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GLUING FORMULAE FOR DONALDSON INVARIANTS FOR
CONNECTED SUMS ALONG SURFACES* '

VICENTE MUNOZ!

Abstract. Following our work in [18], we prove a gluing formula for the Donaldson invariants
of the connected sum of two four-manifolds along surfaces of the same genus g, self-intersection zero
and representing odd homology classes, solving a conjecture of Morgan and Szabé [14].

1. Introduction. This paper tries to answer the question of the behaviour of
the Donaldson invariants under connected sums along surfaces of arbitrary genus
g > 2 and self-intersection zero. The problem was first motivated by the computa-
tion of the basic classes of elliptic surfaces. The general elliptic surface with b+ > 1
and simply connected, is constructed by the process of connected sum along embed-
ded tori of self-intersection zero from elementary pieces (rational elliptic surfaces and
homotopy K3-surfaces). After establishing the appropriate gluing formula for the
behaviour of Donaldson invariants under the operation of connected sum along em-
bedded tori, the information of the basic classes for some particular examples gives
the basic classes of any such elliptic surface. This has been carried out by many
authors [13] [3] [17] [15] [19].

The following natural case is the connected sum along embedded surfaces of genus
g = 2. Morgan and Szabé [20] [14] treated the case when the self-intersection of one of
the surfaces is 1 (and the other —1). The author [18] [17] has solved the case in which
the surfaces have self-intersection zero and are odd in homology, giving a number of
nice applications. For this he used the Fukaya-Floer homology as developed in [1].

The case we are going to deal with in this paper is the connected sum along
embedded surfaces of higher (arbitrary) genus g, self-intersection zero and odd, giving
a positive answer to the conjectures in the literature [14, conjecture 7.2] [17, conjecture
5.27].

Let X be a smooth, compact, oriented four-manifold with b > 1 and b+ —b; odd.
For any w € H%(X;Z), D% will denote the corresponding Donaldson invariant [4] [12],
which is defined as a linear functional on A(X) = Sym*(Ho(X) ® H2(X))® A* H1(X)
(H«(X) will always denote homology with rational coefficients, and similarly for
H*(X)). Let € Ho(X) be the class of a point. Then Kronheimer and Mrowka [12]
define X to be of simple type (with respect to w) when D% ((z? — 4)z) = 0 for all
z € A(X), and in that case define

%(2) = DY((1+3)2),

for all z € Sym*H(X). The series D% (e'*), a € H2(X), is even or odd depending
on whether

do = dg(X,'w) = —"LU2 - g(l - b1 + b+)

is even or odd. When b; = 0 and bt > 1, X is of simple type with respect to some w
if and only if it is so with respect to any w. In such case, X is just called of simple

type.
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PROPOSITION 1 ([12]). Let X be a manifold of simple type with by = 0 and
bt > 1 and odd. Then we have

]D)}lé (ea) — eQ(oz)/2 Zaj,w eK’“a

K~~w+w2

for finitely many K; € H?*(X;Z) (called basic classes) and aj,, = (=1)~"7 aj,
where a; are rational numbers (the collection is empty when the invariants all vanish).
These classes are lifts to integral cohomology of we(X). Moreover, for any embedded
surface T < X of genus g and with £2 >0, one has 29 —2 > %2 + |K; - 3.

DEFINITION 2 ([18]). (w,X) is an allowable pair if w, L € H*(X;Z),w-L =1
(mod 2) and X% = 0. Then we define

Dg?}’z) — D% + DBU(-FE.

When bt = 1, the invariants depend on the metric through a structure of walls and
chambers [10] and therefore we have to specify the metric. Asw-X =1 (mod 2),
we have that ¥ is contained in the closure of a unique chamber of type (w,py) for
every p1 < 0, p1 = w? (mod 4). So, in the case that the invariants only depend
on the metric through the period point (for instance, simply-connected manifolds [11]
and ¥ x CP, with & a Riemann surface, which are all the cases we need for our
arquments), we shall consider the invariants referring to the chambers defined by .
The series Dg}”’z) (e!*), a € Hz(X), is even or odd according to whether dp is

even or odd. Since (w+X)? =w?+2 (mod 4), we can recover D% and D% from

D).

PROPOSITION 3 ([18]). Suppose X is a manifold of simple type with by = 0 and
b* > 1 and odd. Write the Donaldson series as D% (e®) = e®(®/2 3" q; ,, eKi"®. Then
setting do = do (X, w) = —w? — 3(1 + b%) we have

Dg;u,E) (e%) = eQ(@)/2 Z aj,wera + e~ Q@)/2 Z i_d°aj,wein'a
K;£=2 (mod 4) K;£=0 (mod 4)

So giving DY is equivalent to giving Dg;"’z),
REMARK 4. Under the conditions of proposition 3, we can prove in a similar
fashion that

Dg}”’z) (ze*) =292 Z aj,wer'a —2e Q)2 Z i‘d°aj,wein'°’
K;-X=2 (mod 4) K;- =0 (mod 4)

and using that D" (22 e2+%) = 3 ﬁDgf”E)(sza e®), one has

D%”’E)(sz“ e®) = Q)2 Z ;2% ((a+ Kj) - D) efie ¢
K; =2 (mod 4)
+e @2 N =g, (=2)* (—a + i K;) - T) e
K;-£=0 (mod 4)

DEFINITION 5 (compare [18]). We say that (X,X) is permissible if X is a
smooth compact oriented four-manifold and ¥ — X is an embedded Riemann surface
of genus g > 2 and self-intersection zero such that [Z] € Ho(X;Z) is odd (its reduction
modulo 2 is non-zero, or equivalently, it is an odd multiple of a primitive homology
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class). So we can consider w € H*(X;Z) with w-X =1 (mod 2). Then (w,X)
is an allowable pair (we consider ¥ € H?(X;Z) through Poincaré duality). This
implies that bt > 0. Let Ny = A = X x D? be a tubular neighbourhood of ¥ and set
X° =X —int(Ng). Then 8X° =Y = £ x S! (but the isomorphism is not canonical).
We consider one such isomorphism fized and (when necessary) we furnish X° with a
cylindrical end, i.e. we consider X2, = X°U (Y x [0, 00)).

We call identification for Y = ¥ x S! any (orientation preserving) bundle au-
tomorphism ¢ : ¥ 5 Y. Up to isotopy, ¢ depends only on the isotopy class of the
induced diffeomorphism on ¥ and on an element of H!(Z;Z).

DEFINITION 6 ([18]). Let (X1,%1) and (X2,X2) be permissible, with £, and
Yo of the same genus g. We pick orientations so that 0X{ = —0X§ =Y (minus
means reversed orientation). Then X = X(¢) = X? Uy X3 = Xq1#xsX2 is called the
connected sum along ¥ of (X;,%;) and (X3,%3) (with identification ¢). It is a
compact, naturally oriented, smooth four-manifold with an embedding Y — X such
that X —Y = (X{)ee U (X§)ee C X1 U X>.

The induced homology classes [£;] and [E2] coincide and are induced by an em-
bedded ¥ < X. Then (X, ) is permissible. Choose w; € H?(X;;Z), i = 1,2, and
w € H*(X;Z)such that w;-$; =1 (mod 2),w-X =1 (mod 2), in a compatible way
(i-e. the restricition of w to X? C X coincides with the restriction of w; to X? C Xj).
We have w? = w? + w? (mod 2). Changing w by w + ¥ if necessary, we can always
suppose w? = w? + w? (mod 4). In general, we shall call w all of them, not making
explicit to which manifold they refer. Note also that if b;(X;) = b1(X2) = 0 then
b1(X) =0 and b+ (X) > 1.

REMARK 7. There is a case when there is a preferred identification. Suppose
X1 and X, are complex surfaces, ¥ is a complex curve of genus g and there are
holomorphic embeddings ¥ — X;, with image ¥;, ¢ = 1,2, such that [Z;] is odd
and has self-intersection zero. Then the holomorphic normal bundle to ¥; gives a
preferred isomorphism 0Ny, = ¥; x S! 2 ¥ x S!, and hence a preferred identification
0XP = —0XS.

REMARK 8. Let X; and X, be as in definition 6 and X = X;#xX>. Then
homology orientations for X; and X2 induce canonically a homology orientation for
X. To see this, define H?,F(Xf) to be a maximal definite positive subspace for the
intersection pairing of X? restricted to the image of H»(X?) — Hy(X?,0X?) =
H?(X?). Then it is easy to see that the exact sequence for the pair (X;, X?) and the
Mayer-Vietoris sequence for X = X? U X3 yield the following exact sequences

0 — H'(X;) = HY(X?) » H*(A,04) - H2(X;) » HX(X?) =0

0— HY(X) » HY (X)) ® H'(X3) - HY(Y) —» H2(X) - H2(X{) ® H2(X3) = 0,

where A = ¥ x D? as before. We fix an orientation of H!(Y") (it does not change when
we reverse the orientation of V). So homology orientations for X; and X, induce a
homology orientation for X.

Let H = {D € Hy(X)/D|y = k[S'] € H1(Y), some k € Q}. This subspace of
H(X) contains the image of H2(X?)®H2(X3). Forevery D € H, choose D; € Hy(X;)
agreeing with D (i.e. Di|xs = D|xs, i = 1,2) and with D? = D} + D%. Moreover, we
can suppose that the map D + (D;, D) is linear. Actually, once chosen one of such
maps, any other is of the form D — (D; + rX, Dy — rX), for a (rational) number r.
Let us state now our main result.
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THEOREM 9. Suppose (X1,%;1) and (X2,X2) are permissible with £; and X of
the same genus g > 2. Suppose also that X1, Xo have both by = 0 and b+ > 1 and
are of simple type. Let

DY, (e*) = eQ(@)/2 Z aj,wer'o‘
and
ID)%z (e*) = e@(@)/2 Z bk,weLk'a.

Choose any identification ¢ and let X = X (@) = X1#sX> be the connected sum along
3, with the induded homology orientation. Suppose finally that X is of simple type.
Letw € H*(X;Z),w; € H*(X;;7Z),i = 1,2, in a compatible way, such that w;-X; = 1
(mod 2), w-X =1 (mod2) and w? = w? + w2 (mod 4). For every D € H, we
choose D; € H2(X;) agreeing with D and satisfying D> = D% + D2 in such a way that
the map D — (D1, Ds) is linear. Then

DY (etP) = eQ(tD)/z( Z _279—9aj wbp o 5 D1+ LeD2+25-D)t |
K;-S=Lj-5=2g—2

1) + ) (=1)92797 % by e PR D22 DN
K;-X=L-2=—(2g—-2)
REMARK 10. If we do not assume w? = w? +w2 (mod 4), we get an extra factor
€ = (=1)le~Dw*~wi-w))/2 in front of formula (1).
REMARK 11. The reason for the sign is easy to work out. First, w? = w? + w3
(mod 2). Also,

—g(l—bl(X)+b+(X)) - —g(l—bl(X1)+b+(X1))—g(l—bl(X2)+b+(X2))-—3(g—1).
Therefore, do(X,w) = do(X1,w) + do(X2,w) + g—1 (mod 2). Now the sign comes
from the fact that the coefficient for the basic class —& is (—1)%c,, being c,. the
coefficient for the basic class .

REMARK 12. If we are in the conditions of theorem 9, but g = 1, we get a slightly
different answer [17, chapter 4] [14]. For all basic classes, it is K; - X = Ly - ¥ = 0,
and

DY (D) = £RD)/2( Z _%aj’wbk’w (K3 D1+Ly-Da+25-D)t |
K;,L

+ > L bt o5 DI L D2 =2E D)t > L b K5 DD D))
£ ’ 2 £ ]
K;,Ly 4 K;,Ly

COROLLARY 13. Suppose we are in the conditions of theorem 9. Write Dx (e*) =
eQ@/2 5 ¢ e Dy, (e) = e(@/2 S a;eKi*® and Dy, (e) = eR()/2 5 brelx for
the Donaldson series for X, X1 and Xs, respectively. Then given any pair (K,L) €
H?(X{;Z)® H?(X$;Z), we have

o= (12970 Y ay) (Y] be)

{x/klxg=K, k|xg=L} Kj|lxg=K Lk|lxg=L
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whenever K|y = L|ly = £(2g — 2)P.D.[SY]. Otherwise, the left hand side is zero.
Proof. Allowing D to vary in H, formula (1) gives

Z Crwe WDt = Z —(£1)9712797% a; b o(Ki-D1+Li-D2 %28 D)t

{n/nle:K,rchg:L} Kjlxo=K

Lklxg =L

(2)
We cannot have more precise information on k as we cannot evaluate D% on all
D € Hy(X). Now take w = P.D.[D] € H*(X;Z), w; = P.D.[D4] € H*(X;;Z) and
wy = P.D.[Dy] € H*(X2;Z) with w? = w? + w? and w- ¥ = 1. Substitute t = 7i/2
in (2) and multiply by (—=1)¥*/2 = (=1)¥i/2 (=1)¥3/2, o get the sought expression. 0

REMARK 14. In theorem 9 we cannot hope for having a similar formula for classes
D such that D|y is not a multiple of [S'] in H;(Y). This is due to the fact that we
cannot find D; € Ha(X;) agreeing with D (i.e. D;|xs = D|xe, for i = 1,2). We
would need to relate the invariant D% (e!P) with invariants of the form Dy (etP?), for

suitable manifolds X; containing X7, D; € Hz(Xi), such that D;|xe = D|xe. This
was done in [18, theorem 10] for the case g = 2 (see also conjecture in section 5).

This limitation prevents us from having more general results. For example, we
do not know whether (under the conditions of theorem 9) there are basic classes & for
X = X3 #x X5 such that |« - X| < 2g — 2 or not (compare [18, corollary 11]).

In some cases, theorem 9 is all that we need to find explicitly the basic classes for
X. This is due to the fact that there is a subspace V' C Hs(X) where all the basic
classes vanish, such that Hy(X) = H & V. In [14, definition 4.1], Morgan and Szabd
define admissible identification, which is a condition which implies that X = X;#5X>
is of simple type and such V exists.

COROLLARY 15. Suppose there ezists a subspace V' C Ho(X) where all the basic
classes vanish such that Ho(X) = H ®© V. Then there are no basic classes k for X
such that |k -X| < 29— 2. The basic classes for X are indezed by pairs of basic classes
(K, Lj) for X1 and X, respectively, such that K; - X =L; - X = +(2g — 2).

REMARK 16. Corollary 13 agrees with the results of the kind for the Seiberg-
Witten invariants [17, section 7.3]. Morgan, Szabd and Taubes [16] have proved
the analogous result to corollary 13 for the Seiberg-Witten basic classes (not the part
corresponding to basic classes k for X with |k-X| < 2g—2). Both results are equivalent
supposing true the conjecture of Witten [22] about the relationship of Donaldson and
Seiberg-Witten invariants.

Our last result is

THEOREM 17. Let S = ¥ x CP!, w = P.D.[CP!] € H%(S;Z). Suppose that S is
of finite type of order n > 1 with respect to w and w+ X for the metrics defined by &
(i-e. D(Sw’z)((:l:2 —4)"2) =0, for all z € A(S)). Then for any (X,X) permissible, X
is of finite type of order at most n with respect to any w € H?(X;Z) withw - X = 1
(mod 2) (and for metrics defined by T, in the case b+ =1).

2. Gluing theory. Now we are going to develop the gluing theory necessary to
prove theorem 9. The set up is as follows, X = X7 Uy X3, where 0X{ = -0XJ =Y,
an oriented three-manifold (later Y = ¥xS!), w € H*(X;Z),w; = w|x, € H*(X?; Z),
and D € H,(X) a homology class. So D|y € H;(Y). We want to evaluate D% (D?),
the invariant being linear, we may multiply D by any non-zero rational number, and
hence suppose that D]y is either zero or primitive in H;(Y;Z). Now we represent D
by acycle D C X and put D = DNX?, which we shall write formally as D = D¢+ D3,
Dy C X?. We can suppose 0Dy = —0D3 = v, with ¥y CY an embedded curve in Y,
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so when we give X{ a cylindrical end, we have D N (Y x [0,00)) = v x [0,00) (and
analogously for X3).
ProposITION 18 ([2] [1] [17]). Suppose w|y odd. Then we have one of the
following cases:
e Dly = 0 in Hi(Y;Z). Represent D by a cycle so D = D{ + D3, D? C
X?, 0D = 0D§ = (. Consider the Floer homology groups [2] HF,(Y)
(graded mod 4). Then (X2,D?) define relative invariants ¢** (X7, etPt) €
HE.(Y) ® Q[[t]], ¢¥2(X3,e'P2) € HF.(-Y) ® Q[[t]]. There is a natural
pairing HF.(Y) @ HF,(-Y) = Q, such that

3) DY (efP) =< v (X7, 'P1), 62 (X5, 'P%) >

o D|y # 0. Substitute D by a rational multiple if necessary so that D]y €
H,(Y;Z) is a primitive element in H1(Y;Z). Represent D by a cycle so
D =D$+D3, D} C X?2,0D{ = —0D§ = v, withy CY an embedded curve in
Y. Consider the Fukaya-Floer homology groups [1] HFF.(Y,v) (graded mod
4). Then (X?,D¢) define relative invariants ¢¥* (X7, etP7) € HFF,(Y,7),
¢ (X3, etP2) € HFF,(=Y,—7). There is a natural pairing HFF,(Y,7) ®
HFPF,(-Y,—v) = Q[[t]], such that

(4) D (eP) =< ¢ (X7, e'PT), 62 (X3, eP%) > .

When bt = 1, the invariants are calculated for a long neck, i.e. we refer to the
invariants defined by X.
Proof.
e As explained in [2], the Floer homology groups HF,(Y) are well-defined
since w|y is odd (this rules out problems with flat reducible connections on
Y). Also, there are invariants ¢¥*(X?, (D${)™) € HF.(Y), ¢*2(Xg,(D3)™) €
HF,(-Y) such that

DEE(D)™(DY™) =< ¢ (X{, (DY)™), 672 (X3, (DI)™) > .
Now we write
° tm
¢ (X, e P0) = 3 6™ (X, (D)),

from where the statement of the theorem.

e Analogously, in [1] the Fukaya-Floer homology groups HF F,(Y,~) are defined
when w|y is odd. Associated to (X7, D?), there are invariants ¢** (X?, DY) €
HFF,(Y,v) and ¢¥2(X$, D) € HFF,(-Y, —v), where ¢**(X?, D?) is repre-
sented by a Fukaya-Floer chain (¢** (X7, (D$)"))n>0, where ¢*1 (X7, (D$)")
€ HF,(Y) (and analogously for (X2, D3)), such that

w, T T [ n [ T—n
DD = Y (n) < ¢ (X7, (D)), 6 (X5, (D" ™) > .
0<n<r
So we write formally

o tn
o (X7 e PT) = ) S (X, (D))

for the given Fukaya-Floer homology class. O
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Now we particularize to the case which concerns us, Y = £ x S'. Conjugation in
the second factor produces an isomorphism Y = (-Y) (also (Y,v) = (=Y, —7)). As
explained in [1] [17], HFF,(Y,7) is the limit of a spectral sequence whose Ej3-term is
HF.(Y)® H.(CP*) (here H,(CP*) means the natural completion of H,(CP*), i.e.
Q[[t]], t of degree 2), with differencital d3 given by

[,L("}’) : HFz(Y) & HJ((C]POO) — HFi_g(Y) ® Hj.;_z((C]Poo).

Let v = pt x S! € £ x S!. Now all the differentials in the E3 term of the
spectral sequence are of the form (see Proposition 20) Hogq(M23Y) — Heyen(M23)
and Heven(M299) — Hoqa(M239). The boundary cycle v = S! is invariant under
the action of the group Diff(£) on Y = ¥ x S!, so the differentials commute with
the action of Diff(¥). As there are elements p € Diff(¥) acting as —1 on H'(Z),
we have that p acts as —1 on Hoqq(M299) and as 1 on Heyen(M299). Therefore the
differentials are zero and the spectral sequence degenerates in the third term. This
implies that HFF.(Y,v) = HF.(Y) ® H*(CP*) = V[[t]], where V = HF.(Y). Now
the relative invariants for (X7, D{) can be written as

#1 (X7, 6P1) = 37 T (X5, (D)) € VI[H]

where ¢V (X?,(D$)™) € HF.(Y) has perfect meaning. Under the isomorphism
HFF, = HFF.(Y,v) = V|[[t]], HFF, becomes a Q[[t]]-module and HFF,@ HFF, —
Q[[t]] is Q[[t]]-bilinear.

COROLLARY 19.

1. There is a (rational) vector space V = HF,(Y) endowed with a bilinear form
such that for every permissible (X,X), w € H?(X°;Z) with w|y an odd mul-
tiple of P.D.[S'], and cycle D° C X° with 0D° = 0, we have ¢¥(X°,etP°) €
VI[t]]. For X = X{ Uy X3, D = D{ + D3, 0D¢ = 0D§ = 0, we have

D (etP) =< ¢ (X7, e'PF), 2 (X3, €PF) > .

2. There is a canonical isomorphism HFF,(Y,S') = V([[t]], such that for every
permissible (X,X), w € H%(X°Z) with w|ly an odd multiple of P.D.[SY],
and cycle D° C X° with 0D° = S!, we have ¢*(X°,etP°) € V[[t]]. For
X = X? Uy X3, D = D¢ + D3, dD¢ = —9D3 = S', we have

DY (eP) =< 61 (X7, 'P), 6 (X3, ') >

PROPOSITION 20. Let M3 be the moduli space of odd degree rank two stable
vector bundles on X, which is a smooth variety [9]. Then there is an isomorphism

HF,(Y) = H.(M3™)

as vector spaces (we are using rational coefficients), where we reduce the grading of
H, (M) modulo 4.

Proof. Dostoglou and Salamon [5] prove HF,(Z x S!) = HFYP(M24). 1t is
the particular case where we consider ¢ = id : ¥ — X, in which the mapping torus
of ¢ is ¥ x S'. As explained in the introduction of [5], the symplectic manifold M2dd
is connected, simply connected and mo(M2d) = Z, so the groups HFY™P(Mgdd)
are well-defined. Now HFY™P(Mgdd) = H,(MR49) is a standard result obtained by
Floer himself [7] for proving the Arnold conjecture. O
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There is a map
i Ho(S) = H7F (M)

given by pu(e) = —1p1(V)/4, where V — X x M2 is the associated universal SO(3)-
bundle, p; (V) € H*(Xx M249) its first Pontrjagin class. Fix a basis {;} of H;(X). Let
a = u(2), b= pu(z), ¢ = p(7y;). These elements generate H*(M249) as a ring [9] [21].
So there is a basis for V = H*(M2¢) with elements of the form

fa=a"b"ciy ey, €V,

for a finite set of indices of the form a = (n,m;i1,...,i,), n,m >0,7>0,1 <14 <
- < ip < 2g. Let N = dimV. We order the set of indices {a} so we identify such
set with {1,..., N} and write 1 < a < N in general.
Let I be the ideal of H*(M2d4) generated by cy, .. .,cay. Then the elements a™b™,
0 < n,m < g, generate the quotient H*(M24%)/I (see [9]). So we can suppose these
elements are the first g> elements in the basis {f,}, i.e. for 1 < a < g%.
The intersection pairing in H*(Mg34) is given by

(5) < fa; fg >= <focufﬁv[ Odd]>'

Therefore the intersection matrix (< fa, fg >) is invertible.

Here we recall that we have defined the manifold A = ¥ x D2, with boundary
Y = ¥ xS, and let A = pt x D? C A be the horizontal slice with A = S'. Put
w = P.D.[A] € H}(A4;Z). Put A(Z) = Sym*(Ho(Z) ® H2(X)) ® A* Hi(Z), so there
is a natural map A(X) — A(X), whenever & — X. Then we define

2o = ™2™y, - i, € AT,
ea = 0¥ (4, 24e!) € HFF,(Y,SY) = V[[t]).

LEMMA 21. The intersection matric (< eq,eg >) (with coefficients in Q[[t]]) s
invertible. Therefore, {eq} is a basis for HFF,.(Y) = V([[t]].

Proof. As the elements f, € H*(M2d) have an integer degree between 0 and
6g—6 = dim M99, we can reorder the basis {f } such that the degree goes increasing
(we use this spema,l ordering only in this lemma). Now zq = X"z™7y;, -7, 28 =
E"/xm/’yi/l e, and

1
< eq,ep >=< ¢V(A, 24€t2), ¢V (4, 2pet?) >= Dg‘;wl (zazpe!®),

where w = P.D.[CP'] € H?(X x CP!;Z). The matrix (< e4,es >) has coefficients in
Q[[t]], so it is invertible if and only if its determinant is a unit in Q[[¢]], i.e. when we
put ¢ = 0 we obtain an invertible matrix with rational coefficients. Now

< €q,€g > lt=0 = sz@;)»l (Zazﬁ)

The lowest dimension of the moduli spaces of anti-self-dual connections for £ x CP!
is 69 — 6, so if deg z, + deg zg < 69 — 6 then < ey, e3 > |1=0 = 0. The moduli space of
dimension 6g — 6 corresponds to p; = 0 and w = P.D.[CP']. All of these connections
are flat and irreducible, actually pull-back of flat connections on ¥ with wls odd, so
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the corresponding moduli space is isomorphic to M24¢. Thus if deg 2, +deg zg = 6g—6
then < eq,eg > |t=0 =< fa, f3 >. The matrix (< fa, f3 >) is of the form

0 0 - 0 A
0 0 -+ 4 0
Agg_g 0 - 0 0

where A; are submatrices corresponding to the intersection product
Hi(Mgdd) ® Hﬁg—G-—i(Mgdd) - Q

So all A; have non-vanishing determinant det A; € Q. Finally, we have that the
matrix (< eq,eg > |i=0) is

0 0 0 A
0 0 A
AGg—G * * *

and it is invertible. O

3. Proof of Theorem 9. By the above lemma, {e,} is a basis of V[[t]], so there
is an isomorphism

V[t — Q1]

R (< b, e >)a-

The important feature is that if (X;,¥;) is permissible, w € H?(X1;Z) withw-X =1
(mod 2), D C X{ with D¢ = S!, D; = D{ + A, then ¢ = ¢¥(X?,etP7) goes to
(cx1,a(t))1<a<n € QV([t]], where

cx, o(t) = Dg}”l’z) (zoetP1).

The pairing in V[[t]] corresponds through the isomorphism to a pairing in Q" [[t]],
which is Q[[t]]-bilinear, hence given by a matrix of Q[[t]}-coefficients (Ma3(t))1<a,8<N-
This matrix is universal (only dependent on the data necessary for the construction
of the Fukaya-Floer groups, i.e. (Y,«), and on the chosen basis).

Now if (X1,%;) and (X2, %) are permissible, let X = X(¢) = X;#5X> (with
an identification @) be the connected sum along ¥, with the induded homology ori-
entation. Let D € Hy(X) with D = D{ + D3, D¢ = —8D3 = S*. Put D; = DY + A.
Then (here cx; a(t) = D™ (za€'P1), cx,,0(t) = D™ (25€tP2)),

() DY () =< ¢*(X7,PT), 6" (X3,ePE) >= Y~ exyal) Map(t)exa,(t)
1<e,f<N

Now suppose that X; has by = 0. Then cx, o(t) = 0 whenever 7 > 0 (recall
a = (n,m;iy,...,i,)). So the only non-zero coordinates correspond to z4 = X"z™,
0 < m,m < g—1. Suppose furthermore X; of simple type with b; = 0 and bt > 1,
sofor z= (22 —4)T"z™ 2, 0<n<g—-1,2<m<g~1, D%’E)(zewl) =0, hence
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changing the basis {24}, all coordinates cx, (t) are zero except for the first 2g of
them, corresponding to z, = ¥™ and 2, = ¥"z,0<n<g—-1.

LEMMA 22. Let (X1,X;) be permissible, with 31 of genus g, X1 of simple type
with by = 0 and bt > 1, (w,X) allowable and Dy € Hs(X,) with D; - £ = 1. Then
DS}"I’S) (etP12) =0 for

— { 1=5E+O(S+1? +2)(B+1)* +8) - (E+1)° + (29— 4)%) g even
LA+ DE -2 -2)(Z -1 -6%) - (T -1)* - (29— 4)?) g odd

Proof. Suppose, for instance, g even. By remark 4, for any polynomial p(¥) in ¥
(with coefficients in Q[[t]]),

Dg;ul,z)((l _ g)p(z)etDl) — 26—Q(tD1)/2 Z i_d°p((—-tD1 +’iK]') . E)aj,weitKj'Dl.
K;£=0 (mod 4)

Now D;-X = 1, so the expression above vanishes when p(X) has roots —t, ~t+4z,...—
t+ (29 —4)i. O

Note that z = (14 £)p(X) with p of degree g — 1. Let us choose a basis {z,} with
21,...%2g—1 being the elements

1,%,%2,...,%97 ¢ %z, ..., 29 2,
z2g = z, alSO 22g41,...,2,2 being the elements (2> —4)E"z™ 2, 0 < n < g—1,
2<m<g—1andeg,,...,ex having all 7 > 0. So, when X; is of simple type with
by =0and b* > 1,

¢v (X7,etP1) e @ [[¢]] c V],

where Q?971[[t]] is the orthogonal complement to < ey, ...,ex > in V[[t]].
Formula (6) reduces to (when both X; are of simple type with b; = 0 and b* > 1)

(7) D‘(waz)(etD) = Z ch,&(t)Maﬂ(t)sz"@(t)’
150‘yﬁs2g—1
where
w,E " ! i — o) —
ex. alt) = DE’QE)(E etD1) f0<n<g—-1a=(n0)=n+1
1, D;"l» )(EnxetDl) if0<n<g-2a=Mm1)=n+g+1

( eQ(tDl)/Z Z aij(l+Kj ,E)netKJ--D1+
K;-£=2 (mod 4)
+e~QEDV/2 S~ j=dog,  (—1+i K- Z)neti Ki-Dr
) K;-¥=0 (mod 4)
T 2eQP)/2 7 ajw(l+ Kj - Z)retki-Di
K;-£=2 (mod 4)
—2e~Q1D1)/2 3™ j=dog,  (~1 +i K - X)"etiKi D1
K;-X=0 (mod 4)

\

and analogously for cx, g(t).
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So it is easy to find another basis {21, ..., z24—1 } (Which we do not write explicitly)
spanning Q?9~! such that
eQtDV/2 S g et Dy if p is odd
c (t) _ Kj~2=2p
Xu,all) =) g-Q(tD1)/2 S ideq et Ki D if p is even
K;-X=2p

where a = 1,...,2g — 1 corresponds to p = g — 1,—(9 — 1),9 — 2,— (9 — 2),...,0.
Formula (7) yields

®) DY P(eP)= Y exal®Map(t)ex, o(t)
1<a,8<2g9-1

with ¢x, (t) defined analogously to cx, «(t), with the letter ¢ in the place of p.
LEMMA 23. The matriz (M,p(t)) is diagonal.
Proof. First we note that

DggJ,E) (etD-l-sE) — Z X (t)ets+2ps + Z cx,a(t)e‘ts+2”is.
p odd p even

We use equation (8) for D + £X, D; + ${% and D3, so

2
DY PPy = Y ex, a(t) Mag(t)ex, (t)e P
15&,/3%39—1
P o

+ Z ch704(t)Maﬁ(t)ch,ﬂ(t)e—t8+2pis.

1<a,8<2g9-1
p odd

Then

9) cx,a(t) = Z cxy,0(t)Map(t)ex, 5(t)-
8

Let us see that M,g(t) = 0 unless 3 = a. Suppose, for instance, that p is odd. If we
write now D = (D$ + rX) + (D§ — rX), the left hand side of (9) remains unchanged,
but the right hand side is a sum of exponentials e(??=297" ¢ odd, and e(2P—299)7 ¢
even. So when ¢ # p, it is M,p(t) =0. 0

Formula (8) gives

Dg:’v,E) (etD) — Z eQ(tD‘)/2+Q(tD2)/2Maa(t)aj,wbk,wetK"'D1+tL’°'D2 +
K;-X=L)-X=2p, p odd
+ z {e—Q(tDl)/2—Q(tD2)/2Maa (¢)i~do(X1,w) =do(Xa,wa)

K;-X=Ly-X=2p, p even

@ by wetiK"’D’J“”L"'Dz} .

Obviously D? = D? + D2. We are assuming that X is of simple type and recall
that b;(X) =0 and b"(X) > 1. By remark 11, do(X,w) — do(X1,w1) — do(X2,ws) =
w? —w? —wi—-3(g—1) =g—1 (mod4) (since we are assuming w? = w? + w3

(mod 4)), so

D () = eBCP> 37 i Maa(t)ajwbs wet 5 D1+ P2

Kj-S=Lj -E=2p
—(g-1)<p<g-1
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where s = 0 when p is odd and s = g — 1 when p is even. As g is not dependent on
the particular manifolds, we absorb this factor into the matrix without affecting its
universality.

This expression is valid for any D € Hy(X) such that Dy = S!. We note
that it does not change if we change (D1, D2) for (D; + rX, Dy — rX), as expected.
This means that we only need to assume the conditions: D and D; coincide in X7,
i=1,2,and D? = D? 4+ D2. Now take a linear map D ~ (D1, D) from the subspace
M = {D € Hy(X)/D|y = k[S], some k}, satisfying the former conditions. As the
set of D € Hy(X) with D]y a non-zero multiple of S! is dense in H, we have that for
any D € H,

(10) ID)% (etD) — eQ(tD)/2 Z Maa (t(D A E))aj,wbk,wetKj -D1+tLy-Do
K;-£=L;-5=2p

LEMMA 24. My, (t) =0, ezcept for o = 1,2.

Proof. Let Y be the K3 surface, which is a manifold of simple type with b, =0
and bt > 1 (see [12]). Consider a tight embedded Riemann surface ' < Y of genus
g' < g and self-intersection zero. By definition of tightness (see [12]), (¥')? = 2¢' — 2.
To construct it, we consider an elliptic fibration for the K3 surface. Let T be a generic
fibre (which is a torus of self-intersection zero) and let S be a section represented by
a sphere of self-intersection —2. Then consider S together with ¢’ generic fibres and
smooth out the intersection points. Call the resulting Riemann surface ¥'. It is
homologous to S + ¢'T, it has genus g’ and self-intersection 2g’ — 2, as required.

We blow-up Y at 2¢g’ — 2 points in &', to get X; = Y#(2¢' — 2)@2. The proper
transform of ¥’ is a Riemann surface of genus ¢’ and self-intersection zero. Perform
an internal connected sum with g — ¢’ homologically trivial tori to obtain a Riemann
surface ¥ of genus g and self-intersection zero. If Ey, ..., Eay o are the exceptional
divisors, ¥; is homologous to X' + Ey + -+ - + Epg/ .

Moreover, the basic classes of X are £F; +- - -+ Eyy 5. They all satisfy x-X; <
2¢' — 2 and there is exactly one, K = E; + --- 4+ Eyy_», satisfying the equality.

Let (X3,%3) = (X1,%1), and consider X = X;#5X, with the preferred iden-
tification of remark 7 (double of X; along £;). Then X splits off a S? x §2, so its
invariants are zero (see [16, section 4.3] for this well-known phenomenon). As in the
proof of lemma 23, cx,o(t) = cx,,a(t)Maa(t)cx,,a(t). We proceed by induction from
g =1,2,...,9—1and get Myo(t) =0, for a > 3.0

Formula (10) becomes

D% (¢'P) = e2D/2 37 My (KD - ) beuwes P HE P2
Kj- XY=L -X=2g—-2

(11) +eQUD/2 N Moy (#(D - B))aj wbj et Ki DDz
K;-X=L-L=—(2g9—-2)

Now let us compute M (¢) and Ma2(t). We can do that with a particular example
of connected sum along a surface of genus g in which the invariants are known for X;,
X2 and X = Xl#}:Xg.
DEFINITION 25. We are going to define the following smooth manifolds:
e Let S, be the minimal elliptic surface with no multiple fibres and geometric
genus pg = n — 1. This is unique up to diffeomorphism [8]. Sy is the rational

elliptic surface, i.e. S; = C]P2#9(C_IP’2.
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o Let S, be the blow-up of Sy at one point. Therefore, S = (C]P2#10@2. Con-
sider a particular elliptic fibration for Si with section o (of self-intersection
—1) and fibre F. Call E the exceptional divisor, so S, has an elliptic fi-
bration with fibre the torus Ty = F and there is another embedded torus T
homologous to 0 + Ty — E with T =0 and Ty, - T = 1.

o Let By = gl#Tlgl#Tl s 514 (connected sums along Ty ’s with the pre-

g
ferred identification), which is diffeomorphic to Sg#gWQ. It contains an
embedded torus Ty of self-intersection zero and a Riemann surface of genus g
(and self-intersection zero) made up by gluing smoothly the To’s coming from
each Si. Actually, the elliptic surface Sy has a section o, with 03 = —g, and
Y, can be taken to be the proper transform of o4. Clearly, ¥, -Th =1, so
(By,Z,) is permissible. By is of simple type with by =0, bt > 1 (as g > 2).

o Let Cy = By#sx,B, with the preferred identification. It contains a Riemann
surface I of genus 2 and self-intersection zero made up from gluing smoothly
the Ty ’s. If we perform instead the connected sum of two Sy along Ts, we get
BQ = S'l#ngl with an embedded Riemann surface 22 of genus 2 and self-
intersection zero, coming from smoothly gluing the T1’s. Clearly (BQ,fJg) =
(Bs,X3). Now

Co = Bo#s, By = Bohs, - #s, B>

9

By [18, theorem 10], Cy4 is of simple type with by = 0 and bt > 1. Al
ternatively, we can use [12], since it contains a torus of self-intersection 0
intersecting an embedded (—2)-sphere transversely in one point (see proposi-
tion 27).

PRrOPOSITION 26. Consider (By,X,). Let Kp, be the canonical class of By, and
w =P.D.[T1] € H*(By;Z). Then Dy _(e*) = srire@/2efms 1 eQ/2e7 KB .
where the dots correspond to basic classes k for By with |k - X4| < 2g — 2.

Proof. Write By as Sy# g@z. Let F be the fibre of the natural elliptic fibration
(i.e. F =Ti). Let Ei,...,E, be the exceptional divisors. Then the basic classes
are kF+ By + Ey--- £ Ej, with —(9 —2) <k<(g—-2)and k=g—2 (mod2)
(see [12] [6]). So the only basic class k with k- £, = 2g — 2 is the canonical class
Kp,=(9—2)F +E| + Ez+---+ E,. Therefore [12] [6] [17]

Dp, (e*)

¢?/?(sinh F)9~2sinh E, - - -sinh E,

1
= et e

Now we note from proposition 1 that for w = T7, m)gg = Dg,, since w - £ = 0 for all
basic classes k&, hence the result. O A
PROPOSITION 27. Cy is of simple type. For w = P.D.[¥2] € H?(Cy;Z),

Dg (60‘) — _23g—56Q(a)/26ch~a + (_1)g23g—56Q(a)/26ch-a
g I

for a unique basic class K = K¢, € H?(Cy;Z), such that K-3,=2, K-X, =2¢g-2.
Proof. By propositon 26 and proposition 3,

3 1 .. 1 —K. -
D‘(Bq;z’22)(ea) — ZeQ(a)/zeKﬂz o + ZeQ(o‘)/2e KBg o _|_ “e
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where the dots correspond to basic classes & with & - £5 = 0. Now we express C, =
Bo#s, -+ #5,B2 and use [18, theorem 6],

9
(Z0,52) 1\’ 1\?
Dg " (e*) = (-32)97" (Z) eQ(‘f)ﬂeKCg‘”‘ + 3291 (Z) eQ(@/2gKeya -

= (_1)g—123g—5eQ(a)/2ech~a + 239—56Q(a)/2echn,

where K = K¢, € H 2(Cy;Z) is defined as the unique cohomology class such that

e K- 22 =2

e K-%,=29-2

e Writing Cy = Cg_; Uy Bg", one has K - (a1 + a2) = K¢,_, - a1 + Kg, - a2,
where a1 € Ha(Cg_;) and a2 € H,(BY).

o Write BS = (S1 — (N U NTz)) UY—erﬂaer (Sl - (]VT1 U Nt,)). For any
¥ C X C ¥ x S' = 8Ny, disjoint from Nr,, we consider the vanishing discs
for Sy with elliptic fibration with fibre 77 (see [8, page 167]). These can be
considered disjoint from Nr,, so they are embedded (—1)-discs in BQ" with
boundary included in 8B. In the same vein we find many embedded (—1)-
discs in Cy_;, so, in the terminology of [14], the preferred identification for
Cy = Cy_; Uy By is admissible. By remark 14, in the first place C, is of
simple type. In the second place, there is a subspace V' C Hy(X) such that
H)X)=HoVand K-a=0,forallacV.

For w = P.D.[35], using proposition 3 again,

Dgz (ea) — _23g—56Q(a)/2ech-a + (_1)g23g—56Q(a)/2ech-a ]
9

Finally, we can find Mll(t) and M22(t). Let (Xl,ZJl) = (Xg,Ez) = (Bg,Eg),
wy =wy = P.D.[T3], Dy =Dy =T and X = Cy, w=P.D.[5,], D =%,, T =X, s0
formula (11) and proposition 26 yield
1

1 1
229—2 22g—2

DY (e'P+°¥) = e'* (M (t) 229-2 325-2

e(2y—2)s + M22(t) e—(2g—2)s)

and use proposition 27 to get
D} (etD+s)3) — ets(_23g—5€2t+(2g—2)s + (_1)g23g—5€—2t——(2g—2)3)7

from where My (t) = —2797%2%, Myy(t) = (—1)9279=%¢~2t. This finishes the proof of
theorem 9.

4. Proof of Theorem 17. Let S = £ x CP*, w = P.D.[CP'] € H2(S;Z).
Suppose that S is of finite type of order n > 1 with respect to w and w + ¥ for the
metrics defined by ¥. Then

0= D (22 — 4)"2,e'®") =< ¢ (4, (22 — 4)"e™), e0 >
for all a. From lemma 21, ¢¥(A, (2> —4)"e**) = 0. Then consider (X, ) permissible,
w € H*(X;Z) withw-X =1 (mod 2), X = X°Uy A. For any D € Hy(X) with
D-¥ =1, we can write D = D° + A, so
D (@ - 4)netP) =< ¢*(X°,¢P7), (4, (@ — 4)"e'?) >= 0.

We conclude that Dgz,”’z)((:zc2 —4)"etP) =0 for all D € Hy(X), i.e. X is of finite type
of order at most n with respect to w.
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5. Conjecture. Following our results in [18] for the case of genus g = 2, we
propose the following conjecture.

For any (X, ¥) permissible, define X = X #x By (we need to fix one identification
arbitrarily). Then b*(X) > 1 and also b, (X) = 0 whenever b; (X) = 0. For any cycle
D° C X° with 0D° = C Y an embedded curve (when X° is given a cylindrical end,
D°n(Y x[0,00)) = y%[0,00) ), we choose cappings D = D°+ D% ,9Dg = —v. The

cappings have to satisfy the following condition. In By = S, #g@?2 (see definition 25),
we fix an embedded surface S representing o, intersecting X, transversely in g points.
Put S° = SN B°, then we impose that D%g - 5° = 0 (the pairing makes sense as long
as v and 9S° are disjoint)

CONJECTURE 28. Let (X1,%;) and (X2, X2) be permissible with X; having by = 0
(we do not suppose that they are of simple type). Consider X;. Then X; are of
simple type. Put D (e) = eQ@/2 3 g, eKie and Dy (e®) = eQ@ /25 py elre,
Choose any identification ¢ and let X = X(¢) = X 1#xX> be the connected sum
along X, with the induded homology orientation. Then X is of simple type. Choose
w e H*(X;Z), w; € H*(X;;Z), i = 1,2 in a compatible way such that w - =
(mod 2), w;-£ =1 (mod 2) and wi|ps = kP.D.[T1]|s. For every D € H>(X), we
write D = DY+ D$, D7 C X?, with 0D{ = —0D$ = v disjoint with 0S° and consider
cappings D; € Hy(X;) of DY as above, in such a way that the map D — (D1, D) is
linear. Then

]D)% (etD) — eeQ(tD)/2( Z 2 3g+5 bk (f{j'Dl-FLk-Dz)t +
kj~2=l-/k-2=2g—‘2

+ Z (=1)9 273955 by, el Ko Drtlu-Da)ty,
kj~2=f/k-2=—(2g—2)

for e = (=1)le- D —wi-w3)/2,
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