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THE REGULARITY OF LP-SCALING FUNCTIONS*
KA-SING LAUT aAnND MANG-FAI MA#

Abstract. The existence of LP-scaling function and the LP-Lipschitz exponent have been stud-
ied in [Ji] and [LW] and a criterion is given in terms of a series of product of matrices. In this paper
we make some further study of the criterion. In particular we show that for p an even integer or for
all p > 1 in some special cases, the criterion can be simplified to a computationally efficient form.

1. Introduction. The solution f of a 2-scale dilation equation

N
(1.1) f@ =Y efz—n), z€R

n=0

is called a scaling function. This class of functions has been studied in detail in re-
cent literature in connection with wavelet theory [D] and constructive approximations
[DGL]. The question of existence of continuous, L' and L? solutions was treated in
Daubechies [D], Daubechies and Lagarias [DL1], Collela and Heil [CH], Eirola [E], Heil
[H], and Micchelli and Prautzsch [MP]. The regularity of such solutions was studied,
in addition to the above papers, in Cohen and Daubechies [CD], Daubechies and La-
garias [DL2,3], Herve [He], Lau, Ma and Wang [LWM] and Villemos [V1,2]. Also the
existence of LP-solutions has been characterized by Lau and Wang in [LW] and Jia[Ji].

In this paper, we will adopt the previous notations as in [CH], [DL1] and [LW].
Let To = [CZi—j—1]1_<_i,j§N and T1 = [CZi—j]ISi,jSN be the associated matrices of the
coefficients {c,}, i.e.,

Co 0 0o ... 0 C1 Co 0 0
¢ ¢ ¢ ... 0 c3 C € 0
To=|€ €3 c ... 0 , Ty=|¢ ¢ cs 0
0 0 0o ... CN—-1 0 0 0o ... CN

It is known that if Eﬁ:o ¢n = 2, then 2 is always an eigenvalue of (Tp + 71). Fur-

thermore, if Y cap = Y cant1 = 1, then 1 is an eigenvalue of both Tp and T7. Let v
be a 2-eignevector of (Tp + 771) (which means a right eigenvector associated with the
eigenvalue 2) and let

V= (To - I)V = (I —Tl)V.

In [LW] the following theorem was proved:

THEOREM A. Suppose 1 < p < oo and Zgzo ¢n = 2. Then equation (1.1) has a
nonzero compactly supported LP-solution (notation: LP-solution) if and only if there
exists a 2-eigenvector v of (Ty + T1) satisfying

1
i P =
nhm on E |T5¥|P = 0.
[Jl=n
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In [Ji], Jai studied the same existence question by means of a ”hat’ function and
obtained a similar criterion independently. Furthermore he showed that the existence
of an LP-solution implies that Y con = > cont1 = 1.

In this paper we will consider the regularity of the solution. We use the LP-
Lipschitz exponent to describe the regularity. It is defined by

: — liming 218l
Liny() = it =13

where Ay f(z) = f(z + h) — f(z). It is well known that for 1 < p < oo, if
1
lim sup 1| A flp < 00
h—sot R

(which implies Lip,(f) = 1), then f’ exists a.e. and is in L? and f is the indefinite
integral of f'. Recall that the g-Sobolev exponent of a function f is defined as

sup{as [ (1+1el)|F©Idt < oo).

For p = ¢ = 2, the 2-Sobolev exponent equals to the L2-Lipschitz exponent, and they
are different when p,q # 2. In general the LP-Lipschitz exponent describes the regu-
larity of f more accurately than the Sobolev exponent. The g-Sobolev exponent has
been studied in [He]. The LP-Lipschitz exponent (in a slightly different terminology)
has been used to investigate the multifractal structure of scaling functions in [DL3]
and [J1,2].

Let H(V) be the complex subspace spanned by { TV : J is a multi-index }. (We
use complex scalar because it will be more convenient to deal with the complex eigen-
values and eigenvectors.).

THEOREM B. Suppose that Y can = > cant1 = 1 and either (i) 1 is a simple
eigenvalue of Ty and Ty or (ii)) H(V) = {u € CN : Zf\;l u; = 0}. Then for f an
L2-solution of (1.1), 1 < p < o0,

: L @T Y ITYIP)
(1.2) Lip,(f) = hégl(gf pIn(2—7) .

We remark that Jia [Ji, Theorem 6.2] proved that the above formula by replacing
||Ty¥|| with ||Ty/H|| where H denoted the hyperplane in (ii). Our special perference
on ||T;¥|| is that it allows us to calculate the sum in many cases (see Section 4 and
5). Even though there are some overlaps with Jia’s result, we like to give a full proof
of Theorem B because of completeness and the consistence of the development in the
in the sequel.

To reduce the formula in Theorem B, we only consider the 4-coefficient dilation
equation for simplicity. We show that if in addition ¢y + ¢3 = 1, then

In((leol” + |1 — o|P)/2)

Lip,(f) = o2

(Proposition 4.3) and if ¢ + c3 = 1/2, then

In((Jcol? + |5 — col?)/2)

Lipp(f) :min{l, —plnd

}.

(Proposition 4.5). Note that the second case contains Daubechies scaling function Dj.
The formula was actually obtained in [DL3] using a different method and assuming
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further 1/2 < ¢9 < 3/4 . For the general case we show that if p is an even integer,
then

(1.3) > ITsvIP = aWr b

|J|=n

for an auxillary (p + 1) x (p + 1) matrix W, depends only on the coefficients of the
dilation equation and for some vectors a and b ( Proposition 5.1). In particular for
p = 2, the matrix W5 is equivalent to the transition matrix used in [CD], [LW] and
[V] for the existence of L2-scaling function. By using (1.3) it is easy to show that
the necessary and sufficient condition in Theorem A reduces to p(W,) < 2 and (1.2)

becomes
In(p(Wp)/2)

Lip,(f) = —pIn2

where p(W,) is the spectral radius of W, (Theorem 5.3).

The paper is organized as follows. In Section 2 we include some preliminary results
concerning the eigen-properties of the matrices Tp, 77 and Tp + 77 that we need. We
give a complete proof of Theorem B in Section 3. In Section 4, we will apply Theorem
B to obtain explicit expressions for the two special cases described above. Finally in
Section 5 we construct the matrix W, in (1.3) and use the spectral radius of W), to
determine Lip,(f) when p is an even integer. We also make some remarks concerning
extensions of the construction and discuss some unsolved questions.

2. Preliminaries. Throughout this paper, unless otherwise specified, we assume
that 1 < p < o0, ¢, € R, co, en # 0 and Y con = > cant1 = 1. For any k > 1,
let J = (J1,--.,J%), js = 0or 1, be the multi-index and |J| the length of J. Let
I; = I, .j.) be the dyadic interval [0.7; - - - jk, 0.51 - - - ji + 2=%). The matrix T
represents the product T}, --- T}, . If v is a 2-eigenvector of (Tp + T1), it is clear that

1 1
(2.1) = > Tyv= o (To + T))*v = v.

For any g € LP(R) with support in [0, N], let g : [0,1] = RV
g(z) =[g(z), g(z+ 1), ..., 9z + (N -1)))}, z€]0,1)

be the vector-valued function representing g and let

~ Tog(2z) if z € [0, %)’
Tg(z) = { Tig(2z—1) ifz e[l 1).

It is easy to show that f is a solution of (1.1) if and only if f = Tf [DL1]. With no
confusion, we use || - || to denote the LP-norm of g as well as the vector-valued function
g. Also for a vector u € R?, ||u|| will denote the £}-norm in RV.

Let g; be the average |I|~! [, g(z) dz of g on an interval I.

PROPOSITION 2.1. Let f be an L2-solution of (1.1) and v = [fio,1), - - -, fin—1,m)]*
be the vector defined by the average of f on the N subintervals. Then

(i) v is a 2-eigenvector of (Tp + T1).

(i) Let fo(z) =v,z €[0,1), and let £, = Tf,, n =0, 1,..., then

fn(m) = Z (TJV)XIJ (:II), z € [Oa l)a
|J|=n
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and ||fot1 = £allP =277 30 5= I TSV IP
(iti) [|f —£all” < 55 201512 IT5%||P for some ¢ >0 and £, — £ in LP([0, 1], RV).
Proof. The proof of these statements can be found in [LW, Proposition 2.3,
Lemma 2.4, 2.5, and Theorem 2.6]. In particular to prove the last identity in (ii),

we observe that
1

lfnsr = £all” =5y D (IT5(To = DVIP + IT5(T2 = IvIP)
|J|=n
1 ~

=5n 2 ITs9IP. 0

|J|=n
 Let ~

o = lim inf In(27" 37 5= 1 T5¥1I7)

n—00 In(2-7)

Then « is the rate of convergence of 27" 37 ; _, ||Ts¥||” to 0 in the sense that the sum
is of order 0(27#") for any 8 < a. Let H(¥) be the subspace (with complex scalar)
spanned by {Tyv : J is a multi-index }.
LEMMA 2.2. Under the same conditions and notations as in Proposition 2.1, for
any u € H(¥),
@7 3= 1 TullP)
lim inf
n—00 ]n(2"n) -
Furthermore equality holds if H(u) = H(¥V).
Proof. Since H (V) is finite dimensional, it suffices to consider u = T';+V for some
J'. Let |J'| = k, then

1 1 - 1 -
on > TP = on > TS TP S2k2n+k ST
|J|=n |J|=n |J|=n+k

It follows that
(27" Y j1zn ITullP)  n2t) Wm0 IT¥P)

In(2-") GO Tn(2- () )
which implies the stated inequality. For the last statement we need only change the
roles of u and v and make use of the inequality we just proved. 0

Let M = [62,’_]']15,',]'5]\{_1, i.e.,

C1 Cp 0 e 0

C3 Co C 0
M=1]¢c c c3 ... 0

6 0 0 ... ena1

be the common submatrix of Tp and T3. If > can = Y. cont1 = 1, then 1 is an
eigenvalue of M and [1,1,...,1] is the corresponding left l-eigenvector. Let H =
{ueC¥: 3 ui=0}

LEMMA 2.3. There exist vo, vi € H (i.e., > (vo)i = Y.(v1)i # 0) such that
(To — )™vo = (Th — I)™vy1 =0 for some m > 0, and

(22) TOV1 = T]_Vo.
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Remark. When m = 1, vp and v; are 1-eigenvectors of Tp and T3 respectively.
Proof. Let Ex = {u € CN~1 : (M — AI)™u = 0 for some m > 0}. Observe that
for A # 1 and for u € Ej,

N—1
0=[1,1,...,1)(M = AD)™a=(1-N)™ Y u;
=1
for some m > 0, so that S"u; = 0. In view of CN~! = E; @ Z)‘#l E,, there exists

a € Ep such that Y a; # 0. If 1 is a simple eigenvalue of M, dim F; = 1 and hence
the above a is a 1-eigenvector of M. Let

(23) Vo :'= [O, al,...,aN_l]t, Vi = [al,...,aN_l, O]t

Then vy and v; are 1-eigenvectors of Tp and T; respectively, and vo, vi ¢ H. More-
over, by the definitions of Ty and T, we have

(24) (T()Vl)i = Zczi_j_laj = ZCzi_jaj.H = (T1V0)i.

so that Tovqa = Tivp. If 1 is not a simple eigenvalue of M, we let m be the smallest
positive integer so that (M — I)™a = 0. Define al) =a, --. | al™ = (M — )™ 1a,
and let

(2.5) v(()i) =[0,a®]* and vgi) =[a®,0,, 1<i<m.

Then vgl) ¢ H and vg.m) are eigenvectors of T, = 0,1 and
(2.6) Tvi = v v 1<i<m—1, j=0,1.
If we let vo = v(()l) and v; = vgl), then a similar calculation like (2.4) implies that
T()V1 = T1V() again. O

COROLLARY 2.4. Let vo, v1 be chosen as in the proof of Lemma 2.3, Then

@i) Tovgz) = Tlv((,') forl1<i<m.

(i) T\T¥ vo = ToTF vy for k> 1.

(lll) (TgLVo)l = (T{‘VI)N =0 and (TgLVo)i = (T{‘vl)i_l f07‘ 2 S ) S N.

Proof. (i) and (ii) follows directly from the same calculation as in the proof of the
above lemma. The first identity in (iii) is a consequence of (v¢); = (vi)n =0 as in
(2.3). For the second identity, if vo and v; are 1-eigenvectors of Ty and T; respectively,
(2.2) implies that

(Tg'vo)i = (vo)i = (v1)i—1 = (T7'V1)i-1-

For the general case we need only apply

(1) {ZLO (VY ifn<m
Tj'vy’ =

i)Vj
SE (v ifnzm
which can be checked directly by using (2.6). a
LEMMA 2.5. Let v be a 2-eigenvector of (To + T1) and v = (To — I)v. Then
H(V) is a subspace of H. Moreover, if (i) 1 is a simple eigenvalue of To and Ty; or
(i) H(V) = H, then for vo, vi ¢ H as defined in Lemma 2.3, there ezists a constant
c such that

v=cvg+hy=cvy + Iy
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for some hg, hy € H(V).

Proof. Note that [1, 1, ..., 1]t is a left 1-eigenvector of Tp, so that (Tp — )u € H
for every u € C*. In particular, v = (Tp — I)v must be in H. Also it is easy to show
that H is invariant under Ty and T3, hence H (V) is a subspace of H. Let vg and v;

be as in Lemma 2.3, then a = Y (vo); = Y. (v1); # 0. Let ¢ = Zf;l v;/a, where v;’s
are the coordinates of v and let

hg=v—cvg and h; =v-—cv;.

By the choice of ¢, we have hg, hy € H which implies case (ii) because H = H(V).
In case (i), we observe that if 1 is a simple eigenvalue of Ty, then Ty — I restricted
on H is bijective; it is hence also bijective on the (T — I)-invariant subspace H (V).
Consequently,

v =(To— I)V = (To — I)(CVO + ho) = (To — Dhy
so that hy must be in H(¥). The same proof holds for h;. a

3. Proof of Theorem B. Let f be an LZ-solution of (1.1) and let v =
[flo,1)> - - > fin—1, N)]t be the vector defined by the average of f over the N-subintervals
(see Proposition 2.1), then v is a 2-eigenvector of (To + T1). Let

fa(z) = Y (Tsv)xs, ()

[J|=n

and let f, be the corresponding real valued function of f,, defined on [0, N].
LEMMA 3.1. Forn>1and £ >0,

1-2-"
/ [fnse(@ +27) = fupe(@)|P de
0

1 - i i
=gt 2 (Z Y (BT - ToTs I)TJ'V”p)-

[J7|=¢ \i=1|J|=n—i

Proof. We divide the interval [0, 1 —27") into 2" — 1 equal subintervals. For each
subinterval, we further divide it into 2¢ equal parts. In this way we have 2¢(2"—1) equal
subintervals with length 2=("+_ For each such dyadic interval, we can write down its
binary representation with length 2"t¢, say Iy, ..in Fhreenndl) " Since it is contained in
[0, 1 —27™), at least one of the ji,...,j, must equal 0. Suppose z € I(jl,...,j..,j;,...,j;)
with j,_i+1 as the last zero in {j1,...,Jn}, i.€., T € TG inei 01,0134 7y)» theD
T+27" € Iy, ju_i1,0,...,0,,....55)- 1t follows that

fote(z +277) — £ pe(x)
=Tj - T ATy (Tyy - Typv) = Ty - T ToT T (Tyy -+ - Ty, v)
=Ty Tjo (NI = ToTy )Ty -+ Ty v

Je

Since f,4¢(z +27™) — f,44(z) is a constant function on each dyadic interval of size
2=+ an integration over the interval [0, 1 — 27™") yields the lemma immediately.

0
We first give a lower bound estimate of ||Ay-x f]|.
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ProposITION 3.2. Forn > 1,

2r—1 -
A2 fIIP > > TP

< 9n—1
|J]=n—-1

Proof. Fix n > 1 and for any £ > 0,

N
g fusell? = [ Ufusele+27) = frrea)P do

1—27—"
> / [fnse(@ +27) = fppe(@)|P do
0

2n+z 2 (Z > ITH(TE™ - LTy I)vanp)

|J'|=¢ \i=1 |J|=n—i
(by Lemma 3.1)

> [ > > (T - To)TavIP
|J'|=¢ |J|=n—1
25 Y T -To)(5 S TP
|J|=n—1 |J' |=¢
1
== X In@-ToviP by 21)
|J|=n—-1
1 1 - -
=2P 12n_1 Z | Ty¥||P (use (T1 — To)v = —2¥).
|J|=n—-1
The assertion now follows by letting £ — oo. a

For the upper bound of ||A}, f||, we need an estimation of the integral of |Ap, f, ()|
near the integers k =0,...,N.

LEMMA 3.3. Under the same assumptions as in Lemma 2.5, for n > 0 and for
O0<h<27m,

/E A Fu(@)P d < 22 R(ITShollP + 177 [P)

where E, = Uivzo[k —-27", k).
Proof. Since f, is a constant function on the dyadic intervals of size 2™, we have

B lg/k—h |fn(z +h) = fa(2)|P dz

N
= BTV + YT = TPVl + [ = (TN P).

=2
Recall that v = ¢vo+hg = ¢vy +h; asin Lemma 2.5. Therefore, by Corollary 2.4(iii),
(Tg'v)1 = c(Tg'vo)1 + (Tg'ho)1 = (Tg'ho)1
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and similarly (T'v)y = (T7'h1)n. Also for 2 < i < N, by Corollary 2.4(iii) again,

(Tg'v)i = (T7'v)i—1 =c(Tg'vo)i + (Tg'ho)i — c(T7*v1)i—1 — (T{"h1)i—1
=(Tg'ho)i — (T7"h1)i-1.

We can continue the above estimation:

N
[ 18ngal@)l? de = B(|@7Bo): P + Y 1T o)s = (T7ba)ica P + |(T7 ) )

=2

< 27 h([||T¢hol|” + || Ty ||P)

and complete the proof. O
PROPOSITION 3.4. Under the same assumptions as in Lemma 2.5, we have for
O<h<27™,

9p+1

= (2 ImbollP + Y ITmall?).

|J|=n |J|=n

lAR Sl <

Proof. Let E, = UN_o[k—27", k) and E, = [-2"", N)\ E, = Upng [k, k+1—
27™). Since f, is supported by [0, N], we have

N
IIAhan”=/ |Anfa(@)l? dz

=/ |Ap fr(z)|P dz +/_ |AR fn(2)|P dz
E, E,
=1 + .
Lemma 3.3 implies that
I <27 h(||ITg"ho |P + [|T7"ha |[P).
On the other hand, if we write I in the vector form, we have
1-2-"
A =/ £z + h) — £u()|IP do
0
=hy, Y IT(OTE - LT )v|P.
k=1 ].]|=n—k
From Corollary 2.4(ii) we conclude that

(MTE — ToTF v = TiTE (evo + ho) — ToTF Y (evy + hy)
=TTy he — ToTf'hy,

and therefore

1232%(2 Y I DT holr + Y. S 1|T,T0T{°—1h11|P)

k=1|J|=n—k k=1 |J|=n—k
<2h( 3 ITsholP + Y IITshlP).
|J|=n |J|=n

The lemma then follows from the two estimates of I; and I. O
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We can now state and prove our main theorem of this section (i.e. Theorem B in
Section 1).

THEOREM 3.5. Suppose that either (i) 1 is a simple eigenvalue of Ty and Ty or
(it) HV) = {ue CN : Efil u; =0}. If f is a LP-solution of (1.1), then

(27" 3, 1= 1 T5V1I7)
pln(2~") '

Proof. As a direct consequence of Proposition 3.2, we have

: Al @7 s 1T VIP)
< —_ <L
Liey() < liminf Sy < liminf =

Lip,(f) = lim inf

To prove the reverse inequality we first observe that ||Axnf|| < 2||f — foll + |Anfrll-
Proposition 2.1 (iii) and Proposition 3.4 imply that

lanflP < (27 3o NIToIP +27 3 ITsholP +27 S 1T P)

|J]=n [J]=n |J|=n

for some constant C independent of n. Since ¥, hg, h; are all in H(¥), we can apply
Lemma 2.2 to have the reverse inequality. 0

4. Lip,(f) for some special cases. For the 2-coefficient dilation equation
f(z) = f(2z) + f(2z — 1), the scaling function is x[o,1) and it is easy to calculate that
Lip,(f) = 1/p from the definition.

PROPOSITION 4.1. If f is an L2-solution of f(z) = cof(2z) + c1f(2z — 1) +
cof(2x —2) withcop +c2 =1, ¢; =1, and cg, ¢2 # 0, then

_ In((Jcol” + |1 — c0]?)/2)
- —pln2 '

Lip,(f)

Proof. In this case,

_ Co 0 _ 1 Co
T"‘(l—co 1) and Tl‘(o 1—00)’

and v = [co, o — 1]? is a 2-eigenvector of (Tp + T1). Then
~ _ _ _ Co(Co - 1)
v=(To Dv_(—-co(co—-l)) # 0.

Note that V is an cp-eigenvector of Ty and (1—cp)-eigenvector of T7. A straight-forward
calculation yields

= 3 1 = 32 (X (}) Gl (1 - oy )51

|J|=n k=0
col|? + |1 —colP\7, .
=l Ry,
This implies that

In((jeol” + 11 = col?)/2)

Lip,(f) = o2

We now turn to the 4-coefficient dilation equation

(4.1) f(@) = cof(2z) + c1f (22 — 1) + 2 (22 — 2) + 3/ (22 - 3)
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with ¢g + ¢; = ¢; + ¢3 = 1 and ¢p, c3 # 0. We first observe that

Co 0 0 1—C3 Cco 0
(4.2) To=|1—-co 1—c3 co , Th = c3 l—co 1—c3
0 C3 1—Co 0 0 C3

The eigenvalues of (Tp + T1) are 2, 1, and (1 — ¢o — ¢3), and the 2-eigenvector v is

Co (1 +co — 63)
(43) vV = (1 +co — 03)(1 —co + 03) .
C3(1 — Cp -+ Cg)
Therefore

Co(Co - 1)(1 +co — C3)
44) v=(To-I)v=| —colco—1)(1+co—c3) +c3(cs —1)(1 —co+c3)
—c3(es —1)(1 —co + ¢3)

Note that in Proposition 4.1, the computation can be made easier if ¥ is an eigenvector
of both Ty and T7. Here we have

LEMMA 4.2. Let Ty and Ty be as in (4.2) and let v be the 2-eigenvector of (To+11)
as in (4.3) and let v = (To — I)v. Then V is an eigenvector of both Ty and Ty (not
necessary to the same eigenvalue) if and only if co +c3 = 1.

Proof. Suppose co + c3 = 1, then cp = c1, ¢ = c3, and (4.2) reduces to

Co 0 0 Co Co 0
To=|1-¢c o< co , Ti=11-c 1l-co o© )
0 l—Co l—CO 0 0 l—Co

and v = [~2c3cs, 2c3cs — 2coc?, 2coci]t # 0. By a direct calculation, V is a co-
eigenvector of Tp and (1 — ¢p)-eigenvector of T .

Conversely, suppose V¥ is an eigenvector of both Ty and Tj. Let uo = [0, 1, —1]
and u; = [1, —1, 0], then Vv = aup + bu; where a and b is determined by (4.4). By
using 1o and u; as a basis of the subspace H = {u € C* : }_ u; = 0}, we can rewrite
To, Ty (restricted on H) and v as follows:

_ 1—00—03 C3 _f[c3 0 ~_ [ a
(45) To—( 0 CO>, Tl_(CU l—Co—Cg>’ and V—(b)

Note that Ty has ¢g and 1 — ¢g — c3 as eigenvalues while 77 has c3 and 1 — ¢y — c3
as eigenvalues. We claim that v is an cg-eigenvector of Tp. For otherwise, Vv is an
(1—cp —c3)-eigenvector of Ty, then b must be zero and ¥ = [a, 0]°. But this contradicts
to the assumption that v is an eigenvector of T;. Similarly, v must be a c3-eigenvector
of T;. Hence,

(To + Tl){’ = (Co + 03){’.

There are only three choices of the eigenvalues of Tp + T3: 2,1 0or 1 —¢p —c3. By a
direct check we conclude that ¢g + c¢3 = 1 is the only allowable case. o

In view of Lemma 4.2 we can use the same technique as in Proposition 4.1 to
prove the next proposition

PRrOPOSITION 4.3. If f is an LE-solution of (4.1) with the additional assumption
that co + c3 = 1, then

_ In((leol + 1= col?))/2.

(46) Lip, (/) R
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In Figure 1, we draw the graphs of some scaling functions satisfying the as-
sumption in the above proposition and their LP-Lipschitz exponents. Note that if
Lip,(f) = 1 for all 1 < p < oo, then f is differentiable almost everywhere and the
derivative is in LP for all 1 < p < co. This is the case for ¢y = 0.5 and is obvious from
the graph of the corresponding scaling function. For the graph of ¢y = 1.125, we see
that Lip,(f) is undefined for p > 6. Indeed f ¢ LP(R), for p > 6, making use of the
criterion in Theorem A.

We conclude this section by giving a formula of Lip,(f) with the coefficients
satisfying co + c3 = % instead of ¢p + c3 = 1. It includes Daubechies scaling function
Dy which corresponds to co = (1 + v/3)/4, c3 = (1 — v/3)/4. This formula has been
obtained in [DL3] using a different method and assuming in addition that # < co < 3.
Here, we need an estimation on the product of two non-commutative matrices.

LEMMA 4.4. Let 8y,B1 € R. Let

1 0 1 0
P0=(0 ﬂo) and Pl:(ﬂo ﬂl)'

For any multi-index J = (j1,52,-..,7n), we let Py = Pj, ---P; . Then

(1 o0
PJ_(/\J LU)

where Ay = Po(jr + 5285 + - + In(Bju_y -+ B51)) and py = B;,.Bj._, - Bj,- Let
¥ = (|Bol? + |B1|P) /2. Then

2" Z lns|? =" and 27" Z [As|? < CnP max{1,7y"}
|J|=n |J|=n

for some constant C' > 0 independent of n.
Proof. The explicit form of the product P; can easily be shown by induction. For
the second part of the lemma, the first identity follows from

27 Y P =2 0 (B Bl ="
( > l/\le)% =lﬁol( >

For the second identity we observe that

i+ Y 5B Bin)

|J]|=n J15e-5Jn=0,1
o\ 2
) P
|J|=n J15--4Jn=0,1 =2

< |Bol (2("'1)/" + i ( . > 1B, "'ﬂj1)|p) %>

i=2 “Nj1,..,in=0,1

(by Minkowski inequality)
= 6ul (20797 + 3 (1ol + 161) ")

=2

< 1Bl 2070/ 3 (M Py

i=1

< |60l n 2~ D/P max{1, (v'/7)"}.

The last identity now follows. a
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PROPOSITION 4.5. If f is the L2-solution of (4.1) with the additional assumption
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that co + ¢c3 = %, then

: : In((eol” + 3 = c0[?)/2)
4.7 Lip,(f) = min { 1, —pInd } .
Proof. In this case, (4.2) reduces to
Co 0 0 % + Co Co 0
To=\|1-co %'1-00 Co and T = %—Co 1—co %+Co
0 1-c l-c 0 0 3-oo

Note that h = [1, —2, 1]* is a co-eigenvector of Ty and also a (3 — co)-eigenvector of
T:. It is clear that

1 n
2 52 TP =27 (jeo 1~ ) IBIP
|J]=n
Since h € H(¥), by Lemma 2.2, we have

In((leol? + 13 = ol?)/2)
—pln2 )

Lip,(f) <

Next observe that u = [0, 1, —1]* is a L-eigenvector of Tp and Tiu = ju + coh.
Therefore, by using u and h as a basis of the subspace H(V), we can rewrite Ty, T4,
restricted on H (= H(V) in this case), and Vv, as

19 1 0 - a
— 2 — 2 =
To (0 )’ T o %—Co , and V b )
where a = —1 and b = 2¢o(co — 1)(3 + 2¢0). Let fo = 2¢o and B = 1 — fBo. For
J = (j1,J2,---,Jn), we have Tj = 7= Py, so that
I T5%[[P = [a27"7 + |27 (aAs + bus)[”,

where Ay and p; are defined as in Lemma 4.4. This implies ||T;V||? > |a2™"|? and
Lip,(f) < 1 by Theorem 3.5. Hence

(4.8) Lip,(f) < min {1, el fﬁn; wl’)/2) } .
On the other hand,

|Ts¥|P < |a27™|P + 2P|a27 " As|P + 2P|b27 "y |P.
By Lemma 4.4, we have

27" Y |IT VP < CnP 27" max{1, ((16ol” + |6:7)/2)"}
|J|=n

= Cn” max {2"’”, ((1Bo/2IP + |ﬂ1/2|”)/2)n}-

Consequently we have the reverse inequality of (4.8) and completes the proof. 0

In figures 2a-e we again sketch some L2-scaling functions from Proposition 4.5
(co +c3 = %) and their LP-Lipschitz exponents Lip,(f) of p. The case for ¢ = 0.25
corresponding to X[o,1] * X[0,1), it is differentiable and hence Lipp( f) =1for all p. The
case corresponding to cp = 0.683... is the Daubechies scaling function D4. From the
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picture of Lip,(f), D4 has LP-derivative for 1 < p < 2. It is known that for p = 2, D4
is differentiable almost everywhere but the derivative is not in L2. Also it is known
that the Holder exponent of Dy is 2 — In(1 + v/3)/In 2, which is the same number as
the formula in the proposition when p — co.
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5. Lip,y(f) when p is a positive even integer. The computation of Lip,(f)
in Section 4 depends on the existence of an eigenvector of both Ty and 77 (which
may be associated with different eigenvalues). This technique cannot be used for the
general case. In this section we show that if p is a positive even integer, then Lip,(f)
is related to the spectral radius of a matrix W, whose entries are induced from the
coefficients of the dilation equation. For simplicity, we only give the construction of
W, for the 4-coefficient dilation equation. It is not hard to extend this to the case
with more coefficients.

In view of Theorem 3.5, we will first develop a simple expression for the sum
27" 3 51=n ITs¥||? for p a positive even integer. Let [0, 1, —1]° and [1, ~1, 0]° be a
basis of H = {u € C* : Y- u; = 0}. Then Ty and T can be written as in (4.5). Let
e = [1, 0], e; = [0, 1]. For a fixed u = [a, B]* € H(¥) (to be determined later), we
define the vector a, with the i-th entry by

(an)i = Z (eoTyu)P~i(e; Tyu)t, i=0,...,p.
|J|=n
If p is an even integer, then

> TP = Y (leoTsuf” + |eiTrul?)

|J)=n |J|=n
(5.1) = (an)o + (an)p = |(an)o| + |(an)sl-
Note that ag = [P, P78, ..., afP~L, BP]'. If we let d = 1 — ¢o — c3, we have, in
view of (4.5),
eolo =dep +c3e1, e Tp = coen,

eol) = czep, e,y = cpep + dey,
and hence

(an+1)i = Z (eoTJu)”_i(elTJu)i
|J|:n+1

= Z (eoToTJu)P—'i(elToTJU)i + Z (eoTlTJu)”_i(elTlTJu)i
|J|=n |J|=n

= Z ((deo + c;;el)TJu)p_i(coelTJu)i
|J|=n

+ Z ((C3€0)Tju)p_i(C030 + de Tyu)’
|J|=n

= Z (Z_: (p; Z) d”_i‘l(eOTJu)”“"‘lcé(elTJu)l) (cb(e1Tyu)?)

[J]=n \£=0

-+ Z (cg”i(eoTJu)”‘i) (i (2) cé’e(eoTJu)i“ldl(elTJu)e)

|J|=n £=0

p—i . i . .
= Z (p ’ z) cickdP " (ap)ipe + Z (2) citeE " d (an),.
=0 =0

Summarizing the above, we have
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PROPOSITION 5.1. For any integer p > 1, let W), be the (p+ 1) x (p + 1) matriz
defined by ’ o
)i for0<i<i<p
(Wp)ij =4 chdP~i+&7'd? fori=j
(;.)cf,'jcg"idj for0<j<i<p
where d=1—cy — c3. Then
apnt1 = Wran = W;Hao

where ag = [@P, P71, ..., aBP~1, BP]t. In particular if p is an even integer, then

> ITyullP =[1,0,0,---,0,1]W; ag.
|J|=n

The matrix W, can be written as W, = W,SL) + W,SU), where W,SL) and WéU) are
the lower and upper triangular part of W, in a very symmetric manner. For example,

(@3 0 0 @ (Desd ()3
W2(L)= (1)0003 (1)03(1 0 y W2(U)= 0 ((1))00(1 (})0003 s
@ (Deod () 0 0 (e
() 0 0 0 0
(0)cocd  (7)c3d 0 0 0
W =1 A2z (eocdd (A 0 o |,
@G)cdes ()edesd  (B)eocsd® (3)esd® 0
oes  (Ddd  (Bad®  (5ed® (3)d*
Q) (Desd®  (AE  (53d (Db
. 0 (eod® (Deocsd® (3)coctd  (3)eoch
W =1 o 0 G)gd®  (D)cgesd ()i
0 0 0 (o)edd  (1)cdes
(

0 0 0 0

Recall from basic linear algebra that if p(A) is the spectral radius of an N x N
matrix A, then p(A) = max{|)\| : X is an eigenvalue of A} and

(5.2) Tim_[|A™[1/" = p(4).

Let X be any eigenvalue of 4, and E = {u € CV : (A — A\I)™u = 0 for some m > 0},
then CV = Ej ® Z for some A-invariant subspace Z of CV. We say that u has
a component in Ey if u = uy + z with uy # 0. It is clear that if u € CN has a
component in Ej), then there is a constant C' > 0 such that ||[A™u|| > C|\|" for all
n > 0.

LEMMA 5.2. Let X be the eigenvalue of W, such that |A\| = p(Wp) and let E)
be defined as above. Suppose dim H(V) = 2. Then there exists u = abg + 8b; €
H(V), where by = [0, 1, —=1]¢, by = [1, —1, 0]%, such that H(u) = H(V) and the
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corresponding ag = [aP, aP~1(,...,aBP~ L, BP]t has a component of Ex. For such u,
there is a constant C > 0 such that

CpWp)" < Y ITsulP  for all n>0.
|J|=n

Proof. We choose p+ 1 vectors u; = a;bg+ 8;b1, 1 =0,...,p, such that H(u;) =
H(v) and

aifj —a;Bi #0,  fori#j.
Then the corresponding vectors
vi=[af, ol B, ..., BTN, PP, 0<i<p

form a basis of CP*! because the matrix with the vectors ~;’s as rows is a Vandermonde
matrix

-1 —1
o ap lﬂo o BT By
- -1
of 7B - afff i
A= | ) . )
af abTlBp - apBETt BF

and detA = [[o<; r<,(@jBr — axB;) # 0. Hence, one of the ;s has a component of

E\. Let u be the corresponding u; and the first part of the lemma, follows. To prove

the second part, we observe that for any J with |J| =n and 0 < j <p,
leoTyulP~7|e; Tyul! < max{|eoTsul?, |e;TyulP}

< |eoTJu|p + |61TJu|p.

Hence
lan);l = > leoTyul”~I|eiTyuf’
[J|=n
< Y leoTrulf + 3 lexTrul? = [(an)ol + [(an)y|
|J|=n |J|l=n
= > TP (by (5.1))
|J|=n
It follows that ||a,|[1 = ;’=0 [(an);| < P 32,5, [ITsul[?. Since ap has a component
of E,, there exists a constant C' > 0 such that
Cp(Wp)" < [[Wiaolls = llanll < p D [ Tyull. O
|J|=n

For the 4-coefficient dilation equation in (4.1), it is easy to check that dim H (V) =
0 if and only if (co,c3) € {(0,0), (1,0), (0,1), (1,1)}, and the solutions are character-
istic functions ([LW, Lemma 3.3]). Hence Lip,(f) = 1/p. Also dim H(V) = 1 if and
only if ¢y + ¢3 = 1 (Lemma 4.2), and in Proposition 4.3 we have given a formula of
Lip,(f) for this case. It remains to consider the case H(V) = 2, which will complete
all the cases for all 4-coefficient scaling functions.

THEOREM 5.3. Consider the 4-coefficient dilation equation in (4.1) with the as-
sumption that dim H(¥) = 2. For p a positive even integer, the equation has a (unique)
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L?-solution f if and only if p(W,)/2 < 1, and in this case

In(p(Wy)/2)

Lipp(f) = —-pln2 *

Proof. Note that for any u € H(¥) and for any € > 0, we have for large n

> ITsuall? = [(@a)ol + (an)s| (by (5.1))

[J|=n
< llanlly = W5aollx (by Proposition 5.1)
< W2l laollx

< llaoll(p(Wp) + )" (by (5.2))

If we choose u € H(¥) as in Lemma 5.2, combining with Theorem A in Section 1, we
have the first conclusion. The second assertion follows from Lemma 2.2, the estimation
of 32, 5j=n I Tu||P from above and Lemma 5.2. g

Figure 3 shows the domain of (¢, c3) for the existence of L2-solutions for even
integers using the above criterion p(Wp)/2 < 1. The curves are p(W,)/2 = 1 cor-
responds to p = 2, 4, 6, 10, 20, and 40. Note that when p — oo the limit is the
triangular region which is the approximate region plotted in [H] for the existence of
continuous 4-coefficient scaling functions using the joint spectral radius. However, we
are not able to prove this assertion yet, i.e., limp— o Lip,(f) is the Holder exponent.
Also we do not have a criterion for the existence of an L2°-solution.

Figure 4 is the graph of Lips(f) plotted against the (cp, c3)-plane. It shows the
overall picture of Lips(f) for the 4-coefficient case. It looks similar to the graph of
Lipa(f) plotted in [LMW].

We remark that if ¢ > 0, ¢3 > 0, and 1 — ¢y — cg > 0, then Tp and T} in (4.5) are
non-negative matrices. Also the vector u in Lemma 5.2 can be chosen to be a positive
vector. Hence (5.1) still holds if p is a positive odd integer. Consequently, we have

PROPOSITION 5.4. Consider the 4-coefficient dilation equation (4.1) with co > 0,
c3 >0, and 1 — ¢y — c3 > 0. Suppose dim H(¥) = 2, then for p a positive integer,

o In(p(W,)/2)
(5.3) Lip,(f) = 2

Without such positivity assumption on the coefficients, the expression in (5.3)
does not necessarily give Lip,(f) for p odd integers. For example Figure 5a is the
graph of —In(p(W,)/2)/(pIn2), p = 1,---,10, of the scaling function corresponding
to co = 0.5 and c3 = —0.4. The points bounce up and down but Lip,(f) should
be convex in that region. Figure 5b corresponds to Daubechies scaling function Dy
(c3 < 0). On this graph, the points are obtained by —In(p(W})/2)/(pln2) while the
curve is Lip,(f) given by (4.7). It shows that for even integer p, they coincide. For
odd integer p, the values obtained by (5.3) are different to Lip,(f) but surprisely
close (see Table 1). Also when p — oo, in our numerical and graphical experiments,
the values obtained from —In(p(W,)/2)/(pIn2), p odd integers, seems to converge to
Lip,(f) rather rapidly.

Finally we remark that for the dilation equation with N+1 (N > 3) coefficients, if
dim H(¥) = 1 then v is an eigenvector of both Ty and T4, say Tov = av and T}V = bVv.
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Lip,(N

Figure 4

Then the same technique as in the proof of Proposition 4.1 yields

PRI
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109 =05
c=-04

02 L M . * .' 06 o

Figure 5a Figure 5b
value obtained
p Lip,(f) by (5.3)

3 0.874185416  0.892690635

) 0.749617426  0.750414497

7 0.692852392  0.692893269

9 0.661125656 0.661127939

Table 1

for 1 < p < o0. For the case dim H(¥) > 2, we can use a similar method to that in
Proposition 5.1 to obtain a (p+ 1)V~2 x (p+ 1)V ~2 square matrix W, and Theorem
5.3 and Proposition 5.4 will still hold for dim H (¥) > 2.
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