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MULTIPLICITIES OF EQUIFOCAL HYPERSURFACES IN
SYMMETRIC SPACES*

TANG ZIZHOU?

Abstract. Some necessary and sufficient conditions on the multiplicities for which there exist
equifocal hypersurfaces in symmetric.spaces of rank two, or in the Cayley projective plane, are
obtained.

1. Introduction. We will assume that IV is a compact, rank-k symmetric space
of semi-simple type. Let i : M — N be an immersion, and V(M) the normal bundle
of M. The end point map 7 : V(M) — N of M is the restriction of the exponential
map exp to V(M). A normal vector v € V(M) is called a multiplicity m focal normal
and exp(v) is called a multiplicity m focal point of Al with respect to M in N ifvisa
singular point of  and dim Ker (dn, ) is equal to m. The focal data, T'(M), is defined
to be the set of all pairs (v, m) such that v is a multiplicity m focal normal of M.

A connected, compact, immersed submanifold M in a symmetric space N is
called equifocal if (a) V(M) is globally flat and abelian, and (b) the focal data I'(M)
is invariant under normal parallel translation. For the details, the reader is referred
to [TT], a fundamental and important paper in this field. The definition of weakly
equifocal submanifold is also given in [TT].

When the ambient space N is the space form S™, R™ or H"”, equifocal and weakly
equifocal hypersurfaces have been extensively studied. In fact, in these space forms,
they are just the isoparametric and proper Dupin hypersurfaces respectively.

Isoparametric hypersurfaces, i.e., hypersurfaces with constant principal curva-
tures, are in some sense the simplest examples for the theory of hypersurfaces. The
study of isoparametric hypersurfaces in S™ has a long history. Assume that M
is an isoparametric hypersurface of S™ with g distinct constant principal curva-
tures Ay > --- > A, with multiplicities m,,... ,my. E. Cartan [Ca] considered
isoparametric hypersurfaces first, and solved completely the classification problem
for g =1,2 or 3.

Using cohomological arguments, Miinzner [Mu] proved the following:

(a) g must be 1, 2, 3, 4 or 6;

(b) my = m, if k is odd, and my = my if k is even;

(¢) S™ admits a disc bundles decomposition: S™ = D; U Dy, where Dy is the
normal disc bundle of the focal submanifold My, and D1 N Dy = M.

It was shown by Thorbergsson in [Th1] that proper Dupin hypersurfaces have the
properties (a), (b), (c) above.

Without loss of generality, we can assume that m; < mg throughout this paper.

In the case ¢ = 4 or ¢ = 6, many significant results have been obtained. For
example, the construction of the isoparametric hypersurfaces of Clifford types [FKM],
the restrictions on the multiplicities my [Ab, Ta]. as well as the calculations of the
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Brouwer degrees of the gradient maps of the isoparametric polynomials [PT]. Quite
recently, by using delicate homotopy theory, Stolz [St] showed that there exists a
proper Dupin hypersurface in S™ with g = 4 and the multiplicities (m;,ms) if and
only if (my,ms) = (2,2), (4,5) or 290™~1) divides m + 1, where m = m; + m2 and
#(z) =#{0<s<z|]s=0,1,2, or 4mod 8}.

In [TT], Terng and Thorbergsson generalized results on isoparametric hypersur-
faces in spheres to equifocal hypersurfaces in simply connected, compact symmetric
space IN. More precisely, they established the following:

THEOREM ([TT]). Let M be an immersed, compact, equifocal hypersurface in a
simply connected, compact, symmetric space N. Then the following hold:

(a) There exist integers my,ma, an even number 2g, and 0 < § < 1/2g (where |
denotes the length of normal geodesics) such that the focal points on the normal circle
T, = exp(Vy(M)) are

2(j) = exp((0 + L2 V(2)),

1 < j < 2g, and their multiplicities are m if j is odd, and mo if j is even;

(b) Let ey : M — N be the end point map, and M; = 14, (M) the set parallel to
M at distance t. Then M; is an equifocal hypersurface and 1y, maps M diffeomor-
phically onto M, ift € (—1/2g+6,0);

(c) My = My and My = M_;/5519 are embedded submanifolds of codimension
my1+1, me+1in N. The map ngy : M — M1 and n(_i/2g46)v : M — M2 produce
S™ and S™2 bundles respectively;

(d) N=DiUDy and M = D1 N Dy, where D1 and Dy are diffeomorphic to the
normal disc bundles of M; and My respectively.

When the ambient space N is a complex or quaternionic projective space, one
can get a new isoparametric hypersurface in the Euclidean sphere by using the Hopf
fibration. It was proved in [Wu] that g has to be 1, 2 or 3 if N = CP™ or HP".

The case of N = QP?, the Cayley projective plane, is more interesting since
there one cannot use a Hopf fibration. A necessary and sufficient condition for the
multiplicities of equifocal hypersurfaces in QP? will be given in section 5.

It is then left to consider equifocal hypersurfaces in symmetric spaces of rank
more than one, and we will work mainly on rank two in this paper.

Recall that any cohomogeneity one action on a symmetric space G/K is hyper-
polar (cf. [HPTT]). Moreover, it is stated in [TT] that if H is a closed subgroup of
G that acts hyperpolarly on G/ K, then the principal H-orbits are equifocal.

In order to construct equifocal hypersurfaces, we have not only the method of
cohomogeneity one action, but also the way of Riemannian submersion. Suppose that
7 : N — N is a Riemannian submersion from a Riemannian manifold N to a simply
connected, compact, symmetric space NV, and we are given an equifocal hypersurface
M in N with multiplicities (m1,ms). Define

M =r"Y(M),
My, = 771 (My), Dy = n~1(Dy), where M C N are the focal submanifolds of the

equifocal hypersurface M.
PrOPOSITION 1.1. There are two fibrations

Smk‘—)M&)Mk
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with ™o P, = p, o ™ and a disc bundles decomposition:
N=D1 UD2, .AZ[=D1HE2, Dk:Mk.

Furthermore, if N is a symmetric space then M is an equifocal hypersurface of N.

Proof. Let v be a parallel normal field on M, and ¥ the horizontal lift of v to M.
since 7 is a Riemannian submersion,  is a parallel normal field of M. Observing that
the map f : m=1(p) — w~1(g) for ¢ = exp™ (tv(p)), given by sending z to exp™ (t3(z)),
is a diffeomorphism (see 5.10 lemma in [TT]), it defines the maps py : M — My
satisfying m o p, = pg o .

It is clear that the maps p; are all fibrations.

When N is a symmetric space, we make use of transformal map. According to
[Wa], a smooth real function f : N — R defined on a Riemannian manifold N is called
transnormal if there is a smooth function ¢ such that ||df||> = ¢(f). It is not difficult
to see that in a symmetric space N, the regular level set of a transnormal function
corresponds to the equifocal hypersurface. Finally, we observe that the composition
fom: N — Ris atransnormal function, since 7 is a Riemannian submersion. These
complete the proof of the proposition. O

REMARK 1.2. In a sense, this proposition can be regarded as a generalization of
Theorem 1.9 in [TT] which was used to construct inhomogeneous equifocal hypersur-
faces in SO(n + 1) by the Riemannian submersion: SO(n+1) - SO(n+1)/S0(n) =
S™. It should be interesting to investigate the properties of the equifocal hypersurfaces
in SU(n) by the Riemannian submersion:

SU(n) = SU(n)/SU(n — 1) = 5271,

Note that (SU(n), SU(n — 1)) is not a symmetric pair.
Thorbergsson in [Th2] established a remarkable equality involving g, m;, and ma,
for an equifocal hypersurface M in a simply connected symmetric space N.
PRoOPOSITION ([Th2]). Let i denote the index of ¥|[o,2x] as a critical point of the
energy functional E in the path space Q,p and let v denote its nullity. Then we have

g(my +ms) =i+ .

REMARK 1.3. For N = S™, CP™, HP™, the equality of Thorbergsson will give
well-known formulas g(m; + mq) = 2(n — 1) for S™, g(m; + ms) = 2n for CP™ and
g(my + mq) = 4n + 2 for HP™. More interesting, it gives g(m; + mq) = 22 for the
Cayley projective plane QP2.

Unfortunately, for the symmetric space of rank more than one, we don’t know
how to use this formula.

Some necessary and sufficient conditions for the multiplicities of equifocal hy-
persurfaces in symmetric spaces of rank two, or in the Cayley projective plane were
obtained in this paper. However, we are not able to get any estimates of the number
g, except in the Cayley projective plane. The problem for symmetric spaces of rank
more than two is still open. In order to recognize the number g, it would be help-
ful to recall the fact ([TT]) that the dihedral group 11" with 2g elements acts on M
freely. We don’t know how to calculate the a-invariants o(M?"~! 1), introduced by
Atiyah and Singer [AS]. Note that in most cases, the equifocal hypersurface is odd
dimensional.

REMARK 1.4. As mentioned in [TT], Lie sphere geometry of S™ (cf. [CC]) should
be naturally extended to compact symmetric spaces. Several interesting questions in
these directions were posed in [TT].
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2. In complex Grassmann spaces. Let M C N be an equifocal hypersur-
face with multiplicities (m;,ms) in a simply connected, compact, symmetric space
N(myi < mg); My, Ms the focal submanifolds. Let

€ :S™ o M2y M, (k=1,2)

be the normal sphere bundle of My in N, and Dy — Mj the normal disc bundle
associated to . According to [TT], there exists a disc bundles decomposition of N:

DiuUDy;=N, DiNDy=M, Dp=>~M;.

As consequences, we have immediately the following two exact cohomology sequences
(Z4 as the coefficients): the Meyey-Vietoris (M-V for short) sequence

(2.0a)

o= HY(N; Zg) = HY(My; Zo) & H (Ma; Zo) L H (M;Z0) & HVYY(N; Z) —
where f(z,y) = p{z — p3y for x € H'(My;Z2) and y € H*(Ms;Zs); and the Gysin
sequence
(2.0b)

- HT (M Zg) 2 HY (Mi; o) 25 HY (M Z) -2 B ™ (M Zg) — -+
where Y (z) = z-e(k) for z € H*=™ =Y (My; Zs), e(k) € H™+1(My; Zs) is the mod 2
Euler class of the bundle &, i.e., the top Stiefel-Whitney characteristic class of the
sphere bundle §.

If the dimension of N is even, we state

PROPOSITION 2.1. Suppose N = N?", then the following statements hold:

(i) When H"1(N;Z3) =0 and H™(N : Zs) 20, we have m; <n —1;
(ii) When H""Y(N;Zs) 20 and H"(N;Z3) =0, we have m; < n.
(The statements remain true for any coefficients.)
Proof. (i) Suppose that m; > n — 1, then dim M, < dim M; < n, in particular
H™(My;Zs) = H"(M3;Z2) = 0. The M- V sequence
= H" "N (M;Zy) = H™(N; L) — H™(My;Z2) & H™(M; Zo)
— H™(M;Zo) — H" W (N; Zy) —
together with the hypothesis imply that H™(M;Zs) = 0. It follows from the Poincaré
duality theorem that

H™ Y (M;Zs) = H*(M;Z,) 20

The M-V sequence, mentioned above, implies finally that H"(N;Zs) = 0, a contra-
diction to the assumption.
(i) Suppose that m; > n, then dim M, < dim M; < n — 1, in particular

H Y (My; Zg) = H™(My; Zg) = H™ (My; Zo) 20 for k=1 or 2.
The M-V sequence (2.0a) yields that
H" Y (M;Z2) = HM(N;Z2) =0
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and
H™(M;Zq) = H™(N;Zy) 20,

a contradiction to the Poincaré duality theorem: H"(M;Z) = H" 1(M;Z,). O
REMARK. The manifolds N = CP*™, HP?™, G,(CPt™), G,(HP*™) with even
pm and QP? satisfy the assumption (i) of Proposition 2.1; and the manifolds

N =CP*™*1, G,(C*™)

with odd pm satisfy the assumption (ii) of Proposition 2.1.

Recall that a symmetric space G/K is called inner if rankG = rank K ([He]),
that is if K contains a maximal torus of G. Inner symmetric spaces have always even
dimensions.

PROPOSITION 2.2. Let N = G/K be an inner symmetric space, then m; and mo
are not all even.

Proof. It is well known that an inner symmetric space has positive Euler number.
More precisely, the Euler number x(G/K) is equal to the quotient ord W(G) by
ord W(K) (see [BC]). Combining the well known equality

X(DllU Dy) + x(D: I? Dy) = X(ﬁl) + X(ﬁz)
l
x(N) x(M) x (M) x(Mz)

with the fact that the Euler number of an odd dimensional manifold is always zero,
we imply the conclusion. O

We are now in a position to consider N = G2(C"*?), the complex Grassmann
manifold of real dimension 4n. M denotes an equifocal hypersurface with multiplicities
(m1 y mg).

Let us consider the complex Stiefel manifold

N = V(C*2) = U(n +2)/U(n).

K = U(2) acts on the Riemannian manifold N, and the action is isometric, has only
one orbit type. Then there exists a unique metric on

N/K =U(n+2)/(U(n) x U(2)) = G2(C**?),
and a Riemannian submersion:
7 N =Vo(C"2) 5 N = Go(C*+2).
Applying Proposition 1.1, we get a disc bundles decomposition:
N=DyUD,, M=DyNDy, Dy~DM (k=1,2).

LEMMA 2.3.

(i) The inequality m; < 2n — 1 holds;

(1) my and mq are not all even.

Proof. (i) It is well known that the complex Grassmannian G3(C"*2) has the
Poincaré polynomial (cf. [BT], p. 292)

(1—1t2). .- (1 — t2nt)
1= -1 —12)--- (1 -27)

P(G5(C?),t) =
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Particularly H?>"(G2(C"*?);Z,) 2 0, and H?"+1(G,(C**?%);Zy) = 0. Then the
assertion (i) follows directly from Proposition 2.1.

(ii) Note that the complex Grassmannians are all inner symmetric space. The
conclusion follows immediately from Proposition 2.2. O 3

Now let us restrict attention to the disc bundles decomposition of N. Let

e(k) € H™* (My; Zo)
be the mod 2 Euler class of the sphere bundle
S™e s M 25 M.
When my >2n+ 1, wehavemy +1>4n+3 —my = dika, then
e(k) € H™ 41 (My; Zy) = 0.

LEMMA 2.4. There ezist isomorphisms H*(M;Zs) = Hi(M;;Z,) ® H'(Mo; Z,)
fori#0,2n,2n+1, 2n+ 2, 2n+ 3, 4n + 3, and an exact cohomology sequence:

0 — H>™My;Zy) @& H™(MyZy) — HM™M;Zy) —

zZ, % H>? (M Z,) © H*™(My;Z,) — H™N(M;Z,) —
0 — H2n+2(M1;Z2) &) H2n+2(M2;Z2) — H2n+2(M;Z2) —_—
Zy -5 HM™(M;Z,) @ HMB3(MyZy) — HM3(MZ,) —
0.

_ Proof. 1t is sufficient to notice that the cohomology of the complex Stiefel manifold
N = V,(C"*?) is given by (cf. [Wh], p. 348)

N | Zy, for *=0,2n+1,2n+ 3,4n + 4;
H (%(@+2);Z2) :{ O,2 otherwise.

The results we want to prove follow immediately from the M-V sequence (2.0a). O
LEMMA 2.5. The Euler class e(1) vanishes, and hence

HY(M;Zy) = H(M; Zo) & H'™™ (M1 Z2)

for every 1.
Proof. Tt is evident to see from Lemma 2.4 that, the map

Py HY(My; Zy) — HY(M;Zs)

is injective for ¢ < 2n. On the other hand, by Lemma 2.3, we have m; < 2n — 1.
Thus, e(1) must be trivial and the map

’l,[}l : Hi(Ml;ZQ) — Hi+m1+1(M1;Zg)

in the Gysin sequence (2.0b) of the sphere bundle S™* < M — M, vanishes for every
1. 0

LEMMA 2.6. The Euler class e(2) vanishes, and hence H'(M; Zy) = Hi(My; Z9)®
Hi=™2(My; o) for everyi.

Proof. It is obvious to see that the Euler class e(2) has to be trivial if my # 2n,
2n + 2. When mg = 2n + 2, then e(2) € H™*+1(Ma; Z9) = 0, since mg + 1 > dim M,.
So we are left to consider the case mp = 2n. By Lemma 2.3, m; has to belong to
{1,3,5,...,2n— 1}.
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(i) For m; = 1. We have dim M; = 4n + 2, and dim M, = 2n + 3. It follows
from Lemma 2.4, 2.5, and the Gysin sequence of the sphere bundle S™2 < M — M,
that: :

HI(M;ZQ) = HI(A?Q;Z2) ~ Hl (Ml,ZQ) ® H! (MQ, )
HY(M;Zy) = H*(My;Zy) = H*(My;Zy) & H?(My;Zy)
> HYM;Z:) @ HY(M;Zo)

which imply that H2(M;;Z,) = 0. Thus
H*(My; Zy) = H*(My; 7o) @ H' (My;Z,) =0,
and hence the Euler class
e(2) € H*™ Y (Ma; Zo) = H?*(Ma; Zg) = 0.
(ii) For m; > 3. We have dim M, = 2n + 3. Similarly, we have

H*(M;Zy) = H*(My;Z) & H?(My;Zo) i
H2(M;Z2) = H2(M1,Z2) &) H2 ml(Ml Z2) EH2(M1;ZQ)
which imply that H2(M,;Zs) = 0. O
THEOREM 2.7. For N = G5(C"*?), we have either
(i) (A) (my +ma)d = 2n, or
(i) (B) (m1 +ma)d=2n+2,
where d = 1/4 Y dim H*(M,;Z5) is an integer. Moreover if n is odd, only (B) occurs.

Proof. Given an equifocal hypersurface M in N = Go(C"*2). As already noted
we have a disc bundles decomposition of

N = 1,(C2).
Let
P(M,t) =Y ait', P(My,t) = bjt? and  P(My,t) = Y cyth
be the Poincaré polynomials of
M, M, Mo,

with a; = dim H'(M;Zy), b; = dim HY(My; Zs), cx = dim H*(Ma; Z,) respectively.
It follows from Lemma 2.5 and 2.6 that

(2.1) P(M,t) = (1+t™) P()M,,t)
and
(2.2) P(M,t) = (1+t™2) P(Mo,t).

Since M is a closed manifold, satisfying the Poincaré duality theorem, we claim:

(2.3) P(M,t) = t*™3 (3, t7Y).
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On the other hand, it follows from Lemma 2.4 that
(2.4) a;i=bi+c¢ for0<i<2n-1,or2n+4<i<4n+3.

(2.5)

Either azn = bap+con+1, A2n41 ban+1 + Cont1,

or aon = bap + con, Gon+1 = bopy1 +Congr — 1
either azni2 = bango+Conga+1, aG2n43 = bongs + Congs,
or G2nt2 = bango + Congo, A2n+3 = bopgz + copg3z — 1.
We have

(14 t™2)P(M,t) + (1 4+ t™)P(M,1)
= (L+1™)(1+t™2)(P(Mi, ) + P(Ms,1)) (by(2.1),(2.2))
= (L+t™) (1 +t™2)(P(M,t) + 1 - ¢T3 + F)  (by(2.4),(2.5))

—~~ o~

where F = Y253 (b; + ¢; — ai)tt.

i=2n
It is equivalent to

(2.6) P(M,t)(1 — t™+m2)) = (1 4 t™)(1 4+ t™)(1 — ¢4 + F).
Moreover, by Lemma 2.4, we can deduce

(2.7) F =t(=1—12),82" (=1 + t3),t2(t — %) or t2"(¢t + t3).
Applying (2.3), we have only two cases

(2.8) F=1"(=1+1t%) or F =t>"(t — t%).

(A) For F = t?"(—1+t%), (2.6) becomes
(2.9) P(M,t)(1 — t™+m2) = (1 4 t™)(1 +t™2)(1 — 2")(1 + £2"F3).
As an immediate consequence, we see
(2.10) P(M,1) - (m; +my) = 8- 2n.

Recall Lemma 2.3, which says that m; and ms are not all even. If m; + ms is odd,
then (2.10) yields

P(M,1) = 0mod 16

and P(My,1) = %P(M,l) = O0mod8. If m; and my are all odd, we can use the
following lemma to show that

2n = 0 mod(m; + ma2)

and then P(Mi,1) = 0mod4.
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(B) For F = t>*(t — t2), the proof is analogous.
If n is odd, observing that the cohomology algebra H* (U (n+2)/U(n); Z) is generated
by uny1 € H?**! and upi9 € H>**3 and

$Q% Unt1 = Unyo  (cf. [Wh], p. 400)
we can see clearly that the case (A) does not occur. The reason is that the relation

V(sq® unt1) = sq° (‘7-" (Un+1))

yields that ¢ = 0 implies ¥» = 0. O
LEMMA 2.8. If my, mqo are all odd, and P(t) € Z[t], such that

P(t)(1 = t™+™2) = (14 ™) (1 + t™2)(1 — £27)(1 + £27+9)

then 2n = 0mod (m; + ma2).
Proof. Note that Z[t] is a Gauss ring, and there is a decomposition

th—1= H Ba(t)
d|m

where

Ba(t) = II (t—¢).

§: primitive d-th root of 1
Since we can write

(1—£2™)(1 = £2m2)(1 — ) (¢ — ¢*7FF)

P(t) = (1 — tml)(l — th)(l _ tm‘+m2)(1 _ t2"+3)

€ Z[t],

decomposing every item and noting that m;, ms and 2n + 3 are all odd, we see that
(my + my) divides 2n. O

Furthermore by using the methods of Miinzner [Mu], we can obtain some restric-
tions on the number d.

THEOREM 2.9. For N = Go(C"*2).

(A) (my +me)d=2n. If mg >my +3>6, thend=1,2 or 3.

(B) (mi +ma)d=2n+2. Ifmag >my+1>2, thend=1,2 or3.

In order to prove this theorem, we need some preliminaries.

LEMMA 2.10. Let M C N be an equifocal hypersurface with multiplicities (m;,
ma), my < ma, in a simply connected symmetric space. If my > 1, then M, M, and
M, are all simply connected.

Proof. For a fixed point p € N, let P(N. ) x p) denote the space of H!-paths
v:[0,1] = N such that (y(0),v(1)) € M x {p}. Let

E:P(N,Mxp)—R
given by E(v) = fol Il7/(t)]|? dt be the energy functional. According to Theorem 1.6
in [TT], if p is not a focal point of M then the map E is a perfect Morse function,

and the index set of the critical points is

{mi,me,m; +ma,...},
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thus E has no point of index one. We conclude that the space P(IN, M X p) is simply
connected.
Now the fibration

QON < P(N,M xp) - M
has an exact homotopy sequence
‘Il'lgN — 7!'1P(N,M X p) — 7T1M - ﬂ'OQN.

Since QAN = m; N = 0, we have that ;M = 0.
Finally, considering the exact homotopy sequence of the sphere bundle

STk — M — My,

we prove that my My =0 for k =1 or 2 as required.

LEMMA 2.11. For N = G5(C**2), N = V,(C**?). If m; > 1, then M, M, and
M; in N are all orientable. '

Proof. By the preceding lemma, M is simply connected. Note that we have a
decomposition

N=SU(n+2)/SUn) = N
=SU(n+2)/SU(n) x SU(2) = N = SU(n+2)/S(U(n) x U(2))

satisfying my om = 7 : NN , where 71 and my are orientable sphere bundles with
fiber S® and S! respectively. Denoting M = m;'(M), then we have an isomorphism
of bundles

TMo1=m,TM & myé

where ¢ is the associated vector bundle of my : N — N. It follows that M is
orientable, and hence M is orientable by the same reason. The conclusions are also
true for My(k = 1,2) by an analogous argument. O

We recall the definition of type (*) by Miinzner [Mu].

DEFINITION 2.12. Let R = Zs or Z, G = Y o, G; be an associate graded
R-algebra. G is called to be type (*) if the following conditions are satisfied:

(a) There exists a natural number g > 2, such that

R, for i =0,g;
Gi=<¢ 0 for i > g;

GreG; for1<i<g-1

where G¥ = Rfor k=+1,1<i<g- 1.

(b) G* =G, + Y7-] G* is a subalgebra of G.

(c) There exists an R-generator of Gf (resp. Gy), say =1 (y1 resp.), such that
G is a free GT-modul (G~-modul) with basis {1,y1} ({1,z1}, resp.).

(d) Foru e G;, w € Gj, uw = wu € Gi+j.

The following theorem was used to prove that g € {1,2,3,4,6} for isoparametric
hypersurfaces in spheres.

THEOREM ([Mu]).

(1) If R=1Z, G is of type (), then g € {2,3,4,6};
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(2) If R = Zs, G is of type (x), then g = 2" - s with s € {2,3,4}.

Let us apply this theorem to an equifocal hypersurface M in G5(C"*?) with
multiplicities (m;,m2), m; < ms.

Following Theorem 2.7 and Theorem 2.9, it is convenient to denote

p=mi+my, d=1/4P(My,1)€Z,

then we have either (A) ud = 2n, or (B) ud = 2n +2. ;From now on, we will restrict
attention to case (B). By Lemma 2.11, M, M; and M, are all orientable, thus it
enables us to make us of the Gysin sequences and the M-V sequences with coefficient

Z.
Recall that

1—¢rd

P(Mi,t) = (1+ tmz)ﬁ(l + 820 = (14 ¢™2) (1 4+ 82T (1 4 t# 4 - - - 4 #dD)

and similarly
P(My,t) = (1+t™)(1+ ") (14 % 4 4 4007Y),
Since my + p(d — 1) = ud — my < 2n — 1, when * < 2n — 2, we have

~ Z, x=ju+emy,e=00rl1,0<5<d-1;
* . ~ ) ) ) = = )
(2.11) H*(M>;Z) = { 0, otherwise.

By the Gysin sequence of S™ — M — M, (with coefficient Z), we see
(2.12) H*(M;Z)= H*(My; Z)® H* "™ (My; Z)  for * < dp.
By using the Gysin sequence of S™ < M — M;, when * < 2n — 2 we have

winr oove ) Ly, *=jut+emz,e=00r1,0<j<d~-1
(2.13) H(My; 2) = { 0, otherwise.

LEMMA 2l1~3. We assume that mg > m; +1 > 2 and m_; = ma, m_o = my.
Forz,y € H*(M;Z),0 < * < (d—1)p+m_y, if deg(z - y) > (d — 1)p + m—_g, then
z-y=0.

Proof. For k = 2. If degz = aypu,degy = asp with aj,ap < (d —1).

(1) If a3 + a2 < d -1, then

aptapu<(d-Du=2n+2—-p<2n-1,

and hence z -y = 0.
(2) If a; + ap > d, then by defining a3 = (a; + a2) — d, we have

du—1+azp < ayp+ ap <dp—1+aspu+ my,

thus z-y = 0. For the other cases or k = 1, the proofs are similar and straightforward.
0

In fact, we can easily prove that for z,y € H*(M;Z) with 0 < * < dp,

(1) if deg(zy) > du, thenz -y =0

(2) deg(zy) #dp— 1.
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Now, let R = Z. Define

ﬁ,‘;(H”‘*”"-'@(Mk;Z)), fork==+1,e=00r1,1<274+e<2d-1;
Ghiie =10, for 2j + € > 2d — 1;
Z, for 2j +e=0. .

and

Gajy1 = HIP™+(M; Z) @ H**™- (M;Z), for 0 < j < (d-1);
Ga; = Pt (HI*(M; 2)) @ p5 (H* (M3; Z)),  for 0 < j < (d—1);
Go = Z; G2d =1Z.

LEMMA 2.14. G,G™* and G~ are type (x) for R =7.

Proof. We prove the lemma for case (B), and for case (A) the proof is completely
similar. By the previous lemma, (a), (b) and (d) of type (x) are clearly satisfied.
Choose 1 (y1) a generator of H™2(M;;Z) = Z (H™ (My;Z) = Z, resp.). We need to
show that for x # 0 € Hi(M;;Z),

piz-y #£0€ HY™(M; 7).
It is only necessary to observe that
MPiz-y) =z -My) =z -1=gz,

where \; originates in the Gysin sequence of S™! — M — M;,
0= B 2) B B9 (01, 2) 2% HI-™ (1,,2) —» 0. O

We are now in a position to give a

Proof of Theorem 2.9. Applying the theorem of Miinzner, mentioned above, to
Lemma 2.14, we have 2d € {2,3,4,6} and hence d € {1, 2,3}, The proof is complete.
O

EXAMPLE 2.15. Now notice that

G2(C"*?) = SU(n +2)/S(U(2) x U(n))

and S(U(1) x U(n + 1)) is a closed subgroup of G = SU(n + 2). Clearly the ac-
tion of S(U(1) x U(n + 1)) on Go(C"*2) is of cohomogeneity one. Thus we get an
equifocal hypersurface in G5 (C"*?) with two focal submanifolds (the singular orbits
of the action), one is the complex projective space CP™, and the other one is the com-
plex Grassmann manifold G5(C"*!). Therefore we have an equifocal hypersurface in
G2 (C™*?) with multiplicities (m;,my) = (3,2n — 1). This example belongs to case
(B) of Theorem 2.7 and d = 1.

EXAMPLE 2.16. When n = 2m is even, K; = Sp(m + 1) is a closed subgroup of
G = SU(2m+2). Let K1 act on G/Ky = SU(2m+2)/5(U(2) x U(2m)). Clearly the
action is of cohomogeneity one. Thus we get an equifocal hypersurface in G5 (C?>™+2)
with two focal submanifolds Sp(m+1)/U(2) xSp(m—1) and HP™. Therefore we have
multiplicities (m;,ma) = (1,2n — 1). This example belongs to case (A) of Theorem
2.7, and d = 1.

PROBLEM. Find more equifocal hypersurfaces in complex Grassmannians.
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3. In quaternionic and real Grassmannians. First suppose we start with an
equifocal hypersurface M in N = Go(H™*?), the quaternionic Grassmann manifold
of rank two. There is a well-known fibration

N Sp(n +2)

™ N = Va(H™2) = Sp(n +2)/ Sp(n) > N = Ga(H™?) = orvemes

with fiber Sp(2). Using the lifts of 7, we get a decomposition of N:
(31) N:DIUD2, Mzblﬁbz, DkEMk

and two fibrations S™ < M 2% N (k = 1,2) with mod 2 Euler class
e(k) € H™4Y(My; Z,).

An analogous statement of Lemma 2.3 is
LeEmMMA 3.1. (i) The inequality my < 4n — 1 holds; (ii) m; and mg are not all
even.
Proof.
(i) By [MT], it follows that

H*(Go(H™?);Z5) 20 and  H'"M (Go(H™?);Zs) = 0.

Applying Proposition 2.1, we have m; < 4n — 1.
(i1) Note that the quaternionic Grassmannians are inner symmetric space. The
conclusion follows directly from Proposition 2.2. O _ _
LEMMA 3.2. There exist isomorphisms H'(M;Zy) = H'(My;Z5) & HY(My;Zy)
fori#0,4n+2,4n+3,4n+6, 4n+ 7, 8n + 9, and an exact cohomology sequence:

0 — HY2(My,Z5) ® HYW(My;Zs) — HOPA(M;Z,) —
Z, -5 H™B0I;Z,) @ HY™B(IyZ,) — H™3(MZ) —
0 — H4n+6(M1;ZQ) (5] H4"+6(M2;Z2) — H4n+6(M;Z2) —
Z, 5 HW(M;Z,) @ H™(MyZs) — HYWH(MZ,) —
0

Proof. The proof is analogous to that of Lemma 2.4. It suffices to notice that the
cohomology of the quaternionic Stiefel manifold N = Va(H™*?2) is given by (cf. [Wh],
p. 348)

Za, for x=0,4n+3,4n+7,8n+ 10

u* (1/2(H"+2);Z2) = {0, otherwise.

An analogous result of Lemma 2.5 states
LEMMA 3.3. The Euler class e(1) vanishes, and hence

HY(M;Zy) = H'(M,;Zo) ® H=™(M;Zy)  for every i.
Proof. Tt follows from Lemma 3.1 (i) that m; + 1 < 4n. It is evident to see from

the previous lemma that the map

By : H(My;Zo) — HY(M; Z»)
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is injective for ¢ < 4n + 2. Thus we have e(1) = 0 and hence the lemma. O
LEMMA 3.4. The Euler class e(2) vanishes, and hence

HY(M;Z,) = HY(Ma; 7o) @ H™™2(My; Zoy)  for every i.

Proof. Clearly the statement is true for ms # 4n + 2, 4n + 6.
(i) If ma = 4n + 6, then

6(2) € H4n+7(M28n+9—m2;Z2) =~ (.

(ii) If mp = 4n + 2. By Lemma 3.1 (ii), we see that m; must be odd. Since
e(2) € H4"3(My; Zo) = H*(M,; Zs) by the Poincaré duality theorem. However,

H4(M;~Z2) ~ g4 (M2;~Z2) (by the Gysin Sequence)
= HY(My;Z2) © H*(M2;Zo) (by the M-V sequence)
> HY(My;Zs) & H™(My;Zs) (by the Gysin sequence)

These imply that H4(Ma; Z,) = H*~™(My;Zy). For my > 5, e(2) € H4(My; Zo) =
Hi-m™ (MI;ZQ) = (. For m; = 1,3, it is easy to see that H4~™ (]\7[1; Zo)=0.0
THEOREM 3.5. For N = G2(H™"?), we have either
(A) (mi +me)d=4n+2, or
(B) (m1 +m2)d=4n+6,
where d = 1/4 Y dim H*(M;;Zs) € Z. Moreover, if n is odd, only (B) occurs.
Proof. By Lemma 3.2, 3.3 together with 3.4, we make use of Poincaré polynomials
to get

P(M,t)(l — gmtmey = (1 4 ¢™)(1 4 t™2)(1 — 370 4 F)

where F' = —t4n+2 4 ¢4n+7 or ' = —¢4n+3 4 44746 The proof of this theorem is
analogous to that of Theorem 2.7, the details will be omitted. However, it is worth
noting that the cohomology algebra H*(Sp (n+2)/ Sp (n); Z5) is generated (cf. [Wh],
p- 400) by uny1 € H***3 and u,42 € HF7 with a relation

sq* upy1 = (?)Un+1+i fori+(n+1)<n+2.

When n is odd, we have sq* uny1 = Upyo. O

Furthermore, we can show

THEOREM 3.6. For N = Gy(H"*?),

(A) (m1+mo)d=4n+2. If mg >my +5> 10, then d=1,2 or 3;

(B) (m; +ma)d=4n+6. If ma >my +3 > 6, then d=1,2 or 3.

Proof. Similar to that of Theorem 2.9. O

ExaMPLE 3.7. Notice that Sp(1) xSp(n+1) is a closed subgroup of G = Sp(n+2).
Clearly that action of Sp(1) x Sp(n + 1) on Go(H™*2) = Sp(n + 2)/Sp(2) x Sp(n) is
of cohomogeneity one. Thus we get an equifocal hypersurface in Go(H™*2) with two
focal submanifolds Go(H™*!) and HP™ with multiplicities (m1,ms) = (7,4n — 1).
This example belongs to case (B) of Theorem 3.5 and Theorem 3.6.

PrOBLEM. Find examples belonging to case (A) of Theorem 3.5.

The rest of this section will be concerned with the study of multiplicities (m,m2)
of equifocal hypersurface in real oriented Grassmann manifold N = G2 (R™*2), which
can be regarded as the complex quadric.

First we need the following results (cf. [BH]).

LEMMA 3.8. Let N = G5(R™2).
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(1) If n is odd, then

sin.oy e ) Ly, forx=0,2,4,... 2n;
H(N;Z) = {0, otherwise.
(2) If n is even, then
Z, for«=10,2,4,...,7,...,2n;
H*(N;Z)E{ZEBZ, for x = n;
0, otherwise.

As an immediate consequence, we have

LEMMA 3.9.

(1) miy <nifnisodd; my <n-11ifn is even.

(2) m1 and my are not all even.

Proof.

(1) The statements follow from Proposition 2.1 together with the previous lemma.

(2) Note that @(R"”) is an inner symmetric space, thus the lemma follows

from Proposition 2.2. O

Now suppose we are given an equifocal hypersurface M in N. Recall that there

is a well-known fibration:

m: N = Va(R"?) o N = Go(R™?)
from the Stiefel manifold. B
Using the lifts by the fibration 7, we get a decomposition of N = V,(R"*2),
N=D,UD,, M=D,UD,, D= M
and two fibrations:
S™ ey M ﬂ)Mk for k=1,2.

An analogous statement of Lemma 2.4 is ; 3 3

LEMMA 3.10. There exist isomorphisms H'(M;Zo) = H*(My;Z2) ® H*(Ma;Z5)
fori#0,n—1,n,n+1, 2n, and an exact sequence

0 — H"Y(My;Zy) ® H"Y(My;Zy) — H"YM;Zy) —>

Lo 2y H"(My;Z:) @© H"(My;Zo) — HMM;Zs) —

Zy N HMY(My;Zy) @® HPY(MyZo) — HYPY(M;Z,) —»

0

Proof. The lemma follows from the M-V sequence. It suffices to give the coho-
mology of the Stiefel manifold (cf. [Wh], p. 348)

{Zg, for x=0,n,n+1,2n+1;

H* (Va(R"?);Z,) = 0, otherwise.

An analogous result of Lemma 2.5 states
LEMMA 3.11. The Euler class e(1) vanishes, and hence

HY(M;Zy) = HY(My;Zo) @ H=™ (My;Z3)  for every i.

Proof. By Lemma 3.10, the statement is true for m; < n — 2. By Lemma 3.9, we
are left to consider the case of m; =norm; =n - 1.
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(1) If my = n, then e(1) € H™+1(M};Zs) = 0.
(2) If my =n —1, then

e(1) € H"(My;Z,) = H' (M,; Z5)

by the Poincaré duality theorem. By Lemma 3.10 and the Gysin sequence of S™2 <
M — M, we have

HY(M;Zs) = H(My; %) & H' (Ma; Zo),
HY(M;Zs) = H'(Ma; Z).

Consequently H(M;;Zs) = 0, hence e(1) = 0. O
LEMMA 3.12. If (mq,ms) # (1,n — 1), then e(2) vanishes, and hence

Hi(]\;[; 7o) = HY(My;, Zy) & Hi_mz(]\;fz; Zsy)  for every i.

Proof. Case (1), ma < n—2. We have my +1 < n—1, and the conclusion follows
from Lemma 3.10
Case (2), my > n. We have

e(2) € H™+Y (My; 7o) =0,

since my + 1 > dim My = 2n — mo.
Case (3), ma = n —1, and m; > 1. Combining Lemma 3.10 together with the
Gysin sequence of S™ — M — M,;, we obtain

HY(M;Zs) = H' (My; Zo) © H' (Ma; Z),
H'(M;Zs) = H(My; Zo).

Consequently H(Ma;Zs) = 0, and hence
e(2) € H™(My;Zy) = H (M,;Z3) =00

THEOREM 3.13. For N = @(R"“), if (m1,ms) # (1,n — 1), then we have one
of the following conditions:
(A1) (m1 +m2)d = (n —1) with 2d € Z, for m; + ms = 2 mod 4 and n even;
(A2) (my +ma)d =n—1 with d € Z, for the other cases;
(B) (m1 + m2)2d = 2n with 2d € Z.
Where d = 1/4 Y dim H*(M,;Zs). Moreover, if n is odd, any (B) occurs.
Proof. The proof is similar to that of Theorem 2.7. Assuming that (mj,ms3) #
(1,n — 1), by Lemma 3.10-3.12, we have

P(M,t) + P(My,t) — P(M,t) =1—-t>"+ F

where F = —t""! + ¢"*1 or F = 0. Finally we need to note that the cohomology
algebra of V5(R™*2) is generated by y, € H™ and y,4; € H™*!. Moreover if n is odd,
then sq! yn, = yn41 (cf. [Wh], p.400), hence the case (A) does not occur. [

ExaMPLE 3.14. Let SO(n + 1) act on G2(R"*2) = SO(n + 2)/S0O(2) x SO(n).
It is of cohomogeneity one, hence the principal orbit is an equifocal hypersurface. In
fact, the focal manifolds are S™ and G2(R™!), thus (m;,m2) = (1,n — 1). This
example belongs to case (B) of Theorem 3.13 and d = 1.

EXAMPLE 3.15. If n = 2m is even. Let SU(m + 1) act on Go(R2™*?2), it is of
cohomogeneity one. The principal orbit is SU(m + 1)/S0O(2) x SU(m — 1), and two
focal submanifolds are CP™, thus (m;,m3) = (n — 1,n — 1). This example belongs
to case (A1) of Theorem 3.13, and 2d = 1.



MULTIPLICITIES OF EQUIFOCAL HYPERSURFACES IN SYMMETRIC SPACES 197

4. In other symmetric spaces of rank two. This section will carry out an
analogous study of the multiplicities of equifocal hypersurfaces in the left irreducible,
compact, simply connected, symmetric space of rank two, which may be listed below:

SU(@3), SU(3)/SO(3), Sp(2) = Spin(5),
G2/SO(4), G2, SU(6)/Sp(3), SO(8)/U(4),

SO(10)/U(5), Es/Fs, Eg/(SO(2)-Spin(10))
whose dimensions are 8, 5,10, 8, 14,14, 12, 20, 26, 32 respectively. Note that
Sp(2)/U(2)

is isometric to Go(R®) which has been studied in the previous section.

THEOREM 4.1. For N = SU(3), there exists an equifocal hypersurface in N with
multiplicities (my,m2) if and only if (m1,m2) € {(1,1),(1,3),(2,2),(4,4)}.

Proof. Recall that there is a well-known fibration:

SU(2) < SU(3) = SU(3)/SU(2) = S°.

Clearly we have isoparametric hypersurfaces in S® (cf. [CR]) with (mq,ms) = (1,1),
(1,3), (2,2) or (4,4). Therefore the first part of the theorem follows from Proposition
1.1.

Conversely, suppose now that M7 is an equifocal hypersurface in SU(3) with
multiplicities (m;,m2). Recall that (cf. [Wh], p. 342)

Zy, for x=0,3,5,8;
0, otherwise.

H*(SU(3);2,) = {

It follows immediately from Proposition 2.1 that m; < 4.

For m; = 4. We have dim M; = 3 > dim M. Since my > m; = 4, M; and
M, are simply connected, thus dim M, > 2. It follows from the M-V sequence with
integral coefficients that my = 4 and

Z, for x=0,3;

H* (My;Z) = {0, otherwise.

For m; = 3. We have dim M; = 4, and dim M> = 2,3 or 4. The M-V sequence
will produce a contradiction.

For m; = 2. Suppose that my > 3, then dim M; = 5 > dim M. It follows from
the Gysin sequence that

H?(M; Zo) = H?(Ma; Zs).
Combining this with the M-V sequence, we get
Hl(]\/fl,Zz)Eo, HZ(MI;ZQ)EO,

and hence H3*(M;;Zs) = 0 by the Poincaré duality theorem. Applying the Gysin
sequence of S? < M — M, we find

HY(M;Zo) =0, H°(M;Z) = Zos.



198 ZIZHOU TANG

Putting these results together with the M-V sequence, we obtain an exact sequence

HY(M;Zy) =0 — H5(N;Zs) = Zy
— H5(My;Zg) ® H3(Ma; Zo) = Zg — HY(M;Zy) = Zo
— HS(N;Z,) =0,

which is clearly impossible.
For m; = 1. First suppose ms > 4. Then dim M; = 6, dim My < 3. By the
Gysin sequence, we have isomorphisms

HY(M;Zy) = HY(My;Zy) fori < 3.
Thus by the M-V sequence and the Poincaré duality theorem we have finally

s ~ | Zy, for x=0,3,6;
H* (M3 Zo) = {0, otherwise,
which contradicts a well-known theorem by Adams [Ad].

It remains to consider m; = 1 and my = 2. Thus we have dim M; = 6, and
dim M, = 5. The Gysin sequence of S < M — M, implies that H}(M;Z,) =
HY(Mjy;Z,). Thus by the M-V sequence, we have H!(M;;Z3) = 0. On the other
hand, the M-V sequence follows that H®(M;Zsy) = Z,, and hence H(M;Zs) = Z,
by the Poincaré duality theorem. These arguments yield that the Euler class e(1)
must be trivial by analysing the Gysin sequence of S < M — M;. Consequently we
have HY(M;Zs) = H'(M,;Zs) ® H*"'(M;; Z) for every i. Applying again the M-V
sequence, we will get a contradiction, and hence the theorem. O

THEOREM 4.2. For N = SU(3)/S0O(8), there ezists an equifocal hypersurface in
N with multiplicities (my, ms) if and only if my = my = 1.

Proof. We consider the action of S(U(1) x U(2)) on N = SU(3)/SO(3), and will
get an equifocal hypersurface in N with multiplicities (m;,m2) = (1,1).

Conversely suppose we are given an equifocal hypersurface M* in N with multi-
plicities (mj,m2). By the fibration

m:SU(3) = SU(3)/S0O(3),

we get an equifocal hypersurface in SU(3) with the same multiplicities. By the pre-
vious theorem, we have

(ml ) m2) € {(1> 1)7 (2> 2)) (4) 4)? (1’ 3)}

To complete the proof of the theorem, it is only necessary to exclude the late three
cases. Let us recall the cohomology of N = SU(3)/S0(3) (cf. [MT], p. 150),

Zs, for x=0,2,3,5;
0, otherwise.

H*(N;Z) = {
For (mj,m32) = (2,2). From the fibration SO(3) — SU(3) — N, we see that
mN =0 and mN = 71'150(3) = Zo.

Thus the Hurwicz theorem implies that

Hi(N;Z)=0 and Hy(N;Z)= Zo.
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By universal coefficient theorem and the Poincaré duality theorem, we get
HY(N;Z)= H*(N;Z)=0, H3(N;Z)=Z,.
Now, since my,my > 1, it follows that M; = M, = S?. Let a € H%(S%;Z) be a
generator, by the Gysin sequence
0 — H2(S%2) B H2(M;Z) — H°(S%Z) — 0,
we know that pj(a) is a generator of H*(M;Z) = Z @& Z for k = 1 or 2. From the

M-V sequence

0 — H2(S%Z)® HA(S%:Z) -, HX(M;Z) — H3(N;Z) = Zy — 0,
P1—P2

since ® is injective, pja # £p3a, this yields that ® is an isomorphism, a contradiction.
For (my,ms) = (4,4), My = My = {pt}, and M = S*. There will be a contradic-
tion in the M-V sequence.
For (my,ms) = (1,3), My = St. Tt follows from the Gysin sequence that

Zo, for x=0,1,3,4;

H*(M;Z) = {0, otherwise.

There will be a contradiction in the M-V sequence. 0
THEOREM 4.3. For N = Sp(2), there ezist an equifocal hypersurface in N with
multiplicities (my,m2) if and only if

(m17m2) € {(1’ 1)7 (17 2)7 (175)) (27 2)7 (2)4)7 (373)) (6) 6)}

Proof. Recall that there is a well known fibration
5% 2 Sp(1) <= Sp(2) — Sp(2)/Sp(1) = S”.

We consider isoparametric hypersurfaces in S7 with g/2(m; + msy) = 6. Clearly the
following pairs are available (cf. [CR]):

g=1, (6a6)7 g= 2, (175)) (274)1 (373)7
9=3, (2,2 g¢=4, (L2 g=6 (L,1).

In order to show the necessary condition, we recall the cohomology of Sp(2)
(cf. [MT], p. 148),

" . ~ | L3, for x=0,3,7,10;
H*(Sp(2); Z2) = {0, otherwise.

Suppose my > 7, then dim M; < dim M; < 2. The M-V sequence implies that
H'(M;Zs) = H*(M; Zs) =0,
and the Poincaré dualities

7

HY(M;Zo) = H3(M;Zo) =0, H*(M;Zo) = H (M;Zs) =0
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together with the M-V sequence imply that H®(Sp(2);Z,) = 0, a contradiction.
If m; = 6, we prove ms = 6. Otherwise ms > 7, then dim M; = 3, dim M, < 2.
The M-V sequence follows that

HS(M;Zy) = Loy, HT'(M;Zs) =0,

and hence H2(M;Z2) =0, H3(M;Zs) = Zs, by the Poincaré duality theorem. Again
using the M-V sequence, we get an exact sequence

H2(M;Z2) =20 H3(N;Z2) = 7o —
Hs(Ml;Zz) @HS(Mz;Zz) — H3(M;ZQ) = 7o — H4(N;Zg) =0,

a contradiction to the fact that dim M, < 2.
Suppose m; = 5, then dim My < dim M; = 4. The M-V sequence implies that

H5(M;Z) 0.

Consequently H*(M;Zs) = 0 by the Poincaré duality theorem. Again using the M-V
sequence, we get

H*(N;Z3) =0 — H*(My; Zo) ® H*(M2; Zs) - H*(M;Zs) =0,

and hence H*(M;Z,) = 0 which is impossible.
Suppose m; = 4, then dim M, < dim M; = 5. The M-V sequence implies that

HS(M;Zs) 2 Zy, H'(M;Z) = H*(M;Zs) =0,
and then
HY(M;Z5) = HX(M;Z5) =0, H>(M;Zs) = L.
Again using the M-V sequence, we find that
H'(Mz; L) = H*(Ma; Zg) = 0, H*(My; Zo) = Ty ® Lo,

a contradiction to the fact that dim M, < 5.
If m; = 3, we claim that ms = 3. Assume my > 4. By using the M-V sequence,
we have

HO(M;Z9) = Zo® Ly, H'(M;Zy) = H¥(M;Z5) =0
and hence
HY(M;Zo) = H*(M;Zo) =0, H3(M;ZLs) =Zy® Zo.
It follows from the isomorphisms
Hi(M;Zz) = Hi(Mz;Zz) fori <3
(the Gysin sequence) and the M-V sequence that

Z,y, for x=0,3,6;

* 6, o=
H™ (M5 Z2) = {o, otherwise,

which contradicts a well known theorem by Adams [Ad].
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If m; = 2, we need to prove that my = 2 or 4. First suppose that ms = 3. The
M-V sequence, the Gysin sequence and the Poincaré duality theorem imply that

Zs, for x=0,T;

H*(My;Z,) = {0, otherwise,

and hence

Zsy, for x=0,2,7,9;

H*(M;Z) = {0, otherwise,

a contradiction to the M-V sequence. It remains to show that the case m; = 2,
ms > 5 does not occur. Otherwise, we have the isomorphisms

HY(M;Zy) = H'(Ma; Zy) ® H™™2(My;Zs) for every i
by the Gysin sequence. It follows from the M-V sequence that
H3(My;Zs) = Zy, H*(My;Z) =0,

a contradiction to the Poincaré duality theorem.
Now we assert that m; = 1 implies that my € {1,2,5}. Suppose that m; = 1 and
msg > 6, then we have the isomorphisms

HY(M;Zy) = H (My; Zo) ® H"™2(Ms;Zy)  for every i.
It follows from the M-V sequence that
H3(My;Z5) = Zy, H®(Mi;Z,) =0,

a contradiction to dim M; = 8.

Now suppose that m; = 1 and me = 3. It follows directly from the M-V se-
quence that the Euler classes both e(1) and e(2) vanish. Then combining the Gysin
isomorphisms with the M-V sequences will produce a contradiction.

Finally suppose that m; = 1 and ms = 4. There is an analogous argument to get
a contradiction, we omit the details. The proof of the theorem is now complete. O

THEOREM 4.4. For N = G2/S0(4), suppose that there exists an equifocal hyper-
surface in N with multiplicities (m1,m2), then (my,ms) = (1,1) or (2,3).

The proof will be broken up into several steps. First recalling that there is a
fibration

m:N=Gy/SU2) = N =G,/SO(4)

and we have
LEMMA 4.5.

Zo, forx=0,5,6,11;
0, otherwise.

H*(N;Zy) = {

Moreover sq* ys = yg, where ys € H5 and ys € H® are generators respectively.
Proof. From the fibration

55 = SU(3)/SU(2) = G2/SU(2) = G2/SU(3) = S°,
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we deduce that '/T]'N = for 1 < j <4. jFrom another fibration:
SU(2) = S* < Gy —» G2/SU(2)
we obtain that m5 N = Z», here we use the fact that
m5Go Z Gy =20

(cf. [MT], p. 360).

Thus we conclude that the mod2 cohomology algebra H*(N;Z,) is generated
by y5 € H® and y¢ € H®. It remains to show that sq'ys = ys. Recall that
(cf. [MT], p. 420)

H*(G2;Z2) = Zo[zs]/(z3) ® A(zs) with z5 = sq® z3.
By using the Gysin sequence of the fibration
5% < Gy =5 Go/SU(2),
we obtain that
7" 5q" ys = sq' T ys = 5q" 75 = sq' sq® 73 = sq® z3 = 23 = 7*ys,

hence sq ys = yg, since 7* : H¥(N : Zy) — H*(Ga;Z5) are isomorphic for i = 5 and
1=6.0

Suppose now we are given an equifocal hypersurface M in N = G2/S0(4) with
multiplicities (mj,ms). Since N is inner, it follows that m; and my are not all even.

LEMMA 4.6. For N = G2/S0(4), (m1 + ms) divides 10.

Proof. By the fibration

71N =Ga/SU(2) » N = Ga/SO(4),

we get a disc bundles decomposition of N.
ASSERTION. There exist isomorphisms

HY(M;Zs) = H'(My; Z2) © H™ ™ (My; Z2)

for every ¢ and k = 1 or 2.
When my > 4, then my + 1 > 7 — my, thus

é(k) = m*e(k) € m* H™ 1 (M]~™*; Zy) = 0.

‘When my < 4, the assertion follows from the M-V sequence of the decomposition
of N.

Since N has the same mod 2 cohomology with that of V3(R7), an analogous study
as Theorem 3.13 will lead to the lemma we wanted. O

Proof of Theorem 4.4. By the previous lemma, it suffices to show that the cases
(my,m2) = (3,7),(5,5) and (1,4) do not occur.

Suppose that (mj,m2) = (3,7), then My = {pt} and M = S7. Recall that
(cf. [BH], p. 529)

H*(G2/SO0(4); Zy) = Zofua, uz]/ul = w2, uzu? = 0,

where deg u; = i. Clearly the M-V sequence will produce a contradiction.
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Suppose (m1,m2) = (5,5), then it follows easily that M; = M, = S?, and hence
that x(G2/SO(4)) = 4. However, since G has type (3,11) and SO(4) has type (3,3),
thus the Euler number of G2/SO(4) is equal to

x(G2/S0(4)) = [W(G2)|/|W (SO(4))| =12/4 =3,

contradicting the result x(G2/SO(4)) = 4.

Suppose (mi,mz2) = (1,4), then dim M; = 6, dim My = 3. By using the M-V
sequence and the Gysin sequence we deduce that H!(M;;Zs) = 0, consequently M;
is orientable, x(M;) is even, thus

x(G2/50(4)) = x(M1) + x(M2)

is even, a contradiction. The proof of Theorem 4.4 is complete. O
EXAMPLE 4.7. G5 is the automophism group of the Cayley algebra. Using the
arguments by [Mi], we embed SU(3) and SO(4) into G, as subgroups so that

SU(3) U SO4) = SO(3).

Thus let SU(3) act on G2/S0O(4), we get an equifocal hypersurface in G /S0O(4) with
multiplicities (m;, ms) = (2,3). In fact, we have CP? and SU(3)/SO(3) as the focal
submanifolds. For details, see [Mi].

THEOREM 4.8. For N = G, suppose that there ezists an equifocal hypersurface
in N with multiplicities (m1,m2), then (my,ms)

€{(1,1),(1,2),(1,3),(1,4),(2,2),(2,3), (5,5)}.

The proof will be based on several lemmas.
LEMMA 4.9. For N = G4, we have m; < 5.
Proof. Step I, we claim m; < 7. Recall that (cf. [MT], p. 40)

H*(G2;Zs) = ZLolzs)/(z3) ® Azs)

where deg z; = i. It follows from Proposition 2.1 that m; < 7.
Step II, we claim m; # 7. Suppose that m; = 7, then it follows from the M-V
sequence and the Poincaré duality theorem that

Z,, for*x=0,3,5,6,7,8,10,13;

H*(M;Z,) = {0, otherwise.

As a consequence, it follows from the Gysin sequence that H5(M;Zs) = Z,, and hence
HY(M,;7Zy) = Z4 by the Poincaré duality theorem. On the other hand, applying
Lemma 2.10, we see that M is simply connected. a contradiction.

Step III, we claim m; # 6. Suppose that m; = 6, then M; and M are all simply
connected, thus H'(Mj;Z3) = 0 for k = 1 or 2. It follows from the M-V sequence
that

H'(M;Zy) = Zy & H' (My; Zo) © H (My; Zs)
=Zo® Lo ® H' (Ma; Zo)

and an onto homomorphism

HS(M,;Z) & H5(Ma;Zo) — H(M;Z,) = H'(M; Zs) — 0.
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Since H®(M1; 7o) = HY(My;Z5) =0, and H®(Ma; Zs) is isomorphic to Zs for my = 7,
isomorphic to 0 for other my. We get a contradiction, and hence the proof. O
LEMMA 4.10. For N = G, the hypothesis m; = 5 implies that ms = 5.
Proof. It follows from the Gysin sequence that

HQ(M;ZQ) EH“(M;ZQ) Ele(M;Zg) ~0
HlO(M;Zz) = HlB(M;Zg) = Zz,

hence

HY(M;Zs) = H*(M;Z,) = HY(M;Z,) =0,
HB(M§ZZ) =Zs

by the Poincaré duality theorem. By using the Gysin sequence we have
H(My;Zy) = H (M;Z,) fori<4,k=1or?2.
In particular, e(1) € H8(My;Zs) = H?(M;;Zs) = 0, hence

HS(M;Zz) =~ H7(M;Z2) = 0, .
HS(M;ZQ) =3 Zz@Zz.

Again using the M-V sequence, we have an exact sequence
0 Zy— Zo® H(My; Zy) = HY(M;Z0) = Lo ® Zg — Ty — 0,

which implies that H®(Ma;Zs) = Z5, hence my = 5. O

LEMMA 4.11. For N = G4, we have m; # 4.

Proof. Step I, we claim that m; = 4 implies ms = 4. Suppose that m; = 4 and
mo > 5. The M-V sequence gives that

HH(M;ZQ) %’HIZ(M;Zz) =,
HIO(M;ZQ) = HIB(M;Zz) = Zz.

By using the Poincaré duality theorem and the Gysin sequences, we obtain

H'(My; Z) = H?(My; Zs) =0,
H3(My;Zo) 2 Zy for k=1o0r 2.

On the other hand, the Gysin sequence implies that
H*(M;Z,) = H*(Ma; Zy),
thus by using the M-V sequence, we obtain
HY(My;Z,) 20, H®(My;Z,) =0,
and hence e(1) € H®(Mi;Z,) = 0. Using again the Gysin sequence, we have
H8(M;Zy) =0, H°(M;Zsy) = ZL,.
There will be a contradiction in the M-V sequence

HB(M;ZQ)—-) Zo— Zg ® Hg(Mg;Zz)—) HQ(M;ZQ)—}O.

I I I
0 0 Z,
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Step II, we claim that the case (m;, m2) = (4,4) does not occur. Suppose m; =
my = 4, then M; and M, are all simply connected. Note that the integral cohomology
of G, is given by

Z, forx=0,3,11,14;
H*(Gy;Z) = {Zg, for * = 6,9;
0, otherwise.

Here we used the fibration S® < G5 — V5(R7) (cf. [Wh], p. 694). It follows from the
M-V sequence that

HY(M;Z)= HY?(M;Z) =0,

HY(M;Z)=Z, HY(M;Z)=Z®LZ,
and thus

H{(M;Z)= Hy(M;Z) =0,

Hy(M;Z)=Z, Hy(M;Z)=Z&Z,
then

HY(M;Z) = H*(M;Z) =0,
H3(M;Z)=17, HYM;Z)=Z&L.

Hence the Gysin sequence implies that
HY'(My;Z)= H*(My;Z) =0, H3(My;Z)=1Z

Since H8(My;Z) = H'(My;Z) = 0, the M-V sequence implies that H®(M;Z) = Z»,
thus Hs(M;Z) = Z,. Therefore we get H>(M;Z) = 0.
The M-V sequence will give

H3(M;Z) — HS(N;Z)— HS(My;Z)® HS(Ms; Z)
(4.1) I I I
0

L H3(My;Z) © H3(M2;Z)
and
(4.2) 0= H*(M;Z)® H*(M2;Z) » HY(M;Z) = Z. & 7.
Since

H*(My; Z) = Ext(Hs(My; Z), Z) © Hom (Hy(My; Z)Z),

we can easily find that (4.1) contradicts (4.2). O

LEMMA 4.12. For N = G5, we have m; # 3.

Proof. Step I, we claim that the case (m;, m2) = (3,3) does not occur. It is easy
to prove the assertion by using the M-V, Gysin sequences with coefficients in Z. Note
that the integral coefficient cohomology of G2 was given before.

Step II, we claim that the case (mj,mg) = (3,4) does not occur. Suppose that
(my,mq) = (3,4), then M} are simply connected, we can use the exact cohomology
sequences with integral coefficients. It follows from the M-V sequence, that the Euler
classes both e(1) and e(2) vanish. It is easily seen that H%(M;;Z) = 0 and hence
H8(M;Z) =0, thus there will be a contradiction in the M-V sequence:

0 HY(M;Z) —» HY(N;Z) = Zy — H*(My;Z) & HY (M3, Z) = Z
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Step III, we claim that m; = 3 implies that mo < 4. Suppose that my > 5, then
we can deduce without difficulty that

H'(My; Z) = H*(My; Z) = H?(My; Z) = H™(My; Z) = 0
H}(MyZ) =20 Z,

consequently m, € {5,7}. We can check every case to exclude it. O
We are now in a position to give a
Proof of Theorem 4.8. Putting Lemma 4.9-4.12 together, it suffices to show that:

myp =1 implies that mg < 4;
my; =2 implies that mo =2 or 3.

We prove the most difficult case (mq, m2) = (2, 5) does not occur, and leave the other
cases to the reader. Suppose that (mi,mq) = (2,5), first we assert that the Euler
class e(1) with coefficient Z is trivial. Since by the M-V sequence and the Gysin
isomorphism that H2(M,;Z) = H?(M;Z,), we have

(4.3) 022 -2 HY(My;Z) ® H?(Ma; Z) — H3(M;Z) — 0.

Note that the Gysin sequence implies that pje(1) = 0, thus e(1) = ¢(k) for some
k € Z. On the other hand, e(1) is the Euler class of an odd dimensional vector
bundle, thus 2e(1) = 0, and hence k£ = 0, so e(1) = 0.

Therefore we have

H3(M;Z) = H3(M;,Z)® H3(Ma; Z),
H*(M;Z) = H2(My:Z) & Z.

Combining these results with (4.3), we get
rank H®(M»;Z) =1, rank H?(Mq;7) > 1,
hence x(Mz) >0, a contradi‘ction to the equality

x(-;\(x) + x(Ma) = X(Ijlm + X(ﬁz)
0 0 0.

The proof is complete. O
EXAMPLE 4.13. By the fibration SU(3) < G — G»/SU(3) = S, we can obtain
three equifocal hypersurfaces in G5 with

(mlam2) € {(1a4-)’ (2a3)7 (5a5)}

In fact, if we let SU(3) x SU(3) act on G, we can get also an equifocal hypersurface
in Go with m; = my = 5.

THEOREM 4.14. For N = SU(6)/Sp(3), we have m; = ms = 8 or (m1 + my)
divides 8.

First we need the following

LEMMA 4.15. H*(N',Z,) = A(zs,z9) where z; € H?, and sq* x5 = x9.

Proof. By (IMT], p. 149), the mod 2 cohomology of SU(6)/ Sp(3) is given by

Zs, for x=10,5,9,14;

H*(N;Zs) = {0, otherwise.



MULTIPLICITIES OF EQUIFOCAL HYPERSURFACES IN SYMMETRIC SPACES 207

Consider the fibration
7 : SU(6) — SU(6)/Sp(3).
Note that (cf. [Wh])
H*(SU(6); Z2) = A(uz,us, ws, us, ug)

where u; € H?, and sq* u3 = us, 7*T5 = uz, T*T9 = us, we conclude that sq* z5 = zq.
|

LEMMA 4.16. For N = SU(6)/Sp(3), if m1 # 4, ma # 4, then we have m; =
ma = 8 or (my + ) divides 8. :

Proof. Assume that m; # 4, mo # 4. Then it follows from the M-V sequence
that the Euler classes e(1) and e(2) are both trivial, thus the Poincaré polynomials
satisfy the relation

P(M,t)(1 —t™F™2) = (1 4+ t™)(1 +t™)(1 -t + F)
where F is easily proved to be t> — t8 by using the previous lemma. Consequently
(4.4) P(M,t)(1 — t™*m2) = (1 4+ t™)(1 +t™2)(1 — t3)(1 +¢°).

In particular, (M) - (m; + ma) = 64, where B(M) denotes the mod 2 Betti number.

Note that 1 < m; < mg < 13. If my +ms = 16, it follows from (4.4) that m; = 8
or my = 8,80 m; = my = 8. If my +m» < 16, then the relation S(M)-(m; +ms) = 64
implies that (m; + mq) divides 8. O

Proof of Theorem 4.14. By the previous lemma, it suffices to consider the cases
my=4 and me=4. We claim that my=4 implies m_,=4. For example, suppose
my = 4, my > 4. Then e(2) = 0. By using the Gysin sequences and the M-V
sequence, we have

0—>Zsy— H5(1M1;Z2) 85 HS(JVIQ;ZQ) — Hs(]\/[,Zz) =0
I
0

and H®(M;Zs) = H®(My;Zs) & H5~™2(Msy; Z5), which are clearly impossible. O
LEMMA 4.17. There exist isometric homeomorphisms

SU(2n —1)/Sp(n — 1) = SU(2n)/ Sp(n),
SO@2n—-1)/U(n—1)=S0(2n)/U(n).

Proof. Consider the embedding

SU(2n — 1) < SU(2n)

P(X) = (’O( ?)

It is clear to verify that the map woi: SU(2n — 1) = SU(2n) — SU(2n)/ Sp(n) is
onto. Now SU(2n — 1) acts transitively on SU(2n)/ Sp(n) and the isotropy group at
e is just Sp(n — 1), hence

SU(2n —1)/Sp(n — 1) = SU(2n)/ Sp(n).

given by
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The proof of the other one is analogous. O
EXAMPLE 4.18. By the previous lemma, we see that SU(6)/Sp(3) is isometric
to SU(5)/ Sp(2), and we have a fibration

SU(5)/Sp(2) = SU(5)/SU(4) = S°.
Applying Proposition 1.1, we can get several equifocal hypersurfaces in
N = SU(6)/ Sp(3).

Now in S?, we have £(m;+m;) = 8. Clearly the following pairs are available (cf. [CR])

g=1, (mi,m2) = (8,8);
g= 2: (mlam2) = (177)7(276)a(375)3(474)7
g=4, (mi,m2) = (1,3),(2,2).

THEOREM 4.19. For N = SO(8)/U(4), suppose that there exists an equifocal
hypersurface in N with multiplicities (my,ms), then we have

(m17m2) € {(1’ 1)’ (172)’ (1’3)’ (1a4)7 (2’3)’ (3a 3)1 (515)}'

First we need the following

LEMMA 4.20.
Zo, for x =0,2,4,8,10,12;
H*(N12;Z2)E {Zg@Zz, for x = 6;
0, otherwise.
and x(N) = 8.

Proof. The first part is given by [MT]. Note that SO(2n — 1)/U(n — 1) is the
total space of a fibration over S?"~2 with fiber SO(2n — 2)/U(n — 1). By Lemma
4.17, it follows that

x(50(2m)/U(n)) = x(SO(2n ~ 1)/U(n — 1)) = 2-x(SO(2n — 2)/U(n — 1))

Hence x(SO(2n)/U(n)) = 2"~! by induction. In particular, x(SO(8)/U(4)) = 8.0

In fact, the integral cohomology of SO(2n)/U(n) is given in [MT].

LEMMA 4.21.

(1) my and my are not all even;

(2) mi <5.

The proof is immediate and we omit it.

Proof of Theorem 4.19. The proof will be divided into several steps.

Step I, we claim that m; = 5 implies ms = 5. Suppose that m; = 5 and ms > 6,
then H®(M;Zs) = H?(Ms,;Z,) by the Gysin sequence. Checking the M-V sequence,
we find a contradiction in the following exact sequence:

0— HG(M;ZQ) — He(Ml;Zz) (5] HG(Mz;Zz) - ...
I || I
Zo & Zo Zio 0

Step II, we claim that m; # 4. Suppose m; = 4. By Lemma 4.21, we have
my € {5,7,9,11}. Applying Lemma 4.20, it follows that x(M;) = 8 hence my =5 or
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7. If mg = 3, it follows from the M-V sequence and the Gysin sequence (Z coefficient)
that

HY(My;Z) = H3(M,;Z) =0, rank H?(M,;Z)=1,

thus x(My) = 4, a contradiction. If my = 7, a similar argument will lead to a
contradiction.

Step III, we claim that m; = 3 implies ms = 3. Suppose m; = 3, then 3 < my <
11. We prove the most difficult case (m1,m2) = (3,5) does not occur. In this case, it
follows from the Gysin and the M-V sequences that

i oo Ty for x=0,2,3,4,6
H* (M;Z2) = {0, otherwise.
Choose z € H®(Ma;Zs,) as a generator, then 22 € HS is a generator by the Poincaré
duality theorem. However, by the Adem relation

22 =sq® ¢ = sq' s’ z = sq*(0) = 0,
a contradiction.

Step IV, we claim that m; = 2 implies ms = 3, and m; = 1 implies mo < 4. The
proofs are not difficult, and will be omitted.

The proof is complete. O

EXAMPLE 4.22. By Lemma 4.17, SO(8)/U (4) is isometric to SO(7)/U(3) which
fibers over S. Applying Proposition 1.1, we can get several equifocal hypersurfaces
in N = SO(8)/U(4). Now in S¢, we have £(m; + m2) = 5. Clearly the following
pairs are available.

g=1, my=my=5 ;
9= 27 (mlamZ) = (174)7(273)

THEOREM 4.23. For N = SO(10)/U(5), suppose that there exists an equifocal
hypersurface in N with multiplicities (my,m3), then m; = mg =7 or m; < 5.

Proof. The proof is similar to that of the previous theorem. We need to recall
that (cf. [MT], p. 153)

Zs, for x =0,2,4,16,18, 20;
H* (SO(IO)/U(5); Zg) =] { Zo®Zy, for*=6,8,10,12,14;
0, otherwise.

and x(N) =16.0
EXAMPLE 4.24. By using the fibration

SO(10)/U(5) = SO(9)/U(4) — S8,

we obtain several equifocal hypersurfaces in N with multiplicities (m,ms) = (7,7)
orm; +mg =7 (my =1,2,3).

The remainder of this section will be concerned with the following

THEOREM 4.25. For N = Eg/Fy, suppose that there ezxists an equifocal hyper-
surface in N with multiplicities (my, m2), then m; = mo = 16 or (m; + me) divides
16.
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Proof. We recall that (cf. [MT], p. 435)
H*(Es/Fy;Z2) = Az, T17) with 217 = sq® z.

The proof of the theorem is similar to that of Theorem 4.14, which will be omitted. O

EXAMPLE 4.26. According to [Col, let D5 x T! act on Eg/Fy, we get an equifocal
hypersurface in Eg/Fy with multiplicities (m1, m2) = (1,15), and a focal submanifold
is S' x S? of dimension 10.

CONJECTURE 4.27. The symmetric space Eg/Fy fibers over S'7 with fiber S°.

REMARK 4.28. According to [Co], let Fy act on Eg/Ds x T, we get an equifo-
cal hypersurface in Eg/Ds x T! with multiplicities (mi,m2) = (1,15), and a focal
submanifold is QP? = F/ Spin(9) of dimension 16. However, for the restrictions on
my, of an equifocal hypersurface in Eg/Ds x T?, it is not so easy to get a satisfactory
result. We recall only that (cf. [Is])

H*(Es/ Spin(10) - TY; Zo) = Zyt, w]/(t° = w?t, w® = w?t* + wit?),

which is much more complicated.

5. In Cayley projective plane. After having worked on the symmetric spaces
of rank two, we turn to the case of Cayley projective space QP? in this section.

THEOREM 5.1. For N = QP?, there exists an equifocal hypersurface in N with
multiplicities (my1,ma), if and only if (m1,m2) = (7,15), g = 1; or (m1,ms) = (4,7),
g=2.

Recall again that Thorbergsson gave in [Th2] an equality for N = QP?,

g(m17m2) = 22.

As a consequence, g € {1,2,11}. If g = 1, then m; + mo = 22. Since m; < mg <15,
we get that m; > 7. On the other hand, by Proposition 2.1, we see that m; < 7, the
reason is that (cf. [BH])

Zq, for x=0,8,16;
0, otherwise.

H(QP?Zy) = {

Hence we may conclude the following

LEMMA 5.2. For N = QP2, if g = 1 then (m;,m2) = (7,15). O

When g = 2, the formula 2 (m; + ms) = 22 yields that m; + me = 11, thus the
pair (m1, m2) has to belong to the set

{(1,10),(2,9),(3,8),(4,7),(5,6)}.
LEMMA 5.3. For N = QP?, if g =2, then m; =4 or 5.
Proof. Suppose that m; < 4, then 8 < my < 10. It follows from the dimensional
reason that the Euler class e(2) vanishes, thus by the M-V sequence
H{(My;Z) =0 for0<i<6.
Since dim My = 15 — my < 7, H3(Mo; Zs) = 0. Furthermore

H8(My;Zy) = HB "™ 8(M1;Zy) = H'™™ (M;;Z2) =0
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by the Poincaré duality. Hence the M-V sequence gives that
oo > HY(M;Zg) — Ty — H8(My;Zs) & H(My; Zy)
— H8(M;Zs) = H'(M;Zs) — 0.

It is easy to see a contradiction, since H8(M;Zs) =0 for k=1o0r 2. O

LEMMA 5.4. For N = QP?, if g = 2 then m; # 5.

The proof is similar and straightforward.

LEMMA 5.5. For N = QP?, g has to be 1 or 2.

Proof. Suppose that g = 11, then m; = my = 1. It follows from the Gysin
sequence and the M-V sequences that e(k) = 0 and

HY(My;Zy) 2 Zy fori=0,1,...,6, k=1or2.
We investigate the value of ¢ given by the M-V sequence

0 H'(Mi;Z2) @ H'(Ma;Zs) > H'(M;Z)
2y H3(N;Zo) - HS(My;Zo) © HS(My;Zo) — HS(M;Zs) =0

I
Zs.

Case I, ¢ # 0. We have

Hs(M;Zz) §H7(M1;Z2)@ HS(MQ;ZQ)
H7(M;Z2) §H7(M1;Z2)EB H7(M2;Z2) @D Zo.

It is easily seen that
H'(M;Zo) = Zy and H¥(M;Zs) =0,

a contradiction to the Poincaré duality theorem.
Case II, ¢ = 0. We have

HS(M;Zz) (&) Z2 =~ HS(MI;Z2) @HS(MQ;ZQ),
H'(M;Z2) = H'(My; Zo) ® H' (M3; Zs).

It is easily seen that
HO(My;Zo) = Zy and H®(My;Zo) = Lo ® Zo,

a contradiction to the Poincaré duality theorem. 0

Proof of Theorem 5.1. The necessary condition can be proved by putting Lemma
5.2-5.5 together. In order to show the converse, we have to construct two equifocal
hypersurfaces in @QP2. Recall that Spin(9) C Fy is a symmetric subgroup and

(Sp(3) x Sp(1))/Z> C Fy

is another symmetric subgroup. The Cayley projective plane QP? is just the sym-
metric space Fy/Spin(9). Letting Spin(9) act on F,/Spin(9), we get an equifocal
hypersurface with multiplicities (m;,ms) = (7,15). More precisely,

M, = Spin(9)/ Spin(8) = S, M, = Spin(9)/Spin(9) = {pt}
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and M = Spin(9)/Spin(7) = S'5. Letting (Sp(3) x Sp(1)/Zs act on Fy/Spin(9),
we get an equifocal hypersurface with multiplicities (mq,m2) = (4,7); moreover,
M; = S and M, = HP?

The proof is complete. 0

REMARK 5.6. Dr. Fang [Fa] got some results similar to our theorem, but under
a very strong hypothesis that two focal submanifolds are all orientable.

PROPOSITION 5.7. Let M C QP? be an equifocal hypersurface with multiplicities
(m1,ms).

(I) If g = 2, then M, is homeomorphic to S'!;

(II) If g =1, then M is homeomorphic to S*° and M, is homeomorphzc to S8.

Proof. (1) Suppose that g = 2, then (my,m2) = (4,7) by Theorem 5.1. It follows
from Lemma 2.10 that M is simply connected for £k = 1 or 2. We can make use of
the M-V sequence and the Gysin sequences to get

" oy ) L, for x=0,11;
H*(My;Z)= {0, otherwise.

By using the Hurwicz isomorphism theorem and a theorem of Whitehead, we may
show that M) has the same homotopy type as the sphere S'!. It follows immediately
from the generalized Poincaré conjecture proved by Smale [Sm] that M; is homeo-
morphic to S!1.

The proof of (II) is analogous. O

CONJECTURE 5.8. Every equifocal hypersurface in QP? is homogeneous.
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