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THE DIFFERENTIAL EQUATION Ay = 87 — 8the* ON A COMPACT
RIEMANN SURFACE*

WEIYUE DING!, JURGEN JOST!, JIAYU LI§, AND GUOFANG WANGY

Abstract. Let M be a compact Riemann surface, h(z) a positive smooth function on M. In
this paper, we consider the functional

J(u)=l/ ]vu|2+87r/ u—87rlog/ he®.
2 /M M M

We give a sufficient condition under which J achieves its minimum.

1. Introduction and main result. Let (M,ds?) be a compact Riemann sur-
face, h(z) a smooth function on M. For simplicity, we assume in this paper that the
volume of M equals 1. Twenty years ago, Kazdan and Warner ([KW]) asked, under
what kind of conditions on A, the equation

(1.1) Au = 81 — 8whe"

has a solution. An obvious necessary condition is that maxh > 0.

If M is the standard sphere, the problem is called “Nirenberg problem”. The
geometric significance of this problem is that if g denotes a metric of constant cur-
vature 47 on S?, then the metric e*g has curvature equal to h. This problem has
been studied by Moser ([M1], [M2]), Kazdan-Warner ([KW]), Hong ([H]), Chen-Ding
([CD1], [CD2]), Chang-Yang ([CY1], [CY2]), Chang-Liu ([CL]), and others.

For a compact Riemann surface other than S2 or RP?, the preceding interpre-
tation is no longer possible as such a surface does not carry a background metric of
constant positive curvature. However, the differential equation (1.1) also arises in the
so-called Chern-Simons Higgs theory. This is a classical field theory that is defined
on (2+1) dimensional Minkowski space and believed to be relevant in high temper-
ature superconductivity and in other areas of theoretical physics. Hong-Kim-Pac
[HKP] and Jackiw-Weinberger [JW] observed that for a special choice of the Higgs
potential, a sixth order polynomial, stationary vortex solutions satisfy certain first
order selfduality equations. On a compact torus, these equations have been studied
by Caffarelli-Yang [CaY] and Tarantello [T]. In particular, Tarantello showed that
one may find a certain type of solution that corresponds to a symmetric vacuum. In
the case of only one vortex p of multiplicity 1 she found that asymptotically, as the
coupling parameter in the theory tends to zero, one obtains a solution of

e—G(pr)+u(I)

fM e—G(y,P)+u(y)dy ’

Au(z) =47 — 4n / u=0, u € L}(M),
M

where G(z,p) is the Green function defined below in equation (1.2). This result was
shown with the help of the Moser-Trudinger inequality. For N vortices (counted with
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multiplicity), 47 in the preceding equation has to be replaced by 47V, and already for
N = 2, the situation becomes more difficult, as the factor 8m represents the limiting
case in the Moser-Trudinger inequality. We shall discuss this in detail in [DJLW].

Thus, the Kazdan-Warner problem becomes relevant for an area quite different
from problems of prescribed Gauss curvature. Therefore, we shall address the problem
of finding solutions (1.1) here on a general compact Riemann surface. We shall pursue
a variational approach. Namely, we shall try to minimize the functional

J(u) = %/M|Vu|2+87r/Mu—87rlog/Mhe“.

We shall first show that the functional has a lower bound. This generalizes the
Moser-Trudinger ([M1]) inequality to the case where M is an arbitrary compact Rie-
mann surface.

THEOREM 1.1. Let (M,ds?) be a compact Riemann surface. For any u € L}(M)
with [, u =0 one has

1 2
/ et < Cpreellvull
M

where Cyr is a positive constant depending only on (M, ds?).
To show that J is bounded from below, we consider

Je(u) = %/M | v ul®+ (87 —¢) /Mu — (8 —€)log /M he*,

where € > 0. It is not hard to verify that J. achieves its minimum at some wu..
There are two possibilities: If a subsequence of the sequence of minimizers u, con-
verges to some ug for € = 0, then ug minimizes J. In order to show this convergence,
it suffices to establish estimates for the u. in the Sobolev space L?(M) that do not
depend on €. If such estimates do not hold, then the sequence u. blows up, and after
subtracting mean values, u, converges to some Green function G(z,p) satisfying

(1.2) [G=0.

In a normal coordinate system around p we assume that

{ AG = 8w — 8y,

G(z,p) = —4logr + A(p) + biz1 + byz2
(1.3) +e12? + 2co1 15 + c3zt + O(r®),

where r(z) = dist(z,p).

One should note that (1.2) is not conformally invariant, but depends on the metric
ds? on M. Therefore, also the constants in the expansion (1.3) will depend on that
metric. If the metric is homogeneous as on the standard sphere or on a flat torus,
b1 = ba = 0. For a more detailed discussion of the leading term A(p) - which does not
depend on p in the homogeneous case - on flat tori see section 4.

More precisely, in this step we show that, if the minimizing sequence u. of J,
blows up,

(1.4) ue},r%EM) J(u) > —8r — 8wlogm — 47r(gg:}a[{(A(p) + 2log h(p))).



232 W. DING, J. JOST, J. LI, AND G. WANG

In other words, if (1.4) does not hold, then no blow-up is possible, and we get
convergence of the u, to a minimizer ug of J.

Inequality (1.4) and the results that have been obtained for the Nirenberg problem
([CD1], [CY1], [CY2], [CL]) indicate that it will depend on the asymptotic expansion
of h near a potential blow-up point whether a blow-up is possible. In this sense, we
shall obtain the following result.

THEOREM 1.2. Let (M, ds?) be a compact Riemann surface, let K (z) be its Gauss
curvature. Let h(z) be a positive smooth function on M. Suppose that A(p)+2log h(p)
achieves its mazimum at py. Let bi(po) and ba(po) be the constants in the expression
(1.3), and write \7h(po) = (k1(po), k2(po)) in the normal coordinate system. If

Ah(po) + 2(b1(po)k1 (o) + ba2(po)k2(po))
> —(8m + (b3 (po) + b3(po)) — 2K (po)) (o)

the minimum of the functional J can be obtained, and consequently the equation (1.1)
has a smooth solution.
REMARK 1.1. The inequality in Theorem 1.2 is implied by the following one

Ah(po) | v Alpo)l?

Aloghlmo) = S0y ™ 2 (po)

> —(87 — 2K (po))-

In the second step, we shall construct a blowing up sequence ¢, with the property
that

J(pe) < —8m — 8mlogm — 4#(;2211‘)4:(14(1)) + 2logh(p)))

for sufficiently small € > 0, assuming that h satisfies the hypotheses in Theorem 1.2.
This contradicts (1.4), and Theorem 1.2 will follow.

Our methods are closely related to those used by Schoen ([Sc]) in his solution of
the Yamabe problem and by Escobar-Schoen ([E-S]) for finding conformal metrics with
prescribed curvatures in higher dimensions. However, our analysis is more delicate. In
their work, they need only to compare the minimum of the corresponding functional to
the minimum on the standard sphere. That is because their problems are conformally
invariant. In our case, we have to compute the limit functional value of a blowing
up minimizing sequence very carefully, and it turns out that the limit is not unique,
it depends on the geometry of the surface (Theorem 1.2). On the other hand, while
in their work to establish the existence result they need only the constant term in
the expansion of the Green function of the conformal Laplacian to be positive (the
positive mass theorem), in our case we need to consider a higher order term in the
expansion of the usual Green function.
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2. The lower bound. In this section, we shall show that the functional J(u) is
bounded from below, and consequently, we shall prove the Moser-Trudinger inequality.

We shall consider the minimum of the functional J in the space H; = { u €
Li(M) | [, he* =1}
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PROPOSITION 2.1. Let M be a compact Riemann surface. Let h(z) be a positive

smooth function on M. Then there exists a positive constant C depending only on M
and h such that

ulenlgl J(u) > -C.

The following lemma will yield our proposition.
LEMMA 2.2. There exists a positive constant C depending only on M and h, but
not on €, such that

. > _C.
ulen}fll.]e(u)_ C

Set
A= uienft;l Je(u).
Using Aubin’s inequality (see [A]) one obtains u. € H; satisfying
Je(ue) = Ae
and
(2.1) Au, = (87 — €) — (87 — €)he.

If ue — up in L2(M) as € — 0, the lemma follows. And Theorem 1.2 also follows.
Therefore we shall assume in the sequel that u, does not converge in L(M). However
we have

LEMMA 2.3. For any1<¢ <2, | vuely <Cy.

Proof. Let ¢' = q—ﬂ—l > 2. Then

| Zuellg <sup{ | [ ue-vel| @€ L] (M), | =09l =1}
M M 1(M)
By the Sobolev embedding theorem we have

llelle(ary < C.

It is clear that

|/ vue-vcpl=|/ Augg| < C.
M M

This proves the lemma. O

Let @, = [, ar Ue- We set A\ = maxzen ue(z), assume that ue(z.) = A. and that
z¢ = p. We shall show

LEMMA 2.4. A\, = 00 as € — 0.

Proof. If ), did not tend to co, e*c would be bounded above (At least there would
exist a subsequence uc, such that e+ is bounded. For simplicity, in this paper we do
not distinguish this point.). We set v, = u — .. By Lemma 2.3 we have ||v ||, < C,
for any p > 1. Since | Av] < C, by the elliptic estimates we can see that v, is
bounded in C*(M). So, if T, is bounded, then ||uc||p(ar < C, which contradicts
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the assumption that u. blows up. But if ;. — —oo, then v, converges to a smooth
solution of the equation Av = 8x, which is impossible. This proves the lemma. O
We choose a local normal coordinate system around p. Let (A\X)? = e*<, and

0e(z) = ue(ze + %) - Ae.

We shall show

LEMMA 2.5. (i) For any Q CC M \ {p}, we have [, he"s — 0 as € — 0. And
U = —o0o as € = 0. (44) For any Q CC R?, we have pc(z) = wo(z) in C®(Q) as
€ — 0, where @o(z) = —2log(1 + wh(p)|z|?).

Proof. For any R > 0, we have

h(ze + &
Dpe = (; (87 —€) — (87 — €)— (A*')z—/\e e (e
€ €
= —(—/\1—)5(87r —€) — (87 — €)h(z. + %)e‘p‘(”)

in Bg(0) C R? for € > 0 sufficiently small.
We consider the equation

{ Ayl = z,\e%)(&r —€) — (87 — €)h(ze + /\x—:)e“"(x) z € Bg(0),
QDHBBR(O) =0
Let 2 = @ — pl. Then Ag? = 0 in Bg(0). The elliptic estimates together
with L5(Bgr(0)) C C(Br(0)) give supg, g lvi| < C. So suppg, () ¥? < C. The Har-
nack inequality yields that supg (o) [¢?| < C, because ¢Z(0) is bounded. Therefore
2

SUPB g (0) lpe] < C.

By the elliptic estimates, we can show that ¢.(z) = @o(z) in C*(B R (0)). As
h(zc + &) — h(p) in C(Bgr(0)) we can see that o satisfies

Dopo(z) = —8mh(p)e®”,

900(0) = Oa

and
/ h(p)e” < 1,
R?

where A is the Laplace operator on R2.
However Ding’s lemma ([D], c.f. [CL2] Lemma 1.1) yields that

/R2 h(p)e®° = 1.

Since [, he* =1 we can see that, for any @ CC M\ {p}, we have [, he¥s — 0 as
€ — 0. By Jensen’s inequality we have @, - —oo as € — 0. The uniqueness theorem
in [CL2] implies that

¢o(z) = ~2log(1 + Th(p)|z]?).
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This proves the lemma. 0

We also need the following lemma.

LEMMA 2.6. We have u. — 4. — G(z,p) weakly in L{(M) (1< g<2) ase—0,
where G is the Green function satisfying (1.2), p € M. Furthermore u.—u. — G(z,p)
in C*(Q) for any @ CC M \ {p}.

In order to show the lemma, we shall use a theorem proved by Brezis and Merle
([BM], Theorem 1), formulated as Lemma 2.7 below.

Let Q C M be a domain. Suppose that u is a solution of the equation

{ Au = f(z)

ulag =0

in Q with ”f“Ll(Q) < oo.
LEMMA 2.7. For any 0 < § < 4w, we have

/ exp{ AT =@y o
Q I llL2 )

where Cs > 0 is independent of || f||L1 ()
Using Lemma 2.7 we can show
LEMMA 2.8. Suppose that @ C M is a domain. If

1
het« < (-4
[ he<G-9)

for some 0< 6 < %, then
[[te = Tel| Lo (0) < C (0, Q)

for any Oy CC 0.
Proof. Assume that u! is a solution of the equation

{ Aul = — (81 — €)he¥,
uHaQ =0.

Set u? = u, —ul — 1, then Au? = (87 —¢€) in 2. Harnack’s inequality yields that

2l e @y < CUEl L1 (a))
< Cllue — el () + llulllzr @)
< C(I  wellaary + lluillLre))

whenever o CC O, CC Q.
By Lemma, 2.7, one can see that elu:! is bounded in L? (Q) for some p > 1, which
yields that
lugllie) < C.

We therefore have

[u2|| oo 01y < C.



236 W. DING, J. JOST, J. LI, AND G. WANG

— 2 1
/ epus = / epue epu; epug
Q Q

<C ePluil
=% L,
<C.

Note that

By the standard elliptic estimates, we can obtain
llut]lLe(@y) < C-

This proves the lemma. O

Now we turn to the proof of Lemma 2.6.

Proof of Lemma 2.6. By Lemma 2.5 we can see that (87 — €)he¥ converges to
87, in the sense of measures as € — 0.

Therefore u. — 4. — G(z,p) weakly in LI(M) for any 1 < g < 2, where G is the
Green function satisfying (1.2), because G is the only solution of (1.2) in LI(M).

Lemma 2.5 and Lemma 2.8 yield that for any @ CcC M \ {p},

(2.2) l[te — Tell Lo (@) < C.

The inequality (2.2) and the standard elliptic estimates yield that u. — @, —
G(z,p) in C*°(N) for any @ CC M \ {p}. This completes the proof of Lemma 2.6. O

For any R > 0, we set 7, = %.

LEMMA 2.9. In M \ B, (0), we have

1+ wh(p)R?

ue > G — A — 2log( B

) = A(p) + 0c(1)
where 0.(1) = 0 as € — 0.

Proof. 1t is clear that we have A(u.—G—C.) < 0 for any constant C.. We choose
C, such that

(G +Co)lob., < uclos,, -

By Lemma 2.5 and (1.3) we get

1 + wh(p)R?

Ce = =X — 2log( 7

) — A(p) + 0c(1).
Then the lemma follows from the maximum principle. O

Now we are ready to finish the proof of Lemma 2.2.

Proof of Lemma 2.2. We let § > 0 small enough so that (1.3) holds in Bs(p).
We denote by o.(1) (resp. ogr(1); 0s(1)) the terms which tend to 0 as € — 0 (resp.
R — o005 6 = 0).

We recall that r. = % (R > 0). We assume that € is so small that § > r.. We
have

[ivur=[ ivup+ [ vul+ [ vud.
M M\B;(p) B;(p)\Br(p) B, (p)
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It is clear that

/ vul=[ v
M\Bj;(p) M\B;(p)

[ 196+
M\B;(p)

(2.3) = —/aBs G- g—i + 0e(1) + 05(1)

and

/ |7 ul = / |7 ol +0(1)
B, (p) Br(0)
(2.4) = 16w log(1 + wh(p)R?) — 167 + o.(1) + or(1),

by Lemma 2.6 and Lemma 2.5.
It remains to estimate [ )\ p (5 | V tel*.
Since u. satisfies (2.1), we have

/ |Vul=—@r-0 [ e
Bs(p)\Br.(p) Bs(p)\Br.(p)

+(87 —¢) he¥<u,
Bs(p)\B-.(p)

/ Ou, / Ou,
+ Ue - Ue —.
oBs(p) On  Jom, . (» On

Using Lemma 2.9, we have

/ he¥<ue > = he'e
Bs(p)\Br. (p) Bs(p)\Br.(p)

+/ he**G + 0¢(1) + 05(1).
Bs(p)\B-r. (p)

Using the equation (2.1) and the Green formula, one gets that

(87 — e)/ he*<G = —87r/ Ue — / BueG
Bs(p)\Br. (p) Bs(p)\Br. () 9B;s(p) M

/ oG Ou,
+ Uem— + G
8B;p) 0N JoB, (p) O

—/ uegg+(87r—-e)/ G.
8B, (p) on Bs(p)\Br.(p)

By Lemma 2.6 we have

(8w — e)/ he*<G = —87r/ Ue +/ %gﬁ
Bs(p)\Br. () Bs(p)\B-. (») 9Bs(p) ON
+ / BueG - ueﬁ
8B, (p) ON 8B, (p) ON

+Oe(1) + 05(1).
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Using the equation (2.1) we also have
—(8m — €)X / he's = — (8w — €)(Vol(Bs(p)) — Vol(B:.(p))) A
Bs(p)\Br (p)

Y Ju, Yy Ou,
9B, (p) O

8B;s(p) on
We conclude that

/ Ivu5|22—(167r-—e)/ u€+/ ue?}ie—
Bs(p)\Br. () Bs(p)\Br. (p) 9Bs(p) O

/ Ou, / oG _
- Ue + Ue
0B, () ON o

B;s(p) on
+ / 6ueG’ - uea—G
8B, (r) O1 oB,.(») O
Y / Ou, Yy / ou,
9B, () 01 oB;(p) 01
— (87 — €)(Vol(Bs(p)) — Vol(Br.(p)))Ae
+0(1) + 05(1).
Applying Lemma 2.5 and Lemma 2.9 one has
Ou,
- ue — (G — Ae
/ o B lue= (@)
8m2h(p)R? 1 + wh(p)R?
2 (1—'F—7T(I))R—2)(—A(p) - 2108(“7_))
+0(1) + or(1).

Using Lemma 2.5 we have

- / w28 = )\, / 9G _ 16 log(1 + wh(p)R2)
9B..(») On

9B, (s) 01
+0e(1) + or(1)
= 87(1 — Vol(B,,(p)))\ — 167 log(1 + wh(p)R?)

+0.(1) + or(1).

By the equation (2.1) one gets
e Feo(gr— 91~ VollBsEA
9B;(p) on
+(87 — €) A he"«
M\B;(p)

> —(8m — €)(1 - Vol(Bs(p)))Ae.
Similarly

— Ou, _ B
e /BBs(p) on —(8m — €)(1 = Vol(Bs(p)))ue

8T — €)u.e™ hete 4
* e /M\Bs(p) ’
= —(8m — €)(1 — Vol(Bs(p)))ue + 0(1)
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and

/a 00 G, = —8n(1 - Vol(Bs(p)))ie.

-—U
Bs(p) on *

We have

/ Ue = / (ue — @)
Bs(p)\B-. (p) Bs(p)\B:. (p)
+(Vol(Bs(p)) — Vol(Br,(p)))Te.

By Lemma 2.3 we have

/ ue = (Vol(Bs(p)) — Vol(By. (p)))e + 05(1).
Bs(p)\Br. (p)

It is clear that
AVol(By, (p)) = 0(1).
By Lemma 2.9 we also have

—UVol(Br, (p)) = 0c(1).

We therefore have

/ | V7 ue|? > ede — (167 — €)W, — 16w log(1 + wh(p)R?)
Bs(p)\B- (p)
oG
+ G- — — 8mwA(p) — 167 logm — 167 log h(p)
8Bg 611
(2.5) +0¢(1) + or(1) + 05(1).

It follows from (2.3), (2.4) and (2.5) that

/ | 7 ue|? > ede — (167 — €)Te
M
—8mA(p) — 16mlog ™ — 167 — 167 log h(p)
+0c(1) + or(1) + 05(1).
So,
Je(ue) > ‘g)\e - ‘;
-8 — 8wlog h(p) + 0c(1) + or(1) + 05(1).

u. — 4w A(p) — 8wlogm

Thus, we have
Je(ue) > —4mA(p) — 8mlogm — 8w — 8w log h(p) + 0c(1) + or(1) + 05(1).
Hence

(2.6) inf Ac > —87r — 8w log 7 — 4m(max(A(p) + 2log h(p))).
>0 pEM

239
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The lemma follows. O

Consequently, we have the following lemma which will be used in the proof of
Theorem 1.2.

LEMMA 2.10. Assume that the minimizing sequence u. of J. does not converge
in L2(M). Then

inf J(u) > —8m — 8w log w — 4w(max(A(p) + 2log h(p)))-
Hy pEM

Proof. Otherwise, there would exist u € H; and v > 0 such that
J(u) < —87 — 8wlogm — 47r(ngﬁc(A(p) + 2log h(p))) — 27.
P

So,
Je(u) < —8mw — 8w logm — 47r(n‘1sa&<(A(p) + 2log h(p))) — 7,
P

when e is sufficiently small, which contradicts (2.6). O

3. Existence theorems. One can directly prove the following theorem using
Lemma 2.10, because J(0) = —8rlog [, h.

THEOREM 3.1. Let M be a compact Riemann surface. Let h(z) be a positive
smooth function on M. Suppose that

1
log/ h > (1 +log7) + - max(A(p) + 2log h(p)).
M 2 pEM

Then the equation (1.1) has a smooth solution.
REMARK 3.1. If h is a positive constant, then the condition of Theorem 3.1 is
satisfied precisely if

max A(p) < —2 —2log.

If M is the standard sphere with volume 1, the constant A in the local expression of
G (see (1.3)) is —2 — 2logm, and so the preceding inequality does not hold. We shall
see in Section 4, that it holds for some, but not for all flat tori with volume 1.

In the sequel, we shall use

PROPOSITION 3.2. Let M be a compact Riemann surface. Let K(p) be the Gauss
curvature of M at p. Let G(z,p) be the Green function on M satisfying (1.2). Let G
be locally expressed by (1.3). Then

2
¢ +cs+ §K(p) = 4.

Proof. We denote by (r,0) the chosen normal coordinate system around p. We
write ds? = dr? + ¢g*(r,6)d6?. It is well-known that
K(p) 5

g(r,0) =r— ——6—7' +0(r").

By the divergence theorem, we have

oG
o5, = —8n(1 — Vol(B,)).
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So,
2m

(—f:- + 2c17 cos? @ + 2c3rsin® 0) (r — %K(p)r3 +0(r*))do
0

= —87(1 — 72 + O(r?)).

Comparing the coefficients of r%, we get
2
c+es+ gK(p) = 4.

This proves the proposition. O
We now turn to finish the proof of our main theorem, Theorem 1.2.
Proof of Theorem 1.2. We shall construct a blow up sequence ¢, with

J(¢e) < —8m — 8mwlogm — 47r(;pea131c(A(p) + 2logh(p)))

for € sufficiently small. Note that J(u) = J(u + C) for any constant C. Combining
the above fact and Lemma 2.10 one gets Theorem 1.2. Therefore, it only remains to
construct the blow up sequence.

Suppose that A(p) + 2logh(p) = maxzem(A(z) + 2logh(z)). Let r = dist(z, p).
We set

we = —2log(r? + €),

G = —4logr + A(p) + bir cos @ + barsin 6 + B(r, ),

where b, and b, are constants in (1.3).

(G = nB(r,0)) + C, +loge, ave <1 < 2a4/e,

We + bircos@ + borsinf +loge, 1 < av,
¢e =
G+ C, +loge, r > 2a/€.

Here n € C§°(Bs42(p)) is a cutoff function, n =1 in B, ,(p), | v 1| < ;%,

)

C. = —2log( 5

and a = a(e) will be fixed later on satisfying @ — co and a®e — 0 as € = 0.
By a simple calculation one has

2
/ | v ¢e|2 = 167 10g(a2 + 1) — ]_61|'2i.I
Ba\/Z ac 4+

—l—g—tK(p)aze + 32T”K(p)t—:log(a2 +1)

+m(b2 + b2)a’e + O(e) + O(a’e?).
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It is clear that

/ Iv@F=/ |vGP+/ |7 (nB(r, 0))P
M\B, s M\B, s Baaye\Bayz

ave a/e

4/ VG- v(nB(r,6))
B2cx\/?\Ba\/E

= —/ G- 9G _ 87r/ G
8B,z on M\B, /=
oG
+2/ —-— r, 6
s, . 5 700

+0(ae?).
Using (1.3) one has locally
G(r,0) = —4logr + A(p) + bir cos@ + barsiné
+¢172 cos? 0 + 2c5r% cos Bsin O + c3r? sin2 6 + O(r3)

and
B—G = -4 + by cos@ + by sin 6
or r
+2¢17 cos? 0 + 4cor cosfsin @ + 2¢srsin® 6 + o(r?).
So,
0G 9 9
- G- — = —16mlog(a“e) + 8w A(p) + 4w (c1 + c3)a’e
8B, s on
+47 (e + c3)a’elog(a?e) — 2mA(p)(c1 + c3)a’e
+16TWK(p)azelog(a25) - 8%rK(p)A(p)ozze
—m(b? + b2)a’e + O(a*e? log(a’e)).
Similarly,
oG 2 4.2
2 nB(r,0) - =— = —8x(c1 + c3)a’e + O(a’€”).
8B, sz on
Hence,

1o
—/ G--B—G“{-Z/ nﬂ(r,H)‘Qg
9B, e n 8B, on

= —16mlog(c?e) + 8TA(p) + 4m(c1 + c3)a’e
+47(cy + c3)aelog(a?e) — 2mA(p)(c1 + c3)a’e
+1—21K(p)a2elog(a26) - %K(p)A(p)aze
—87(c1 + c3)a’e — w(b2 + b2)a’e + O(a’e® log(a®e)).

Since [,, G =0, we have

—-871'/ G= 87r/ e
M\Ba\/; Ba\/;

= —1672a’elog(a’e) + 16m%a’e
+81A(p)a’e + O(ae? log(a’e)).
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So,
o?+1
/ | 7 6| = 167 log(—5—) — 167 log e
M a
167
—167 + C_Im + 87rA(p)

+an((e1 + cs) + §K(p) _ 4m)alelog(ae)
+n(dr — (e + c3) — §K(p))a2e
+2mA(p) (4 — (c1 + c3) — gK(p))a%
+327“K(p)elog(a2 + 1) + O(a*€é? log(a?e)).

Applying Proposition 3.3, one has
2
/ |V ¢? = 167r10g(9—1;1) — 16mloge
M o
167
a?+1

+32T7rK(p)elog(oz2 + 1) + O(a*€? log(a?e)).

—167 + + 87 A(p)

Calculating directly, one has

/ we = —2ma’elog(a® + 1)e — 2melog(a® + 1)
Ba\/g

+2ma’e + O(a*e® log(a’e)).

It is also obvious that

/ e =(1— Vol(Ba\/g))loge—/ G
M\Ba\/; Ba\/E

+C.(1 - Vol(By ) / nB(r, 6)
B2a\/Z\Ba\/E

= 2102elog(a®e) — 2ma’e — A(p)male
+(1 = Vol(B,z))loge + Cc(1 — Vol(B, ) + O(a*€?).

Thus,
2
/ ¢ = loge — 27ra2elog(a -: 1) — 2melog(a® + 1)
M a
a®+1
—A(p) = 2log(——)(1 ~ Vol(Bayz))
+0(a*€? log(a?e)).
We have

ave  or 1
be — -  _(r-ZK 3 d
/Baﬁe e/o e (r 5 (p)r)dr
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ave 21rb22 2 2.2 a2
/ / 7% cos” § + byr* sin 9d0rdr+0(e)

(r2 +¢)?

= (a2 " 1) K(p)m-:log(a +1)

+%(bf + bd)elog(a? + 1) + O(e).

We choose d > 0 sufficiently small so that G has the expression (1.3) in Bj;(p),
then we have

/ de — ¢ / (GHCe 4 ¢ / o~ 4108 7+ A(p)+C.
M\B, M\B; Bs\B, sz

+€/ eG+Ce (e—nﬁ(f‘,e) —_ 1)
B2a\/E\Box\/E

+e / e—4 log r+A(p)+C-. (eblr cos §+bar sin 6+4(r,0) __ 1).
Bs\B. /2

Calculating directly one gets

2

€/v e—4logr+A(p)+Ce =7 a
Bs\B, (® + 1)2

( T 1)2 6K(p)elog(a\/_) + O(e)

and

€ / 6_4 log r+A(p)+Ce (eb1 rcos 0+bar sin +6(r,0) _ 1)
Bs\B..z

a4
= —Wm(cl + ¢3)elog(av/e)

T
EPYCESAE (6] + b3)elog(av/e) + Ofe).
We therefore have
6 o? o Lo
/‘M\BW;3 B W(a2 +1)2 + (a2 + 1)2 6 (p)elog(ave)
4

-7 620;_1)2(01 + ¢3)elog(av/e)

_r_*
2 (@2 + 1)2

(b2 + b2)elog(av/e) + O(e).

Thus,

2
b @ 1 a?+11 .
/Me ﬂa2+1(1+a2+1 o K(p)elog(a +1)

(e + s — sK()clog(avd
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Lo? + 1 ———(b% + bl)elog(a® + 1)

: (b2 + b2)elog(av/e)) + O(e).

/ he® = h(p)/ e’ +/ (h — h(p))e®.
M M M
Suppose that

h(z) — h(p) = k17 cosf + karsin
+ kar? cos? @ + 2kqr? cosOsin @ + ksr? sin? 8 + O(r?)

1
_10‘
2a

It is clear that

in Bs(p).
By a simple computation, we obtain

/ (h — h(p))e?c = g(k;z + ks)elog(a® + 1)
Baye

+g(k1b1 + kabo)elog(a? + 1) + O(e)
and

/ (h — h(p))e?* = / (h — h(p))e®* + / (h = h(p))e**
M\B, Bs\B. M\B;

9

™ (87
= —§(k3 + k5)(a2—+1)2elog(a26)

2
T IRy 2
3 (k1by + kgbz)(a2 n 1) elog(a®e) + O(e).

So,
/ (h— h(p))e? = T(Ah@))elog(a® + 1)
M 4
+z2r—(k1b1 + kabs)elog(a? + 1)
i o
N

2
™ (8]
~5 (kaby + kaba) (5

T )2elog(a’e)

1 )2elog(a’e) + O(e).

Therefore,

2 1 11
/ he®<= h(p)w o (1+ o+ K(p)elog(a +1)
M

a?+1 a?+1
1 1 o2
+Za + (b3 + b3)elog(a® + 1) — ; " (b2 + b2)elog(av/€)
2
—miiates- —K (p))elog(av/e)) + Z(Ah(p))elog(oz2 +1)

—Z—(Ah(p))(oﬂ )2elog(aZe) + = (k1b1+k2b2)elog(a +1)

2
—%(klbl + kzbz)(a2 —)elog(a’e) + O(a*e?) + O(9).
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Adding the terms in the functional, we get
J(¢e)= —8m — 8mlogm — 4w A(p) — 8w log h(p)
—-1672(1 — %K(p))elog;(oz2 +1)+4n(c1 +¢c3 — %K(p))elog(aze)

—2m(b? + b2)elog(a? + 1) + 2w (b2 + b2)elog(a’e)
(klbl + k2b2) (klbl + k2b2)

—4r o) elog(a® + 1) + 4n o) elog(a®e)
—ZW%:(L—I()?elog(a? +1)+27 Ahf(l](f))) elog(a®e)
elog(a® +1) —elog(aZe)

+O(T) + O(T)
+0((elog(a® 4+ 1))2) + O((—elog(a?€))?)
+0($) + O(a*e? log(a®e)) + O(e).

Choosing a so that ate = Taa_—l—lo—g—es and applying Proposition 3.3, we get

J(¢pe)= —8m — 8nlogm — 4w A(p) — 8w log h(p)

b +b3  Ah(p) | (kidy + kabs)
-1
8w + 8mh(p) + 4mh(p) Je(=loge)

1
—-167%(1 — —K
—16n%(1 - K () +
+o(e(—loge)).
This proves theorem 1.2. O

4. The Green function on a flat torus. For details on the Green function,
we refer to [L].

Let z = z + iy be a variable in C (the complex plane) and let 7 = u + v,
v > 0. Here for simplicity, we assume u = 0. Let ¢ = e~ 2" and ¢, = e?>"%*. Let
¥, = %, = C*/(¢?), where Z is the set of integers, C* = C — {0} and q acts on C*
by the usual multiplication. In other words, X, is the torus generated by the lattice
[1,7]. Define a metric on X, by

ds? = %dx Ady.

The area of £, with respect to ds? is 1. The corresponding Green function is

G(z,0) = —4log|g®W/V/2(1 - ¢.) [[(1 - ¢"¢:)A — 7 "q2)),

n=1

where By (y) = 3% —y + % is the second Bernouli polynomial. Recall the definition of
the Green function in the introduction.
Now the asymptotic expansion of the above Green function at the origin is

2um

o — slog(J[ (1 - ¢7™)) +0(:P)

n=1

—4log|z| — 4log 27 +

2
= —4log(v'/?|2|) + 2logv — 4log 27 + %
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—8log(JT (1 —e?™)) + O(l=*)

n=1
= —4logr + 2logv — 4log 27 + %Tﬂ
o0
=8log([T(x —e?™)) + O(Ir)
n=1

where 7 = v!/ 2|z|. The latter expansion is in normal coordinates. Therefore,

T 0 —ZTNv
Av=—210gv—4log27r+2-3——810g(H(1—e Zmnvy)

n=1

Clearly, the asymptotic expansion of the Green function on ¥, is independent of the
base point 0. A, is increasing between [1,+00). Furthermore 4; < —2 —2logm = Ap
and limy— 400 A, = +00. Hence there exists v* € (1,400) such that

(1) Ay < Ap, if 1 < v < v*,

(i) Ay > Ao, if v* < v < 0.
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