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EXISTENCE AND UNIQUENESS OF
MINIMAL GRAPHS IN HYPERBOLIC SPACE"

RICARDO SA EARP! AND ERIC TOUBIANA!

Abstract. In this paper we prove general existence and uniqueness theorems for minimal ver-
tical graphs in hyperbolic space.

Introduction. In this paper we shall prove general existence and uniqueness
results for vertical minimal graphs in the hyperbolic space H?® = {(z1,z2,73) €
R3, z3 > 0} over bounded and unbounded domains in dcH? (see Eq. 1-1). We
solve the Dirichlet problem for the minimal equation (Problem (P) in §1) in two vari-
ables 1, T2 over bounded C° convex domains, given arbitrary non negative continuous
boundary value data (see Theorem 2.3). If the boundary data and the domain are
smooth enough an analogous result also holds in every dimension (See Theorem 2.2).

The main result of this paper is the derivation of the Perron process for the
minimal vertical equation in the upper halfspace model of hyperbolic three space (see
Problem (P) in §1). More precisely, we shall infer that existence of a supersolution
yields a solution for the Dirichlet Problem (P). When the boundary 89 is C° convex at
p, or the boundary data f vanish at p, and p has a barrier (see Definition 1.6) then the
solution given by Perron process is continuous up to p and takes the given boundary
data at p. In particular, in any convex arc I' C 89 such a solution is continuous up
to I'. Moreover, if p has a barrier and f > o > 0 then the solution given by Perron
process is continuous up to the boundary and takes the prescribed boundary value
f at p (see Theorem 3.4). We shall infer by Perron process, several existence and
uniqueness results for minimal complete and non complete graphs over C° unbounded
convex and non convex domains, namely complete minimal graphs, invariant by a
given 1-parameter group of hyperbolic or parabolic isometries of H3 (see Propositions
3.9 and 3.12). We shall also infer from Perron process the existence of the Dirichlet
problem for the minimal vertical equation over a band, given arbitrary non negative
continuous boundary data (see Theorem 4.1). Theoretically, this result can be viewed
as an example of application of Perron process. For a convex unbounded domain in
a band Q, we shall prove the following uniqueness result: if the prescribed boundary
data f is bounded, non negative and uniformly continuous then the Dirichlet problem
for the minimal vertical equation admits at most one solution. Moreover, any such
a solution is bounded and uniformly continuous. In fact this result holds in higher
dimensions (see Corollary 1.11 and Remark 1.9). From Perron process we shall deduce
a maximum principle for domains in a proper sector (see Theorem 4.3) that gives rise
to an existence result for the Dirichlet problem (P) over convex domains in a proper
sector (see Theorem 4.5 and Remark 4.7). Next, we explain the main tools.

Throughout this paper, we use L. Simon interior estimates for mean curvature
type equations in two variables as a major tool, see [Si], together with the control at
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the boundary that we have succeeded (see Theorem 1.7) to establish the mentioned
Perron process, see §3, for the minimal vertical equation, Eq. 1-1. Of course, we also
make use of the geometry of hyperbolic space to get some useful boundary and interior
a priori estimates.

There are earlier results related to this article that we now mention. Firstly, we
must note the pioneer work of Anderson about existence results for complete minimal
varieties in hyperbolic space with preassigned asymptotic boundary, see for instance
[An, 1] and [An, 2]. In [An, 1], Anderson solved for a C? bounded mean convex domain
2 in R™, n > 2, the Dirichlet problem for the minimal vertical equation (Problem
(P)) with zero boundary data. Secondly, it is worth mentioning that Lin in [Li, 1] gave
a short proof of Anderson’s existence result cited above using PDE methods. He also
proved in the same paper uniqueness, and he achieved his main result about regularity
of the solution up to the boundary; that is, if the boundary A2 is smooth then the
graph is smooth as 9 up to the boundary. In [Li, 2] Lin studied the asymptotic
behavior of area-minimizing locally rectifiable currents in hyperbolic space. Recently,
the authors have carried out an existence result about minimal vertical graphs over
an annular domain, see [SE-To, 1].

Now, by way of conclusion, we are going to state two open questions arising from
this work. An interesting question is related to the maximum principle at infinity for
minimal surfaces in Euclidean space inferred by Langevin and Rosenberg in [La-Ro],
Meeks and Rosenberg in [Me-Ro] and Soret in [So]. Is it true that if M; and M are two
minimal vertical graphs over an unbounded domain € such that dist(dM;, M3) > 0
and dist(0M>, M;) > 0 then dist(Ms, M;) > 0?7

Bers showed that the classical minimal surface equation in Euclidean space cannot
have an isolated singularity (see [Be]). It is not difficult to show that if u is a solution
of the minimal vertical equation (Eq. 1-1) over a puncture disk then u is bounded from
above (on a possible smaller puncture disk) by a positive constant b and bounded from
bellow by a positive constant a. The proof of this assertion uses minimal hyperbolic
catenoids as suitable barriers. Thus one can naturally ask if u extends smoothly to
the puncture ?

1. Basic results. In this section we give some technical tools and we prove
some basic results that we shall need throughout this paper. We choose the half-space
model of hyperbolic space. Namely

H"! = {(21,...,Zn41) € R™M, 24y > 0}
equipped with the hyperbolic metric

ds? — dz? +...dz2
x2 ’
n+1
We are concerned with positive C? functions u defined on domains
Q of R™ = {zp4y1 = 0} (considered as asymptotic boundary of H**1) whose
graph S = {(z1,...,Zn,u(z1,...,Zn)), (Z1,...,Tn) € N} is a minimal hypersurface
of H?*1. We say that S is a vertical graph. That is, we consider C? functions u on
satisfying the following strictly elliptic quasilinear PDE:

= UiU; n
(Eq.l-l) D(’U,) = 2 (51 - m) Uij + ; =0
,j=1

in . We will allow that u takes zero value boundary data on a part of 9. Notice



MINIMAL GRAPHS IN HYPERBOLIC SPACE 671

that D(u) — ™ _ 0 is the minimal hypersurface equation in euclidean space R,
u

THEOREM 1.1. Let & C R" be a bounded domain such that 90 € C?%2. Let
¢ € C**(Q) and let Q be a quasilinear strictly elliptic operator in Q. Consider the
Dirichlet problem

(*) Qu=0 inQ andu=¢ ondQ.
Fort € [0,1] consider the family of Dirichlet problems:

Qwu = a;j(z,u, Du)Diju + b(z,u, Du,t) =0, in Q
u=tp on N

satisfying:
() Q1 =Q and b(z,u,Du,0) =0;

(#) The operators Q; are strictly elliptic on Q for all t € [0,1];

(ié) The coefficients a;; € C1 (2 x R x R"), b € C*(Q x R x R") for each t and
considering as mapping from [0,1] into C*(Q x R x R™), the function b is continuous.
Suppose there exists a constant A such that for each t and for each C**(Q) solution
u of the Dirichlet problem Qiu =0 in Q and v =td on 0N, 0 < t <1, we have :

lulerv@y = sgp lul + sgp |Du| < A,

(A independent of u and t). Then the Dirichlet problem (%) is solvable in C><(Q).

The above existence theorem is a consequence of Schauder theory and the global
Holder estimate of Ladyzhensaya and Ural’tseva, see [Gi-Tr, Theorem 13.7], and [Gi-
Tr, Theorem 11.8].

The next Lemma is an adaptation of a result of L. Simon, see [Si, Theorem 2”].

LEMMA 1.2. Let Q C R? be a domain and let u : Q —]0,+o0[ be a C? solution
of (Eq. 1-1) (that is the graph of u is a minimal surface in H3). Let p € Q. Then
there exists p > 0 such that D,(p) C Q2 (where D,(p) is the euclidean open disk of
radius p centered at p), and there exist two real constants ¢y, ca depending only of p
and infp, () u(z) such that:

u

(¥ IDu)] < & explea 2.
Consequently for each compact part K C Q there ezists a real number M > 0 depending
only of inf i (u) and supg (u) such that:

|Du(p)| < M
for each p € K.

Proof. We are going to use results and notations of L. Simon [Si]. The function u
satisfies (Eq.1-1) on Q. For any point (z,2,p) € @ x R x R?, we define a;j(z, 2,p) =
0i;; —pipj/(L+p? +p3), 4,5 =1, 2. Let § > 0 be such as the conditions (3.2) of [Si]
are satisfied where the functions aj; are defined by (2.1) of [Si]. Note that they are
the same functions which appear in the equation of minimal surface of R3. Let p € Q
and let r > 0 such that D.(p) C Q. Let a = infp_(,) u(z), observe that a > 0. Let
h:R — R* be any C* positive function such that:

(1) h(z) = % for any z > a,
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(2) ' <0,
() h< 2.
Then u satisfies on D,(p) the PDE
1+ud 14}
(#%) =z U1l — Gate u12 + ! sU22 = —2h(u) = b(z,u, Du).

1+ u? + vl 1+u? 4+ ud 1+ u? +u

Now b(z, z,p) is a C? function on D,.(p) x R x R? and we can apply Theorem 2" of
[Si]. For this observe that setting b* = (1 + |p|2)~'/2b, the condition (3.10) of [Si] is
6 *
satisfied provide that 2h(u) < - (since ' < 0 and e 0, j =1, 2). Then for any

J
positive p < r such that % < %, Theorem 2" of [Si] shows the existence of constants
c1 and c; such that (*) holds. Note that the condition (1.3) of [Si] holds on D,(p)
with p = ;‘i—. The other assertion follows immediately. 0

THEOREM 1.3. (Compactness theorem) Let 0 C R? be a domain and let
(un)nen be a sequence of C? functions on Q satisfying (Eq. 1-1). Suppose that for
each compact part K C §2, there exist two positive real numbers a, b (depending only
of K) such that 0 < a < un(z) < b for every z € K and every n.

Then there exists a subsequence of (u,) converging on K, in the C? topology, to
a C? function u satisfying (Eq.1-1) on K. Consequently there ezists a subsequence of
(un) converging on 2, in the C? topology, to a C? function u satisfying (Eq.1-1) on
Q.

Proof. Let K C Q be a compact part. We infer from Lemma 1.2 the existence of
a real number M > 0 such that

|Dun(z)| < M

for every z € K and every n. Then using interior Holder estimate of Ladyzhenskaya
and Ural’tseva, see Theorem 13.1 of [Gi-Tr], we get uniform C! estimate for the
sequence u, on K. At last, using Schauder theory ([Gi-Tr] Corollary 6.3) we have
uniform C?® estimate on K. Therefore the sequence u, with their first and second
derivatives on K give rise to a normal family. Then there exists a subsequence con-
verging on K to a C? function in the C? topology. By a continuity argument, this
function satisfies (Eq.1-1). Considering a compact exhaustion of Q and using the stan-
dard diagonal process, we infer the existence of a subsequence converging on {2 in the
C? topology to a solution of (Eq.1-1). o

Now we write down the well-known Mazimum Principle.

PROPOSITION 1.4. (Maximum Principle) Let @ C R"™ be a bounded domain.
Let u, v € C%(2) N C°(Q) be two positive functions. Assume that ujpq < vjsa and
that D(u) > D(v) on Q.

(¢) Interior Maximum Principle: Then we have u < v on Q and equality occurs
at an interior point if and only if u = v.

(i) Boundary Maximum Principle: Let p € 0N be such that u(p) = v(p). Suppose
that p lies on the boundary of a round ball contained in Q. Assume that the outward
—uay v) exists at p. Then we have

M(p)>0

—v
ov

dertvative
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unless u = v on Q.
Proof. We will proceed the proof for the sake of completeness. A straightforward
computation shows that:

(14| Du|)D(u) - (1 + |Dv|>)D(v) = Z 15 (1 + | Dul?) — wiuj] (uij — vij)

i,j=1

+Z (Uk+vk)(%+z6ijvij)—Z(ui+vi)Uik (Uk—vk)—M(U—v)-
k=1

uv
ij=1 i=1

We define a linear operator £ setting:

n

L(f) = Z [6:5(1 + | Dul®) — wiug] fij

1,j=1

+Z (up +'Uk) + Z 8ijvij) — Z w; + vi)var, | fr —

2,j=1 =1

n(1 + |Dul?) f
uv

for every C? positive function f on Q. Let us observe that £ is an uniformly elliptic
linear operator of the following form: 3=, - a;;(%)Di; f + 3, bk (2) Dy f + h(z) f where
h(z) <0 on Q. It follows that L satisfies the Maximum Principle as stated in [Pr-We,
Theorem 6 p.64]. As L(u—v) > 0 on 2 and ujs0 —vjsq < 0 we conclude that v —v < 0
on ) with equality at an interior point if and only if u = v. This shows the Interior
Maximum Principle.
Furthermore observe that in the conditions of () we can apply Theorem 8, p. 67
in [Pr-We] to infer the Boundary Maximum Principle. O

REMARK 1.5. 1) In the same way, differentiating (Eq.1-1) with respect to zq,
we find that u, satisfies an uniformly elliptic linear operator of the following form:
215 0ij (@) Dijuq + 3y be(2) Drug + h(z)u, where h(z) < 0 on 2. We conclude that
|uq| and then |Du| has not an interior maximum. In particular if a solution u of (Eq
1-1) is C! up to the boundary, the maximum of |Dul, if any, is assumed on 9.

2) As a direct consequence we get that, in the same conditions of Proposition 1.4,
if u=wvon 0N and D(u) = D(v) = 0 on 2 then u = v on Q. That is the Dirichlet
problem for vertical minimal graph in H®*! admits at most one solution on bounded
domains.

3) Let @ C R™ be a compact domain. Consider M;, My C H"*! two hypersur-
faces which are graph over Q. Suppose that M is an euclidean minimal hypersurface,
M, is a hyperbolic minimal hypersurface and dM; stays below dMs. Then it imme-
diately follows from the Maximum Principle that M; stays below M, without any
interior contact point. Note that dM; and OM> can have contact.

4) Let @ C R™ be a C? domain and consider two positive C? functions u and
v on 2 satisfying (Eq.1-1) and such that v < v. Let p € 90 be a boundary point
such that u(p) = v(p), u and v are C'-continuous up to p and such that u;(p) = v;(p)
for i = 1,...,n. Then the Boundary Maximum Principle implies that ©« = v on
Q. Geometrically this means the following. Let My, M, C H"*! be two minimal
hypersurfaces with C? boundaries. Assume that M; and M, are C! up to a common
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boundary point p. Suppose that M; and M» are tangent at p, Ms stays above M; in
a neighborhood V' C H"*! of p and the tangent spaces of the two boundaries dM,;
and M, agree at p. Then the two hypersurfaces are equal in a neighborhood V of p.

DEFINITION 1.6. Let 2 C R™ be a domain. Let f : 80 — [0,+oo[ be a
continuous function. Consider the following Dirichlet problem (P):

n
Wy oo T
“Z_:l(& 1+|Du|2)u”+u Oon
(P) o
uoq = f
u € C*(Q)NC°Q)

1) Let p € 09 be a boundary point. Assume first that f(p) > 0. Suppose that
there is an open neighborhood A of p in R™ such that for any M > 0 (resp. n € N*)
there exist a sequence of functions w} (resp. wy) in C2(N N Q) N CON N Q) such
that

(1) wi (@)joarw > f(2) and wf (2)joxng > M

(resp. wf (joarw < f(2) and wf @)janna < T)
(i) D(w) <0 (resp. D(wy ) > 0 in the part where wy > 0) in N'N 9,
(#8) limg—s 400 wi () = F(p) (resp. limg— 400 wj (P) = f(p))-
If f(p) = 0 we substitute w;, () for the vanishing function on N.
Then we say that p admits a superior (resp. inferior) barrier for the problem
(P). If p admits a superior and an inferior barrier we say more shortly that p admits
a barrier.

2) Let u : = R+ be a solution of the problem (P), u € C%(Q) N C°(Q). We
say that u has a modulus of continuity along 0N if for every £ > 0, there is § > 0 such
that if [p— z| < 8, p € 00, z € Q, then |u(p) — u(z)| < e.

THEOREM 1.7. Let Q C R? be a C° conver domain in a band (a band is a domain
bounded by two parallel straight lines of R2). Let f be a non negative and bounded
function on 00. Then there exist a real number B > 0 such that 0 < u < B on § for
any solution of the problem (P). Furthermore, if f is also uniformly continuous, then
any solution of (P) has a modulus of continuity along 0.

Proof. Let A > 0 be an upper bound for f. Consider a hyperbolic catenoid C in
H? such that 8,,C (which is composed of two circles) has a component on each side
of the band in R2. Up to a homothety with respect to a point of o H® = R2?, which
is a hyperbolic isometry, we can assume that the height of C' above the boundary of
the band is greatest than A. Therefore C is above the graph of f along 9. Observe
that if v is a C? function satisfying D(v) = 0, then D(v + a) < 0 for any a > 0. By
the Maximum Principle (Proposition 1.4), using euclidean vertical translations on C,
we deduce that C is above the graph of any solution of (P). Using the horizontal
translations parallel to the band (they are hyperbolic isometries), we conclude that
each translated of C is above the graph of any solution of (P). Therefore there exists
a real number B > 0 such that u < B for any solution of (P). Next we will construct
a barrier at any point of 00 using a construction done in [Ro-SE].

Let p € 09 and let L be any straight line through p keeping € on one side of L.
Let ¢ > 0 and let &y > 0 be such that |f(p) — f(q)| < /3 if |p — q| < do, p, g € ON.
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Define

€ log(1+ |p — z|?)
= - +2B——
wle) = fp) + 3 + log(1 + o)
We have f < ¢ on 09 and | Dy|, | D?¢| are bounded where |D?¢| = 3= sup,, | Dijp(x)|-
2Bb _
Define d(z) = d(z,L) and v(z) = ¥(d(z)) = %log(l + & =1 i(z)) where 3 € 0
1
and b and 6; are two positive real numbers to be defined later. In order to evaluate
D(p+v) weset A= A(z) =1+ |Dy+ Dv|? and a;j(z) = 6;;A — D;(p +v)Dj(p +v).
Note that for any vector £ = (£1,&) and for any C? function h we have:

62 <Y ai&g; < AlE?, and Y ai;Dizh < A|D?H|.

i, 4,3

Define F = Eij a;jDivDjv. As ¢ is C' bounded and C? bounded there is a, 8 > 1

"

such that A < aF and A|D2?yp| < BF whenever |Dv| > 1. Observe that WE = —b,
D;v =%'(d)D;d and D;jv = 4" (d)D;dD;d since D;;jd = 0. From this we infer that

2
- . g () D0+ ——
AD(p +v) Ei,j:a,(m)Duv+ §M aij(z)Dijo + " p
S Y DwD;v+ A% + 2A
< .aij(x)w swDjv + A|D <P|+g

i!]

< (b4 B+ 2)F

whenever |Dv| > 1. Now we choose b and é; such that

M b>p+8>1

(2) 51b2623b < e2Bb -1
We define N = {z € Q,d(z) < 61} where §; is sufficiently small. With those choices
we have that |Dv| = ¢'|Dd| > 1 on N since |Dd| = 1 (we have used (1) and (2)).
Clearly, taking into account (1), we deduce D(¢ +v) < 0 on N.

Let u be any solution of the problem (P). We get u < ¢ + v on N NN (since
v(61) = 2B) and on N N 8N we have also u < ¢ + v because u = f on 9Q. By the
Maximum Principle we deduce that u < ¢ +v on N N Q.

Now choose § < dg, 1, & > 0, such that:

log(1 —z|?
og(1 +Ip—af?) _

> £
ogl+d) <3 mdh@I<3g

whenever |p — z| < §. Then we get u(z) — u(p) < € whenever |p — z| <.
Consider the function ¢(z) = f(p)—£ —ZBM on NNQ. Let U be a

3 log(1 + do) '
connected component of N'NQ where ¢ —v > 0. Let a > 0 be such that |D?@(z)| < a
for any = € R2. Now set &;;(z) = 6;;(1 + |D@ — Dv|?) — D;(¢ — v)Dj(® —v). On U
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we have:

_ _ - . . 2(1+|D@ — Dvl|?
(1+1Dg — Do’)D(p —v) = = Y _ @i;Dijv + Y ai; Dijp + Sl &
i1j .1j

p—v
. . _, 2(1+|Dg - DvP?)
= bZaijDiijv +ZaijDij(P+ v
%,J 2y
> bz &ijDi’U.Dj’U + z acij-Dij()5
1,4 1%

> b|Dv[* - |D?*¢|(1 + | D@ — Dvf?)
> b|Dv|? — a(1 + |D@ — Dvl|?)

> b|Dv|? — a(2|Dg|* + 2|Dv|* + 1)
> (b — 2a)|Dv|? — a(1 + 2|D@|?).

As |Dg| is bounded (on R2?), and |Dv| > 1 on N we will have D(¢ — v) > 0 if we
choose b big enough in (1). Therefore the Maximum Principle shows that ¢ — v < u
on U for any solution of (P). Thus ¢ —v < u on N'NQ for any solution u. Therefore
for any solution u and for any p € 89, and any = € Q such that |p — x| < § we have:

lu(z) —u(p)| < e
and this shows the modulus of continuity as desired. 0

COROLLARY 1.8. Consider problem (P) where Q C R? is a convex domain in
a band and f is bounded, uniformly continuous and non negative on 6Q. Then any
solution of (P) is uniformly continuous on (2.

Proof. Let ¢ > 0, then Theorem 1.7 shows the existence of § > 0 such that
|u(p) —u(z)| < € for any solution u of (P), any p € 8 and = € Q such that |z —p| < 4.
On the other hand for any a > 0 the Lemma 1.2 shows that |Du| is bounded on
Qo = {z € Q,d(z,00) > o} (as u is bounded on 2, see Theorem 1.7). This implies
that « is uniformly continuous on Q, for any a > 0. Therefore, u is uniformly
continuous on . - 0O

REMARK 1.9. 1) Let us consider again problem (P) for any domain Q! C R2. Let
p € 69 and suppose that OQ is C° convex at p (that is, there exists a straight line L
through p, L C R?%, such that L N Q = 0). Then the proof of Theorem 1.7 shows that
p admits a barrier.

2) In fact the Theorem 1.7 holds for any dimension. More precisely consider any
convex domain of R™ contained in a slab (that is a domain bounded by two parallel
hyperplanes of R™). Then if f is bounded and uniformly continuous it follows that
any solution of (P) admits a modulus of continuity. The proof is the same, working
with n-dimensional hyperbolic catenoids. Also if we just assume that 09 is locally
convex at p € 91) then the proof of Theorem 1.7 shows the existence of a barrier at p.

3) Theorem 1.7 does not hold for domain in a proper sector. We will see in
the Appendix (Proposition A.1) that there exists a (unique) minimal graph over any
proper sector taking zero value boundary data. Moreover, this graph is invariant under
homotheties with respect to the vertex of the sector. We deduce that this graph is
neither bounded nor uniformly continuous.
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Now we state a straightforward generalization of a Phragmen-Lindelof type the-
orem as founded in 6.1 of [Ro-SE]. The unique difference comparing with [Ro-SE] is
that our operator has a term in the form ”h(z)u” where h < 0. Since the proof there
applies with minor modifications we will omit it here.

LEMMA 1.10. Let 2 C R" be a domain in a slab. Let L(u) = },; aij(z)Diju +
>k be(z)Dru + h(x)u be a linear elliptic operator on Q with h < 0.

Let w € C°() N C?(N) be a function such that:

(1) L(w) >0 on Q.

(2) For each 6 > 0, § sufficiently small, L is uniformly elliptic on

Qs = {z € N, d(z,00) > 8}, and the coefficients of L are uniformly bounded

on Qa.

(3) w has a modulus of continuity along 692.
Then if w < A on 02 and w < B on Q it follows that w < A on .

COROLLARY 1.11. Let Q C R"™ be a conver domain in a slab and let f be a
bounded function on 09, non negative and uniformly continuous. Then problem (P)
admits at most one solution.

Proof. Let u and v be two solutions of (P). Observe that u and v are uniformly
bounded, see Theorem 1.7. The Theorem 1.7 also shows that v and v have a modulus
of continuity. It follows that the function w = u — v has also a modulus of continuity.
Furthermore we have L(w) = 0 where £ is the operator defined in the proof of the
Proposition 1.4. Note that £ and w satisfy the hypothesis of Lemma 1.10 with A = 0.
It follows that w = u — v < 0 on . Setting now w = v — u and using the same
argument we get that u = v on 2. O

REMARK 1.12. Observe that Theorem 1.7 and Corollary 1.8 and 1.11 hold in the
case where () is a proper band. In fact they also hold for more general domains.
Namely we can consider domains  C R? such that outside a compact part K C R?,
1 — K is a finite union of convex domains in a band.

2. Existence and uniqueness of graphs over convex bounded domains.

DEFINITION 2.1. Let £ C R™ be a bounded domain such that 6Q is C2. We
say that Q is strictly convez if for every p € 09 all the principal curvatures of 99 at
p (with respect to the inward normal orientation) are positive.

THEOREM 2.2. Let Q C R™ be a bounded strictly conver domain where 0 is
C? for some real number o €]0,1[. Let f : 8Q —]0, +oo[ be a C** function. Then,
problem (P) is uniquely solvable. More precisely there exists an unique positive func-
tion u € C?*(Q) satisfying (Eq. 1-1) and such that ujpq = f.

Proof. Observe that the Remark 1.5 shows the uniqueness of solutions, if any.
Hence it suffices to prove the existence part in the statement. Let a = infsq f(p), we
have a > 0. Let h : R — R be a C! function such that:

(1) h(z) = for z > 0,
(2) <0
3) h< f—l
We wish to use Theorem 1.1, for that we define the following family of Dirichlet

z2+a
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problems, parametrized by ¢ € [0, 1]:

i Viv;
(P) Z (6ij b m.DiW)vij + tnh(v) =0on{
i 1,j=1

vjs = t(f — a)

As f admits an euclidean minimal extension (see [Je-Se]) we can suppose that
f € C?>*(Q0). Note that for any ¢ € [0, 1], the euclidean mean curvature (with respect
to the upward normal orientation) of the graph of any solution v; of (P;) is negative.
It follows that for any ¢t € [0,1], any solution v; attains its minimum value at the
boundary and then it is non negative. Note that this also follows from the Maximum
Principle (Proposition 1.4). Therefore any solution v; for any ¢ satisfies:

n
v;0; n
0 — ———de Vs A f—— = 0
z§=:l( “ 1+|Dv|2)v”+ v+a 0on
viga = t(f —a)

Hence, for ¢t = 1 and for any solution v of (P;) the function v = v + a is a solution of
the problem (P). Then to find a C%*(Q) solution of (P) it suffices to find a C>*(0)
solution of the problem (P;). To accomplish this note that the family (P;) satisfies the
hypothesis of Theorem 1.1. It follows that to solve (P;) (and then to prove Theorem
2.1) it suffices to get a real number A > 0 such that

supv; +sup |Dw| < A
Q Q

for every t € [0, 1] and every C%%(Q0) solution v; of (P;). Observe that for each ¢ and

any solution v; of (P;) we have D(v; +a) = (1 — t)v T_:_a > 0. Observe also that the
t

graph of a + t(f — a) on 0N stays below the graph of f. Consider now any totally
geodesic hyperplane (more shortly geodesic hyperplane) IT of H*+! which stays above
the graph of f. Namely II is a hemisphere orthogonal to R™® = §,,H™*! above the
graph of f (which is compact). Using the Maximum Principle, we deduce that for
every t the graph of v; + a stays below II for any C**(Q) solution of (P;). Then using
IT we get a real number B > 0 such that v; < B for every C>%(Q2) solution v; of (P;)
and every t € [0,1].

Now we look for C! apriori estimates. First, note that vyaq is C' uniformly
bounded. Moreover, observe that the same argument as used at Remark 1.5 shows
that for each ¢ € [0,1] and every solution v; of (P;), the maximum of |Dv;| is achieved
at the boundary of Q. Therefore it suffices to give uniform C! estimates on the
boundary. We begin to give (uniform) lower C' boundary estimates. Let C* be the
(half) vertical cylinder over Q. That is we set: C+ = 9Q x [0, +oo[C H™*1. Let us
call T'; the graph of the function ¢(f — a) + @ on 8. Observe that each I'; is a C?
hypersurface of C*. Moreover each I'; is contained in the following compact part of
H™1: Ot N{a £ zny1 < supsq f1-

Now consider a point p € I';. Let P be the euclidean tangent hyperplane of ¢+
at p. Let L, be the codimension 2 euclidean plane through p, tangent to I';. For
any 0 < 0, let us define Py to be the hyperplane P rotated by 6 with respect to L.
That is, we require that Py N C* stays below the euclidean hyperplane orthogonal to
Ct at p containing L, and the angle between Py and the vertical hyperplane P is 6.
Observe that when § = 0 we have Py = P and C* N P is the vertical line through p.
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Clearly when |6)| is small enough C* N Py is a hypersurface of C* which is a vertical
graph, over a part of 9, staying below I';. Now as all the hypersurfaces Iy, ¢ € [0,1]
are uniformly bounded up to the C? topology, and they stay in a compact part of
H"™*!, there exists an uniform 6 < 0 such that for each ¢ € [0,1] and each p € T'; we
have that Ct N P, stays below I'; and (CT N Py) NT; = {p}. Now we show that for
any t € [0,1], for any solution v; of (P) and any point p € Iy, the graph of v; + a
stays above the compact part of Py bounded by C+. Then this will give a lower C*
estimate of vy at p, independent of p, ¢ and v;. Indeed, choose ¢, I'; and p € T; as
above and call u¢ , the C? function on Q such that its graph is precisely the euclidean
hyperplane Py. Observe that we have (v: + a)jaq > (ut,p)|joq- Suppose it is not true
that u;, < v¢ + a. Then there exists a real number b > 0 such that us, < v +a+b
with equality occuring at an interior point of 2. But this gives a contradiction with
the Maximum Principle since on the part of {2 where u;, > 0 we have:
n n(l-t)
D(usp) = w, > wiatb - D(v; +a+b).

Now we look for upper C* apriori boundary estimates. We begin as before but
now we consider the positive rotated hyperplanes P,, a > 0. That is P, N C* stays
above I';. The same argument shows there exists ¢ > 0 such that the latter is true
for each ¢t € [0,1], for every solution v; of (P;) and each p € I';. Unfortunately,
we cannot apply the Maximum Principe to conclude the proof (because there is no
contradiction to the fact that P, stays over the graph of v; + a with a tangent point
of contact). But observe that this situation is not possible substituting (euclidean)
hyperplanes by (hyperbolic) geodesic hyperplanes. Observe also that if & > 0 is
small enough, the euclidean hyperplane P, is almost vertical. Therefore, the (unique)
geodesic hyperplane S, of H**! through p € T; tangent at P, is C? close to P, in
a compact part of H**!. Now choose a compact part K of H"*! including in its
interior the set C*t N {a < Tp41 < supgg f}. That is S, N CT is C? close of P, N Ct
in K. We infer that if & > 0 is small enough each intersection S, N C* stays over
T, for each ¢ € [0, 1], each solution v; of (P;) and each p € I';. Using the Maximum
Principle as in the proof of the lower C*! apriori estimates, we get that the graph of
S, over §) stays over the graph of v; + a, with intersection at the boundary point p.
This gives upper C* boundary estimates and concludes the proof. O

THEOREM 2.3. Let @ C R? be a compact C° convex domain and let f : 99 —
[0, +00[ be a continuous function. Then problem (P) admits an unique solution.

Proof. When f = 0 the result follows from Theorems 3-4. We will proceed the
proof for f # 0. In view of Remark 1.5 it suffices to prove the existence of a solution.
Let F : Q — [0,400[ be the (unique) euclidean minimal extension of f over Q. Note
that the usual maximum principle for minimal surface of R® shows that F(z) > 0 (as
Flaq = f > 0) for any = € Q. This can be shown also using the Maximum Principle
in Proposition 1.4. Consider now a compact exhaustion (K,), n € N, of  such that
for each n, K, C Q is a compact part of 2, homeomorphic to a closed disk, and
0K, is a C? strictly convex Jordan curve. Let us call u, : K, —]0,+oo[ the unique
hyperbolic minimal extension of Fisk, given by the Theorem 2.2. Hence D(u,) = 0in
Int(K,) and u, = F on JK,. Moreover the Maximum Principle shows that u, > F
on Int(K,) for each n. Let II be any geodesic plane above the graph of f on 9.
Namely II is a half-sphere orthogonal to 8,,H® = R? containing the graph of f in its
interior”. Now choose K, where ng € N is a fixed integer and consider the functions



680 R. SA EARP AND E. TOUBIANA

up for n > no. The above observations show the existence of two positive numbers
a, b such that 0 < @ < u, < b on K, for any n > ny. The Compactness Theorem
1.3 gives rise to a subsequence of (u,) converging in the C2-topology to a positive C2
function u on (2 satisfying (Eq. 1-1). By abuse of notation we continue to call (u,)
this subsequence. It remains to prove that  is continuous in £ and ujp0 = f.

Observe that by construction we have F' < u on . Furthermore, the graph of
u stays below the geodesic plane II as this is true for each u,. Let B > 0 be the
maximum height of II, then u < B on . For each n let U, : & — [0, 400[ be the
continuous function defined by

U un(z) for z €K,
n(@) = F(z) for z€Q-K,.

Clearly U,, converges to u on ). Let p € 912 be any fixed point, as 9 is convex
p admits a superior barrier, see Remark 1.9. Therefore there exists an open neigh-
borhood N of p in R? and a sequence of functions wj in CZ(N' NN) N CON NQ)
satisfying conditions (i), (¢¢) and (ii%) of Definition 1.6, where M is substituted by B.
The Maximum Principle implies that w{” > F on (M NQ)) for each k. This proves
that wf > Un on N N OK, for each k and n. Observe also that wi > B > U,
on N N K,. The latter and the Maximum Principle yield w} > U, on (NN K,,).
Finally we get wi > U, on (W NQ) for any k and n. Let any z € N N, we have
F(z) < u(z) < wf(z) and then F(z) — f(p) < u(z) — f(p) < w{ (z) - f(p). When
z converges to p and £ — 400 we get that u(z) converges to f(p). That is u is
continuous up to p and u(p) = f(p). g

The next result shows that the vertical graphs constructed in Theorem 2.3 are
unique in the class of minimal surface with the same boundary.

THEOREM 2.4. Let  C R™ be a strictly C? convex domain and let M C H™*! be
a compact (hyperbolic) minimal hypersurface continuous up to the boundary. Suppose
that ' = OM is a continuous vertical graph over 02. Then the whole hypersurface M
is a C? wvertical graph over Q. Furthermore M is the unique connected and compact
immersed minimal hypersurface whose boundary is I'. The same statement hold when
n =2 and 0N is only supposed to be a C° convex domain.

Proof. Let CT = 00x]0,+oo[C H™*! be the (half) cylinder over Q. Then
I'=0M C C* and by the Maximum Principle the whole hypersurface M stays inside
the solid cylinder bounded by C*, that is in 2x]0,+o0o[. To see this observe that
the vertical (euclidean) hyperplanes are geodesic hyperplanes, and then are minimal
hypersurfaces of H**!. For the same reason, M cannot have any interior point on the
cylinder Ct. Let z €  be any point. Consider the A-homotheties, hy, with respect
to x, with A > 0 and recall that they are hyperbolic isometries. More precisely we
have hy(X) = M(X —z) +z for any X € H"*1. As 90 is strictly convex, I is a radial
graph with respect to z, that is hy(I') NT' = @ for any positive A # 1. We have also
that hy(I') N M = @ for any A > 1 since M stays in the convex closure of C'*t.

Suppose now that M is not a radial graph with respect to z. Hence, there exists
A > 1such that hy(M)NM # 0. But the last implies the existence of A\g > A such that
hx, (M) and M are tangent at some interior point and hy,(M) stays "above” M in
the sense of radial graph (with respect to ). Now the Maximum Principle applies to
induce that hy,(M) = M which is absurd since Ao > 1 and then hy,(0M) NOM = .
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Therefore we conclude that the whole hypersurface is a radial graph with respect to x.
In particular, the intersection between M and the vertical line through z is reduced
to a single point. Since the previous argument holds for any = € (2, we deduce that
M is a vertical graph over Q. It remains to prove that this vertical graph is C2.
That is M no has interior point with vertical tangent space. Suppose there exists
an interior point X € M such that the tangent space of M at X is vertical. Let us
call z € Q the orthogonal projection of X on R™ = d,H"*!. We know that M is a
radial graph with respect to . Consider the following family II;, ¢ > 0, of geodesic
hyperplanes of H": for each ¢t > 0, II; is the hemisphere centered to z with (euclidean)
radius . When ¢ is big enough II; no has intersection with M and M stays below
II;. When t decreases to 0 we get a first contact point between M and a hemisphere
II;,. Now we use the Alexandrov reflection to conclude. Namely for ¢ < tp, we call
M;" the part of M being above II; and M, the part being below II;. Furthermore we
call My the reflected of M;" with respect to II;. Recall that reflections with respect
to hemispheres orthogonal to 0.oH™ are hyperbolic isometries. Hence M} is again
a hyperbolic minimal hypersurface. As M is a radial graph (with respect to z) the
intersection between M; and M;* only occurs on their common boundary, that is on
II;. It follows from the boundary Maximum Principle (see Remark 1.5 (4)) that M,
and M} cannot be tangent on their common boundary. But when we choose II; to be
the hemisphere containing X we get:

X € OM; NOM;, My 0 M; = dM; = OM;.

Furthermore the tangent spaces of M; and M} at X are the same since the tangent
space of M at X is vertical. We deduce from the boundary Maximum Principle that
M = M}, that is M is symmetric with respect to II;. But this is absurd since OM
is not symmetric.

The uniqueness of M comes from the uniqueness of vertical graph with fixed
continuous boundary data, see the Remark 1.5.

Clearly the whole construction is valid when n = 2 and 02 is only supposed C°
convex. 0

REMARK 2.5. Note that Theorems 2.3 and 2.4 do not hold any longer if 2 is
neither convex neither connected. Indeed, consider two positive real numbers 0 <
r <1< R. Let U C H3 be the region delimited by the two hemispheres (geodesic
hyperplanes) centered at 0 whose radius is respectively r and R. It is known that for
r, R properly chosen, the region U contains a family F of hyperbolic catenoids whose
axis of rotation is the vertical axis {z; = z2 = 0}. Furthermore each catenoid of this
family is symmetric with respect to the hemisphere II centered at 0 whose radius is 1.
For every point P € II, P # (0,0, 1), there is a catenoid of F intersecting orthogonally
IT at P.

Now we choose Q C R? = 0,H? to be an annular domain bounded by two circles
centered at 0 with radius r < 711 < 1 <ry < R. If r; and r are closed enough of
1, one of the catenoid of F contains a part S bounded by two horizontal circles, one
of those circles is a graph over the circle of radius r; and the other is a graph over
the circle of radius ro. But S is not a graph, thus Theorem 2.4 does not hold for the
domain 2.

Now we choose 11 < 7 < R < 7. Then the Dirichlet problem (P) with f = 0
has no solution. Indeed, suppose M C H? is a minimal surface, which is a graph
over 2 and such that 8o M = 8. Then by an argument of continuity, we could
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get a catenoid C of F tangent to M and staying below M. But the latter yields a
contradiction with the Maximum Principle. We conclude that Theorem 2.3 does not
hold for the domain (2.

3. Perron process, elliptic, hyperbolic and parabolic surfaces. Now we
describe the Perron process (see [Co-Hi), chapter IV, §4), for minimal surfaces of H®.
The Perron process was applied in the theory of minimal surfaces in R3. See, for
instance, [Je-Se, 1], [Je-Se, 2] and [SE-To, 1].

DEFINITION 3.1. Consider problem (P) where  is any domain of R? and f is
any non negative continuous function on 9.

1) Let u : @ — [0, +o00[ be a continuous function. Let U C Q be a closed round
disk. It follows from Theorem 2.3 that u|sy has an unique minimal extension % on U,

continuous up to JU. We then define the continuous function My (u) on Q by:

u(z) fzeQ-U

My (u)() = {il(x) ifzelU

2) Let u : Q — [0, +00[ be a continuous function. We say that u is a subsolution
(resp. supersolution) of (P) if:
(4) ujan < f (resp. ujpa > f).
(#) For any closed round disk U C Q we have u < My(u) (resp. u > My(u)).

REMARK 3.2. We now give some classical facts about subsolutions and superso-
lutions, see [Co-Hi).

1) It is easily seen that if u is C? on Q2 and if u > 0, the condition (i) in Definition
3.1 is equivalent to D(u) > 0 for subsolution or D(u) < 0 for supersolution.

2) As usual if u and v are two subsolutions (resp. supersolutions) of (P) then
sup(u,v) (resp. inf(u,v)) again is a subsolution (resp. supersolution).

3) Also if u is a subsolution (resp. supersolution) and U C €2 is a closed round
disk then My (u) is again a subsolution (resp. supersolution).

4) Let Q C R? be a bounded domain and let u, v :  — [0, +00[ be two continuous
functions such that My(u) > u and My(v) < v for any closed round disk U C
Q. Suppose that ujsq < vsq, then we have u < v on . Roughly speaking, a
supersolution is greater than a subsolution.

ExXAMPLE 3.3. 1) For any domain Q C R?, if f is any continuous positive function
on 99, then the vanishing function u = 0 on { is a subsolution for (P). Observe that
for every z € § there exists a subsolution u of (P) with u(x) > 0. Indeed let II be any
hemisphere centered at z such that oIl C 2. Then II is the graph of a continuous
function v defined on a closed round disk U C Q. Then set u =v on U and v = 0 on
Q — U. One easily verify that the function u is a subsolution.

2) Choose (2 to be a proper sector of R?. That is a region of R? bounded by two
rays issue from the same point £ € R? and making an angle 6 €]0,n[ at z. In the
Appendix, Proposition A.1, it is shown that there exists a solution uy for problem (P)
where f = 0is the null function. In fact the graph of ug is invariant by any homotheties
hz » with center = and ratio A > 0. More precisely, we have ug(h, x(p)) = A.ug(p) for
any p € Q. We deduce that uy is a supersolution for (P) (with f = 0). In fact, we
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will prove in §4 (Corollary 4.6) that uy is the unique solution of (P).

In the same way let Q2 be a band of R2. Up to an isometry of H3, we can suppose
that Q = {(z,y) € R?, 0 <y < 1}. Consider problem (P) where f = 0 is again the
null function. Also in the Appendix, Proposition A.2, it is proved that problem (P)
has a solution up. Again we deduce that up is a supersolution for (P). In fact the
graph of up is invariant under any horizontal translation fixing the band Q. That is
we have ug(p + (z,0)) = up(p) for any p € Q and any z € R. We will prove that up
is the unique solution of (P) in §4 (see Corollary 4.2).

3) Let © C R? be an unbounded domain in a band. Let f be any non negative
and bounded continuous function on df2. Then using again the hyperbolic catenoids
and the horizontal translations parallel to the band, in the same way as in the proof
of Theorem 1.7, we can show that any solution for the problem (P) is bounded.
Therefore, using a well chosen band B containing , such that the solution up (see
item 2 above) envolves f, that is such that ugjsn > f, we get a supersolution for
problem (P), invariant under any horizontal translations parallel to the band. Namely,
the supersolution is u Bl

4) Now let © C R? be any bounded domain and let f : 8Q — [0, +oo[ be any
continuous function. It is easy to construct a supersolution for problem (P). Indeed,
let C C H? be a hyperbolic catenoid such that its orthogonal projection, Cy, on R2
has a non empty intersection with . Let x € Q be an interior point of Cy. Consider
the homotheties hy ; with respect to z, A > 0. Clearly, for A > 1 big enough, a piece
of hy - (C) is a vertical graph v over a domain containing Q and vjaq > sup(f). That
is, v is a supersolution for (P).

THEOREM 3.4. (Perron process) Let 2 C R? be a domain and let f : 80 —
[0,4+00[ be a continuous fonction. Suppose that problem (P) has a supersolution ¢.
Set Sy = {u, subsolution of (P), u < ¢}. We define for each z € Q

v(z) = sup u(z).
uESy

Then the function v is C* on Q and satisfies (Eq. 1-1).

Furthermore, consider p € 00 and suppose that either one of the following cases
holds:

(i) 89 is C°-convez at p.

(#) p has a barrier and f > a > 0 on 0Q.

(#3) p has a barrier and f(p) = 0.
Then v is continuous up to p and v(p) = f(p). In particular if Q is C° convez, the
function v is continuous up to ON.

Proof. First observe that Sy # 0 since the vanishing function belongs to Sy. By
construction we have v < ¢ on Q. Let u € Sy and let U C Q be a closed round disk.
Note that My(u) € Sp. Indeed we know that My (u) is a subsolution. Furthermore
the graphs of My (u) and My(¢) over U are two minimal surfaces such that the graph
of My(u) = u on OU is below the graph of My(¢) = ¢ over OU. The Maximum
Principles induces that My (u) < My(¢). But by the very definition of supersolution
we have My (¢) < ¢ and then My (u) < ¢.

Now we show that v is C2 on Q and satisfies (Eq. 1-1). Let x € Q be any point.
Consider a sequence (u,) in Sy such that u,(z) = v(z) when n — +oo. Let U C Q be
any closed round disk centered at . We can assume that for each n and each y € U we
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have u,(y) > 0. Define for each n the function vy, (p) = sup{ui(p),...,u.(p)}, p € Q.
By construction we have also My (v, )(z) — v(z) when n — +o00. Set V;, = My (v,)-
Therefore V,, is an increasing sequence of functions bounded above by ¢, satisfying
(Eq. 1-1) on U. We deduce the existence of two real numbers 0 < @ < b such that
a < V,(p) < b for each n and every p € U. Now we get with Theorem 1.3 that a
subsequence of (V;,) converges to a C? function V on Int(U) satisfying (Eq. 1-1). Let
us call again (V},) this subsequence by an abuse of notation. By construction we have
V(z) = v(z). It remains to prove that V(p) = v(p) for any p € Int(U). Let y €
Int(U) be a fixed point. Let (@,) in Sy such that @,(y) — v(y) when n — +oo. Set
0y, = sup(V,, 4,). As above we can assume that (9,) is an increasing sequence. Set
Vi = My(9,), then there exist two real numbers 0 < @ < b such that @ < V,,(p) < b
for any p € U and any n. It follows from the Compactness Theorem (Theorem 1.3)
that a subsequence of (V;,) converges on U in the C? topology to a C? function V on
U satisfying (Eq. 1-1). We have @i, (y) < Va(y) < v(y), we infer that V(y) = v(y).
Also by construction we have V;, < %, < V,, the last inequality holds since @, is a
subsolution of (P). Therefore we get V < V, from which we deduce V(z) = v(z)
(because V < v). Now, observe that V and V are C? functions on Int(U) satisfying
(Eq. 1-1) such that V < V with equality at an interior point . The Maximum
Principle applies here to deduce that V =V on Int(U). In particular V(y) = v(y), as
this is true for any y € Int(U) we conclude that v = V on Int(U). This shows the first
part of the theorem.

Let p € 09 be a boundary point. Observe that for each of the three cases p admits
a superior barrier. Therefore, there exist a neighborhood A of p and a sequence of
functions wy, as in Definition 1.6 where M > 0 is chosen so that M > supyrna(4(z)).
For each k and any u € Sy we have wjf (z) > u(z) for every z € (N N Q). We infer
that wi > v on N NN for each k, see Remark 3.2 (4).

Now, suppose that case (i) occurs. We define for z € Q,

2b

e’ —1
—d(@)),

hi(z) = £(p) = 5 ~ log(1+ Ip — a[*) ~ log(1 +

where (ex) and (dx) are monotonous sequences of positive real numbers such that:
er, = 0, 0 = 0 when k — +oo, ¢(z) > f(p) — % if |p — | < & and hg(z) < 0 if
|p — x| > ;. Furthermore, we want that éxe® < e® — 1 and D(hy) > 0 in the part
where hi(z) > 0 and d(z) < d, see the proof of Theorem 1.7. Therefore, we can
choose wj, (z) = max(0, hx(z)) for z € Q. In fact, note that for every k£ € N, we have
that wy (z) < ¢(z) on & and My (wj) > wy, that is wy € Sy for every k. Therefore
wi < v. We infer that

wi (2) = f(p) S v(@) = f(p) S wf(2) - f(p)

for every k and every z € N N ). When z converges to p and k converges to +oo we
get that v(z) converges to f(p) as desired.

Suppose now that case (i) holds. In particular p has an inferior barrier. Let A be
a neighborhood of p and w a sequence of functions as in Definition 1.6, where n > 0
is choosen so that 1/n < a. Set B; = supgnng Wi, (¢), we have B < asince w, < 1/n
on ON N Q. We define ui on Q setting ux(z) =max(wj, (z),Bk) for € N NQ and
ug(z) = By for £ € Q — N. Observe that uy is a continuous function on { and is a
subsolution for problem (P). We infer that ux < v < w,'c" on N'NQ for every k € N.
We deduce that when z converges to p and k converges to +o00, then v(z) converges
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to f(p).
Finally assume that case (iii) holds. Consequently, we get 0 < v < wi on N'NQ.
We conclude that v(x) converges to 0 = f(0) when z converges to p. g

The following result is a straightforward consequence of Theorem 3.4.

COROLLARY 3.5. Let @ C R? be an unbounded domain and let f be any non
negative continuous function on 85). Suppose there exists a supersolution ¢ for problem
(P). LetT' C 0Q be a convez arc, if any, with respect to the interior transversal
orientation of 0. Then the solution v of Perron, relative to ¢, given in Theorem 3.4
is continuous up to I' and v(p) = f(p) for anyp € T.

REMARK 3.6. 1) The same holds for any bounded domain. Namely consider
problem (P) where Q is a bounded domain and f is any non negative function on o).
Note that problem (P) admits always a supersolution ¢, see Example 3.3 (4). Let
I' € 90 be a convex arc, if any. Therefore the solution of Perron v relative to ¢ is
continuous up to I' and v(p) = f(p) for any p € T.

2) We remark that in order to proof Theorem 3.4 (Perron process), we just need
to applied Theorem 2.3 when 0 is a round circle.

Now we show that for each type of positive isometry of H® (namely elliptic,
hyperbolic and parabolic isometries), there exists a complete minimal vertical graph in
H?2 invariant by the action of a discrete group of such isometries of H3.

PROPOSITION 3.7. (Elliptic Surfaces) Let n € N, n > 0, be any integer and
set 0, = 27" Let R, be the rotation with respect to the x3-azis whose argument is 0,,.
Then there exist a complete and a non complete minimal surfaces in H® invariant by
the rotation R,.

Proof. Recall that R,(p) = e.p for any p € R?. Let I, C R? be a regular
polygon centered at the origin 0, with n sides. Let  C R? be the domain whose
boundary is I';,. Consider f : T';;, = [0, +o0o[ any continuous function invariant by
R,. That is f(R.(p)) = f(p) for every p € I',. We know that problem (P) has a
supersolution ¢ (see Example 3.3 (4)). Therefore, as 0Q is C° convex we conclude
with Remark 3.6 that the solution of Perron v (relative to ¢) given in Theorem 3.4 is
continuous up to the boundary and v(p) = f(p) for any p € I';,. Furthermore as
is a bounded domain, the problem (P) has at most one solution, see Remark 1.5 (2).
Thus v is invariant under action of R,. Namely we have v(R,(z)) = v(z) for every
z € Q. In particular if we choose f = 0 to be the null function, then the graph of v
will be a complete minimal surface of H2. Note that we could also invoke Theorem
2.3 to insure existence and uniqueness of solution of the problem (P). a

LEMMA 3.8. Let Q C R? be an unbounded domain. Suppose that O is embedded
and there exist a point p € 0N and a real number A > 1 such that hy ,(0Q) = 9N, where
hy,p is the homothety with respect to p, of ratio A. Suppose also that Q is contained
in a proper sector of R? whose vertex is p. Consider problem (P) where f = 0 is
the null function. Let ¢ be any supersolution for (P) such that ¢(hyp(z)) = X - é(z),
z € §, see Example 3.3 (2). Assume that the solution of Perron v of (P) relative to ¢
is continuous up to the boundary. Then, it follows that v(hy p(x)) = A -v(z) for every
z € Q. Consequently, the graph S of v is a complete minimal surface of H® invariant
by the hyperbolic isometry hyp: hyp(S) = S.
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Proof. Observe that v(z) = 0 for each z € 9. We can assume that p = 0
and then hy ,(X) = ha(X) = X+ X for every X € H3. Let us call S the family of
subsolutions u of (P) such that u < ¢. By construction we have v(z) = sup{u(z), u €
Sy} for any = € Q. Now observe that the minimal surface A.S is the vertical graph

of the function vy(z) = )\v(z), z € Q. By construction we have vy(z) = 0 for any
z € 092. We deduce that vy is a subsolution for (P) and vy < ¢ (since vy(z) =
)\v(g) < )\¢(§) = ¢(z)). It follows that vx(z) < v(z), = € Q, from the very definition

of v. On the other hand, the same argument applied with 1 /A instead A shows that
vy/x(z) < v(z), z € Q. From which we deduce that vx(z) = v(z), z € Q. ]

ProPOSITION 3.9. (Hyperbolic Surfaces) Let @ C R? be an unbounded do-

main with 0Q embedded. Suppose that:
(1) 0 € 89 and there exists A > 1 such that Q) is invariant by the homothety hy

with respect to 0 whose ratio is A.

(%) For anyp € 00, p # 0, there exists a hyperbolic catenoid C such that 9,,CN
Q =0, p € 8,C and such that the segment joining the centers of the two components
of 0soC intersects Q.

(i#3) Q is contained in a proper sector of R? whose vertez is 0.
Consider problem (P) where f is the vanishing function on 0. Then (P) has a
solution v which is invariant under the homothety hy. Consequently, the graph S of v
is a complete minimal surface of H? invariant under the discrete group of hyperbolic
isometries {h}, q € Z}.

Proof. Observe that as Q is contained in a proper sector, the problem (P) admits
a supersolution ¢, such that ¢(A\z) = A-¢(z), = € €, see Example 3.3 (2). Furthermore
the condition (¢¢) implies that each point p € 99, p # 0, has a superior barrier (for
(P)). As 09 is convex at the origin 0, we know that 0 has a barrier for (P), see Remark
1.9 (1). Note that the null function is an inferior barrier for any point p € 9Q. We
conclude that any point p € 9Q has a barrier for (P). Therefore, if v is the solution
of Perron (relative to ¢) of (P) it follows that v is continuous up to the boundary and
vjaq = 0, see Theorem 3.4. Furthermore, Lemma 3.8 shows that v()A -z) = A-v(z) for

any z € Q. 0

REMARK 3.10. In the context of Proposition 3.9, suppose that Qis C2. Let R > 0
and set I' = {p € 09, R < |p| < A.R}. Let k(z) be the euclidean curvature of I' with
respect to the interior normal orientation. Let § €]0, 7| be the angle of any proper
sector containing () whose vertex is 0. Suppose that # is small enough so that the
condition (7¢) is satisfied for Sg. Consequently, the condition (i¢) is achieved (for )
if it is assumed that |k(z)| is small enough.

In the same way, we can prove analogous statements for parabolic minimal sur-
faces, the arguments are essentially the same. For this reason we just state the results
without give a proof.

LEMMA 3.11. Let Q C R? be an unbounded domain. Suppose that O is embedded
and there exists a non null vector £ € R? such that T(Q) = Q, where T is the euclidean
translation T'(z) = z + &, © € R?. Suppose also that Q is contained in a band of R?
invariant under T. Consider problem (P) where f = 0 is the null function. Let ¢
be any supersolution for (P) such that ¢(T'(z)) = ¢(z), v € Q (see Ezxample 3.3 (2)
or (3)). Assume that the solution of Perron v of (P) relative to ¢ is continuous up
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to the boundary. Then we have v(T(x)) = v(z) for every x € Q. Consequently, the
graph S of v is a complete minimal surface of H® invariant by the parabolic isometry
T:T(S)=S.

PROPOSITION 3.12. (Parabolic Surfaces) Let 2 C R? be an unbounded domain
with 0F) embedded. Suppose that:

(i) There exists a non null vector £ € R? such that Q is invariant by the hori-
zontal translation T(z) =z + &

(#)) Q is contained in a band invariant under T.

(i) For anyp € 0Q, p # 0, there ezists a hyperbolic catenoid C such that O,C N
Q =0, p € 8,,C and such that the segment joining the centers of the two components
of 0,C intersects §.
Consider problem (P) where f is the vanishing function on 0. Then (P) has a
solution v which is invariant under the horizontal translation T. Consequently, the
graph S of v is a complete minimal surface of H? invariant under the discrete group
of parabolic isometries {T?, q € Z}.

4. Graphs over unbounded domains. For the whole section we design by B
the open band B = {(z,y) € R?, 0 < y < 1}. Observe that for any open band C in
R? = §,,H? there exists an isometry of H? sending C on B. Therefore there is no
loss of generality in just consider the band B.

THEOREM 4.1. Let Q C B be a conver domain. Let f: 8Q — [0,+oo[ be a C°
function. Then problem (P) has a solution. That is f admits a minimal extension on

Q.

Proof. For any n € N set Q, = {(z,y) € Q,—n < z < n}. Note that 2, is a
bounded and convex domain. Let f, : 02, — [0,+oo[ be any continuous function
such that (f,)sn = f. Let us call u, the unique minimal extension of f, on Qp,
see Theorem 2.3. Consider now a hyperbolic catenoid C, such that 0,,C, has a
component on each side of the band B. Up to a homothety, we can assume that the
vertical projection of C, on R2 = 8,,H3, contains {1, in its interior. Observe that
there exists a positive number ¢, such that the vertical translated C,, = C, + (0,0,%,)
stays strictly above the graph of f. We deduce with the Maximum Principle that if
k >> n is sufficiently big, the graph of u; over (2, stays below C.,. This gives uniform
upper estimate for the sequence (ug) over , (at least for k big enough). Now, for
any € > 0 set U, = {p € Qp, d(p,00,) > €}. Let p € Oy be any point and
let 1T, be any hemisphere in H? centered at p such that 91l C Q.. AsIl, is a
minimal surface in H2, the Maximum Principle shows that the graph of any function
uy, stays above II,, for £ >> n big enough. This gives uniform lower C° estimate for
the sequence (ux) on Q. As the family Q,, . is a compact exhaustion of Q, we infer,
according to Theorem 1.3, that there is a subsequence of (ux) which converges on Q
for the C? topology to a C? function u satisfying (Eq 1-1). As Q is convex we know
that each point of OQ has a barrier, see Remark 1.9 (1). From which we deduce that
u is C° up to 8 and u = f on ON as in the proof of Theorem 3.4. 0

COROLLARY 4.2. Let Q@ C B be a convex domain. Let f : 90 — [0,+00[ be a
CO function. Assume that f is bounded and uniformly continuous. Then problem (P)
admits an unique solution u. Furthermore u is also bounded and uniformly continuous
on Q.
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Proof. We know by Theorem 4.1 that problem (P) admits a solution. The unique-
ness arises from Corollary 1.11. Furthermore, Theorem 1.7 shows that u is bounded.
Finally, we deduce from Corollary 1.8 that u is uniformly continuous. ]

THEOREM 4.3. (Maximum Principle in a band) Let Q C B be a domain
and let f : O — [0,+00[ be a continuous function such that f(p) < up(p) for every
p € 00 (see Example 3.3 (2) for the definition of up). Then any minimal extension
F over Q, Flpq = f, satisfies F < up.

Proof. Let us consider the following problem (13):

n

L’ M VR L
2 (6 T3 pap)ti + 5 =00n B

(7 S

u € C%(B) N C°(B)

Define v(p) = sup(F(p),us(p)), p € Q and v(p) = up(p) for any p € B — N. As the
graph of f stays below the graph of up we deduce that v is a continuous function on B
with vjgp = 0. It is easy to see that v is a subsolution for problem (15). Furthermore,
using a hyperbolic catenoid as in Example 3.3 (3) we can construct a supersolution
¢ for (P) whose graph stays above the graphs of up and F. We deduce that v < ¢.
Set Sy = {u € C°(B), subsolution of (P), u < ¢}. As in Theorem 3.4 we get that
U(p) = sup,es, {u(p)} is a solution of (P). As problem (P) has an unique solution,
see Corollary 4.2, we deduce that U = up. From which we conclude that F' < up for
any minimal extension F of f on (. 0

DEFINITION 4.4. For every 6 €]0,n[ we will design by Sy any open sector of
R? = 0,H? whose angle at the vertex is .

THEOREM 4.5. (Maximum Principle in a proper sector) Let ug € C°(Sp)N
C?(Sp) be a function satisfying D(ug) = 0 and ug = 0 on 9Sy. Let Q C Sy be a
domain and f : 9Q — [0,+o00[ be a continuous function such that f(p) < ug(p) for
every p € 0N). Then any minimal extension F' of f on Q satisfies F < ug.

Proof. We can assume that Sp = {p € R2, 0 < arg(p) < 6} (up to an isometry
of H®). Let po € R? be any point such that arg(po) = £ + x. That is po ¢ Ss and po
lies on the median line of Sg. Let IIo C H? be a hemisphere centered at po such that
OsoIlo NSy = 0. Observe that Iy is a geodesic plane of H® and that reflection with
respect to IIg is an isometry of H®. If N is any part of H® or R? we design by N*
the reflected of N with respect to Ilp.

Note that _S';* is a compact and C%-convex domain in R2. Let M C H?® be the
graph of ug over Sp. Therefore M* is a minimal surface in H® whose asymptotic
boundary (85, ) is compact and convex. We infer from Theorem 2.4 that M* is a
vertical graph. Now let N C H? be the graph of F, where F is any minimal extension
of f on Q. It follows from hypothesis that N* is a minimal surface whose boundary
stays in the closure of the "bounded” component of H® — M*. Suppose, by absurd,
that N* does not stay in this bounded component. Let p € S; be any point. Consider
the homotheties hp » from p, where A > 0. As M* and N* are compact in H? thereis a
real number A > 1 such that h, »(M*) and N* are tangent at some point and h, x(M*)
stays above N*. But this gives a contradiction with Maximum Principle since both
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surfaces are minimal in H3. We deduce that N* stays below M*. Reflecting with
respect to Iy we conclude that F' < ug for any minimal extension F' of f on . 0

PROPOSITION 4.6. For every 8 €]0,n[, there is at most one connected complete
minimal surface M in H® which is properly immersed such that its asymptotic bound-
ary is 0Sp U {o0}.

In particular if Q = Sp and f = 0 is the null function on 9Q, the problem (P)
has at most one solution.

Proof. We use the same notations and constructions as in the proof of Theorem
4.5. Let M and N two minimal surfaces in H® satisfying the hypothesis of Proposition
4.6. We get that M™* and N* are graphs over the convex and bounded domain Sj.
Then using the homotheties hp  as in the proof of Theorem 4.5, we can show that
M* stays below and above N*. We deduce that A/* = N*. Reflecting with respect to
Iy we get M = N. O

REMARK 4.7. 1) We will see in the Appendix that it does exist for any 6 €]0, n[
a solution ug for problem (P), where = Sy and f = 0 is the null function on 4.
It follows from Proposition 4.6 that (P) has an unique solution. Furthermore we will
see that the graph of us has an important geometric property.

2) Let Q@ C Sp be a C°-convex domain in a proper sector, § €]0,n[. Let f :
91 — [0, +oo[ be a continuous function such that f < ug on 0Q. Observe that ug is
a supersolution for problem (P). We can deduce, using Perron process as in Theorem
3.4, that problem (P) admits a solution. That is f has a minimal extension on .
Also, let © = S be a proper sector and let f : 8Sp — [0,+o0o[ be a continuous
bounded function. Then, there exists a positive constant ¢ such that f < ug + ¢ on
0Sy. Therefore the function ug + ¢ is a supersolution for the problem (P) and we
deduce in the same way that (P) admits a solution.

3) Consider the limit case where § = 7, that is S is a half-plane. let f : 90 —
[0, +00[ be any continuous function. Then problem (P) admits no solution. Indeed,
let p € S; be any point. Let II C H? be any geodesic plane such that ., C S,
is a circle in S; and p belongs to the open disk bounded by dx,II. We get from the
Maximum Principle that II stays below any minimal extension F' of f. Therefore, as
the radius of I can be made as large as we want, we deduce that F'(p) = +oo for any
p € S; and any solution F' of (P), which is absurd. In fact, this argument holds for
any dimension.

Appendix. For sake of completeness, we give a proof for existence of some min-
imal surfaces in H®. There were studied in the paper of M. Gomes, J. Ripoll and
L. Rodriguez entitled: On surfaces of constant mean curvature in hyperbolic space,
preprint 1985, IMPA.

From now on, we design by Sy, 8 €]0, [, the open sector of R? whose vertex is
g = (-1,0,0), with angle § and whose median line is the real ray [—1, +ocl.

That is: 0 0
So={pe R’ —3<arg(l+p) <3}

PROPOSITION A.1. Let 0 €]0,7[ be any number. Then there exists an unique
complete minimal surface My properly immersed in H?, whose asymptotic boundary
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is the boundary of Sg. Moreover this surface is a graph over Sy and is invariant under
the homotheties hy x, with fized point ¢ = (—1,0,0), for any A > 0.

Proof. We will construct a solution for problem (P) where = Sp and f = 0
on Of). For this we first provide a supersolution ¢. To fix notations, let us say that
the real ray [—1,+oo[ is supported by the z;-axis. Let II be the vertical half-plane
through (0,0,0) orthogonal to the z;-axis, that is I = {X € H3, z; = 0}. Consider
the following C2%-curve on II: v(t) = (0,7 cos(t),a + rsin(t)), t €]0,n[ where a > 0
is a real number to be defined later, and r > 0 is a fixed number. Note that the
image of v is a vertical semi-circle I" of radius 7. Then we choose r big enough so
that the points £(0,7,0) ¢ Sp and the segment joining those two points intersects Sp.
Let C C H® be the ”"cone” over I' with respect to the point ¢ = (—1,0,0). That is
C = Uxsohg(T') where by (X) = A+ (X + (1,0,0)) + (—1,0,0) for any A > 0 and
every X € H3. Observe that C is a C? surface, and is the graph of a C? function ¢
defined in a sector containing Sp in its interior. In order to compute the hyperbolic
mean curvature Hy of C we first evaluate its euclidean mean curvature Hg both in
relation to the normal orientation corresponding to increasing z. For this we use the
following parametrization of C = X (]0, w[x]0, +oo[) where:

X(@,A) = A-[(0,7cos(t),a + rsin(t)) + (1,0,0)] + (-1,0,0), ¢ €]0,n[, A > 0.
A straightforward calculation shows that the euclidean mean curvature Hg of C is:

1+ 72 + 2arsin(t) + a?

He(t, %) = - 2Xr 1 + (r + asin(t))?]*/*

We have the following identities:

_ 51 4 D¢ 2

D(¢) = /1+|Dg| [dlv ( P |D¢|2> + ST |D¢|2}
[ 2N3] 1
2Hp + 2| . —

T3 N3
_ o V/THIDIE

¢

where D¢ is the euclidean gradient vector of ¢, N3 = is the third component

1

Wy

of the upper unit euclidean normal vector field N along C. From which we infer:
2sin(t) 1+ 72 + 2arsin(t) + a®

Aa+rsin(t)\/1+ (r +asin(t)2  Ar[l + (r + asin(t))2]*/2

& 2sin(t)r[1 + (r + asin(t))?] < (a + rsin(t))(1 + 7% + 2arsin(t) + a?)

D(p) <0&

Clearly, the last inequality will be satisfied if we choose a > 0 big enough. Therefore,
¢ is a supersolution for problem (P). It follows from Theorem 3.4 that (P) has a
solution ug. It is inferred from Proposition 4.6 that ug is the unique solution of (P).
Let My C H? be the graph of ug. Observe that for any A > 0 the surface kg x(Mp)
is also a minimal graph over Sy with zero boundary value data. Uniqueness of such a
graph yields hq \(Mg) = My for any A > 0. More precisely, My is invariant under the
homotheties with respect to ¢ = (—1,0,0). 0
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PROPOSITION A.2. Consider the horizontal open band B = {(z1,72) € R?, -1 <
zo < 1}. There is an unique connected complete minimal surface M properly immersed
in H such that:

(3) OooM = OB U {00}

(i5) M is globally invariant under any horizontal translation leaving B invariant.
More precisely, Ty, (M) = M for every 1 € R, where T, is the horizontal translation
defined by Ty, (X) = X + (21,0,0).

Furthermore, M is a vertical graph over the band B.

Proof. Consider the vertical half-plane II = {z; = 0} in H3. Let M C H3 be a
complete minimal surface as in Proposition A.2. Observe that Il and M are transverse
and IINM is a connected C? curve I'. Now we use the following notations: y = x5 and
z = x3. Let y(t) = (0,y(?), 2(t)), t €]0, 1] be a regular parametrization of I'. We can
assume lim; o y(t) = —1 and lim;_,; y(t) = 1. By hypothesis the surface M is obtained
translating horizontally I'. That is M = UyerT:(T') where T,(X) = X + (z,0,0) for
every X € H3. Consider the following parametrization of M = X (]0,1[xR) where:

X(t,z) = (z,y(t),2(t)), t €]0,1], z € R.

1

—==——=-(0,—2'(t),%'(t)) be an unit euclidean normal vector
VYy'2+2?

field along M. The euclidean mean curvature of M with respect to the normal field
N is:

Let N(¢,z) = N(t) =

2yt — 2y
Hg(t,xz) = Hg(t) = M(t)

Let Hy be the hyperbolic mean curvature with respect to the normal field N. We
have:

2
2Hp = _(Hg — N3),
where N3 is the third component of N. Thus

IYVACKRX)
VA

Hp=0&2"y' -2y =

Observe that the previous differential equation is invariant by homotheties in y and
z coordinates. If we assume that I' is a graph with respect to y, we have y(y) =
(0,y,2(y)). Therefore
‘2

(%) Hp=0& 2" = -2%.

Let us show that equation (*) admits a ”complete” solution of the following form:
z = 2(y), y € — 1,1], with limy_,4; 2(y) = 0. For this we will use the same technics
as in [SE-To, 2] or [SE-To, 3]. First using Picard theorem we get, for every 7 > 0,
an unique solution z, of (x) defined on an interval | — yp, yo[ such that z,(0) = 7 and
2,(0) = 0. Observe that the function Z(t) = z(—t) satisfies the same equation (x) with
same initial conditions. Hence z;(—t) = z,(¢), that is the graph of z, is symmetric
with respect to the z-axis. Now as 2" < 0 on | — yo, yo it follows that z’ < 0 on ]0, yol.
Thus z, and z, has a limit at yo. Clearly z,(yo) €]0,7[. Suppose that z_(yo) = —oo.
Let P C H2 be the vertical half-plane {y = yo}. Let I'; be the graph of z,. Let
us call M, = Uzer(Tz(T';)) the (minimal) translation surface generated by I';. Note
that P and M, are tangent at (0,yo,2(¥0)) and M, stays in one side of P. This
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gives a contadiction with the Maximum Principle with boundary. We deduce that
—00 < z;(yo) < 0. Using again the Picard theorem this allows us to extend the
solution z; to a larger interval. As we have z! < 0 we get a solution satisfying:
z:(0) = 7, 2,(0) = 0, 2, is defined in some interval ] — y,, y,[ with limy_; 44, 2(y) = 0.
Observe that the translation surface M, is a complete minimal surface in H2, which
is a graph over a band B;. Moreover we have 0o M; = 0B; U {co0}. At last, using
the homothetic curves a - (y, zr(y)), varying a, we can find an a > 0 such that B; is
precisely the band B. This proves the existence part in the statement of Proposition
A.2. Let us call more briefly M this surface and I' the corresponding curve.

Now we prove uniqueness. Let M; C H3 be another surface satisfying the as-
sumptions of Proposition A.2. Observe that M; NII is a connected C%-curve I'; whose
boundary points are +(0,1,0) as well as I'. Suppose the two curves I" and I'; are not
identical. Then there is a real number o > 0 such that the homothetic curve a-I" and
I'; are tangent at some point. Thus those curves satisfy the same differential equation
(*) with same initial conditions. This gives a contradiction and shows uniqueness in
the statement. 0
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