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HAAR-TYPE MULTIWAVELET BASES AND SELF-AFFINE
MULTI-TILES*

TIM FLAHERTY! AND YANG WANGH

Abstract. Grochenig and Madych showed that a Haar-type wavelet basis of L?(R™) can
be constructed from the characteristic function xqo of a compact set Q if and only if Q is an in-
tegral self-affine tile of Lebesgue measure one. In this paper we generalize their result to the
multiwavelet settings. We give a complete characterization of Haar-type scaling function vectors
xa(z) = [xo, (@), ---, xa,. (2)]T, where @ = (9, ..., 2-) is an r-tuple of compact sets in R". We
call Q a self-affine multi-tile because 2;’s tile R™ by translation and have the property that each
affine image A(;) is the union of translates of some Q;’s. We also construct associated Haar-type
multiwavelets , and present examples using various dilation matrices A.

1. Introduction. Let A be an expanding matrix in M, (Z), that is, one with in-
teger entries and all eigenvalues |A;(4)| > 1. A compactly supported nonzero function
f(z) € L2(R™) is called a scaling function of a multiresolution analysis with dilation
factor A if it has the following properties:

(i) f(z) satisfies a refinement equation

(L) f@ =Y caf(dz - a),

acZ™

where the coefficients ¢, are real and ) 5. co = | det(4)].

(ii) The integer translates f(z — a), o € Z™, are orthogonal in L2(R").

It is well known that given any scaling function of a multiresolution analysis, an
orthonormal wavelet basis can be constructed from that scaling function, see [5].

In [13] Grochenig and Madych studied Haar-type scaling functions and wavelet
bases. A Haar-type scaling function is a scaling function of the form xq, where  is
a compact set in R™, and a Haar-type wavelet basis is the wavelet basis constructed
from a Haar-type scaling function. Grochenig and Madych showed that for a given
expanding matrix A € M, (R) the function g is a scaling function of a multiresolution
analysis with dilation A if and only if €2 satisfies the following conditions:

(i) Q2 is a Z™-tile of R, i.e.,

U @+a)=R"

aEcZn

and the union is measure disjoint.
(ii) © satisfies a set-valued equation (up to a measure zero set)

(1.2) AQ) = J@+d)
deD

for some finite digit set D € Z™ of cardinality | det(4)|.
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We call a compact set Q2 with positive Lebesgue measure that satisfies the condition
(ii) a self-affine tile. It is known that such an ) must have nonempty interior, and
must tile R™ by translation by some subset of Z™. If in addition {2 is a Z™-tile of R™,
then the digit set D must form a complete residue system (mod A), i.e., a complete
set of coset representatives of the group Z™/A(Z"™). Conversely, if the digit set D is a
complete residue system (mod A) then thereis a unique compact set Q2 satisfying (1.2),
and Q must be a self-affine tile, namely it must have positive Lebesgue measure. Note
that there is an obviously equivalent formulation of (1.2) in the form of a refinement
equation, which is

(1.3) xa(@) = xa(Az —d).

deD

Self-affine tiles have been extensively studied in recent years. More results on them
can be found in Bandt [1], Grochenig and Haas [11], Kenyon [18], and Lagarias and
Wang [23], [19], [20].

In this paper we study Haar-type scaling function vectors and multiwavelet bases.
Scaling function vectors are generalizations of scaling functions to vector valued func-
tions. More precisely, a vector valued function f(z) = [fi(z), ..., f-(z)]7, with each
compactly supported f;(x) € L2(R"), is a scaling function vector if the following two
conditions are met:

(a) f(z) satisfies a vector refinement equation

(1.4) f@) =) caf(Az —a),

aEZn

where the coefficients ¢, are matrices in M,(R). r is called the vector multiplicity of

f().
(b) vy := Jga f(x)dz # 0 and for all o, 3 € 27,

(1.5) fl@—a)ff(z - B)dz = da_pA
Rn

where A is an r x r diagonal matrix with positive diagonal elements and 4, is the
standard Kronecker symbol with §y = 1 and ., = 0 otherwise.

Note that vy # 0 implies that vy is a |det(A)|-eigenvector of the matrix ¢ :=
Zan" Ca-

As with the case of a scaling function, an orthonormal basis of L?2(R") called a
multiwavelet basis can be constructed from a scaling function vector. Multiwavelets
have received considerable attention recently, after the construction of multiwavelets
by Donovan, Geronimo, Hardin, Kessler and Massopust using fractal interpolation
functions [15], [9], [6], and by Goodman and Lee [10]. One advantage of multiwavelets
is that they can be made to combine smoothness with small supports. Although these
properties are achieved at the cost of using more wavelets, their potential importance
in numerical applications may outweight the cost.

DEFINITION 1.1. We say a function vector f : R™ — R" is of Haar-type if each
component of f(x) is the characteristic function of some compact set.

Now, let @ = (Q, ..., Q,) be an r-tuple of compact sets in R™, and let xo(z) :=
[xa,(z), ..., xa.(z)]*. It is then natural to ask whether xq(z) is a scaling function
vector for some given dilation A. Our main theorems, stated below, classify all Haar-
type scaling function vectors.
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THEOREM 1.1. Let A € Mp(Z) be an expanding matriz and Q@ = (Q1, ..., Q)
be an r-tuple of compact sets in R"™. Suppose that xa(z) is a scaling function vector
satisfying the vector refinement equation

(1.6) xa(z) = Z caxn(Az — o).
acZn™

Then
(i) FEach coefficient matriz co € M(R) is a zero-one matriz.
(ii) For each a € Z™ the matriz

bo = Z Ca+ARB
gezn

is a zero-one matriz and contains exactly one entry of 1 in each column.
(iii) The nonnegative matriz ¢ =) czn Co 18 irreducible.
(iii’) The nonnegative matric c =Y, cyn Co is primitive.!
(iv) {Q;: 1< i< r} are measure disjoint, and Ui_,Q; is a Z"-tile of R™.

We use the term self-affine multi-tile for Q because R™ can be tiled by the trans-

lates of Q1, ..., Q,, and for all 1 < i < r we have
T
(1.7) A) = |J (@ +Dyy),
i=1

where each D;; is a finite, possibly empty, set in Z", with all unions in (1.7) measure
disjoint.

We will now briefly describe the construction of Haar-type multiwavelet bases
which correspond to the scaling function vectors of Theorem 1.1 . Let f = xq be
a scaling function vector satisfying (1.6). Let & = {(a,j) : (ca)i; = 1} for all
1 < i <7, and set v; = |;|. For each i define an arbitrary bijection I; mapping &;
onto {1,2,...,7}. We now normalize the scaling functions, setting ¢; = || fill;" f:-
Next let M; be an orthogonal ; x +; matrix with the first row v, ~'/2[1,1,...,1].
Define, for each 1 <1i <7, and 2 < j < ~; the following functions

(1.8) gij(x) = |det(A)| Y Mi(j, Ii(e, k) ¢r(Az — a).
(a,k)EE;

We have that g;; is supported on the set Q;, using (1.6). Hence, we only need to estab-
lish orthonormality of g;; to g;x, and of g;; to ¢. This readily follows by computing
these inner products, applying the refinement equations, and using the orthogonality
of the M;. Finally, observe that we have a total of y; + -+ + v, —r = |det(A)|r —r
wavelet functions, precisely the number of wavelets needed.

THEOREM 1.2. Let A € M,(Z) be an expanding matriz. Suppose that the coeffi-
cient matrices c of the vector refinement equation

(19) @)=Y caf(Az—a)
agZn

satisfy properties (1)-(iii) of Theorem 1.1. Then up to scalar multiplications the vector
refinement equation has a unique compactly supported solution, which is of Haar-type
f(z) = xa(z). Furthermore, 2 = (Qq, ..., Q) satisfies

INote that (iii’) is stronger than (iii). We include (iii) to simplify the statement of Theorem 1.2.
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(A) Each Q; has nonempty interior, and Q; = Q2.2
(B) There exist subsets J1, ..., Jr of Z" such that

(1.10) U U @+

i=lv;€J;
is a tiling of R™.

We remark that the solution ygq in Theorem 1.2 is not necessarily a scaling func-
tion vector, even when n = 1 and r = 1. The simplest counter-example is the
refinement equation

f(@) = f(22) + f(2z - 3),

which admits the Haar-type solution f(z) = x[o,3)() that is not a scaling function.
Checking whether a solution yq is a scaling function vector can be done in finitely
many steps using an appropriate generalization of an algorithm in Lawton [24]. For
a solution yq that is not a scaling function vector, it is not known whether U}_,Q;
still tiles R™ by translation. We state here as a conjecture that it does.

The rest of this paper are organized as follows: In §2 we state and prove some
general results concerning scaling function vectors and certain generalization of iter-
ated function systems. We then use these results to prove our main theorems in §3.
In §4 we present some examples of self-affine multi-tiles.

The second author would like to thank Professor Ka-Sing Lau for the invitation
to visit the Chinese University of Hong Kong, where this research was conducted
primarily. Both authors thank the mathematics department of CUHK for the generous
support, and Professor Lau and Dr.Sze-Man Ngai in particular for their hospitality
and stimulating discussions. After we completed this paper we received a preprint by
Grochenig, Haas and Raugi [12] that contains some overlapping results.

2. General Results. Consider the vector refinement equation

(2.1) f@) = caf(Az— )

acZr

where f(z) = [fi(z),..., f+(@)]T, ca € M.(R) and c, # 0 for only finitely many a.
We define the symbol of the vector refinement equation to be

’(aag)
(2.2) m(€) = Tae )] det @ ; Cot

Let B := AT. It verifies easily that the Fourier transform of f(z) satisfies

(2.3) F(&) =m(B 1) f(Be).

Some standard properties for non-vector refinement equations are known to generalize
to the vector refinement equation (2.1). For example, if f(z) is integrable and vy :=
Jr~ f(z)dz # 0 then vy is a 1-eigenvector of the matrix m(0). But unlike the non-
vector case, a given vector refinement equation may have more than one independent

21f we interpret the equality in (1.9) as almost everywhere, then Q; = ﬁf up to a measure zero
set.
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compactly supported L' solution. In fact, under the assumption that the spectral
radius p(m(0)) < 1 each 1-eigenvector v of m(0) leads to a compactly supported
solution f(z) (in the sense of tempered distribution) to the vector refinement equation
(2.1) via

(2.4) fo = (IL mB70)w,

=1

see Cohen, Daubechies and Plonka [4].
For a vector valued function f(z) we define

vy = - flx)de, Aj:= /Rn f@)fT(z) dz.

For a scaling function vector f(z) the matrix Ay is a diagonal matrix with positive
diagonal entries.

LEMMA 2.1. Suppose that f(z) satisfies (2.1) and is a scaling function vector.
Then

(2.5) > calsel, ap = 0g|det(A) Ay

[TV AS

Proof. Let q¢ =|det(A)|. By definition of a scaling function vector,
G4t )]s =0 [ f@)f "o+ P)da

DD C"‘(/Rn f(Aw—a)fT(AHAﬂ—y)dw)c,f

aE€EZ™ vEZ™

> Y ol fu-af a8 pdy)d

a€Z™ yEZ™

> e[ f-a)fTu—a)dr)elug

aEZn

T
E: caAfca+Aﬁ' 0
aEZn

DEFINITION 2.1. Let A be a diagonal matrixz with positive diagonal entries. The

vector refinement equation (2.1) is said to satisfy the orthogonal coefficients condition
(with respect to A) if

> calcl, 4= 0g]det(A)| A.

a€Zm”

THEOREM 2.2. Suppose that the vector refinement equation (2.1) satisfies the
orthogonal coefficients condition. Suppose further that vo € R” is a 1-eigenvector of
m(0) = |det(A)|™" 3 czn Ca, and that p(m(0)) < 1. Then there exists a nontrivial

compactly supported L? solution f(z) = [fi(z),..., fr(x)]T of the vector refinement
equation (2.1) such that vy = vy.
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Proof. The orthogonal coefficients condition implies the existence of a diagonal
matrix A = diag(\y,...,\r) with A; > 0 such that

Z caAcZ;+Aﬂ = dg | det(A4)| A.
acZ™

We partition the cube [0,1)™ into disjoint sets Q4,...,Q, of positive Lebesgue mea-
sures. Let g(z) = [g1(%),...,g-(x)]T such that: (1) each g;(z) is supported on €;;
(2) vy = vo; (3) Ay = tA for some t > 0. Without loss of generality we assume that
t=1 A=A

Let 7 be the operator defined by

(2.6) Thiz) = Y cah(Az — a).

a€Zm"

Then Th(£) = m(B16)h(B~1¢) where B = AT. Denote gy = T*g for k > 0. By
induction on k it is easily verified that

(2.7 vg, =vo and / ar(@)ge(z — )T dx = 64 A.
Rn
Therefore there exists a constant K > 0 such that
: ~ 2
(2.8) /R Ge(6)2de < K,

where |.| denotes the Euclidean norm on C". Now

(Hm 76))a(B"e).

So by Theorem 3.2 of Cohen, Daubechies and Plonka [4], i (&) converges unformly on
compact sets to the entire function f(£) := (H;o L m(B7I€))vo®. The function f(z),
which is the inverse Fourier transform of f (§), is compactly supported and satisfies
the vector refinement equation (2.1) because F €3 ) m(B71E)f ( —1¢). Moreover,
f(z) is L? because f(£) is. Finally, v; = f(0) = vo.

Our next two theorems concern certain generalization of iterated function systems
(IFS). Let C,, denote the space of all nonempty compact subsets of R™. Let ||.|| be a
norm on R™. We define the Hausdorff metric on C,, with respect to the norm by

(2.9) du(D, D') := max {Sup inf ||z —2'||, sup inf |jy — y’l|}.
zeDz’ €D y'eD' yeD

It is well known that (C,,,dn) is a complete metric space. Now let df; be the metric
defined on CJ,, the space of all r-tuples of nonempty compact subsets of R, given by

(2.10) A5 (2,9 == max {da(?,9)), ..., du(Q, )}

1<ilr

3The result was established in Theorem 3.2 for A = 2I. But the proof obviously generalizes to
an arbitrary expanding matrix A.
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Then (C],df;) is also a complete metric space. The following result is essentially due
to Mauldin and Williams [27]. We include a proof for self-containment.

PROPOSITION 2.3. Let A be an expanding matriz in M,(R) and let D;j, 1 <
i,j <1, be finite subsets of R™, with U;_,D;; nonempty. Then there ezists a unique
Q=(Q,...,9) €C such that

T
(2.11) A) = J©Q;+Dy), 1<i<r
=1
Proof. Since A is expanding, there exists a norm || - || on R™ such that ||A71z|| <

Al|z|| where 0 < A < 1 for all x € R™. Let the Hausdorff metric du be defined using
this norm. We now consider the map ® : C] — C], defined by

3,(Q) = U (A—I(Qj) + A“l(Dij)), 1<i<r

i=1

We show that @ is contractive in (Cf,d};). Note that
dH(U U E) < max du(E;, E)),

whenever E;, E; are all in Cy,, see Barnsley [2]. Set I'; = {j : D;; # 0}. Now for any
Q, Q' € C], we have

i (4(0), 2:(9)) < max i (4719 +Dy), 47 +Dyy))
< Amax - dg (Q; + Dyj, Q5 + Dyj)

jer;
<A du(Q; Q
max  max a(Q +7v, & +7)
= Amax du(Q, 9)
!
< )\lm]aéc du(Q;, Q )
=5 (R, Q).

Hence
di (29, 2()) = max du(2:(2), 2.(2)) < Adj(®, ).

So @ is contractive, and it follows that there exists a unique £ € C] such that
®(Q) = Q, proving the theorem. O

We remark that the irreduciblity condition on ¢ =} .z. co implies that Ui=1Dij is
nonempty, where D;; = {a: (ca)ij = 1}

THEOREM 2.4. Let A be an expanding matriz in M,(Z) and let Dy;, 1 <i,j <r,
be finite (possibly empty) subsets of Z"™. Let Q@ = (Q,...,Q,) € C~ be the solution to

.
=J@+Dy), 1<i<r
Jj=1
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Suppose that QO = UI_,Q; has positive Lebesque measure. Then Q + Z™ = R™ and
has nonempty interior.

Proof. Let m : R" — T" := R"/Z" be the canonical covering map. Denote
A, :=moAorn™l and O = n(Q). Then

A(Q) = LTJ LTJ (2 + Dy;) C O () = Q.
i=1j=1 i=1

Note that we only have A.(Q) C Q because some of the D;;’s may be empty. So ()
is invariant under the ergodic map A on T™. This implies that either p(2) = 0 or
0 = T" up to a measure zero subset. But p(Q) > 0, so Q = T". Hence ) contains a
fundamental domain of the lattice Z", and Q + Z™ = R"™ up to a measure zero set.
But each 2 + a, a € Z™, is a compact set. So any g € R™ must lie in the closure of
some 2 + «, and hence in Q + . Thus Q + Z™ = R".

It remains to be shown that ) has nonempty interior. Let U be the closure of

the unit ball B;(0) of R™. So

U= |J @+a)nU.

a€Zn

Clearly (Q + «) N U # 0 for only finitely many a € Z", and each (2 +a) NU is
closed. So U = U;’;l U; where U; = (2 + a;) N U. Hence at least one of the U;’s has
nonempty interior, and so §2 has nonempty interior. O

3. Proofs of Main Theorems. We first state some facts concerning nonnega-
tive matrices, that is, matrices with nonnegative entries. We call a nonnegative matrix
B = [b;;] € M,(R) irreducible if for all 1 < 4,5 < r there exist 1 < ky,...,kpn <7
such that

biky Okiks = * Ok 1k Ok > 0.

Otherwise B is called reducible. B is primitive if B are irreducible for all k£ > 1.
The Perron-Frobenius Theorem states that if a nonnegative B is irreducible then the
spectral radius p = p(B) is a simple eigenvalue of B, and B has a p-eigenvector v that
is positive. On the other hand, if B is reducible then B can be block triangularized
by a permutation matrix P, that is

Bi1 O

PBP™! =
[ Bs1 B

J ,  Bj1, Bao are nonempty.

We now go back to the vector refinement equation

(3.1) @)=Y caf(dz - a)

a€Zn
As before, here A € M, (Z) is expanding, ¢, € M,.(R) and ¢, # 0 for only finitely
many a.

LeEMMA 3.1. Suppose that all co in (3.1) are zero-one matrices and p(c) =
| det(A)| where ¢ :=)"  czn Ca- If ¢ is reducible then the vector refinement equation
(8.1) cannot admit a Haar-type scaling function vector solution.
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Proof. Since c is reducible we may assume without loss of generality that

c= [ ¢ 2 } ¢ € Mp(R), &€ My_m(R),

*

for some 0 < m < r. The nonnegativity forces every c, to be of the form

Ca = |: c: 50 ] 3 é& e Mm(R), éa E Mr—m(R)'
(67
Now assume that o is a Haar-type scaling function vector satisfying (3.1) for some
Q=(Q,...,0) €l Let Q= (Q,...,Qn) € C. Then

(32) Xa@ = Y taxg(dz —a).
a€Z™

Define '5,7 ={a€Z": (éa)sj =1} for 1 <i,5 <m. Then Q satisfies
m ~

(3.3) A =@ +Dy), 1<i<m.
=1

It follows from Theorem 2.4 that either p(U%,€;) = 0 or p(UZ2,9;) > 1. But all
1(€;) > 0 by definition, we must thus have p(U2,Q;) > 1. However, this forces
w(Ui—;€;) > 1 and hence the orthogonality of {xo;(z —a) : 1 <i <r, a € Z"}
cannot hold, a contradiction. O

Proof of Theorem 1.1. (i) Let {.,.) denote the standard inner product in L?(R").
The scaling function vector yq gives

(xeu(z), xq;(z —a)) =0, i#jora#0.

This means that Q; and Q; + a are measure disjoint for ¢ # j or @ # 0. The vector
refinement equation (1.6) now yields ¢, € M,({0,1}) immediately.

(i) By Lemma 2.1 there exists a diagonal matrix A = diag(A1,...,A,) with all
A; > 0 such that

(34) > CarapAchiag, = 0pi—p, | det(A)] A,
a€Z™

It follows that for 8, # B2 the matrices cotap, and co+ap, cannot have entries of
1 in a common column. In addition, no ¢, can have two or more entries of 1 in a
column, or it would create a positive off-diagonal entry in c,Acl to contradict (3.4).
Therefore by = 3~ 5czn Cat4p 1S @ zero-one matrix with at most one entry of 1 in each
column.

We show that b, cannot have a zero column. Let o4, ..., a4 be a complete residue
system (mod A), where ¢ = | det(A)|. Note that

q
> o, ABT.
j=1

q

Z Z Z Ca,-+AB1ACZ,-+Aﬁ2

j=1B1€Z" B2€Z"

:E: EE: CQAC£+A7

YEZ™ a€Z™
= qA.
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Now assume that some by, say ba,, has a zero column. Then for v = [1,...,1]

have

we

v e, AVE v < Y ;.

=1

Therefore

vTgAv = i 0T bg, AbZ,’iv < qi Ais

i=1 i=1
contradicting vTgAv = ¢3°7_, A;. So ba, has no zero column. Now for any a € Z™
we have by = by, for some . This proves (ii).

(iii) This is Lemma 3.1.

(iii") Tterating (1.6) yields

xa(r) = Z Z cacpxa(A’z — Aa — B).

aEZ" BEZL™

For the new equation, Y, czn > gezn Cacg = ¢®. By (iii) ¢ is irreducible. By the
same argument, all cF are irreducible. Hence c is primitive.

(vi) The measure disjointness of {Q4,...,9Q,} is clear. Now by Theorem 2.4 the set
Q := U]_;; has the property that 2 + Z™ = R". But the orthogonality condition
forces p(Q) < 1. Hence p(2) = 1 and therefore R™ = Q + Z" is a tiling. 0

REMARK. In general Q := Uj_,(); is not itself a self-affine tile. It is not hard to
check that Q is a self-affine tile if and only if U]_;D;; = D for all 1 < j < r, where
D € Z™ with |D| = |det(A)| and D;; = {a: (cqa)ij = 1}. We omit the proof here.

LEMMA 3.2. Let Dq,...,D,, be measure disjoint compact sets in R™ such that
U, D; = B (x0). Then for any D; having positive Lebesgue measure we have D7 # 0
and D{ = D; up to a measure zero set.

Proof. Suppose that some D;, say D1, has positive Lebesgue measure but no inte-
rior point. Then for any y € D; there exists a sequence {y;} such that limy_oo yr = ¥
and y, € Dq. Hence y € U, D;, and so Dy C U2, D;. This contradicts the measure
disjointness of D;’s. Thus D¢ #  for all D; with positive Lebesgue measure. Now
using the same argument we have 0D; C U;x;D;. Hence by measure disjointness
again p(0D;) = 0 for all i. Thus D; = D¢ up to a measure zero set. 0

Proof of Theorem 1.2. The assumed condition (ii) implies that the sum of the entries
in each column of ¢ is ¢ = |det(4)]. So the nonnegative matrix m(0) = ¢ 'c is

4

column stochastic. Therefore p(m(0)) = 1. By Theorem 2.2 there exists a compactly
supported f(z) = [fi(2),..., f-(2)]T, f(z) # 0 and each f;(z) € L*(R™), such that

f@) =) caf(Az—a).

acZ”

Let U = (Uy,...,U,) where each U; is the essential support of f;(z). The vector
refinement equation (1.9) implies that

T
(3.5) vic |JAT W +Dy), 1<i<r
j=1
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where D;; = {a: (ca)ij = 1}. It follows by iterating (3.5) while replacing U; in the
equation by its closure that U; C Q;, where Q = (Q4,...,9Q,) € C! is the unique
solution to

(3.6) A(Qy) = 0 (@ +Dy), 1<i<r

Jj=1

Since f # 0 at least one of the U;’s has positive Lebesgue measure. It follows from
Theorem 2.4 that Q = U]_;Q; has nonempty interior.

We show that o satisfies the vector refinement equation (1.9). Note that condi-
tion (ii) implies that Y ;_, |D;i;| = | det(A)|. Therefore

=1
@1 3 a(U@+Du) < ST Dl () = | det(A)] D ().
i=1 j=1 i=1 j=1 i=1
But
(3.8) |des(A)] > (@) = - m(A©) = 3 u(J (5 + D).
i=1 i=1 i=1  j=1

Thus all inequalities in (3.7) are equalities, and so all unions in U;:1(Qj + D;;) are
measure disjoint. This forces

xa(r) = Z caxa(Ar — a).

acZn

Note that the vector v = [g. xa(z) dz is a | det(A)|-eigenvector of c. It follows from
the irreducibility of ¢ that v is a positive vector. So all u(2;) > 0.

We now prove property (B). 2° # 0 so Q¢ # () for some 7, say Q¢ # 0. Since A
is expanding, for some sufficiently large N > 0 the set A () contains an interior
point zo € Z". So 0 is an interior point of Qy := AN(Q;) — 2. This means that for
each k > 0 there exists an my > 0 such that the ball By (0) is covered by A™* ().
It follows from the inflation property (3.6) that there exist finite subsets JF,..., JF
of Z™ such that

(3.9) Be0) € Lo + 7P,

=1

where all unions in (3.9) are measure disjoint. Now for any given K > 0 and each
i there are only finitely many distinct J¥ N Bx(0). So we can find a subsequence

L, I such that J™* —J; in the sense that for each K > 0, J/™* N Bk (0) =
Ji N Bg(0) for sufficiently large my. By (3.9)

r

(3.10) R" = Qi +7)

=1

with all unions measure disjoint, proving (B).

To prove (A), take a sufficiently large K > 0 so that B (0) contains at least one
translate of each §; in the tiling (3.10). So Bk (0) is the measure disjoint union of
compact sets that include translates of each €2;. Since all Q; have positive Lebesgue
measure, by Lemma 3.2 2; all have nonempty interior and Q; = Q? up to a measure
zero set. This proves (A). O
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4. Examples. We now look at some examples of self-affine multi-tiles and Haar-
type scaling function vectors. We first select an expanding integer matrix A, and
then choose coefficient matrices ¢, satisfying properties (i)-(iii) of Theorem 1.1. In
Examples 1-3 our expanding matrix A is the quincunx matrix (also refered to as the

“dragon” matrix),
1 1
=141
-1 1

EXAMPLE 1. We let A be the quincunx matrix and choose the coefficient matrices

to be
11 J0 0 0 0
C(O,O) = 0 0 3 c(l,O) = 0 1 ) 0(0,1) = 1 0 -

The self-affine multi-tile @ = (Q1, Q) is shown in Figure 1.

ExXxAMPLE 2. We again choose A to be the quincunx matrix and » = 3. The
coefficient matrices are

01 0 0 0 O 0 0 1
c(0,0) = 0 0 O s C(]_yo) = 1 10 s C(O,l) = 0 0 O
1 01 0 00 0 00

The self-affine multi-tile Q = (04, Qa, Q3) is shown in Figure 2.

ExAMPLE 3. We let A be the quincunx matrix and r = 4. The coefficient
matrices are chosen as

1100 0010 0000
oo 10 ~loooo ~loooo
COO=1090 00 1|7°9T g0 o0o0|"DT|1 00 0
000 0 000 1 0100

Q = (24, Q2,Q3) is shown in Figure 3.
EXAMPLE 4. In this last example we let

2 1
=[20]

which has det(A4) = 3. We choose the coefficient matrices to be

10 J0 0 11 o0 1
C(0,0) = T E C0,-1) = 10 > €(1,-1) = 0 0 » €(1,0) = 0 01"

Q = (4, Q5) is shown in Figure 4.

We have obtained these examples somewhat by trial and error, by generating
the plots of the tiles, and choosing ones that looked nice. In some cases the plots of
the different tiles were very dispersed, and hard to visualize. There are many other
possibilities for Haar-type scaling function vectors, using other dilation matrices A.
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