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COMPLETELY INTEGRABLE SYSTEMS
WITH A SYMMETRY IN COORDINATES*

TOSHIO OSHIMA?

Abstract. We explicitly construct the integrals of completely integrable quantum or classical
systems whose potential functions are invariant under the action of a classical Weyl group. Our
potential functions and integrals are expressed by the Weierstrass elliptic function.

1. Introduction. Many completely integrable quantum or classical dynamical
systems have been constructed in connection with root systems (cf. [OP1], [OP2],
[In]). Consequently most of them are invariant under the action of the corresponding
Weyl groups. Our study is to determine all the completely integrable systems with
this invariant property.

Let W be the Weyl group of type A,,—; with n > 3 or of type B,, with n > 2 or of
type D, with n > 4. We identify W with the group of the coordinate transformations

(T15. -+ s Tn) P (E1T0(1)s - -+ »ERTo(n))
of R", where o are the elements of the n-th permutation group &,, and

€=+ -=€p=1 if W is of type A,_1,
€1 =%1,--+ Jep = %1 if W is of type B,
g1 ==+1,--- e, =1 and #{i;e; = —1} iseven if W is of type D,,.

We study the Schrédinger operator
1 0?
(1.1) P=- }: 507 T (@)
1<j<n

on R™ with a W-invariant potential function R(z) which has enough W-invariant
commuting differential operators assuring the complete integrability of P. To be

precise we assume that there exist W-invariant differential operators Py, ... , P, with

(1.2) [P,P]=0 for 1<i<j<n

and

(1.3) PeCP,...,P,]

such that

(1.4) P; = Z Oy -++0;; + R; with ordR; <j for1<j<n
1<i1<-<ij<n

or

(1.5) P; = > 8%---02 +R; with ordR;<2j for1<j<n

1<ir<-<ij<n
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936 T. OSHIMA

or

P,=6,---0, +R, with ordR, < n,
(1.6) P = Z o2 612] +R; with ordR; <2j for1<j<n
1<i1<-<ij<n

if the type of W is A,,_1 or By, or Dy, respectively. Here C[P, ..., P,] is the commuta-
tive algebra generated by P, ..., P,, ord R; denote the orders of differential operators
R; and for simplicity we put 9; = Biz,"

We assume that the coefficients of the differential operators are extended to holo-
morphic functions on a Zariski open subset of an open connected neighborhood of the
origin of the complexification C" of R".

The main result of our previous paper [OS] is the following:

If W is of type A,_1 with n > 3, then

(1.7) Rz)= Y u(z;i—g;)
1<i<j<n
with
(1.8) u(t) = Crp(t) + Cs.
If W is of type B, withn > 2, then
(1.9) R(z) = Z <u(a:i —z;) +u(z; + zj)) + Z v(z;).
1<i<j<n 1<j<n

Here if n > 3, we have

u(t) = C’lp(t) + Cs,
(1.10) o(t) = Cap(t)* + Cap(t)® + Csp(t)* + Cep(t) + Cq
#'(t)?
or
(1.11) u(t) = Cit72 + Cot> + C3  and v(t) = Cyt 2 + Cst* + C
or
(1.12) u(t) =C1 and wv(t) is any even function.

If W is of type D, with n > 4, then (1.9) holds with v = 0 and u is given by
(1.10) or (1.11).

Here C1, C»,. .. are complex numbers and p(¢) is the Weierstrass elliptic function
p(t|2w1, 2ws) with primitive half-periods w; and wq, which are allowed to be infinity.

The purpose of this paper is to construct the operators Pj, ..., P, mentioned
above when u or (u,v) is given by (1.8) or (1.10) for any complex numbers C1, Cs, ...
and for any periods of the elliptic function (cf. Theorem 7.2, 7.3 and 7.5), which was
announced in [OOS]. Hence we shall have the complete integrability of the correspond-
ing Schrédinger operator (1.1). We remark that if W is of type A,_1, the complete
integrability and the operators Py,..., P, are already known (cf. [Ca], [Su], [OP2],
[OS], [Et], Theorem 3.2 in this paper).

Taking the “classical limit”, we shall also obtain the integrals of the Hamiltonian
corresponding to the Schrodinger operator (1.1) because of our simple expression of
the operators Pi,... , P,.
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When W is of type Bs, our argument in this paper is valid but there exist other
potentials which assure the complete integrability. This is caused by a symmetry
between u and v. We shall treat this case in another paper (cf. [00S], [00], [Oc]).

If w or (u,v) is given by (1.11), the operators P, ..., P, do not exist in general
and then we need W-invariant operators of higher orders (cf. [OP2]), which will be
discussed in future.

If (u,v) is given by (1.12), the algebra C[P;.... , P,] equals the totality of &,-
invariants of C[— 187 + v(x1),... , —302 + v(zn)].

We note that if 2w; = /=17 and wy = oo, then (1.10) is reduced to

(1.13) u(t) = C} sinh™2 ¢t + C3,
' v(t) = C4sinh™? ¢ + Cj sinh ™2 2¢ + C! sinh® t + C} sinh® 2t + C

with complex numbers Cf,... ,Cj. The system studied by Heckman-Opdam ([Hel],
[He2], [HOJ, [Opl] and [Op2]) corresponds to this trigonometric case with C{ = Cg =0
and they proved its complete integrability. When C§ = Cg = 0, an explicit form of
Py,..., P, is given by [De].

Moreover if w1 = we = 0o, then (1.10) is reduced to
(1.14) { u(t) = Cit~2 + Cj,

: N v(t) = Cit=2 + Cit? + CLt* + C§t® + C.

Here we quote a result in [OS] for the operator which commutes with the Schrédin-
ger operator P:

If there exists a nonzero constant w such that the W-invariant differential op-
erators Pi,..., P, are invariant by the parallel translation £, — z; + w, then any
W -invariant differential operator () that is also invariant by the same parallel trans-
lation is contained in C[P,...,P,] if [P,Q]=0.

After this paper [Os] was written, [Ch] proved the completely integrability of the
Schrodinger operator (1.1) with the elliptic potential function attached to the root
system. If the root system is of type B, in our situation, the potential considered
in [Ch] corresponds to the case where v(t) = Csp(t) + C4 or v(t) = Csp(2t) + Cj4
in (1.10). The method is quite interesting but different from this note constructing
explicitly all the integrals.

Lastly we give a brief overview of the following sections.

In §2 preliminary remarks are made and two results employed throughout are
established.

In §3 the two fundamental operators A and A,, for A,_; and D,, are introduced
and their commutativity is proved by the results in §2. An expansion of A, gives the
commuting differential operators for A,_;.

In §4 the Schrddinger operator is allowed to have a term in the potential only
depending on the particle position through a given function v. A functional differential
equation (4.4) is established that will ensure the commutativity of the fundamental
operators P and P, for B, given by (4.2).

In §5, using the lemmas in §2, we establish solutions of the functional differential
equation with the assumption v = w which corresponds to the form (1.9).

In §6 we look at various rational and trigonometric degenerations of the solutions
of the functional differential equation.

In §7 we bring the results of the previous sections together and establish the
commuting differential operators Py,... , P, for B, and D,.
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2. Preliminaries.

First we introduce some notation used in this paper. For an element w of the
permutation group &, of the set of indices {1,... ,n}, we define w(i) =i for any ¢ € Z
satisfying ¢ < 1 or ¢ > n and we identify &,, with a subgroup of the group of bijective
transformations of Z. Then we have naturally &; C &, if £ < n.

When we distinguish the Weyl group that we are looking at, we denote it by
W(An-1), W(B,) or W(D,,) according to its type. Then W(A,-1) ~ &, and
W(An-1) C W(D,) C W(B,). We define a homomorphism & of W(B,) to {£1}
by

1 if we W(Dn),
(2.) ) = e W
-1 it we¢ W(Dy).
For the coordinate system (z1,...,z,) of R" we put
a (e Q xXn
3i=8x',8 =07 ---05" and |aj=oa1+ -+ ap.
Here a = (a1, ... ,a,) with non-negative integers «;.
Let P =) po(x)0* be a differential operator. Then we put
(2.2) ‘P = (-1)1*18%pq(x)

and we say that P is self-adjoint if 'P = P and skew self-adjoint if *P = —P. For
w € W and a differential operator P, we denote by w(P) the differential operator
corresponding to P under the coordinate transformation w of R™. In particular we

define P~ = w™ (P) by w~ € W(B,) with w™(z1,... ,2,) = (—21,... ,—Z,) and we
call P has an even parity if P~ = P and an odd parity if P~ = —P. Then we note
that

‘‘Py=(P7)" =P, Y(PT)=(P), YPQ="Q'P, (PQ)" =P Q.

In general the suffix {1,... ,k} of a function or an operator (eg. Qy;.... x}) means
that it is a function or an operator of the variables z1, ...,z invariant under w € Gy
And for a function or an operator Q¢ . x} and a subset I of {1 .o ,n}y we define
Qr = w(Qq,... xy) if there exist w € W(A 1) ~ 6, with w({1,... ,k}) =

Now we review the Weierstrass elliptic function (cf. [WW]), which is

(2.3) p(z]2w1, 2we) = 22 =t Z ((z —1w)2 B (4_)1—2.>’

w#0

where the sum ranges over all periods w = 2mjw; + 2mows (M1, M € Z) except 0.
We define

(2.4) w3 =—(w; +we) and wsq=0.
The Weierstrass elliptic function p(t) satisfies the differential equation

(@')2 = 493 — 920 — 93

(2.5) =4(p —e1)(p — e2)(p — e3)-
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Here
92=60> w™ g5 =140% w7,
w#0 w#0
(2.6) plw,) =e, forv=1,2,3,
e1+es+e3 =0, ejes + ezes + eze; = ——94—2, ei1exe3 = 94—3
Moreover we have important formulas
p(z) p'(x) 1
(2.7) py) e'@y) 1|=0 if z+y+2=0,
p(z) ¢'(2) 1
- (ei—ej)ei—ex) .. ,. .
2.8 z24w;) =e; + if {i,7,k} =1{1,2,3
and
2
12p(2)* — g
(29) p(n) = 120 —02) o)

16¢'(t)?

In this paper the periods are allowed to be infinity and hence g; and g or e; and
es take any complex numbers. Then the condition

(2.10) (e1 —ea)(e2 —e3)(es —e1) #0

holds if and only if the both periods are finite. On the other hand, if e; = ey = 3A?
and e3 = —2)? with A € C, then

(2.11) p(z|V—1A"'m,00) = A?sinh ™2 Az + A%

In particular, if e; = es = e3 = 0, we have

(2.12) p(z]oo,0) = 272

We note that if (2.10) holds, the function v(¢) given by (1.10) is rewritten into

4
(2.13) (t) = Cy + Y Ciplt +w))

j=1

with suitable complex numbers Cj,...,C{ (cf. (2.5) and (2.8)). Moreover for any
complex numbers C{', C§ and C¥, it follows from (2.9) that

(2.14) v(t) = CY'p(t) + Ci o(2t) + Cf

is a special case of (1.10) and the complete integrability of the corresponding Schrédin-
ger operator was a question in [OP2].

Now we prepare

LEMMA 2.1. Let 5x(t), ©;(t) and w;;(t) be functions with a single variable for
1<i<j<3andl <k <3 Putuvg = g(zp), U;c = ﬁ;c(:l,'k), Ujj = 'ﬁij(:l:i — :l:j),

ugj = a;j(z,« —zj), wij = Wij(T; + T5) and wi; = Wi;(z; +3;5) for 1 <i < j <3 and
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1 <k <3. Then we have

(2.15)
01 ((u12 — wi2) (u1s — w13)) + 2 (w12 — wi2) (u23 — wag)) + 83 ((u13 — wiz) (uaz — wa3))
U192 ’U.,12 1 ui2 UI12 1 U23 u’23 1 uis —UI13 1
= | ug3 u'23 14 |wss —’LU:Il3 1|+ |wie —-wiz 14+ | wes —w’23 1],
Uui3 —u’13 1 wWa3 wég 1 w13 w{s 1 Wi 'LU'12 1
(2.16)
01 (w12 + wi2) (w13 — wis)) + 8 (w12 + wiz) (Uos — waz)) + 95 (w13 + wis) (u2s +wa3))
Uiz u’12 1 Uui2 u{l? 1 U23 UI23 1 Uuis —’U,Il3 1
= | U23 'U,'23 1]+ |wis —wis 1| —|wis —w’12 1| — w3 —’I,Ué3 1
U3 -—’U,l13 1 wa3 wég 1 W13 ’LUI13 1 Wi wi2 1
and

(2.17)  vi(u12 — wi2) + 2v1 (v} — wiy) + B2 ((vl + v2) (w12 + wia) — 2111112)

v v} 1 v —v; 1
=|wvy -—vhb 1|4+|wve —vh 1].
U2 —U’lz 1 wig w'12 1
Proof. If we note that uj; = Ojui;; = —0;u;; and wj; = O;w;; = Ojwj, then
equalities (2.15), (2.16) and (2.17) are clear by direct calculations. a

In the case when u(t) = C1p(t) + C2, the function u(t) is even and satisfies

u(z) u'(z) 1
(2.18) u(y) u'(y) 1|=0 for z+y+2=0,
u(z) u'(z) 1

which is clear from (2.7). Hence we have
COROLLARY 2.2. For given even functions u(t), v(t) and w(t), put

(}51‘]‘ = u(a:i - :Ej) + ’LU(:ZIi + .’L‘j),
(2.19) VYij = u(z; — zj) — w(z; + z5),
v = v(zk)-

Then clearly

(2.20) bji = Gij, Vi =Yz and Oy + 053 = 0.
i) If

(2.21) u(t) = w(t) = Cip(t) + C2

or

(2.22) u(t) = Cip(t) + C2 and w(t) = Cs,

then

(2.23) 0 (Yijvir) + 05 (Wi ¥jk) + Ok (Yirj) =0

and

(2.24) 0i(¢ijvir) + 05 (dijhjx) + Ok (Pirdjr) = 0.
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ii) If
(2.25) u(t) = v(t) = w(t) = Crp(t) + Cs
or
(2.26) u(t) = w(t) = Cip(t) + Cy and v(t) = Cs,
then
(2.27) (Bivi)ij + 2v;(8;%i5) + 95 ((vi + v;)¢ij — 2viv5) = 0.

941

Here the indices 1, j and k are mutually different and C1, Cs and Cs are any complez

numbers.

Remark 2.3. The equation (2.18) for v and its generalization are studied by [BP],
[BBy], [0S] in connection with integrable systems and equations similar to those in

Corollary 2.2 are discussed in [BBu]

3. A fundamental integral of type A,,_; and D,.
In this section we use the notation in Corollary 2.2. Put

1
(3.1) Vi, 2k = CTP] Z w(12934156 * - Yor—1,2k)-

weS2

We sometimes denote by %; ; in place of 1;; to distinguish the suffices.
Define

1 n
(3.2) A=-§Za§+ > ¢y
j=1 1<i<j<n
and
1
(3.3) A, = Z m Z w(@[){l,.‘. ,2u}62u+1 - Op).
(USASE I wWEGn

Let A and A, be the functions of (z, ¢) obtained by replacing 8; by &; fori = 1,...

in (3.2) and (3.3), respectively.
The Poisson bracket of functions f(z,&) and g(z, &) is defined by

B . /0f 89 8g Of
(3.4) {f»g}—;(a_gja_zj_a_fjg@)'

Then we have
ProPoOsSITION 3.1. Suppose u and w are given by (2.21) or (2.22). Then

[An,A] = {A,. 3} =0,

,n

Proof. Put Q = [A,, A] and suppose @ # 0. Since !A,, = (=1)"A, and ‘A = A,
PQ =1A,, Al = —[PA,,tA] = (-=1)"*T1Q. Hence the order of @ equals n — 2m — 1
with a suitable positive integer m. Then by using (2.20) and (2.23), the coefficient of

Oom+2 -+ + Op in the G, -invariant operator @ equals

2m+1

Z¢{1,...,2m+1}\{i}3i2¢>uu+ Z 0i¥q1,... 2m+1,j)
1=1

p<lv j=2m+2
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2m+1 n 2m+1

= Z Z Y, 2me1 )\ (i} Oibij + Z Z Vi1, 2m+13\{i} O3 Vij

=1 oy j=2m+2 i=1

15j<n

2m+1

== Z Z Y, 2ma13\{i} 05 ¥
= J#
1<j<2m+1

2m+1

== Z >, D Y 2ma\ e Yik0iis

J#i k#i, k£j
1<j<2m+1 1<k<2m+1

=— > YV, 2m+1 0\ {igk} (0i(Wiivin) + 0 (Wijvhik) + Ok (Wirjk))

1<i<j<k<2m+1
=0,

which contradicts to the fact that the order of @) equals n — 2m — 1. Thus we have
[An,A] = 0 and by the same calculation we have also {A,, A} = 0. 0
The following theorem is known but we repeat it here for the completeness.
THEOREM 3.2 (Type A,—_1. [OP2], [OS, Theorem 5.2 and Remark 5.3]). Put

u(t) = Cipt) +C and w(t) =0.

Regard A, as a polynomial function of C, denote it by P,(C) and put P,_1(C) =
[Pr(C),z1 + -+ + ). Then

(35)  [Pa(C), Pu(C")] = [Pa(C), Pa-1(C")] = [Pa-1(C), Pu-1(C")] =0

for any C, C' € C.
Defining Py, by P,(C) = ZOS”S[ P,_5,C" and P,_1(C) = Eo<u<[" 1 (2v +
1)Po—2,-1C%, we have

= > 1k — 271 Z (p(z1 — z2)p(z5 — 24) -+
(3.6) 0<i<[k ]2]] k %)

‘@(mzj—l - xzj)32j+1 "'6k)

and Py, ..., P, are the required operators for the Schridinger operator (1.1) with (1.7)
and (1.8) when W is of type Ap_1.

By replacing 0; and [ , ] by & and { , }, respectively, we have the same claim for
the corresponding Hamiltonian system.

Proof. Put Q = [P,(C), P,(C")] and suppose Q # 0. Since !P,(C) = P,(C)~,
we have —¢{Q = Q~. By Jacobi’s identity for [, ], we have [@, A] = 0, which implies
that the coefficients of the terms of highest order in @ are polynomial functions of
z (cf. [Be, Lemma 2.5] or [0S, Lemma 3.1 and Lemma 3.5]). Hence if w; is finite,
the coefficients are constant because of their periodicity. Moreover by the analytic
continuation we can conclude that the coefficients are constant even if w; = co. This
contradicts to —{Q = @~ # 0. Hence we have [P,(C), P,(C")] = 0.

Note that [P,—1(C),A] = —[01 + - - + On, Pa(C)] + [[Pn(C), Al z1 + - - - + 2] =
0. Hence the same argument as above shows (3.5) by replacing (P,.(C), P,(C")) by
(Pn(C), Poe1(C")) or (Pr-1(C), Po1(C")).

The remaining part of the theorem is clear from the definition of P,(C). O
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4. A functional differential equation. Retain the notation in Corollary 2.2
and the previous section and put

(4.1) Z @)k = 20)! k )1 Z w(q, ... 20302041 Ok)

0<v<[%] weBS)

for k=1,...,n (cf. (3.3)). Then we have easily
LEMMA 4.1.

[Aq,. kpTe] = Ap k-1
Ap,. ok =An,. k-130k + Z Vuk Af1,.. k—1}\{v}-

1<v<k—1

Let gq1,... xy be suitable symmetric functions of (z;,... ,zx) fork=1,... ,n and
put gz = 1. For even functions v; = v(z;), we examine the condition such that the
operators

1 n
P==-33 0+ 3 ¢w+Z”J
(42) . j=1 1<i<j<n
1
P, = ZW Z w(Q{l k}A{k—i—l ,n})
k=0 weS,

satisfy [Pp,P] = 0. We denote by Ay, .. 4} and P and P, the functions of (z,£)
obtained by replacing 9; by &; in the above definition of the corresponding operators.
We introduce symmetric functions T7;, ... x} of (z1,...,zx) such that

(4.3) q1,... k) = Z Iy, -1,
LIL-I,={1,... .k}

where the sum runs over all different partitions of {1,...,k}. For example

o =Tz =1, quy=Tny a2 =TTy + T2y,
901,28y = Ty T2y Tisy + Ty T8y + T2y Tisay + Tysy T oy + Ta 2,8y

THEOREM 4.2. Retain the above notation. Suppose

Ty = —2uvy,
k—1
(4.4) OTq,.. k) = Z (2T{1,...,k—1}(3j7ﬁjk) + (ajT{l,...,k-l})lbjk)
Jj=1

for k=2,...,n

Then [Py, P] = {P,, P} = 0.
Proof. It follows from Proposition 3.1 that

P"’P [Z El(n — k)' Z q{l }A:{Zk+l,.u,n})7P]

= 1
=> Hn k)l > ([Q{l,...,k}A?kH,.,.,n},
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n k
—10 - — 10 Y (Y dw)])
v=k+1 p=1
n 1 n k
= Z -k_'(n——k')' Z w(Q{l,...,k} [A%k+1,...,n}’ E (’U,, + Z ¢uu)]
k=0 wes, v=k+1 p=1
+ % [3% R 8k, a{a,... ,k}] A%k+1,,,, ,n}) .
Hence by Lemma 4.1 and (2.20) we have
n—1 k
{Pn, P} = Hin—k=1) >, (211{1,... (V1 + > Ors1¢5,041)
k=0 weS, j=1
Afpa,... n}A{k+1,... ,n})
+ Z _ 1 (n— )l Z ( Oraqa,... )A{k+1,... n}fk)
lc=1
n k—1
S e X (s )
k=1 j=1

A, n}A{k,... n})

* Z (k—1)!(n —k)! }: ( 6kq{1,,,.,k})(A{k,...,n}

- Z "v[’lch{k,+1,...,n}\{j})A{k-l—l,...,n})
j=k+1

( - 1! n_k)v Z ((24{1,...,k_1}v§c

1

(2qq1,... k-1305%ik + (Bjaq1,... k—1})¥ik)
1

Ti

J
+ Okaqa,... ,k})A{k+1,... Ak, ,n}) .

Here the last equality follows from

n

1 Z - -
Zm Z w((akQ{l,...,k}) Z ¢ij{k+1,...,n}\{j}A{k+1,...,n})
weS,
n

= j=k+1
-1
Z _1 o > (Z zqu,...,1_1})11%25{“1,...,n}A{e,...,n})-
Z=1 weG, i=1

Hence if g{i,... x) satisfy

Okaqa,... k} = —24(1,... k—1}V%

(4.5) +E(2q{1 k—1}(05%5x) + (0jqq1,.. k—1})¢jk>



COMPLETELY INTEGRABLE SYSTEMS 945

for k = 1,...,n, then {P,, P} = 0. Under the assumption of the theorem, the right
hand side of (4.5) equals

Z (TI1 T, Ok T(xy
nLu...nor, —{1 .,k—1}

+ Z (2T’1 L (85%3%) + (85(Tr, -~ Tn))dfm))

= Z Ok (Th T Ty + ZTh < Tr,u{k) "'TIU),

LI, ={1,... k—1} p=1

which equals the left hand side of (4.5) and hence we have {P,, P} = 0.
Thus we have

[PmP] Zn: n_ | Z (Q{l,...,k} zn: (azvu'i' Z 83¢uu)

k= WEB, v=k+1 1<p<k
1
At Ny T 3 2(3391{1,...,k})A%kﬂ,..,,n})
v=1

and therefore [P,, P] is clearly self-adjoint. Since P and P, are self-adjoint, [P,, P] is
skew self-adjoint. Hence we can conclude [P,, P] = 0. 0
REMARK 4.3. Let T{ll,.‘.,k:} and T{21,‘.4,k} be solutions of (4.4) for (u,v,w) =

(f,91,h) and (f,go,h), respectively. Then C’k_lC’T{ll’.__,k} + Ck_lC”T{21,...,k} are
solutions for (u,v,w) = (Cf,C'g1 + C"ga,Ch). Here C, C' and C" are any complex

numbers and £k =1,... ,n.

5. Solutions of the functional differential equation.
In this section we shall construct elliptic solutions of (4.4) in the case when

(5.1) u(t) = w(t) = Cp(t) + C'
with C, C" € C (cf. (2.19)).

Retain the notation in the previous section and assume (5.1).
LEMMA 5.1. Under the notation in Corollary 2.2, the functions

<I>0 1,
=(-1)" Z w(dordrz - Gno1,n) for n>1
wEG

satisfy

n—1

(5.2) On®yn = 00(®rn—1%0n) + Z (2‘1’71—-1(3_7'@/’_7‘71) + (ajq)n—l)’/)jn)'

i=1
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Proof. Forj=1,... ,n—1

(=1 (280-1(8;%in) + (8 8n-1)¥n)
= Z (B5%in)w(Po1d12 -+ Pr—2,n—1)

weES,

w(n—-1)=j

+ Z (05 (Dwin—-2)j%in))w(do1d12 - - - Pn—3,n—2)
wES, -1

w(n—1)=j

+ Z (85 (Pu(w-1()-1)5%in)) H w(pi-1,:)
wESH -1 i#w(j)
w(n—1)#j 1<i<n—-1

+ Z (85(Djw(w—1(j)+1)¥in)) H w(piit1)-
weS, 1 l#'“’(])
w(n—1)#j 1<i<n—1

Hence it follows from (2.20) and (2.24) that the right hand side of (5.2) equals

n—1 n—1
_l)n(z Z 6n(¢jn Hw(¢i—1,i))
j=1 WEG,_1 =1
w(n 1)=j
-y Z (ak (Fr—1,6%k,n) + O—1 (Pr—1,8 Pk~ ln)) II w(¢i—1,i))
WEG,_1 k=1 ik
1<i<n—1
(X o (H (66-1)
wWES, i=
w(n)—n
+ Z Z ( ¢k, 1n¢n k,) H ¢z—1 z))
wWEG, 1 k=1
1<z<n 1
= 0,P,.
Thus we have the lemma. O

LEMMA 5.2. Suppose there exist a symmetric function g(s,t) of (s,t) such that

(5.3) 201 (01¢12) + (O1v1)Y12 = 02 (2912 — (v + U2)¢12)
by denoting gi; = g(w;, ;). Put
Sfl} = _2U1,

(5-4) St gy =20=1% > w(vigragos - dr-1) for k>1.

weEGS
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Then
O (St iy—(=DF D dw(gudiads - dr-2,4-1))
(5.5) k_lwesk_l
> (25%1,.. o1y @) + O3S . sy )it )-
i) If
(5.6) 2v1 (B1912) + (B1v1)vh12 = 02 (2Mv1v3 — (01 + v2)12)

with a complex number A\, then

S(1} = —2uy,
k-1
5.7
(5.7) OkSq,.. ky = Z (25{1,...,k—1}(6j¢jk) + (3j5{1,...,k—1})1/’jk)
j=1
by putting
(58)  Sp.m= Y, (N -8t Sy for k21

LI, ={1,... ,k}
ii) If there ezist even functions f(t) and h(t) and complex numbers X\, X' and X"
such that )

201 (O1912) + (O1v1)¥1a = 02 (2N f1fa + 2X(hy + h2) — (v1 + v2)d12),
(5.9) 2f1(01¢12) + (B fr)v12 = Ba( — (f1 + f2)db12),

2h1 (B1h12) + (B1h1)hr2 = B2 (2A(f1 + f2) — (h1 + ha)d12),
(

the following functions Sy ... xy satisfy (5.7).

Stk =St ;- >,  (NSLSL+X'S{, Dy, +\'Dr, Sp,)
LIL={1,... ,k}
+ > 2\\"(S}, Dy, Dy, + Dy, Sy, Dy, + D1, D, SY,),

LI 1I3={1,... ,k}

Sh,...,k} =2(-1)* Z w(fidrados - Pr-1,k),

wEGS,
S,k = 2(-1)* Z w(hy12¢23 -+ Pr—1,k),
WES)

Dy, gy =2(-1)* Z w(Pr2dh2s - Pr—1,k)-
wEG
Here we put f; = f(x;) and hj = h(z;) for j > 1 and Sh} = -2f1, S’i’l} = —2h; and
D{l} = -2.
Proof. Owing to (5.3) and (2.20) and Lemma 5.1, the right hand side of (5.5)
equals

k-1
2= Y w (2 > o1z droak-1(8505k)

wWEGk_1 j=1
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k-1
+ (O1v1)¢12 - r—2,k—1%1k + Z v1(0j(¢r2 -+ ¢k—2,k-1))¢jk)

j=1
= 2(_1)k Z w<ak(vk¢k1 $12° - Pr—2,k-1 — 21k P12 " Pk—2,k—1)
WEGK_1
k-1
—v1012 - Pr—2 k—1(O1Y1x) — 2 Z V112 - Pr—2,k—1(05%jk)
j=2
k-1
- Z v1(0 (12 *+* Pr—2,k—1 ))%’k)
j=1
=2(-1)* w(ak (Uk¢k1¢12 “Pr—2,k—1 — 2016P12 * + Pr—2,k—1
WEGK_1
+ (_ktll—)' > w'(vigrages - ¢k-1,k))>
w’GGk
w’(l):l
= Ok (Sfl,...,k} — (-1)* z dw(girdrades - Pr—2,k-1))-

wWEGk_1

Hence we have (5.5) and if (5.6) holds, we have

(-1F Z dw(gikPr2623 - Pk—2,k—1) = AS{1 . k—1}S(k}
WESK_1

and therefore the right hand side of the second equation of (5.7) equals

k-1

S (Ve - (285, 57, 0w

Jj=1 Ill_ImLII,,:{l,... ,k—l}

+(8;58, -+ 52, i)

= Z (_A)V_l(l/—l)!zak(sgl.“S‘IJ‘LU{]C}..'S(I)V
nLo.---1ur,={1,..,k-1} p=1

—AS3, - 53, "'Sﬂsfk})

=a( Y NTe-s;est)
L1, ={1,... .k}

Now suppose (5.9). Then by denoting

Sh,...,k} = Sf1,... k)

S%l,... &} = Z SII1 S}z’
LUL={1,...,k}
Sh..m= », (SiDp+DnSp),

L1L={1,..k}
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S%l,...,k} = Z (Sllelszs + D115/12D13 + D11D12S}3)
LOLII3={1,... ,k}
and
k-1
B = (-0 (0uSt, sy = 3 (2% ey Oithin + (B5S,_smay)¥i))
i=1

forv=1,...,4, it follows from (5.5) that

F = 0N Sp,. km1ySiey T A'S(, k=13 Piwy + A" Dy, k-13S(ky)s

Fk2 = ak(Sil,...,k—l}Sik})y

F{ =0 (Sﬁ,... k-13Dky + Dy, k=135

+A > ((S1, Dy + D1, Siyy) D1, + Dr, (S, Dyiy + D, Sik}))),
LUL={1,... k—1}
Ff = 0( > (7, D1, Dy + D1, St,Dixy + D1, Dp, Spyy)-
LlL={1,.. k—1}
Since 0 ((S}, D1, + Dr,S7,)D{x}) = 0 in the above, we have
Fl = XNF? - X'F} +20\'F =0,

which implies (5.7). Thus we have completed the proof of the lemma. a
DEFINITION 5.3. For given even functions f and g of ¢, we define

Q.. 13(fr9) = Z w(f(z1)g(zy — z2)g(z2 — T3) - - g(Th—1 — T)),
weW (By)

O4,...x3(f,9) = Z (=) tv - 1195, (f,9) - @1, (f,9)

I1H~~'HI,,={1,... ,k:}

for k > 1. Here we note that ©13(f,9) = ®(13(f,9) = 2f(z1) and Op(f,9) =

éﬁ(fa g) = 0
PropoOSITION 5.4. Suppose

4
u(t) = w(t) = Coplt), (1) = 3 Cyplt +03) ~ 2

j=1

with Cy,...,Cs € C. Then (4.4) holds by putting

e :
T{l,... kY = (-—Cs)k 1 (—229{1, ,k}(ly p(t)) - Z Cje{l,... ,k}(p(t + wj)v p(t))) .
Jj=1

Proof. Suppose Cs = 1. If v(t) = p(t + w,) with v = 1,... ,4, the assumption
(5.3) in Lemma 5.2 holds with g;2 = vyve. In fact (2.27) means (5.3) if v(¢) = p(t)

and then the coordinate transformation z; — z; + w, for j = 1,... ,n implies the
case when v(t) = p(t + w,). If v is constant, then (5.3) is also valid with g1o = v1vs.
Hence the proposition follows from Lemma 5.2 and Remark 4.3. a

Remark 5.5. Since we may put g2 = 0 in the above proof when v is constant, we
may replace Oy, . 3 (1,0(t)) by ®41,... x}(1, p(t)) in Proposition 5.4.
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6. Degenerate solutions of the functional differential equation.
We give trigonometric and rational solutions of (4.4):
PROPOSITION 6.1. For complex numbers A\, Co,...,Cs with A # 0, put

u(t) = w(t) = Cssinh ™2 Xt,
Co

v(t) = Cy sinh™ At + C; cosh™ At + Cy sinh® At + % sinh? 2\t — 5

g(s,t) = Cs (01 sinh=2 As - sinh =2 At — C cosh™2 As - cosh™2 At
+ Cy(sinh? As + sinh? At + 2sinh® \s - sinh? /\t)) .
Then (5.3) holds. Moreover we have (4.4) with
Ty = (=C5)#1~1 (%Tf(l) — G T2 (sinh™2 At) — CoT? (cosh™2 At)
— C5Tg(sinh? At) — C4 T (L sinh? 2/\t))
by putting

T7 (1) = @1(1, p),
T? (sinh ™2 At) = O (sinh ™2 Xt, p),
T?(cosh™ \t) = =@ (— cosh™2 \t, p),
T? (sinh? \t) = ®;(sinh? \t, p),

T? (% sinh® 2Xt) = &;(4 sinh® 2X¢, p) — Z (2<I>11 (sinh? At, p) - 1, (sinh? At p)
nLilL=I

+ d)Il (Sinhz At) p) : ‘bIz (1’ p) + ‘}Il (1, p) . q>12 (Sinh2 At, p))a

where I C {1,... ,n}, p=sinh™ M\t and the last sum runs over different partitions.

Proof. We can prove (5.3) by direct calculations but here we do it in a different
way. First note that we may assume that Cs and one of the numbers Ci, ... ,C4 equal
1 and that the other 4 numbers are 0. Also by a simple change of coordinates we may
assume A = 1.

Now put u(t) = p(t) — e;. Then if v(t) = p(t + w;) — e; we have (5.3) with
gz =vvp for j=1,...,4. Ife; = ey = 1 and e3 = —2, then p(t) —e; = sinh™2¢
and

(e3 —e1)(es — e2)
p(t) —e3

1
=-14 ———— = —cosh™2t.
sinh™2¢+1

p(t+ws) —er =es —e; +

Hence if u(t) = sinh™%¢ and v(¢) = sinh™2¢ or — cosh™?¢, we have (5.3) with gi2 =
V1Vg.

Put e; = 1, e = —¢, e3 = —% + ¢ with 0 < |¢] << 1. Then it follows from
(2.8) that

p(t+w)—e = (e _;0((3:))(_6161— e) _ esinh® ¢ + o(g).
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Hence putting v(t) = p(t + wi) — e1, the coeflicients of ¢ in (5.3) proves (5.3) for
(u,v) = (sinh~?¢,sinh® t) with g(s,t) = 0.
Next suppose v(t) = (p(t + w1) —e1) + (p(t + w2) — e1) + (e1 — e2). Then

(61—63 _ 62—63)= 2 p(t) —es3
p(t) —e1  p(t) —e2 (p(t) — e1)(p(t) — e2)

1 —2 2
osinh™“t 41 oy E° . 9 9
=g"———— +0(e”) = —sinh” 2t + o(e

sinh™* ¢ (%) 4 ()

v(t) =¢

and (5.3) holds with
9(s,t) = (p(s +w1) — e1)(p(t +w1) — e1) + (p(s +w2) — e1)(p(t +w2) —e1)
= (esinh® 5)(e sinh? t) 4+ (—esinh® s — €)(—esinh® t — ) + o(e?)
= £2(1 + sinh? s + sinh? ¢t + 2sinh® s - sinh® t) + o(?).
Hence we have (5.3) if
g(s,t) = sinh® s + sinh® ¢ + 2sinh® s - sinh® ¢,
{ (u,v) = (sinh~?¢, 1 sinh?2¢)

The remaining part of the proposition is clear from Lemma 5.2 and Remark 4.3. We
can also get it from Proposition 5.4 by considering the limit as above. o
Remark 6.2. Since

sinh® As+ sinh® Xt 4 2sinh® \s - sinh® At
= sinh® As - sinh® At + cosh® As - cosh® At — 1,
we may put
T{ (4 sinh? 2Xt) = &; (L sinh® 2)¢, p)
-3 (% (sinh? A, p) - @, (sinh?® Mt, p) + @7, (cosh? Mt, p) - @1, (cosh? At, p))
LIx=I

in Proposition 6.1.
PRroOPOSITION 6.3. For complex numbers Cy, ... ,Cs, put
u(t) = w(t) = Cst 2,
v(t) = C1t72 + Cat? + Cat* + Cyt® — %
g(s,t) = C5(Crs72t72 + C3(s® + t%) + Ca(s* + t* + 35°t7)).

Then (5.3) holds. Moreover we have (4.4) with
C 5
Ty = (~Co)¥ 7 (TF(D) - GITF(E72) = CaI7 () - GaTF (#) — CuTP (1))

by putting
T7(1) = @1(1,p),
Tp(t™?) = 0r(t™2,p),
TP (1) = @1(%, p),

Tf(t4) = q’I(t4’p) - ‘ z (q)h (t2’p) : Qh(lap) + (ph (1,/7) . CDIz(tzap))a
L I,={1,... ,k}
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TP(t%) = &1t 0)— Y,  (38,(t%p) @1,(*,p)
L OL={1,... ,k}

+@r,(t',0) - @5 (1,0) + 21(1,0) - 21,(t",0))
+ Z 6((}11 (tzyp) 'CI)Iz(lap) ) Qfa(lap)

11H12HI3={1,... ,k}

+ q)Il (lyp) : (I>Iz (t27p) : (I)Ia (lap) + (I)Il (]-ap) ) q>12 (lap) : (I)Ia (t27p))7
where I C {1,... ,n}, p=t~2 and the sums run over different partitions.

Proof. Note that the proof proceeds in the same way as in the proof of Proposi-

tion 6.1. Put u(t) = A2 sinh ™2 \t. Then for

v(t) = A2sinh™2 )\,

g(s,t) = M sinh™2 \s - sinh ™2 ¢

or

v(t) = A"Zsinh® \t,

g(s,t) =0
or

v(t) = A~*(%sinh® 2\t — sinh® At),

g(s,t) = A~2(sinh? As 4 sinh® Xt + 2sinh® As - sinh® \t)
or ’

g(s,t) = A~*(cosh® \s - cosh? A\t 4 sinh? \s - sinh? A\t
+cosh™2 \s - cosh™2 A\t — 2),
we have (5.3). By the analytic continuation of these u(t), v(t) and g(s,t) to A = 0, we
have (5.3) for u(t) =¢t~2 and v(t) = t~2 or 2 or t* or t5 with g(s,t) = s~2t2 or 0 or
82+t or s* + t* + 3522, respectively. In fact, for example, we have

{ v(t) =A% —2sinh® X\t + i sinh® 2\t — cosh™ At),

A76(1 — 2sinh? At + zll-sinhz 2Xt — cosh™2 At)
= A7%(1 - sinh® At + sinh* At — (1 + sinh® A¢) )
= A"%sinh® At + o(\) = % + o()),
A% (cosh? \s - cosh? At + sinh? \s - sinh? At 4 cosh™ \s - cosh™2 At — 2)
=t ((1 + sinh? As)(1 + sinh? M) + (1 + sinh® As) "1 (1 + sinh? A¢) !
+ sinh? \s - sinh® At — 2)
=2 ((sinh2 As + sinh? At)? + sinh? As - sinh® At) +o())
= s* +t* 4+ 35%% + o(N).

The remaining part of the propositibn is clear from Lemma 5.2 and Remark 4.3. We
can also get it from Proposition 6.1 by taking the limit at A = 0. a

7. Integrals of type B,, and D,,.
The argument in the preceding sections gives the integrals when W is of type B,
or D,.
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DEFINITION 7.1. For given even function u(t) and symmetric functions Ty, .. )
of (z1,...,z) for k=1,... ,n, define W(B,)-invariant differential operator

Pu,T) = Zk' mi Z (Q{l,...,k}A%Hl,..,,n})

by
Z Uk = 251 k )1 Z e(w)w(u(a:l — z2)u(zs —z4) -
0<i<[%] 1) wew(By)
“u(T2j-1 — T25) 0254102512 -+ 3k>,
qq1,... k} = Z Ty, ---T1,,
LI, ={1,... k}
where

9o =1, g1y = Ty, a2y = T{l}T{z} +T(1,2)5-- -
Tui,.. k) =w(T,. k) Auwr,.. k) =w(Aq,.. xy) for we Gy,
Replacing 9; by &; for ¢ = 1,... ,n in the definition of A,

define functions 5{1 ,,,,, x} and P(u,T) of (z,£), respectively.
THEOREM 7.2 (Elliptic Potentials: Generic cases of Type By). Put

U(t) = CS@("’),
4 Co
t) = Ciplt+w)) - o>

i=1

and define P,(Co) = P(u,T) and P,(Co) = P(u,T) by

xy and P(u,T), we

.....

(7.1)

Ta,..k = (—Cs)k*l(go ZC Tg,... iy (( t+wj))),

Th, @) = > (1)~ (u—l)!sh(w---sn(w),

LI ={1,... .k}

Su- @ =S w(b@)e - )@ - 25) - plzeor - 21))-

wEW (By,)
Then
(7.2) [Pa(C), Pa(C")] = {Pa(C), Pa(C")} =
for C,C" e C.

Let P; be the coefficient of C’g_j in P,(Co). Then Py,...,P, are the required
commuting differential operators (1.5) for the Schridinger operator

(7.3) P=- 2+ S (ulwi — z5) + ulz; + ;) +Zv(a:k)

1<i<j<n k=1

in the case when W is of type B,,.
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By using P,(Cp) in place of P,(Cy), we have integrals P; of the Hamiltonian

(7.4) P:——;—Z Z (u(zi — z;) + u(z; + ;) +Zv (zk),

j=1 1<i<j<n k=1

where Py, ... , P, are functionally independent and satisfy {P;, P;} = 0.
Proof. Theorem 4.2 and Proposition 5.4 imply

(7.5) [Pn(Co), P] = 0.

Fix C, C' € C and put Q = [P,(C),P.(C")]. Then we have [Q,P] =0 and Q~ =
—tQ = @ and therefore we have Q = 0 as in the proof of Theorem 3.2.
Since gq1,... x} is a monic polynomial of Cy with degree %, it is clear that P; for
Jj=1,...,n satisfy (1.5). The remaining part of the theorem is also clear. 0
THEOREM 7.3 (Type D,). Suppose W is of type D,. Then by putting C; =
C> = C3 = Cy =0, the operators Pi,...,P,_1 in Theorem 7.2 and P, = Ay, ny
are the required commuting differential operators (1.6) for the Schridinger operator

(7.6) P=—%Za—x3+ S (ulwi — zj) + ulz; + )

with the function u(t) given by (7.1). Here the periods of p(t) are allowed to be
infinity.

Proof. Theorem 7.2 and Proposition 3.1 prove [P;, P) =0for j = 1,... ,n. Then
the commutators Q; = [P}, P,] satisfy Q; = —'Q; = (-1)"Q; and [Q;,P] = 0 and
hence @; = 0 as in the proof of Theorem 3.2. g

Remark 7.4. i) In Theorem 7.2 we have P, = P,(0) and

Pn_k:z":z": (g—z ! > >

(7.7) i=k j=i WEG, LI 1 ={(1,...,i}
w((—C’s)l_kaTh(l)"'le( )qgist,... 3041, n})

for k=1,...,n — 1, where qg;1;,... ;) are defined by putting Cp = 0.

ii) Because of the uniqueness of C[Pi,... ,P,] in terms of (u,v) (cf. [OS, Theo-
rem 6.5]), the existence of the commuting differential operators P, ... , P, for (1.10)
which satisfy (1.5) is guaranteed by the analytic continuation of the parameters go
and g3 of p(t) even if w; or ws is infinite. We have explicitly given the analytic con-
tinuation. In fact Theorem 4.2, Proposition 6.1, Proposition 6.3 and the proof of
Theorem 7.2 imply the following theorem.

THEOREM 7.5 (Degenerate cases of Type B,). Suppose

i) Trigonometric Potentials:

u(t) = Cssinh™2 At,
(7-8) v(t) = Cy sinh™2 Mt + Cp cosh™ Xt + C3 sinh® M\t + 04 sinh® 2\t — %9

with a non-zero complex number X\ or
ii) Rational Potentials:

{u(t) = Cst™2,

(7.9) v(t) = C1t72 + Cat? + Cst* + Cyt® —

Co



COMPLETELY INTEGRABLE SYSTEMS 955

Then for the function Ty, .. xy defined in Proposition 6.1 or Proposition 6.3, we
have the same statements as in Theorem 7.2.

[Be]
[BBy]

[BBu]

(BP]

[Ca]
(Ch]
(De]
(Et]
[Hel]

[He2]
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