¢ in (3.16) such that

Im{z""V(po)} =lo,V(p1) = li,eee, Vi(pn) = ln
where Iy € R!, I1,..., [,, are given constants and moreover, uniquely
(3.27) ¢ = Li(lp, T(f)(pr), B(ho)(p)|k = 0,1,...,n),s=0,1,....n
where L; are some linear combinations of Iy, T(f)(px), B(ho)(px),k = 0,1, ...,n.
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LEMMA 3.2. If Fy € LP(D), ho = Yo(h) where h € WYP(D) and o is the trace
operator, and the constants cj are as mentioned in (3.27), then (3.11) (3.14) always
admits a solution V€ W1P(D) and moreover,

(3.28) IVllwiepy < C {”ﬁ“Wl-P(D) + 1ol Lpoy + Z Ilk|}

k=0

for some constant C' depending only on |Also, |Bleo and 1/(1 — |p|s)-

Proof. Notice that T and I are respectively the bounded operators from L?(D)
and W1P(D) into W1P(D). (3.20) guarantees (3.18) of Fredholm type. Now its
solvability is equivalent to the uniqueness of solutions to the homogeneous equation.
If f € LP(D) is a solution of (3.18) for Fy =0, hg =0and ly =0,k =0,1,...,n, it
follows that

n—1
(3.29) V=Tf+icn2" + Y (cx2™ % - 2")
k=0

satisfies the homogeneous problem of (3.11)(3.14). On the other hand, by the con-
struction of ¢, it follows V(py) =0, V(pr) = 0, k = 1,..n. Thus Lemma 3.1 tells us V
identically zero. In view of the fact that dV/0z = f, we know f and all constants ci
also identically zero. This proves the uniqueness of solution to (3.18) in L?(D). (3.28)
is an immediate consequence of the compact argument. This ends the proof for the
present lemma.

We shall prove the main theorem of the present paper by the method of continuity.
Consider an one-parameter family of smooth positive disks.

gx = Ex(du® + dv®), (u,v) € D for some E) € C*([0,1],C*(D))

Assume that

(3.30) K, > -(lj— on D for all A € [0,1]
Let hy € C*([0,1], C*(8D)) satisfy

(3.31) hx > /K on 8D

Denote by W the corresponding complex Riemann invariants of the solution to the
problem (1.1) for (D, g»). Set

(3.32) S ={Xe][0,1]| for gx the problem (1.1) has a smooth solution 7
satisfying Wi (px) = lx()\) for some Iy € C*[0,1], k =0,1,...,n

L i) =n}
VEx
Of course [y could not be arbitrary and must be compatibility with the prescribed
mean curvature hy.

THEOREM 3.3. The set S is open.

Proof. Suppose that Ag € S, namely, there is a smooth solution 7 to the problem
(1.1) satisfying (3.32). Denote the corresponding complex Riemann invariants by W
satisfying (3.6) (3.9) for g», and hy, as well as (3.32). Now we try to find such
kind solution W + €V to the problem (1.1) for g and hy. Then V satisfies the
problem (3.11) (3.12) for Fy = €Q(e, \, W, W, V,V)(V,V) +€e 16X Fo(\, W) and hy =

to be specified and Index(W) —
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€"10AR(\) —Le|V|? where 6X = A—)\o and Q is a quadratic form of V and V smoothly
depending on u,v and its arguments, Fy, hy are also some smooth functions of U, v
and its arguments. From (3.32) we can find all the constants Iy, 1, ..., I, in (3.27) and
finally reduce to the integral equation of V in (3.18). It is easy to find the solution
(f,V) to (3.15) and (3.18). Indeed, to put each (f,V) € LP(D) x W?(D) in the
right hand side of (3.15) and (3.18), the special choice of all constants and by means
of Lemma 3.2 we can get a solution (f,V) € LP(D) x WhP(D) to (3.15) (3.18).
Taking € = \/|A — Ao| and using Lemma 3.2 we can prove this map to be defined in
the unit ball of LP(D) x W1P(D) into itself and contractive if € = 1/|\ — Ao is very
small. Therefore the fixed point (f, V) is just the required solution. The theorem on
the regularity of solutions to the Riemann-Hilbert problem tells us (f,V) € C®(D).
From the obtained complex Riemann invariants W +€V, one can find the corresponding
coefficients of the second fundamental form, L, M and N which certainly satisfy the
Gauss-Codazzi equations. An application of the fundamental theorem on Differential
Geometry gives the expected solutions to (1.1) with (3.32) if |A — Ao| is very small.
LEMMA 3.4. For all A € S, the mean curvature of the corresponding solutions 7

(3.33) H < max (|hloo, v/[KToo + 1K oclAK o)

where A is the Laplacian operator with respect to the metric g.

Proof. Suppose that the mean curvature H attains its maximum at some point
p*. Then if px € 0D, then (3.33) is trivial and if px € D, by [P. pp89 Theorem 1] and
also by [Y3] we know H (px) bounded above by the second part of the right hand side
of (3.33). This ends the proof for the present lemma.

4. Several lemmas. This section intends to deal with the a priori estimates
for the bounds of the solutions |7\|x+« Where A € S. The difficulties come from the
occurrence of umbilical points near 8D. We must show that H? — K has a positive
lower bound for all 7y where A € S near 0D. Before doing so we introduce some
lemmas.

LEMMA 4.1. If p € C*®(D) and |p|eo < 1, then there is a ((z) € C®(D) which
is homeomorphism from D onto D with ((0) = 0 and satisfies

(41) Cz=p¢; in D

Moreover, its inverse map z = z(¢) is in C*°(D) and ||D(||, ,||Dz||, < C for some
p > 2 and some constant C depending only on 1/(1 — |tt|eo)-

Proof. This is a result due to [V]. For convenience of readers the proof is given
here. First of all we assume p € C®(R2) with supp g C D. Let us look for such
solutions of the form

(4.2) (=2+Tof - (Tof)(0)
where Ty is the Vekua’s operator mentioned in (3.17) and ¢ satisfies
(4.3) f = pIlf + pin LP(R?)

where II = 8,7,. From the assumption |u|, < 1 and the properties of operator II
it is easy to see that (4.3) admits a solution f € LP(R?) where p € (2,2 + ¢€) for
some positive constant € and |p|oo |||, < (1 + |¢|c0)/2. Hence ||f|lp <2/ (1 — |p|so)
and ¢ € WHP(D), ||D(||, is controlled by 1/(1 — |u|oo). On the other hand, since
¢ = 2(1+0(1/|2])) as z + oo, it follows that for each point co € C, ( —¢p # 0 in
R*\B,.(0) if r is sufficiently large and the winding number of ¢ — ¢y on 8B,(0) equals
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one. By the argument principle on the generalized analytic function there is only one
null point in B,(0). So ¢ is homeomorphic from R? onto R2. By the regularity theory
on Beltrami equation we know ¢ € C*®(R?) and D( # 0 in R?. Thus we have proved ¢
diffeomorphic from D onto ((D). Composition a conformal mapping with ¢ soon gives
a diffeomorphism from D onto D, satisfying all the statement of the present lemma,
for ¢. Let us now estimate the norm of its inverse map z = z(¢) in WH?(D). A direct
computation gives

(4.4) zg = —m(z(0)z;

Therefore z = ¢ + Toh + ¢(¢) where h = —puz; € C*(D) and ¢ analytic in R®.
Combining (4.2) with (4.4) tells us ¢(¢) bounded in the whole complex plane. This
implies ¢(¢) is the constant —Tph(0). Inserting z into (4.3) we have

(4.5) h = —p(2(¢))TIh — p(2(¢)) in LP(D)

Analogously we can soon get, as a function of ¢, z = z(¢) € WP(D) and ||Dz||, <

2/(1 = |1loo)-
Finally a limit procedure will soon complete the proof for the present lemma.
Now let us consider a special problem

(4.6) Wz = uW, in D with |[W| =1 on 0D
(47 W(po) =i (or —1i)
(4.8) Index(W) =n, and W(pr) =&, k=1,2,...,n

where || <1 and pgp € D, pr, € D, k =1,2,...n are distinct.

LEMMA 4.2. Suppose that p is a smooth function of W, Wz, Z and sup |u| <
q < 1 where the supremum is taken over all |z| <1 and |W| < 1 for some constant q.
Then (4.6) with (4.7)(4.8) always admits a unique solution in C>(D).

Proof. Tt suffices to prove Lemma 4.2 for the case W(py) = i. Replace u by tu.
Then at t = 0 we have a unique analytic solution

(4.9) W—C _aZZPL27P2 27D

1—&W 1—-p1zl—p2z 1—ppz
Choose the constant a so that W(pg) = i. It is easy to see that the following set
(4.10) A = {t € [0,1]|(4.6) — (4.8) have a solution in C*(D)}

is not empty. By the same argument as that in proving Theorem 3.3 we can see
A open. By the maximum principle [W|s < 1 for each solution W to (4.6)-(4.8).
Hence |p|eo < g < 1. Suppose that ¢ = (;(2) and z = 2({) are the homeomorphism
mentioned in Lemma 4.1 for tu. It is evident that (;(z) (2:(¢)) are equicontinuous for
all t € A. Set Gi(pr) = pi(t). It is easy to see that there is a positive constant d;
independent of ¢ € A such that |pg(t)] < 1 — ;. Since W is analytic in ¢ € D, it
follows that W has the explicit formula

W) W= _ i l=SEit) ¢=Cpa(t) = Cpnlt)
| T8~ 1= Cm @) 1= ()¢ 1= Lpal0)C

Therefore there is another positive constant ¢ also independent of ¢ € A such that
[W|> 1 as|¢|>1—4. With ¢ = |W|* we have

2
(4.12) b = ek D\Ds with ¢ =1 on 8D
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and

¢
W

Now with the aid of Lemma 3.2 the interior estimates for the equation (4.6) yields,
with Ds/, = {p € D|dis(p,0D) > §/2}

(4'14) ||D2W“LP(D5/ ) — C and |DWIca(D

(4.13) W, =

< Cy

for each p € [2,4+00) and a € (0,1) and some constants Cp, C, depending only on
1/(1 = |ploo) and |pls

Now we are in the position to deal with the estimates in D\ D;. An application of
the De Giorge’ iteration to (4.12) with (4.13) and (4.14) soon bounds the Holder norm
of ¢ in C8(D\ D;) for some positive constant 3 depending only on 1/(1—gq) and hence,
bounds the LP- norms over D\D; for D¢ as a function of ¢ for each p € (2,+00).
Pulling back to the original z we have controlled the LP—norm of DW over D for some
p > 2 close to 2 like in (3.20) and hence, the norm of W in C*(D) where a = 1 —2/p.
Finally by differentiation of (4.6) and using the explicit formula (3.15) (3.18) without
difficulty we can bound all the following norms

”DkWHLP(D) < Ckp and |DkW|ca(D) < Cka

for each p € (2,+00) and each a € (0,1) and for some constants Cyp and Cyqunder
control. This proves A closed.

Now let us prove the uniqueness. Suppose that there are two solutions to (4.6)-
(4.8), Wy, Wa. Instead of p by tp by means of the method of continuity previously
done we can find two solutions W, (t), Wa(t) € C([0,1], C®(D)) with W;(1) = W,
i = 1,2. Since at ¢ = 0, the problem (4.6) with (4.7) (4.8) is of the uniqueness, i.e.,
W1 (0) = W2(0) and AW = Wi (¢t) — Wa(t) satisfies

(AW); = tu(W1)(AW), + tA, (AW) + tAs(AW) in D with

(4.15)  Re(W,AW) = %|AW|2, and AW (po) = 0, AW (px) =0,k =1,2,...,n

In view of the fact that Index(W;) = n, a similar argument in proving Lemma 3.1

using the contraction mapping principle soon yields AW = 0 as t € [0,to] for some

positive constant tg. Step by step we can arrive at ¢ = 1 and conclude that W;(1) —

W (1) = Wy — Ws identically zero. This completes the proof for the present lemma.
Now scaling the given metric g we have, in the isothermal coordinates,

(4.16) gx = N2 E*(u, W) (du® + dv?), (u,v) € D
Smoothly extend the domain of the given prescribed mean curvature h to D such that
h
4.17 ———1>4max —1}as|u/=AXforall A€ 0,1
(4.17) Nire { \/— } as |u] [0,1]
and
1+ |[Wo(0)]?
(4.18) h(0) > v/ K(0) 2 TmWo(0)

where Hy and W, are respectively the mean curvature and the complex Riemann
invariants of 7. This is possible by the hypothesis (1.6). Now we can fix the constants
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Ix in (3.32)
Wilpr) =l =Wo(Ape) k=1,...,n
and
_[row) 0w ]
(4.19) Wi(po) =1 { KOs + K Ovpo) 1] here po = (1,0)

LEMMA 4.3. For each n € Z+ = {0,1,..,} there is a constant Ao and W;()) €
C'([0,1],C>®(D)) i = 1,2 which are the complez Riemann invariants of the solutions
to the problem (1.1) for (D, gx) A € (0, Xo] with the prescribed mean curvature h(Au)
on 8D and satisfying (3.32) (4.19) and moreover, at A = 0, (W; — oy/—1)/v/o2 — 1
with o = h(0)/+/K(0) are the solutions mentioned in Lemma 4.2.

Proof. Let us focus our attention on (3.6). In the present case, the corresponding
F subject to

li = W|IF(W,W,g:)| <AC(W +1)
(4.20) li = WP Fw (W, W, g2)l, |y (W, W, g2)| S XC(IW]® +1)

for some constant C independent of A and W ,W. Similarly, by (3.9) the boundary
condition is of the form

h(Au)
K(\u)
When X = 0, (4.21) is reduced to |W — gi|*> = 6% — 1 on 8D with ¢ = h(0)/+/K(0).
Consequently, if still denote (W — gi)/vo2 —1 by W, then W is a solution to the
following problem
(4.22) 8:W = (Vo2 — IW + ¢4), W in D with |W] =1 on 8D
W(po) = xi,Index(W) =n

(4.21) 14+ W -2 ImW =0 on 8D

and
(4.23) W(pr) =

(4.18) guarantees |¢| < 1. It suffices to deal with the case W (po) = i. In view of (3.7),
if |W| < 1, it turns out, Im[oi + Vo2 — 1W] > 0 — Vo2 — 1 and

I~ L i+ {-oi+Vo? —1W}
Vo =W +oi) = o =W

and hence,

— 12 4o -Veo2-1)
/e =T i, <1- A

Now the requirements in Lemma 4.2 are satisfied and the problem (4.22) (4.23) always
admits a unique solution in C*°(D). Pulling back to the original W we have that when
A =0, for each n € Z* (3.6) with (3.9) admits a unique smooth solution satisfying
(4.8) and ImW >0 on D.

When A > 0, in view of (4.20) and using the contraction mapping principle one can
obtain that there is a positive constants A such that for all A € [0, A¢] the problem
(3.6) with (4.21)(3.32)(4.19) admits a smooth solution W = W(A) and moreover,
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W(}) is in C([0, Ao], C*°(D)) and hence, ImW ()\) > Cy for some positive constant
Cy if Ag is small enough. This ends the proof of the present lemma.

5. Existence and uniqueness. This section intends to complete the proof of

the main theorem in the present paper. Let us first derive an equation satisfied by

4L _ 1. Under the isothermal coordinates, from (3.8) we have

VE
H 1+ |[WP (W -W) _ W —i
(5.1) TR 1= i =) .Set(I’(W)————\/_Z_(W—_W)

It is easy to see |®|2 = 4L — 1 and a direct computation yields
VK y

_ApW, — (W —{)W; + AF

2 A e
and
(5.3) g, = AWe W = 0EW; —iW =DF 4o — W — )

2[—i(W — W)]3/2
Solving W, from (5.3) we obtain

2[—i(W — W)]3/2
5.4 W, = -
5.4 AP — AP — P

[A®. +i(W —i)a®:] + R

for some smooth function R of W, W, F and F in question which is also bounded since

(5.5 oy = i A
' 4] 2W-W =

for some constant ¢ depending only on 1/ min K, and 6 in (1.7) since ImW is strictly
positive. Combining (5.2) with (5.4) provides

(5.6) ®; =Q19, + Q22: + R

where

61 gy = HIAP =W i)

= 2
AW — i ul? -1
[AZ = [plP[W — 2’ Q2 =AW —1) 2 ]

| AP = [p?[W =

and R is another bounded smooth function of W, W, F and F in question. Now let
us show

(5.8) |Q1]oo +@2]c0 <1 <1

for some constant q; depending only on 1/min K, and 6 in (1.7). Indeed, by the
definition in (5.5)

1— 2 1—- 2 1-— 2 1_
@1l +1Gs) AAZEDLPIC B ), 0 OBIC bl
1 1
<lul + (1~ Iul)(li—:’;lll)ﬂ'lil =1- (1= a1~ s)

This implies that we can take ¢ =1 — £(1 — |p|oo)(1 — ¢) < 1.
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LEMMA 5.1. Suppose that W is a smooth solution to the problem (3.6)(3.9) and
that there are two positive constants d and § such that

H
5.9 — —1>d for all u® +v* > 1§
Then ||D*W ||, < Cp for all p € (2,+00) and |DW |y ,|DH|s < Cq for each a € (0,1)
where C, and Cy depending only on 1/min K, 1/d, 1/4, 6 in (1.7), |g|2, |K|2 and
|hl2-

Proof. Lemma 3.4 provides the bound for the mean curvature and hence, the
bounds of |W|w, 1/|W — W|w. By means of the technique of cutoff functions we
can easily obtain the interior estimates for solutions to (3.6) (3.9). namely, with
Dsjo = {u* +v* <1-42/4},

(5.10) ||D2W||LP(D6/2) < CP and |DW|CC’(55/2) < Ca

for each p € [2,+00) and a € (0,1) and some constants Cp, Co under control. Now
we proceed to deal with the estimates near the boundary. Set ¢ = j’—? —1=|®% An
differentiation yields

(5.11) ¢z = B:® + &P and ¢, = (& + ®Q2)®. + Q1% + R
Solving @, from the second part of (5.11) and its conjugate we have

GRS Q1) — :2Q1 + |2*(RQ1 — RQ2) — $°R
1B + BQ2|? — |D[?|Q1]?

Differentiation of the first equation of (5.11) using (5.6) gives

(5.12) 3,

(513) ¢22 = |(I)z|2 - |¢2|2 + 6z(¢2‘$) + 82((}&)2)
=0.[(Q1®: + Q22:)®] + 8:[(Q1 85 + Q22.)®] + Ri (2, ®3)
where R, is a polynomial of ®, and & up to second degree with bounded coefficients.

In getting the last expression we have used (5.4). Inserting (5.12) into (5.13) we derive
the equation for ¢.

(5.14) L(¢) = ¢z + 2Re0, (
= Ry(¢:,¢z) in D/D;

where R, is also a polynomial of ¢, and ¢; up to second degree with bounded coeffi-
cients since

(5.15) |2+ @8Q2” — |2[7|Qu]* > [2[*(1 ~ Q1| - |Q2])* > d*(1 — q1)” in D/Ds
Notice that (5.14) is uniformly elliptic since
& +n) (|‘I> +3Qo| +|2)%|Q1]* — 2Re(2°Q2) — 2/9*|Q2/%)
—2Re [(£ —in)* (12]°Q1)]
(& + M2 (1+1Qu” +1Q:2 - 2|Qu] — 2(Q2*)
>d(1 — q1)*(€* +n?) for all €, € R

o=(|2?Q1]* - |‘Ii|2|Qz|2 - 22Q,) — ¢z|‘1)|2Q1)
|® + Q2| — |2]2|Q1 |2

Using the De Giorge iteration soon gives the Holder estimates of ¢ in C*((D/Djs)) for
some positive @ depending only on the quantities mentioned in the present lemma.
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Combining the LP theory for elliptic boundary value problem with (5.10) and the
Nirenberg’s inequality we can soon obtain

HD2¢“LP(D/D5) < CP

for each p € (2, +00) and some constant Cp under control. Now in view of (5.4) (5.10)
(5.12) (5.15) the present lemma is readily proved.

The proof for Theorem C. Let 7 be radius symmetric and of no umbilical
points on D. Then Lemma 2.2 tells us the umbilical point index of 7y equal to -2.
Denote its mean curvature and complex Riemann invariant by Hy and Wy. Suppose
that there is a C® solution to problem (1.1) with the prescribed mean curvature h on
OD. Denote its corresponding mean curvature and complex Riemann invariant by H

and W. Set A® = ®(Wy) — &(W). Then from (5.6) it follows that
(516) (A‘I’)z = Q]_(A‘b)z + Qz(A(i))z + Rl (Wo - W) + Rz(WO — W) in D

for some bounded functions R; and Rs.
Now we are going to express (Wy — W) in terms of A®. Notice that with & =

(W =) //—i(W — W)

(5.17) $ — @ = [&,)(W — Wo) + [8a](W — Wp)

where [®,,] = [} ®4,(AW + (1= \)Wo, AW + (1L — \)Wp)dA and so on. It is easy to see
Re[®,,] = 3b; + by and Re[®y5] = by — bs

where

b= L /1 d\
YT9572 fo INImW + (1 — N)ImW]1/2

e [ 2
2T 282 Jo ImW + (1= AN ImW)3/?
Moreover, both of b; and be have positively bounds from both sides. Hence

(18  |[®u]]> 5 nd IO

1 .
@l <1- o since Im[®y] = —Im[Py]

for some constant C' under control. Solving W — Wy from (5.17) we have
(® — 8)[Pa] — (B — Bo)[®a)
[®u]l* - l[2a]l

Obviously the coefficients of (& — &) and (® — &) are bounded by (5.18). Inserting
(5.19) into (5.16) one can get

(A®); = Q1(A®), +Q2(A®); + A1 (A®) +A3(A®) in D

(5.19) W — Wo =

where A;, A are bounded from both sides. The theory on the generalized analytic
functions tells us

(5.20)  (A®) = x(Qexp Ry

where (¢ is a Holder continuous homeomorphism from the unit disk onto itself, con-
structed in Lemma 4.1 and

(5.21) Ry =T |A + Ag-@——%) where Re(R;) =0 on 8D
(2 — )
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From

IAB| > [B(Wo)| — |B(W)] > \/5—%-1—\/\/%—1 >0 on D

it follows that the winding number Index(x) = Index(A®) = Index(®(Wp)) =
Index(Wy — )= Index (7o) = —2. This contradicts to the fact that x is analytic in
the unit disk and Theorem C is proved.

The proof for Theorem A. Suppose that there is a smooth isometric immer-
sion 7y of the given positive disk. Denote its mean curvature by Hy. By the hypothesis
on the given prescribed mean curvature (1.6) one can find an extension of k in C*(D),
still denoted by h, subject to (4.17)(4.18). Let the given metric gx be defined in (4.16).
Consider the problem (1.1) for (D, g») with the prescribed mean curvature k(\u) on
dD and the subsidiary condition (3.32)(4.19). Theorem 3.3 and Lemma 4.3 tell us
that the following set

(5.22) A = {X € [Xo,1]] (1.1) has a solution in C*°(D) with (3.23)(4.19)}

is open as well as not empty for some Ay > 0.

In what follows we shall prove A close. Evidently, 7o(Au) is a smooth isometric
immersion of (D.gy) as A > 0. Denote the complex Riemann invariants of 7 by
Wo. It is easy to see Wo(Au) being the complex Riemann invariants of 7(\u). As
X € A, denote the corresponding solution and complex Riemann invariants by 7 and
W. Analogously, set ®(W) = &, ®(Wy) = ®o. Lemma 3.4 tells us |W|w, 1/ImW
and |®|.bounded above by a constant C' independent of A\. Now we are in a position
to show that for some two positive constants d and § independent of ),

(5.23) %—1=|q>|22d2asu2+v221—52

With & — &, = A® using (5.6) we have
0:(A®) = Q10.(A®) + Q20:(A®) + A1 (A®) in D

for some function A; uniformly bounded. A similar argument gives (5.20) for A®.
From

e = 1-)o2 () - ()

G G i G) ] oo

Index(®) = Index(W — i) = Index(W — %z) =n

it follows that

Distinguish two cases.
Case a. n = 0, Since |® — ®g| > |®| — |®o| > 0 on 8D by (4.17), it turns out
Indez(x) = Index (®) = 0, By the analyticity of x we know x of no null points in D.

Hence, an application of the maximum principle to x noting |®|> = -j% — 1 yields

. > mi — > i
(5.24) b > min |® — @o| > (1 + eo) (max | o] + o) in D
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for some positive constant €y3. Consequently, for some a € (0, 1),

(5:25) 18(0)] 2Ixllexp Ral = [%o] > [1 = C1(1 = la)*)(1 + e0) (max | o] + e0)
1
= [1+ Co(1 — Jal)] max | Bo] > eo(max|@o| + eo) as Jg] > 13

for some small positive § independent of A. In getting (5.25) we have used the following
property of R; from (5.21), i.e., ||[DR1]||p < Cp, p > 2, close to 2 and for some constant
Cp independent of A. By the definition of ® (5.23) is readily proved for the case n = 0.

Case b. n > 0. Under the present circumstance Index(x) =n > 0 and x is of n
null points in D. Notice that ®(px) = Po(pr), £ = 1,2,..,n. Set

ia {=Cm1(?) C=C2(t) <= C(pna(2))
1= ((pr()¢ 1= Cp2(8))¢ 1 = Clpa(t))C
where ( is constructed in Lemma 4.1. Then Y, is analytic in {. Since Indez(x) = n,

by the Blaschke decomposition we have x = xox1 where x; is also analytic and no
null points in D. By the maximum principle it turns out

Xo =¢€

(5.26) Ix1(p)l 2 min(|®] — |2o]) > (1 + €o)(max |®o| + o) for all p € D

In view of the explicit formula of xo we know |xo(p)| > [1 — Cd] as |p| > 1 —§ for
another positive constant ¢ independent of A. Now we can conclude that

|2(p)| 2 |exp Ri(xox1)| — [®ol
> (1= C6)(1 = C6%)(1 + eo)(max|@o| + €0) ~ (1 + C8) max|@o|

v}

S co(ma o] + o) as [pl > 10
if ¢ is sufficiently small. So (5.23) follows immediately.

The remaindering part of the proof for the closeness can be directly completed
by means of Lemma 5.1 without difficulties.

The proof for the uniqueness. Suppose that (1.1) with (1.5) admits at least three
solutions. Then without loss of generality we may assume that there are at least two
solutions 7; € C°°(D, R®) i = 1,2 such that their corresponding complex Riemann
invariants satisfy

2
(5.28) Wi=%+i\/%—latp0=(l,0)

Extend the prescribed mean curvature h subject to (4.17)(4.18). Scaling the metric g
by g like (4.16). Consider the set (5.22) for A\g = 0 and evidently, A = 1 € A. Let us
study the continuation from A = 1 to A = 0. In a similar argument in proving the exis-
tence of Lemma 4.3 and by means of the previous arguments of proving openness and
closeness of set S we can find two families of solutions W;()\) € C*([0,1],C>(D, R?))
i = 1,2. The uniqueness of solutions to the problem (4.6)-(4.8) tells us W1 (0) = W>(0).
And with the aid of the contraction mapping principle it follows that Wy (\) = Wa(\)
and hence, 7 () = 7(A\) as A € (0.\,] for some positive A.. Then repeated finite
same arguments we can easily deduce 7 (1) = 72(1). This completes the proof by
contradiction.

Now we proceed to deal with the proof for the last part of Theorem A. Let us
focus our attention on the spherical map from 7 into S2. If it is diffeomorphic, then 7
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is a convex surface and an embedding from D into R®. Since 7 has positive curvature,
it follows that its spherical map is an immersion into S2. Suppose that there are two
points ¢i,q2 € D whose the images of the spherical map of 7(q1) and 7(g2) coincide
with each other and without less of generality, we may assume that the image is just
the unit vector of the z axis, k. By the hypothesis that the geodesic curvature of
dD is nonnegative, one can find an arc length parameterized geodesic (s) connecting
v(0) = #(q1) and y(I) = 7(¢g2). Denote the image of the spherical map along ~y(s)
by 7(s). Then for each s € [0,!], without loss of generality, we may assume s < [/2
(otherwise | — s < 1/2),

R ° du dv du dv
dzssz(n(s).n(O))S/O \/2HII((—1;,3;)—K9(((—Z;,E;)d8

S/S{H+\/H2—K}ds
0
ngax{9+\/02-—K} 5721

This implies that the images of the spherical map of y(s), s € [0,{] is contained in the
below hemisphere. Noting that the Gauss curvature of 7 is positive everywhere we
can see the vertical component of 7, z(y(s)) = z(s) satisfying

(5.29) zss > 05 €(0,0)

~ On the other hand ¥ is the normal to 7 at ¥(0) and ~v(I) and hence, z,(0) = z4(l) = 0.
this contradicts to (5.29) and proves the previous claim. This ends the proof for the
main theorem.
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