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ON THE NEGATIVITY OF KERNELS OF KODAIRA-SPENCER
MAPS ON HODGE BUNDLES AND APPLICATIONS*

KANG zUuot

Let X denote a smooth complex projective variety, and S = > ;S; C X a
normal crossing divisor with smooth components. We consider a polarized variation
of Hodge structure Vo on Xo = X \ S and the period map

¢:Xo—DJT
corresponding to Vp.

THEOREM 0.1. Suppose that ¢ is injective at some points. Let D C Xo denote
the degeneration locus of ¢. Then

i) QL (logS) is weakly positive on Xo\ D in the sense of Viehweg [V1], [V3].
i.e. for any ample line bundle L on X and for any positive number « there exists
some positive number B such that the symmetric tensor

5 (2 (l0gS)) ® LP|xo\p

is generated by global sections on X.

ii) the Kodaira dimension of det Q% (logS) is equal to dim X. i.e. (X,S) is of
logarithmic general type.

Viehweg recently asked that if the cotangent bundles of moduli varieties of polar-
ized varieties with log-pole along infinity are positive in some sense. It is well known
that the moduli space of curves of genus g > 1 has the semi-positivity property. The-
orem 0.1 shall give a positive answer to this question in the case when some Torelli
map on the universal family is locally injective. It is extremely very interesting to
know if that will still be true without existence of locally injective Torelli maps at all!

In particular, Theorem 0.1 recovers the following two special cases, which were
known previously. Let Xo = an arithmetic variety D/T', and X is a smooth com-
pactification of Xy. Then Mumford [M] proved that (X, S) is of logarithmic general
type by using automorphic forms, which was studied in [BB]. Recently, Luo [L] showed
that the moduli spaces of polarized Calabi-Yau manifolds are of log general type. Luo
used the method in [SY] and the general Schwarz lemma of Yau [Y]. Our method here
is essentially semi-positivity of Q% (logS), and Kawamata-Viehweg vanishing theo-
rem. The author believes that one can also use the methods of [SY] and [Y] to prove
ii).

Inspired by a recent paper of Bedulev-Viehweg [BV] Jost and the author [JZ]
recently proved similar inequalities, the so called Arakelov type inequalities for Hodge
bundles over curves (also see [P2]). The inequalities states that the degree of Hodge
bundles are bounded above by the degree of the log-canonical bundles of the curve C
multiplies some constants, which depends on the Hodge type of E only, i.e.

deg EPY < rP1(2g(C) — 2) + #5).
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Those inequalities recover the original Arakelov inequality for families of semi-
stable algebraic curves over curves [A]. And they also improve the Faltings inequality
for families of semi-stable abelian varieties over curves [F]. Here we have Arakelov-type
inequalities for Hodge bundles over any dimensional varieties.

THEOREM 0.2. Under the same assumption as in Theorem 0.1, and suppose that
the monodromy around the components of S are unipotent. Let (E,6) denote the
canonical extension of (Eo,0). Then after a blowing up 7: (X,S) — (X, S), there
exist a positive rational number rP9, which is bounded above by the Hodge type of
(E,8), an effective Q—divisor PP and a semi-negative Q—divisor NP7 on X,
such that

det 7* EP? = rP 4 det 7*Q% (log ) — P77 + NP1,

DEFINITION 0.1. A divisor N on X is called semi-negative, if there exists a
Hermitian metric A on the line bundle Ox (V) possibly degenerates along a subva-
riety of X, such that the Chern form c¢; (N, h) of h is negative semi definite, which
represents the Chern class of Ox(N), and for any morphism f: Z — X one has

/ AdimZ(_ f*c, (N, 1)) 2 0.
Z

Set LP4' := PP4— NP4, Then LPY = 7*LP4, and the line bundle LP7 is weakly
positive on some Zariski open subset of X.

In his paper [G1] Griffiths defined the so-called canonical bundle K (E,) of the
variation of Hodge structure Vo, by:

K(Eo) = (det EF®)* @ (det Ey* 1)1 @ ... ® (det EF~11),

where @ EF'? is the system of Hodge bundles corresponding to Vo (see below).
Griffiths showed that the curvature form of K(E) is positive semi definite, and is
positive definite at those points, where the period map is injective. If the monodromies
around the components of S are unipotents. Then, there is a canonical extension
@ EP? on X (see below). Hence, a canonical extension K(F), such that K(F) is
nef and big. Applying Theorem 0.2 we obtain the following inequality, which shall be
consider as an algebraic geometry version of Yau’s Schwarz inequality

COROLLARY 0.3. After a blowing up 7: (X,5) = (X,S) there ezists a positive
rational number r, which is bounded above by the Hodge type of Vo, an effective
Q—divisor P and a semi-negative Q—divisor N on X such that

K(T*E) = rdet 7*Q% (log S) — P + N.
In particular, (K (7*E)—N) is a nef and big invertible sub-sheaf of det 7*Q) (log S).

REMARK. The inequality in Cor. 0.3 still holds on the curvature level. So, we
may regard this inequality as an effective and geometric version of Griffiths-Schmid’s
theorem [GS]. Namely, the holomorphic sectional curvature of the horizontal sub-
bundle is strictly positive.
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QUESTION (Viehweg) Does the difference
rdet 7*Q% (log S) — K(T*E)
have any geometric meanings?

The main idea in the proof of Theorem 0.1 and 0.2 is the negativity of kernels
Kodaira-Spencer maps on Hodge bundles, which we are going to describe. A polarized
variation of Hodge structure Vo on X, gives rise the Hodge bundles

Eo=grr,V= P Eb*
pt+q=k

and the linearlizations of the Gauss-Manin flat connection

p.q . P9 p—1,q+1 1 — P,q
629 : EPY — EF 0%, b= P 6
pt+q=k

According Simpson’s terminology [S1] we shall call the pair (Ep,f) a system of
Hodge bundles. It satisfies 9 A 6o = 0. In the case when (Fp,6p) comes from
a geometry situation, a family of smooth projective varieties f : Yo — Xg, then
Vo = R¥f.(Cy,), E}? = R? fu (03, /x,) and 629 is just given by the cup product
with the Kodaira-Spencer class.

By works due to Deligne, Griffiths and Schmid the vector bundle Vy = Vo ®
Ox, can be extended over X as vector bundles, the Gauss-Manin flat connection
has regular singularities along S and the Hodge filtration Fp can be extended as
a filtration of coherent sheaves over X. In the case when the monodromy around
the components of S are unipotent, then there is a canonical extension V of V,
Fo is extended as a filtration F' of vector bundles over X [Sch] and 6 has at most
logarithmic pole along S. The canonically extended system of Hodge bundles will be
denoted by

(E,0)=( P E™, @ 6™, 67(EP) C EP~1* @ Q% (log(S)).
p+g=k pt+a=k

DEFINITION 0.2. We set

K (677) := Ker(§7? : EP? — EP~L4+1 @ OL (log(9)).

From the general fact, K (679 C EP? are sub-bundles in the complement of
some subvariety of X of codimension > 2 except some obvious cases. For example,
we have trivially K (§%%) = EOF.

A prototype of the negativity of K(6P?) is a theorem of Griffiths [G1], who
showed that the curvature form of EJ* is negative semi definite. In the case when
the monodromies around the components of S are unipotent, by using this curvature
property and variations of mixed Hodge structures Fujita [Fu] for dim X = 1 case,
and Kawamata [Kal] for dimX > 1 case showed that E®* is semi negative in the
algebro-geometric sense. In fact, they showed that E*° (~ E%FV) is semi positive.
Namely, let f : C = X be a morphism from a smooth projective curve into X.
Then the degrees of any invertible quotient sheaves of f*(E*°) are non negative. In
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the case when the monodromy around S are not unipotent, one has to be careful on
which extension will be taken.

The same principle will be exploited in the proof for the semi-negativity of sub-
bundles N C K(677). By using the Griffiths formula for the curvature form of the
Hodge metric on Ey [G2] and the extra property that 79(N) = 0, one shows that
the curvature form of N|x, of the Hodge metric is negative semi-definite. On the
boundary S one has the similar situation as on Xy. The intersection of different
components gives rise a stratification S = U;S;. The residue of  on S; induces a
filtration on N|g,, such that each component in the grading again lies in the kernel
of the Kodaira-Spencer map on the system of Hodge bundles induced by variation
of mixed Hodge structures. In the case when the local monodromies around the
components of S are unipotent, a Theorem of Kolldr ([K], Th. 5.20) allows the
Chern forms of the singular Hodge metric of IV to represent the Chern classes of N.
We obtain

THEOREM 1.2. Suppose that N C EP? is a sub-bundle, such that 67¢(N) = 0.
Then the curvature form of the Hodge metric restricted on Ny is negative semi-
definite. If in addition the local monodromies of Vo around the components of S are
unipotent, then the Chern classes of N can be represented by the Chern forms of this
curvature form. The Chern classes c;(NV) is semi-positive in following sense. Let
f:Z — X be a morphism, then the integration

/Z £ (NY).ocin (NV)) 2 0.

More over, if f*ci(N)L¥™Z~1 =0 for some ample line bundle L on Z, then
the following holds:
i) If f(Z) ¢ S, then the Gauss-Manin connection on f*E restricts to a flat

connection on f*N, which is compatible with the Hodge metric. Hence, the map
f*N = f*E induces a map between the underlying local systems of f*N|o and

f*Elo.
i) If f(Z) CNy,,...i005 =:S1 and ¢ Sy for J D I. Let

P er(f*N) c @ Grf*(E)

denote the gradings for f*N and f*E of the pulled back weight filtration of the residue
of 0 on S;. Then the Gauss-Manin connection on @ Gr(f*E) (it comes from VHS
on the grading of the weight filtration of the monodromy around Sr) restricts to a
flat metric connection on @ Gr(f*N). Hence the map f*N — f*E induces a map
between the underlying local systems of @ Gr(No) and @ Gr(f*E|o).

In order to apply Theorem 1.2 to the semi-positivity of Q% (logS) we consider
the induced VHS on the endomorphism End(Vp) and the corresponding system of
Hodge bundles of weight k& = 0.

(End(E),6°%%) = (E, 0) @ (B",—6").
The Kodaira-Spencer map 6 : E = E ® Q24 (log S) induces a sheaves map
d¢ : Tx(—1logS) = End(E),



KODAIRA-SPENCER MAPS ON HODGE BUNDLES 283

with d¢(Tx(—logS)) C End(E)~!!, and such that d¢|x, coincides with the differ-
ential of the period map ¢ : Xo — D/T. From the integrable condition § A§ = 0 one
gets

PROPOSITION 2.1.

9804 4T (- log S)) = 0.

Theorem 0.1 and 0.2 follow from Theorem 1.2, Prop.2.1 é,nd Kawamata-Viehweg’s
vanishing theorem. Here we have further applications of Theorem 1.2 and Prop. 2.1.

Consider X \ S as a moduli variety of polarized varieties, carries a universal
family, and such that some Torelli map on the family is locally injective. Let f :
(Z,S") = (X,S) be a morphism. A deformation f; of f, such that f;(S") C S can
be thought as a deformation of the family of polarized varieties over Z with the fixed
discriminant S’. This gives rise a section s : Oz = f*(Tx(—logS)). By Theorem
1.2 and Prop. 2.1 we recover Faltings theorem on deformations of families of polarized
abelian varieties [F], and the theorem due to Jost-Yau and Peters on deformations of
period maps [JY], [P1].

COROLLARY 0.4. Suppose that f :Y — Z is a family of polarized varieties, such
that the Torelli map for some RFf,(Cy) is locally injectives. Then a deformation
of this family with the fited Z and the fized discriminant S induces a mon-zero
endomorphism on RFf.(Cy) of (—1,1)—Hodge type.

Corollary 0.4 should have a far reaching generalization. Namely, Cor.0.4 just
means that the image of the 0-te cohomology

Im(H®(Z, f*Tx(~log S)) —+ H°(Z, f*End(E)))

of coherent sheaves can be realized as the O-te topology cohomology classes in
HY....(Z, f*EndVy) of the local system f*End(Vy). We may ask a further question,
if for any ¢ the image

Im(HY(Z, f*Tx(—1logS)) = HY(Z, f*End(E)))

can also be interpreted as a sub-space of HE.,,,.(Z, f*EndV;)? Here we have an
answer for the projective case.

THEOREM 0.5. Suppose f : Z — X is a morphism. If f(Z) C Xy, then the
sheaves morphism

f*Tx(=logS) — f*End(E)
induces an injective map

Im(HY(Z, {*Tx(~10g8)) = HY(Z, " End(E))) = H,,;(Z, f* End(Vo)).

The proof of Theorem 0.5 is just to use Prop. 2.1 and Simpson’s three descriptions
for the cohomology of a local system. Namely,

ngtti(zy f*VO) = HbR(Z7 f*V) = HiDol (Za ft(E: 9))
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via harmonic forms.

Conjecturaly, Theorem 0.5 shall till be true for the quasi-projective case. If
dim X = 1, then Theorem 0.5 should follow from Zucker’s theorem [Z]. For higher
dimensional quasi-projective varieties one needs to work out Simpson’s three descrip-
tions for cohomology of local systems (or a better formulation: the intersection coho-
mology of local systems) via L?—harmonic forms. Of course, the theorems in [CKS]
for degeneration of Hodge structures will certainly come into play.

Theorem 0.5 and its general form has the following potential application for defor-
mations of subvarieties in moduli spaces of polarized varieties. In order to explain the
idea we just consider the moduli space f : A — My of polarized abelian varieties with
a universal family. Let g : (Z,S') — (M,S) be a morphism and f : A|z = Z the
pulled back family. In their paper [SZ] Saito and Zucker asked the following question.
To understand those infinitesimal log-deformations of (Z,S’), which underly projec-
tive deformations of (A|z, f~1(S')) as a fibre space. It is the same thing to ask that
when an abstract log-deformation of (Z,S’) will underly a deformation of the triple
g:(2,8") = (M,S). Consider the VHS S2R!f,(C4). Then the tangent bundle of
M with log-zero along S is identified with the last Hodge bundle S2R!f.(O4) of
S2R! f,(C4). The morphism between tangent sheaves reads

Tz(log S') = S*R' £, (O 41,)-

A calculation in [SZ] shows that the obstruction for an abstract log-deformation
of (Z,S') underlying deformation of (A|z, f~1(S')) as a fibre space lies in

Im(H(Z,Tz(log S') = H*(Z,S*R' f.(O 4),))-

Assuming Theorem 0.5 is true for the quasi projective case. Then this obstruction
lies further in

Hpeni(Z,S°R' fs(C12)) C Hpeyi(Z,Endo(R' f2Cajz))-

If the induced map g : Zy — M, induces an isomorphism g. : m;(Zy) = w1 (M),
then it induces an isomorphism

H}Betti(z, Endo(le*CAlz )) = Héetti(M(J’ EndO(le*CA))~

By Weil’s locally rigidity theorem the cohomology group on the right site vanishes,
we expect the following statement:

CONJECTURE 0.6. Let f: A— Z be a semi-stable family a polarized abelian va-
rieties over a smooth projective variety Z with the discriminant divisor S’'. If the in-
duced map g : Zo — My to the moduli space is an isomorphims g, : m1(Zo) — m1(Mp)
then any infinitesimal log-deformation of (Z,S') underlies a projective deformation
of (A, f~1(S")) as a fibre space.

The same statement for global deformations was recently proved in [JLZ]. It is,
in fact, a statement about variations of Hodge conjecture in the non-abelian case.

THEOREM 0.7. Let 7 : Zy — By be a family of smooth quasi-projective varieties
over a smooth quasi-projective variety Bg. Suppose that over one fibre Zy there is
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a family of smooth polarized abelian varieties f : A — Zy and the induced map
9:Zo = My to the moduli space is an isomorphims g : w1(Zo) — m1(My). Then the
family f: A — Zy can be extended as a family of smooth polarized abelian varieties
f: A= 2y after a base changing of By.

Before we finish this section, we would like ask:

QUESTION. Let ¢ : Xo — D/T' be a locally injective period map correspond-
ing to a VHS V,. Suppose that for any morphism f : Cp — Xp, such that the
composition ¢f : Co — D/T is non-constant, there exists no endomorphism of
(—1,1)—type twisted by a unitary local system on the underlying local system of
F*Vo. Is Q4 (log S) big on some non-empty Zariski open subset U C X ?

Here the bigness of Q4 (logS) on U (see [V3]) means that for any line bundle
M over X there exists some v >> 0, such that

S7(Q (logS) ® M1

weakly positive on U

It is easy to see the converse direction of this question is true. Suppose Vj
arises from the geometry situation, Viehweg recently asked if some extra geometry
properties on the fibres shall force Q% (log S) to be big. For example, the contangent
bundle along the fibres is big. On the other hand, the existence of a (—1,1)—type
endomorphism on RF f,(Cy,) implies that this VHS splits over C of some very special
types. It would be interesting to see if this property has any consequence to the
geometry on the fibres. '
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1. Negativity of kernels of Kodaira-Spencer maps. Let X denote a smooth
complex projective variety, and S C X a normal crossing divisor with smooth com-
ponents. For the convenience of the readers we give a short review on variation of
Hodge structure (see [Sch])

A variation of polarized Hodge structure Vo of weight k¥ on Xo = X'\ S consists
of:
1) a finite dimensional real vector space V, and a homomorphism

p : w1 (Xo,z0) = GL(V)
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Let Vo denote the local system corresponding to p and Vy = Vo ® Ox, the holo-
morphic vector bundle with the integrable connection (the Gauss-Manin connection)

V:Vo—)Vo@Q%{o, V2 =0.

ii) A flat, real and non-degenerated bilinear form

Q: VoV >R

iii) A filtration of V, by holomorphic sub-bundles
Vo=FDF D>..OFf
This filtration is called the Hodge filtration and satisfies the infinitesimal period re-
lation
V(F3) C Fy e 0k,
A VHS induces a so-called system of Hodge bundles as follows. Let
EP*=P .= FP/FDVY,

Because of the infinitesimal relation, the integral connection induces a sheaves homo-
morphism

—1,q+1
659 : EP? = EF T @ O,

We set
(Eo,60) = ( €D EB*, €D 659).
p+g=k p+g=k

The Hodge bundles satisfies the following Riemman-Hodge bilinear relations

Q(EYY,E;®) =0 unless p=s,q=r,
#P71Q(v,5) >0, if veEpY v#0.

The so-called Weil operator C : Ey — Ey is defined by
Cv=i""%, if veEPI.

The Hermitian form h(u,?) := Q(Cu, ) is positive definite and defines the so-called
Hodge metric h on Ej.

Suppose that the local monodromy around each component of S is unipotent. By
works of Deligne and Schmid there is a canonical extension V of Vy, Fp is extended
as a filtration F' of vector bundles over X, and # has at most logarithmic pole along
S. This extension is locally described as follows: Let s = )", fis; be a single-valued
section of of Vy, where f; are multi-valued holomorphic functions and s; are multi-
valued flat sections of Vy. Then s can be extended over S to a local section of V if
and only if every f; has at most logarithmic singularities along S. This canonically
extended system of Hodge bundles will be denoted by :

(B,0)=( P E*, 679, 677:E>* —» EP17H @ 0y (log(S)).
p+q=k p+q=Fk
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PROPOSITION 1.1. Let N C EP? be a sub-bundle and 679(N) =0. Then N is
semi-negative in the following sense:

i) The curvature form O(N|x,,h) of the induced Hodge metric h is negative
semi definite. More over, if ©(N|x,,h) = 0. Then the metric connection on N is
flat, and coincides with the Gauss-Manin connection.

ii) In general, we consider N|s,,. There exists a filtration of sub-bundles of
E|s,, called the weight filtration of ress 0
Wo,...0,:..0 C oo C Wiy timeoiier C© Wit 1, by € oo € Wag, 2k, 2k = Elsy,

which is preserved by 6, and such that the quotient Gry,, ... .14,(E|s;) together
with the descent 0 forms a direct sum of systems of Hodge bundles locs,(E, ) corre-
sponding to a direct sum of polarized VHS on S;. Furthermore, this filtration restricts
to a filtration on N|g,

Wo.....0,..0(Ns;) Cooe CWiytmrotar (NVs) C oo € W, 2k,....26(N|s;) = Nls;,
such that

Ciyootmreopr (N13,)) € Ker(locst : locs EP? — locs EP~ 141 @, (log(SINY . S)).
JDI

Hence, by i) the curvature form of the induced Hodge metric on Gry,,...1,n,... 041 (N|s;)
is again negative semi definite. And, if the curvature form vanishes. Then the metric
connection on Gry,,. 1. .14:(N|s; o) is flat, and coincides with the Gauss-Manin
connection on locs, (E,6).

Proof of i). Let h denote the Hodge metric on the system of Hodge bundle
(Eo,0), and ©(Ep,h) the curvature form of (Ep,h). By [G] we have

O(Eo,h) +0A0, +6,A0=0,

where 8}, is the complex conjugation of # with respect to A.

Suppose N C EP? is a sub-bundle and 8(N) = 0. We shall use the last equation
above to deduce that the curvature form of N|x, is negative semi definite.

The metric h induces a metric h on N|x, =: Ng, and C*® —decomposition
Eo =Ny ® Ny
This gives
O(No,h) = O(Eo,h)|ng + ANA=—0A0k|x, — O NO|ny + AN A,

where A € A'°(Hom(Np, Not) is the second fundamental form of the sub-bundle
Ny C Ep. Note that 8(N) =0, we have 6, A f|x, = 0. Hence

O(No,h) = =0 ABp|n, + ANALO.

If ©(No,h) =0, then 6 A Onln, =0 and A A A =0. This implies that A =0
and 6h|n, = 0. This means that the above C*° —decomposition is holomorphic, and
the decomposition of the Gauss-Manin connection on Ny becomes D = Dj. i) is
proved.
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Proof of ii). The main idea here is similar to Kawamata’s proof for E*° [Kal].
There he used the weight filtration of the monodromy around S, and showed that
E*0 is semi positive. Here we shall prove the semi negativity of the kernels of
Kodaira-Spencer map on the Hodge bundles. Since they are algebraic subsheaves
of Hodge bundles, we have to use the following weight filtration defined by resgé.
The underlying spaces of those two filtrations are the same. But, they have different
holomorphic structures in general.

It is a @—invariant filtration
Wo,..0,...0 C oo C Wiy tinrigr € Wiy tt1, s © oo C W ok, 2k = Els;,

such that the grading together with descent 6 forms a direct sum of systems of
Hodge bundles corresponding to the polarized VHS on S; induced by variation of
mixed Hodge structure along Sy.

First of all we shall review the notion of variation of mixed Hodge structure
(VMHS) and the systems of mixed Hodge bundles corresponding to them. The fol-
lowing discussion on mixed Hodge structure can be found in [Sch], [CKS] and [Kal].

We write I = {i1, i2,...,i¢r} with the fix chosen order 7; < i;41 The VHS Hc
on X \ S induces a VMHS on S; inductively (it depends on the order that we have
chosen).

Start with I = {i}. Let 7; denote a short loop around S;. One has the unipotent
matrix

p(y;) =I+ N; € GL(V), N =o.
There exists a unique filtration [Sch]
WicWic..CWiCcWi,C..CWi =V
such that N;(W;) C Wi_s. Set Gri(V):= Wj/W}_,. Then
N} : Gri (V) = Gri_ (V)
is an isomorphism, for each [ > 0.
If I >k, let P} C Gri(V) denote the kernel of

N{*1: Grj(V) = Gryg_y_(V)

and set P; =0 if [ < 0. Then one has the so-called primitive decomposition

Gri(V) = D N/ (Plyy;), i > max(k—1,0).
J

Q defines a nondegenerated bilinear form Qi on Gr;(W{) by
Qi(w,7) = Q(u, N*"*v), if u, v € Wjrepresent i, 9.
The isomorphism above is then an isometry, and the decomposition above is then

orthogonal with respect to this bilinear form.

Let U; denote a tube neighborhood of S; in X. Then this weight filtration gives
rise a filtration of flat sub-bundles of Vo|y;\s;, since N; commutes with p|y,\s,. Vo
has a canonical extension V over X, locally described as follows.
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Let s =, fis; be a single-valued section of of Vp, where f; are multi-valued
holomorphic functions and s; are multi-valued flat sections of V, with respect to the
Gauss-Manin connection. s can be extended over S to a local section of V if and
only if every f; has at most logarithmic singularities along S.

The Gauss-Manin connection is then extended as meromorphic integrable con-
nection with log pole along S
V': V-3V 0x(logS).
The weight filtration {W}} can be extended as a filtration of sub-bundles of V|y,
WicC..cWiC..cWi =V,

such that the induced Gauss-Manin connection on Grf(VIU,.\gi) extends to a holo-
morphic integrable connection on Gr;(V|y,). There is a way to describe local flat
sections of Gr;(V|uv,)-

Let U, C X be a small neighborhood of z € S;, and @ be a multi-valued flat
section of Wz |, \s;- The multi-valued property of 4 is exactly caused by the nilpotent
part N; of the unipotency matrix p(y;) = I + N;. Since N;(W}) C N;(W[,), the
action of p(vy;) on Grl (Vlv:\s;) is identity. Hence @ projects to a single valued flat
section u of Grf(VlUm\si), which extends to a flat section of Gri(V|y,). Qi also
extends to a flat bilinear form on Grj(V|y,), which will be again denoted by Q:.

Moreover, W. Schmid showed that the Hodge filtration {F¥} has an extension
V=F°>F'>..DF>..DF*

such that {FP}, {W}} and together with Q} define a variation of polarized mixed
Hodge structures on V|g,. i.e. the projection of {F?} to Gri(V|s,) defines a direct
sum of VHS on the components of the primitive decomposition of Gri(V|s,), and
those VHS are polarized by the bilinear form Q.

Now let I = {i1, 92}, we consider two components of S. Let ~;,, v, be the
two short loops around S;,, S;, and N, N;, the nilpotent parts in p(7v;,, p(7i,
respectively. Since N;, and N;, commute, the property of the weight filtration of
N;, in i) is preserved by N;,. The weight filtration of N;,

W CWiC..CW CW2 C..CWyi=
is also preserved by N;,. Hence, N;, descends to a nilpotent endomorphism
N, : Gr, (W) = G, (W),
and defines then a weight filtration on Gr;, (Wit)
Wi c Wi C .. c WP c W2 C .. C Wi = Grji (V).
Let U;,;, denote a tube neighborhood of Sj ;, in S21 Then we just repeat
the above discussion again here. The weight filtration {W, wi ”’} defines a filtration

of flat sub-bundles of Gr;: Wlviy 1,\54,.5,» and extends to a ﬁltratlon of sub-bundles

on Grf: lv;, ., such that the Gauss-Manin connection V' induces a holomorphic
integrable connections on the quotient

;: ll;(v) — Vu,l:/ 1111,,12
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Further more, the Hodge filtration on Grfl (V) projects to the pnmmve parts of
Gr}! ’,'2 is a VHS, and polarized by

In general, for any Sy, we construct inductively a grading

11 ,825000y i
— ll ,iz ..... i#[
V= @ G Loy g ?
Lila,.lyr

and show that each component of this grading carries a direct sum of polarized VHS
on Si,. .. igsr-

Now we shall write down the system of mixed Hodge bundles corresponding to
VMHS constructed above. Consider the canonical extension

:E - E®Q%(logS)
of the system of Hodge bundle corresponding to a VHS. 6 has the expression
dz,
§= Z hi—+ Y 6,
i>m+1
near S = {z|z;...2m = 0}, where all §; are holomorphic, and 6,6; = 6,6;.
The so-called residue map around S; of S is an endomorphism defined by

I‘eSs‘.e : Els, i‘ Elsi.

In our situation ress,f is automatically nilpotent, and (ress.0)**! = 0. So, it
defines a weight filtration on El|s,

Wo(E|s,) C Wi(Els;) C ... C Wi(Els;) C Wit1(Els,) C ... C War(Els;) = Els,,

which is preserved by the action of 6|s,. Simpson [S2] showed that this weight fil-
tration is the same as the weight filtration corresponding to the nilpotent part of the
local monodromy around S;. So, this filtration is a filtration of sub-bundles. Denote
Gri(E) = Wi(E|s,)/Wi-1(E|s,), one also has a primitive decomposition

Grf(E) = @(resS,.e)j ('Pti-l-zj)'

We consider now the following two exact sequences

0 - End(E) ® 0%, (log(Si 3 S;) = End(E) ® W (log(S)ls, = End(E)|s, — 0
J#i
and
0 - End(Grj(E)) ® %, (log(S: N ) _ S;)— End(Gri(E)) ® 2% (log(5)!s
J#i

I'eSs,

= End(Gr}(E)) = 0.
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Since
8 € H°(S;,End(E) ® Q% (log(5)|s;)
preserves the weight filtration, it descends to a section
9 € H°(S;,End(Grj)|s;) ® U (log(S)]s:)-

The image

ress, () € H°(S;, End(Gr}(E))
is zero, since it comes from

resg, (0) € H°(S;,End(E)|s,),

and it has the trivial action on the quotient Gr! of its weight filtration. Hence 6
factors to a section

6; € H(S,End(Gri(E) ® 0%, (log(SiN ) _ ;).
J#i

_This section together with the projection of the Hodge sub-bundles of El|s; to
Grj(E) is the direct sum of systems of Hodge bundles

(GI‘; (E)a elz) = @((ressg'e)j (Pli+2j)a eli,j)

corresponding to the direct sum of polarized VHS on the primitive decomposition of
Grj(H). We call the following direct sum of systems of Hodge bundles

P (ess.0) (P,)). 6} ;) =: locs, (E,6)

Lj
the localization of (E,6) on S;.
Now we consider two components S;,, S;,; of S. The residue
ress;, ;,locs, 0 =:resg, . 0
gives a weight filtration
W2 C Wi C .. C W2 C W2, C .. C W52 = Grjl (E).

Let Grf;,’,i2 (E) = I’Ifl’;‘,’,i2 / Wfll”,ifl. Then by the same argument as above locs; 6 de-
scends to an endomorphism

6i17 : Gr P (B) = Gy " (B) © 0, (10g(Sin,ia N D S))-
J#i1yiz
This endomorphism together with the projection of Hodge sub-bundles of Grfi (E)

to Gr;}’*(E) is a direct sum

(@riti2(B), 6i%) = @ ((ress, . ) (P, 6114%)
J
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of systems of Hodge bundles corresponding to the polarized VHS on the primitive
decomposition of Gr}’2(V).

We call the direct sum of systems of Hodge bundles

@ ((resg,‘l_;z 9)1 (,Plzll,’lz:+2])’ 91"1:;:,] = lOCSil ,ig (E’ 9)

l1,l2,5

the localization of (E,6) on S;, ;,. In general, for I = {1, i2,...,ix1} We just con-
struct the residue resg, () and its weight filtration inductively. The pulled back the
weight filtration on each individual step to E|s, gives rise a filtration with a multi
index set

W0,..00,..0 € o T Wiyt ter C Wiy otm4 1,y C oo C Wog 2k, 2k = Elsy,

such that the grading together with the descent 6

@ (Griy,o e tier (Blsp > Otn,o s ler)

P A

is a direct sum of systems of Hodge bundles corresponding to the polarized VHS on
the primitive decompositions of the components of the grading

il,ig,...,i#l

V= @@ Gz w).

Lz yelier
lilayeslyr

Now let N C EP? be a sub-bundle and 8(N) = 0. We consider the grading
Gry,,...lm,...twr (NV]s;) of the filtration restricted to N. It is contained in the kernel
of locg, 0. Applying the same argument in i) to this grading we prove ii).

Proof of Theorem 1.2. We first consider a special case, where f: Z — X with
f(Z) ¢ S. By Kollar’s theorem ([K] Th. 5.20) the Chern classes ¢;(f*NV) of the
dual bundle can be represented by the corresponding Chern forms ¢;(f* Ny, h) of the
induced Hodge metric, and they are semi positive by i), Prop. 1.1. Hence

[ £ @iz 00 = [ O i (N ) 2
Z Zo
We consider now the general case. Suppose that f(Z) C Sr and f(Z) ¢ Ny51S;.
We pull back the weight filtration of ress, to Z, and enlarge it to a filtration
Wo,...0..0(f*N) C . CWj oty (f*N) C . CFN,

such that it is a filtration of vector bundles on the complement of a subvariety of
codimension two. We then take a blowing up 7 : X — Z, such that the pulled back
filtration can be enlarged to a filtration of vector bundles

WO,,..,O,...,O(F*f*N) Cc..C W/ll,...,lm,...,l#j(ﬂ-*f*N) Cc..C ﬂ'*f*N-

Now, all the quotient Gry, ... 1,......1.; (7* f*N) are sub-bundles of 7* f*(locs, E**9),
and lies in the kernel of 7* f*locs, 8 by ii, Prop. 1.1. Applying the same argument as



KODAIRA-SPENCER MAPS ON HODGE BUNDLES 293

before, the Chern classes of Gry,,...1,.,...1s; (PI*f*NV) are semi-positive. Hence the
Chern classes of 7* f* NV are semi positive. This implies that

/ FH(NY)..cir(NV)) = / 1 (r* f*NV)...ci» (n* f*NV) > 0.
zZ Z

Suppose that ¢;(N)L4™Z-1 = ( for some ample line bundle L. We consider
first a special case, where f(Z) ¢ S. we shall show that the Curvature form on f*Ny
vanishes. Let C be a smooth projective curve of the complete intersection of sections
of the linear system |mL|. Since the first Chern form of f*N|¢, is negative semi
definite and represents the first Chern class of f*N|c, this Chern form vanishes. By
choosing different curve C passing through any point in Z and along any direction,
we show that the first Chern form of f*Ny vanishes. This implies that the curvature
form on f*Ny of the Hodge metric h vanishes. Hence, the Gauss-Manin connection
restricts a flat h—connection on on f*Nj.

Suppose now f(Z) C Sy for some I, and ¢ Ny57Sy, then by the same argument
as above we show that the same property holds for the grading Gr(N) of the pulled
back weight filtration of the residue of 8 on Sj. Theorem 1.2 is proved.

2. Semi positivity of parameter spaces of Hodge structures. Let ¢ :
Xo = D denote the equivariant holomorphic map from the universal cover Xo into
the classifying space of polarized Hodge structures corresponding to a VHS V, with
the system of Hodge bundles (Ep,fp). The differential of ¢ induces a sheaves homo-
morphism

dé: Tg, = ¢*Tp.
We have the following Hodge-theoretical description for dé [G1] and [Sch]. Let

Vi denote the real vector space of the fibre of the local system at xy with the Hodge
filtration

Ve=F)DF .. Fk

The orthogonal group of the bilinear form @ is a linear algebraic group defined
over R

Gr = {9 € GL(WR)|Q(g(u), g(v) = Q(u,v) for all wu,v € WR}.
The group of its C—points
Gc = {9 € GL(WR)|Q(9(u), 9(v) = Q(u,v) for all wu,ve V}.
The Lie algebra gc of Gc¢ is then
gec = {X € End(Vg)|Q(X (u),v) + Q(u, X (v)) =0 for all u,v € V}.

The quotient space
D =Gr/GrNB, where B ={g¢€ Gc|gF} = FPVp}

is the so called classifying space of Hodge structures, which parameterizes Q) —polarized
Hodge structures with fixed Hodge numbers A7, 3° . _, h?? = dim V¢, and carries
the universal QQ—polarized Hodge filtration, and the universal Hodge bundles €.
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Since the Hodge structure is functorial, the dual space Vg’ is equipped naturally
a Hodge structure of weight —k by

V. vp'.d
Ey:= P EFT,
Ptg'=—k

where EVE' = E‘P'*‘ql(\)/.

If the Hodge structure on Vg is polarized by a bilinear form. Then this bilinear
form induces naturally a bilinear form on V' which polarizes the Hodge structure
on VY.

Further more, these two Hodge structures on V¢ and on Vg induces a Hodge
structure on End(V¢)

P End®y = @ EeE.
r+s=0 (p+p')+(g+q¢")=0

The product of the polarizations on Vg and on Vg’ gives the polarization on
Ve ® Vi'. The Lie algebra gr of Gg is then

gr = {X € End(WR)|Q(X (u),v) + Q(u, X(v)) =0 for allu, v € Vg}.
This sub-space gr C End(VR) carries a sub-Hodge structure with
gc=Pe"
r
where

gh " = {X € gc|XEPI C EPTTATT Vp, g}

The Hodge bundle g~!! is identified with the so-called horizontal sub-bundle of
holomorphic tangent bundle T’». We have then

Tz, 8 ¢'g~1' <& ¢*End(é),
which descends to
Tx, 8 g=11 <y End(E,),

where g~1! is the (—1,1)—type Hodge bundle of the descent sub-system of Hodge
bundles of (Ey,6), and the composition map id¢ coincides with the map

Tx, — End(Eo)

induced by the Kodaira-Spencer map 6o : Eo = Ep ® Q}(o.

Suppose that the monodromies of Vo around components of S are unipotent.
Then by works of Deligne and Schmid we have a natural extension

E - E® Q% (logS),
which induces an extension

Tx(=logS) % g~ <y End(E).
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In the general, by [Sch] the monodromies around the components of S are uni-
modular. i.e. the norms of the eigenvalues of the monodromy matrix are equal to 1.
In this case, one still extensions

E, = E, ® Q% (log S),
which induces an extension

Tx(~logS) %3 g7 < End(Eq).

Prop. 2.1. Let (End(E),Gend) denote the system of Hodge bundles correspond-
ing to the polarized VHS on End(Hw), induced by the polarized VHS on V. Then

6°™4(d(Tx)(~log 5))) = 0.

Proof. Let (E,6) be the system of Hodge bundles corresponding to the VHS on
V. Then the system of Hodge bundles corresponding to the induced VHS on V'V is

(EY = @ Evp',q',_ev),

p+q'=—k
where EV?? = E=?=¢" and 6V = 6§ under the natural isomorphism
End(EY) = End(E).
The system of Hodge bundles corresponding to the induced VHS on End(V) is

(End(E)70end = ( @ End(E)r,s’ eend) = ( @ FEPY® EVP”QI, eend)
r+s=0 (p+p')+(a+q')=0

with

06nd(u® VW) =0(u)®v¥ —u®8Y (V).

Let U C X be a Zariski open subset, such that E|y and QY% are trivial with
the base {ei,...,e,,} and the base {dz,...,dz,} respectively. Then

n
0|U = ZA,—dzi,
i=1
with
A= () al"e, ®e)) € H'(U,End(E))
7,8
and

ele = i A}/dzi,

i=1
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with
= (Z ay"’eY ®e;) € H'(U,End(EY), with af™ =al", Vi,rs

Tx|v has the base {1/0z1,...,1/02,}, and the map
dé : Tx — End(E)
is defined by sending 1/9z; to A;. A simple calculation gives
n
Bend(Ai) = z(A’AJ - Ain)de.
Jj=1
Since A;A; — AjA; =0 for all i, j we get Gend(A,-) = 0. Prop. 2.1 is proved.

Proof of Theorem 0.1. i) We first show i) for the case when the monodromy
around the components of S are nilpotent. We shall prove that Q% (logS) is weakly
positive on the complement of the degeneration locus D of d¢.

By blowing up = : X - X on somesub variety of codimension > 2 and contained
in the degeneration locus D of d¢, we may enlarge the sub-sheaf

m*d(Tx)(~logS)) CT C w* g™}

to a sub-bundle T' with the torsion quotient T'/w*d@(Tx)(—logS)). By Prop. 2.1

Bend(T) = 0. Since the monodromies of End(V,) around the components of S
also are unipotent, by Theorem 1.2 the Chern classes TV are semi positive. This
implies that TV is weakly positive. Now Let L be an ample line bundle over X,
and E C X the exceptional locus of the blowing up . Then #*L"(—E) is ample for
some r >> 1. Hence, for any positive a there exists a positive number 3 such that

S°¥(TV) ® (v*L"(-E))°
is generated by the global sections on X.

Since
TVI)‘(\W'D = Q (log S)')‘(\,rtp,
by take the direct image of m we get that
5% (2 (log S))|x\p ® L™

is generated by global sections on X. We proved i) in Theorem 0.1 for the unipotent
case.

We shall now prove i) in Theorem 1 for the general case. By [Sch] the system of
Hodge bundles

6o : Ep —)Eo@ﬂ}o
has an extension as a system of Hodge coherent sheaves

6:E— E®Q%(logS).
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After a blowing up at a subvariety of S, we get an extension of system of Hodge
bundles. This gives rise a map

Tx(—logS) — End(E).

We claim that the sub-sheaf Tx(—logS) — End(FE) is generated by those local
sections, whose Hodge norms have at most logarithmic singularities on S.

Given some real numbers a;, as,.... Let U 3 z € S be a small open subset, such
that UNS = {z € U|z122...2x, = 0}. One defines an extension by taking local sections
s in E with the growth w.r.t. the Hodge norm A

[s|n < |zn |76 2| R o

for any positive numbers €y, ..., ;. By [S2] for the dim X =1 case and [JLZ] for the
dim X > 1 case, one gets an extension for the Kodaira-Spencer map

6:E, = E, ®Q%(logS).

This means that the extended Kodaira-Spencer map preserves the polynomial growth
condition of local sections in E. Hence, the sub-sheaf Tx(—logS) = End(E) must
be generated by those local sections of End(E), whose Hodge norms have at most
logarithmic singularities on S.

Now the argument in the proof of Theorem 5.20 in [K] can be still applied to this
sub-sheaf Tx(—logS) — End(E). So, we also prove i) in Theorem 0.1 for the general
case by the same argument as in the unipotent case.

Proof of i) in Theorem 0.1. We need the following lemma

LEMMA 2.2. Under the same notion as in the proof of i). Suppose that d¢ is
injective at some point. Then the self-intersection (detTV)dimX > 0,

Proof. Since by Prop. 2.1 and i) in Theorem 1 the first Chern form of T'|x with
the restricted Hodge metric is negative semi definite, we only need to show that this
first Chern form of T is strictly negative at some point in Xy. The main idea here
is to apply Griffith-Schmid’s theorem that the holomorphic sectional curvature in the
horizontal directions is strictly negative [GS].

Suppose that d¢ is injective at some point zp € Xg. Then there exists an analytic
open neighborhood U of zg, such that ¢ : U — D is an embedding.

Let W = ¢(U). We have Tx |y = T'|v, and Tx|y together with the Hodge metric
is the pulled back of the tangent bundle Tw together with the universal Hodge metric
via ¢. Let O(Tx|y) denote the curvature form of Tx|y of the Hodge metric and
O(Tw) denote the curvature form of Ty with the universal Hodge metric. Then we
have @(TX|U) = ¢*(@(Tw)).

By Prop.1.1 the Hermitian form (©(Tx|v),v,?) is negative semi definite for any
holomorphic tangent vector v € Tx|z,. In order to show it is strictly negative definite,
we only need to show that at least one eigenvalue of (@(Tx|y),v, ) is strictly negative
for v # 0.

We shall show at least one eigenvalue of (O(Tw),u,@) is strictly negative for
any u # 0 € Twly,. By a theorem due to Griffith-Schmid [GS] the holomorphic
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sectional curvature of ©(g~!!) of the universal Hodge metric is strictly negative.
i.e.the product

u(O(g™11),u,d)i <0, Yu#O0eg i

Consider now the holomorphic sub-bundle Ty C g~!!|y, the Hodge metric
induces an orthogonal C'° —decomposition

g w = Tw @ Tiy.
Let A € AY°(Hom(Tw,Tj) denote the second fundamental form. Then
O(Tw) = 06"l + AN A.
Since the Hermitian form (A A A,u,@) is negative semi definite, the product
w(O(Tw),u,8)a = u(O(g™ "), u,@)d + u(AAA,u,d)d <0
for any non zero tangent vector u € Tw|y,. Hence, we obtain
v(O(Tx|v),v, )0 = ¢xv(O(Tw), P, Puv)Psv < 0

for any non zero vector v € T'x |, This implies that the Hermitian form (0(Tx |v), v, )
has at least one negative eigenvalue for any non zero holomorphic tangent vector
v € Tx|z,- Hence, the first Chern form of the dual bundle ¢;(TV,h) is strictly
positive on U. Applying Kollar’s theorem we get

(det TV)dim X = / AdmX o (7Y B) > 0,
X

Lemma 2.2 is proved.

We are in the position to prove ii). By the proof for i) in Theorem 1 detTV
is nef, and by Lemma 2.2 (det V)™ > 0. Hence, by Kawamata-Viehweg’s vanishing
theorem ([Ka2], [V2],3.2) the Kodaira dimension of detT" is equal to dim X. Since
the quotient of Ty(—logS) C T i s a torsion sheaf, we get a non zero sheaves
homomorphism detTV — det Q}(log S). Hence, the bigness of detT"V implies the
bigness of det Q}{(log S). Note that the Kodira-dimension of (X,S) is a birational
invariant, we prove ii) in Theorem 0.1.

3. Arakelov inequalities for Hodge bundles. In this section we shall prove
Theorem 0.2. First we review some basic facts from representation theory [FH]. Let
V and W be two vector spaces of dimV = m, and dim W = n. Then one has

ANV @W) = @ S\V @ Sy W,

where S,V respectively S/W, is an irreducible representation of GL(V') respectively
an irreducible representation of GL(W). The sum over partitions A with at most
dim V' rows and at most dim W columns in the associated Young diagram. And )’
is the conjugate of A, which is defined by interchanging rows and columns of A. It is
known that the representation S)V can be realized as a GL(V)—invariant subspace
of a tensor product V®!, which depends on A. One can do the same thing for vector
bundles (see [B]).
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Now, we do one step further. Let NV C E be a sub-bundle of a system of Hodge
bundles (E,6) corresponding to a VHS V, and #(N) = 0. Then by taking the
representation S)(V), we obtain the system of Hodge bundles corresponding to this
representation (S)E,Sxf), which has the property Sy\N C SyE and S»(8)S,N = 0.

By Theorem 1.2 we obtain

LEMMA 3.1. SN is semi negative w.r.t. the induced Hodge metric via the
embedding

SAN C S)\E.

Proof of Theorem 0.2. We consider the differential of the period map
do : Tx(—logS) — End(E)
and let T =: d¢(Tx(—logS)). Then the Kodaira-Spencer map takes value in TV,

9P 9 _ gr—latlg; _ 9 gP—2:9+2g;2
EPe°y pplatl g TV g ®1 EP 2,q+2®T\/® o ®1

.o BV @ VOHD),
where i : TV — TV is the identity map. We set
I == (6p-1,q+1 ®7:l)~-(9p—1.q-5-1 ® i) (EP1),

and
Op—i1,g+1+1 21 F1
Kl = Ker(Il — Il+1)'

After a successive blowing up 7 : X — X we may assume that all TV, I,, K, are
vector bundles.

By the additivity of divisors of determinant line bundles in short exact sequences,
to prove Theorem 0.2 is enough to show that it holds on X
det I; = r; det Q}((logg) - P+ N
and
det K; = rj det Q% (log §) — P/ + N/

for some positivie rational numbers r;, r;, which are bounded above by the Hodge
type of E, and some semi negative Q—divisors N, N, and some effective Q—divisors
P, F.

Since for some large [, we have eventually [; = K; and again by the additivity of
divisors of determinente line bundles in short exact sequences we only need to show
the second equality.

Since Op_;—1,q+1+1 @ i'T1(K;) = 0, we have

K, C K(gr~i-Lati+ly g TVEUHY),
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Let d:=rkK;. By [FH] we have then
det K; € AUK (P-1mhatiHl) @ TVEUTY - (g, e (gpi-LatiH) @ 5, TVEUHY,
We find then a non-zero projection for some A
det Ky — SrK (9P~1-1at i+ @ 5, VO,

Hence, a non-zero sheaves map

f:det K; @ SyT®HHD) o S K (P~ 1-1at1+,

Set
G := f(det K; @ SyT®UH1)) ¢ S K (6P~ ~1ati+ly,
After a further blowing up of X, one has a short exact sequence of vector bundles
0 = Ker(f) = det K; @ Sy T®HY 5 G - 0,

and G C G’ such that G'/G is a torsion sheaf and G' C S\K (P~ !~1a++1) i 5
sub-bundle. By Lemma 3.1 G’ is semi negative. Hence detG = detG' — P’ with
det G’ is a semi negative divisor and P’ is an effective divisor.

A calculation of the determinantes gives
rk(SyT®+1) det K;+det SyT®HHD) = det G+det Ker(f) = det &' — P' +det Ker(f).
Further more, we consider the sub-bundle

F:=Ker(f)®@detK;¥Y C S ST+

By Lemma 3.1 this sub-bundle F' is semi negative. Hence,
—rkKer(f) det K; + det Ker(f) = det F < 0.

From those two equalities of divisors we obtain
(tk(SyT®D) — rkKer(f)) det K; = det Sy TV + det G — P + det .

Since the map f is non-zero, rk(SyT®W+1) — rkKer(f) =: # > 1. And it is
also clear detSyTV®UHY) = p det TV, where r is a positive rational number and
bounded above by the Hodge type of E. Set N; := det G + det F, and notice that
det 7*0% (log S) = det TV + P, where P" is an effective divisor, we get

7‘"
det K; =

— det 7* Q% (log S) — Cpr_Llp + 1y
T x (108 r ! ot

Theorem 0.2 is proved.
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