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GLOBAL EXISTENCE OF SOLUTIONS OF THE YANG-MILLS
EQUATIONS ON GLOBALLY HYPERBOLIC FOUR DIMENSIONAL
LORENTZIAN MANIFOLDS*

PIOTR T. CHRUSCIEL! AND JALAL SHATAH?

Abstract. We prove global solvability of the Cauchy problem for the Yang—Mills equations on
smooth globally hyperbolic four dimensional Lorentzian manifolds.

1. Introduction. In a classical paper [9], Eardley and Moncrief have shown
that solutions of the Yang-Mills equations on Minkowski space-time (with a compact
gauge group) do not develop singularities in finite time, provided the initial data are
sufficiently regular. This result has been generalized® to the Einstein cylinder R x S3
in [6, 8, 4], and to anti-de-Sitter space-time in [1], making use of the conformal
invariance of the Yang-Mills equations. It is of interest to enquire whether or not
this result remains true for general globally hyperbolic Lorentzian manifolds; such a
result in dimensions 1+ 1 and 2 + 1 has been established, for quite a large class of
manifolds, via direct energy methods, in [3]. It is the purpose of this paper to show
that global existence holds true in 3 + 1 dimensions: we show global solvability of the
Cauchy problem for the Yang—Mills equations on any globally hyperbolic Lorentzian
manifold? (M, g).

It is convenient to start with a description of the geometric context. Recall that
a Lorentzian manifold is globally hyperbolic if it admits a Cauchy surface ¥, i.e. a
hypersurface ¥ C M that is intersected precisely once by every inextendible causal
curve. For such manifolds there exists a smooth time function ¢ on M such that
¥ = {t = 0}, with each level set X; of ¢ being a Cauchy surface [11, 16]. Moreover,
flowing along the gradient of ¢ one obtains a diffeomorphism between M and R x X.

Let G be any connected Lie group with Lie algebra g. Throughout we shall assume
that 1) g is compact, that is, g admits an Ad-invariant positive scalar product &(-,-)
(that will be the case if, e.g., G is compact). 2) g has a faithful representation as
a subalgebra of the algebra of matrices over some finite dimensional vector space V,
so that the bracket operation corresponds to the commutator of matrices, with the
adjoint representation of G' acting on g as an appropriate product of matrices. Let
P be a G-principal bundle over M and let P* be the pull-back of P to a Cauchy
surface ¥ Choose any smooth connection on P, let X denote the horizontal lift of the
gradient of t to P, we can identify P with Rx P* by flowing along the integral curves
of X. This leads to the commutative diagram:
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P R x P*
M RxYX

Given a trivialisation of P over a coordinate patch U of M, a connection A on P
can be expressed as a g-valued one form on U,

A= A,(z)dz*, A,(z) €g,
and the curvature F' as the g-valued two form given by

Fu = 0,A, — 0, A, + [Au, A)].
A connection A is a Yang-Mills connection if it satisfies
(1.1) D,F* = F*., +[A,, F*]=0.

Here and everywhere the symbol D denotes a space-time and gauge covariant deriva-
tive, while V,, or the addition of a sub- or superscript ”;u"” denotes a space-time
covariant derivative.

The Cauchy problem for the Yang-Mills equations on M consists in prescribing

on P* a connection field AZ together with an Ad-equivariant g—valued one form E.
(Loosely speaking, E represents the time-derivative of the connection form on X.)
Moreover A* and E are assumed to satisfy the Yang-Mills constraint® equation,
(1.2) D;E' =0.
We shall say that a connection field is of differentiability class HE () if there exists a
covering of ¥ by coordinate balls U, together with trivialisations of P¥|y;, such that
in local coordinates the components AT of A* are in Hf (Uy). A similar definition is
used for E. A connection A on P will be called a Yang-Mills development of (A% E)
if A is a solution of the Yang-Mills equations (1.1), such that the pull-back of A to
PZ coincides with A%, and such that the pull-back of n V F to P® coincides with
E. (We also impose some differentiability conditions on A, which are made precise
in Section 4.) Here n is the horizontal lift to P of the field of future directed unit
normals to ¥, and V denotes contraction of a vector with a form. In this paper we
prove the following:

THEOREM 1.1. Let P be a principal bundle over a smooth globally hyperbolic four
dimensional Lorentzian manifold (M, g) with structure group G, whose Lie algebra g
is compact. Let & be a Cauchy surface in M and let P* be the pull-back of P to T.
Let A¥ € HYFY(Z) be a connection on P* and let E € HE (X) be an Ad-equivariant
g-valued one form on P¥, k > 2, satisfying the constraint (1.2). Then there exists
a unique Yang-Mills development A of (A¥,E) on P. (If the initial data are smooth
then the Yang—Mills development is smooth.)

To establish theorem 1.1 we adapt several of the Eardley—Moncrief ideas to the
curved space-time setting. Let us highlight some elements of our proof:

3Some results concerning existence of solutions of the constraint equation (1.2) can be found in
4, 2].
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e One of the key ingredients of the Eardley—Moncrief proof is the use of the
Cronstrom gauge. We also use this gauge, and this carries over to curved
space-time without introducing any difficulties.

e Eardley and Moncrief’s strategy is to establish an L™ a priori estimate on
the Yang-Mills curvature field F, using the spherical means representation
of solutions of the wave equation. We follow a similar strategy, replacing
the spherical means integral by a representation formula of Friedlander [10].
There are two differences between those formulae and the Minkowski space—
time ones: First, there are more terms to deal with, because of a solid—cone
integral in a generic curved space-time which is absent in Minkowski space-
time. This introduces some tediousness to the proof but does not lead to any
difficulties because the solid—cone integral terms that arise can be estimated
in a rather straightforward way. Next, the formulae of Friedlander are valid
only in causal domains (as defined in [10]), while the spherical means are
valid in the whole of Minkowski space-time. To handle that issue, roughly
speaking we first obtain an [|F|| H2 0 priori estimate in causal domains, and

use a globalisation argument essentlally due to Choquet—Bruhat and Geroch
[5] to obtain global existence on any globally hyperbolic manifold. This is
here that the condition of global hyperbolicity of the space-time enters in
our argument.

e It turns out that the arguments used by Eardley—Moncrief to control all the
terms that arise in the light cone integral carry over to the curved space-time
case, except for the term [A%,, F,,]. To take care of that term we have to use
a completely different argument, requiring simultaneous control of ||F| L

and of a H120c semi-norm of F'. The observation that this term can be handled
in this way is the main new idea of this paper.

e We note, finally, that a slight difficulty is introduced by the constraint part
of the Yang-Mills equations. While there are several ways to handle this
problem, we use here the observation of Kapitanskii and Goganov [12] that
one can obtain Eardley—Moncrief type estimates for appropriately modified
Yang-Mills equations, in which the constraint part of the equations is only

partially satisfied.

This paper is organized as follows: In Section 2 we review Friedlander’s represen-
tation formulae. In Section 3 we derive various integral a priori estimates. including
the mixed ||F| Lz and HZ . estimates. The proof of Theorem 1.1 is given in Section

4.

NOTATIONS. Given a time oriented four dimensional Lorentzian manifold (M, g),
we denote local coordinates by z = (2°,z!, 72, 23) = (2°,x), r = |x|, and the volume
element by p = y/]gldz. Given a hypersurface S = {z; f(z) = 0}, u; will denote
the Leray form associated with S, i.e. p = df A py. We use the following notations
for functions and tensors:

X(f) = X*04f the derivative of f in the direction of a vector X,
Vf= {g’“’&, } the gradient of a function f,

VoTIT =TT, the covariant derivative of a tensor field T of type {r,s},
VxT7 = X O‘T” the derivative of T in the direction of a vector X,
(T, S) = thei inner product of T' and S with respect to the metric g.

We will assume that M is globally hyperbolic, which implies that M is foliated by
space-like hypersurfaces X;, which are the level surfaces of a smooth time function ¢,
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dt
V/—(dt,dt)

vectors {t,21, 52, 3} where f is a unit vector in the direction of —V¢, and

and denote by t = . On T M, the tangent space of M, we introduce basis

(57 i) = -1, (ia 21) =0, (21’, 2]) = 6ij .
For any vector field X, let
(1.3) X=X+ 1, X1,

and for a tensor T', |T'| is defined in a similar fashion.
Acknowledgements: The first author acknowledges an enlightening collabora-
tion with J. Baez during an early attempt to prove Theorem 1.1.

2. The wave equation on M. In this section we will state some basic results
about the wave equation on a four dimensional Lorentzian manifold (M,g). We
review the explicit formula for the fundamental solution of the wave equation on
M of [10]. All of our statements and results are restricted to a geodesically convex
neighbourhood 2 C M. The derivation of the fundamental solution formula can be
found in Friedlander [10].

On a geodesically convex neighbourhood Q we denote by

~v(p, g) = square of the geodesic distance between p,q € (2,
C~ (p) = past null semicone with vertex p € Q,
J~(p) = the closure of the causal past of p,
D(to) = {g € J (p); t(q) =to <t(p)} a cross section of J~(p),
K(t1,t2) ={g€ J (p); t1 £t(q) <tz <t(p)} a truncated cone,
M(t1,t2) = {g € C~(p); t1 <t(q) <t2 <t(p)} the mantle of the truncated cone
K(t17 tz)a
with similar definitions for C*(p), J*(p).

DEFINITION 2.1. Given a point p € M define null basis vectors on the tangent

space T, M, as basis vectors {{,m,é1,€é,}, that satisfy

(2.1)

The forms dual to {E,ﬁl,él,éz} are denoted by {£,m,e;,es}. We will always work
with the following null basis on C™(p) \ p. For any ¢ € C~(p) \ p, let 74 denote the
unit vector orthogonal to ¢ such that

Vv = at + biv.

Here the gt:adient of v is taken with respect to the ¢ variable, p being held fixed.
Define £ =t — 1, and 1 = — (¢ + n); then for any orthonormal basis {7, é1,é2} of the
tangent space T, X;(,), we obtain a null basis {£,0,é;,é>}.

The representation formula. The fundamental solution of the wave equation
G~ (p,9),

0G™ := -V, G~ =4(p),
whose support is contained in J~(p), can be computed inside a causal domain Qq:

G~ (p,9) =U(p,9)o-(v) +V~(p,q) ,
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where, in a coordinate chart (7(p) = z and 7(q) = y),

|d9t Yaiyi |%
8| det(g(x)) det(g(y))|3
d—(7) =limo_(y—e).

Uz,y) =

b

Here §_(y —¢) is the Dirac measure supported on the lower branch of the hyperboloid
v = €, and, following [10, p. 146], we say that a connected open set  is a causal
domain when it is globally hyperbolic and contained in a geodesically convex set. V'~
is a solution to the characteristic problem

av-=0 in J(p),
- 1 'ou
Vo = Yolo- ) = —ZU(‘T’@’)/O 7 %le-w

where the integral is over a geodesic c(s) joining p = ¢(0) to ¢ = ¢(1). In a small
causal domain Qg the above problem has a solution V'~ (p, q) such that suppV~ C
A=, V= € C®(A™), where

A™ ={(p,q): q€J (p)}

is the closure of one component of {(p, q); v(p,q) > 0}. The function ¢ = V~(p,q) is
supported in J~(p) and is C* at the boundary of its support.

Using this fundamental solution we can find a representation for solutions of the
Cauchy problem,

Ou=f,
(2.2) ulp =uo,
Vulp = v,

where D C ¥, N Qg is a space-like hypersurface, and X (ug) = (X, u;) for any vector
field X tangent to D.

For p € Qo let K(p) be the cone of vertex p and whose base lies on D, that
is, K(p) = J~(p) N J*(D), where J* (D) denotes the set of points which lie to the
causal future of D. Let C(p) = C~(p) N K(p) be the mantle of this cone, and let
S =X, NC~(p) be the topological boundary of C(p). Then u is given by

(2.3) u(p) =Uh(p)+/c( )U(p,Q)f(q)u7+/K( )V’(p,q)f(tJ)u,
P P

where f1, = the Leray form associated with C(p), i.e., p = dy A p1y, and ux(p) is
the solution of the homogenous wave equation with the same initial data. To express
up(p) explicitly in terms of the initial data we need to define the following. Let C*(S)
be the null hypersurface whose normal on S is given by 7, and S; the intersection
of C*(S) and the set {q;7(p,q) = €}. Denote by ps and ps, the volume elements
induced by the the metric g on the surface S and S. respectively. On S define the
functions p and @

p= (ﬁla ‘V7>/2:

d
Bus =p Hse|
e=0
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then

up(p) = /[EU[(m, Vu) + u)] + V" u]dS + / (V7t'Vau — ut® VoV 7 ),

s P D(a)
If we parametrize the cone C(p) by (¢,w) € Rt x S§2, the solution u can be expressed
in the following way. Let f be a unit vector orthogonal to #(p), parameterlzed by
w € S2. For any past directed null vector © of the form & = —f + £, and ¢ € Rt
let ¢ = exp,((?). Since we are in a geodesically convex set, the exp, map is a
diffeomorphism from C(p) \ p into (0, ¢o(w)] x S?, where exp,(Co(w)?) € S. In these
coordinates

_ K(6w)

where &, &, X, X, and 6 are smooth positive functions, and where u; denotes the Leray
form on C~(p) \ p. Equation (2.3) can be written as

u(p) = un(p) + (¢ w) / V= fu,

C(p)
up(p) = /S (%U’[(m,m) + EOu] + V‘u) us + /D( )(V‘tavau —ut® VoV ) e,

(24)
where U is a smooth function.

Energy estimates. Given a space-like hypersurface D C %,, local energy esti-
mates for solutions of the Cauchy problem can be derived in a region

A(a,b) = {¢q € Domain of dependence of D; a < t(q) < b}.

For any vector field V', using the notation introduced earlier, we define energy norms
on D(t) and on M (t1,t3) as

IV i o) = 1YV 20wy + 2NV VIE2pay) + 1IVIz20e)
IlV;fan”Lz(M(thtg)) - ”(E V>||L2 (M(t1,t2)) + Z ” el? ||L2(M (t1 tz))’

IVeanVIIZ2(mer t2)) = VeV 201,10y + Z Ve VT2 (arcts ta) »
IV |Loo2(K (t,t2)) = tes[up IV (®llLz(peey) »

t1,t2]
where LP and H* denote the standard Lebesgue and Sobolev spaces on D(t) and
M ((ty,t2), with measure p; and g respectively. In a similar manner we define ||T||g1,
[|TtanllL2, and ||VianT|| 12, for any tensor T'.
To derive energy estimates for equation (2.2), multiply the equation by X (u) to
obtain

o 1 . o 1 .,,
\% [Xﬁ(“;au;ﬁ - '2'9043“;-/“’ =X ’ﬁ[(u;au;ﬁ - §ga[3u;,,u’ ) = FX(u).
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The above equation can be expressed as
(2.5) V(XPTop) — X*PTos = fX(u),
where the energy—momentum tensor T,g is defined as

1
(2.6) Top = Oaudpu — Egag(g“"aﬁua,,u) .

For any p € A(a,b) integrate equation (2.5) on the truncated cone K(a,t) C K(p) to
obtain

27) Lme@m+/ T(X, s

M(a,t)

[ 7 [
D(a) K(a

Substituting X = #, the terms in equation (2.8) can be written as

) (XPTop + fX (u)p.

)

1. 1
E(u,D(t :=+/ t*tPT, =/ [—tu2+— éiuz]u,
(u, D(t)) . sl o) 2I()l 2ZI()I ¢

1
P Ty = = / ¢ (£° + mP) Tappe
2 M(a,t)

flux (u, M(a,t)) :=/

M(a,t)
1 / 5o 12 A 2
= _ L(u)|* + é;(uw)|”| pe,
7 N COEDICION
where we used the decomposition of Vu
Vu =tw)i+ ) 2i(u)z on D(t),
1, ., 1. o A
Vu= —Z-m(u)f + —2-£(u)m + Z éi(u)é; on M(a,t).
Thus the conservation of energy can be writtten as

(2.8) E(u,D(t)) + flux (u,M(a,t)) = E(u,D(a)) + /K( ) [t9PTop + fi(w)] .

We have
t
| e#Tpusc [ BuDe)ds,
K(a,t) a
so that (2.8) together with Gronwall’s lemma implies
t
[IVu®)lz2(D()) + [ VianullL2(m(a,t)) < ClIVUl|L2(D(a)) +/ [1f($)ll2(p(s))ds -
a

Here ||Vu(t)||L2(p(t)) is defined as \/E(u,D(t)). On K(p) = {g€ J~(p); a < t(q) <
t(p)} the above equation can be written as

(2.9)
IVl 2k ) + [Viantllzzcw) < C (IIVu(a)llzapy + [EP) = alllfllze2x @) -
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We can derive similar estimates on A(a, b)

t
[IVu®)||z2a) + | Viantl|L2(A(a,e)) < ClIVU(a)||L2(a(a)) +/ [1£(8)l|z2(a(s))ds
where

A(r) = {q € A(a,b); t(g) =T},
A(a,7) = {q € null boundary of A(a,b); a <t(q) <7}.

The estimate on A(a,b) combined with the estimate on C(p) implies

a,b

(2.10) HVU‘”L""»?(A(a,b))"‘ sup HvtanuHLz(C(p))
PEA(a,b)

< C ([IVu(a)ll2(py + b — alll fllLoo2(A(ap))) -

where ||Vul|Le.2(A(a,5)) = SUPa<t<s |[VU()|L2(A (1))

3. The Yang-Mills Equations. Recall that a connection A on P, a G—principal
bundle over M, can be expressed in a coordinate patch as

A=A, (z)dz", A, (x)eg,
and the curvature F as
(3.1) F,, =0,A, — 0, A, +[AL, A].

We shall assume for simplicity that the elements of g are matrices, and that the adjoint
action Ad of G on g corresponds to an appropriate multiplication by matrices. Then
the gauge transformations are given by a smooth map G € G

A, =G"'A4,6+G710g,
and gauge covariant derivative by D, =V, +[A,, ]. This implies

F;lw = g—IFqu )

(3.2) !
DLF., =G 'D.F,.G.

The Yang-Mills equations and the Bianchi identity are given by

(3-3a) Dy F* = F*. + [Ay, F*] =0,
(3.3b) Dan,y + DuFua + DVFC!M = O .

From this first order system, we can derive a covariant wave equation for F' by dif-
ferentiating (3.3b) with respect to D, and using (3.3a) and the commutation relation
of covariant derivatives

(34) DCYDﬁFL“’ = DﬁDaFuV - R‘Ypa,@F’YV - R‘YuaﬁFﬂ’Y + [Faﬁ’ Fl“’]’
where R is the curvature tensor, to obtain

(3.5) —OF,, +2[F,?, Fa] = 2RappF*® — RuoF®, — RyoF,* =0,
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where the covariant wave operator is given by

(3.6)
—0F,, :=D*DaFy = gaﬁFuv;aﬂ + [Aaa FuV] ot [Aa: FuV;a] +[A%, [Aq, FuV]] .

In a manner similar to the wave equation, we can derive estimates for solutions
of the Cauchy problem for the Yang-Mills equations, in a geodesically convex neigh-
bourhood, with data given on a space-like hypersurface D C ¥,. As before, define
Aa,b) and K (p),

A(a,b) = {q € Domain of dependence of D; a < t(q) < b},
K(p) ={q€J™(p); a<t(g) <t(p)},

with § = b—a > 0 small; and denote by A(a,b) and C(p) the null boundaries of A(a, b)
and K (p) respectively. In what follows, we derive a priori estimates for solutions of
the Yang-Mills equations in the region A(a,b) .

L? estimates. As for the wave equation, we can define an energy-momentum
tensor for the Yang-Mills equations,

1 v
Talg = Fa# - Fﬁ# - ZgaﬁFpu - FH
where A - B = k(A, B), a positive definite Ad—invariant metric on g. This tensor

satisfies VﬁTag = 0, which implies an a priori L? bound on F. To derive this bound
integrate T, on a truncated cone K (a,t) C K(p), to obtain

/ T(faﬂﬂt + /
D(t) M(a

We note that

1 1
ﬁ - _— A e -~ — A A . A A ~ 2
/D(t) F Taph = /Du) [2F2ft D Fruit 32 sy F"‘zf] e A (200 »

T(t,Ope = / T(t, )pa + / P Topp.
) D(a) K(a,t)

)

1 1 1
@y = SN F,;-F;+-=Y Fs: -Fso. +=F;. - F;_
/M(a,t)Z Flaphe /M(a,t) [2 2 Fup Feat 42 eid; " eies g ¥im " Fim | M
~ HFtanH?:?(M(a,t)) .
It follows that we have the a priori estimate
IF®lz2(pety) + 1 FtanllL2(m(arty) < ClIF(@)||2(D(a)) -

If we denote the square root of energy on D by

Eo = ||F(a)l|r2(p) »
the above energy estimate can be written as
(3.7) [|F||pe2(k(p)) + | Ftanllz2(c(p)) < CEo -
Similarly we derive the following estimate on A(a,b)

(38) |IF”L°0,2(A(a,b)) + sup ”Ftan”Lz(C(p)) <CEy.
pEA(a,b)
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H' estimates. Derivative estimates for F' can be derived from equation (3.5) in
a manner similar to that of the wave equation: Let £, 2; be an ON basis as described
at the end of the introduction, and let A*? be the Riemannian metric on M defined by
hoB = §oi8 Zf 2229 Consider the new “energy-momentum tensor” 7% defined

=1 ~i “1
as
1
(3.9) T8 = h* o {k(D*F,,,D’F,,) — §k(D’\F,,p,D>\F,,,,)g°‘ﬁ} .
We have

. . 1
Va(T*g) = Vo(h* W7 i) {k(D*F,,, D°F,) — §k(D*Fup,D*Fua)y“" P+
R WPt 5 { k(Do D* Fyp, DPF,5) + k(D*F,,, (DaD? — DPD,)F,0)} -

Integrating this equation over K(a,t) and using (3.4) and (3.5) to get rid of second
derivatives of F' we obtain

| DF(t) I22(p(ey) + Il PeanF 2201 (ae))

< I DF(0) I22(pay) +C /K . [PPIEE 4171+ DF),
a,t

where DF' denotes the gauge covariant gradient of F', and
|DianF| = IDF| + Y D F|.
From Gronwall’s lemma it then follows
(3.10) [IDE®)||z2(D(t)) + PtanF || L2(M(a,t))
< c|[DF(a)l|L2(D(a)) + C/:(HF(S)H%«D(S)) +1F ()|l L2(D(s)))ds -
This implies
[IDF()||L2(pty) + 1 PeanF || L2(M(art))

SC(“DF(G')”Lz(D(a))+||F(G')I|L2(D(a))+|t_a| sup |F(<1)|) ,
geK(p)

where C' depends on the energy Eo = ||F'(a)||z2(p)- The above equation is equivalent
to

(3.11)
[[DF||po2(k(p)) + IPtanFllLz(c(p)) < C (IDF(a)llL2(D(ay) + Ol F |l Lo (k(p))) -

Here, as before, § = |b — a|. Repeating the same argument on A(a,b) we obtain

[IDF()l|z2(ace)) + PtanF|lL2(aca,t)) < C1l|DF(a)||p2(p) + Calt — al Sgl(p ) [F(q)|,
g€A(a,

where A(1) = {q € A; t(g) = 7}. Combining the above with equation (3.11) gives

(3.12)

|[DF||po2(A(a,b)) + ESAu(p ) I DeanFllL2(c ) < C (IIDF(a)llL2(py + OlIF |l (A(ap)) -
p a,
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Cronstrom gauge estimates. To obtain bounds on higher energy norms of F,
we see from equation (3.12) that we need a pointwise estimate on F. This will be
done, as in [9], by using the Cronstrém gauge,

(dv(p,q), Alg)) =0  A(p)=0.
This choice of gauge has the advantage of allowing us to express A in terms of F'
in a simple manner. Using coordinates that are normal and Minkowskian at p the
Cronstrom gauge is written as
Y z)An(z) = 22%An(z) =0, Aq(0) = 0.

From equation (3.1) we obtain

2% Fop(z)= 2%(0aAp — 0gAa)
= :::O‘BO,Ag + Aﬁ.

The above equation has the solution
1
(3.13) Ag(z) = / z%Fup(sz)sds.
0

Estimates of A on C(p). On C(p), A can be estimated in terms of F' in the
following manner. As before, parameterize C(p)\p by ((,w) € RT x S? where any
q € C~(p)\p can be represented by ¢ = exp,(—(£). From (3.13) we obtain

1
(3.14) S/O |F,i(sz)|sds < ||F|peo (K (p)) -

Aq(x)
¢

By integrating the above equation on C(p), we obtain

Ao

(3.15) ‘

1
< C/ 532 ||Fillz2copys ds < CllFranllz2(c(p) < CEo-
L2(C(p)) 0
By integrating equation (3.14) over S = D(a) N C(p), we have
1
(3.16) /S|Aa|.US <CGh /C( ) ¢\ Fadlie < CE|| FanllL2 o)) < CGPEo
P

where (4 = max{((q); ¢ € C(p)}.

Estimates on D(t). The following estimates are obtained from equation (3.13)
and (3.14) in a straightforward manner.

(3.17)  [A®z2(D(e)) £ CGIIF||L=2x(p)) < CGEo,
(3.18) [IVAW)lL2(pt)) < C (GlIDF || po2(k(p)) + G IIF | oo (k () Bo + Eo)

where in the above inequality we used equation (3.14) to substitute DF for VF.
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Pointwise estimates on F. Since F satisfies equation (3.5), we have from
the tensorial equivalent of equation (2.3) (¢f. [10], Section 5.5, together with the
arguments of the proof of Theorem 5.3.3 there) the following representation for F

k(¢ w _ ;
(3.19) Fu(p) = H—(C—) e + HV - p+ F[},,"(p) ,
co) € K(p)
where F[f;," is a solution of the homogeneous covariant wave equation (3.6), and where
H =2[F, " Fg,] — 2RauugF*® — RyaF,* + RyaF,
+[A%, Fulia + [A% Fuvia] + [A%, [Aa; Fuv]] -

Here k and V'~ are smooth tensor fields; for notational convenience we have suppressed
indices on H, k and V~. If A and F are given in the Cronstrém gauge, so that A
is tangential to C(p), we can integrate by parts on the term [A%, F},,] , to rewrite
equation (3.19) as

(3.20)

Hr(¢,
F(p) =/ —K(—(—wlm + HV~p+ FJ(p) / —m® [Ag, Fu] ps -
C(p) ¢ K(p)

where S = C(p) N D(a), and

H=2[F,? F5,) — 2RayvgF*® — RuoF,* + R,oF,“
—n;a[Ao‘,Fﬂ,,] + [Aav F#V;a] + [A%, [Aaa F;ﬂ/]] .

The integral on the surface of the cone in equation (3.20) can be bounded using
equation (3.13),

1 A
g mal| <o s < OV Il
LY(C(p)) L1(C(p))
1
" [ZAO‘,F;W;Q] < C'”,Dtth”L2 C(p)) »
LY(C(p))
1 a
HE [Aq, [A%, F,u]] < CO||F|| e k() 5
L (C(p))
1 F
HE[F/’,FM < CllF| e (k (p)) ‘z” < CVB Il ko
LY(C(p) Ly(C(p)

where in the last inequality we used the observation of Eardley and Moncrief [9],
that [F,#, Fj,] consists of tangential terms only (i.e. [F,,Fj,] and [Fgeq;, Fee)).
Slmllarly the integral over the solid cone can be estimated usmg (3.17) and (3.18) to
obtain

| v Hu| < CQlAluo PPl
K(p)

| All Lo (ko)) 1Al L2 (K (o) 1 F | L2 (& () + 0 Eo)
< C (OlIDF||po 2k (p) + O |||l Lo (5 (p)) + OE0) -
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Since the curvature is bounded on bounded sets, then the first two terms in equation
(3.20) can be bounded by a constant times

(3.21) Eo + ||DF||po2(x(p)) + [PeanF L2 () + VO [|FllLoe (i () -

The remaining terms, F}L’,," (p) together with the last term from eq. (3.20), consist of
the following expressions

(3.222) /D o VTVl = BV )
- /D( )(V_taDaFuu - FIJVV_ - V_[Aa’ Fl“’]):ua )
a

1~ -
(3.22b) /5 ZU (mavaFuy + %GF[LI/) Hs

1- ~ -
= / U (mo‘DaF,“, + l0F,,,,> bs —/ lUm“‘[Ao,,Fﬂ,,] ims
s¢ ¢ s¢
(3.22¢) / V™ Fu s,
S

(3.22d) /S gma [ Fu] 5

Here U and 6 are smooth tensor fields (with indices suppressed). The terms in
(3.22b) and (3.22c) can be bounded by a constant by

[IDF(a)||L2(p(ay) + IIF (@) 22(D(a)) -

By the divergence theorem, the terms in (3.22c) and (3.22d) can be bounded by a
constant times

(323) L [ (9DF@) + ~(VF(@)| + IDF(@)
"1 JD(a)

1 1
+ 5 P @Dt + - lIPllim ety [ |4k,

where in normal coordinates centered at p, r = |x|, r1 = min{((q); ¢ € S} and
ro = max{((q); ¢ € S}. The ratio 22 is bounded by a constant depending on p.

The first term in equation (3.24) can be bounded by a constant times

1 1
L[ IVDF@Ia < - [ (DPF(@] +ClAIDF k. < CEa(@),
1 JD(a) ™1 JD(a)

where we have used |, D(a) Ha < Cr3, and where we have defined

(3.24) Ey(1) = [|IDDFE(®)||2(a(ry) + IDE@)|L2(a)) + IF@lL2(ar)) -
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The second term in equation (3.24) can be bounded by a constant times

1 1
— [ ~(VF|+ DF),

71 JD(a)

1 1
<= =|DF(a)|pa + CEp
™ D(a) T

1
<= (IVDF(a)| + C|DF(a)|)pta + CEq
"1 JD(a)

1
<c (r [ (PPF(@|+ADP@)] + PF(@)D + E)
1 JD(a)
S OE2 (a) .
The third term in equation (3.24) can be bounded by a constant times

1 1 1 1
— —|F(a <—/ ~|DF(a +CEy < CEs(a).
o @l < o [ PRl + OBy < CEa(a)

From equation (3.16) the last term in equation (3.24) can be bounded by
1
C(r2)2 Eo||F|| Lo (K (p)) -

Equations (3.21) and (3.24) imply
|F(p)| <C (Ez(a) + [DeanF|| L2(c(p)) +51/2||F||L°°(K(p))) -

Since all of the terms in the above estimate are gauge invariant, by (3.2) the above
inequality remains valid in any gauge. By taking sup over A(a,b) we obtain

[|1F||pee (A(ap)) £ C (Ez(a) + SAU(P ) [[DtanF||L2(c(p)) +51/2||F||L°°(A(a,b))> .
p€Af(a,

By choosing § small, depending on the energy E¢ and a only, we obtain from the
above equation

(3.25) 1F|Loo(Aa,b)) < C (Ez(a) + sup ||DtanF||L2(C(P))> :
pEA(a,b)

H? bound on F. From the energy inequality (3.12) and inequality (3.25) we
have

[IDE||Lo2(A(ab)) + SUP || Dtant'l|L2(0(p))
pEA(a,b)
< C (IIDF(a)ll2(D(a)) + (E2(a) + [ DeanF |2 () -
By taking ¢ small enough, depending on the energy Ey and a only, we obtain

(3.26) IDF ||z 2(a(ap)) + SUP  |[DeanF||z2(c(p)) < CE2(a).
pEA(a,b)
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Taking a space-time and gauge covariant derivative of equation (3.5) we obtain

D*DoDyFpy = =D, {2[F,?, Fy] — 2RappF*® — RyaF®, — RyoF,*}
(3.27) +[D*Da, Dy Fur -

The right-hand-side of this equation can be estimated as
(3.28) C(|F| + |DF| + |F||DF)) .

We can now repeat the argument leading to (3.10) with the energy—momentum tensor
(3.9) replaced by

(3.29)
TP = KO h? {k(D*Dy F,,p, DPDyF,p) — %k(D*mFMP,DAmFW)gaﬂ} ,

to obtain
By (t) < C (Ez(a) + 8||DF||p2(a(a) (1 + IIFl L (agap))) -
From equations (3.25)—(3.26) we conclude
E»(t) < C(a, Ez(a)),

for all @ < t < b. Since the size of the cone § depends only on a and Ey, which
is bounded in terms of the intial data we conclude that for any point p € M and
compact hypersurface S(p) C {¢ € M; t(q) =t(p) }

(3.30) IIDDF||12(s(p)) + IDF||L2(s(p)) < CSO)IIF™ | g2,

where F* corresponds to the initial data for F.

4. Global existence. Let O be a coordinate patch on ¥, using the flow of Vi
on M we can extend the coordinates z* on O to coordinates (¢,z%) = (z°,z%) on Rx O.
In this coordinate system the metric takes the form

(4.1) gudztdz’ = —a?dt? + g;jdatda’ |

with some function a > 0. In all our considerations below we shall only use coordinate
systems of this type. While this is clearly not necessary for our analysis, it simplifies
some of the calculations involved.

Let 2 C M be an open set. We shall consider connections on P|Q2 with the
following differentiability properties: We shall assume that € can be covered by co-
ordinate patches Q; with coordinates (t,z%) € I x U; together with local trivialisa-
tions of P over §;, such that the coordinate components A, of the connection are in
C(I; H*Y(U;)) n CY(I; H* (U4;)), for some k > 2.

Consider a trivialisation of P over a coordinate patch U of the form I x O, where
I is a time interval, such that the hypersurfaces ¥; are given by the equation z° = t.
For the purposes of this section it will be convenient to impose the temporal gauge
condition

(4.2) Ag=0,
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and to define

(4.3a) Guy = Fuy — 0, A, + 0,4, —[A, A)]
(4.3b) B = PTD, Fy.,
(4.3¢) C* = D Fo* .

In the temporal gauge, the Fp; component of eq. (3.1) reduces to
(4'4) atAi = FOi-

To establish local in time existence of solutions of the Cauchy problem we shall be
solving for A4;, F;;, and Fy, using equation (4.4) together with the equations obtained
by setting B = C* = 0:

(4.5) DiF;; = DjFiyy — DiFjo ,
(4.6) Dy F% = D; Fit |

Let us note, that when eqs. (4.4)-(4.6) hold throughout ¢/, and when G, defined
in eq. (4.3a) vanishes at one value of t, then G, will vanish throughout ¢ (and
consequently we shall have B® = 0 throughout ¢/). Indeed, the time derivative of the
right-hand-side of eq. (4.3a) with uv = ij vanishes when eqgs. (4.4)—(4.5) hold. It
then follows that F),, is the curvature field of the connection A,. The vanishing of
B“ is then simply the Bianchi identity. It is important to note that this will be true
regardless of whether or not the Yang-Mills constraint equation C° = 0 holds.

Let us start with a result that involves Lorentzian metrics on M = R3*1. In that
case every principal bundle is trivial so that both the connection and its curvature
can be considered as fields defined on M. We have the following (which, again, holds
irrespective of the vanishing of C°):

PROPOSITION 4.1. Let g, be a smooth Lorentzian metric on K3+ such that the
level sets of t = z° are Cauchy surfaces. Consider two g-valued one-forms AP and
E; defined on R® ~ {t = 0} C R**', with (AP, E;) € HETY(R®) x HE (R?). Then

1. Suppose that k > 4. There ezists a g—valued one form A, defined on R3+1
such that the field F,, defined by eq. (4.8a) with* G, = 0 is the unique
solution of equations (4.4)-(4.6), satisfying Fyi|t=0 = E;, Ai|lt=0 = A,-D, and
Ao =0.

2. Suppose that k > 2 and that D;E’ = 0 on a neighbourhood of a coordinate
ball D = B(R) C {t = 0}. Assume moreover that the interior of the future
domain of dependence intA* (D) of D has the property that for all T its
sections intAT (D) N {t = 7} are diffeomorphic (as manifolds with boundary)
to coordinate balls, when not empty. Then there exists a g—valued one form A,
defined on a neighbourhood of AT (D) and satisfying the Yang—Mills equations
in intAt (D).

Proof. The proof of the first assertion is a straightforward consequence of the a
priori estimates of Section 3, we shall give some details for completeness®. Let B(R)
be a coordinate ball of radius R in {¢t = 0}, multiplying the initial data (AP, E;) by
a cut—off function we obtain initial data (A”"®, ER) which coincide with (AP E;) on
B(R) and which vanish outside B(2R). Modifying the metric in an appropriate way

4Missing condition inserted.
5The idea of allowing a source term cy, in eq. (4.12) below is due to [12].
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we also obtain a metric gf,, which coincides with g,, in the domain of dependence
A(B(R)) of B(R) and is the standard flat Minkowski metric outside of I x B(2R),
where I C R is a compact time interval.

Now the system of equations (4.4)—(4.6) is symmetric hyperbolic, which is easily
checked as follows: Introduce E; = Fj, H; = eiijjk/Z, where €, = \/det g;;0; V
0; V O, Vdz! Adx? Adz?. Eqgs. (4.4)-(4.6) can be rewritten as

4.7) 98, Aj = lLo. ,
(4.8) a"2gY0,E; = €7*0; Hy, + Lo. ,
(4.9) 90 H; = —€*0; By, + Lo. ,

where « is the “lapse” function appearing in (4.1), and “l.0.” denotes terms which
do not involve derivatives of 4;, E; and H;. Set u = (A4;, E;, H;) and

g9 0 0
=0 a2 o
0 0 g¥

It follows that (4.7)—(4.9) is of the form
(4.10) LO(t,z)0su + Li(t,2)0u = M (t,z,u) ,

with symmetric matrices L* (cf. e.g. [15, p. 199]).

Since equations (4.4)—(4.6) form a semilinear symmetric hyperbolic system, we
have from standard energy estimates that the modified Cauchy problem has a local
solution in C([-T1,Ts], H*(R™)), provided k > %. (See, for example®, Volume III,
Theorem 1.2, p. 362 and Proposition 2.1, page 370 of [17].)

Consider the field C* defined by eq. (4.3c). We have from equation (4.6) C? = 0,
and from the identity D,C* = 0 we have

(4.11) o (V—detgC®) =0= C*=6}a, a=Ct=0)/vV—detg.

This shows that a is uniformly bounded on R3*!. The modified curvature tensor FF
of A® satisfies the equation

(4.12) —0F,, +2[F,”, F3,] = 2RapF** — Ry F®, — RyaF,* = cuy

where ¢, = D,C, — D, C,, is globally controlled in the L* norm (all the C* norms if
the initial data are smooth). Equation (4.12) differs from eq. (3.5) of Section 3 only by
the c,, term. Moreover, under the gauge transformation A, — G719,G + G714,G,
F,, = G7'F,,G, eq. (4.12) will be transformed to the same equation with c,,
replaced by G 'c,,G. The a priori estimates derived in Section 3 carry over to
the above equation when k£ > 4 (and, hence, c,, € L{¥.) and thus imply global
existence of solutions for the modified problem. Point 1 follows now from the fact
that the solutions of equations (4.4)-(4.6) on A(B(R)) are uniquely determined by
their initial data on B(R), so that for Ry > R we have (F™|a(p(r)), A™|a(B(R) =
(FRlaB(R)» A®|a(B(R)))- One can therefore patch together all the (FE,AR) ’s to
obtain a globally defined solution on R3+1.

6 Since equations (4.4)-(4.6) are semilinear it is easy to see, by a simple modification of the
arguments given in [17], that the differentiability threshold & > n/2 + 1 imposed in [17] can be
lowered, in our setting, to k > n/2.
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To prove point 2, note that to obtain the H? estimates of Section 3, one has to
be able to perform a gauge transformation to the Cronstrém gauge. This requires
some sufficient degree of differentiability of the fields, which might not be satisfied
for k = 2. Further, the estimates used in the proof of point 1 fail to hold globally
with k = 2, because of the potential lack of uniform boundedness of the ¢,, term. To
overcome those problems, consider a sequence of smooth initial data (AiD’R’", EZR")
supported in the ball B(2R) which converge to (A”F, ER) in H*1(R?) x H*(R?).
By point 1 we have a corresponding sequence of solutions of eqs. (4.4)—(4.6) defined
on R*+1. Because the H? estimates of Section 3 in A(B(R)), as adapted to include a
supplementary c,, term in eq. (3.5), involve only the H?(B(R)) norm of F,,(t = 0)
and the L*°(B(R)) norm of c,,, they will continue to hold in A(B(R)) when passing
to the limit if we show that we can choose an approximating sequence for which the
norms ||euw || (B(r)) < 2lDiE|lc1(B(R)) have a bound independent of n. To obtain
such a sequence, let the g-algebra valued field f™ be obtained as a solution of the
equation

(4.13) D (DR + Ef™) = ¢y, + DIEE .

Here 9, /5, * f denotes the convolution of a function f with a Friedrichs mollifier. As
discussed in [2, Section 5], eq. (4.13) has a unique solution in an appropriate weighted
Sobolev space. Note that 11, * D'EF converges to D'Ef = 0 on B(R) in the
C1(B(R)) norm, since E; coincides w1th Efina nelghbourhood of B(R). Moreover
both DIE™ and 4, /n * D'EF converge to D'EF on R® in the H*~}(R®) norm. It
follows that ¢Fm converges to zero in H**1(B(2R)). Setting E*"™ = D;pRn + EF™,
the sequence (A2F™ EF™) will have all the desired properties. To finish the proof of
point 2, note that from eq. (4.11) one has that C* = 0on Rx D. Since A(D) C RxD
the result follows. O
Proof of Theorem 1.1. Consider the collection P of open subsets Q2 of M with
the following properties:
1. Q is globally hyperbolic with Cauchy surface X;
2. P|q carries a connection which is a Yang-Mills development of the initial
data (A%, E);
3. Qis covered by coordinate patches €); with coordinates (¢, z!) € IxU; together
with local trivialisations of P over {2;, such that the coordinate components
A,, of the connection are in C(I; H**1(U;)) N C*(I; H*(U;)), with Ay = 0.
By Proposition 4.1 together with a standard patching procedure P is not empty.
P is directed by inclusion, and by the Kuratowski-Zorn lemma there exists a maximal
element (2 in P. Suppose that 99 is not empty, by global hyperbolicity of M and of Q,
changing time orientation if necessary, there exists a point p € 9 with the property
that J~(p) N 8Q = {p} (cf. e.g. [5, 7]; here we follow the standard notation [13] in
which J~ (p) consists of the set of points causally related to p, and lying to the past of
p). Choose € small enough so that the set K = J~(p) N Ey,)— is covered by a single

coordinate system. Since 89 is closed we can find a cover of K by open sets Op, p € K,
such that 82N O, = §. (Here O denotes the closure of the set 0.) By compactness of
K a finite number of the Op’s can be chosen, p =p;, i = 1,..., N. Set 0= uN ., 0,,.

Without loss of generality we can assume that the domain of dependence A(O) of O
is conditionally compact and lies within a single coordinate patch. It should be clear
that p lies in the interior of A((’)) Let ¢ be any point in the interior of A(O) NJ*(p),
where J*(p) is the set of points in the causal future of p. Let O be the interior (relative



548 PIOTR T. CHRUSCIEL AND JALAL SHATAH

to the topology of X(,)—c) of J7(g) N Xyp)—e. We have O C (5, hence O N 6% = 0.
Now the interior of the future domain of dependence A*(0) of O coincides with the
interior of J7(g) N J*(S4(p)—c), so that (decreasing e if necessary) AT(0) N X, is
diffeomorphic to a three-dimensional coordinate ball for ¢ € (t(p) — €,t(q)) . We can
extend the metric g,,|a (o) from A(O) to a smooth globally hyperbolic metric defined
on R3*! in any way. Similarly we can extend the Yang-Mills initial data induced on
O by the Yang-Mills field on Qin any way. By point 2 of Proposition 4.1 there exists
a global solution A of equations (4.4)-(4.6) on R**1. By uniqueness of solutions of
equations (4.4)—(4.6) in domains of dependence, the connection A coincides with A
on A(O)N Q. Therefore one can extend the connection A from P|5 to a connection
field on A(O) U Q , the extended connection being a Yang-Mills development of the

initial data (A%, ) This, however, contradicts maximality of Q so that Q = M, and
Theorem 1.1 is proved. O
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