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EXISTENCE AND DECAY ESTIMATES FOR TIME DEPENDENT 
PARABOLIC EQUATION WITH APPLICATION TO 

DUNCAN-MORTENSEN-ZAKAI EQUATION* 

SHING-TUNG YAUt AND STEPHEN S.-T YAU* 

Abstract. In this paper, we provide existence and estimates of the equation 

du       A        v^ „ du 

i=i 

0. Introduction. In control theory or in many branches of applied mathematics, 
we are interested in an evolution equation of the following type: 

du       .        ^ . du 

2=1 

where fo and V are possibly time dependent functions. 
Given an initial function at time zero, we would like to know existence of a posi- 

tive solution of this equation. Furthermore if the initial function decay fast in spatial 
direction, we would like to know the spatial decay property of the solution for later 
time. In fact, in order for numerical calculation to be carried out effectively, we need 
to know quantitively this decay property. In this paper, we provide precise estimates 
of such an equation under reasonable assumptions on / and V. In applications /; 
and V may not be smooth in time. We have therefore avoided any argument involv- 
ing differentiation of fc and V in time. A typical equation that can be treated are 
those arised in nonlinear filtering problem where the robust Duncan-Mortensen-Zakai 
equation has our form. We demonstrate existence and give decay estimate of this 
equation. 

D. Strook pointed out that his paper with Norris (Heat flows with uniformly ellip- 
tic coefficients, Proceedings LMS (3), Vol.62, #2, (1991), 373-402) is closely related 
to section 1 of this paper where they treated the case with bounded coefficients. We 
were also informed that Fleming-Mitter, Sussmann, Baras-Blankenship-Hopkins have 
obtained important estimates on the DMZ equation. However the latter two papers 
are focused on one spatial dimension, while the former paper needs the boundedness 
of/ and V/. 

1. A priori estimations. To begin with, let us recall some well known formulas 
and inequality which will be used repeatedly throughout this paper. 
Divergence Theorem  Let ft be a bounded domain with C1 -boundary dQ and let 
z/ denote the unit outward normal to dfl. For any vector field w in C0(Cl) fl C1(0), 

/  div w dx =  /    w - v ds, 
Jn JdQ 
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where ds denotes that (n — l)-dimensional area element in dft. 
More generally for any scalar valued function a 6 C0(fi) fl C1(n), 

/  a div w ds =        aw • is ds —  / w • Va dx. 
Jn JdQ JQ 

Green's First Identity Let ft be a domain for which the divergence theorem holds 
and let w and v be C1(A) fl C2(ft) functions, Then 

/ vAw dx = —      S/v - Vw dx H- /    v-r— c/5. 
^fi JQ JdQ   ou 

More generally for any C1(n) fl C2(fi) function a, 

/  aVv • Vw dx = —      avAw dx —      vVa • S/w dx +        av~^~ (^s- 
JQ Jn Jn JdQ      ov 

The following inequality is true for any a, b G R and any £ > 0, 

ab<ea2 + —b2. 

For arbitrary real numbers  ai, 02, • • • , fln? we have 

(ai H h an)2 < na2 + na2 -f • • • 4- na2. 

We are now ready to prove the first theroem in this section. 

THEOREM 1.1. Let VI be a compact domain in W1 with C1-boundary dQ and let v 
denote the unit outward normal to dQ. Let fi (x, t), • • • , fn(x, i) and V{x, t) be smooth 
functions in x-variable. Suppose that /1, • • • , fn vanish on dVt. Let u be a solution of 
the equation 

(i.i) _=Att+5:/^-^ 
2=1 

with boundary condition — — 0 on dQ. 

(i) If m +11791* ~^2filhi ~ div f-2V^0>for0^t^T>then 

(1.2) [ e9u2 < [ 
JQX{T} JQ: 

e9u2. 
2x{T} JQx{0} 

(ii) If — + \Vh + /|2 -2V+ \VV\2 <0,forO<t<T, then 
Ob 

(1.3) / eh\Vu\2<[        eh\Vu\2+ [    f ehu2. 
JQX{T} JQX{O} JO   JQ 

(in) If7£ + (ei + ^)|Vp|2 + J^Pifi + 52hi<0for0<t< T, where 
ut ZSi . 

1 2=1 2=1 

2 - lOel - ^— > 0, then 
1 — 3£i 

(1.4)/ ep{&u)2<[        eO(Au)2 + o( [ e'lV/fl/fM2 

Jnx{T} JQX{O} \Jnx[o,T] 
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+ 

+ 

4|c7„.|2 / e'lvyflH2 + f eV\\Vu\2\Af\+ [ e>|/|4|Vti 
JQX[O,T] JQx[0,T] JQX[0,T] 

[ e'MVu)]2 + [ e^ufChfi, 
^nx[0,T] JQx[0,T} i=1 

JJ'^-'-p&W- 
Proof, (i)   Equation (1.1) implies 

(1.2) 

Integrating by parts, we have 

a,,        o=/   if-f   ^-/r4 
lnx{T}    2 

rT 

T    v?dg_ 

dt 

+ 

+ 

+ 

guVg- Vu+ I    I    e^|Vii|2 

rT      nt2    n 

/   /    e9uVg 'Vu+       / 
JQ JO JQ JO 

JQJO l   ~{ JQJO A   i=i 

[  [   e9u2V, 
JQ JO 

where gi denotes -— and fa denotes -r-^. The boundary condition for (1.3) 
axi ' axi 

du     1   A 

LL   <t + \%S^ 
du 

vanishes because -r—, /i • • • , fn vanish on d£l. But 
dv 

/   I   e9uVg-S/u\<\ I    \    e9u2\Vg\2 + [  [   e9\Vu\2. 
JQ Jo I     4 JQ J0 JQ JQ 

Put the above inequality in (1.3), we get 

(1.4)       / e^ 
JQX{T}        Z 

JQX{O}      2      JQ JO        2 &     ^JQJO 

JQ JO z   i=1 JQ JO 
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Hence if 

(1.5) |f - \\Vgf - J2 /;# - E hi - 2F < 0 on fi x [0,T], 
2=1 l 2=1 

then we have 

9<ii2       r e9u2 

Qx{T}     z 7Qx{0}     2 
(1.6) /        ^</ 

(ii)   By a similar argument, we obtain 

f eh\s7u\2_[ eh\Vu\2= [ ^-(e^Vul2) 
JQX{T} JQX{O} Jnx[o,T] vt 

= / eh — |Vu\2 + 2 / ehVu • Vu* 

= / e%|Vu|2 - 2 / e/l(Vw • Vh)ut -2 [ eh(Au)ut 
JQX[0,T] JQX[0,T] JQX[0,T] 

because of the vanishing of the boundary condition ut— on dQ x [0, T]. So we have 

(1.7) / eh\Vu\2- [        eh\Vu\2=[ ehht\Vu\2 

JQX{T} JQX{0} JQX[0,T] 

- 2 / eh(Vu • Vh)[Au + V fjUj - Vu] 
JQX[O,T] j=1 

r n 

- 2 / eh(Au)[Au + V /JMJ - Vu]. 
Jnx[o,T] ,=1 

But 

(1.8) 2 / e/l(An)yu = -2 [ eh(Vu • V/i)yzz 

7QX[O,: 
-2 / eh[uVu- VF + FIV^I2 

l,T] 

because of the vanishing of the boundary condition ^r^^— on ^^ x [O?^]- 

Equations (1.8) and (1.9) imply 

(1.9) / eh\Vu\2 - [        eh\Vu\2 

JQX{T} JQX{0} 

= [ ehht\Vu\2 - 2 I eh(Vu • VK)\Au + V /^^ 

-2 f eh(Au)2-2f e^Auxf^fjnj) 
^fix[0,T] Jfix[0,T] j=1 
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-2 f ehuVu - W - 2 f ehV\Vu\2. 

By choosing coordinates, we can assume Ui = 0 for i > 1. Then 

n 

(1.10) 2((V/i + /) • Vtx) Au + 2(V^ • V/i)(^ fim) 
i=l 

= 2(hi + /i)ui Au + 2izf/ifti 
< /ifix? + (Ait)2 + /j2^ + (Au)2 + 2u?/i/ii 
= (^i + /i)2n2 + 2(Au)2 

<|V/i + /|2|Vu|2 + 2(An)2. 

Equations (1.10) and (1.11) imply 

(1.11) f e^Vul2- / e^Vul2 

= / e^^lVu|2 - 2 / efc[(V/i + /) • Vu]Au 

-2 / e/l(Vu-V/i) V/jUj-2 / e/l(Au)2 

A}x[0,T] J-=1 ^x[0,T] 

-2/ ehuVU'VV-2 [ e^Vul2 

JQX[O,T] Jnx[o,T] 

< f ehht\Vu|2 + / (e^lVh + /|2|Vu|2 + 2e^(Au)2) 
yQx[0,T] iQx[0,T] 

-2 / Ve^lVul2 -2 [ eh{Au)2 - 2 [ ehuVu • VF 
yQx[o,T] yfix[o,r] Jnx[0,T] 

< [ eh\S7u\2(ht + IV/i + /|2 -2V)+ [ eh(u2 + |Vu|2|VF|2) 
JQx[0,T] yfix[0,T] 

= / e^lVu|2(/i£ + \Vh + /|2 - 2y + |vy|2 + / eV. 
JQX[O,T] Jnx[o,T] 

Since 

(1.12) ^ + |v/i-f/|2-2y4-|vy|2 <o,        onn x [o,r] 

by assumption, we see that 

(1.13) / e^lVul2 < /        e^Vul2 + [    [ ehu2. 
JQX{T} JQX{O} JO   JQ 

(m)   Similary we can estimate the higher order derivatives of u in the following way 

f ep(Au)2 - /        ep(Au)2 

-j ^i at 
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= / eppt{&u)2 + 2 / ep(Au)Aut 
JQX[0,T] JQX[0,T] 

= [ ep
Pt{Au)2 - 2 f epAuVp • V(Au + V /^i - Vu) 

Jnx[o,T] JQX[O,T] f^ 

f n 

-2 / epV(Aw) • V(A^ + V fiUi - Vu) 
Jnx[o,T] i=1 

because of the vanishing of the boundary condition AU-JT— on <9fi x [0, T]. Hence 

(1.14) f ep{Au)2 - [        ep(Au)2 

JQX{T} Jnx{o} 

<[ eppt(Au)2-2[ ep(Au)7p 
Jnx[0,T] Jcix[o,T] 

£-f e>(A«)a|Vp|a + ;/ ePM^fM)? 

[ e^(Atx)2|Vp|2 + - f ep\V{Vu)\2 

Jnxio,T] £ JQX[O,T] 

-2 / ep\ V(Au)\2 - 2 / e^V(A^) • V(f] fm) 
JQX[0,T} JQX[O,T] i=1 

+2 f epV(Au) - v(Vu) 

= [ eppt{Au)2 - 2 / epAuVp • V(AM) 

+e / e^Att)2|Vp|2 + - f e"!V(^ Z^)]2 

+ - / e^|v(^)|2 - 2 / e^|V(A^)|2 

-2 / e^V(Ati) • V(Y" fiUi) + 2 / e^V(A^) • V(^). 
./fix[0,T] i=1 7fix[0,T] 

But 

+ 

e 
+ 2 

(1.15) -2 / e^V(Au).V(V/^) 
^x[0,T] i=1 

r n r n 

= -2 / epy\ (Au)kUifi,k - 2 / e" V (A^kfiUik 

(where ^' = ^) 

= -2 / e^y](Aw)fcui/i,fc +2 / ef ^ Pi(Av,)kukfi 
JQX[O,T]     k=1 Jnx[o,T}     i)fc=1 
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« n „ n 

+2 / ep Y, (&u)kifiuk + 2 / ep V (AuJfcUfc/i,* 
^x[o,T]     .jjfc=1 JQXICT]     .jfc=!l 

because of the vanishing of the boundary conditions Uk(Au)kf • v, 1 < k < n, on 
0f2 x [0,T]. Observe that 

« n rip 

1.16) 2 / e' V (AuhifiUk = 2 V / e^/<(V(Au)i • Vu) 
iQx[0,T]       ijA.=1 t=i^x[0,T] 

n       r. n       - 

= -2 V / effiiAuhVp • Vn - 2 V / e^AuJiV/i • Vu 
•=1 VQx[0,T] i=1 ./ftx[0,T] 

n      - 

i=1 Vnx[0,7 

n 

epfi(Au)iAu 

because of the vanishing of the boundary conditions fi(Au)i —, 1 < i < n, on 

<9fi x [0,T]. Now the last terms in (1.17) is 

- 2 / (epAu)/ • V(Au) = 2 / Au)  div[ep{Au)f] 
Jnx[o,T] Jnx[o,T] 

(since (An)2/ • z/ = 0  on an x [0,T]) 

= 2 f {Au)S7{epAu) ■ / + 2 /" (An)e^Aii)(div/) 

= 2 / (An)2epVp • / + 2 / (An)epV(Au) • / 
yfix[0,T] ^x[0,T] 

+ 2/ (An)ep(Au) (div/). 

The above equation implies 

(1.17) -2 f {epAu)f'V{Au)= [ (Au)Vvp-/+ / (Aw)2ep(div/). 
JQX[O,T} Jnx[0,T] JQX[O,T] 

Putting (1.18) into (1.17), we get 

r n 

(1.18) 2 / ep. T (A^kifiUk 
Jnx[o,T}       itk==1 

„ n n       „ 

= -2 Y/e
pfi(Au)iVp.Vu-2T / ep(Au)iVfi' 

./Qx[0,T] i=1 ;=1 Jnx[0,T} 

+ / {Au)2epVp -f+f {Au)2p2 div/. 
/Qx[0,T] JQX[0,T} 

In view of (1.19), (1.16) becomes 

P n 

(1.19) -2/ e^(Aw)-V(y;/iui) 
Jfix[0,T] i=1 

Vu 
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= -2 
Jnxio,T]    k=1 Jnx[o,T}    ^ 

+ / e''(^/i,i)(AU)2 

=~2Lio TX
e^Au^f:^f^+/M) - uk±fiPi+fk±uiPi 

i=1 JQxlo,T]     ^ ynxio.r]      ^ 

n 

We next look at 

(1.20) / e^V^Mil2 

= -/ e>E/»*£/*««)* £/;«,■) ^x[0,T]       S        ^ jtl 
/, n n n n 

- /     E e/,(E A*^+E /*«i,ft)*(E ^u- 

(since (E/<u<)^;(E/»ui) = 0 on dn x [0.T]) 

•/fix[o,T]        ^ 4eynx[o,T] ^ 

- /      X>'(X>,*«i)*(E/;«;) - /      E^Ef^MEfjuj) 

JQX[O,T}        ^ 4e yfix[o,r] jrj 

+ /     ^(E^/^xE/^)+ /    ^EC A*«*)(E/iui)* ■/OX [0,71        *=!,=! ,=1 ^X[0,T]       ^^ ^ 

n n 

(since (E /i«i)[E(7/*)«i] • " = 0   on 5fi x [0, T]). 
i=i t=2 
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Let us estimate 

(1.21)      -/       e'(££>,fcUifc) (£/;«;) 
Jnx[o,T}      k=li=1 j=1 

P n n 

in x [o,ri      j=i i=i 
« n n „ n n 

^X[O,T]      i=1 .=1 Jnx[o,T]i=1 j=1 

( since {'^ fjU^iii-^- = 0,1 < i < n, on dfi x [0,r]) 

n n 

in x [o,ri      i=1 j=1 ynx[o,T]     i=1      fc=1 j=1 

+ /   ePE(E^/a)(i:/i%), 
« n n « n n n 

< / *' (£ «iA/i) (E /i«i) + / ■e' E "'(E Pkkk) (E ^"i) 
./fix[o,T]       i=1 i=1 7nx[o,T]     i=1      k=1 .=1 

+e/        /Iv^/^l' + i/        e''X:(E^,fc)2 
•^[O.T] ^ 4einx[o,t]     ^   S' 

3= 

v2 

Put (1.22) into (1.21), we get 

» n 

(1.22) / e'lvV/iti. 

/j"j)2 

/ elV^. 
^Qx[0,T] .=1 

<2s[ elV^/^f + i/ e^Vpl2^/,- 
Vnx[0,T] ~1 4e ifix[0,T] " 

4e ynx[o,T]     ^ ^ JQX[O,T}     itk=l j=1 

77* 77; 77, 77/ 77/ 

+ /     e^A/.KxE/^) + /     E^E^-oE^^-)* 

- f e'E/iCA^OE^i) 
inx[o,T]      j=1 ^j 

Vnx[o,T]        j=1 
4c Jnx[o,T] ^ 

+^ f    e" EE A^)
2+2 /     eP( E p*/i,*«oE ^^) 

7% 77/ 77/ 7X 

+ / e''(E(A/i)Ui)(E/jtij) - f ePfcfiiAuWfcfM). 
JQX[O,T}      i=1 ,=1 ynx[o,T]      i=1 •=1 
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Hence, 

xjl (1.23) (l-3e)/ e'lvj^u, 
JQx[0,T] ^ 

*£ Jnx[o,T] J^l *£ JQX[O,T]     jZ^ i=1 

P n n p n n 

•to x [o,T]     i>fc=1 i=1 /nx[o,r|      i=1 j=l 

- I e>>C£MAu)i)C£fjUj). 
/fix[0,T] .=1 i=1 

Put (1.20) and (1.24) into (1.15), we get 

(1.24)     f e^Au)2 - [        ep(Au)2 

JQX{T} JQX{0} 

< [ eppt(Au)2 - 2 f epAuVp • V(Au) + e f ep(Au)2\Vp|2 

Jnx[0,T] JQX[0,T] JQX[0,T] 

+!(1-3erli/     ^DE/W £ 2£ 7nx[o,r|    S S 

+ -(1 - Sff)-1 • 2 / e»{ T PkhkUi^fjUj) 
e 7QX[O,T]     a=1 i=1 

+-(l-3£)-1 /" e^EuiA/^CE/,-^) 
e ^f2x[0,T]       i=1 j=1 

--(1 - Se)-1 /" e'C^M^KYsfjuj) 
£ JQX[O,T]      i=1 j=1 

+ - f ep\V(Vu)\2-2 [ ep\V(Au)2\ 
£ JQX[O,T} JQX[O,T] 

n n n n n 

-2 / y2ep{Au)k(S2ui{fi,k + fk,i) -ukY^fiPi + fk^UiPi-UkY^fiA 

+ / ePYJPiMAu)2+ [ e'E/^XAu)2 

Jnx[0,T]       i=1 7fix[0,T]        i=1 

+2 / epV(Au) • V(^). 
i,r] 

Observe the following estimates 

(1.25) -2/ epAuVp' V(Aiz) 
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<251 [ eP|7(A«)|2+^- f ei>(Au)2\Vp\2 

JQX[O,T] MI Jnx[o,T} 

(1.26) f e^pW^f^fK f e^Vpn/Hvul2 

JnxlO.T] j=l Jnx[0,T} 

1089 

tQx[0,T] 3- 
n       n 

(i.27)      /     e'BE/^)^/    /ED^)aMa 
Jux[o,T]     £ri *-{ Vnx[0,T]     fc=1 i=1  CZfc 

= /" e^v/nvul2, 
VQX[O,T] 

n 

where |V/|2 = ^17/^. 

n n „ n       n n 

(1.28) / e<>(J£pkhkUi)C}2fjUj)= e'^CE/^OPfcX^.* 
■/nxicri     lifc=1               i=1             ^nx[o,T]     fc=1 j=1 i=1 

2 ynx[o,T]      ^ fri * JQX[O,T]     k=1 i=1 

-     0([ e^l/Hv^lVpl2 + / e^V/nvul2) 
^nx[0,T] ^Qx[0,T] 

(1.29) / e'^UiA/iX^./>,)<  f e'lVti^l/HA/l 

where |A/| = MBA/<)2 

<S2  I c 
/fix[0,T] 

<S2 

(1.30) /" e^tfC^fjUi? < I el/hviil2 

(1.31) - /" e>(;£>(Au)0E/W) = -/" e^K^/^O/^At 

Jnx[0,T}       ~[ 4()2 7^x[0,T]       ^ ^ 

:/ env(Au)|2 + I^/ e^|/|4|VW|2 

jQx[Q,T] 4d2 7Qx[0,T] 
« n n 

(1.32) - / e" y"(Au)fc V ^(/i,* + /*,«) 
^nx[o,T]     Jb=1 i=1 

<     Ja / e''^[(A«)fc]2 + ^/' e'£(I>(/^ + /^)]2 

^x[0,T]      ^ 4d3iax[o,T]      fc=1 i=1 

=     8Z( e<>\V(£±u)\2 + 0{[ e^V^jV/l2) 
Jnx[o,T] Jnx[o,T] 

» n n n 

(1.33) -/ e',52(Au)fc(-ufc53/iPi + /jfc5]uiPi) Jnx[o,T]     fc=1 i=1 ,=1 
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iQx[0,T]       fc==i 

Jnxio,n 

(134)     -f e'i>«Wl> 

< 5J ^^((A^ + ifcLio./^^ 
"" JQX[0,T]       fc==i n 

< 8j e1v(AU)|2+45;Jfix[0)Tl
e,     1V^ 

Jfix[0,Tl 

(1.35)     2/ eMAu)-V(Vu) 
inXt0'r M2      1    [ e1V(yn)|2 

Jnx[o,T] 

Put the estimates 
(1.26) - (1-36) into (1.25), we get 

iQx[o,T] ! r er\vtf\tf\Vu\2 

+£ I e^Aii^lVpl + ^(TTsi) Jnx[o,T] 
ifix[0,Tl 4 f eP|/l2iVtil2|Vpl 

___!___ r e^V/HVul2 + ^TTzT)   y inx[o,Tl 
+ £;(1-3e)Wrl,     ___^f e^!2l/l|A/l 

f ep|V/|2lVu| )+e(1_3e)Jnx[o,Tl 
inx[o,T] 2       J_ f ep|/|4|Vu!2 

2       c   f e''lV(Ait)i2 + 77fr3i)452inxto,Tl 
(1 - 3s)    Jnx[o,Ti inx[o 

ep|V(Aw)l2 

+- / e'lvvv "^        Jnx[o,Ti 
<l0'T1 r 5qvu|2|V/|2) 

2   f e>\V{Vu)?-2J 
s Jnxio.Ti - 

f e^(AU)|2 + O(jfix[0il 

)J ^V(A«)|2+2^WT] ^ 
inx[o,Ti n 
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+ 2S6 [ eP\v(Au)\2 + ^ f e'lV^)!2 

■/nx[0,T] Zd6 Jux[0,T] 

= / eP(Au)2[pi + (e + -^)|Vp|2 + ^pi/i + ^/M] 
Jax[o,T\ 2^ ^ ^ 

+ (25i + -JT^T^ -2 + 28z + 2Si + 2<55 + 2*6) f ep\V(Au)\2 

£(i - 6e) JQX{O.T} 

+ o( [ e»\Vp\2\f\2\Vu\2 + [ e'lV/flVt*!2 

\Jnx[0,T] JQx[0,T] 

+ [ ei>\f\\Vu\\Af\+ [ e^/|4|VU|2 

+ / e^(Vu)\2 + f eOlVufiJThi) 
JQX[O,T] JQX[O,T} •=1 

-2 TTTu^ o _ in,~2 ^e     ^ ^   c.— dp Let <Ji = 62 = ^3 = ^4 = £5 = ^6 = e2 with 2 - lOe2 - — > 0. Since -^- + (e + 
1 - 3e at 

^ n n 

Yl^pf + Ylfrfc + Ylf1'1 <0'for0 < ^ < T, by assumption, (1.36) implies (1.34). 

D 

In view of Theorem 1.1, we are interested in constructing functions g^h and p 
which satisfy the conditions (i), (ii) and (hi) in Theorem 1.1. The following theorem 
is very useful in this regard. 

THEOREM 1.2. Let k : Q x R -» En and F : Q x R -* R be a possibly time 
dependent vector field and function respectively. Fix a point (xo^to) G 0 x M. Let 
(x,t) be an arbitrary point in Cl x E wzY/i t > to. Let V = { differentiable path a — 
(cri,cr2) : [0,1] -> n x M 5^c/i that a(0) = (0-1(0),02(0)) = (a;o,to),^(l) = (a;,t),o-2(s) 

Z5 linear in s with ^'(s) > 0 anrf  /    cri(s) ds = —-—}. Define 
Jo 2 

de(x,t) — minE£(or) 
crGP 

Le^ a 6e the curve that minimizes the functional E£ (a).  Then the following equa- 
tions hold for almost all (#,£). 

(1.37) v4(M) = 1^1^-1^) 

(1.38) f^kMMde)i{x^) = -\\k{x,t)\2 + \{J2ki{x,t)^{l)){^{l)+e)-1 

(1.39) ^(M) = -7     'rfl(1)|a      +^,t) 

In particular de(x,t) satisfies the following equation 

(1.40) ^jr(M) + IVd^a;,*)!2 + J^kiix^^U^t)   =   F(x,t) - i*Mll. 
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Proof. If a = (cri, (72) € V is the path that realizes the minimum of Ee(a), then it 
has to satisfy the Euler-Lagrange equations which we shall derive explicity as follows. 
Consider an one parameter family of path in V: 

a : (-£,£) x [0,1] —> ft x E 

a(0,s) = a(s),     V  se [0,1] 

a(i;,0) = (xoito),    V v G (-e,e) 

a(v,l) = (x,t),      \/ v e (-e,e) 

Denote a(v)(s) = (ai(v)(s),a2(v)(s)) :=a(v,s) = (ai(v, s),a2(v, s)) and ^(v)1 := i- 
th component of ai (v). 

dai(vy ±E.Wv)) d fl  f1   lsr(")(*)l2       1  f'STuf-f \(^ - f \r w^iv =-rS T /    a- / w x  /    >   Ki(a(i;)(s),a2(u)(s)) r- 

,=0   dv\4j0   aa3(»)(.)+e     2j0  ^i  lK  y 'K h   2y n ^     rfs 

4 70 

w 

1   ri""dki 

v=0 

-I/EC^MW^MW)^^,.) 

+ -^-(ttl(v)(«)Jtt2(v)(s))-^-(v,5)J—^— (5) 
v=0 

1 Z"1 n s2^* 
v=0 

+ "^ ("1 (V) (S), OL2 (V) (5)) — {V,S) 

d2a2 

da2r     , 

v=0 

+ l\(a1(v)(s),a2(v)(S))^s(v,s 

= 1  f1 [2^(0^)1^(0^) _ 1^(0,*)I2   f^(O^) 
4 70   L      %(0,s)+e (**((), a)+e)2 (^(0,S)+e)2 

3ai 

+^(a1(0>-),aa(0>.))^(0>a)]^ 

-lf*ibki(«i(0,8),a2(0,s))^(0,s) 

+ /[i:g(ai(0,-),aa(0l«))^(0,,) 
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+^(a1(0,S),a2(0)S))^(0,S)]^(0,S) 

+ I'^aiM^M^M 

J-f1 

2 Jo 

dvds 

o   ^(0,s) + eds"dv 
1     '^(0,S)|2     d,da2 ds 

(*fr(P,8) + e)*d8"dv (-5TM) 
as 

inn 

— (aiCO,.)),^^.))—gjj ^ -USE 

"^/1^^(al(0's))'a2(0's))^f(0's) aai(o,s) 
9s 

70        i=l 

+ Z11 9F Sao 9Q:9 Jo  l-(a1(0>a),a2(0,«))y(0,«)^(0,S) a* ^t; as 

+ ^1F(a1(0)s),a2(0)s))|(^(0,s)) 

__1 y1^ 
2/0 as 

1 r1 d_ 
+ 4Jo   ds 

Os 
dcti 

(0,a)    Qai 
^(0,s)+d    dvKV'a"  2^(0,s)+s dv 

\d-B(o,s)\2  1 aa2 

|S=1 

L(^(o,s) + e)2 as 

rl    n      n 

(0,«)+2 

(0,5) 

M 
ls=0 

-5j[Sg^C(«.').».«>.'»^(P.')^(o.') 

-ijfEt(«.(o-).«.<P-))^(o..)^(o..) 
aQi(o,s)aai 

as    ai> ^ ^o   i=1 i=1 ^J 

1 f1 v^afcj.   ,„ .    _  ..aao.^ .aai.„ . 

-«]£*i(ai(0,«),a2(0,s)) 
(9ai(0,s) 

i=l 
dv 

s=l 

s=0 
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da2(0,s)dai(0,s) 
ds dv 

f dF 

+ ^1^(a1(0,S),a2(0,S))^(0,S)^(0,S) 

f  Y^ dF da\(0, s) 80*2 ,n   . 
-J0  Z^^-(ai(0's)'a2(0,s))—^—^-^7(0,5) 

3 

rl dF 

ds       dv 

f   dF dao dao 
-1 ■sil«<M.<»<M)-s*M-s*lo.< 

+Ji,(«i(0.»).«a(0.»))^(0,») 
S=l 

s=0 

1 r d_ 
ds 
inn 

dai 
dv 2 Jo 

-5jfi:E^(«.(M).a,(D,.),M(„,.)^(„ 
2=1   j=l J 

I—1  J — 1 

4r|:f<"'<M,-M)§>)^M 
+2/0 g^M,Mo,s))^(o,s))^M 

1 r1 5 (o,s)|2 

L(^(o)S) + £)2 
^a2 
9^; Jo   ds 

1  f^dh 
zJo kdt 

fl,
"(a1(0,*),a2(0,s))^i(0,a)^(0)s) 

95        '        9^ 

In order that cr minimizes E£(cr),cr must make the above integrals vanish for every 

rj(s) = (——(0,5), ——(0,5)) which vanishes at 5 = 0 and s = 1. So we have derived 
ov ov 

the following Euler-Lagrange equations 

_ld_ 
~2ds 

(1.41) 

ld_ 
4:ds 

1 v-^ 9k j,    , N      , N x dal . N      dF ,    , x      / , N 9cr2 . x 

for 1 < i < n 

l^(^)l2 

(^(S)+e)2J    2^5i 
1 v-^ dki ,     / x       /NN dcr j . . 
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(1.42) ■EgfcM.^M-o- 
i=l 

Now suppose a is the path in V which minimizes E£(a). Notices that a depends 
on (x,t). Then 

-u 
+ 

&x 

* s 

ds is)? 
d(j2 (s)+e -SjfEtS^WW)^ 

JCEW-W.-W)^] 
^    as ' 5xds  ^ 

ds 

4 h (fea + e)2 ,5^5 2 70 

1   ri"»dk. 8<Tid<r[      1   r1 A 

-2y0gg^(ffi'a2)to"ar-2y0g 
1    "    dki . . 6(72 dcr? 

(CTl,(72)-r-^- 
5* fe   9s 

1   r^,  . ,(59(71       /" ^dF. 

+y0 9^(<Ti'<T2)^-97+y0 ^'^^^ 

5al 9(J2 

(^+£)2dsySx 

17 
1  n ', ^^aj        f'^dF datSai 

ki((Tl,(72) — (-Fr-)+   /      > ,—C*7!'^)- 

=_I f V d (   ~&1'   \5<7i i 1 V"    ^   fai 
2/0  ^S^+£

;<5*      2^^ 

(9(J{ 5(72 

Sx 

ds   Sx 

L   fdF ,9(72(5(72^ 

95   Sx 

fm,^^ ds   Sx 

ds 

I a<ri 12 

(^+^)2 
as 

171    n  <% 

i=i   as 
lao-i [2 

+ e Sx 

5 = 1 

^i2 ^2 (5(72 

v   OS ' 

s=0 

s=l 

9xi (5s   Jx -USE 
i     fl    n n 

1 V^ 1   / ^ ^l f1 \-^ 9F , . 9(72 

2j0 Ij-flT^'^aTfa- 

9^ . . da!      dki / x dai -, Jcr? 

as     dt 

1    n 5(72 5(7^ 

Sx 
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+ J0 -m^a2)^7^ 
P-^rdF 8a2  , dF d(T2-[8a2  ,  „, .^ s=l 

s=0 

(*) 

I ffcr ^Wl2 

(^(^)+^)2 
ni±\. 

Jo   \lds[( 

n da] 

ds      J 8x 

+ E 
(*) ^1 

^^W + fi** 

5=1 
1     l^(«)l2    fof 

=o     HW+e)2** 

4E 
i=l 

^W   fof 
^^W + e** 

?=1 

s=l 

+ F(cri(5),(72(5)) 
s=0 

s=l 

s=0 

5(72 

1       IOTP       ^2 
=0        4(^(S)+£)2fe s=0 

1    n J\   i 

--^A;i((7i(s),(72(s))-^- 
3=1 

5=0 

+ F((71(S),CT2(S))§ 

5=0 

5=1 

5=0 

because of (1.43) and (1.44). Observe that we do not move t in calculating —^-(x,t). 
ox 

Hence —— = 0 and we obtain 
ox 

n da] Xsl 1     n ^i        c   i   5=1 i     n X   i 

i=l      (15 s—u 2=1 j=l      d5 

n da 

5=0 

£(1)    &rlm     1A 
2f.^(1)+£fa(

1)-iE*'(^).^))S(l) 
1    _ll_ 

i=l    ds ^^S   '   ^ i=l 

It follows that 

Vde(x,t) = -^(x,t) = ^ 
Sx 

1     ^(l) 1,,     N 
2^(l)+e     2 

Similar calculation as above will show that 

I da 
5ds(,,     lA     |^(g)|2    6a\ 
St 

s=l 
OOI2        ^2 

,=0        4(^(S)+£)2« 

J=l 

5=0 
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-5X>Ms)^2(s))§ 
s=l 

s=0 St 

s=l 

s=0 

Observe that we do not move x in calculating -r^(x, i). Hence —-^ = 0 for 1 < i < n 
ot ot 

and we obtain (1.41).   Equation (1.42) follows immediately from (1.39), (1.40) and 
(1.41). 

Notice that Vd£ exists only almost everywhere as only for almost every (a;, t) there 
is a unique minimal curve a joining (x.t) to (xQ,to). Hence (1.39), (1.40), (1.41) and 
(1.42) hold almost everywhere. D 

COROLLARY 1.1. In Theorem 1.2, let ki(x,t) - -fi(x,t) and F(x,i) = 

\ yj -^-(x^t) 4- -\f{x,i)\2 -\-V(x,t).  Let g£(x,t) — 2d£(x,t).   Then g(x,t) satisfies 
OXi 4 

n=l 
condition (i) in Theorem 1.1. 

COROLLARY 1.2. In Theorem 1.2, letki(x,t) = 2fi(x,t) and F(x,t) = 2V(x,i)- 
\vV(x,t)\2. Let h£(xjt) = de(xjt). Then he(x,t) satisfies condition (ii) in Theorem 
1.1. 

COROLLARY 1.3.   In Theorem 1.2, let ki(x,t) = fi(x,t) and F(x,i) = \\f\2 - 

2s3 + 1   n   df- 2e2 
1 y^ "5~~- Let p£(x,t) =     3 1    d£(s,t).   Then p£(x,t) satisfies condition (in) 
2e2    f^ dxi' —r^-'"'      2el + l r2 

in Theorem 1.1. 

REMARK. Notice the difference between ei in Theorem 1.1 and e in Theorem 1.2. 

LEMMA 1.1. Let c > 4 be a constant. Assume that 

(1.44) \f(x,t)\<c(l + \x\) 

(1.45) |V/(M)| ,   ^2\Vf^<c(l + \x\) 
\| t=i 

(1.46) \V(x,t)\<c(l + \x\2) 

(1.47) |vV(a;It)|<c(H-|a;|) 

Then the following statements holds. 
(a) gs(x,t) in Corollary 1.1 has lower bound in terms of 

r 1 3c2(7r2 + l).        ,    c(57r2+3),  2 , , ,    t 
[— r j v- ~ *o) -r-^ Jx + lower order terms m x. 

(b) h£(x,t) in Corollary 1.2 has lower bound in terms of 

(— r -—r z )x2 +lower order terms in x. yA(t-to+e) 47r2 TT
2 ' 

2ei .2 
(c) p£{x,t) in Corollary 1.3 has linear bound in terms of —3 - 

^^1  ~r -L 

1 

4(i -to + e) 
(t    t)r(c+M±l)     3c      3c      3c(7r^+l) c     2ej + l> 
(*"*o)c(16 + ~8ir,~^"8^~       8^      {t~0){2 + ^-> 
lower order terms in x. 

x2 + 
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Proof. 

(a)        \F{xM = \\f^^(x,t) + \\f{x,t)\* + V(x,t)\ 

<\jl\^\ + \\f^^ + \V{x,t)\ 
i=l 

<lc(l + \x\) + j(l + \x\)2+c(l + \xf) 

<c2(l + |x|)2 

Recall that V consists of path 0" = (tri, 02) such that 

flr(0) = (a;o,*o),0"(l) = (a:,*),0-2(5) = (^-^0)5 + ^0, /   cri(s)d3 = - 

ge(x,t) — 2d£(x,t) = 2min^(cr) 

H-a:o 

:min 

(is J 

-2((-(„)/ ^(l + k.WI)2} 

S5g{f5pr^j-f)j(V(.)l»-P(«-^ + |)/I(n-W.)l)s 

- (4(( - t„)c2 + c) /' KWI - (2(t - t«)c2 + |) /' Icr.f.)!1 J 

s s {<5<drii)" f /'K{s)|!"(2('",o)cJ+i' 
-[6((-f„)o2 + |«]|'(l + ln(»)l)2} 

Recall that the Poincare inequality states that 

f  Ms) - /  0-i(5)d5|2 < D j   |ai|2, where  .D = — 
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Since 

we have 

ki(S)|2<2K(S)- f1a1\
2 + 2([la,)2, 

Jo Jo 

f  Ms)|2 < 2 /   1^(a) -  f a1\
2+2([ arf 

Jo Jo Jo Jo 

<2D [  \al\
2 + 2(f  a,)2 

Jo Jo 

Hence 

Observe that 

9e(x,t) > 

*(,•" * s{'2(»-,!)+e) -1 -(6<i -*#+r'2"] jf |°(s»|! 
- (2(1 - l„)c! + S) - (12(1 - (0)c

! + 3c) ( / nf \ 

/   l^i|2 > I /   oil2 — \x — xo\2 by Schwartz inequality. It follows that 
Jo Jo 

1 
2{t-to + e)     2 

- - (12(t - toy + Sc)D \x - Xo\ 

(2(t - t0)c
2 + -) - (I2(t - to)c2 + 3c)| '2 -L -^ - {^^ -+^-2 I 3C)|

X
 
+

 
3;Q

1
2 

^-i-^ - C- - 12(* - fcJc'S - 3CD - 3(t - ^ - |c 

+ lower order terms in rr. 

1 3c2 (TT
2
 + 1) 

2(t -to + e) it2 

+ lower order terms in x. 

(* - *o) 
c(57r2 + 3) 

47r2 

(b) F(x,t) = \2V(x,t)-\VV(x,t)\ 

<2\V(x,t)\ + \VV(x,t)\ 

<2c(l + |x|2) +c(l + |a;|) 

<(C
2
+2C)(1 + |.T|)

2 

= 2c2(l + |a;|)2 

h£{x,t) = de(x,t) — mmE£(cr) 
creP 

> min iWDI ds ' 
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> min {^-^ - \) [ 1*1 WP - (2(* - *,)<? + \) jf (1 + la!W|)»} 

-(4(i-io)c2 +c) ^ Ms)| - (2(i-io)c2 + |) £ I^WI2} 

^ -S {[i^Ti) -1" (12(i -io)c2z? + **>] Z1 ^(s)|2 

-(2(i-io)c2 + ^)-(l2(i-to)c2 + 3c)(/ en)21 

> min ( [- r - I - 3cD - 12(t - to)c2D} \ f &i\2 

-(2(t - io)c2 + |) - (I2(t - io)c2 + 3c){J  arfX 

c(27r2 + 3)     3c2(i-to)Y ,2 
Ma;-so 

4(t -to+e) 

(2(* - *o)c2 + |) - (12(t - io)c2 + 3c)|^|2 

1 c(57r2 + 3)      3c2(t-to)(Tr2 + l)\   2 

4(t -to+e) 47r2 a;   + lower order terms in x. 

(c) |F(a;,t)| Iifi2_M±lvM 
4IJI de2    ^idxi x 1=1 

i,„2 , 2£f +1,y^a/j 
2e2    I f-^ 5a; ^4I/|3 + 

i=l 

2e3 + l 
<ic2(i + N)2+   2£2 c(i + N) 

<e(J + ^)(l + N)2 

2£2 

-de(x,t) 

CTl(s),(T2(s)) 

^''J-Jtef + l 

-^TT^tU   ^+e     2i0  ^^( 

+ /1F(.1(S),.2(a)§} 

ds 

«nWI)l 
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.,,    , , ,3c     3(2e? + l)v     3c,   Z"1.    , M2] 

-[(*-*o)c(|+^)+|]-|[(i-to)(|+?4r)+i]iPi(S)i2 

v.     2e?       .   f, 1 c     3c£>,.      ^ ,,c     2ef + l,     ^  f1.. l2 

-[(t-*,Wj + ^i) + f]-|[(«-*.)(2 + ?^i) + i]|jf'.W|"} 

2e2 

26? 
fe?    r_J__ _ r. _, v/£. . 2gi + ^ _ 5£ _ il 
? + lL4(t-to + e)     l       0j l16+    8e?    j      4      8^ 

ScfTr2^!), wc      2£? + lN1   2  r (t - to) - H ^5—   x   + lower order term in x. 
STT

2 V
2 si     /J 

D 

In view of Lemma 1.1, we have the following Lemma 1.2 

LEMMA 1.2. Assume that (I.44) - (147) hold i.e. |/(M)I < c(H-|a;|), Vf(x,t) < 
c(l + |x|), |y(x,t)| < c(l + |a:|2) and \S/V(x,i)\ < c(|l4-|a;|), where c > 4 is a constant. 

Is2 c(l + \x\2) 
Let c be a constant strictly less than min(-, J o 1—-)• Let pix.t) — .  Then y v4'4£3 + 2; Hy     )      t-to+e 
the conditions (i), (ii) and (Hi) in Theorem 1.1 are satisfied for t— to-\-e sufficiently 
small i.e., 

o -| n n 

(i) ^7 + -| Vp|2 - ^T fipi - ^2 fai -2V <0 fort-to+s sufficiently small, 
ut      Z 

1=1 2=1 
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(ii) -£ + I Vp + /|2 - 2V + | VFI2 < 0 /or * - ^ 4- £ sufficiently small 
r\ 1 

faV ^7 + (^i + 2~2) I V'9|2 + Yl Pih + X! /*»* <0 fort-to+e sufficiently small. 
i=l 1=1 

Proof. 

dp 
at 

c(l + |a;|2)        dp _      2cxi 
{t-to + e)2'   dxi     t-to + e' 

|Vp|2 = 
4x?\x\2 

(t-to+ e)2 

(i) 

-cU + laf)          2a2|a;|
2 .,     .  .,    2Z\x\ ,n     ,  ., 

<T———L-1^ + 7^ , ' .    ,0 + c(l + |a;|)-—j1-1— + nc(l + |a;|) : (t - to + e)2      (< - *o + e)2 

+ 2c(l + |a;|)2 

t-to+e 

<^_c + 2g_(i + |a;|2) +      2cc     ^ + (a;I)2 + nc(1 + |aj|)2 + 2c(1 + |a;|)2 
1 (t - to + e)2 

, -c(l-2c) 
— V /■ ■ NO   "T 

4cc 

^(^-^o+£)2      ^-^o+e 

t - £o + e 

H-2nc + 4c)(l + |a;|2) 

<0 
for t -to + £ sufficiently small because 0 < c < ^. 

(") 
dp 
at + \Vp + f\2-2V + \vV\2 

c(l + |»|a) 4^1^ 4^| 
-     (t - to + e)2 + (t - to + e)2 + t - to + e {      '  lj 

+ c2(l + M2) + 2c(l + lar)2) + c2(l + l^l)2 

<,~C(1~4a).(l + \x\2) + x    t^, ■(! + kl)2 + 2c2(l + |x|)2 + 2c(l + M2) 

< 

(t - to + e)2 

-c(l - 4c) 
t-to + e)2  ' t-to+e 

t-to + e 

+ 8cc 
+ 4c2 + 2c (1 + N2) 

<0 

(iii) 

for t — to + e sufficiently small because 0 < c < -. 
o i n n 

at + {£l + 2i2)|Vp|2 + E^ + E ^ 
i=l »=1 

-C(l + b|2)        . 1   . 
< -.     ■    '  '-- + (ei + ^12) 

4c2 

< 

<0 

(t-to + e)2     v        2£2/(t-to+e)2 

+ c(l + |x|) 

■c(l - (46! + X)c) 4cC 

a;r + - 
2c|a;| 

t-to + e 
c(l + III) 

(t - to + e)2 + 
t-to+e 

+ 2c (l + \xf 

for t — to + e sufficiently small because 0 < c < 4ef+2 . D 
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Consider the parabolic differential equation 

(1.48) ^ = Au + J2 fip- " Vu on Rn 

OZ . OXi 
2=1 

u{x,ti) — ip(x) 

where / grows at most linearly and V grows at most quadratically satisfying (1.44) - 
(1.47) respectively. Let f2R and V2R be the functions obatined by multiplying / and 
V respectively by a cut off function a which is equal to one in the ball of radius R > 1 
and equal to zero outside a ball of radius 2R. We can choose a such that 

(1.49) 17^)1 < _i^ and \Aa(x)\ < ^-^ 

Consider the following equation 

(1.50) ^ = Au2R + tihn)^ - V2Ru2n 

in the ball B2R of radius 2R with the Neumann condition, where (f2R)i denotes the 
z-th component of f2R. Let ^R = ip{x)a(x). Then the second initial-boundary 
problem 

( dU2R = Au2R + J2(f2R)i^ - ViRU2R     on B2R x (0, T] 

(1.51) 
at *-*' axi 

U2R{X, 0) = ip2R{x) on B2R 
dU2R -0 ondB2Rx(01T} 
dv 

has an unique solution (c.f. [Fr] p.144 Theorem 2) for t G [0, oo). 

LEMMA  1.3.    Assume that (144) - (14V hold,  i.e.,  \f(x,t)\   <  c(l + \x\), 
\Vf{x,t) < c(l -I- |x|); \V{x,t)\ < c(l + |x|2) and \VV{x,t)\ < c(l + \x\) where c > 4 

1       e2 

is a constant. Let c < min(-, d Q
1     ) be a constant. Choose T and e suitably small v4'4ef + 2y 

c(l + Ixl2) 
50 that conclusions (i), (ii) and (Hi) in Lemma 1.2 hold for p(x,t) =  for 

all0<t<T. Then for0<t<T 

(i)   [ eOulR < f e'ula 
JB2RX{t} JB2Rx{0} 

(ii)   [ ^\Vu2R\2<f eO(Vu2R)2+[   [     e^(u2R(x,s))2 

JB2Rx{t} JB2RX{0} JO    JB2R 

(Hi)   [ eO(Au2R)2 < [ ep(Au2R)2 

JB2RX{t} JB2RX{0} 

+ 0{[ e^|Vp|2|/2i,|
2|V^|2 + [ e'|V/2tf|2|Vu2*|2 

JB2RX[0,t] JB2RX[0,t] 

+ f eO\f2R\\Vu2R\2\Af2R\ + / eV2R\*\Vu2R\2 

JB2RX[0,t] JB2RX[0,t} 

[ e^|V(y2i,u2i,)|
2 + f e^U2R\2(T(f2R)i,i)2) 

JB2RX[0,t} JB2RX[0,t] i=1 

+ 
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Proof. It is easy to show that I/ZHI, |V/2.R|, |VV^RI have linear growth while \V2R\ 
has quadratic growth, so we can apply Lemma 1.2 and Theorem 1.1 to get our esti- 
mates (i), (ii) and (hi) above. D 

THEOREM 1.3. Letu2R be the solution of (1.53) where R>1 woth inital condition 
U2R(X,0) = ip2R(x)'   Assume that (1.44) ~ (1-47) hold i.e., \f(x^t)\ < c(l + |a;|), 
IV/(a:, *)| < c(l + \x\), \V{x, t)\ < c(l + |z|2) and \VV{x, t)\ < c(l 4- |a;|), where c > 4 
is a constant.  Assume further that |A/(a;,*)| < c(l + |a;|).   Let 5 and c be positive 

~ 1      e2 

constant such that c := c + 5 < min(-, A Q
1     ).   Choose T and e suitably small so v4  4el + 2J 

that T -h e < S and the conclusions (i), (ii) and (Hi) in Lemma 1.3 hold for both 

t + e        ■ t + e 

for anyO<t<T. Then foranyO<t<T 

(i)   [ e^u2
2R,     (ii)   [ e'lVt^l2,     (Hi)   [ ep\Au2R\2 

JB2Rx{t} JB2Rx{t} JB2Rx{t} 

are bounded above independent of R and t. 

Proof. By Lemma 1.3, we have 

(i)    I ePulR< [ e»ulR= f     e^\^R{x)f 
JB2RX{t} JB2RX{0} JB2R 

(ii)   / e'lVti^l2 < / e»\Vu2R\2+[   f     e^
s)(u2B(x,S))2 

^B2RX{t} •'B2RX{0} JO    JBZR 

<[     e^\^2R(x)\2+t f    e^'^mx)) 
J B2R J B2R 

2 

J B2R J B2R 

< 2 f     e^^lVtrl2!^!2 +2 f     e^'^lWl2 + T f     e^x^(iP(x)) 
JB2R J B2R J B2R 

< 8 j     e^'0^!2 + 2 f     e^'^IVVI2 +T f     e^^^x))2 

J B2R J B2R J B2R 

= (8 + T) f   ep(x>V\i>\2 + 2 [   e^'0'|vV|2 

JR™ JR71 

(hi)   / ep(Au2R)2 < [ eP(Au2R)2 

JB2RX{t} JB2RX{0} 

o( [ e^|Vp|2|/2i?|
2|V^|2+ [ e^f2R\2\7u2R\2 

\JB2Rx[0,t] JB2Rx[0,t] 

[ eO\f2R\\Vu2R\2\Af2R\+ f e^|/2i,|
4|V^|2 

JB2RX[0,t] JB2RX[0,t] 

+ / eP\V(V2RU2R)\2 + f ep\Vu2R\2(^2(f2Rki) 
JB2RX[0,t] JB2RX[0,t} i=1 

+ ' 

+ 
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We need to get upper estimate of the right hand side of the above inequality. 

/ ep{l\u2Rf^ [     e^'0)|A(^)|2 

JB2RX{0} JB2R 

=  f     ep(*'0) ((A^)cr + 2s7v • v<7 + ipAa)2 

J B-2R 

=  f     e^x'0) [{A^)2a2 + 4(Vty • Vex)2 + ^(ACT)
2
 + 4(A^)a(vV' • Vcr) 

J B2R 

+2(A>ip)aipA(j -f 4(Vi; • Vcr)^Ao-] 

< /     e^'0) [I A^| V + 4(VV; • Va)2 + ilr{Aa)2] 
JB2R 

+ /     e^'0){[|AT/>|V +4(V7/; • Vcr)2] + [|AV|V + ^2(Aa)2] 
J B2R 

+ [4(vV'-V<T)2 + (!i'
2A<7)2]} 

= 3 f     e"^'0' [lAi/'pcr2 + 4^ • Va)2 + V2
(A(T)

2
] 

< 3   /"       ep(*,0) [(A^|2 + 4|V^|2|VCT|2 + ^2(A(T)2j 

< 3 /"     e^'^IAVI2 + 48 f     ep(a:'0)|V^|2 + 12 /"     e^'0^2 

J B2R J BZR J B2R 

<3 /*   e''(x'0)|At/;|2+48 /"   ep{x'0)\Vrl>\2+ 12 [   ep(x>0)ip2 

JR"- VR" VR" 

/ e'|V„|2/a*|2|VtiM|2 = /'/ ^7^|(r/|
2|VU2fl|

2 

y52Rx[0,t] ^0    JB2RX{S} \S^£) 

7o   (s + e)2 JB2RX{S} 

Since 8 + e < 6, we have 

\x\2(l + \x\)2<2\x\2+2\x\A 

<eIT7 (1+ J^.+ '    '       +■■■) 

_5_   an2 ^(i+l^i2) 
— es+£ e s+£  = e    s+£ 

Hence 

/ e''|7p|2|/2B|2|Vu2fl|2 

•'B2BX[0,t] 

/"*   8c2c2     /■ gd+i^i")   o'd+i^i2) ., .,. 
- /   77T7W / e   '+=    e    •+■    ( Vw2fi 7o  (s + e)2 ./B2RX{5} 

- f-^-J e^)|V«2R|2 
Jo  (s + e) ./B2HXM 

Jo  (s + s) JB2R 
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= 8cV- 
t 

< 
16c2 cH 

|(Vcr)^ + (T(V^)|2 

JB- 

< 

£{t + e) JB2R 

16?c2T 
e(T + s) 

e^x'0\\Va\2ip2+a2\^\2) 

f    e^.0)(4k/.2 + |vVf 

/ e^^nv^l2 <  f   f e'iT IWfi + aV/i|2|V«2fl|2 

JB2Rx[0,t] Jo   JB2RX{S}        i=1 

JO     JB2RX{s} i=1 

< ft (8e^|/|2+2e^|V/|2)|V^|2 

JQ   J(B2R-BR)x{s} 

< t f (i0cV(i + |x|)2|v^|2 

JO   J(B2R-BR)x{s} 

f        f o S(l + \x\2) „ 
< /    / lOcVe^^T^IV^Rl2 

JO   J(B2R-BR)X{S} 

-I'l JO   J(E 

77 ^0    JB; 

I(B2R~BR)X{S} 

10cV|Vu2fi|
J 

<10c2 
IVifonr 

<10c2T f   ep{x'0)(4iP2 + \VTp\2) 
JR" 

f e>>\f2R\2\Af2R\\Vu2R\2 = [* [ ef\fa\,  £|AKe)l2|V^| 
JB2RX[0,t} Jo   JB2Rx{s} \  i=1 

s/7 ^0     J(B2R (B2R-BR)X{S} \  i=1 

J2 [(A/Oer + 2(7/,) • (Va) + fiAa]2\Vu2R\2 

< f f VSe'lfl  E [lAM2^2 + 4|V/,|2|Va|2 + \f^\Aa\^\Vu2R\2 

JO   J(B2R-BR)X{S} \  i=1 

< V3 f t cpl/l(MIA/| + 4|Va||V/| + lA^I/DIVu2i,|
2 

<VS t   t epc(l + \x\)(c+Wc + 4c)(l + \x\)\Vu2R\2 

JO   J{B2R-BR)x{s} 

= yfif[ 21cV(l + |:r|)2|Vu2i?|
2 

JO   J(B2R-BR)x{s} 

< 2lV3c2 t   t 
Jo Jo 

^(i+i^r) 

(B2R-BR)x{s} 
epe    s+£     |Vw2i?| 
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21x/3c2 f   f e?\Vu2R\2 

JO    JB2RX{s} 

epi-x'0)\Vi>: < 21V3C2 f f     . 
-'O     JB2R 

< 2lV3c2T [   e^'0)(4^2 + |V^|2) 

< f   f e^8c4(l + N4)|V^2H|2 

JO   JB2RX{S} 

< /    / 8c4e^e    -+-    |Vu2i?|2 

^0     JB2RX{s} 

-8c4 /   / e^|Vn2i?|
2 

^Sc4/'/"     e^'0)|VV2fi|2 

70     JB2R 

<8c4T /   e^'0)(4^2 + |V^|2) 

/ ep\v(V2RU2R)\2 = [   [ eP\V(aVu2R)\ 
''B2Rx[0,t} Jo   JB2RX{S} 

=   [     [ eP\(V(T)Vu2R + (T(VV)U2R + (TV{VU2R)\2 

JO     JB2RX{s} 

<sff e^lval2^!2^!2 + M2|vy|2K*|2 + \a\2\V\2\Vu2R\2) 
Jo   JB2RX{S} 

<3 f [ e''(4^(l + \x\2)2\u2R\2.+ Ci(l + \x\)2\u2R\2 

JO   J(B2R-BR)x{s} l(B2R-BR)x{s} 

+c2(l + |a;|
2)2|VW2fi|2) 

ft 
< 3 /   f eP{8c2(l + M4)|K*|2 + 2c2(l + \x\2)\u2R\2 

Jo   J(B2R-BR)x{s} 

+2c2(l + |a;|
4)|Vu2fl|

2) 

<3 f f e^(l0c2(l + |;r|
4)|U2fi|2+2c2(l + |a;|

4)|VU2fi|
2) 

Jo   J(B2R-BR)x{s} 

<zff e''eiil^1(l0c2Kfi|
2 + 2c2|Vu2fi|

2) 
Jo   JB2RX{S} 

= 3 f I e
?(l0c2|u2fi|

2 + 2c2|VU2fi|
2) 

Jo   JB2RX{S} 

< 3T /     e^ (10C
2
^2K|

2
 + 2c2\Vi>2R\2) 

JB2R 

< 3T f   e«x'0)(18c2|^|2 + 2c2|V</'|2) 



1108 S. T. YAU AND S. S. T. YAU 

JB2Rx[0,t] i=1 JO   JB2RX{S} i=1 

< f   f ner\Vf\2\Vu2R\2 

JO   JB2RX{S} 

< [   [ ne<><?(l + \x\)2\Vu2R\2 

JO   JB2RX{S} 

< f   f 2nc2ep(l + \x\2)\Vu2R\2 

Jo   JB2RX{s} 

< [   f 2nc2e?\Vu2R\2 

Jo   JB2RX{S} 

< f [     2nc2e^x^\^2R\2 

JO    JB2R 

<2nc2T [   e^x'0)(4^2 + |vV;|2) 

D 

We see from Theorem 1.3 that for 0 < t < T, we have estimates of / ^UIR, 
JB2RX{t} 

/ ep\Vu2R\2 and   / ep\Au2R\2 which are independent of R.  Hence we 
JB2Rx{t} JB2Rx{t} 
can take R -> oo and obtain a global solution u up to time T. 

THEOREM 1.4. Assume that \f(x,t)\ < c(l + |a;|), |V/(a;,*)| < c(l + |a:|), |A/(a;,*)| 
< c(l + |x|), ^(a;,*)) < c(l4-|a;|2) and\vV(x,t)\ < c(l + |:r|) where c > 4 is a constant 

'4'461 + 2' 
and e suitably small so that T + e < 8 and the conclusions (i), (ii) and (Hi) of Lemma 
1.3 hold for both 

Let 8 and c be positive constant such that c := c + 8 < min(-, A 2 | 0).   Choose T 

( c(l -f \x\2) c(l + N2) 
t+e t+e 

for any 0 < t < T.  Then for any initial data ip{x) with I    e^d^p + IV^ + IA^I2) < 
JR* 

oo, there exist a solution of the equation — = Au + /J/i^ Vu W to time T 

and u{x,Qi) — ^(x). 

dt *-i    dxi 

2.  Gradient estimate of the solution. We shall first derive the following 
maximal principle for the parabolic equation which we are interested in. 

THEOREM 2.1. Let u > 0 be a positive solution of the equation. 

(2.1) ^O*'*) = ^u(x,t) + ^2fi(x,t)-^-(x,t) - V(x,t)u(x,t) 
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defined on a compact domain 0. Let (p(x,t) = —\ogun(x,t) and 

(2-2) 

* = ft + |V^|2 - £ fj^- - V - a(tW\V<p\* + (J(x,t) -%-- 2V^c(t) 

where 

(2.3) 0<a(*)< ^^(rc.t), 

(2.4) IV/^.tJI^cW 
Assume that there exists Ci(t) such that 

(2.5) |/(a:,t)|2<c(t)2(l + |i|)_2 < dW^.t) 

(2.6) |V/3(a;,t)|<ci(t)Vj8(a:,*) 

Suppose if) < 0 on Q x [0, to) an^ i^e following inequalities hold 

(2.8) „,(«, +^..rt.^Afl.^l 

-5fe + c?/a)o>o 

(2.9) 2^(«) + 5£l-Ar-Ix:(iiTiM)! + ^-^20 

/i   + fa 
where A zs tfte absolute value of the greatest eigenvalue of (  t,J   —^:).  Tften ^ cannot 

have an interior maximum with \I/ = 0 att — t^. 

Proof. 

Hence 

dip        1 . 9<z) 1 9ix 
—-=—logn,        ^— = —^—, 

d2ip _  I , du .2 1 <92i£ 
9a:?     u2   dxi udx2 

A(p - |V^|2 = -^-Ivd2 Aw o\Vu\2 = —Au 
u1 u uz u 

1 1 n 

(2.10) ipt = —ut = — (Aw + V/iWi - Vu) 
f=i 

n 

i=l 

j=i j=i i=i 
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n 

-f[E2^fe)* + A](|v¥f + /?)"* + ^ - 2V^ 
n n n 

j=i j=i j=i 

n 

-?[2E^^+A](iv^2+/')■* 
3=1 

*« = (V«)< + 213 ^i* + 2 X ^u^i - 13 ^''"^ ~ 213 /M^'* 
i=i i=i j=i i=i 

n n n 

- 13 fma - Vn - f [213 ^ + 213 tpjipju + /?«] (| V^|2 + /5)-i 

+j(25>^<+A)a(ivda+/r8/2 

n n n n 

A* = (Av»)« + 2 J2 V>% + ^(^'P)m - ^(Afj)^ - 2 J2 fj,i<Pji 
*J=1 .7=1 J—1 *J=1 

.7=1 *J=i i=i 

2=1    i = l 

By computation, we have 

(2.11)       #t-Atf 

= -(iv^i2-^/^2-n-2i^^-2X^(|v^i2-^/^-n- 
2=1 i,j=l j=l i=l 

n n n n 

+2 E /i.<w+E /id^i2 - E /^ - ^ + E [ - (/»■)* + A/i] VJ 
2,J = 1 j = l 2=1 j=l 

^AT/     T,  ,  «E"=i^(l^l2-E,^i/^-^   ,  aS-^i^ 

f(^-A/J)      aEti(E;=1yi^ + f)2 n      9/- 

= -2 E(^)^i+E tf)**"+E /*(¥")* + ^ -2 E v2i 
,7 = 1 2=1 2=1 hj=l 

n n 

i=l i,3=l 
n n 

+ ^ fj(*-<Pt+ ayiV^P+Z? + I + c),- + E [ - (fi)t + A/i] ^i 
3=1 3 = 1 
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f (ft - A/3)    aSr=i(£"=i^ + !)2    ,      A , /znrTH 

n n 

n n 

i,j=l j=l 

n n n 

+ |E^(E2^«+/9i)(|Vv|2 + ^)-'+X!(^/i)^ + AV 
j=l i=l J=l 

n n n n n 

= -2 Y, Vi*, + E /i*i - 2 E ^i + 2 E /j.*^' + Y,{&fi)<Pi 

Vlv^p + z? v'IM2 + ^   \/iv^F+^ 
^Er=i(E"=iyi^ + f)2       /|T7 |2 ^A^ n      ^ 

vlW+7     vWl2 + /3 
n n n n ■        n 

= -2^^*i + E/^ -2 E 4+2 E fowi+E(A^)^ + Ay 

j=i       j=i        »,j=i      tj=i       ^=1 

" E",-=i /t-jyiyj + Q= E"=i vM   <* E"j=i y2, _ Kft-Afl) 

VI^I2+/9 \/|V^|2 + /3      VM2 + /3 
aEfciCELiVj^i + f) n 

-atv
/|V^2+/3+-r-2V^< net (IV^+jS)3^ tvi   Y-I       K     2i2 

\/|vVl2+/3       V/|vH2+/3 
Recall that * < 0 for 0 < t < tQ. If $ = 0 at some interior point when t = to, 

then at such a point, we have 

(2.12) *t(xo,to) > 0,        V*(a;o, to) = 0,        A*(xo,to) < 0 

(2.13) Aip(xo, h) = a(xo,to)v/|Vv(a;o,to)|2 + (3(xo,to) + £- + 2VHc(to) 
Zto 

(2.13) follows from (2.2) and (2.10). 
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n i       n 

In view of the arithmetic-geometric inequality /^a^ > — (/^a;)2, we have at 

the point (xo,^o)- 
i=l i=l 

<2-) (2 - ^wn) t to - ie - Trarr?)-^+MI! 

^P 
a 

n-     ^WPT^)[A^(2-7^fTirlS/i'l]2 

+ (2V^c- (2- " )-1^/.i)2 + (2ax/|V^ + /3+^) 

On the other hand from (2.11) and the fact that tpt — ^ip > 0 at the point (XQ, to), 
we have 

(2.15) (2 -    ,     " ) Y \<pu --{2-    ,     a Y\!i j + /.• 012 

< f;(A/^ + Ay + 1(2 - ^—^r £(/« + ^)2 

i=i 

atV\V<P\2 + P + ^ - 2v^ct 

« E"i=i /ij^yj + a S?=i Vj^'      f {fit - A/3) 

(Iv^p + ^z2 

< BA/,)^ + AF + 1(2 - yj—^)"1 X>J + /i.0a 

«E?J=i/^ + aE?=i^    f(A-A/3)    ..^/pr^r^ 
yiv^2+^ v/IM2 + ^ 

n 

2i2     v   *    v^pT^    Vlv^ + Z? 

since a > 0 by assumption. Equation (2.14) and (2.15) imply 

(2.16)     -(2 
a 

nK       y|V^|2+/3 
a2(|Vvf+/3) + ^v/I^F:^+-^ 
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+ (2^c - (2 - *      a)~
lY,fi.i? + (2av/|Vv|2+/3 + ^){2^c 

y/\V<p\2+P        ~ * 

■"-TCTTJ^S^. 
< £{&fM + AV + i (2 - ^=^1"' t(f'.i + h<)' 

j=l 

« E"j=i /»,iy»yj + « E"=i <PjVj      ajPt - A/3) 
V|V¥'|2+/3 2V|V¥f + /3 

atVlV^P+zS 

n 

2t2       VnC<      VlV^+iS      2y|VV|2+/3 

Let 0 = -y|V(/;|2 + j8. In view of (2.3), we have 

2-£>§ 

Observe that 

|v/| = 
\ 1=1 1=1 

Hence 

2V^c - (2 - -)-1 V fiti > 2v^c - ^|V/| 
2=1 

> 2vnc — -\Mc = -—c 
z z 

The left hand side of (2.16) can be estimated from below as follow 

-(2- -)[a02 + -^+ — + (2^c- (2- -)-1 ^/M) 
t 4t2 

+ (2az + j)(2^ic - (2 - -)-1 J2 hi)] 

2=1 

t* 
2=1 

^    3 r 9 9     naz     n 9     _ n. A/TI -,      1 ,n     a. n2 

3Q:
2
Z

2
      3a2     3 
-f h -c   -f n   r-azc + 

Sy/nc       n        na + 

(2.6) implies 

2n     '    2t       8 2Vn   " '     4   t  '  2t2     4^22 

2|V^||A/3| < 2ci|V^|V^ < CidV^2 + P) 

which is equivalent to 

|Vc/>||V/3|   < ci 
|V^|2 + /3- 2 
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In view of (2.5), (2.6) and the above inequality, the right hand side of (2.16) can 
be estimated from above as follow. 

^(A/ito + AV + \(2- ^)-i J2 (hi + hi? 
3 = 1 1,3 = 1 

., n n 

n n 

+_|vv,||vy| -   ^  ^; - a*z + ^ - 2^ct 

+ fl^l|V/3| + g|/||V^| 

<v^[f:(A/,)2] ** + AT/ + I J2 (hi + hi)2 + Aaz + ^ 

a(/3t - A/9)        ,. . n      „/-,,,     ci(t) 
-        2z - a'(t)z + ^ - 2Vnc'(t) + -^^ 

+ ^   l/l|V/3| 
2 |V^|2+/3 

<V^|A/|^ + AF + 1 ^ (/M + /,- if + Aa^ + a|vV| 

-^(A - A/3) - a'(i)* + ^ - 2yfcd{t) + ^a^ 

+ —^—a. 

Putting the upper estimate of R.H.S. of (2.16) and lower estimate of L.H.S. of (2.16) 
together, we have 

(2-17) ^r + IT - ^ + r + 2^^c+-f * 
< y^lA/|z + AV + 1 ^ (/*J + /^)2 + Aaz + ^- 

i,j=l * H 

3/2 

-^(A - A/?) - «'(*)* + Cl+
2
Cl    ^ - 2V^C'W 

(2.17) can be rewritten in the following form 

_,2 + (a'(i)z + __ _ Xaz _ ^|A/|, - J^l ^«) 

+ (2v^(t) + |c» - AF - i t (/,, + /W)2 + ^ - ^) 
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.Saz     a3t       na , 
n 2t        2z      Wz' - 

The above inequality implies 

(2.18) —^ + .(a-W + ^ - Aa - ^|A/| - J-J ^-a) 

+ (2v^(*)) + |c» - Ay - I ± (/,, + z,,)2 + ^ - ^ 

1 /3a^     aft _ na. 
^ z[ 2t   ^   2        4^j - 

However (2.18) contradicts with (2.3), (2.7), (2.8) and (2.9). Therefore we conclude 
that ^ cannot have an interior maximum with ^ = 0 at t = t^. D 

LEMMA 2.1. Let UQ > 0 be a positive solution of the equation (2.1) defined on a 
compact domain ft = {x E Mn : 6(x) < 0} unift ifte Neumann condition 

—— = 0    on    oil 
dv 

where v — \/6 is an outward normal of 90.  Let (p(x,i) = — logw^(x,t) and ty(x,t) 

be defined in (2.2). If -^—(xo^to) > 0 for XQ G dfl, then at (xo,to) 

(2.19) ^ <-2(l -      , a(t)        ) V (9tf^ - V 61^ W 

Proof. Since 

—- = - —(logix) = —  «- = 0       on        90, 

dipt 
we have -7^- = 0 on dft. On the other hand, 

ov 

-£- = 0     on     90 
9z/ 

En   36 dtp      ^ ^ 
—--21 = 0     on     90 

.     9xi 9a:i 
z=l 

n n 

=»>yj^j(Pf + yj^i^fj =0     on     90     for all     1 < j < n. 
i=l i=l 

Observe that 
rj        n n      rsQ      o n n      n 

i=l ,7=1        ^        •'     z=l z=l ,7=1 

n      n 

i=l j=l 
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Therefore, at (ZCMJ^O ^ ^> we ^ave 

g 2 
0< ^ [ft + | V^|2 - 2 fm -V- a(t)V\V<p\2+P- ^ - 2v^ c(0] 

*J=i *J=i ij=l 

dv 

a(t) 2 ^ %¥Wi + 5]'Mi 
^7 = 1 i=l 

-2  1 

n 
ij=l ij=l 

dv i=l 

^      2y|V^2+/? 

(2.19) follows immediately from the above inequality. D 

LEMMA 2.2.   Let UR > 0 be a positive solution of the equation (2.1) defined on 
the closed ball BR = {x € W1 : 0(a;) = |a;| — i^ < 0} with the Neumann condition 

duR 

dv 
0    on   OBR    where v — V6 

Suppose   |/|<c(t)(l + |a;|),  |V/| A  f^Wfi? < c(t), 0 < a(t) < ^y/M^t) and 

\VP\ < ci{t)yjf3{x,t). Let (p(x,t) = -logunfat) and $(a;,t) be defined in (2.2). If 

-r— > 0 at (xo,to) with XQ € SBR, then 
dv 

(2.20) — < -(l + ^-fi—)   + -^ciW fl* fo,*o) • 

Proof. Since ^ = |a;| — i2, we have 

». = j|,, -(*,•-,W and ^-gf-SS 

The last equality implies 

1        (E^^)' 
E ^iViVi = ^lV<^|2 - -^-^     on    dBR 

,„    l9        * i^v 1-6 on     OBR 

R 

i?3 

|V^     ^^ 

on    OBR 
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Observe that 

n n or 

lE<5>§£>w 
j = l       i=l 

S^r 
< 

< 

n       n o/• 

\ j=i t=i 

\   j = l    i=l i=l 
E(E^)(E(^)2) w 

< c(t)|V^| 

/ , Qijfjfi < 

\ 1=1   j=l 

< 

N 2=1       j = l j = l 

, E ^ IV/I ivd 

*?■ 
n      T2T2 

uii'Ki'Kj [Ea + E^-'E^l'iv/nvrt 
ij—1 

^^ |V/| |Vv»|  < ^^ |VV|  on aBfl 

a <^< i 
2v/|Vv>|+i8 - 2V^   -   4 

-2(1-      /   
a )<-3- 

n 

t? < a   |Vgl|V)91     =  Q       1V/?| 
2V|V^|2+/3 - 2 ^/IWI2 + /?        2 yjV^F+^ 

a|V/3|   ^   a 
< 2 W   ^   2C1« 

Therefore (2.19) implies 

^7<-^|Vv|2 + c(t)(l + ^)|V^| + -c1(i) 

3 r,„  ,2     2^,,     Vn-lM„  ,     R2,,     Vn-1 

+ 6(1 + ^-)   +2ClW 

i? >1 
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_3_r, 
'2R 

._   .      R^      y/n — Ixl2      i?/.      y/n — 1x2      a    /N |VV|-3(l + ^-)]   +-(1+V__)   +_Cl(i) 

< R(i |  V^"1^ . a(*) 
- 6^ J2     '2 ci(*) 

THEOREM 2.2. Le^ UR > 0 be a positive solution of the equation 

o n 

— = Aw + 2^ /i^t - ^ a^ 
2=1 

defined on the closed ball BR = {x G W1 : 6{x) = |a;| - i? < 0}; wth the Neumann 
condition 

(2.21) 
duR 

dp 
= 0    on   35/?    wftere    u = V9 

Let (fi(x,t) = —\ogUR(x,t) and 

*(*, *) = ^ + |V^|2 -^Tfj^L-V- a(tW\V<p\* + I3(x,t) - g - 2^ c(i) 

Suppose 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

i=i 

\f\2 <c^2(i+\x\)2 ^ajm^t) 

|V/| = JE|V/i|2<c(t) 

0 < a(t) < -VTO*) 

2 + 2t      4t2 

a'(0 + "( 
3c 
2^ 

-A 
rvy|_i 
2^      2 fa + ci^-V^IV/I^O 

c(t) + 
16Vn        8*       2> 12^ ^ l "f 

ij=l 

aAp 
'2y/ny/]5 

>0 

w/iere A 25 ^e absolute value of the greatest eigenvalue of (      2      )• 

(2.29) ^7> 6"V1 + ^~)   +    2   ClW   0n  ^^  /"■*>() 

// *(a;, 0) < 0, then *(a;, *) < 0 /or a//1 > 07 z.e. 

<Pt 
d(p 

+ l^l2 - J2fin: -V< aWv/|V^|2+/3(^^) + - + 2^ c(*) /or a//1 > 0. 
i=i. 

n 
2t 
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Proof. If the conclusion is not true, then there exists £o such that ^ < 0 for 
0 < t < to and ^ = 0 at some point XQ when t = to. In view of the hypothesis 
(2.22)-(2.28), we can apply Theorem 2.1 to conclude that XQ G dBn. It is clear that 

-^-{xo,to) > 0. In view of Lemma 2.2, we have inequality (2.20) which contradicts 

to our assumptions (2.29). D 

THEOREM 2.3. Let UR > 0 be a positive solution of the equation 

du 
dt 

= Aw + ^/fUf -Vu 
2=1 

defined on the local ball BR — {x E Mn : 0{x) = \x\ — R < 0} with the Neumann 
condition 

(2.30) -^ = 0    on   OBR    where    u = V9 

Let<p(x,t) = —logUR(x,i) and 

*{x,t) = <pt + |V^|2 - E/i^ -v- «(*)>/|Vy|2+^,t)-^ - 2^ c(t) 
j=l 3 

Let 0(x,t) = C2(t)|x|2 4- 4a2(f) 4- § mtft C2(t) > 0 and a(t) > 0. Suppose that there 
exists ci(t) > 0 such that 

(2.31) |/|<c(t)(l + N) 

n 

(2.32) |V/|=     ElV/.P^c^JVFI^ca + lrrl) 
\j t=i 

(2.33) |AV|<c,|A/|<c 

(2.34) 2c2(t) <ci(t)c2(t) 

(2.35) 2c2(i)<c1(i)(4a2(*) + -) 

(2.36) 4c2(t) < c?(t) 
3 
—( 
t 

(2.37) c'2 + yc2 > 0 

(2.38) 2(a2)' + ^a2 + ^ > 0 

(2.39) a'(t) + a [-^= - A - h^ + cx + c?/2] - v^c > 0 
zyn z 

/z     + fi where A 25 t/ie absolute value of the greatest eigenvlaue of (  ^   ——) 

(2.41) 

^7 > g-(1 + ^^)   + -Y ciW     on    95^ /or    t > 0 
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// #(£, 0) < 0, then *(a;, t) < 0 for all t > 0, i.e., 

dip 
1 dxj 

(2.42) ^ + |v^|2-^/i|^-T/ 

J=I 

< a(t)y/\V<p\2 + I3(x,t) + ^- + 2Vn c(t)    for all    t>0. 

Proof We only need to prove that (2.31)-(2.40) imply (2.22)-(2.28). 
Observe that 

c(t)2(l + \x\)2 <2c(t)2(l + \x\2) 

< dWcaWla:!2 + (^ + 4a2(t))c1(t) - ci(t) = c^Pfat) 

by (2.34) and (2.35).  Hence (2.22) follows.   (2.23) is part of our assumption (2.32) 
while (2.24) follows from our definition of /3(x,t) and the hypothesis C2(t) > 0. 

(2.25) is equivalent to 2c2\x\ < Ci^C2\x\2 + Aa2 + ^, i.e., Acllxl2 < c2(c2\x\2 + 
4a2 + H). Hence (2.36) implies (2.25) 

6+      30       n       1 / ',  ,9     ^     '       ^ v      3c2.  ,9     6a2      3n       n 

/I '      3    >.  .9      .   '        6   9       n 
== (2C2 + 2tC2)|a:|   +      a + ia  + ii5" 

Therefore (2.37) and (2.38) imply (2.26) 

^(') + -[^-A-^-i(«.+^)]-^« 

>«'(*) +a[—^ -A- -(VcT + ci +Ci/2)] -yfnc 

Hence (2.39) implies (2.27). 
Observe that 

i,j=l i,j=l ij=l 

= E/^ = Eiv/ii
2 = iv/i2<c2 

i,j=l 2=1 

c(t) + -J-c2 + -c- —AV - -J— V (fa+te)2 -    aAP 

3      2     j3_ 1_  . . _     1      2 _ 2nc2    1 
-CW+16^C  +8tC"2^CW     12v^C       2^'2 

' / x 5      o     / 3 1   x       Jn 
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(2.28) follows immediately from' (2.40). D 

THEOREM 2.4. Let u > 0 be a positive solution of the equation 

du 

z'= 1 

onW1. Let (p(x,t) = —logu(x,t) and 

1121 

= Au + ^fiUi + Vu 

9(x, t)=<pt + |V^|2 -f^f^-V- a(t)^IV^+^n:,*) - | - 2^ c(t) 
j=i 

Let /3(a:,t) = C2(/;)|x|2 + 4a2(^) + § tuftft C2(t) > 0 and a(t) > 0. Suppose that there 
exists ci (t) > 0 sitcft .tftat 

(2.43) \f\<c(t)(l + \x\) 

(2.44) 

(2.45) 

(2.46) 

(2.47) 

(2.48) 

(2.49) 

(2.50) 

(2.51) 

(2.52) 

|V/| = .lElV/iPfCc^lWI^ ctl + M) 

|AV|<c,|A/|<c 

2c2 (i) <c1(t)c2(t) 

2c2(i)<c1(t)(4a2(i) + |) 

4C2(t) < c2(i) 
' / s     3 

C2(*) + JC2 > 0 

2(a2) + -a2 + — > 0 

a (t) + a [^L _ A - I (^cT + ex + cj/2)] - ^c > 0 

'/.x 5        2        , 3 1     x v^ 
c(i) + 48^C+(8i-2^)C-T-C2>0 

fi ' + f' i where A Z5 the absolute value of the greatest eigenvalue of ( l'J   ——). Ifty(x,0) < 0, 

then *(x,t) < 0 /or all t>0, i.e. 

(2.53) 
9^ 

j=l J 

< a(t) v1V^pTi9(M) + — + 2y/nc{t) for all t > 0 . 

Proof. Choose a function AR(X, t) which is convex in x direction with the following 
properties. 

(2.54) AR(x, t) = 0 for \x\ < R/2 

(2.55) \VVR\<c{l + \x\),\AVR\<c 

^ ^>f(l + ^)2 + ^clWon^fort>0 
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where VR = V + AR . Let JR — f-cJ where a is a cut off function with the following 
properties 

(2.57) <T(X) = 1 for |a;| < - and a{x) = 0 for \x\ > R 

(2.58) |V/^|<c,|A/|<c 

Let UR be the positive solution of the equation 

duR 
dt = AUR + Y^(fR)i(uR)i - VRUR 

i=l 

defined on the closed ball BR — {x G Mn : 0{x) = \x\ - R < 0} with the Neumann 

condition —— = 0 on OBR where v = V6.  In view of Theorem 2.3, we know that 
av 

(2.42) holds for UR. Since u is the limit of UR as R goes to infinity, we conclude that 
(2.53) holds. D 
Remark : It is easy to choose c,ci,C2 and a such that (2.43)-(2.52) are satisfied. For 

instance, we can take ci = 2c2/3,C2 = c4/3 and a{t) — —  where c and T are 

positive constant and T is sufficiently small. 

3.  Harnack Inequality. In this section, we shall use the gradient estimate ob- 
tained in Theorem 2.3 to deduce Harnack inequality. 

PROPOSITION 3.1. Let UR > 0 be a positive solution of the equation 

defined on the closed ball BR = {x € Mn : 9(x) = \x\ — R < 0} with the Neumann 
condition 

(3.2) -^ = 0    on   DBR    where    i; = V6 

Let <p(x,t) = -logUR(x,t) and /3(x,t) = C2{t)\x\2 + 4a2(t) + n/(2i) with C2{t) > 0 
anc? a(^) > 0. Suppose that 

(3.3) tpt + |V^|2 -^f^-VK a{t)y/\V<p\*+lHx,t) + jt + 2^ c(i) 

£ei i > io an^ ^ = {differentiable path a = (ui, (T2) : [0,1] —>• BR X E SMC/I i/iai <T(0) 

= (<ri(0),a2(0)) = (a:o,to),ff(l) = (M),^(*) > 0}. ^e^ne 

(3.4) d^cM.^^^m^i^^./xis + i^^^ + V^a]2^ 

T/ien 

(3.5)    _^^L>(l)-fexp(_  [\^c{T)dT)^V\-d({xM,{x,t))\ 
UR(xo,to)        v*o V      Ao / L x 'J 
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Proof. We shall rewrite the inequality (3.1) in the following form 

(3.6) ipt + |VV- {|2 - i^- - V = ft + |V^|2 -jrfm - V 
i=l 

< Q\/|V^|
2
 + 0 + - + 2V^ c{t) 

< ^(|V<p-{| + |{|)2+/3 + ^ + 2^ <*) 

< a^2|V<p-{|2 + i^+^ + ^ + 2^ c(t) 

= a^|Vv»-{|2 + ^ + f + J + 2v^ c(t) 

< aV2(fVV - {| + )/if + |) + |+2^ c(i) 

Let a = (cr!,^) be a path in P. Then 

f1 d 
(3.7)   -ip(x,t) + (p(xo,to) = -       —ip((j1(s),a2(s))ds 

=- f1     d   V       - C ^l^f. 
Jo        1'   ' Jo   ds dt 

Jo 
<d1,Vip--> 

-av^lV^ - {| - a>/2\/^ + ^ - ^^ - V ^-2v^c(.2(S))) l/Ji + 2 _ !Z1! 
4        2        4 

+/0'^[i^-ii2-^+|»i^-ii] 

2 io ' io    rfs <o:i,/> 

1   /"   (icr2 /     n:     Wi\\2 

ds 

^4^^ + 2v/nc(cr2(s)) 

ds 4        2        4 2(72 (s) 
H-2v/nc(o-2(s))l 

1 pcUn, 
"do ^(a 

If1       ■    * tl da2\    r- /j/P      ^     |/|2 

V 
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-jjf<*.'>-jrT[WR*if^] 

Since (3.7) is true for all a € V, we have 

(3.8) logu(x,t) -\ogu(xo,to) 

-ijf^^+|!)*}-5<»-jC^*»* 

+U,t(<^^}'-5<»-jC^*>* 
=-d((a;o,*o),(a;,*)) - 7Tlog(T-)- /   2^ c(r)dr 

It follows that 

u(x,^) 

w(^o 
4\>(^)   3exp(- / 2Vnc(r)dr)exp[-d((a;o,*o),(a:,*))] 

D 

PROPOSITION 3.2.   Let d((xo,to),(x,t)) be defined by (34) in Proposition 3.1. 
Then 

\x-xt\\2     A/2 r1 

(3.9)    d((xo, *o), (*, *)) < L^ _ \ + -y k " ^o| y   a((l - 5)to + st)ds 

4-       4- /*! 
0  /   a2((l-s)to + s£)ds + 

2 

i z-1 

+ - /    < x - xo,f(l - s)xo + SE, (1 - 5)^o + 5*) > ds 
^ Jo 

-(t-*o) /    {v/2a(l-5)^o + ^)[-^/f((l-5)a;o + 5a;,(l-5)^o + 5^) 
^o 4 i=l 

+ -/?((! - 5)^0 + sa;, (1 - s)io + 5t)]: 

1   n 

+ - ^ /? ((1 - 5)^0 + sa;, (1 - 5)^0 + «*) + V((l - 5)a;o + src, (1 - s)*o + «*) }ds 
i=l 
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Proof. Let (ai,^) = ((1 — s)xo-\-sx, (1 — s)to + st). Then di =x — xo and 

t — to. By the definition of d((a:o, to), (x, t)), we have 

1  r1 

d((xQ,to),(x,t)) < - I    <x - xoyf((l - s)xo + sx,(l - s)to + st) > 

f (t - to)[V2a((l - s)to + st) 

|/(1 - s)xo + sx, (1 - s)to -f st)\2     /3((1 - s)xo + sx, (1 - s)to + st) 

1125 

ds 

+ 

+ |/((1 - s)xo 4- sx, (1 - s)to + st)^ 
+ y((l - s)zo + sa;, (1 - s)to + st)]d5 

+ J y1^ - *o) ((V^a(l - s)to + st) + ^r^)2^ 

i z*1 

- /    < x - xo,/((l - s)a;o + sx, (1 - 5)to + st) > ds 
^ JO 

Z*1 rl   n 
+ ^-to) /   JT$]/?((l-5)xo + sx,(l-s)to + st) 

+ y ((1 - S)X0 + 5X, (1 - s)to + St) 

1     n 

+ v/2a((l - *)to + st) [g Yl fi (0- - a)xo + sx> (! - s)*o + si) 
1=1 

+ -^((1 - s)xo + sx, (1 - s)to + st)] 51 ds 

Similarly we can use Theorem 2.4 to deduce Harnack inequality on W1. 

THEOREM 3.3. Let u > 0 be a positive solution of the equation 

du 
dt 

on W1. Let <p(x,t) = —\ogu(x,t) and 

— = Au + ^T fiUi - Vu 
i=i 

i=i 

9(x,t) =<pt + |V^|2 - Y.fj^; -V- a(t)V|V(p|2 + (3(x,t) - £ - 2^ c(t) 
2t 

Let P(x,t) = C2(t)|a:|2 + 4a2(t) + — with C2(t) > 0 and a(t) > 0. Suppose that there 

exists ci (t) such that 

(3.10) |/| < c(H-N) 

(3.11) |V/| = A Elv^l2^c'lwl^c(1 + I:EI) 
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(3.12) \AV\<C,\Af\<C 

(3.13) 2c2(i)<c1(i)c2(i) 

(3.14) 2c2(*)<c1(i)(4a2(*) + g) 

(3.15) 4c2(t) < cjit) 

(3.16) c2(t) + jc2 > 0 

(3.17) 2(a2)' + ^ + ^>0 

(3.18) a'(*)+«[A-A-^(v/cr+ci+Ci/2)] - Vnc>0 

where A «s i/ie absolute value of the greatest eigenvalue of (-^ —). 

Let t > to and V — { differentiable path a = (ai, £72) : [0,1] —> W1 x M such that 
<T(0) = (^(0)^2(0)) = (xo,to),a(l) = (x,t),a'2(s) > 0}. Define 

(3.20) d((xo,t0),(x,t)) := ini^^ J1 <&uf > ds + J1 ^.(V2a]p^+- 

(3.21) -^L > (A)-f exp ( - J 2V^c(T)dT) exp [ - d((xo,to), (^*))] 

Proof. The proof is same as the proof of Proposition 3.1. □ 

4.  L1  and Pointwise Estimate.  Let us first recall some general theory of 
parabolic equations for the sake of convenience to the readers. 

THEOREM 4.1.  (c.f. P.43 of [Fr]) Consider the operator 

Lu:=^aij(x,t)^— + ^bi(x,t)—+c(x,t)u-- 

on W1 x [0,T]. Assume that L is parabolic in Rn x [0,T], i.e. for every (x,t) G 
En x [0,T] and for every real vector C ^ 0,J2aij(x^)CiCj > 0- Assume also that 
the coefficients of L are continous functions in En x [0, T] with the following growth 
conditions 

(4.1) IMM)! <M,\bi{x,t)\ <M(l + |x|),c(a;^) < M(H- \x\2) 

for i, j, = 1, • • • , n, (x, i) G Mn x (0, T], M = positive constant . 

Assume further that Lu < 0 m Mn x (0, T] and that 

(4.2) w(rr,t) > -Bexp[P\x\2]      in     W1 x [0,r] 
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for some positive constants B, ft. Ifu(x,0) > 0 in W1, thenu(x,t) > 0 in Rn x[0,r]. 

THEOREM 4.2.  (c.f. P. 44[Fr]) Consider the parabolic operator 

Lu:=^aij(x,t)-^—+^bi(x,t)—+c(x,t)u-- 

with continous coefficients in En x (0,T]. Let (4-1) be satisfied,  then there exists at 
most one solution to the Cauchy problem 

(Lu = f(x,t)        in   Mwx(0,T] 

\u(x,t) = <p(x)     in    W1 

satisfying 

(4.4) Hx,t)\ ^Bexp^l^l2] 

for some positive constant B,p. 

Let UR > 0 be a positive solution of the equation 

(4.5) _ = Att + 5:/ vtt 
i=l 

on the ball BR = {x eRn : 6{x) = |a;| — R < 0} with the Neumann condition di/i? 

0 on DBR where z/ = V0. Assume that (2.31)-(2.41) hold. Then for ip = — logix^, we 
have 

Vt + I V<p|2 -^fj^L-VK aVW^[+P + £ + 2^ c(t) 
^/'dXj 
7 = 1 ^ 

on ^ as long as it holds for £ = 0. 
From now on, we shall study the behaviour of the solution of equation (4.5) in 

En. If the initial data is nonnegative, then in view of Theorem 4.1 the solution is 
nonnegative. Hence we can assume that the solution of (4.5) is nonnegative. 

THEOREM 4.3. Let u be a nonnegative solution of the equatoin 

du      A        v^ „ du 

i=i 

on W1. Suppose that u(x,0) has compact support*, 

\f(x,t)\<c(t)(l + \x\),\Vf(x,t)\ = 

and 

\V(x,t)\<c(t)(l + \x\2), 

*It is sufficient for u(x,0) to decay like Gaussian. 
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Let ai(t),a2(t) and as(t) satisfy the following ordinary differential equations 

(4.6) (logai)' + 2na2 + 0% + 4a2C + c = 0 

(4.7) 4 + 4^ + 4a2C + c = 0 

(4.8) 4 + 2a3c - V2nc = 0 

with initial conditions suitably chosen (e.g.  ai(0) > 0,a2(0) > |a3 (0) > 0J so £/m£ 
ai W > 0, a2(t) > ±a3(t) > 0 for all 0 < t < T for some T > 0.  Tften, forO<t<T, 

(4.9) ai(*) /   u(a;^)exp(a2Wk|2-a3Wv/l + kl2) 

<ai(0) /   u(x,0)exp(a2(0)\x\2 -a3(0)^/TTW) 

Proof Let p be any smooth function and BR = {x G Mn : |a;| < i?}. We have 

— /    pu = /    ptu+        put 
at JBR JBR JBR 

= /   pty>+      pAu+ /   pJZfix /   P
VU 

JBR JBR JBR   i=1    
axi     JBR 

=Lptu+LiAp)u - L u^s+L pd£ds 

- (PY] fhi + Y] Pifi)u +   / uPf 'Vds-   I      pVu 
JBR      i=1 i=1 JdBR JBR 

by Divergence Theorem and Green's first identity.   Now we can use simple cut off 
argument to otbain the following 

(4.io)        - / pu = / (pt + Ap - ]r f^ - Y, hip - yph 

Observe that 
n n 

i=l i=l 

< Vn c(l + |a;|) + c(l + |a;|2) 

< V2n c(l + |a;|2)2 + c(l + |a:|2) 
n 

i=l 

< c(l + |a;|)2 < 2c(l + la;]2) 

Set 

p = ai(t) exp [o2(i)|a;|2 - as^Vl + N2] 
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Then 

Pt = {dt + ai(0a2(t)|a;|2 - a^d^s/l + |x|2) exp[a2(t)|a;|2 - a^t)y/l + \x\2] 

= ((logai)' H-a'ala;!2 - a^l + |a:|2)p 

Pi = (2a:i02(*) - 03(t)   ^-^1—=)p 
Vl + Fl2 

+ (2a!i02(t) - 03(t)-^=f)2^^ Vi + N2 

It follows that 
n n 

(4.ii) pt + Ap-^/ipi-(^/i,i + y)p 

fn       N'      ' I 12      '   /;—rr?    « (fn - l)|a;|2+ n)a3 
^(logaO + a2|x|2 - 03 Vl + l^l2 + 2na2 -       (1 ^^ 

^ - ^w^ -(2a2 - -j^tr* - {iki+y)]p 

Recall that 

202(4) > a3(t) > -^L=    0<t<T 
y/l + \x\2 

Therefore (4.11) has the following upper estimates 

n n 

(4.12)      Pt + Ap-£/iP<-(E/M + f)/> 
i-1 i=l 

+V2^c(l + |a;|
2)5+c(l + |a;|

2)]p 

= [(logoO' + a2\x\2 - <4Vl + N2 + 2na2 - (1
(" J^"^ 

a3 , ,, 21  |2      4a203|a;|: 
+ 4^|g|2-    , '    +Q5 (H-|a;|2)3/2 2,    I 0Trji|2 ^        1 + |X|2 

+4a2C + 4a2c|a;|2 - 2azCy/\ + |a;|2 + V2n c(l + |x|2) 5 

+c-\-c\x\2\p 
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= (logai)' +2na2 + aj +4a2C + c+ (a'2 + 4al + 4a2C + c)\x\ 

+(-a;-2a3C + v/2^c)(l + N2)^- /^ " ^ 
(1  +  |X|2)2 

as 402^31^1 

(i + N2)3/2    VTTW    i + N2Jp 

< (logai)' +2na2 -I-a2 H-4a2C + c+ (a^ + 4^ + 4a2C + c)\x\ 

+(-a3 -2a3c4-V/2nc)(l + |a;|2)2 

<0 

because of (4.6), (4.7) and (4.8) and the assumption 02(t)  >  -^cbsit)  > 0 for all 

0 < t < T (4.10) and (4.12) imply 

dt 
pu< 0 

(4.9) follows immediately from the above inequality. □ 

Theorem 4.3 above gives L1-estimate for u. Combining the Harnack inequality of 
§3, we shall have the following pointwise estimate of u. 

THEOREM 4.4. Let u be a nonnegative solution of the equation 

on En.    Suppose that u{x,ti) has compact support  and \f{x,t)\   <  c(t)(l + |x|), 
n 

|V/(a;,*)| = ,   ElV^|2 ^ CW(1 + \x\),\V(x,t)\ < c(t)(l + |a;|2).   Let a^t)^^) 

and as(t) satisfy the ordinary differential equations (4-6),  (4-V and (4-8) w^h ini- 

tial conditions suitably chosen (e.g.  ai(0) > 0,a2(0) > -^3(0) > 0) so that ai(t) > 

0,02(0 > ^a3(^) > 0 /or all 0 < t < 2T for some T > 0.  Assume that the Harnack 

inequality holds 

u(x,i) 
u(xo,to) 

> (—)   2|^exp(-  /   2y/nc(r)dT)   exp y - ^((^o^o), (»,*)) 

where 

d((xo,to),(x,t)) [t^h-^v 1/1! , ^ 
4        2 

:= inf {- /    <a1,f>ds + 

"'"It is sufficient for u(x,0) to decay like Gaussian 
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Here V = { differentiable path a = (0*1,(72) "• [0,1] -* Mn x M 5uc/i t/iat cr(0) = 
(ai(0),0-2(0)) = (a;o,to),(7(l) = (x,t),cr2(s) > 0} and a,(3 are defined in Theorem 
2.3. Then fort <T, 

u(x,t) <2f ^-(exp [2t2^c(T)dr) 
ai{2t) Jt 

\ [      u{x, 0) exp (a2(0)|x|2 - asW^l + \x 2)1 

{ /"       [exp ( - d^,t), (y,2t))} exp [a2(2i)|y|2 - 03(2*)y'l + M2] j"' 

Proof. By the L1-estimate for u and Harnack inequality, we have 

01 (0) /       u(a;,0)exp [a2(0)|a;|2 - a3(0)^/l+W} 
JxeR" 

>a1(2i) f      w(y,2i)exp [a2{2t)\y\2 -a3{2t)^/T+W} 

r 2t       r Z"2* i        r 1 
>ai(2t) /        u(x,t)(—)'%   exp(-  /    2>/nc(r)dr)   exp   ( - d((a:,t), (y,2t)) 

[exp (a2(2t)|2/|2 - a3(2t)v/l + |2y|2)] 

=(i)*ai(2tHa:,t)[exp(- /    2V^c(r)dr)l /       [exp ( - d(x,t), (j/,2t))l 

[exp (a2(2t)|2/|2 - a3(2t)^/lTW)'\ 

The conclusion follows immediately. D 

COROLLARY 4.1.   Under the assumptions of Theorem 2.4, Theorem 4'4> u(x,t) 
decays like a Gaussian. 

Proof. In view of Theorem 4.4, we need the following lower estimate of 

J    ^[exp-d(((a;,t),(2/52t)))][exp(a2(2t)|2/|
2-a3(2t)v/l + |2/|2)] 

>/        [exp{--/   <y-xj({l-s)x + sy,{l-s)t + 2st) > ds 
Jy£Rn L l        * JO 

+ t /   {y/2a((l-8)t + 2st) 

[4 E fi ((! - *)* + s2/' (! - *)* + 2st) + 2'3^1 " s)x + SJ/'(1 ~ s) + 2si)] " 
1     n 

+ - J2 ff ((! - s)1 + sy» (! - *)* + 2st) + V{(1 - s)x + s2/' (! - «)* + 2si)} 

+ ^^ + ^{y - x\ f1 a((l - *)t + 2st)ds + I Z"1 a2((l - s)t + 2st)dS}'\ 

ds 

exp {a2(2t)\y\2 - a3(2t)y/l + |y|2) 
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Observe that in view of the Remark after Theorem 2.4, we have 

r\f((l-8)x + sy,(l + s)t)\2     I3((l-s)x + sv,(l + s)t)-, i 
L 4 2 J 
^ \f((l-s)x + sy,(l-s)t)\  i    1    f— — jr—T 
< —i '- + —yjp{[\ - s)x + sy, (1 + s)t) 

n <|(l + (l_s)N+sM) + _L    /c4/3|(1_s)a; + s2/|
2 + _l 

<-(l + (l-5)|l| + *|) + ^-((l-S)|x|+,|!,|) + -?f(;?-y + -)' 

Hence 

/?((! - s)a; + sy, (1 - a)* + 2st) -| i + 

On the other hand, we also have the following estimates 

V((l - s)x + sy, (1 - s)i + 2st) < c(l + |(1 - s)x + ay|2) 

<c(l + 2(l-S)2|a;|
2 + 2S

2M2) 

l-\f{{l-s)x + sy,{\-s)t + 2st)\2 <-c2{\ + \{l-s)x + sy\)2 
4l, vv-     _,_     „„,,.     „,.     „.,,   _4- 

<|(1 + |(1-S)XH-SI/|
2
) 

<^(1 + 2(1-S)2|x|2 + 25
2M2) 

< V - x, /((l - s)x + sy,(l - s)t + 2st) > 

<\y-x\\f((l-s)x + sy,(l + s)t)\ 

<(\x\ + \y\)c{l + (l-8)\x\+8\y\) 

= c((l - s)\x\2 + \x\\y\ + \x\ + s\y\2 + \y\) 

Therefore 

/       { exp [ - d((x, t), (y, 2t))]} exp {a2(2t)\y\2 - a3(2t)y/l + \y\2) 
Jy£Rn   k J 

> [       f exp { - I f1 [(1 - s)]^!2 + Hlyj + |x| + S|2/|
2 + \y\]ds 

+y (1 + 2(1 - a)2|s|2 + 2s2 + IJ/I
2
) + c(l + 2(1 - S)2|x|2 + 2s2\y\2) }ds 
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, \x-y\2 , VS. _ , fl      ds t rl       ds       -ji 
4t     +   2 lX    mJ0  T-(l + s)t + 2j0   [T - (1 + s)tf JJ 

exp (a2(2i)|y|2 - a3(2tWl + \y\2) 

= /       exp \ [ — - — -(c2 + 2c) + — ] |a;|2 + lower order term in |a;| \ 
JyeK"        I.       4     3 4i J 

exp {a2(2t)\y\2 - a3{2t)y/l + \v\*) 

It c 
Observe that when t is sufficiently small, -— -(c2 -h2c) — - is very positive. Therefore 

u(x,t) decays like a Gaussian. Q 

5. The Duncan-Mortensen-Zakai equation. In the nonlinear filtering, we 
have the following signal observation model: 

(51) {dx(t) = f(x(t))dt + g(x(t))dv(t)        ,    x(0)=xo 
[ ' ) \dy{t) = h(x(t))dt + dw{t) ,    2/(0) = 0 

in which x,v,y and w are vector valued processes and v and w have components which 
are independent, standard Brownian processes. 

Let p denote the conditional probability density of the state given the observation 
{y(t) : 0 < s < t}. Then p can be obtained by normalizing a which satisfies the 
Duncan-Mortensen-Zakai equation. 

771 

da = Lo(a)dt + ]PZ/i(cr)c% , cr(0,a;) = CTQ 

i=l 

1 n £) n    f) f 1   rn 

where LQ = -A — /J/fp /J cT"" ~ o$^^ an^ ^Ji ^s ^^ mu^ip^ca^i011 operator 
i=l l       n=:l       z i=l 

by /it. 
While (5.2) is a stochastic differential equation, Davis reduces it to a time vary- 

ing partial differential equation by introducing a new unnormalized density u = 
m 

exp(|yj/i?(x)^(t))(j, which satisfies the following equation 
i=l 

p TU 1      n 

(5.2) — = Lou + '^2yi(t)[Lo,Li]u+- ^ ^(^^(^[[Lo,^],^]^ 

We can rewrite this equation as 

(5.3) 
i n m       fih      ft n 1   M 

1=1 j=l i=l i=l 

i=l i=l j=l J i=l j=l A;=l ^        * 

By changing variables from a^i to \/2 x^ and by letting 

u(x,t)   =  u(-7=^) 
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nix) = /,(-|) 

hiix)  = hi(-7=) , 

we obtain 

(5.4) 

!=Aa+E(-^+2E^,|i-(v^;,<+i£* 
2=1 j=l 2=1 2=1 

m m     n 0T m     m     n oT     oT 
dAli      V^ v-^ \-^ dhi dhj 

2=1 2=1  J = l J 2=1  J = l  Jfe=l K K 

Hence (5.4) can be rewritten as 

n 

(5.5) ut - Au + ^2 fiui - Vu 

2=1 

where 

(5.6) /. = _V2/i + 2^2/^ 
i=i     dXi 

(5.7) V^^^/M + ^E^-E^^ + ^EE^S
1 

2=1 2=1 2=1 2=1  j=l 3 

m     m      n ^T     o7 

2=1 3=1 k=l 

THEOREM 5.1. Let uR > 0 equation (5.5) on the closed ball BR = {x e Rn : 

\x\ < R} with the Neumann condition —— = 0 on DBR. Let <p(x,t) = —logUR(x,t) 

and 

9(x,t) =<?t + |VV|2 - E/^ " V - a(t)^\V^ + 0(x,t) - Yt'2^ 5W 
3=1 j 

Let /3(x,i) = C2(t)\x\2 + 4a2(t) + ^ with C2(t) > 0 an^ a(t) > 0.   Suppose that 
there exists ci (t) > 0 such that 

(5.8) l/l^cWa + H) 

(5.9) |V/| = 
\ 

J^^fi\2<m,\^v\<c(i + \x\) 
»=i 

(5.10) |AF| < c, |A/| < c 

(5.11) 2c2(i) <ci(i)c2(0 

(5.12) 2c2(i)<c1(i)(4a2(i) + -) 
2i; 
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(5.13) 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

4c2(t) < cl(t) 
j     3_ 
C2 + -C2 > 0 

2(a2) +-a2 + —>0 

3c 
a' (*) + a [—^ - A - -(V^ + ci + q72)] - xA^ c > 0 

48^        v8t     2yn 2 
-'/,N 5    _o     / 3 
c (*) + T^^=C

2
 + ( — 

where A is t/ze absolute value of the greatest eigenvalue of (  M   ——). 

(5.18) -^7 > g-(l +      fl     )   + -^cxW on dBR fort>0 

lfy(x,0) < 0, then #(M) < 0 for all t > 0, i.e., 

(5.19) 
j=i ^ 

< Q;(i)^/|V<£|2+/3(M) + f" + 2\/" c(t) /or a// i > 0 

PROPOSITION 5.2. Assume 

\f\<c(l + \x\),\Vf\ = 
\ 

£|V.£|2<c,|tf(/)| 
1=1 

n      n      n 

1^2^1^(f)T.,ATJ - 
d'fj 

^   j = l   1=1  A; = l )    2=1 

^ IVA/iP < c, |V/i| 

\j j=l \J j=l i=l k=l   aXka^ 1 + F 

N 1=1 '      ' \    2=1 

Let fi and V be defined as in (5.6) and (5.7). then 
m 

(i)\f\<V2c(i+   E^^ + N) 

(it) |V/| < V2 c(l + 

M |y|<(^ + c2)(i + 

7/i 

, ») 

E^2)(i+N2) 
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M |VV| < (^c+ *£) (l +     J^yf) (! + 1*1) 

771 

r«;|A/i<(i+   v^)c 

2 

^|Ay|<(^c + c2)(l+     V^) 

Proof. 
n 

(i)\f\ = \V2f + 2VY/yjhj\ 
i=i 

< ^|/(^)|+ V2|f;yi(Vfci)(-|)| 

<^(i + ;|)+Ai 
7/t 7t 

< V2c(l + \x\) + V2c 

< V2c( 1 + 

(«) |V/| = 

771 

\ 
EIV/.I

2
 = 

i=l \ 

^i - ^v/(+2vf;9i 
i=l i=i 

9h. 
dxi 

'3 |2 

\ 

9/i7Xl, x 

1=1 v 7 = 1 

< V2, 
72 772 

9fti \1, a; ,Ei<v/.)(^)r+Ei[v(E»<g)](^)r 

<A EI(v/i)(^)|2 + A 

< \/2 c + \/2 

\ 

71 771 rv, 

Z=l 7 = 1 

N 
n     n       771 rj2 L, 

EE(E^arr^:)2(4) 

< v^ c + V2, 

<\/2C + N/2 

\ 

71        71 772 771 r^2 
92/lj   x2/  x EE&JXEt^-)^)) 

I=1A;=1   7=1 7=1 

772        71        72 e\2 7 

V^Y^V^/    ^  tl3    \2/   ^   \ 

^iS^^ifefefe^*^' ^ 
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<\/2 c + v^c 
\ 

I>,! = V2e(l + 
i=i 

m 77i #«< 1      i«t /it ut       »«- OL Q Z. 

(m) |y| = |V55:/M + JE^I - Ew^ + ^Ew/ilr - E(E^Sf)2l 
n 

i=lj=l 
^ /t ^771 -,     lib 

Jfe=l     2=1 

ldxk- 

^tr v* 2^ ^ i=i -V2J 

dhi , x        IV^/T^    dhiX2/ x 

+E&/^(^)-|i:(&g)^)i 
2=17=1 ■'     v A;=l   i=l v 

m m 

771 

+Ei»'i 
\ 

771       71 07 -.771 771 
< Ohi v 2 /  x  v        1 

< 

,,EJ7(^)XErf. EE(£j)2(^) + i(E»»E|vM2(^) 
V j = l v ^  1=1 y  1=1 j = l J v t=l t=l v 

fn        c2 

V2C + T (i + N)2 + ^ Ey,2 + c2(i + 4) Nfe"1      v     ^W 
771 o        771 

— <r  — 
E»? + TE»?) 

<\i-c+-(i+\xn+2 
\ 
E^ + c^i + N), 
2=1 

771 2        'rn 

\    2=1 2=1 

/Q— 771 2      7n 

<[^fc+c
2 + (|+c2) E^ + yE^d + N2) 

^   2=1 2=1 

<(v^£ + c2)(1 + E^'a+N2) 
^=1 

771 ^       771 771 771       77 r\J 

(w) ivy|= |V2Ev/M+iEv(^)-E^v(A^)+^EE^v(/iS 
2=1 2=1 i=lj = l 

771 ^      771 

2=1 2=1 

1       n r)f ^771 

v^' 
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-.nor -j        771 

+ 

+ " 1 a 
^\|i=i '^fci ii=i 

ra n 

E{Ei^i2(^)} 
1       m 

' 9/li v 2 /   X ^W^^\ ̂  dxk\ ^
J 

< 
yfn 

A EH X    ,2 

^lK^\U Ei^r(^) V2y 

+ 

+- 

f;{i:i(v*)^+A<i(^)} 
2=1      J = l •' J 

m m    n 

E^EE(£)2(4) ^^"ut:^' ^'\t"'ht^ ^'^ 
m m     n 

jjSEJ>^f& 

< 
y/n EE(^)a(^) + ^IM4)liv^i(^) 2  \irltri dxkdxi'  yy/2'     V21   V\/2; 

^y 

+ E: .2/i. 

+ - 

2V2AJ^^ 

1 

lib 

EIVCA^)!
2
!^ 

^S^ 
i^/ii | Bhi n2, x 

+55!®fflN 

E»E[raigi+iwivgi]2(^) 
2=1      j=:l J J v 

EIVM'(^). 
771       71        71 

A/2 ^2 2V2\ ^ E^2 
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D 
m n 

m 

v       i=l 

E^E[IV/,I
2

I||I
2
 + I/,I

2
IV||I

2
](^) 

<^c + ^(i + N) + -7= 
2 2 ^\^ 

E^^ 
1 

H—7= Ei 
m n 

dhi ,2 / a; E2nEiv//ei2(^) 

+ - i ^i?^ 
m n 

i=l 7 = 1 ^ v v 2_1 

2 2 

1 

772 1 

E^ + 4 v^^"1    V^AJ^AJ E^2 2nC^|V/ii|
2(-^) 

V^MS^M 

m    n     n 

l=lj=:lk=l J 1=1 

E^2+4 fe"'      V2\ U 
YJI^ 

^ m m 

"\Al        c2       ,    c „2      m 

m 

<(fc + !f)(i + 
N 1=1 

(") |A/|= , E(A/o2 = 
J=I 

Nt[-^(^(^) + ^(^)(^)]' 

< V2 
n   i      m 

1=1 
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< 
\ 

dhj,    x   -,2 

^=l v \  2=1   j=l v 

<c + 
\ 

n       m m 
dhj,2/   X 

i=l     7 = 1 7 = 1 

c + ^, EI:(^)2(^) ^l^r; w 
= c + 

in 

s( 1 + 

N i=i 

/I/ -j        I it* iff/ ft ft o 7 

i=l 

n m 

-EA[(&£)
2
]| 

k=l i=l 
n m 

dhi 
= ivi^hi + Y^~hiA'hi+EI

V
^I

2
 - E^AA^ + ^EE^/^^-1 

i=l i=l 

m    n 77i    n 

i=lj=l 

n       m        0T m        QT 

OXj . t/Jy7 

n      m 

dx 

dhi v ,2 -^(E^)A(&S)-2i:i&v(aii 
&=!   i=l i=l A;=l  2=1 

- l5E(A/-)(^) + |(^A^)(^) + |EI
V

^I
2
(^) 

i=l i=lj=:l J       v 

77i     n or 1   m    n or 

+EEMv/,vg)(i,+i|:i:9i(A«||(-|, 
t=lj=l 

n       m ^      Tl III r\i 711 r\i 1      /*■ m r\i 

AJ — 1     Z—1 l—1 AC — 1    Z—l 

1    n     ^)A f 1 m m 1   m 

^   2=1 ^   2=1 V 2=1 ^ j=l ^ .7 = 1 ^ 
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+£ 
3 = 1 V 

E,dhi,2( x 

111 lit III Q T 

\ 

771 m r\, 

2 = 1 \\   1=1 

n 771 771 

< V^ 

fc=1 i=1      .rr1   dx^   V2 

2;1 + M  '   2 
E/dAfi^     1   /,     bk     c c: 

i 
+ 4' 

m ^ .1 

^2/l
2c+-c(l+^)/ 

M^t ^S"^ 
m     n o 

•  , •  ,  ^i        '    \/2' 2 = 1 j = l ^ v 

+cA E» 
m    n 07 

E^2. ^^ferfe' ^'^'2^^ 
^ 771 

+kYtf)> 

m    n      0, 

2=1? = 1 •' V 

EEtfe)^). EE(^)!(^) 

< 
y/n 

771 77-       771 07 

g«Elv£l^, 
7 

N 
c2      c2      c 

D™/.I* + V + T + I 
i=l 

2       2      4' 

771 771 

+ i(i+f)xE»«\EiVA^ia(^) 
\   z=l \  i=l v 

+CA E^ 
771       71        71 

\tz \tiHt:dxidx*' ^ 
O 771 cr 

+— 
771 771 

\ 1=1 1=1 ^ 1=1 \ 1=1 v 

771 71       771       71 -*       no it ill, iv QO 7 

4»EEE(^)^) 
1=1 ft = ll=l7 = l J V 

E^ + E»?+' 
^ i=l \ i=l >) i=l 

E^2 
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+ - 
N &

? + T&?) + T&? 
2=1 i=l i=l 

y/n 
= "Vc H- cT + :N 

£!/? + 2c2 

2=1 »=! 

= (^+c)c+(|+2C2) 

V E^2+c2(E^) 
2=1 2=1 

<(^c+ <?)(! + 
\ 

EtfY 
2=1 

Remark 5.1 Under the assumptions of Proposition 5.2, we can take 

m = [- -—c + — 
2 2 (1 + 

\    2=1 

so that (5.8), (5.9), (5.10) are satisfied. □ 

In view of Proposition 3.1, we have the following Harnack inequality. 

THEOREM 5.3.   Let UR > 0 be a positive solution of the equation (5.5) on the 

dosed ball BR = {x 6 Rn : \x\ < R\ with the Neumann condition —— = 0 on dBn. 
- dv n 

Let <p(x,t) = —logUR(x,t) and P(x,t) = C2(£)|£|2 -\-4:a2(t) + — with C2(t) > 0 and 

a(t) > 0. Suppose that (5.8)-(5.18) hold so that 
2t 

<Pt + IV^I
2
 - E^ - v < *(t)\/m2+P(x,t) + Yt+2V"d{t) 

3=1 

for all t > 0.    Let t > to  and V = { differentiable path a =  (cri,^)  :  [0,1]  —> 
BRxR such thata(0) = (cri(0),cr2(0)) = (a;o,*o)j^(l) = OM)50"2(5) > 0}- Define 

(5.20) 

2=1 u as 

T/ien 

(5.21) UR{x,t) > UR(xo,to) (—)   2exp^-  /   2Vnc(r)drJ exp [-d((a;o,to),(^,t))] 

Similarly Theorem 3.3 gives us the following Harnack inequality. 
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THEOREM 5.4. Let u > 0 be a positive solution of the equation 

n 

ut = Au + ^2 ffii ~ Vu 
i=l 

on W1.  Let <p(x,t) = -logu(x,t) and (3{xA) = C2{t)\x\2 + 4a2(t) + — with C2{t) > 

0 and a(t) > 0. Suppose that 

(5.22) \f\<c{t){l + \x\) 

(5.23) 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

|V/| = xlJ2\Vfi\2<m,\^V\<c(l + \x\) 

\AV\<c,\Af\<c 
2c2(t) <ci{t)c2(t) 

2c2(t)<c1mia*(t) + jt) 

4c2(i) < £?(<) 
3_ 

C2 + -C2 > 0 

2(a2)  4- -a2 + ^ > 0 

3c 
a' (t) + a [^ - A - i (^ + ci + c?/2)] - ^c > 0 

</(*) + -^c+d- - J-)c- ^c2 > 0 v y     48^     ySt     2^/nJ 2 

where A is the absolute value of the greatest eigenvalue of (  l'3   ——). Let 

*(*,*) = ft + |V^|2 - E/.U - V - aWv/lV^I2 H-^,*) - § - 2Vnc(t) 
J=I 

= A^ - a(t)y/\Vip\* + p(x,t) - jt - 2y/nc(t) 

Let t > to and V = { diferentiable path a = (ci,^) : [0,1] -»• Rn x E swc/i i/iat cr(0) 
= ((Ti(0),(72(0)) = (a;o,to),ff(l) = (a!,t)»^(*) > 0}- Define 

{5.32)d{{x0,t0Ux,t))=M{±J   <auf>d3 + j  ^(^y^ + f 

//*(a;,0) < 0, then 

(5.33)   u{x,t) > 'a(xo,to)(—)    2 exp ( —  /   2y/nc{r)dT) exp   — d((a;o,£o)j (^J*)) 
to ^      Jtn ) L J 
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It is a very interesting question to find path a that maximize the right hand side 
of (5.33). It is likely that such a path carries most information of how probability 
density propagates in time. 

In order to apply (5.33) for proving decay of the solution u, we need some integral 
estimate of u. 

THEOREM 5.5. Letu be a nonnegatie solution of the equation 

9u      A        v^ 7 du 
dt 

i=l 
dxi 

on W1, where f and V are given by (5.6) and (5.7). Suppose that 

\f\<cm + \A)Avf\ = 
(5.34) N 

£|vfil2<c(*)(i + M) 
4=1 

\h\<c(t)(l + \x\2),\Vh\ = , £W<c(i) 

Let £2 and T be small enough so that for 0 < t < T, 

(5.35) Ixll/lv^^      3n |    |2 q      m 

4(i + £2)-4(i + e2)     64(i + e2)2     2V^ 

-i       m -.771 /TT     771 71 r\J 

".= 1        7 = 1 -^ i=i 

T/zen 

2=1 

/•T      rn 

2=1        J = 

/ p(a!>t)fi(M)<{«p[|r(i;^)9 + i:y^/ E^2]} 

/   p(a;,0)u(ar,0) 

/       |x|2       v 

w/iere p(a;,*) = (* + £2)"n exp \^t + £ J 

Proo/. Let p be any smooth function on En. We have 

dt jB JBR JBR JBI 

=       ptu+        pAu+        pJZfiJT--        P^1 

JBR JBR JBR   i=1    
oxi     JBR 

=       ptu+        (Ap)u - /      u—ds + /      £—ds 
JBR JBR JdBR   dv        JdBR   dv 

ft 77 Th p n 

~\       {py2ki,+y]pifi);[L+ Upf-isds- pVu 
JBR ■   -, ,    ! JOBR JBR 
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by Divergence Theorem and Green's first identity.   Now we can use simple cut off 
argument to obtain the following 

(5.36) 

d_ 

dt 

r p n n 

/   pu= /    (pt + Ap - V ftpi - Y] fop - Vp) u 
JR*        JR- i=1 i=1 

p= (t + £2)  " exp r  i^r 
I8(t + e2) 

Pi 

Pit 

{t + S2ynxi exp r    '3;i 

+ x2iP 

4(t + £2) 

P 

4(t + £2)  '  16(t + e2)2 

n \x\2 

+ T^7LJ -\P 

XiP 

L8(i + e2)J      4(i + £2) 

4(i + e2)      16(i + e2)2 

Pt + A,= -„(. + *)— exp [ J£L] - ^L(i + e2)-«exp [ J_] 

+ t 
n + M!_l 

t + eo^J' L4(i + £2)     16(i + £2)
2 

r  —n la;!2 n bl2 

L£ + e2     8(i + £2)
2     4(i + £2)     16(i + £2)

2 

= -[ 
3n |x|: 

+ ■ 
4(^ + 6:2)      16(4 4- e2)2 

Observe that 

n n 

- J2 fop* -112 fif)i 

1=1 2=1 

=   XI ^Z^* " 2 $3 X a;i2/i 
i=l i=l j=l 

^ 
Sxi 4(i + £2) 

< 

= [ 

4(t + £2 

^ll/|\/2 

*ll/l + 2(t + ff2)Ll6(i + £2 
+ 4(t + £2)^(^2/J- 

t=i j=i 

7 \2 

+ 
12 JL J!L     dh 

4(t + e2)     32(i + £2): ^EtE^g)']" 
2=1   3 = 1 

2=1 2=1 

71 772 rjT ^ -.771 

2=1 

772 772        72 

2=1 2=1 

2=1 2=1 3=1 i 
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ohi ohj v-^ v-^ v—A Ufii  Uflj 

n m n -    m 

2=1 j=l i=l i=l 

2=1 i=l j=l 3       i=l 3=1 k=l k       * 

m 77i     n ut -.     at HI,      it, 

■^EwA^ + iE^ + vsEEw/i 
J = l 2=1 2=1  j=l 

V^ V^ V^ ^2 O1^? 1 

7 dhj 

Hence 

-3n |a;|2 kll/lv^ 
4(i + e2)     16(iH-£2)2     4(i + e2) 
2 n m 

+ 32(iT^+2S(Eftit»2-S^-^^ 
V / 2=1       J = l J = l 2=1 

-V5EE»./,||+EEE»^£ 
»=1  J = l J 8=1  j=l k=l " " 

3n la;]2 |a;||/|^ 
yR-PU(t + e2)      32(i + £2)

2   '  4(i + e2) 

+»E(E»^) -Ew^-sEs 
2=1 ,7 = 1 J = l 2=1 

^EE^fj]" Vitr 
2=1  ^ = 1 

eta 

By Schwartz inequality, we have 

2=1      i=l               *               2=1      j=l j=l          l 3=1              3=1 

i=i i=i 
771                                           771 -       m -       771 

j=i                 i=i j=i i=i 
77i     n r\T m     n 

-^EE^^^IEE^^I 
i=l j=l 3 i=l j=l 3 

<^-E(E/^) +-2-E;»« 
i=l       7 = 1 J 2=1 
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Hence 

d_ f f     r    -3n \x\2 V2\x\\f\ 

JtJRn
pU- JRnPU(t + e2)     32(i + £2)

2 + 4(t + e2) 

^       771 /pr     771 771 oT /n      771 

i=l i=l     .7=1 ■' i=l 

_  /"     [   -3n |:c|2 V^Ml/l      3,^v  2,2 
JRn

PU(t + e)     32(t + c2)2 + 4(t + e2)      2^^j 

0 771 1      .        /?:     771 1      771 1       771 

j=l j=l j=l i=l 

y/2™"Tdh.. 

2 

i=l     j=l J 

Choose 62 and T small enough so that for 0 < t < T, we have 

4(i + e2) -4(i + £2) 
+ 64(i + £2)2     2^|V/ljl ^       2^^ 

3=1 3 = 1 

i=l i=l     j=l •' 

Then we have 

/^<[f(i>?)!
+^x>j]/<>* 

^R-x{i} L ^ ^0       JT^ *        JO    j~l        J JRnx{0} 

3- 

This implies 

^T    m        -      1 + V2   ^ m 

i=i 2      ""   i=i 

D 

Now we are ready to do the pointwise estimate. 

THEOREM 5.6. Letu be a nonnegative solution of the equation 

9u      A        ^ - du 

i:=l 

Suppose that the assumptions of Proposition 5.2 hold. Suppose further that (5.22)- 
(5.31) hold. Let £2 and 2T be chosen small enough so that for 0 < t < 2T, (5.35) 
holds.  Then for x G £R/2• 
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(5.37)   u(x,t)<—[ R 
:]  n[exp( -(f-N)2 

a'„L2(2t + £2)
J     L""i'v 8(2t + e2) 

f2t r (2)2 [exp /    2-^5(5)^5]     max    exp \d((x,t),(z,2t)) 
Jt \z-x\<R/2 L 

1 + V2 f2t m 

where p(x, t) = (t + £2)~n exp (8/ffi   )) anrf un=volume of unit ball. 

Proof. For a: G ^72 and 2? G JBR. Theorem 5.4 implies 

ii(^52^) >u{x,t)( — )n/2[exp(-  /    2^5(5)^5)] exp [ - d({x,t), (z:2t)) 

which is equivalent to 

2nc(s)ds] exp [d((a;, t), (z, 2t))] 

Multiplying both sides of (5.38) by p(z,2t) and integrating over a closed ball with 
center x and radius i?/2, we get 

(5.39)      u(x, t) I p(z, 2i)dz < 2nl2 \exp \   2y/^c(s)d. 

/ u(z,2t)p(z,2t)exp \d((x,t), [z,2t))\dz 

<2n/2 exp /    2\/nc(s)ds\     max     d((x,t), (z,2t))  / ixp 
A J k-*l<«/2   V J JR»x{2t} 

n2t 

<2n/2\exp        2y/nc(s)ds]     max    d((x,t)Jz,2t)) 
Jt \z-x\<R/2 

n    r2t    rn -i   \    /o    r2t  m r 

{expg/    (E^ + ^rV    E^2]}/    P(».0)fl(«,0) 

by Theorem 5.5. Let z = x + —^i- Then 

X (5.40) / p(z, 2*)dz-  . ^ . ■exp dz 

-j 
R\n (f) ■exp 

(2i + e2)"     ^lS(2t + e2) 
N + f^il2 

d^i 

i? 
2(2t + £2) 

exp (M - f) 
8(2^ + ^2) 

Combining (5.39) and (5.40), we get 
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<u(x,t) I 
Ju 

.2(2t + £2)J       ^V8(2t + £2). 

p(z,2t)dz 
\z-x\<R/2 

2t 

<2 2   exp /    2y/nc(s)ds\ {     max    exp [d((x,t), (z,2t))] \ 

{ -P [f f (£ *' + ^ jf g «} /„„ *.0W.. o) 

(5.37) follows immediately from (5.41). D 

REFERENCES 

[1] J. BARAS, G. L. BLANKENSHIP, AND W. HOPKINS, Existence, uniqueness, and asymptotic be- 
havior of solutions to a class of Zakai equations with unbounded coefficients, IEEE Trans- 
actions on Automatic Control, AC-28:2 (1983), pp. 203-214. 

[2] P. BESALA, Fundamental solution and Cauchy problem for a parabolic system with unbounded 
coefficients, J. Diff. Eq., 33 (1979), pp. 26-38. 

[3] P. BESALA, On the existence of a fundamental solution for a parabolic differential equation 
with unbounded coefficients, Annals Polonici Mathematici, XXIX (1975), pp. 403-409 

[4] W. FLEMING AND S. MITTER, Optimal control and nonlinear filtering for nondegenerate diffu- 
sion processes, Stochestics, 8 (1982), pp. 63-77. 

[5] A. FRIEDMAN, Partial Differential Equations of Parabolic Type, Prentice-Hall Inc., Englewood 
Cliffs, N.J., 1964. 

[6] Z. LIANG, S. S. T. YAU, AND S. T. YAU, Finite dimensional filter with nonlinear drift V: 
Solution to Kolmogorov equation arising from linear filtering with non- Gaussian initial 
condition, IEEE Transactions on Aerospace and Electronic Systems, 33:4 (1997), pp. 1295- 
1308. 

[7] H. SUSSMANN, Rigorous results on the cubic sensor problem, stochastic system: The mathemat- 
ics of filtering and identification and applications, Nato Advanced Study Institute Series, 
Reidal, 1981, pp. 637-648. 

[8] S. T. YAU, On the Harnack inequalities of partial differential equations, Communications in 
Analysis and Geometry, 2:3 (1994), pp. 431-450. 

[9]   S. T. YAU, Harnack inequality for non-self-adjoint evolution equations, Math. Research Letter, 
2 (1995), pp. 387-399. 

[10]  S. S. T. YAU AND S. T. YAU, Explicit formal solution to generalized Kolmogorov equation, 
Eleventh Army Conference on Applied Mathematics and Computing, ARO Rpt 94-1, 1994, 
pp. 373-386. 

[11]  S. T. YAU AND S. S. T. YAU, Explicit solution of a Kolmogorov equation, Applied Mathematics 
and Optimization, An International Journal, 34 (1996), pp. 231-266. 

[12]  S. T. YAU AND S. S. T. YAU, Finite dimensional filters with nonlinear drift, XI: Explicit 
solution of the generalized Kolmogorov equation in Brockett-Mitter Program, Advances in 
Mathematics, 140 (1998), pp. 156-189. 



1150 S. T. YAU AND S. S. T. YAU 




