REAL HYPERSURFACES IN KAHLER MANIFOLDS*

WILHELM KLINGENBERGH

0. Introduction. The present work is concerned with the geometry of embedded
real hypersurfaces in a Kéhler manifold, where isomorphisms are both holomorphic
and isometric in the underlying Riemannian structure. Here we introduce their local
invariants and compatibility relations, solve the local realization problem, and give a
characterization of the metric sphere in C" via a maximum principle for an adapted
Laplace operator. A more detailed description follows.

a) In 1.3 we define a doubly covariant tensor £ on the complexified tangent bundle
of the hypersurface N. It describes the curvature of the maximal complex subbundle
HN of TN in the ambient manifold with regard to the K&hler metric . One part of £ is
the well-known Levi form of the hypersurface with respect to a one-form of norm one
that annihilates the “horizontal” tangent bundle HN. The form £ may be expressed
in terms of the second fundamental form of the hypersurface in an appropriate frame
of the underlying Riemannian manifold, see 1.4.

b) In 2 we derive differential compatibility conditions of covariant derivatives of
£. In 2.3, 2.4 and 2.5 we employ a connection on the horizontal bundle that is the
projection of the Levi-Civita connection of the ambient manifold. It is a one-form on
the hypersurface with values in the Lie algebra of the unitary group of the horizontal
subbundle and we give its structure equations.

c) In 3.2 we solve the local existence problem as follows. The data are a CR-
manifold U with a metric on TU that is hermitian on HU and a real function r that
prescribes the ambient curvature of the curves in N that are orthogonal to HN. We
require that the composition of the defining form for HN with the complex struc-
ture is closed, the complex structure on the horizontal bundle is parallel with respect
to the associated Levi-Civita connection, and that an associated unitary connection
has vanishing curvature. The latter corresponds to Gauss and Codazzi compatibility
conditions. The conclusion is that there exists a local isometric C'R-embedding of U
into C*. In 3.4 we embed nondegenerate C'R manifolds U together with a prescribed
hermitian metric on HU rather than on TU as in 3.2. In exchange we prescribe
additional data, namely mixed horizontal and vertical coefficients of £. In this case,
there is an embedding under analogous requirements as before. This result has fea-
tures of both the classical hypersurface existence theorem in Riemannian geometry
and of Kuranishi’s CR embedding [Ku]. Namely we require compatibility conditions
involving metric and complex structure, and the non-degeneracy of the Levi-form.

d) In 4 we give commutator identities for the operation of the Laplace operator
of HN on £. In the Riemannian case these are referred to as Simons identity, see [S]
and [CdCK].

e) As an application we give in 5 the following

THEOREM 5.2. Let N be a compact strictly pseudoconvex hypersurface of C".
Assume that the horizontal mean curvature of N is constant, and H''°N is parallel
in TYOC™. Then N is a metric sphere.
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2 W. KLINGENBERG

The first assumption relates only to the C'R structure, the other assumptions are
that the trace of the second fundamental form on HN is constant, that the curves on
N orthogonal to HN are geodesics of IV, and that the symmetric part of £ vanishes on
the horizontal bundle. This result is an analogue of Alexandrov’s theorem on compact
convex hypersurfaces in R*: if such have constant mean curvature, then they must
be metric spheres. Our result does not follow from this since we do not make any
assumption on the purely vertical coefficient of £. This coefficient describes the curva-
ture in the ambient manifold of the vertical integral curves. Therefore our assumption
neither implies that the full mean curvature of the hypersurface is constant nor that it
convex. Of course we use the ambient complex strucure, therefore our result does not
imply the one in R™. Also, by the existence result of 3.2, our assumptions locally ad-
mit other surfaces than subsets of metric spheres. In this sense, this is a global result.
It is an application of our first Simons-type identity in 4.2 and the strong maximum
principle for the horizontal Laplace operator on strictly pseudoconvex hypersurfaces.
The remaining identities of 4.2 are recorded here for completeness and application
in [HK]. The maximum principle along horizontal curves for the horizontal Laplace
operator was used in [A] to study a heat flow for contact structures.

The paper [CM] gives a local normal form for real analytic hypersurfaces in com-
plex manifolds and [B] and [YK] present some material on real submanifolds of any
codimension of Kdhler manifolds. In [O], geometric properties of real hypersurfaces
of complex projective space are studied. In [J1] and [J2] one finds an introduction
to CR-structures. The lectures of Fefferman, [BFG], give an extensive review of the
relation of function theory of a domain to CR geometry of the boundary and the
analogy with Riemannian geometry. Webster defines in [W] a connection on non-
degenerate C R manifolds with a distinguished one form that defines the horizontal
bundle. It is characterized by the requirement that the Levi form is parallel. The
resulting intrinsic curvature is different from the curvature that we have, as we use
the Levi-Civita connection of the induced K&hler metric.

ACKNOWLEDGEMENTS. The results presented here are part of the author’s Ha-
bilitationsschrift at the Universitdt Tiibingen, [K]. The author is grateful to Professor
G. Huisken for advice, to Professors S.S. Chern and J.K. Moser for introducing him to
this subject, and to Mrs. S. Schmidt for her scrupulous typesetting of the manuscript.

1.1. Structure Equations. On a K&hler manifold M with complex structure
M J and metric M h we denote by T*°M and T%! M the subbundle of C® T'M whose
fibres consist of the eigenspaces for +i and —i of the C-linear extension of ™.J
to C® TM. By the Kihler property, the Levi-Civita connection ¥V of C @ TM
preserves T1°M and T%'M. On the principal U(n,C)-bundle of unitary frames of
TYOM, n = dimc M, we have the C*-valued canonical form M6, and the u(n)-valued
connection and curvature forms Mw, MQ. For a unitary frame {e;}?_, of T*0M
one has for 69 = M@, wl = Myl € ACRTM), O, = MQl € A2(C®TM),
i,k =1,...,n, the structure equations

d§? = —w] A 6F
dw] = —wl AW +QF,

Recall that

S

and analogous equations in T%!M for the conjugates eg, 67, w%, Q0

wi(er) =0/(MV, e;) for r = 1,..,n,1,..,7. By unitarity,

J— _ .k
wy, = —wj
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Let now
F:N—-M

be an immersion of a real hypersurface. The above structure equations hold for the
pull-back frames {F*e,}7_,,{F*6*}7_,, connection (F'MV)(,)(.) :T(C®TN) x
I'(C® F*TM) - T(C ® F*TM), F*Mw, and curvature F*MQ of F*T'-°M, and
exterior differentiation d on N. In the sequel we will denote these pull-back objects
by {ex}p_;, {6F}7_,, MV, Mw, MQ respectively, and we write w = Mw for economy
of notation.

1.2. Adapted Frames. Since N is odd dimensional, TN does not inherit a
complex structure from F*T M. We denote by HN < TN the maximal ™ J-invariant
subbundle of iy : TN — F*TM:

HN:=TNn MJTN,

called the holomorphic or horizontal tangent bundle of N. Let H1:°N, H®!N be the
(+1)-eigenspaces of (C® HN,# J =M J|HN), then H'°N = F*T'M NC® TN.
For an analysis of the curvature of N with regard to the K&hler metric we consider a
unitary frame {ex}?_, of F*T% %M which is adapted to TN in the following way:

span {e,}"! = H'ON

a=1

S(en+en)}iz =CET.
Then {&* = %(0" +0F), entk = \_/—%(9’c —6%)}n_, is the dual frame of { Xy, X, 41} and
ker£?" = TN, ker (™ = HN ® RX5,. Finally we introduce a frame {f,} of C® TN
by setting fe = e¢, fn = 1(en + er) with its dual frame {p?}, ¢ = 6%, " = (6™ +
0™). Here and later we adopt the following convention for the ranges of the indices:
Jyk,p,q € {1,...,n} for frames of F*T*OM a,b,c€ {1,...,n—1,1,...,n —1,n} on
C®TN,&nef{l,...,n—1,1,...,n—1} on C® HN, and a,8,7,6 € {1,..,n — 1}
on H1ON.

1.3. Second Fundamental Form in Kahler Geometry. Let e; be adapted to
in : TN — F*TM as above. Since CQ T N=ker (" — 6") is involutive in CQ F*TM,

it d(6™ — 6™ = 0.

span {eq, €5,

On the other hand, we compute, recalling 1.1,
iNd(O™ — 0™) = in(—wE A +WI A% — Wl AO™ 4+ WD AT
= Wh(fe)p® At +wi(Fa)e™ A ™ — WR(fe)o® A — WR(Fn)e® A"
+" A (Wh(fe)p® +wn(fa)e™)
= (W2(f3) + WE(fa)) ™ AP + Wl (fa)p™ AP — W (fa)e® AP

+(wa(fn) +wR(fa)e® A" — (W2(fr) + wi(fa))e™ A g™

This implies
1) wo(fp) —w5(fa) =0

2) wa(fp) +wi(fa) =0
®3) wo(fn) —wp(fa) =0
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This gives, also using i} 6™ = o™,
5 d™ = i3 (6% A D)
= wo(fa)p™ A" + le(fa)so" X%
= Wi (fa)e* AP + %wZ(fn)cp" A" — %mw"’ A"

We define the coefficients of a doubly covariant tensor £ on C ® TN as follows.

V2 .
Zja = ij (fa)
eag = Eag
Lan = Lna.

This gives
L

dp" = 129" NP + (b7 = i) A"

The restriction of dp™ to H'°N ® H%!N is the Levi-form of the real hypersurface
F(N) for the choice ™ of a defining one-form for HN. By (1), (2), (3) we have

1
W™
I

SR

o a
o, o
o3 a

I
I
&

lp
%
Ly
ln
ln

n
noa
n

n n-

We summarize: To a real hypersurface we associate a quadratic form £={{;,} on
C® TN which decomposes into a hermitian form (the Levi form) {,5} on H**N ®
HO!N and a symmetric form {€ag} on HY'N ® H*°N and a real form {€n, = £on}
on C®TN. Namely {£,,} is real on TN — CQTN. Recall that N is called strictly
pseudoconvex if {£,5} is positive definite.

1.4. Relation of /¢ to the Riemannian second fundamental form. We
will express the Kéhlerian second fundamental form ¢ as defined above relative to
the adapted U(n,C)-frame {ey} of F*T1OM in terms of the Riemannian second
fundamental form —k with respect to the 0(2n)-frame { Xy, X1} of F*TM. The
latter is defined by

ko :="(MVx,Xy), s,t=1,...,2n—1.
Using £2*([ X, X¢]) = 0 and &*(X;) = —€£27(JX,), one computes

bap = kap + kntants +i(Kants = Enta,s)
lap = kap — kntantp — H(kntap + ka,n+5)
én,@ = knﬁ + ikn,n—i—ﬁ

enn = knn
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2.1. Gauss Equations for (TN,N V) — (I'M,™ V). Associated to the orthog-
onal projection

N :CQF*TM - C®TN,

TN (v) = ¢ (v)ee + (0™ +07)(v)(en +en), we have the connection YV = 7y oM V()

I(C®TN) xT(C® TN) - I'(C ® TN) with connection form Vw. Relative to
the frame {f,}, its coefficients are given by Np& = Myt Nyn(.) = <pn(jVV(‘)fa) =
"MV fa) = O+ (MY () fa) = MMV () fa) = Mg, Nwg = MwR, Nwi() =
e*("Vyfa) = 5 *(MVen +en) = 3 Mwi(), Ywi = § Mwd, Nop = 0. The
structure equations of C ® T'N then read

dp? + NI Ap® =0
dNwl + Nl A Nob = Nai,

Comparing these with the structure equations of F*TM with connection w = Mw

from 1.1 gives the Gauss equations for TN — F*TM:
M- VQ)§ = dw§ — Vw§) +wi Awh— NwZ A N
=wp Awg — Nwg A Nwp
1
= swy Awj .

2
1 a b
—_Zeaaeﬂb(p ANy
Mo - NQ)Z=d(wg—ng)+wg/\w§ Nona N wg
= wy Awg

1
= —Zﬁmem,cpa A <pb.

2.2. Codazzi Equations for (TN, ¥ V) The coeflicients of the covariant
derivative of £ with respect to V'V, namely &, = (VV£);4, satisfy

J
deja = ;Y,b(Pb + épa N(.t);) + Eﬂ, NUJZ.
Note that ¥V is a triply covariant tensor on C ® TN. Then we compute

dw? —% lia A @ + Ljedp®)
\j—egab(ﬁ Np® + Eeba N Aot
This gives for j =aand j=n
dw(l ﬂﬂaabga Ap® +;w Awy +wy Awy
dw? = 0" A" + W) AwD.

Now by the structure equations of F*T'M from 1.1,

Ejabtp A b _23/2&“1@1,(,0 At +iV2 MQ”



6 W. KLINGENBERG

These are Codazzi equations for F : N - M.

2.3. Gauss Equations for (HN, #V) < (TM,” V). The orthogonal pro-
jection 7y : C® F*TM — C® HN, mu(v) = 6°(v)eg, gives rise to the connection
HY = rgo MV: T(C®TN)xT(C® HN) = I‘((C@ HN) with connection form Hw.

Relative to the frame {e;}, fw§ = Mwg, #u Hy& = 0. The structure equations

of C® HN read
dp® + Fuwf At = (Fuwf — Nup) et
N
—Twp Ap"
)
= _Weﬁasoa A 30"
deg + way" A ng = HQg.
From the first equation we read off that ¥V has torsion. As above, we derive the
Gauss equations for HN — F*TM:
M- 7O)F = d(w§ — Fuwf) +wlnwh — Fuln Hof
=w, Awg
1
= —§fﬂafab§0a A

2.4. Codazzi Equations for (HN, ¥V). The coefficients of the covariant

derivative £f1, = ('V£) o5 of £ on (HN, V) satisfy

dljo = J}'{zbwb + £pa Hw? + i Tl

Here {Zagn} is a triply covariant tensor on C ® HN, and {ann} {¢H}, etc. are of
corresponding lower covariance on C ® HN. We define

egb = Llaslyy eib = faﬁf,ygegb

and compute as in 2.2:

dw? = %deja Al + %Kjadcpa
\/—( jab‘p +¢ Hw_f + Zjb ng) At

i 1 1 5 5 1 5
+E£j7(g0 Awi + 5(,0" Aw)) + %Zﬁ(go‘s Awj + -2-cp" Aw;)

i ) 5, 0 .
+E£jn(z\/§&y$‘fﬂ N + ﬁ(zn’y@’y —Llnsp?) N ™)
] 1
= ﬁfﬁbcpb ANp® + ol Aw? + Z(Zij —£2,)p" A"

- 1 _
~Linly50" NP + Slin(Ens @7 = o) A ™.
This, again using the structure equations of F*T M, gives
0" A" = iv2wp A (Hub — wf) + 23,2 (B~ )0 A"

bl (lay @ — ) AT + VBl 507 AP + /3.
V3 " ;
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We evaluate the first expression on the right-hand side for j = a and j = n:
VB A (= 2) = Jebualons” A
VB A (Pl —h) = Tl A

2.5. Commutator relations for the second covariant derivatives of ¢ on
(HN,# V). The coefficients of the second covariant derivative of £ on (HN,¥ V),

namely ("V?£)jape = £3%;, satisfy

delly = Cihy o0 + L5y Tl + 050 Pul + 6, Tw
Then we compute
At = (e 0" + Lo T + €5, )
(egabcso + epab wp + gjcb wy + efzc gy A
+e (P Aw] + %Lp" Aw)) + wa(cp Awl + %cp" Awl)
+O0 (V2L 507 NP + %wmw — bay) A ")

a

(egcbso + gpc w + L HO) A Huwf — e Hwg A Hub + 25, 78

F(EL 0 + Lgo Tl + Ly FuO) A Hu ”—épan”/\ H "+£paHQ”

ZjachO A 90 + 23/2 (EE’Y jay g"rﬁgﬁw)gon A Qos

+E£jan (gmgﬁ - gn’ﬂo’?) A (pn + iﬁeﬁn£75¢7 A 905
+5a(TQ5 — MO0 4+ 05 (5 — MQE) + €5, MQF + 43¢ M QS

Note that dd¢;, = 0. This gives for (ja) = (a,f), (o, B), (n, B), (n,n) the following
commutator relations.

Lagne?” N0 = 75 (Lrelips = Lealap, ) A" + —lipy (b —lus™) A

n
+ivV201 €507 A +—;-(£§E€ab +02,0,5)0" A @
+es5 MO8 + L5 MO
ape® N = -2-32'/—2(575135@ — Leslils, ) ot A" + —\%ﬁfﬁn(t’m@ —laypT) A"
VRl A 43 (Bploat ol Ag?+lsp MO8 +Lo5 M
grl;lﬁbc(p ANt = 23/2 (gvﬁgnﬁfy Eﬁ’Yén,@ry)sog A"+ _\/tengn(env‘P — L3 ) A"
+ivV20 0507 A + §e§aeb5¢a N’ + by MQT
Crnbe?” N§° 2; 5373 (lreliiny = Lesliny)0* A" + %fﬁm(&zw" —lns") A"

+i\/§€ann£'yS§0’y A 905 .
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3.1. A model bundle for the embedding problem. Let (HU, #.J) be a CR
structure on an oriented manifold U of real dimension 2n — 1, and Yh a metric on TU
which is hermitian on (HU,¥ J). In this section we construct an associated bundle
EU over U with fibre R*” and endowed with a complex structure £.J and metric £h.
For this purpose let the real line bundle RU — T'U be the orthogonal complement of
HU — (TUY h).

We define

EU :=TUe® RU = HU & RU ® RU

s mra() )

Ep|TU := Yh, Ph is hermitian on (EU, £J).

Now choose dual unitary frames {ex}7, {#¥}} of EYOU, (E*°U)* which are adapted
to

igp:TU — EU,

namely such that f, :=ij;eq € HMU, f, := %i;(en +e5) € TU are compatible with
the orientation of TU. Let {¢®} be the dual frama of {f,}.

3.2. Fundamental Existence Theorem for Real Hypersurfaces in Kahler
Manifolds. We require the following data.
a) (HU, HJ)is a CR structure on a real oriented (2n — 1)-manifold U
b) Uh is a metric on TU which is hermitian on (HU, #.J)
¢) r:U — R a function, v € U(n).
Using the notation of 3.1 and letting YV denote the Levi-Civita connection of
(TUY h), we now define a u(n)-valued connection £w on C® EU:

Pug =YV () fs)
Pug = o™(YV()f3)
Pup = 0" ("V5. 1)0" = 0" (UV 5, )¢ +irg™
fors,t=1,...,n,1,...,7;p,g=1,...,n. We also define the differential dg by
drg = (eg - 9)6°

for a function g on U and in a compatible way for forms on C ® HU. Note that in
general d% # 0.

THEOREM 3.2. Let (HU, HJ, Uh,r,v) be given as above and assume

dp(e™o By =0
HyHj=0
dEwi-}- Ew,’;/\ Ew,’é:O.

Then for every u € U thre exists a neighborhood U, of u and a unique

F:.U,-C
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with
F7Ccr = E“U,
F*Ch = Pp
Ty = Fu
(F*v)(u) = 1id.

REMARKS. a) Since iy : TU — EU is involutive, we have if;d(6™ — ™) = 0, and
by (8™ — 6™) = —i(8™ + 6™) o £, the first assumption is an intrinsic version of the
involutivity.

b) The second condition is equivalent to ¥ wg =0, H wi =0.

c) By the first conclusion and since C ® TU N EYU = HU, F is a CR-
embedding. In addition by the second, F™* preserves adapted unitary frames. There-
fore by the third and the definition of Pw, we have

V2
bop = T E n —Z\/_(,D vfbfa
\/2- n - n
by = _. Ewn(fv) = Z\/i‘p (van Iy)
\/_
Znn—T (fn)—\/_-
3.3. Proof of the Existence Theorem. We prove Theorem 3.1 in two steps.
First we establish the existence of functions e; : U — T1:0C",j = 1,...,n, with the
property

—wP.e, =
dej —w; -ep =0

where w? := w” is defined as in 3.2. The functions {e;} are represented by their

graph G C U x (C" Let 1, M2 denote the projections to the first and second2 factors
of the product U X C” and zr € C*, k =1,...,n be coordinate vectors of C* . Then
TGCTU@® TC™ is characterized by

n
d(z o ma) — E zpomy-Tiwh =0
p=1

for k=1,...,n. Let I be the ideal of differential forms on U x c generated by the
left hand sides above and their exterior derivatives. We drop the 7; and differentiate:

d(zr — 2pwh) = dzp Awh + 2zp - dw?
= (dzp — zpwi) AW}
=0 mod I.

Threfore, ker(z; — zpw}) is an integrable distribution by Frobenius’ Theorem, and
there exists

e:Uu—>(C”2,e(p)=v
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on a neighborhood U,, C U of u. R
We claim that the image of e is contained in U(n) C C*; let (-,-) denote the
standard hermitian product of C":

d(ej,er) = (dej, ex) + (ej,dex)
= (wiep, ex) + (5, wrep)
= wl(ep, ex) +w§(ej,e,,)
= w;?(ep,ek) - ‘*"ﬁ(ej’ep)-

Define ejx(t) := (ej,ex)(v(t)) for a real curve in U through u : (0) = u. then
e;x(0) = 6 and eji = &, solves the ODE

S — P — ke
eJk - wjepk wpe]p-

Therefore e, = d;x which proves the claim.
The second part of the proof consists of constructing F' : U, — C* with

AF(fe) = e, dF(f) = 5(en +en).

Again this map is represented by its graph in U x C*, and its tangent distribution
satisfies

1
d(z oms) — (eg om) - m} oo — §(en+e,—l)07r1 -mre™ = 0.

Here, z is the coordinate vector of C*. The exterior derivative is computed as follows.
Weset V= UV, w= Fu.

d(eg® + %(en +er)p") = wg A pter — ecp® (Vi fo)p® A + %(wﬁek +wer) A"
—%(en +en)@" (Vi fo)p® A g’
=W AP en +WB AYT -en — o8 (Vi fn)p® A peg
+ %wg Ap™(en —er) — %(w_ge(s +wies) A"
— Slent e (V1 fi)ot A

Note that ¢¢(Vy, fn) = —3¢"(Vy, fz), here we set i = n. Then by definition of

w= ®y in 3.2 we continue

Alegt + 5 (en + en)o™) = [0 (V1. F)6" A 97 + 5(0" (Vi F1)i"
—" (Vi F)e") A" = %cp"(Vfa fo)e® A @’len
H (V1 fi)e® A QT = 5(6" (V5 )"
(V1 56T A" = 50"V 1, o) A len
= =30 (Vs s+ V1, 5007 A6 (en —en)

) -
= 50" (NI (V1382 = V1, 159" A (en = en)
=0.
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The last equation follows from the first assumption of the Fundamental Existence
Theorem 3.2. We therefore conclude again by Frobenius’ Theorem that F : U, — C"*
exists as above and satisfies the conclusions of the Theorem by construction.

3.4. Existence Theorem for nondegenerate CR manifolds. Here we pre-
scribe a different set of data from 3.2. Namely we assume, using the notation of
3.1:

a) (HU,H J) is a nondegenerate oriented CR-manifold.
bl) 7 is a one-form on TU with kerr=HN and compatible with the orientation
of U,and s : U = R*
b2) #h is a hermitian metric on (N, J)
b3) {r,}:U — C*!
c)r:U—=R veU(n,C).

PROPOSITION 3.3. Let (HUH JH h,1,5,74) be as in a)-b3) and {f,} as in 3.1.
Then there exists a unigque vector field X € T'(TU) with
i)y 7(X)=s
ii) W(VxX,fa) = 7o for the metric h on TU with h|H = Hh, h(X,X) =1,
X1H, and V its Levi-Civita connection.

Proof. Let {fq,t} be dual to {¢*, 7} and make the ansatz X = a,f, + st. Then
by [KN I, p. 160] and the integrability of the CR structure,

h(VXX, fa) = 2h([f(i:X]7X)
= 2h([fa,ayfy + a5 f5 + st], X)
= 2a,(([fa f+]) + 25¢([fa, 1)) + 257 (fa - 5).-

Here, ¢ = h(-, X) and one has ¢ = s~!7. Therefore,

h(VxX, fa) = 257 ay7({fa, £5]) +27([fa,1]) + 257 (fa - 9).

Since (HN,® J) < TN is a nondegenerate CR manifold, its Levi-form 7[fs, f,] is
invertible, and the above equation can be solved uniquely for a.,. Then, since a5 = @7,
the vector field X is uniquely determined. O

Let ¢® := (, fn := X,Yh := h and recall the notation of 3.1. Now defining
Fug = 0*(V() fa), Pwi = " (Vs fa) 0t + 757a9", Pul i= S5 (ry 0" —r5¢7) +ire™,
we have the following

COROLLARY 3.4. Let (HU® JH h,1,5,74,7,0) be as in a)-c). Then the state-
ment of Theorem 3.2 holds for Pw as defined above.

Proof. By Proposition 3.3, the above definition of £w matches the one in 3.2.
Therefore we may apply Theorem 3.2. 0

4.0. Laplace Operator on (T'N, Nh). Setting f, = fx, the Laplace operator
on a tensor T on C® T'N is given by
NAT := traceTN(NVZT).

Note that for an immersion F : N?"~1 — M, NAF = MYV, F - MVUng o F +
complex conjugate = MVy, fi — NV, fi +c.c. = LNXy,,, where LY := %4,;.
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The latter equals the trace of the Riemannian second fundamental form oriented
in such a way that LY Xy, points out of a convex hypersurface. Let now

G 5y = 5o  kajkip + Entaikints + i(kajkints — kgikinta)-

Note the analogy with £,5 as given in 1.4. For the other coefficients (pa), E?pa) is
defined analogously in the pattern of 1.4. The is easy to verify the following

1
Coay = Stontna + bonlna:

We also define [¢|? := £2"~1k2 . Now the Simons commutator identity in C", see
[CdCK] reads

NALpy, —2(NV2LY) e = LNe’f‘pa) — |£]*€pq.

4.1. Laplace Operator on (HN, #h). We define a weakly elliptic second order
differential operator

HAT .= traceHN(HVZT).

for a tensor T as above. It gives a tensor AT on C® HN of the same type. We also
define the trace of the Levi form,

L:= Zeaa,

which may be viewed as a horizontal mean curvature of N. For F': N — M, we have
H _ MgM M
AF ="V Vs F - VHV,£ rF

= vaefg' - vaefg'

= en(Mvea €a +M Ves€a)en + eﬁ(MVea €a +M Ves€a)en
_ 4 /¢ ]
= % aan —
= LXs,.

)
Efaaen

4.2. Commutator identities for #Af in Euclidean Space. For a real
hypersurface F': N — C* we compute the following commutator relations for #Af.
We use the Codazzi and second-order relations from 2.4 and 2.5. Note that since

M = C" here, M) = 0.

HAeaﬁ — 261505
= Loy — Lapiny T 2(apy = Lazp)y + 2(laspy = Lasyp) + 2(layy — Ly5a)s
= iV2Le,5, + %(egﬁeﬂ 02 by — Calay — 250 5)
+iV2(lnlar — bnibap)y
—i2%20 5loan + (Bl + E5L — oslap — £ )
+iV2(lailyn — Llna)s
= iV2[Llyg, + Lai(Cppy — Lopn) + Lasbypn + Log(lary — Lyva) + LngLa
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—Log(bngy — Lyan) — Logln — bnxlogy — 26,38asn + bay(boyg — Lops)
+lnylops A Cos(Uyng = bygn) + eﬂew-,n ~lnaLs — L(lans — Logn)
—Llog,] + 5L — Logloy + 65, — (@27 5 + Lart)
= iV2[lnylopy — bnilapy + 2(laslypn — Lyglarin)  +€ngLla — lnalp
~Co5Ln] — [lary(—banlys + %(egf, = 63)) + £y5(Easlyn — nal)
Lo~ ban L+ 5 (B = £2,)) + b (bnslos — Lybar)
Han(lanl + (6, ~ £ )~ ey + = L)
5L — Loglan + 05, — (ewew +Lanl23)
= i\/_[en'v apy — tovlapy + 2(£a"v£7[3n - Zvﬁea"ﬂl) +4ypLa — ol — ZaELn]
aﬁ(e2 L2120 )+ 1L(e§5 2+ 2nalg)

+e§-,a - (e N 25)-

HAeaﬁ — 2508
= eaﬂﬁ - eaﬂ"‘m + 2(5049‘1 - ea‘rﬁ)'y + 2(304:157 - ea‘wﬂ) + Q(Za‘r'y - e’y’ya)ﬂ
1
= iV2Llapn + 5(egﬁeo@ + 0 by — Cglay — 02, L5,)

+iV2(lnplay — buylas + 2lanlss)
+e%7yea'y + Kiﬁe’v"v - e?y"yeaﬁ - e?x'yeﬁ"v + i\/i(ea"ve’m - enae'v"y)ﬁ
= iV2[Llagn + tng(bary = Lysa) +€nsla  +Las(bony — Loyn) + Larlypn
—lpslagy — Lap(lnyy — Lysn) — LapLln + 2ean(eﬁ"w —ly3p) + 2lanLp
+2£ﬁ"y(€an7 - eavn) + %ﬁ"'re'yan + ea"y (E'ynﬁ - E‘rﬁn) + ea"vevﬁn
+en'y(ea*'rﬁ - eaﬁ‘y) + lnylapy — lnalp — L(eanﬂ —Lapn) — Leaﬂn]

1 1
+025L — Loglls + C5-Llay — Loy o, + 5(@, +63,) — 5(&”@, + £ ,034)
= iV20lnylapy — nylapy + 2(larlysn + Lorlyan) + enﬁL + lnalp — LapLn]
—lng(laylyn — lnal) + Lox(bnnlpy — 20nglny + (Z —-0)

~lag(~Lban + 5(85 = £2,)) + 2an(€gston — (as)

23 (Canliay — by + 5(E 0~ E,)

s (banlss ~ nrlng + 2 (3, — E5)

oy (bnilap — Lnplos — 2lanlpsy) — L(fnnfaﬂ - 2€nafnﬂ + l(fza )
+25L — Logles + Cosloy — Loyl + = (e g+ 05,) — (z v+ 0 lsy)

= iV2lnrlapy — Luylapy + 2(Laslypn + eﬂﬁ yan) + ZnaLg + €ngLo — LopLy]
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1 1
—5tap (s + Gy +200,) + 5 L(Lag + o + 2nalng)

1 1
~2Unn(lop + Lha) + 4(lantng + Lanthy) + §(Zia +£050) = 5 Carlip + L3Lss)-

HAenB — 2ly3np

= Lupyy — Lupyy + 2(npy — €nvp)y + 2(Lnvsy — Lnyyp) + 2(bnsy — Lyan)s
) 1 )

= iV2Le 5, + -2-(£3n — 2,05,) +iV2(25 - G + 2nnlpy)

, 1
0250, — 2 Lgy +iV2(= Ly, + 5B = 5))s

= iV2[Llnpn + L35(Lspy — L548) + Lislorp + Lsp(Lssn — £y35) + LasLs
—L35(s5y — Lyvs) — LosLs — Loy (Lpsy — Lysp) — Lontysg
+2€ﬂ"r(enn'v - en'yn) + %ﬁ"rﬁnvn + 2Znn(£ﬁ"r’r - ﬁv’rﬁ) + 2ennLﬁ
1
_gnnLﬁ - L(Znnﬁ - ﬁnﬁn) - Lenﬁ" + '2—(£?y"y - g%’)‘)ﬁ]
F3 (B~ Bonllss) + Bgl— Bl
] 1
= iV2[2338pyn + bunLg + LosLs — Lo5Ls + 5 (brlars = boxlap)]
~[l55(Lnplsy — turlsp) + Lip (6, — Llns — 2607)
—Zﬁg(&;:,lm - enéew) - Zé*‘r (en'reﬁﬁ - eﬁeﬁn)

¥23(5 (2~ ) ~ brnli) + 2nn(833Lon ~ LasL)

LB~ Bo) ~ banla)) + 5~ Bonl) + BigL— Bl
= iV2[2g3tnyn + lnnLp + bos L5 — LgsLs + %(%sfw — Lyslssp)]

—lnp(C5 +£2) + %L(ziﬁ + €4, + 2€nplnn)

+2(Lp5%, + 35) — %(emegﬁ +65,).

H Aerm - 2e7"ynn

= Lnnvyy — nngy + 2(lnny — lagn)y + 2(lnyny — €nyyn) + 2(nyy — Lyyn)n
= VLl + i\/i(g(ezm C20) 4 banlar)s
_i‘/ﬂn"‘menv + %(ﬁysﬁn’yé - ngln,-yg) + e?‘w!’f‘/ - ﬁ?wen’r
V(L + %(e?ﬂ —2),
= iV2[Llpnn + geﬁg(zam —lsm) + geﬁgem
3

3 3 3
+5ns(Cayy = £yy3) + 5EnsLs — L5 (bovy — Lyve) — StnaLs

3 3
_§£6ry(£n37 — e'ygn) — -2—85,7&75” + ﬁnx,ﬁmw + ﬁnn(ﬁn,—w - ﬁ»fyn) + bpnLyp
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1 1
_en'y (en’yn - emﬁ) - en'yenn"y + §£73(en'76 - eé"yn) + ‘2"67886")%

1 1 1
_5567(37175 - es"yn) - 556755% = lunLp — Lppn + 5(337 - @q)n]

2L Ly

. 3
= z\/i[en‘renm - emenn’y + E(emiLS - Enng) + eﬁsevén - 6’756’7371]

3 2 1
5 nn(B + By 3000) + Ll + (b)) + 68,0 + 565 = £,5055).

4.3. Computation of FA(£2,).

A (Lat0a)

= 2lgs T AL,z + 48,5, Lp5x

= 4lpaL oz +12%[lpalnLopy
+05La — 3, Ly — £55Ly)]
— 056 + 65 +200,) + L(€35 + Lpal, + 265,)
+20p5035, — (£3,Ls5 + 65, 025) + 4o Lpas

=4lgsLog — i2%/202 Ly + 2%/ (e — 2 e5) - L
+iV2(lnyey — Lnsey) - O + 4logLoss + (LE5 — (€25)%) + Lgal, — 6356,
+2(8patls, — £3,) + 2(LE5, — £5560,)-

5. Maximum principle and an application. An embedded curve in N is
called horizontal if its tangent is contained in HN < TN. The Laplace operator £ A
of (HN,H 1) satisfies a strong maximum principle along horizontal curves of N. This
was proved earlier in [A] in three dimensions for contact manifolds and the arguments
apply in the case of a strictly pseudoconvex N.

—Lpalnylop, + 2(8?3;1673,1 - Kiaﬁa%)

THEOREM 5.1. Let T Ag > 0 for a smooth real function g on N and g < K on
N. If g(a) = K for some a € N, then g|y = g(a) for all horizontal curves v of N
through a.

If the horizontal distribution HN in T'N defines a contact structure on N, that
is if N inherits a nondegenerate CR-structure, then the horizontal curves are also
called Legendre curves and by a well-known result, see [AG], they connect arbitrary
points on N. The above now immediately gives the following strong maximum prin-
ciple: Let N < (M, J,h) be a compact embedded real hypersurface that is strictly
pseudoconvex. If #Ag > 0 (or < 0) for a smooth real function g on N, then g is
constant.

THEOREM 5.2. Let F : N — C" be a compact, connected, strictly pseudoconvez
real hypersurface. Assume that the horizontal mean curvature L of N is constant and
that MV|(F*T*°M x H'°N) Cc H'°N. Then N is a metric sphere.

Proof. Let {ex} be frame adapted to N < C* as in 1.2. Then by the assumption
on the Levi-Civita connection, §*(V., eo) = 0, and therefore £, = 0. Now by 4.3
and since L = const, we have

(HA — i\@(@naea — eaﬁed)) . éia > (Léia - (éia)z)'
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Since N is strictly pseudoconvex, we have £,5 > 0 for every o, and therefore the right
hand side is nonnegative. To see this choose a frame in which £, is diagonal. Then

2
Z Loa 2(333)3 - Z(&mf = 1 Z Ea&eﬁﬁ(za& - eﬁﬁ)z > 0.
a a 2 af

B

The differential operator acting on £2; satisfies the strong maximum principle, there-
fore £2; = const. This implies L£3, — (£2;)*> = 0 and £33 = ¢; for all B. Next
consider

7
vea in = —5vea (en - eﬁ')

7

1

= 75 (whea)er ~ wh(ealer)
1
= =5 (Cager + Larer)

1
= —5lapes

= ——ci€q.

2

Now on N C C* we have, if z denotes the coordinate vector of C*,

2 2 1
Vec. (Z + aX2n) =eq4 + a—(—i)clea

This implies, since also Ve, (z + 2 X3,) =0, and the curvature of C* vanishes, that
on N

2
0= V[ea,ea](z + aX2n)

2
= V&"([ea,ea])Xn (z 4+ -c-;in)
1 2
= —Wgaavxn (z + ‘C'IXQn)
Therefore, since £,5 # 0, we conclude that (z+ %X on) vanishes identically on N, and
for any v € TN, v - |2|> = 2Re(z,v) = —2%(X2n,v) = 0 which implies that |2z|? = c3
on N. Therefore N is a metric sphere. O
REMARK. The assumption that H'°N is parallel in (F*T*°M,M V) is equivalent
to £z = 0 on the hypersurface. Since

Vi, Xa = 5 (64(Ve (en + en)er + 6 (Ve, (en +en))e

= 5 (whten)er +whlener)

7
=57 (nzer — Lener)

we see that the condidtion £,, = 0 implies that the integral curves of the vertical line
bundle are geodesics of V. This, together with the condition £,3 = 0, implies that the
second fundamental form for the underlying Riemannian metric, as related in 1.4, has
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the form A®l,;® A. Here we refer to the real basis X, ..., Xpn—1, Xn, Xnt1, -, Xon—1
that corresponds to the frame e, as in 1.2 and in which ¢,5 is diagonal, and A
is the (n-1)x(n-1) matrix with the coefficients ko3 as in 1.4. The assumption of
strict pseudoconvexity says that A is positive definite, and constant horizontal mean
curvature says that the trace of A is constant in this setting. We have no assumption
on the real coefficient £,,,.

[AG]
[BFG]
(Chci)
[cMm]
[HK]
oy
[32]
K]
[KN]
[Ku]
(O]

8]

[YK]
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