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A THEOREM OF DENSITY FOR KLOOSTERMAN INTEGRALS*
HERVE JACQUET!

1. Introduction. Let F be a local non-Archimedean field of characteristic zero.
We denote by O the ring of integers of F, by Pr or simply P its maximal ideal and
by w a uniformizer. We let ¢ be a non-trivial additive character of . The Haar
measure on F is the self-dual Haar measure and vol(e) denotes the volume of a set
for this measure. We denote by (e, e) the quadratic residue symbol on F'* x F'*.

We regard the group G = GL(n) as an algebraic group over F. We use the
following notations. We denote by wp or wgr(n) the n X n permutation matrix whose
entries are one on the second diagonal and whose other entries are 0. We denote by
N(n,e) or simply N the group of upper-triangular matrices with unit diagonal, by
A(n,e) or simply A the group of diagonal matrices and by W(n) or W the group
of permutation matrices. We let 1 be a non-trivial additive character of F' and we
denote by 6 the character of N(F') defined by

0(n) = (> _niy1) -
The group N(F) x N(F) operates on GL(n, F) by:

(nmu) tnlgnz .
It follows from the Bruhat decomposition that the elements of the form wa, w € W,
a € A(F), form a system of representatives for the orbits of N(F)x N(F). We let ® be
a smooth function of compact support on G(F') and consider orbital (Kloosterman)
integrals of the form:

(1.1) I(wa; ®) := /'I> [thwanl] f(ning)dnidns.

The element wa is assumed to be relevant; this means that the character 6(nin2)
is trivial on the stabilizer of wa in N(F) x N(F). Then the above integral is over
the quotient of N(F') x N(F') by the stabilizer of wa in N(F) x N(F). The measure
is an invariant measure on the quotient. The exact normalization of the measure is
described in [7].

Relevant elements can be described as follows. Consider the standard Levi-
subgroup M of G of type (ni,n2,...,nm,m). Thus M is the group of matrices of
the form:

g 0 0 - 0
0 g2 0 N 0

with g; € GL(n;). Let wy € M be the permutation matrix defined by g; = wy,.
Let Ay be the center of M. Then any element of the form wpra with a € Ay (F)
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760 H. JACQUET

is relevant. All relevant elements are obtained in this way. We denote by Wg(n) or
Wr the set of relevant elements in W (n). If w € Wg then the unique M such that
w = wys is denoted by M,,. We also write A, for Ays. For instance, if w = e then
Ae = A; if M is the standard Levi-subgroup of type (n — 1, 1), then:

no1) O
(1.2) wy = < “’GL(S R ) .

The integrals I(wpra; ®) are relatively easy to compute and closely related to the
hyper-Kloosterman sums:

> Y@ttt

T1Z2Tp=1

where 9 is a non-trivial additive character of a finite field F and the z; are in F.

The motivation for studying this kind of orbital integrals is as follows. Let us
go to a global situation where F' is a number field. Let & be a smooth function of
compact support on G(Fy). We assume it is a product of local functions ®,. We
define as usual a kernel function:

K@y = Y, @@ '&y).
)

EEG(F

We consider the integral

I(®) = / K(tngl,nl)G(ngnl)dnzdnl .
N(F)\N(Fp)xN(F)\N(Fy)

On the one hand, it can expressed in terms of the orbital integrals I(wa, ®,). On
the other hand, it can expressed in terms of the automorphic spectrum of G. Hope-
fully, the resulting identity can be used to establish various properties of the cuspidal
spectrum (See for instance [1], [2], [14].).

Our first result is a theorem of density, asserting that the knowledge of the inte-
grals of the form I(a; ®) determine the other orbital integrals:

THEOREM 1.1. Suppose that ® is a smooth function of compact support on
GL(n,F) such that I(a;®) = 0 for all a € A.(F). Then all integrals of the form
I{wa; ®) with wa relevant vanish.

To state the second result, we introduce more notations. Let E be a quadratic
extension of F. We denote by & — T the Galois conjugation in E. We denote by
S(F) the variety of invertible Hermitian matrices in GL(n, E):

S(F)={s€ GL(n,E)|'s=s}.
The group GL(n, E) operates on S(F'):
s ¥ 'gsg.

Recall that the elements of the form wa withw € W, w? =1, a € A(E) with waw = @,
form a set of representatives for the orbits of N(E) on S(F) ([12]). We assume that
E is unramified and write E = F(/7) where 7 is a unit of F. Thus the quadratic
character n of F' associated to E is given by n(a) = (r,a). We assume further that
the residual characteristic of F is larger than 2n + 1, and that the character 9 has
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for conductor the ring of integers Op. The Haar measure on E is self-dual for the
character ¢ o tr. Since the element 7in is in N(F) times an element of the derived
group of N(E) we can define a character n — 6(fin) of N(E). If ¥ is a smooth
function of compact support on S(F') we consider relative orbital (Kloosterman)
integrals of the form

(1.3) J(wa; ¥) = /‘P(tﬁwan)G(ﬁn)dn

with w € W, a € A(E) and wa € S(F). We assume wa is relevant, that is, the
character 6(7n) is trivial on the stabilizer of wa in N(F). The element wa is relevant
if and only if wa is in GL(n, F) and relevant there. The integral is over the quotient
of N(E) by the stabilizer of wa in N(E). The measure is an invariant measure on
the quotient, normalized as explained in [7].

We introduce a character p, of A(F) with values +1 as follows:

(14)  pa(diag(ar,as,...,as)) = n(a1)n(araz)n(araszas) - - n(araz - - an).
If a has the form:

(1.5) o= ( o (?2 )

with a; € A(n;, F') then

(1.6) pn(a) = pny (a1)n(det @1)™ pin, (a2) -

THEOREM 1.2. Suppose that ® € CP(G(F)) and ¥ € C(S(F)) are functions
such that

I(a; @) = pala)J(a; ¥)
for all a € A(F). Then for all w € Wg and all a € Ay (F) we have
I{wa, ®) = pp(a)J(wa, ).

If & and ¥ are the characteristic functions of GL(n,Of) and O N S(F) respec-
tively it is conjectured that the first relation holds (fundamental lemma). Our
theorem asserts that the other relations holds as well. The fundamental lemma has
been proven for GL(3) ([6]) and GL(4) ([18]) and, in the case of the positive charac-
teristic, for GL(n) ([10]). Similar identities are expected to be true for more general
Hecke functions and have been proven in the context of GL(n) in the case of positive
characteristic ([11]).

The motivation for this result is as follows: we consider a quadratic extension
of number fields E/F. Suppose that ® is a smooth function of compact support on
S(Fa) which is a product of local functions. We construct a kernel function as follows:

H(g)= ) o('gg)
§ES(F)

and consider the integral

J(®) := H(n)f(nm)dn .

/N(E)\N(EA)
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As before this can computed in terms of the local relative orbital integrals. There is
also a spectral expression for the integral J(®). The cuspidal automorphic represen-
tations which enter the spectral expression are those which are distinguished by a
unitary group H, that is, contain a vector ¢ such that

/ #(h)dh #0.
H(F)\H(Fy)

Suppose now that ® is a smooth function of compact support on the group
GL(n, Fy) which is also a product. If the local components of ® and ¥ have orbital
integrals related as in the theorem, we can expect to have the identity I(®) = J(¥).
By equating the corresponding spectral expressions we can hope to prove that the
distinguished cuspidal representations are exactly the representations which are base
change of representations of GL(n, Fa) (see [7]).

2. Preliminary result. The behavior at infinity of the orbital integrals I(wpse,
®) is determined by the behavior of the following integral for | a |— 0:

2.1) I(an) = vol(P;n)-l/w{x1+x2Z"'+$" ® da;

The integral is over the subset of F'™ defined by:
z; = 1mod P™, z1z2 -z, = 1 mod aP™.

Here m is an integer, fixed but large. In particular, m is so chosen that the character ¢
is trivial on P™. Before stating our result we recall the definition of the Weil constant
v(e,1): given a compact open neighborhood € of 0 in F, for | b | large enough, we
have:

bm2 _1/2
(2.2) Q¢(—2—)d$ = b7 (b, 9).
PROPOSITION 2.1. If the integer m is sufficiently large, then:
g1 1 n 1+1
(2.3) Iam) =l a|™® v ] I

if | a| is small enough. In particular, if the residual characteristic of F' is larger than
n and the conductor of ¢ is the ring of integers, then

(2.4) I@n) =l a|F ¢ [2] (na)r(a, )"

a
for | a| small enough.
Proof. We change variables and set:
Tp = H(T122 - Tp1) 7,
where now the domain of integration is defined by:

z;=1mod P™,1<i<n-1,t=1modaP™.

After integrating over ¢ the integral becomes

jal [4]¢]dn,
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where the phase function ¢ is given by:

1

p=z1+20+ Ty + —m—.
T1T2 " Tp-1

We set ©; = 1 + u; with u; € P™. The phase function takes the form

p=n—1+ uﬁnljui‘

1<i<n—1

The Taylor expansion of this function at the origin has the form:

n+ E u? + Z u;u;j + higher degree terms.
1<i<n—1 1<i<j<n—1

We now appeal to the following lemma:
LEMMA 2.1. Let n > 2 be an integer. Let F' be a field of characteristic 0.
(i) The quadratic form

1<i<n 1<i<j<n

is equivalent over F, by a unipotent linear transformation, to the quadratic form

1 i+ 1
2 2 Zi Yy

1<i<n
(i) The quadratic form
X2
> X+ Y XX+ XaaXn+ 22
, & 2
1<i<n—1 1<i<j<n~1

is equivalent over F', by a unipotent transformation, to the quadratic form:

1 i+l ., 1,
52 Y7+ =Y.

. 1 n
) 2n
1<i<n—-1

763

PROOF OF THE LEMMA: We prove the first assertion. It is trivial for n = 1. Thus we
may assume n > 1 and our assertion proven for n — 1. Consider the quadratic linear

form

1 i+ 1
2 2 ARGE

1<in

By the induction hypothesis it is equivalent by a unipotent transformation to
quadratic form:

S e Y o+t

2 n
1<i<n-1 1<i<j<n

We change variables as follows:

X
Ui=X,~+7",1gign—1,Y=Xn.

the
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In terms of the these new variables the quadratic form has the required type.
We now prove the second assertion. By the first assertion (or its proof) the
quadratic form is equivalent by a unipotent transformation to the form:

1 i+ 1 2
==Y vt UE+Un_1Y+Z—.

5 ) 2
1<i<n—-1
Now
n Y? n n—-1_\> Y2
— U2 WYt —=——— U1+ —Y —.
2(n — 1) no1 T Una¥ 45 2(n — 1) ( 1t >.+2n
Thus we obtain a quadratic form of the required type by setting:
-1
Yn—len—1+n Y, V,=Y,Y,=U;fori#n—1,n.0

n

The lemma being proven we see that after a unimodular change of coordinates
the Taylor expansion of ¢ at the origin reads:

1 i+ 1
p=n+ = Z ! -: y? + higher degree terms.

1<i<n—1

Thus the origin is a regular critical point. Moreover, if we choose m sufficiently large,
the origin is the only critical point of the phase function on the domain of integration.
By the principle of the stationary phase there is a compact neighborhood 2 of 0 in F'
such that, for | a | small enough, the integral is equal to:

I(a;n) =|a|¢[g]/¢[z—%ﬁ} ® dyi

where each variable is integrated over §). Thus, for | a | small enough, I(a;n) is the
product of the following factors:

lalw[2],

and

i+l :
/1#[2‘”. y?]dyi,1515n—1-
Q

Moreover, by definition of the v factor (see (2.2)), for | a | small enough, the factor
corresponding to the index ¢ is equal to:

ai

ai
1+1

Collecting factors we arrive at our first assertion.
Under the assumptions of the second assertion we have (b,c¢) =1 and v(b,9) =1
if b and c are units. In particular v(1,) = 1. For an arbitrary pair (b, c)

(2.5) v(b, ) v(c, %) = v(be,P)(b;¢) -
It follows that

v[i 2 ¢] =7 [ZtldzJ v(a, ) (ifl,a> =(a,®) (ltla) :

’
at 1

Taking the product of these factors we obtain the second assertion. O
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3. Computation of the germ. We let M be the standard Levi-subgroup of
type (n — 1,1). The corresponding element wys is given by (1.2). We recall the
asymptotic properties of the integral I(wpsa; f) ([7]). We denote by A%¢ the set of
matrices a € Ay, (F) such that det(a) = detwprwe. There exists a smooth function
Kps on AyS with the following property: for any ® € C.(G) there is a smooth
function of compact support we on Aps such that

(3.1) I(wpa; ®) =we(a) + Y KuS (a)(waf;®).
af=a

The sum is over all pairs in (o, 8) € (A% , A¢(F)) such that o = a. The function

wpr?
K36 is the germ (for the orbital integrals) along the subset A< . It is not unique.

However, let K, be the principal congruence subgroup of GL(m, F'); denote by ® the

product of the characteristic function of wg K, and the scalar vol(’/)m)‘mz_—n. Then
I{wg,®) = 1. Moreover, for z € Ag(F) (i.e. z a scalar matrix) with 2 = 1but z # 1
we have I(wgz,®) = 0 (if m is sufficiently large). It follows that

Ko (a) = I(wma; @),
where
a = diag (a,a,...,a,a' " det(wpwg)) ,

and | a | is small enough (see [8]).

Our goal in this section is to compute the germ K¢, or, what amounts to the
‘same, the orbital integral I(wprca, @) where @ is the function deﬁned above. Let P be
the parabolic subgroup of type (n—1,1) and U its unipotent radical. Then P = MU.
We set Npr = NN M. The stabilizer of wpra in N(F) x N(F) is the set of pairs

(n1,ns) with n; € Nps and tnywprangs = wayra. Then:
(3.2) Iwpya,®) = /<I> (tUQwMaU]_n) 0(urugn)du; dugsdn ,

where the integral is over U(F) x U(F) x Np(F). After a change of variables we find
that the orbital integral is equal to:

la|™™ nin=1) 4y /<I> ( Z+J—n+1 )@dﬂh‘j-

Here = = (z;,;) denotes a matrix of the following form:

z; =0fori+j<n, z;j=afori+j=n;

the variables are the entries z;; with i 4+j > n+1, (,j) # (n,n); the entry Z := zn,
is a dependent variable. The entry Z can be computed from the condition that the
determinant of the matrix z be det wg. For instance in the case n = 4:

0 0 a T41
0 a I32 T42
a T3 "33 43
Ty Toy T3g 2L

)
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0 a T41

a T3z T42
T23 T33 T43
Tiq Taq T3q4 O

a™ det(wp)Z + det = det(wg) .

Q O O

We see that the integral is equal to
! vol(Pm)‘—n(nz_l) /11} <Ei+j=n+1 zi]‘) ® doi;
a

integrated over the domain defined by:

la|™""

zij =1lmod P fori+j=n+1,

z;; = 0mod P™ for i +j >n+1,(3,5) # (n,n),
(3.3) Z =0mod P™.
The last condition may also be written as follows (we illustrate the case n = 4):
0 0 a T41
0 a T3z T42

a T2z T33 T43
T14 Tog T34 O

det = det(wg) mod a™ 1 P™.

In the last condition we single out the variable z; ,. We write the condition in the
form:

0 0 a =z
0 a =zq 0 a =z :1:41
2 2
Togsdet | 0 z35 x40 | +det 3 4
a Toz T3z T43

a I3 T4
3 8 Tia 0 z34 O

= det(wg) mod a1 P™.

The coefficient of zs ,, has the form ae where € is a unit, which depends only on the
variables z; ; with (i,7) # (2,n). After changing =2, to z2,€™' we may rewrite the
last condition in the form:

(3.4) T2 na+T =0mod a™ ' P™.

where we have set

0 0 a Ta1

0 a T32 T42

a T23 T33 T43
T14 0 T34 0

T :=det — det(wg) -

Since 2, = 0 mod P™ we see that the previous condition implies 7' = 0 mod aP™.
Thus the conditions on z2 , can be written as:

(3.5) T =0 mod aP™, z3, = a™'T mod a" 2P™.

We can integrate over zs ,, to obtain the scalar factor | a |*~2 vol(P™). We have thus
eliminated the variable zs ,. At this point the integrand is the same as before but
the domain of integration is now defined by:

zi; =1lmod P"fori+j=n+1,

z;; =0mod P™ for i +j >n+1,(i,7) # (2,n),(n,n),
(3.6) T =0mod aP™.
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In the above condition the determinant of the matrix entering 7" has the form
T1nT2n—1"""Tin detwg + ay
with y € P™. Thus the last condition reads
(3.7 T1nTon—1-"T1,n, = 1 mod aP™.
At this point we integrate over the variables z; ; with ¢ + j > n 4+ 1 and we get the
following proposition:
ProrosiTION 3.1. Set
a = diag (a,a, ...,a,a' " det(wpywe)) .

Then, for | a | sufficiently small,

n(n—1)

(3.8) Kye () =la|™'"7 7 I(ain),

n-1 1 4+ 1
69 Kig@=laF e [2] T 9(Se).
1<i<n~1

In particular, if the residual characteristic of F is larger than n, we have, for | a |
small enough:

(n—1)2
2

(3.10) K (@) = a7y [2] (a)y (@)

4. The theorem of density. We now prove the density Theorem 1.1. Our key
step is the following result:

LEMMA 4.1. Suppose ® is a smooth function of compact support such that
I(wpa; ®) =0 for all a € Ay (F). Then I(wga; ®) =0 for all a € Ag(F).

Proof. From the germ relation (3.1) we get for a € Ay,,, (F)

0= we(a) + > K () (wep; @)
afi=a

where we has compact support. Given a and 3 the pairs (o/, 8') such that o/8' = af
have all the form o/ = az and 8’ = Bz~! where z is an n-th root of unity, as follows
from the fact that o' and a have the same determinant. Given 8 € Ag(F') we choose
a of the form

a = diag(a,a, ..., a,det wywga'™™)

with a so small that we(af) = 0. We get then

Z K¢ (az™)[(wefz,®) = 0.

zn=1

We have to see that this condition implies that I(wg8z,®) = 0 for all z. If we set

m(z) = I(’LUG,BZ, (I))a
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we see that the above relation reads:

Zeld I (5 me-o

1<i<n—1

for | a | small enough. We have to see that m(z) = 0 for all z. Now the y-factors are
non-zero. Viewed as functions of a, they depend only on the class of a modulo the
squares. Hence we may write:

I +(20) = ¥ xoe),

1<i<n—-1 x2=1

the sum over all quadratic (or trivial) characters of F'*. Moreover, for each z, there
is at least a x such that ¢, (z) # 0. We have then

> x(@ [Z] exlz) =0

for all a with | a | small enough. Thus our assertion will follow from the following
lemma. O

LEMMA 4.2. Suppose distinct points z; are given in F' and, for each indezx i and
each quadratic character x of F'*, there is a constant m; such that

> mixd(ziz)x(z) =0

i,x2=1

for all z with | x | large enough. Then m;, =0 for all i and all x.
Proof. Suppose that mj,, # 0. At the cost of multiplying by ¢(—z;,z) and
Xo(z) we may assume that our relation takes the form:

1= ¢(zz)x(@)miy,

where now the pair with z; = 0, x = 1 does not appear on the right. We choose an
a with | a | large and integrate this identity over the set | a |<| z |<| aw™! | against
the multiplicative Haar measure. The left hand side gives a positive value. On the
other hand we have

/ x(z)d*z = / x(z)d*z +/ X(m)d*z.
la|<|z|<|aw~1| |z=|a| [z|=law—1|

If x is ramified, each term is 0. If x is unramified but non-trivial the two terms are
opposite. Thus the terms with z; = 0 contribute zero to the integral of the right hand
side. For fixed x and fixed z; # 0 and | b | large the integral

/ Y(zi)x(@)d"
|z|=]b|

vanishes. Thus the terms with z; # 0 contribute zero as well if | a | is sufficiently
large and we get a contradiction. O

We go back to the proof of Theorem 1.1. Lemma 4.1 already implies our assertion
for n = 2. Thus we may assume n > 2 and our assertion established for all groups
GL(m) with 1 <m < n — 1. It is then true for a product GL(n;1) X GL(nz) in the
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following sense. Let h be a smooth function on the product GL(ny, F) x GL(ng, F).
Suppose that A is supported on a set ! with the following two properties: the image of
Q under the map (g;, g2) — det g; det g» is a compact set of F'*; the map (g1, g2) —
det g; from Q to F'* is proper (Note that the map (g1,92) — detge is then also
proper.). If wya; and woas are relevant in GL(n;, F) and GL(n2, F) respectively, we
can define the double orbital integral I(w;a1, waas; h):

I(wyay, weaz; h) = /h (*furwiarvr, fuswaasvs) O(uyvy)duy dvy 8(uzve ) dusdus,

where (u;,v;) is integrated over the product N(n;, F) x N(n;, F') divided by the sta-
bilizer of w;a;. We can also define the partial orbital integrals I (w;a;, g2; h) and
I,(g1,wsaz; h). For instance:

I (wia1, g2; h) :/h(tnlwlaana92)9(n1n2)dn1dn2;

the integral is over the product N(ni, F') x N(ny, F') divided by the stabilizer of the
point wia;. Moreover, if we fix wia; and denote by f2(g2) the above function, then
f2 is a smooth function of compact support on GL(n», F)) and

I(wya1, waaz; h) = I(waaz; fa) .

This being so assume that I(a;,as; h) = 0 for all pairs (a1, a2). Applying the induction
hypothesis to the function

g1+ I (g1,a2;h),

we find that I(wia1,as;h) = 0 for all relevant elements wya; in GL(ny, F'). Now we
fix wia; and apply the induction hypothesis to the function go — I (wia1, g2; h); we
conclude that I(wja;,wsaq;h) = 0 for all woas.

Now suppose that I(a; f) = 0for all a € A(F). Let us prove first that I(wa; f) =0
for all w € Wg, w # wg, e and a € A, (F). Indeed, we can find two integers (ny,ns)
such that n = ny + no and wa has the form

wa = ( wia1 0 )
0 Woaso

with w;a; relevant in GL(n;, F'). Let U; be the group of matrices of the form

(4.1) "= ( s 1"52 )

Define a function

(42) h(glag2) = L (F)xUs (F) f [tUQ ( gol g ) U1:| 9(u2u1)du1du2
1 X Uiy 2

More explicitely:

N
Mo, 92) = /f [( nglgl 92 +gi‘{2;]1‘Y1 )] O(usur)durdus

The determinant of the matrix in the integrand is det g; det go. Hence the image of
the support Q of h under the map (g1,92) — detg; det g is a compact set of F*.
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Let us impose in addition the condition that det g; be in a compact set of F'*; then
det g2 is in a compact set of F'*. If the integrand is non-zero then g; is in a compact
of M(n x n,F) hence in fact in a compact set of GL(ny, F'). Moreover g; X; is in
a compact set of F™. Hence X is in a compact set. Likewise X5 is in a compact
set. Thus X901 X; is in a compact set of M (ng X ne, F'). Since g2 + X291 X; is in a
compact set of M(ny X ng, F') the same is true of go. Finally g- is in a compact set
of GL(ng, F). Thus the map (g1, g2) — det g — 1 from Q to F'* is proper and we may
apply the above considerations to the function h. We have then

Hwa; f) = I(wia1,w2az; h) .

On the other hand, if b € A(n, F') is a diagonal matrix we can write it as a bloc of
diagonal matrices (b1, b2), b; € A(n;, F'), and then

I(bl,bg;h) = I(b,f) =0.
As explained above, the induction hypothesis implies then that
I(wya;,wzaz;h) =0,

that is, I(wa; f) = 0. We have now established that I(we, f) = 0 for all w € Wg,
w # wg. In particular I(wpre, f) = 0. By Lemma 4.1, I(wge, f) = 0 and we are
done.

5. The relative situation: preliminary results. We now consider a quadratic
extension E of F. We assume (for simplicity) that E is unramified and write E =
F(y/7) where 7 is a unit of F. Thus the quadratic character n of F' associated to E
is given by n(a) = (r,a). We assume further that the residual characteristic of F is
larger than 2n + 1 (in particular n odd), and that the character v has for conductor
the ring of integers Or. The Haar measure on E is self-dual for the character ¢ o tr.

We define a function J(a;n) as follows.

If n = 2r then

1 +ZT1+22+Z20+ -+, + 7T,
a

(5.1) J(a;n) := vol(P)~* /¢ < ) ®dz;,

where each z; is in F and the measure dz; is self-dual for the character 1 o tr. The
domain of integration is defined by

z; = 1 mod Pg,

T1T122T2 -+ + 2,2 = 1 mod aPx .

If n =2r +1 then

T To+ -z, +Zp+x
m1+$1+z2+$2a r r r+1)®dz,~,

(5.2) J(a;n) i= vol(PR)~! / ” (

where each z;, 1 < i <r,isin F and z,; is in F. The Haar measures are again self
dual. The domain of integration is defined by

z; =1mod Pg,1<i<r, z,41 =1 mod Pg,
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Z1T1%2T2 -+ - TrLrTry1 = 1 mod aPp .

As before the behavior at infinity of the relative orbital integrals J(wpsa; ¥) is deter-
mined by the behavior of these integrals for | a |— 0.

ProPOSITION 5.1. Suppose that the residual characteristic of E is larger than
2n + 1. Then, if the integer m is sufficiently large:

(53) J(asn) =l a | ¢ [2] "/ (a)(n, a)y(a,9)" 7,

for | a| small enough. In particular:
(54) J(a;n) = ()" (a;n),

for | a| small enough.
Proof. We first consider the case n = 2r + 1. We change variables setting:

o -1
Trp1 = (T1T122T2 - - - T, Ty) ¢

with ¢ = 1 mod P and integrate over ¢. The integral becomes

J(a;2r + 1) =|a|/¢(§) ® dzx;

where the phase function ¢ is given by:

1

p=z1+T1+z20+To+ -+, +Tp + ——— — .
T1T1T2T9 " TpTp

We set z; = 1+ p; + ¢;7, with p;,q; € PR . Then the Taylor expansion of ¢ at the
origin reads:

p=n+3 Z p; +4 Z Dpip; + Z @27 + higher degree terms.
1<i<r 1<i<j<r 1<i<r

We use the following lemma:
LEMMA 5.1. Let n > 2 be an integer. Let F' be a field of characteristic 0. The

quadratic form
3 ) XP+4 ) XX

1<i<n 1<i<j<n
is equivalent over F', by a unipotent transformation, to the quadratic form

2+1_,
2 Hoi

1<i<n

ProOF OF THE LEMMA: Qur assertion is trivial for n = 1. Hence we may assume
n > 1 and our assertion proven for n — 1. Thus the quadratic form

is equivalent to the following form by a unipotent change of variables:

3> Ul+4 ), Uin+2n+1Y2.

/ o 2n—1
1<i<n~-1 1<i<j<n—1
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We now set

U=X;+ ——
¢ i+ 2n—-1"
to obtain a form of the required type.

Thus, after a unimodular change of variables, the Taylor expansion of the phase
function at the origin may be written in the form:

2i+1
p=n+ Z 2:+1z%+ Z y27 + higher degree terms.

1<i<r 1<i<r
If m is large enough, the origin is then the only critical point in the domain of

integration. By the principle of stationary phase, there is a neighborhood 2 of 0 in
F such that for | a | small enough J(a;n) is the product of the following factors:

19[4
/ﬂl/’[(;:_—-i_ll)a:cf}dw,-,lgigr
/1/1[1112‘2]61%,152'57'.

a la

Taking | a | small enough still we see that

sam =tatu[2] (|2~ (Z0)) 10

1<i<r

(2 — 1)a|*/?

2(2i + 1)

2(2i + 1)
ﬂ@z ),W

Since 7,2 and 2¢ + 1,2 — 1 are units we find that

s =1 o [2] (1(20) TT 1 (22he)

<ilr

Now (see (2.5)):
2 +1 % +1 % +1 ‘
’Y<2(2’L—1) ’w) ( )(m’a)7< ( )7"7[}) ( ’1/))’
1 (2, 9) = 2. 0)(m, Cr, ¥, ).

Since 2,7 and 27 + 1,27 — 1 are units, this simplifies to:
2i+1 2i+1
v (2(% “Ta ,l/)) (2, a) (57— alv(a, ¥),
7(25,9) = @,0)(r,0)7(a, ¥).
Multiplying the factors together we obtain our result for n = 2r + 1 (and [n/2] = 7).
We next consider the case n = 2r. We change variables as follows: we set

zr = vu(T T2 Tpq) "t
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with u € 1 + aPF, v € Pg with v = 1. More precisely,

v=v1+827 +t/T

with t € P and dz, = dudt. We can integrate over u to get

J(a;2r) =| a | /Lb (%) ® dz;dv,

where the phase function ¢ is given by:

p=x1+T1+T2+T2+Tp1 +Tpo1 + + .
T1Z2Tr—1 T1Z2 " Tr—1

It is convenient to change z,_; into vz,._;. The phase function has now the form:

=21 +T1+22+To+ - +Tpo+Tp2+VTr_1 +VTp_1
1 1

T1T2 " Tr-1 T1T2** Tr-1

We set

Ti=14+p+¢VT,v=V1+21+t7,

where all the variables are in P7. In terms of these new variables, the Taylor expan-
sion of the phase function at the origin can be written in the form:

n+2( > P+ > ppit+ Y, GT+ Y, GgT
1<i<r—1 1<i<j<r—1 1<i<r—1 1<i<j<r—1
+t27 4 2¢,_1tT + higher degree terms.

After a unimodular change of variables (see Lemma 2.1), the quadratic form can be
written:

7/+]-2 'L+].2 ].2
P D Dl o e s

1<i<r—1 1<i<r—1

As before there is a neighborhood € of 0 in F' such that, for | a | small enough, the
integral can be written as the product of the following factors:

e19[2]

1
[z+. f]dazz, 1<i<r—-1

o
el

]dyi,lgigr—l

[—Tyr] dyr
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Since 7,2 and ,7 + 1 are units, for | a | small enough this is equal to:

J(a;2r)=|a|"T+11/}[g]x II 7[2(i.+1> w] II V[MT,@b]v[?—w].

)
ia
1<i<r—1 1<i<r—1 ta

Now (see (2.5):

.

y[g%’w _ (2(i+1),a> gammal(a, ),

y [2“.+ b, ¢ - (2“ i 1),a> (r, a)v(a, ),

a 1

Y [%,"rl)- = (2T7 a)(Ta a)’Y(a/‘p)'

Taking the product of all the factors we arrive at our result. O

6. Computation of the relative germ. As before, we let M be the standard
Levi-subgroup of type (n — 1,1). We recall the asymptotic properties of the integral
J(wpra; ¥). There exists a smooth function K76 on Ap¢ such that for any ¥ €
Cc(S(F')) there is a smooth function of compact support we on Ay such that

(6.1) Iwyma; ¥) = wy(a) + Y K29 (a)(wef; T).

affi=a
The sum is over all pairs in (o, 8) € (AS , Ag(F')) such that o = a. The function
Ly¢, is the germ (for the relative orbital integrals) along the subset Ay¢ . Let K,

be the principal congruence subgroup in GL(n, E). We let ¥ be the product of the
characteristic function of wgK,, NS and the scalar

vol(PR) I 2lvol(Ppg) =05 Hn/2)
As before:
Ly (@) = I(wya, ¥),
where
a = diag(a, a,...,a,a' " det wprwg)

and | a | is small enough. After a unimodular change of variables we see that the
orbital integral of ¥ has the form:

n(n— i Tij
|a !—n—%-}l /‘I’(x)z/) <Zz+]—:+1 ]) ®d-'1/'ij .

Here z = (z; ;) denotes a matrix of the following form:
Tij =0fori+j<n,
zij=afori+j=n,
Tij = Tji-

The variables are the entries z;; € E with 14 j > n+1, i < j, the entries z;; € F
with 2¢ > n+1, except the entry Z = z,, which is a dependent variable. The entry Z
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can be computed from the condition that the determinant of the matrix z be det wg.
For instance in the case n = 4:

0 0 a 514

0 a =z32 Ty

a T3 T3z T34
Tig Tq T34 O

T T
3272 = det(wg) -
T23 T33 T34

T4 Toga T34 O

a ! det(wyr)Z + det

2 oo
Q
|

We see that the integral is equal to

n(n—1 n(n—1 I i
!al—n— (2 )41 VOI(PF)_[TLN]VOI(P’E"L)— (2 )+[n/2] % /d) (Zz+]—:+l J) ®dfl'ij

integrated over the set:

z;; = 1mod Pg fori+j=n+1,
zi; = 0mod Pg for i +j >n+1,(i,5) # (n,n),
(6.2) Z =0 mod P™.

The last condition may also be written as follows (we illustrate the case n = 4):

O 0 a T14
0 a T T _

det 23 724 | = det(wg) mod @ 1P™ .
a T23 T33 T34

Tig Toqg Tz O

In the last condition we single out the variable z2 ,. We write the condition in the
form:

0 a Ta 0 0 a
T4 det 0 ZTo3 0 + Tp 4 det a T23 33 + :1:2’452,4(12
a T3z T34 14 0 T34
0 0 a T1,4
0 a T3 O _ n—1om
+ det - = det(wg) mod ™ P™ .
a  T23 T33 T34

zi4 0 m3g O
The contribution of z3 , to the formula has the form
T nQU + T nau + mz,niz,na%,

where u is a unit and v an integer. Both v and v depend only on the variables z; ;
with (i,7) # (2,n). We introduce a new variable:

1 _
Y =T U+ 5(1932,”3327”’1).
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Then y € Pg and the last condition reads
(6.3) ay +aj+T =0 mod a" ' PE,

where we have set

0 0 a Ti,4
0

T :=det @ 723 _0 — det(wg) -
a T3 T33 T34

iy 0 =y O
As before the above relation implies
T =0 mod aPz,
and then the condition on y reads:
y+7=a"'T mod a™ PR,
y—7=a T mod \/7TPR.

Thus we can integrate the variable y away. The rest of the computation is similar to
the previous case. We obtain in this way:
ProposITION 6.1. For

a = diag(a, a,...,a,a* " det wywg)

and | a | is small enough,

a7

(6.4) Ly (o) =|a J(a;n).

In particular,

(6.5) Koy (@) = pn(a) Lyg (o).

The second relation follows from the first, Proposition 5.1 and the relation (see (1.4))
(@)™ = pn(a).

7. Comparison of the orbital integrals. We now prove Theorem 1.2. The
proof of the theorem is by induction on n. There is nothing to prove for n = 1. So
we assume n > 1 and our assertion established for m < n. Consider a w € Wgr(n),

# e,wg. Then we may write
_ w1y 0
=% )

with w; € Wgr(n;). As before we associate to @ a function h on GL(n1, F) x GL(no, F)
(see (4.2) and (4.1)) and we associate similarly to ¥ a function k on Sy, (F) X Sp, (F)
by

(7.1) k(s1, 82) = /U . [tn( o 302 )u] 6(w) du.

The image of the support Q of k¥ under the map (s1,s2) — det s; det so is compact;
the map (s1,s2) — dets; from Q to E* is proper. We can then define the double
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orbital integrals J(wq a1, w2as9; k) and the partial orbital integrals J2(g, weas; k) of the
function k. For diagonal matrices a; € GL(n;, F') and a the corresponding diagonal
matrix in GL(n, F') we have

I(a; ®) = pn, (1) pin, (a2)n(det a1)™ J (a; ¥)
that is,
I(a1,az2;h) = J(ay,az; k)n(det a; )™
Let us fix ay diagonal in GL(n,). Then the functions
g1 = Ix(g1,a25h)
and
51> Ja(s1,a2; k)n(det(s1))"™

satisfy the conditions of the theorem for GL(n;). Thus we have for every relevant
element wya; in GL(ny, F):

I(wya1,a2; h) = pn, (a1)n(det a1)™ pn, (a2) J(wiar, az; k) .
The functions

g2 — Iy (wiay, go; h)

so > Ji(wiaq, s2; k) pin, (a1)n(det a1 )™?
satisfy the conditions of the theorem for GL(nz). Thus we get:
I(wyay,waaz2; h) = pn, (a1)n(det a1)™ pn, (a2) J (wra1, weas; k)
or
I(wa; ®) = pn(a)J(wa; ¥) .

In particular, this relation is true for was. Thus we get from the germ relations (3.1)
and (6.1)

)+ Y KG (@I @) = (w(a) + 3 LU, (@) ug (B 1) ) pn(a).

Here w and w' are suitable functions of compact support on A, (F). We fix 8 € Apy,
and choose o with a small enough. Then the above relation reads

> Kue (20)I(wez B, @) = > LS (20)Jug (278, W)pn(af) .
2n=1 zn=1

By Proposition 6.1, this can be written as

> KU (20) (I(wgz™ B, 8) — pn(2728) Jug (2718)) = 0

zn=1

Our conclusion follows as before.
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CONCLUDING REMARKS: Theorem 1.2 suggests that the factors u,(a) are transfer
factors; that is, given ® there is ¥ (and conversely) such that the identities of the
theorem are true. However, the combination of the result and the fundamental lemma
does not imply that the factors are transfer factors. Indeed, to arrive at this conclusion
we would need the following relations between the general germs defined in [7]:

(7.2) “(a) = pn(a) L2 ().

This relation is known for n = 2,3 and, inductively for n = 4 and w # wg. However
the fundamental lemma for GL(4) implies only the relation

Y K¥e(za) = pala) Y LY (a),

z24=1 ) zi=1

but not the stronger relation (7.2).
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