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1. Introduction

In this paper we consider the Benjamin—Ono (BO) equation on the torus,

ov=H0?v—0,(v?), z€T:=R/21Z, teR, (1.1)
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where v=v(t, z) is real valued and H denotes the Hilbert transform, defined for

27
F=Sdme, fo=o [ f@ear,
nez T Jo
by

Hf(xz):= Z —isign(n)f(n) ™
neL

with sign(+n):==+1 for any n>1, whereas sign(0):=0. This pseudo-differential equation
(DE) in one space dimension has been introduced by Benjamin [7] and Davis and
Acrivos [13] (cf. also [32]) to model long, uni-directional internal waves in a 2-layer
fluid. It has been extensively studied, both on the real line R and on the torus T. For
an excellent survey, including the derivation of (1.1), we refer to the recent article by
Saut [34].

Our aim is to study low regularity solutions of the BO equation on T. To state our
results, we first need to review some classical results on the well-posedness problem of
(1.1). Based on work of Saut [33], Abdelouhab, Bona, Felland, and Saut proved in [1]
that, for any s>%, equation (1.1) is globally in time well-posed on the Sobolev space
H:=H?*(T,R) (endowed with the standard norm || - || s, defined by (1.5) below), meaning
the following:

(S1) (Existence and uniqueness of classical solutions) For any initial data vo€ H?,
there exists a unique curve v:R— H? in C(R, H)NCY(R, H:~2) such that v(0)=wv, and,
for any t€R, equation (1.1) is satisfied in H5~2. (Since s> %, H? is an algebra, and hence
O,v(t)?€ H:™! for any time tER.)

(S2) (Continuity of solution map) The solution map S: H:—C(R, H?) is continu-
ous, meaning that, for any vo€ H?, T>0, and £>0, there exists 4 >0 such that, for any
wo € H? with ||lwg—1wg|s <, the solutions w(t)=8(t, we) and v(t)=S(¢,vp) of (1.1) with
initial data w(0)=wo and v(0)=wo, respectively, satisfy sup, <1 [[w(t)—v(t)[/s<e.

In a straightforward way one verifies that

H Y (0):=(v[1) and HO(v):=i(v]|v) (1.2)

are integrals of the above solutions of (1.1). Here (-|-) denotes the L2-inner product:

2T

Ulo)=5- | fadr (13)

In particular, it follows that, for any c€R and any s>%7 the affine space H? . is left-

T,c

invariant by S where, for any c€R,

HY, = {we HY: (w|1)=c}. (1.4)
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In the sequel, further progress has been made on the well-posedness of (1.1) on
Sobolev spaces of low regularity. The best results so far in this direction were obtained
by Molinet, by using the gauge transformation introduced by Tao [36]. Molinet’s results
in [27] (cf. also [30]) imply that the solution map S, introduced in (S2) above, continuously
extends to any Sobolev space H? with 0<s< % More precisely, for any such s, S: H —
C(R, H) is continuous and, for any vo € HS, S(t, vg) satisfies equation (1.1) in H2~2. The
fact that S continuously extends to L2=H?, S: L2—C(R, L?), can also be deduced by
methods recently developed in [16]. Furthermore, one infers from [16] that any solution
S(t,vo) with initial data vg€ L? can be approximated in C(R, L2) by solutions of (1.1)
which are rational functions of cosz and sinx. We refer to these solutions as rational
solutions.

In this paper, we show that the BO equation is well-posed in the Sobolev space H, ®
for any 0<s< %, and that this result is sharp. Since the non-linear term 9,v? in equation
(1.1) is not well defined for elements in H, %, we first need to define what we mean by a

solution of (1.1) in such a space.

Definition 1.1. Let s>0. A continuous curve v: R— H,*, with v(0)=v, for a given

vo€H,?, is called a global-in-time solution of the BO equation in H,® with initial data
vg if, for any sequence (vék))k>1 in H? with ¢7>%7

corresponding sequence of classical solutions S(-, v(()k)) converges to 7 in C(R, H,~®). The

which converges to vy in H, °, the

solution v is denoted by S(-,vg).

2
s

We remark that, for any vg€ L2, the solution S(-,vp) in the sense of Definition 1.1

coincides with the solution obtained by Molinet in [27].

Definition 1.2. Let s>0. Equation (1.1) is said to be globally C°-well-posed in H,*
if the following holds:

(i) For any vo€ H,~®, there exists a global-in-time solution of (1.1) with initial data
v in the sense of Definition 1.1.

(ii) The solution map S: H, *—C(R, H, ®) is continuous, i.e. satisfies (S2).

Our main results are the following ones.

THEOREM 1.3. For any 0<s<%, the Benjamin-Ono equation is globally C°-well-
posed on H_® in the sense of Definition 1.2. For any c€R and teR, the flow map
S'=8(t,-) leaves the affine space HF, introduced in (1.4), invariant. Furthermore,

there exists a conservation law I_g: H-*—Rs¢ of (1.1) satisfying
[lv]|—s <I_s(v) for all ve H ®.
In particular, one has

sup ||S(t, vo)||—s < I—s(vo) for all vy € H, °.
teR
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Remark 1.4. (i) Theorem 1.3 continues to hold on H? for any s>0. See Corol-
lary A.4 in Appendix A.

(ii) Since, by (1.2), the L?>-norm is an integral of (1.1), I_s in the case s=0 can be
chosen as Io(v):=|[v||3. The definition of I_, for 0<s<3 can be found in Remark 2.5.
These novel integrals are one of the key ingredients for the proof of global C°-well-
posedness of (1.1) in H* for 0<s<3.

(iii) Note that global C°-well-posedness implies the group property St oSt =gt +t2,
Consequently, S* is a homeomorphism of H, %.

(iv) By Rellich’s compactness theorem, S is also weakly sequentially continuous on
H;; for any 0<s<% and ceR, and hence in particular on L%,o~ Note that this contradicts
a result stated in [28, Theorem 1.1]. Very recently, however, an error in the proof of the
latter theorem has been found, leading to the withdrawal of the paper (cf. [29]). A proof

of this weak continuity property was indeed the starting point of the present paper.

The next result says that the well-posedness result of Theorem 1.3 is sharp.

THEOREM 1.5. For any c€R, the Benjamin—Ono equation is ill-posed on Hf,cl/z.

More precisely, there exists a sequence (u(k));@l mn ﬂn21 H}y, converging strongly to
zero in H;()l/2, such that, for any c€R, the solutions S(-,u®) +c) of (1.1) of average ¢

have the property that the sequence of functions
t— (S(t,u® +¢) | )

does mot converge pointwise to zero on any given time interval of positive length.

Remark 1.6. It was observed in [4] that the solution map S does not continuously

extend to H° with s>%. More precisely, for any c€R, the authors of [4] construct a
1
2
an element vy in H_ S whereas, for any t£0, (S(t,v(()k)))k21 diverges even in the sense

r,c
of distributions. However, the divergence of S(, v(()k)) can be removed by renormaliz-

sequence (vék))k>1 in ﬂn>0 H', of initial data such that, for any s> 3, it converges to

T,C

ing the flow by a translation of the space variable, zr—xz+mnt. In the case ¢=0, 7
is given by Hv(()k)H%. We refer to [10] for a similar renormalization in the context of
the non-linear Schrodinger equation. In Appendix B, we construct a sequence of initial
data in ﬂn>0 H. with the above convergence/divergence properties, but where such a

renormalization is not possible.

Comments on Theorems 1.3 and 1.5. (i) A straightforward computation shows
that sC:f% is the critical Sobolev exponent of the Benjamin—Ono equation. Hence,
Theorems 1.3 and 1.5 say that the threshold of well-posedness of (1.1) is given by the

critical Sobolev exponent s..



SHARP WELL-POSEDNESS RESULTS OF THE BO EQUATION 35

(ii) In a recent, very interesting paper [35], Talbut proved, by the method of per-
turbation determinants, developed for the KdV and the NLS equations by Killip, Visan,
and Zhang in [24], that, for any O<s<%, there exists a constant Cs >0, only depending

on s, such that any sufficiently smooth solution ¢—wv(t) of (1.1) satisfies the estimate
2/(1-2s)\s
30 [0 —s < Co(1+[0(0) |27 [0(0) -

We note that the integrals I_,; of Theorem 1.3 (iv) are of a different nature. Let us
explain this in more detail. Our method for proving that the solution map S of (1.1)
continuously extends to H® for any 0<3<% consists in constructing a globally defined
non-linear Fourier transform @, also referred to as Birkhoff map (cf. §2). It means that
(1.1) can be solved by quadrature, when expressed in the coordinates defined by ®, which
we refer to as Birkhoff coordinates. The integrals I, of Theorem 1.3 (iv) are Taylored
to show that @:HES—)hi/%S is onto (cf. Theorem 2.3). Actually, the map ® is a key
ingredient not only in the proof of Theorem 1.3, but in the proof of all results, stated
in §1. In particular, with regard to Theorem 1.5, we note that the standard norm inflation
argument, pioneered by [11] (cf. also [17, Appendix A] and references therein), does not
apply for proving ill-posedness of (1.1) in chl/z’ since the mean (u|1) is an integral of
(1.1). Our proof of Theorem 1.5 is based in a fundamental way on the map ® and its
properties (cf. §7).

(iii) Using a probabilistic approach developed by Tzvetkov and Visciglia [38], Deng
[14] proved well-posedness result for the BO equation on the torus for almost every data
with respect to a measure which is supported by (.., H, ¢, and for which L2 is of

e>0 " r
measure zero. Our result provides a deterministic framework for these solutions.

One of the key ingredients of our proof of Theorem 1.3 are explicit formulas for the
frequencies of the Benjamin—Ono equation, defined by (2.4) below, which describe the
time evolution of solutions of (1.1) when expressed in Birkhoff coordinates. They are
not only used to prove the global well-posedness results for (1.1), but at the same time

allow to obtain the following qualitative properties of solutions of (1.1).
THEOREM 1.7. For any vo€H, S, with 0<s<3 and c€R, the solution S(-,vo) of

(1.1) has the following properties:
(i) the orbit {S(t,vg):teR} is relatively compact in H,

r,cH
(ii) the solution t—S(t,vo) is almost periodic in H_ 7.
Remark 1.8. Theorem 1.7 continues to hold for any initial data in H; . with s>0

arbitrary. See Corollary A.4 in Appendix A. For s=0, results corresponding to the ones
of Theorem 1.7 have been obtained in [16].
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In [3], Amick and Toland characterized the traveling wave solutions of (1.1), origi-
nally found by Benjamin [7] . It was shown in [16, Appendix B] that they coincide with
the so-called 1-gap solutions, described explicitly in [16]. Note that 1-gap potentials are
rational solutions of (1.1) and evolve in (1,5, Hyy. In [5, §5.1], Angulo Pava and Natali
proved that every traveling wave solution of (1.1) is orbitally stable in HY?. Our newly

developed methods allow to complement their result as follows.

THEOREM 1.9. Ewvery traveling wave solution of the BO equation is orbitally stable
in H° for any 0<s<%,

Remark 1.10. Theorem 1.9 continues to hold on H? for any s>0. See Corollary A.4
in Appendix A.

Method of proof. Let us explain our method for studying low regularity solutions
of integrable PDEs / WDEs such as the Benjamin—-Ono equation, in an abstract, infor-
mal way. Consider an integrable evolution equation (E) of the form d;u=Xy(u), where
X (u) denotes the Hamiltonian vector field, corresponding to the Hamiltonian H. In a
first step, we disregard equation (E) and choose instead a family of Poisson commuting
Hamiltonians H ), parameterized by A€ A, with the property that the Hamiltonian H is in
the Poisson algebra, generated by the family (Hx)aea, i-€., {H,Hx}=0 for any A€ A. To
study low regularity solutions of (E), the choice of H, A€A, has to be made judiciously.
Typically, the so-called hierarchies, often associated with integrable PDEs/WDEs are
not well-suited families. Our strategy is to choose such a family with the help of a Lax
pair formulation of (E), 0;L=[B, L], where L=L,, and B=B,, are typically differential
or pseudo-differential operators acting on Hilbert spaces of functions, with symbols de-
pending on u, and where [B, L] denotes the commutator of B and L. At least formally,
the spectrum of the operator L is conserved by the flow of (E). The goal is to find a Lax
pair (L, B) for (E), with the property that the operator L is well defined for u of low
regularity, and then choose functions #), encoding the spectrum of L, such as the (ap-
propriately regularized) determinant of L—\ or a perturbation determinant. We refer to
such a function as a generating function. The key properties of H to be established are
the following ones: (i) the flows of the Hamiltonian vector fields X4, are well defined for
u of low regularity and can be integrated globally in time; (ii) for u sufficiently regular,
‘H can be expressed in terms of the generating function; (iii) the generating function can
be used to construct Birkhoff coordinates so that the Hamiltonian vector field X4, when
expressed in these coordinates, extends to spaces of u of low regularity.

In the case of the Benjamin—Ono equation, this method is implemented as follows.
In a first important step we prove that the operator L, (cf. (2.9)) of the Lax pair for
the Benjamin—Ono equation, found by Nakamura [31], has the property that it is well
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defined for u in the Sobolev spaces H, ¢, 0<s< % See the paragraph Ideas of the proof of
Theorem 2.3 in §2 for more details. By (3.11) in §3, our choice of the generating function
is H(u)={((L,+A)"'1]|1) and the Hamiltonian H of the Benjamin—-Ono equation, when
expressed in Birkhoff coordinates, is given by (2.6). The novel conservation laws of the
Benjamin-Ono equation of Theorem 1.3, I_,: H *—R>(, together with the results on
the Lax operator L,, for uin H, o are the key ingredients to construct Birkhoff coordinates
on HT_S for any 0<s<%. When expressed in these coordinates, equation (1.1) can be

solved by quadrature.

Related work. Results on global well-posedness of the type stated in Theorem 1.3
have been obtained for other integrable PDEs such as the KdV, the KdV2 (also referred
to as fifth-order KdV), the mKdV, and the cubic (defocusing) NLS equations. A de-
tailed analysis of the frequencies of these equations allowed to prove in addition to the
well-posedness results qualitative properties of solutions of these equations, among them
properties corresponding to the ones stated in Theorem 1.7 —see e.g. [19]-[22]. Very
recently, sharp global well-posedness results for the cubic NLS, the mKdV, the KdV,
and the KdV2 equations on the real line were obtained in [17], [23], and [9], respectively.
They are based on novel integrals constructed in [24] (cf. also [25]). By the same method,
Killip and Visan provide in [23] alternative proofs of the global well-posedness results for
the KdV equation on the torus obtained in [22]. However, to the best of our knowledge,
their method does not allow to deduce qualitative properties of solutions of the KdV
equation on T such as almost periodicity nor to obtain coordinates which can be used to
study perturbations of the KdV equation by KAM-type methods.

Subsequent work. One of the main novel features of the Benjamin—Ono equation,
when compared from the point of view of integrable PDEs with the KdV equation or
the cubic NLS equation, is that the Lax operator L, (cf. (2.9)), appearing in the Lax
pair formulation of (1.1) is non-local. One of the consequences of L, being non-local is
that the study of the regularity of the Birkhoff map and of its restrictions to the scale of
Sobolev spaces H;, >0, is quite involved. Further results on the Birkhoff map of the

Benjamin—Ono equation in this direction will be reported on in subsequent work.

Organization. In §2, we state our results on the extension of the Birkhoff map ®
(cf. Theorem 2.3) and discuss first applications. All these results are proved in §3 and §4.
In §5, we study the solution map Sp corresponding to the system of equations, obtained
when expressing (1.1) in Birkhoff coordinates. These results are then used to study the
solution map S of (1.1). In the same section, we also introduce the solution map S, (cf.
(5.8)), defined in terms of the solution map of the equation (1.1) in the affine space H; ,

c€R, and study the solution map S, g obtained by expressing S, in Birkhoff coordinates.
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With all these preparations done, we prove Theorems 1.3, 1.7, and 1.9, in §6. The proof
of Theorem 1.5 is presented in §7. Finally, in Appendix A we study the restriction of
the Birkhoff map to the Sobolev spaces H;, with s>0, and discuss applications to the
Benjamin—Ono equation, while in Appendix B we discuss results on ill-posedness of the
Benjamin-Ono equation in H,_®, with s>%.

Notation. By and large, we will use the notation established in [16]. In particular,
the H*-norm of an element v in the Sobolev space H*=H*(T,C), s€R, will be denoted
by ||v||s. It is defined by )

1/2
ol = (S fo) (1.5
nez

where (n)=max{1,|n|}. For ||v]o, we usually write ||v||. By (-|-), we will also denote the
extension of the L2-inner product, introduced in (1.3), to H=*x H*, s€R, by duality. By
H, we denote the Hardy space consisting of elements f€ L?(T,C)=H" with the property
that f(n):O for any n<0. More generally, for any s€R, H?; denotes the subspace of H*
consisting of elements f€H* with the property that f(n)=0 for any n<0.

2. The Birkhoff map ®

In this section we present our results on Birkhoff coordinates which will be a key ingre-
dient of the proofs of Theorems 1.3, 1.5, 1.7, and 1.9. We begin by reviewing the results
on Birkhoff coordinates proved in [16]. Recall that, on appropriate Sobolev spaces, (1.1)

can be written in Hamiltonian form

Ou=0,(VH(u)),

1 [ /1 1 1
— 2 /2,02 1.3
H(u) =3 /0 <2(|8x| u) U >dz,

where |9,|!/? is the square root of the Fourier multiplier operator |9,| given by

with

10:]£(x) = Inlf (n)e™.
nez
Note that the L2-gradient VH of H can be computed to be |9,|u—u?, and that 9, VH is
the Hamiltonian vector field corresponding to the Gardner bracket, defined, for any two

functionals F, G: H?—R with sufficiently regular L?-gradients, by

27
{F,G};:i/ (0, VF)VG da.
2 0
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In [16], it is shown that (1.1) admits global Birkhoff coordinates, and hence is an inte-
grable YDE in the strongest possible sense. To state this result in more detail, we first
introduce some notation. For any subset JCNg:=Z>¢ and any seR, h*(J)=h*(J,C)

denotes the weighted ¢2-sequence space

hS(J) = {(Zn)nEJ cC: ”(zn)ne.]”é < OO},

where
1/2
O R ORI
neJ

and (n):=max{1,|n|}. By h*(J,R), we denote the real subspace of h*(J,C) consisting
of real sequences (z,)nes. In the case where J=N:={n€Z:n>1}, we write h% instead
of h¥(N). If s=0, we also write ¢? instead of h°, and ¢2 instead of h. In the sequel, we
view h% as the R-Hilbert space h°(N,R)@®h*(N, R), by identifying a sequence (z,)nen €’
with the pair of sequences ((Re zp )nen, (Im 2z, )nen) in A°(N,R)®1°(N,R). We recall that
L?=H} and L} ,=H,. The following result was proved in [16].

THEOREM 2.1. ([16, Theorem 1.1)) There exists a homeomorphism
®: 12— /%,
ur— (Cn(u))n>17

such that the following statements hold:

(B1) For any n>1, (u: L2 —C is real analytic.

(B2) The Poisson brackets between the coordinate functions ¢, are well defined and,
for any n,k>1,

{Cnagk}:_zank; {C?uCk}:O (21)

It implies that the functionals |(,|?, n>1, pairwise Poisson commute,

{¢al% 1P =0 for all n,k>1.

(B3) On its domain of definition, Ho®~ ! is a (real analytic) function, which only

depends on the actions |(,|?, n=1. As a consequence, for any n>1, |¢,|? is an integral

of Ho® 1t and {H-®~1,|¢,[*}=0.
The coordinates (,, n>1, are referred to as complex Birkhoff coordinates and the
2,

functionals |, |?, n>1, as action variables.

Remark 2.2. (i) When restricted to submanifolds of finite gap potentials (cf. [16,
Definition 2.11]), the map @ is a canonical, real analytic diffeomorphism onto correspond-

ing Euclidean spaces —see [16, Theorem 7.1] for details.
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(ii) For any bounded subset B of L, the image ®(B) by ® is bounded in hi/Q.
This is a direct consequence of the trace formula, saying that, for any ueL? (cf. [16,

Proposition 3.1]),
Jul? =2 " nlcal® 22
n=1

Theorem 2.1 together with Remark 2.2 (i) can be used to solve the initial value
problem of (1.1) in L%,o- Indeed, by approximating a given initial data in Lfﬁo by fi-
nite gap potentials (cf. [16, Definition 2.11]), one concludes from [16, Theorem 7.1] and
Theorem 2.1 that equation (1.1), when expressed in the Birkhoff coordinates (= ((p)n>1,
reads

01Cn={Ho® 1, ¢} =iwn(, forallm>1, (2.3)

where w,, n>1, are the BO frequencies:
W, :8Kn|2’Ho<I>‘1. (2.4)

Since the frequencies only depend on the actions |(x|?, k>1, they are conserved and

hence (2.3) can be solved by quadrature,
Ca(t) = Ca(0)e™nCOt e R n>1. (2.5)

By [16, Proposition 8.1]), Hp:=H®~! can be computed as

Hi(0) :—ka?z(z |<p|2) , (2.6)
k=1 k=1 “p=Fk

implying that the frequencies, defined by (2.4), are given by
wn(C):n27221nin{n,k}|gk|2 for all n>1. (2.7
k=1

Remarkably, for any n>1, w,, depends linearly on the actions |(x|?, k>1. Furthermore,
while the Hamiltonian H  is defined on hl, the frequencies wy, n>1, given by (2.7) for

¢ Eh}r, extend to bounded functionals on 63,
Wh: ﬁ — R,
C=(Ck)k=1— wn(()-

We will prove that the restriction Sy of the solution map of (1.1) to LE,O, when expressed

(2.8)

in Birkhoff coordinates,
Spiht? — OR, B,
C(0) = [t (Ga(0) e O, 5],
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is continuous —see Proposition 5.2 in §5. By Theorem 2.1, ®: L3’0—>hi/2 and its inverse

oL hi/2%L%0 are continuous. Since
So=0'Sp®: L} — C(R, L} ),
u(0) — &7 Sp(+, 2(u(0))),

it then follows that So: L} ,—C(R, LZ) is continuous as well. We remark that, for any
u(0)e L}, the solution t—S(t,u(0)) can be approximated in L2, by classical solutions
of equation (1.1) (cf. Remark 2.2 (i)), and thus coincides with the solution, obtained by
Molinet in [27] (cf. also [30]).

Starting point of the proof of Theorem 1.3 is formula (5.11) in §5. We will show
that it extends to the Sobolev spaces H, o for any O<s<%. A key ingredient to prove
Theorem 1.3 is therefore the following result on the extension of the Birkhoff map ® to
H, ¢ for any O<s<%.

THEOREM 2.3. (Extension of ®) For any 0<s<%, the map ® of Theorem 2.1 admits

an extension, also denoted by P,
©:H 5 —hl/*,
U @(u) = (<n(u))n>17

so that the following holds:
(i) @ is a homeomorphism;
(ii) ® and its inverse map bounded subsets to bounded subsets;

(iii) for any u€H, 5, one has
[ull s < Fs (12 (u)][1/2-5),
where
Fo:Ryo — Ry,
R—sup{[|®2 7" (O)l1/2—s : I¢]l1/2—s < R}

Remark 2.4. (i) The Birkhoff map does not continuously extend to H, 01 R

Corollary 7.4 at the end of §7.

(ii) Results developed in the course of the proof of Theorem 2.3 allow us to study
the restriction of the Birkhoff map to H for any s>0. See Proposition A.1 in Appendix
A for details.

(iii) Items (i) and (iii), combined with the Rellich compactness theorem, imply that,
for 0<s<%, the map &: H;S%h}r/z_s and its inverse ®~!: hi/z_s%H;Os are weakly se-

quentially continuous on H,_, 5
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Remark 2.5. The above a-priori bound for ||u||_s can be extended to the space H, ®
as follows:
[0l —s < Fs([|@(v—[v])[l1/2-s) +|[v]]  for all ve H.,

where [v]:=(v|1). For any 0<s<3, the integral I_, in Theorem 1.3 (iv) is defined as

Is(v) := Fu([[®(v=[v])[[1/2-s) +][v]]-

Ideas of the proof of Theorem 2.3. At the heart of the proof of [16, Theorem 1] is
the Lax operator L,,, appearing in the Lax pair formulation ([31], cf. also [8], [12], [15])

6tLu = [Bua Lu]

of (1.1) —see [16, Appendix A] for a review. For any given u€ L2, the operator L, is the

first-order operator acting on the Hardy space H,,
Ly :=—i0,—Ty, Tu(-):=I(u-), (2.9)

where II is the orthogonal projector of L? onto H, and T, is the Toeplitz operator with
symbol u. We recall that H,=H? denotes the Hardy space and, more generally, that,
for any seR,

H ={fe H*: f(n)=0 for all n<0}.

The operator L, is self-adjoint with domain H!, bounded from below, and has a compact
resolvent. Its spectrum consists of real eigenvalues which are bounded from below. When
listed in increasing order, they form a sequence satisfying

)\Og)\lg, lim )\n:OO

n—oo

For our purposes, the most important properties of the spectrum of L, are that the
eigenvalues are conserved along the flow of (1.1), and that they are all simple. More
precisely, one has

Yn:=An—An_1—120 forall n>1. (2.10)

The non-negative number ~, is referred to as the nth gap of the spectrum spec(L,)
of L, —see [16, Appendix C] for an explanation of this terminology. For any n>1, the
complex Birkhoff coordinate ¢, of Theorem 2.1 is related to 7, by |(a|?>=7n, whereas
its phase is defined in terms of an appropriately normalized eigenfunction f, of L.,
corresponding to the eigenvalue \,,.

A key step for the proof of Theorem 2.3 is to show that, for any ue H, ® with 0<s< %,

the Lax operator L, can be defined as a self-adjoint operator with domain contained in
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H17%, and that its spectrum has properties similar to the ones described above in the
case where u€ L2. In particular, the inequalities (2.10) continue to hold. Since the proof
of Theorem 2.3 requires several steps, it is split up into two sections, namely §3 and §4.

A straightforward application of Theorem 2.3 is the following result on isospectral
potentials. To state it, we need to introduce some additional notation. For any ¢ Ehi/ 2
define

)

Tor(¢):={z € hi/Zfs t|zn| =1Cn| for all n > 1}. (2.11)

Note that Tor(¢) is an infinite product of (possibly degenerate) circles and a compact

subset of hi/%s. Furthermore, for any uEH;’g, let
Iso(u):={v € H, ;5 :spec(L,) =spec(Ly)},

where, as above, spec(L,,) denotes the spectrum of the Lax operator L, :=—id, —T,. The
spectrum of L,, continues to be characterized in terms of its gaps v,, n>1 (cf. (2.10)),
and the extended Birkhoff coordinates continue to satisfy |(,|?=v,, n>1. An immediate

consequence of Theorem 2.3 then is that [16, Corollary 8.3] extends as follows.

COROLLARY 2.6. For any ue H_; with 0<s<},
O (Iso(u)) = Tor(P(u)).

Hence, by the continuity of ®~1, Iso(u) is a compact, connected subset of H.§.

3. Extension of ®. Part 1
In this section we prove the first part of Theorem 2.3, which we state as a separate result.

ProOPOSITION 3.1. (Extension of ®. Part 1) For any 0<s<%, the following holds:
(i) For any n>1, the formula in [16, (4.1)] of the Birkhoff coordinate (y: LZ,—C

hi/Qfs

extends to H,_ g and, for any u€ H,§, ((u(u))n>1 is in . The extension of the map

® of Theorem 2.1, also denoted by P,

©:H § —hl/*7

(s q)('l.l/) = (Cn(u))n>1a

maps bounded subsets of HT_S to bounded subsets of h}r/2_s.

(ii) @ is sequentially weakly continuous and one-to-one.

First, we need to establish some auxiliary results related to the Lax operator L.
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LEMMA 3.2. Let u€H, 5, with 0<s<%. Then, for any f,geHi/Q7 the following
estimates hold:

(i) There exists a constant C >0, only depending on s, such that

1£9lls <CE Ll fllallgllo,  o:=5(5+s). (3.1)

(ii) The expression {u|ff) is well defined and satisfies the estimate

(| LD < ST 2+l =) 1117, (3-2)
with
ns(llull-s) =l s A+ ]u]-5))* C2.,, (3-3)
where a:=(1+42s)/(1—2s) and C3,>0 is a constant, only depending on s.

Proof. (i) Estimate (3.1) is obtained from standard estimates of paramultiplication
(cf. e.g. [2, Exercise I1.A.5] and [6, Theorems 2.82 and 2.85]).
(i) By item (i), (u|ff) is well defined by duality and satisfies

[(ul FOI< ull=slL£F1ls < ull-sCF IF113-

In order to estimate || f||2, note that, by interpolation, one has

1/2+s _
1l < IFIL A2,

and hence

Crsll fllo <IF175 7 (CasllfINY>~ (3.4)

for some constant Cy s>0. Young’s inequality then yields, for any >0,

(Crslfllo)? <ellflIE 2+ (Casl FID?, (3.5)
where a=(142s)/(1—2s). Estimate (3.2) then follows from (3.5) by choosing
1
E= —m—mmmm. D
21+ [Jull-s)

Note that estimate (3.2) implies that the sesquilinear form (T, f|g) on Hi/Q, obtained
from the Toeplitz operator T, f:=II(uf) with symbol uéL%VO, can be defined, for any
u€H, § with 0<s<%, by setting (T, f|g):=(u|gf), and that it is bounded. For any

u€H, 7, the sesquilinear form @} on H}r/ ? is then defined as follows:

Qu(f,9):=(=i0:f [ 9)—(Tuf | g)+(L+ns(lull-5)){f | 9), (3.6)

where n;s(]|ul|—s) is given by (3.3). The following lemma says that the quadratic form
QL (f, f) is equivalent to || f||? /2 More precisely, the following holds.
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LEMMA 3.3. For any uGH;(f, with 0<8<%, QY is a positive, sesquilinear form

satisfying, for any f€H1/2

3lIFIR 2 < QUF ) < B2ns(llull ) IFIIT -

Proof. (i) Using that wu is real valued, one verifies that @ is sesquilinear. The

claimed estimates are obtained from (3.2) as follows: since (n)<1+|n|, one has

113 /2 < (=ida £ L+,
and hence, by (3.2),

(Tuf 11| < 3(=i0uf 1 )+ (3 +ns(lull-) 1F]1%:
By the definition (3.6), the claimed estimates then follow. In particular, the lower bound
for Q7 (f, f) shows that @ is positive. O

Denote by (f|g)1/2=(f|g) ;;1/2 the inner product, corresponding to the norm || f||1/2-
+
It is given by
(Flg)yje=> (n)f(n)g(n) forall f,ge HL.

n=>0
Furthermore, denote by D: H! —H! ! and (D): Ht —H!™' teR, the Fourier multipliers,
defined, for fe H! with Fourier series f=>" f(n)ein, by

fi=—i0uf = an e,

D>f:=z<n>f<n>em.

LEMMA 3.4. For any ueH,_ 0> with 0<s< , there exists a bounded linear isomor-
phism Ay: H1/2 i/2 such that

(Aufl9)12=Q4(f,9) for all f,gEHi/Q.

The operator A, has the following properties:

(i) A, and its inverse A are symmetric, i.e., for any f,gGHl/2

<Auf‘9>1/2:<f‘Au9>1/2 and <A;1f|9>1/2:<f|14; 9>1/2~
(ii) The linear isomorphism B,, given by the composition
Bu:=(D)Au: H/* — H'/?
satisfies

Qi(f,9)=(Buflg) forall f,gcHY>.

The operator norm of B, and the one of its inverse can be bounded uniformly on bounded

subsets of elements u in H, .



46 P. GERARD, T. KAPPELER AND P. TOPALOV

Proof. By Lemma 3.3, the sesquilinear form @}, is an inner product on H i/ 27 equiv-
alent to the inner product (-|-);/o. Hence, by the theorem of Fréchet-Riesz, for any
gGHi/ 2, there exists a unique element in Hi/ 2, which we denote by A, g, such that

(Aug| )12 =Qi(g, f) forall feH”.

Then, A, 'Hl/zaHl/2 is a linear, injective operator which, by Lemma 3.3, is bounded,

i.e., for any f,gEHl/2

[(Aug | F)1/2| = Q0 (9, NI < Qu(g,9) 2 Qu(f, N2 < B2, (lull-))lglh 2l f 1124
implying that
[Auglliye < B4+2ns(llull-)lgll/2-

Similarly, by the theorem of Fréchet—Riesz, for any hEHJ 2, there exists a unique
element in Hi/Q, which we denote by E, h, such that
(] f)1j2=Qu(Euh, f) forall fe ..

Then, E,: Hi/Q%Hi/z is a linear, injective operator which, by Lemma 3.3, is bounded,
ie.,

3By h||1/2\Q+(E h, Eyh) = (h| Eyh)1 2 < ||Bll1 2| Buhll 2,
implying that || Ey,hl|l1/2<2||h||1/2. Note that A,(E,h)=h, and hence E, is the inverse
of A,. Therefore, A,: H, L/ QHHi/ ? is a bounded linear isomorphism. Next, we show
item (i). For any f,gEHl/2

(g1 Auf>1/2 = (Auf| g>1/2 =Q(f,9) :QZ(Qvf) = (Aug| f>1/2~

The Symmetry of A1 is proved in the same way. Towards item (ii), note that, for any
f7g€H <f|g>1/2—<<D>f|g>, and therefore

(Aug| fr2=(D)Aug| f),

implying that the operator B, =(D)A,: Hi/ Q%HI /2 is a bounded linear isomorphism
and that
(Bug| /) =Qilg,f) forallg,feH.

The last statement of (ii) follows from Lemma 3.3. O

We denote by L} the restriction of B, to dom(L}), where
dom(L}):={ge HY*: B,ge H,}.

We view L} as an unbounded linear operator on H. and write L}:dom(L})—H,.
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LEMMA 3.5. For any uEHf’g, with 0<8<%, the following holds:

(i) dom(L}) is a dense subspace of Hi/Q, and hence of H,.

(ii) L}:dom(L})— H, is bijective and the right inverse of L}, (Lf)™':H,—H,, is
compact. Hence, L} has discrete spectrum.

(iii) (L)™' is symmetric and L is self-adjoint and positive.

Proof. (i) Since H, is a dense subspace of HII/2 and B L HIl/QHHiN is a linear
isomorphism, dom(L})=B;1(H,) is a dense subspace of H}r/2, and hence also of H.,.

(ii) Since L} is the restriction of the linear isomorphism B,, it is one-to-one. By
the definition of L/

+, it is onto. The right inverse of L, denoted by (L})™!, is given

by the composition LoB;1|H+, where L:Hi/QﬁHJr is the standard embedding which,
by Sobolev’s embedding theorem, is compact. It then follows that (L})~': H, —H, is
compact as well.

(iii) For any f,geH,,

(L) gy =(AHD) [ g) = (AHD)  F (D) g)r o
By Lemma 3.4, A} is symmetric with respect to the H}r/ % inner product. Hence,
(L) gy =Dy IATHD) g2 = (I (L) g),

showing that (L)™' is symmetric. Since, in addition, (L})~! is bounded, it is also
self-adjoint. By Lemma 3.3, it then follows that

(Lo f 1) =((DYAWS | ) = (Auf | Prj2=Qu(f ) = 3113 2
implying that L} is a positive operator. O

We now define, for any ueH, o with 0<s< %, the operator L, as a linear operator
with domain dom(L,):=dom(L;;) by setting

L,:=L,—1+ns(|Jul-s)): dom(L,) — Hy.
Lemma 3.5 yields the following.

COROLLARY 3.6. For any u€ H, ¢, with O<s<%, the operator L,:dom(L,)—H, is
densely defined, self-adjoint, bounded from below, and has discrete spectrum. It thus ad-

mits an L2-normalized basis of eigenfunctions, contained in dom(L,,), and hence in H}r/2.

Remark 3.7. Let ue H, 5, with 0<s<3 be given. Since dom(L}) is dense in Hi/2

T,
and L] is the restriction of By: Hi/2—>H;1/2 to dom(L}), the symmetry

(Luflg)={(fILy.g) forall f g€dom(Ly)
can be extended by a straightforward density argument as follows:

(Buflg)=(f|Bug) forall f,geH!>.
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Note that, for any f,geHi/Q,

(Buf |9)= (D) Auf [ 9) = (Auf 19)1/2,

and hence, by (3.6),

(Buf9)=Qu(f.9)=(Df=Tuf+(14ns(llull-s))f ] 9),

yielding the following identity in H, 1/2,
Buf =Df =Ty f+1+ns(|Ju]_s))f for all fe HL>. (3.7)

Given UEHES, with O<s<%, let us consider the restriction of B, to H17%.

LEMMA 3.8. Let u€H, 5, with 0<s<3. Then, B,(H!™*)=H{* and the restriction

T?
. . 1-s —s
Bua—s:=Bu| -t HI™® — H;

is a linear isomorphism. The operator norm of By|yi-s and the one of its inverse are
+

bounded uniformly on bounded subsets of elements u€H, .

Proof. Since 1—s>%, H'~% acts by multiplication on itself and on L2, and hence,
by interpolation, on H” for 0<r<1—s. By duality, it also acts on H~", in particular
with r=s. This implies that Bu|H41:5:Hi_5—>H:S is bounded. Being the restriction of
an injective operator, it is injective as well. Let us prove that B,| Hi has H;?® as its
image. To this end, consider an arbitrary element he H; *. We need to show that the

solution fEH}/2 of B,f=h is actually in H1™*. Write

Df=h+1+ns(llull-s)) f+Tuf- (3.8)

Note that h+(1+ns(||ul|-s))f is in H]®, and it remains to study 7, f. By Lemma 3.2 (i)
one infers that, for any g€ HY, with 0:%(%4—8),

[(Tuf 19)| =l gf)| < Ilull—sllgflls < CF llull—sllgllo 1 fllo

implying that T, f€ H;?, and hence, by (3.8), f€H 7. Since 1—0>1, we argue as at
the beginning of the proof to infer that T, f€ H, *. Thus, applying (3.8) once more, we
conclude that feH1 . This shows that Bu\Hrs:Hi_S%Hjs is onto. Going through
the arguments of the proof, one verifies that the operator norm of B,| H and the
one of its inverse are bounded uniformly on bounded subsets of elements u€ H,_, - This

completes the proof of the lemma. O
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Lemma 3.8 has the following important consequence.

COROLLARY 3.9. For any u€H, 5, with 0<s<1, dom(L})CHL ™. In particular,

any eigenfunction of L7 (and hence of L) is in HL™*.

Proof. Since H, CH*®, one has B, '(H,)CB,'(H;®), and hence, by Lemma 3.8,
dom(L})=B; ' (H,)CH. ™. O

With the results obtained so far, it is straightforward to verify that many of the
results in [16] extend to the case u€ H, . More precisely, let ue H,§, with 0<s<5. We
already know that the spectrum of L, is discrete, bounded from below, and real. When

listed in increasing order and with their multiplicities, the eigenvalues of L,, satisfy

Arguing as in the proof of [16, Proposition 2.2], one verifies that A, 2A,—1+1, n>1, and
following [16, (2.10)] we define

V() :=Ap—Ap—1—120.

It then follows that, for any n>1,

An =n+)\0+27k = n+Np.
k=1

As [16, Lemmas 2.5 and 2.6] continue to hold for u€ H, 7, we can introduce eigenfunctions
fn(z,u) of L,, corresponding to the eigenvalues \,, which are normalized as in [16,
Definition 2.8]. The identities [16, (2.13)] continue to hold,

as does [16, Lemma 2.5], stating, among other results, that, for any n>1,
vn=0 if and only if (1] f,)=0. (3.10)

Furthermore, the definition [16, (3.1)] of the generating function #Hj(u) extends to the

case where uEHES, with 0<8<%,

,H,\:H;g —)(C,

(3.11)
ur— ((Ly+X\) 711 1).
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One also extends the identity [16, (3.2)], the product representation of H(u), stated in
[16, Proposition 3.1 (i)],

Ha(u) =

>\0+)\ H( An +)\> (3.12)

and the one for ’(1\fn>’2:'ynfin, n>1, given in [16, Corollary 3.4],

1 Yp
"= 1-— . 1
K N pLIn( )\p_/\n> (3.13)

The formula (3.12) then yields the identity (cf. [16, Proposition 3.1 (ii)] and its proof)

“Nou Z% (3.14)

Since vy, (u) >0 for any n>1, one infers that, for any ue H, 5 with 0<s< 3, the sequence
(Yn(w))n>1 is in £ =¢1(N,R) and

[ee)

An(u)=n— Z Yi(u) < n. (3.15)

k=n-+1
By (3.6), Lemma 3.3, and (3.7), we infer that —Ao<2+ns(|jul—s), yielding, when com-
bined with (3.14) and (3.15), the estimate
n—31—ns(|ull-s) <An(u) <n for all n>0. (3.16)
In a next step, we consider the linear isomorphism

Bui_s= Bu|HrS:HfS —H®

on the scale of Sobolev spaces. By duality, B,;1_s extends as a bounded linear isomor-
phism, B, s: Hj%H;HS, and so, by complex interpolation, for any s<t<1—s the re-
striction of B, , to H! gives also rise to a bounded linear isomorphism, B,,.;: H! — H ;.
All these operators satisfy the same bound as B,;1_s (cf. Lemma 3.8). To state our next
result, it is convenient to introduce the notation No:=Zx. Recall that hf(Ng)=h!(Ny, C),
teR, and that we write £2(Np) instead of h°(Np).

LeMMA 3.10. Let u€H, 5, with 0<s< 5, and let (fn)n>0 be the basis of L7, con-
sisting of eigenfunctions of L, with f,, n=0, corresponding to the eigenvalue A\, and
normalized as in [16, Definition 2.8]. Then, for any —1+s<t<1—s,

Koyt HE — h'(Np),
— ((f [ fa))nz0
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is a linear isomorphism. In particular, for f=Tlue H®, one obtains that

(| fn))nzo0 € h™*(Np).

The operator norm of K, and the one of its inverse can be uniformly bounded for
—14s<t<1—s and for u in a bounded subset of Hr_(f

Proof. We claim that the sequence ( fn)n>0, defined by

f _ fn
" (>\n+1+775(||UH75>)1/2)

is an orthonormal basis of the Hilbert space Hi/ 2, endowed with the inner product Q.

Indeed, for any n>0 and any geHim, one has

Qi (fnrg) = (LE | 9) = O+ 14ms(ull— )2 (f | 9)-

As a consequence, for any n,m=>0, Q;( fn, fm)zc;nm, and the orthogonal complement of
the subspace of Hi/ 2, spanned by ( fn)n}(]a is the trivial vector space {0}, showing that

(fn)n>0 is an orthonormal basis of Hi/Q. In view of (3.16), we then conclude that

Kyt Hy? — BY2(N),
— (<f | fn>)n207

is a linear isomorphism. Its inverse K 1/2 :hY/2(N )—)Hi/2 is given by

(Za)nso—> =D Znfu-

n=0

By interpolation, we infer that, for any Oétg%, Kyt HL —h'(Np) is a linear isomor-

phism. Taking the transpose of K ;, it then follows that, for any Oétéé,

ut?
Koo HT — h™ (Np),
= ((f | fn))n>0,

is also a linear isomorphism. It remains to discuss the remaining range of ¢, stated in the
lemma. By Lemma 3.8, the restriction of B, ! to H® gives rise to a linear isomorphism
B} . H;*—H!™* For any f€H.*, one then has

u;l—s-*

(f1fn)
Fui-af = ZA (™
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Since, by our considerations above, ({(f|fn))n>0€h™°(Np), one concludes that the se-

(An+1<—{1|75€|>ul|s)>@o

is in h'=%(Np). Conversely, assume that (z,,)n>0€h!~*(Np). Then,

quence

(()‘n+1+77$(||u||—3))zn)n20

is in h=*(Np). Hence, by the considerations above on K,._,, there exists g€ H, ® such
that
(9] frn)=An+1+ns(JJul|=s))zn for all n>0.

Hence,

g= Z Zn(An+1+ns(|Jul|=s)) frn = Z Zn By fn,

n=0 n=0

% and satisfies

f= Z Zn fn-
n=0

Altogether, we have thus proved that

implying that f:=B; g is in Hi~

Kya ot H 7 — 175 (Ny),
fr—=({f 1 fn))nzo0,

is a linear isomorphism. Interpolating between K,._, and K,.1—s and between the ad-

joints of their inverses, shows that, for any —14+s<t<1—s,
Koyt H' — h'(Ny),
fr=f1fa))nz0

is a linear isomorphism. Going through the arguments of the proof, one verifies that
the operator norm of K, and the one of its inverse can be uniformly bounded for
—1+4+s<t<1—s and for bounded subsets of elements uEHgg. O

With these preparations done, we can now prove Proposition 3.1 (i).

Proof of Proposition 3.1(i). Let u€ H, ¢, with 0<s<%. By (3.13), one has, for any
nzl, |<1|fn>|2:’)’n/€n and

1 Yp >
e T )
An— Ao i Ap—An
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Note that the infinite product is absolutely convergent, since the sequence (v, (u))n>1 is
in /1 (cf. (3.14)). Furthermore, since

Vp _)\p71+1_)\n

1— =
—An A=A,

>0 forall p#£n,

it follows that %, >0 for any n>1. Hence, the formula [16, (4.1)] of the Birkhoff coordi-
nates (,(u), n>1, defined for uGLf,O,

() = e (1] ful, ), (3.17)

Kn (u)

extends to H, 5. By (3.9), one has (cf. also [16, (2.13)])
An(L[ fn) = =(ul fn) = =(Tu| fn).
Since, by Lemma 3.10, ((ITu| f,))n>0€h™*(Np) and, by (3.16),
n—2—ns(Jull-s) <An(w) <n  for all n>0,
one concludes that

(<1‘fn>)n>1€hi_s and n;l/2zﬁ+0(1)’

and hence (,(u))n>1 Eh}r/2_s. In summary, we have proved that, for any 0<s<3, the

Birkhoff map ®: L?ﬂ’oﬁh}r/ % of Theorem 2.1 extends to a map

H§ — hy/*e
w— (Gn())n>1

which we again denote by ®. Going through the arguments of the proof, one verifies that
® maps bounded subsets of H, ; into bounded subsets of hi/ S O

To show Proposition 3.1 (ii), we first need to prove some additional auxilary results.
By (3.11), the generating function is defined as

Hy: H;g —)(C,
wr— ((Ly+X\) 711 1),

For any given u€ H, 7, H A(u) is a meromorphic function in AeC with possible poles at
the eigenvalues of L,, and satisfies (cf. (3.12))

1 5 Yn
n=1
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LEMMA 3.11. For any 0<s<%, the following statements hold:
(i) For any AeC\R, Hy: H, §—C is sequentially weakly continuous.
(ii) (,/fyn)n>1:H;§%hi/2_s s sequentially weakly continuous. In particular, for

any n=0, \,: H;()‘}%R is sequentially weakly continuous.

Proof. (i) Let (u®)z>1 be a sequence in H,§ with u®) ~y weakly in H.§ as
k—o0. By the definition of ¢, (u) (cf. (3.13)—(3.17)), one has |, (u)|*=~,(u). Since, by
Proposition 3.1 (i), ® maps bounded subsets of H, 5 to bounded subsets of hi/2_s, there
exists M >0 such that, for any k>1, one has ||ul|, ||u®| <M,

Z n' =%, (u) and Z =2y, (u®)) < M.
n=1 n=1
By passing to a subsequence, if needed, we may assume that
(1 (W) 2) 1 = (01 *)nza (3.19)
weakly in h'/275(N, R), where p,, >0 for any n>1. It then follows that

(’yn(u(k)))n>1 — (pn)n}l

strongly in ¢!(N,R). Define

Vpi=n— Z pp foralln>0.
p=n+1

Then, for any n>1, v,=v,_1+1+pp, and )\n(u(k))%l/n uniformly in n>0. Since
Ly = Ao(u™),
we infer that there exists ¢>|—vp+1| such that, for any k>1 and A\ >c,
B — (s ([ | )+ X HI™S — H*

is a linear isomorphism whose inverse is bounded uniformly in k. Since L,wx) is the
restriction of By, ). s — (14+ns(|lul—s)) to dom(L,x) ), one then has that

w = (Lo +N)"'1] for all k>1,

is a well-defined, bounded sequence in H1 ™%, Let us choose an arbitrary countable subset

AC|e, 00) with one cluster point. By a diagonal procedure, we extract a subsequence of
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(wg\k));@l, again denoted by (wg\k))k>17 such that, for every A€A, the sequence (wg\k))

converges weakly in H1™* to some element vy € H:™*. By Rellich’s theorem,

(Lyw +N)w = (L + Aoy

(k) _

weakly in H;® as k—o0. Since, by definition, (L, +A)w, ' =1 for any k>1, it follows

that, for any A€ A, (L, +A)vx=1, and thus, by the deﬁnitlon of the generating function,
(k) — ¢,,,(K) _
Ha(u) = (w,” [1) = (x| 1) =Ha(u) for all Ae A.

Since H(u®)) and H,(u) are meromorphic functions whose poles are on the real axis,
it follows that the convergence holds for any A€ C\R. This proves item (i).

(ii) We apply item (i) (and its proof) as follows. As mentioned above, A, (u(¥))— p,,,
uniformly in n>0. By the proof of item (i), one has, for any ¢<A <00,

T (555)

Ha(u®) —

and hence, for any A€A,

Ha(u)=

u0+)\ H ( Vn+)\>

Since H(u) and the infinite product on the right-hand side of the latter identity are both
meromorphic functions in A, the functions are equal. In particular, they have the same
zeroes and the same poles. Since the sequences (A, (u))n>0 and (vy,)n>0 are both listed
in increasing order, it then follows from (3.18) that A, (u)=v, for any n>0, implying
that, for any n>1,

Yn(u)=Ap(w) = Ap—1(u)—1=v,—vp_1—1=py,.
By (3.19), we then conclude that
(@) )zt = (1 (1))

weakly in /27 (N, R). O
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COROLLARY 3.12. For any 0<s<% and n>1, the functional r,: H,§—R, intro-

duced in (3.13), is sequentially weakly continuous.

Proof. Let (u®);>1 be a sequence in H,_ ¢ with u®) — weakly in H,§ as k—oo0.

By (3.15), one has, for any p<n,

n

Ap(u®) =X (u®) =p—n— 3" (™),

j=p+1
whereas, for p>n,

P
Ap(u®) =X (u®) =p—n+ >~ (u®).
j=n+1
By Lemma 3.11, one then concludes that

lim (Ap (@) =An (u™)) = (Ap () = An (1)) = 0

k—o00

uniformly in p,n>0. By the product formula (3.13) for &, it then follows that, for any
n>1, one has
lim ko (u®) = Ky (u). O

k—o00
Furthermore, we need to prove the following lemma concerning the eigenfunctions
fa(5u), n20, of Ly,

LEMMA 3.13. Given 0§5<%, M>0, and n>0, there ezists a constant Cs prpn=>1
such that, for any ue H 5 with |lul|-s<M and any n>0,

||fn('yu))||1—sgos,M,n- (320)

Proof. By the normalization of f,, ||f.|]|=1. Since f, is an eigenfunction, corre-

sponding to the eigenvalue A, , one has

_Zawfn :Lufn+Tufn :)\nfn+Tufn7

implying that
10z fall—s < [An |+ [T frll - (3:21)

Note that, by the estimates (3.16),
[An| <max{n,|Ao|} <n+|Xo| forall n>0, (3.22)

and
Aol < T+ms(flull-s),
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where 7, ([|ul-s) is given by (3.3). Furthermore, since 0=3(2+s) (cf. (3.1)), one has
l-s>1-0> %,
implying that H!™7 acts on H' for every ¢ in the open interval (—(1—c),1—0). Hence,
1T frll-s < Collull-s]| falli-o- (3.23)

Using interpolation and Young’s inequality (cf. (3.4), (3.5)), (3.23) yields an estimate
which, together with (3.21) and (3.22), leads to the claimed estimate (3.20). O

With these preparations done, we can now prove Proposition 3.1 (ii).

Proof of Proposition 3.1 (ii). First, we prove that, for any 0<s<3, ®: H;§—>h}r/2_s

is sequentially weakly continuous: assume that (u(®))g>; is a sequence in H_§ with
u®) —y weakly in H,§ as k—o0. Let (():=®(u¥)) and (:=®(u). Since (u®);>; is
bounded in H;(j”, and ® maps bounded subsets of HT_OS to bounded subsets of hi/zfs, the
sequence (C(k))k>1 is bounded in hi/%s. To show that ¢(¥) ~¢ weakly in hi/2, it then
suffices to prove that, for any n>1, limg .o g,(l’“)zgn. By the definition of the Birkhoff
coordinates (3.17),

k) _ £

RGO

where #{) :=fip (u®)) and fflk) = fu(-,u®). By Corollary 3.12,

lim /ig“) =FKn

k—o0
and, by Lemma 3.13, saying that, for any n>0, || f,|l1—s is uniformly bounded on bounded
subsets of H, ),

(1] £9) = (1] fu),

lim
k—o00
where k,: =k (u) and f,,:=f,(-,u). This implies that
lim C,(Lk) =(, foranyn=>1.
k—o0
It remains to show that, for any 0<s<%, @:H;S%hi/z_s is one-to-one. In the
case where ueL%,O, it was verified in the proof of [16, Proposition 4.3] that the Fourier
coefficients 4(k), k=1, of u can be explicitly expressed in terms of the components ¢, (u)

of the sequence ((u)=®(u). These formulas continue to hold for u€ H, §. This completes
the proof of Proposition 3.1 (ii). O
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4. Extension of ®. Part 2

In this section we prove the second part of Theorem 2.3, which we again state as a

separate proposition.

PROPOSITION 4.1. (Extension of ®. Part 2) For any 0<s<3, the map
®:H g —hl/7

has the following additional properties:

1/2—s
+

(i) The inverse image of ® of any bounded subset of h is a bounded subset

in H.§.
(ii) @ is onto, and the inverse map ¢_1zhi/275—>H;§ is sequentially weakly con-
tinuous.

(iil) For any O<S<%, the Birkhoff map and its inverse,
®:H 5 —h\*7 and L0 H,

are continuous.

Remark 4.2. As mentioned in Remark 2.4, the map @:Lf,oﬁh}rm and its inverse

o1 hi/ 2—>L$’0 are sequentially weakly continuous.

Proof of Proposition 4.1 (i). Let 0<5<% and u€H_ 3. Recall that, by Corollary
3.6, L, is a self-adjoint operator with domain dom(L,)CH,, has discrete spectrum
and is bounded from below. Thus, L, —Ao(u)+1>1, where \o(u) denotes the smallest

eigenvalue of L,. By the considerations in §3 (cf. Lemma 3.8), L, extends to a bounded

1/2 1/2

operator L,: H,'"— H_ "'~ and satisfies

(Luf| £)=(Df | f)=(u| ff) forall fe Hi.
By Lemma 3.2 (i), one has
(] SN CElull =l £113), for all f€ H/?,
and hence
1P < {(Lu=Ro(@)+ D) F | ) <(DF|F)+CF llull - F1I3 2+ (=0 (w) + D) FII2,

yielding the estimate

11 < ((Lu—=Ao(w)+1) £ | £) < Mull£113 2,
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where
My :=C3 |lull —s+(2=Xo(u)). (4.1)

To shorten notation, we will, for the remainder of the proof, no longer indicate the
dependence of spectral quantities such as A, or 7, on u, whenever appropriate. The
square root of the operator L, —Ag+1,

Ryi=(Lu=Xo+1)"*:H> — H,,

can then be defined in terms of the basis f,=f,(-,u), n>0, of eigenfunctions of L, in a

standard way as follows: by Lemma 3.10, any f EHJlr/ % has an expansion of the form

Zflfn fs

where ((f|fn))n>0 is a sequence in h'/?(Np). R, f is then defined as
R.f 5:Z(>‘n*/\0+1)1/2<f | fa) fn
n=0

Since (A, —Xg+1)Y/2~/n (cf. (3.16)), one has
(=20 +1)2(F| fa))nzo € £2(No),

implying that R, f€H, (cf. Lemma 3.10). Note that, for any feHl/2

IFI1” < (Ruf | Ruf) = (RLF 1) < MullFI12 2,

and that R, is a positive, self-adjoint operator, when viewed as an operator with domain
Hi/27 acting on H,. By complex interpolation (cf. e.g. [37, §1.4]), one then concludes
that, for any 0<0<1, RZ: Hz/2%H+ and

IRGSIP < MG/ for all f € HY.
Since, by duality, RY: H+%H_9/2 nd
IRG9N1% 60 <M |glI* for all g€ H.,
0/2

one infers, using that R%: H, —H 0/2 i boundedly invertible, that, for any fe H,

1£112/2 < Myl R £11%,
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where R, ?:=(R?)~!. Applying the latter inequality to f=IIu and §=2s, and using that

o0

Mu=Y (Mulf)fn and (u|fn)==N(1]fn),

n=1
one sees that
lull? s =[Tu2, < MPX, (4.2)

where

2= A2 (A —Ao+1) 72 (1] £l

n=1
We would like to deduce from (4.2) an estimate of ||u||_s in terms of the v,’s. Let us
first consider M2%. By (4.1), one has

M <22 max{(CF ,Jull )", (2= Xo(u))*"},

yielding
M < ([[ull2,)* (267 )% +(2(2— Ao (w)) ™. (4.3)

Applying Young’s inequality with 1/p=s and 1/g=1—s, one obtains
(Il (267 ¥ £ < Fllul® +((4CF ) 2) V), (4.4)
which, when combined with (4.2) and (4.3), leads to
Tl < ((ACF )P D)V 079+ (2(2- 2o (u)))*°E.
The latter estimate is of the form
[u)|2, < C3, s3940y o (2= Ao (1)) >3, (4.5)

where C3 5, Cy s >0 are constants, only depending on s. Next, let us turn to
oo
D=3 A (An—Ao+1) 7 (1] fu) .
n=1

Since, for any n>1,

oo
Ap=n— Z Vi |<1‘fn>‘2:’7n"€n7
k=n+1

1 Yp >
e T )
An— Ao i Ap—An

and, by (3.13),
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the series ¥ can be expressed in terms of the 7,’s. To obtain a bound for ¥, it remains

to estimate the k,’s. Note that, for any n>1,

Tp Tp Sy —Xo
[T(1- <142 ) Sexrmr v <o
( )\p—An) ( )\n—)\p> “r €
p<n

p#En

Since

it then follows that

0</€n<e for all n > 1.
n

Combining the estimates above, we get

oo
< 67}\0 E Ain725717n
n=1

By splitting the sum ¥ into two parts, E:Zn<—)\o(u) +Zn>_/\0(u), and taking into
account that 0\, <n for any n>=—Xg and |\, |<—X\g for any 1<n<—\g, one has

(o]
< (1-X) 220 Zn
n=1

Together with the estimate (4.5), this shows that the inverse image by ® of any bounded
subset of sequences in h'/27¢ is bounded in H, . O

Proof of Proposition 4.1 (ii). First, we prove that, for any 0<s<%, d: H;gﬁhim_s

is onto. Given = (zn)ns1 in hY2"%, consider the sequence ¢®)=(c%)),.5; defined, for
any k>1, by
C(k) _ { Zn, for all 1 <n<k,
0, foraln>k.

Clearly, ¢**) 2z strongly in h'/2=°. Since C(’“)ehiﬂ for any k>1, Theorem 2.1 implies
that there exists a unique element u(*) €L?, with ®(u®))=¢*). By Proposition 4.1 (i),

sup [Ju®||_, < oo.

=

Choose a weakly convergent subsequence (u(%));>; of (u(* ))k>1, and denote its weak

limit in H_ | o by u. Since, by Pr0p051t10n 3.1, &: Hroﬁhl/ 275 s sequentially weakly
continuous, ®(u*i))—~®(u) weakly in h+ ~°. On the other hand, ®(u*))=¢®) -~

strongly in h'/2=% implying that ®(u)=z. This shows that ® is onto.
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It remains to prove that, for any 0<5<%, ®~! is sequentially weakly continuous.
Assume that (((k))k>1 is a sequence in h'/?27% weakly converging to (€h'/2*. Let
u®:=@~1(¢"). By Proposition 4.1 (i) (in the case 0<s<3) and Remark 2.2 (ii) (in the
case s=0), (u®))x> is a bounded sequence in H,, and thus admits a weakly convergent
subsequence (u*7);>1. Denote its limit in H,§ by u. Since, by Proposition 3.1, ® is
sequentially weakly continuous, ®(u*/)—®(u) weakly in h'/2~%. On the other hand, by
assumption, ®(u*)=¢*i) ~¢, and hence u=®1(¢) and u is independent of the chosen
subsequence (u*7);51. This shows that @1 (¢(*)) ~®~1(¢) weakly in H.§. O

Proof of Proposition 4.1 (iii). By Proposition 3.1, &: Hrfosﬁh}r/zfs is sequentially
weakly continuous for any 0<s< % To show that this map is continuous, it then suffices
to prove that the image ®(A) of any relatively compact subset A of H, ¢ is relatively
compact in hi/z_s. For any given >0, choose N=N.>1 and R=R.>0 as in Lemma 4.3,

stated below. Decompose u€ A as u=uy+u_, where

un = Z w(n)e™® and w, = Z i(n)en®.

0<|n|<N. |n|>N.
By Lemma 4.3, |luy||<Re and ||u, ||-s<e. By Lemma 3.10, applied with §=—s, one has
Ku;_S(Hu) = Ku;_S(HuN)—I—Ku;_S(HuJ_) S h_S(NQ),

where K. s(ITuy)=K,0(Iluy), since lMuy € H,. Lemma 3.10 then implies that there
exists C'4 >0, independent of u€ A, such that

[Kuo(Muy)|| SCaR: and  |[[Ky;—s(Huy)]|—s < Cac.

As £>0 can be chosen arbitrarily small, it then follows by Lemma 4.3 that K,._s(II(A))

is relatively compact in h~*(Np). Since, by definition,
(Ky—s(TTu))p, = (Tl | fr (-, w)) for all n>0,
and since, by (3.9),

1

N

uniformly with respect to u€ A, it follows that ®(A) is relatively compact in h

Cn(u) =

(Mu | frn(-,u)) as n—oo

i/ >7% Now,
let us turn to ®~!. By Proposition 4.1 (ii), q)_l:hi/Q_S%H;’g is sequentially weakly
continuous. To show that this map is continuous, it then suffices to prove that the image

1/2—s
+

®~1(B) of any relatively compact subset B of h is relatively compact in H,_ ;. By

1.1/2- —s .
the same arguments as above, one sees that ®~1: h+/ *—H,; is also continuous. [
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It remains to state Lemma 4.3, used in the proof of Proposition 4.1 (iii). It concerns
the well-known characterization of relatively compact subsets of H, o in terms of the

Fourier expansion

u(z) = Z a(n)e™”

n#0

of an element w in H,_ .

LEMMA 4.3. Let 0<s<3 and ACH_®. Then, A is relatively compact in H_* if and
only if, for any €>0, there exist N.>1 and R:.>0 such that, for any f€A, the sequence
En:i=f(n), n>0, satisfies

1/2 1/2
(S mier) <e wt (X j?) <
n>N, 0<n<N:
The two latter conditions on ({n)n>0 characterize relatively compact subsets of h=*(Np).

Proof of Theorem 2.3. The claimed statements follow from Propositions 3.1 and 4.1.

In particular, it follows from Proposition 4.1 (i) that

F (R)= sup [[® ' (¢)|_s<oo forall R>0,
[€ll1/2—s<R

and hence F, takes values in Rx¢ as stated in Theorem 2.3 (iii). O

5. Solution maps Sy, Sp, S¢, and S. B

In this section we provide results related to the solution map of (1.1), which will be used

to prove Theorem 1.3 in the subsequent section.

Solution map Sp and its extension. First, we study the map Sp, defined in §2
on hi/z. Recall that, by (2.7) and (2.8), the nth frequency of (1.1) is a real-valued map
defined on £2 by

wa(Q)i=n* =23 K|G[P=2n Y (G
k=1 k=n+1

5, the map Sp naturally extends to hi/ Q_S, mapping the initial data
C(O)Ehi/g_s to the curve

For any 0<s<%

Sp(-,¢(0)):R—hl/*7,

. (5.1)
t— SB (tv C(O)) = (<n (O)Ethn(C))n>1«

We first record the following properties of the frequencies.
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LEMMA 5.1. (i) For any n>1, w,: {2 —R is continuous and

wn (¢)—n®[ < 2n||Cll5  for all Ce£3,
wa(C)—n?| <2[C|I2 5, for all CehY?.

(ii) For any 0<s<%, Wn: hi/275—>R 1s sequentially weakly continuous.

Proof. Ttem (i) follows in a straightforward way from the formula (2.7) of w,,. Since,
for any 0<s< 3, hi/*™* compactly embeds into £2, item (ii) follows from (i). O

From Lemma 5.1 one infers the following properties of Sg. We leave the easy proof

to the reader.
PROPOSITION 5.2. For any Oésgé, the following holds:
(i) For any initial data C(O)Ehi/%s,
R— hY/275,
t—> Sp(t,¢(0)),
18 continuous.
(ii) For any T>0,
Sp:hy/* 7 — O(=T,1), k™),
¢(0) — [t —Sp(t,¢(0))],

is continuous and, for any teR,

Stopl/2ms —y pl/2e
¢(0) — Sp(t,¢(0)),

is a homeomorphism.

Solution map Sy and its extension. Recall that in §2 we introduced the solution
map Sy of (1.1) on the subspace space L7, of L2, consisting of elements in L2 with

average zero, in terms of the Birkhoff map &:
So=0'Sp®: L}y — C(R, L2). (5.2)

Theorem 2.3 will now be applied to prove the following result about the extension of
Soy to the Sobolev space H;S, with O<s<%, consisting of elements in H~° with average

zero. It will be used in §6 to prove Theorem 1.3.
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ProPOSITION 5.3. For any 0<s<%, the following holds:
(i) The Benjamin—Ono equation is globally C°-well-posed on H.§.

(ii) There exists an increasing function Fs:Rso—Rxsq such that
[ull-s < Es(1®(w)]l1/2-s)  for allue Hg.
In particular, for any initial data w(0)€H, g,

sup 155 (w(0))[|—s < Fs(|2(w(0))[[1/2-5)- (5:3)

Remark 5.4. (i) By the trace formula (2.2), for any u(0)e L7, estimate (5.3) can
be improved as follows:

lu()| = V2|2 ((0))ll1/2= [u(0)]] for all t e R.

(ii) We refer to the comments of Theorem 1.3 in §1 for a discussion of the recent
results of Talbut [35], related to (5.3).

Proof. Statement (i) follows from the corresponding statements for Sp in Proposi-
tion 5.2, and the continuity properties of ® and ®~! stated in Theorem 2.3.
(ii) By Theorem 2.3, there exists an increasing function Fs:Rso—Rs( such that,
for any u€ H, g,
[ull—s < Fs([|@(w)[]1/2—s)-

Since the norm of h'/2=% is left-invariant by the flow 84, it follows that, for any initial
data u(0)€ H, j, one has

sup 15" (u(0)[l-s < Fs (1@ (u(0))[]1/2-5)- O

Solution map S.. Next, we introduce the solution map S., where c is a real param-
eter. Let v(t, ) be a solution of (1.1) with initial data v(0)€ H: and s> 3, satisfying the
properties (S1) and (S2) stated in §1. By the uniqueness property in (S1), it then follows
that

v(t,x) =u(t,r—2ct)+c, (5.4)
where ¢=(v(0)]1) and ueC(R, H:)NC' (R, Hﬁ’EQ) is the solution of the initial value
problem

Oyu=Ho*u—0,(u?), u(0)=v(0)—c, (5.5)
satisfying (S1) and (S2). It then follows that w(t, z):=u(t, z—2ct) satisfies w(0)=u(0)

and
Opw = HO?*w — 0, (w?) +2c0,w. (5.6)
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By (5.4), the solution map of (5.6), denoted by S, is related to the solution map S of
(1.1) (cf. property (S2) stated in §1) by

S(t,v(0)) = Sp(oy (£, v(0) = [0(0)]) + [v(0)], (5.7)
where [v(0)]:=(v(0)|1). In particular, for any s> 2,
Se:Hy g — C(R, Hyp),
w(0) — Se(-, w(0)),
is well defined and continuous. Molinet’s results in [27] (cf. also [30]) imply that the

(5.8)

solution map S, continuously extends to any Sobolev space H;; with 0<s< % More pre-
cisely, for any such s, Sc: H; (—C(R, H;: ) is continuous and, for any vo€ H; 5, Sc(t, wo)
satisfies equation (1.1) in HS™2.

Solution map S. g and its extension. Arguing as in §2, we use Theorem 2.1 to
express the solution map S g corresponding to the equation (5.6) in Birkhoff coordinates.
Note that (5.6) is Hamiltonian,

Oyw=0,VH,,

where the Hamiltonian H.: H;;—R is given by
He(w) :=H(w)+2cH (w).
By (1.2), one has

HOw) = - [ e
Since, by the (non-linear) Parseval formula,

11, =

_ Zwldr = |2

or J, 2¥ W ;MC |

(cf. [16, Proposition 3.1]), it follows that H. g(¢):=H.(®1()) satisfies

He5(Q) =Hp(()+2¢ Y nl¢al,
n=1

implying that the corresponding frequencies w, ,, n>>1, are given by

Wen(€) =0¢, 12 He,B(C) = wn () +2cn. (5.9)

For any ceR, denote by S. p the solution map of (5.6), when expressed in Birkhoff

coordinates,
Sepht? — C(R, b,
(0 [t (G 0)e™CO) 1]

Note that wg,,=wy,, and hence Sy, p=5p. Using the same arguments as in the proof of

(5.10)

Proposition 5.2, one obtains the following.
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COROLLARY 5.5. The statements of Proposition 5.2 continue to hold for S. p with
ceR arbitrary.

Ezxtension of the solution map S.. Above, we introduced the solution map S, on

the subspace space L2 ;. One infers from (5.7) that
Se=07'S, p0: L2, — C(R, L2 ). (5.11)

Using the same arguments as in the proof of Proposition 5.3, one infers from Corollary 5.5
the following results, concerning the extension of S. to the Sobolev space H, j with
0<s<i.

COROLLARY 5.6. The statements of Proposition 5.3 continue to hold for S. p with
ceR arbitrary.

6. Proofs Theorems 1.3, 1.7, and 1.9

Proof of Theorem 1.3. Theorem 1.3 is a straightforward consequence of Proposi-
tion 5.3 and Corollary 5.6. O

Proof of Theorem 1.7. We argue similarly as in the proof of [16, Theorem 1.3]. Since
the case c#0 is proved by the same arguments, we only consider the case c=0. Let
up€H,§ with 0<s<3, and let u(t):=So(t, up). By formula (5.1), ((t):=Sp(t, ®(ug))
evolves on the torus Tor(®(ug)), defined by (2.11).

(i) Since Tor(®(ug)) is compact in h/*™ and ¢_1zhi/278—>H;§ is continuous,
{u(t):teR} is relatively compact in H, .

(ii) In order to prove that t—u(t) is almost periodic, we appeal to Bochner’s charac-
terization of such functions (cf. e.g. [26]): a bounded continuous function f:R— X with
values in a Banach space X is almost periodic if and only if the set {f,:7€R} of func-
tions defined by f;(t):=f(t+7) is relatively compact in the space Cp(R, X) of bounded
continuous functions on R with values in X. Since ®: H, OS—>h}r/ *7* is a homeomor-
phism, it suffices to prove that for every sequence (7x)x>1 of real numbers, the sequence
fre @):=P(u(t+7k)), k=1, in Cp(R, h}r/%s) admits a subsequence which converges uni-
formly in Cp(R, h}r/%s). Notice that

Fri(8) = (Ga(u(0)) e H)) .

By Cantor’s diagonal process, and since the circle is compact, there exists a subsequence
of (7x)k>1, again denoted by (7%)x>1, such that, for any n>1, limy . €™»™ exists,

implying that the sequence of functions f;, converges uniformly in Cy(R, hi/ 2_8). O
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Proof of Theorem 1.9. Since the general case can be proved by the same arguments,
we consider only the case ¢=0. By [16, Proposition B.1], the traveling wave solutions
of the BO equation on T coincide with the 1-gap solutions. Without further reference,
we use notations and results from [16, Appendix B], where 1-gap potentials have been
analyzed. Let ug be an arbitrary 1-gap potential. Then, wug is C°°-smooth and there
exists N >1 such that yn(ug)>0 and v, (uo)=0 for any n#N. Furthermore, the orbit of
the corresponding 1-gap solution is given by {uo(-+7):7€R}. Let 0<s< % It is to prove
that, for any >0, there exists 6 >0 such that, for any v(0)€ H, 5 with [[v(0) —uol|-s <9,
one has

sup inf ||v(t)—uo(-+7)||-s <e. (6.1)
teR TER

To prove the latter statement, we argue by contradiction. Assume that there exists e>0,

a sequence (v*)(0))x>1 in H, ¢, and a sequence (tj)x>1 such that
lim [[o® (0)—ug||—s =0
k—o00

and

inf 0™ (tr) —uo(-47)|| s =& for all k>1.
TE

Since
A:= {v(k)(O) k=1 0{uo}

1/2—s
+

is compact in H, 5 and ® is continuous, ®(A) is compact in h and

lim [|@(0")(0)) = ®(uo)||1/2-s =0
k—o00

It means that
oo

klim n1725|Cn(v(k) (O))*Cn(UO)F =0.
n=1

Note that, for any k>1,
G (1)) = Ca (0P (0)) eitren O for all p > 1,
and (p, (u(tx))=Cn(ug)=0 for any n#N. Hence,

. 1-2s (k) 2 _
Jlim ;Vn |Gn () (1))[* =0 (6.2)

and, since |[Cn (v (1)) |=[¢n (v*)(0))], one has

i [1G (0 (1)) | =[G (o) | =0, (6.3)
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implying that

sup [(n (0 ()] < oo.
k>1

It thus follows that the subset {®(v*)(t)):k>1} is relatively compact in h'/2~%, and
hence {v® (t;):k>1} relatively compact in H, . Choose a subsequence (v(57)(ty));>1
which converges in H, ¢ and denote its limit by we H,§. By (6.2) and (6.3), one infers
that there exists #€R such that

Ca(w)=0 foralln#N and Cy(w)=Cn(ug)e®.
As a consequence, w(x)=ug(x+0/N), contradicting the assumption that

1nf 0™ (tr) —uo(-47)|—s =& for any k>1. O
7. Proof of Theorem 1.5
In this section we prove Theorem 1.5. First, we need to to make some preparations. We
consider potentials of the form

u(z) =v(e’®)+u(ei),

where v is a Hardy function, defined in the unit disc by

€qz
v =, el <,

and 0<e<g<1. Note that
[lu)® 1/2452271*1 2 — _2:21og(1—¢?). (7.1)

We want to investigate properties of the Birkhoff coordinates of w. To this end, we
consider the Lax operator L, =D —T,, for u of the above form. Since, for any f€H! and
z€C in the unit disc,
_ f(z)—f(a)
T f(z) =I((v+0)f)(2) =U(Z)f(Z)+€q27_q,
the eigenvalue equation L, f—Af=0, A€éR, when formulated as an equation in the unit
disc |z| <1, reads

76 (£ ) 10 = 0 (7.2
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where we have set u:=—A\. Note that, if —u is an eigenvalue, then the eigenfunction f(z)

is holomorphic in |z|<1. Evaluating (7.2) in such a case at z=0, one infers that

7o) =" 50) (73)
Define, for |z|<q™t, 2¢[0,¢71),
U(z) = M

(q—2)°
with the branches of the fractional powers chosen as
m™ T
arg(z) € (0,2m), arg(q—z)€(—m,m), and arg(l—gz)e€ <—2, 2).

Then, (7.2) reads

DN o)) = £y ST E)
a3 W) = 1) 7 =5

As a consequence, one has f(q)#0, since otherwise ¢(z) f(z) would be constant and hence

(2)~! holomorphic on the whole unit disc, which is impossible as

P(t+i0)  (t+i0)=HH(g—t4140)° _{ e~ 2milet) - if te(0,q),

Qp(t*iO) - (qftin)E(t7i0)5+“ - 6—27ri,u7 ifte (q7q—1)7 (74)

and €21 for any 0<e<1. For what follows, it is convenient to normalize the eige-

function f by f(¢)=1. Then, the eigenvalue equation reads

L) =g(z) forall 2] <1, (7.5)
where b(2)
= 4 z or a z .
g(z) = (g—2) for all |z| <1

Our goal is to prove that, for an appropriate choice of the parameters € and ¢, p=—MXo(u)
becomes arbitrarily large. So, from now on, we assume that ¢>0. Note that, by (7.5),
one has, for any |z|<q~! with 2¢[0,¢71),

1 z
)= 505 /O 9(C) dc.

Hence, —p will be an eigenvalue of L,, if the right-hand side of the latter expression
extends to a holomorphic function in the disc {|z|<g~!'}. It means that f can be con-

tinuously extended to 2=0 and z=g¢, and that, for any t€(0,¢)U(g,q~ 1),

F(t+i0) = f(t—i0). (7.6)
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It is straightforward to check that, in the case pu>0, f extends continuously to z=0.
Furthermore, the identity (7.6) is verified for any t€(0, q) since, for any 0<s<t,

g(s—i—zO) 6727ri(5+u) _ 7/’('5‘*‘@0)

g(s—1i0) P(t—i0)

Tt is then straightforward to verify that f extends continuously to z=¢ and that f(q)=1.
Next, let us examine the condition f(t+i0)=f(t—140) for t€(g,1). Notice that

o= (g ) -

so that, with
2 d
(q—2)= dz

h(z) := (z"(1—qz)7),

one has, integrating by parts,

€

| o= gy - [ moac=vio- [ modc

As a consequence, for any t€(q,q '), the condition f(¢t+i0)=f(t—i0) reads

b (t+i0)

g /0 h(C—i0) dC.

/ h(C+i0) d¢ =
0

Since, by (7.4), for any ¢<(<q~ !,

P(CH+i0) = 2THY(¢—i0) and  h(C+i0) = e > (¢ —i0),
we conclude that the condition
q ] q
/ h(¢+10) dg:e—%’ﬂ/ h(¢—i0) d¢
0 0

is necessary and sufficient for —p <0 to be an eigenvalue of L,. After simplification and

using again that €71, this condition reads

7 = d
Flu,e,q):= S (1—qt)¥)dt =0 7.7
()= [ e —a) (17)
or
F( . )_/q te+u(1—qt)€ B eq d—0 (78)
Y A ) E SR W) '
Notice that, if
2
p>—1



72 P. GERARD, T. KAPPELER AND P. TOPALOV

then the latter integrand is strictly positive for any 0<t<gq. In particular, one has
eq?
F @, g,q > 0. (79)

On the other hand, let us fix >0 and study the limit of F(u,¢e,q) as (e,q)—(0,1).

Clearly, one has
T (1—qt)* !
lim / =gt p dt:/ pth=tdt=1. (7.10)
(£,9)—~(0,1) Jo (g—t)s t 0

To compute the limit of the remaining part of F(u,,q) is more involved. For any given

fixed positive parameter 1—¢?<6<1, split the integral

diEth(1—qt)® eq
I(u,e, ::/ dt
wea=J = g

into three parts:

I(p,e,q) =T (p,e,q;0)+1a(p, €, q;0)+1I3(p, €, q),

where I1 =11 (i, €, ¢;0), Is.=12(u,e,q;0), and I3=1I3(u, €, q) are defined as

q(1-9) q° q
Il Z:/ 5 IQ ::/ 5 and 1322/ .
0 q(1-0) q3

It is easy to check that
0 < I1 < 01(9)6,

and that, with the change of variable t:=q—q(1—¢?)y in I3, one has

1
dy
0<Iz3=¢ M+2/ 1— (1= (1+q¢%y)°y ¢ < Cse.
3=¢eq 0( (1=¢7))""(1+q7y)y Ty SO

Using the same change of variable in Is, we obtain

+2 o/(-c) 2 + dy
Ih=cqg" / 1—-(1— R I
2 q . ( ( q )y) y5(1+q2y)1_5
Note that, for 1<y<60/(1—¢?), one has 1-0<1—(1—¢?)y<1, and hence
(1= <(A-(1-g*)y)" =<1
Since 1(14y)<y<1l+y and

¢*(1+y) <1+¢%y < 1+,
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we then infer that
0/(1—q%) dy

IL> ¢ Wt201_9 MJrl/
2 q ( ) ) 1+y

and
0/(1—q%) dy

12 < €q2s+# 25/ .
h 1 I+y

Using that, as ¢—1,

= — 1,
14y log(1—¢?)

1 /9/<1q2> dy _, log((1-*+0)/2)
—10g(1—q2) 1

we then obtain

I ;0 I ;0
(1—0)’“r1 < liminf L’q’gg lim sup L’q’ggl.
(£,0)(0,1) —elog(1=¢?) ~ (c,g)~(0,1) —€log(1—q?)
Summarizing, we have proved that, for any 0<f<1,
I I
(1—0)*T1 < liminf L,(])Qg lim sup L’Q)QQI.
(e:0)(0,1) —€log(1—¢?) ~ (¢ g)-(0,1) —€log(1—¢?)
Letting #—0, we conclude that
I(p,e,q)=—elog(1—¢*)(1+0(1)) — +oo (7.11)
for (e, q) satisfying
elog(1—¢*) = —oc0. (7.12)
Therefore, if (7.12) holds, then, by (7.8), (7.10), and (7.11),
F(u,e,q) = —oo  for all p>0.
For any k>1, let
2 —e; 32
gy :=1—e""*
with 0<eg <gx so small that F(k, e, qx) <0 and
gkqi o—8/2 _eo8/2
5 =eret (I—e %% ) >k (7.13)

Set .
u® () ::2R6<W>. (7.14)
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LEMMA 7.1. For any k>1,

u® ¢ m HYy, Mo(w™) < —k,  and klggo Hu(k)H—l/z:O.
n>1

Proof. Expanding u(*)| k>1, in its Fourier series, it is straightforward to check that

u® € m Hy.

n>=1

By (7.1), we have
w2,z = V=0

and, by (7.9) and (7.13), Ao(u®)<—k. O

In a next step, we prove that, for u of the form

i
u:2Re< £qe - ),
1—qe™

L, has only one negative eigenvalue. More precisely, the following holds.

LEMMA 7.2. For any 0<e<q<1, F(-,e,q) has precisely one zero in Rsq. It means
that A\o(u) is the only negative eigenvalue of Ly, and thus A1(u)>=0. Furthermore,

M(w)=1=) y(u) <1

k>2
and

O<Z%(u) <1, v(u)>0 forall k>2. (7.15)
k=2

Proof. The proof relies on the formula for F(u,¢,q), obtained from (7.7) by inte-
grating by parts. Choosing ¢#(1—¢?)—t*(1—qt)¢ as antiderivative of

d
—(t*(1—qt)*®
L (1-qt)?),
one gets
Tt (=g -t (1-qt)
F(u,e,q :6q/ dt. 7.16
( ) o (a—1)F t(g—1) (716)
Consequently, 9, F(u,¢€,q) is given by
q e B(1_n2)\e (1 =gt)E
5q/ ¢"(1-¢%)"logg—t"(1—qt)°logt
o (g—1t)F t(g—1)
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Assume that F(u,e,q)=0 for some p>0. Subtracting F(u,e,q)logq from the above
expression for 0, F(u,¢€,q), we infer from (7.16) that

OF /q te th(1—qt)* q
—(u,e,q)=¢ log( = | dt > 0.
5u(u V=ed o (g=t)° tlg—1) g(f>

This implies that F(-,e,¢q)=0 cannot have more than one zero in Rsg. It means that

Ao(u) is the only negative eigenvalue of L,, and hence Aj(u)>0. Since, by (3.15),

M(w)=n— " m(u)

k>n+1

for any n>0, it follows that
0<> w(w)<1
k=2

For any n>0, denote by fn(,u) the eigenfunction of L,, corresponding to A, (u), nor-
malized by f,(g,u)=1. By (7.3), it then follows that

(fu(ou) | 1) = fn(0,u) #£0 foralln>1,

and hence, by (3.10), that ~,(u)>0. O

In a next step, given an arbitrary potential ueﬂn>1 H}'y, we want to express the
Fourier coefficient @(1)=(u|e®) in terms of the Birkhoff coordinates (,(u), n>1, of u.
Denote by (fp)p>0 the orthonormal basis of eigenfunctions of L, with our standard
normalization

(fol1y>0 and (fn+1|Sfn) >0 for all n>0.

Then, we get

oo

Zu|fp Yo €)= =Nl ) D (S fo | ) |1). (7.17)
p=0

n=0

The following lemma provides a formula for @(1) in terms of the Birkhoff coordinates
Cn(u), n>=1. To keep the exposition as simple as possible, we restrict to the case where
n (1) >0 for any n>1.

LEMMA 7.3. For any ueﬂk>1 Hf,o» with v, (u)>0 for any n>1,

oo

ﬂ(l)zfz MQL-H@L

(7.18)
n—0 Rn41

u
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Proof. Recall that, in the case v,41(u)#0, the matrix coefficients
M == (S"fp | fn)
are given by [16, formulas (4.7) and (4.9)]. Using that

(1] fusr)

2
[(far1 | D" =kng17mt1 and  Gupr=

fnt1 (fpl1)
M W
P Kn+41 )\ )\ —lc

Substituting this formula into the expression (7.17) for 4(1) yields

l,ufn—&-lnn )‘ ‘ llfp ’
CTL C'I’L )\ A _1

where, for convenience, (p:=1. Since(!)

one then gets

Z)\ ’ 1|fp | :Z|<1|fp>|2+()\n+1)7'[—)\,,—17

p=0 p p=0

and H_», -1=0 due to v,41>0, formula (7.18) follows.

O

Let us now consider the sequence So(t,u®)), k>1, with u*) given by (7.14). Since
71 (u®) >k (Lemma 7.1), v, (u®)>0, n>2 (Lemma 7.2), and since v, n>1, are con-

served quantities of (1.1), it follows that formula (7.18) is valid for Sy(t,u¥)) for any

teR and k>1. Hence,
&k (t) = (So(t,ul®) | €™)

o0
. Z Hn+1KRn
n=0 Rn+41

For any potential u€ L}, and any n>1, one has, by (2.5) and (2.7),

is given by
Cn1 (So(t, u™)) G (So(t, u®)).

u(k)

Cn(So(t, 1)) = Go(w)eitn ()

and

wn(u) :=n?—2 Z min{k, n}yg (u),
k=1

(7.19)

(1) We are grateful to Louise Gassot for drawing our attention to this cancellation.
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implying that wq(u)=14+2Ag(u) and, for any n>1,
wnir (1) —wn () =2041-2 3 (u) = 14220 (),

k=n-+1

so that, for any n>0,

Cr (So(t, )G (So (t, 1)) = G 1 (1) G (1) €11 H2An (1))
Therefore,

B Z M§n+1§neit(l+2/\n) (7.20)
n=0

n

u(k)

Proof of Theorem 1.5. First, we consider the case c=0. Our starting point is formula
(7.20). By [16, Corollary 3.4],

m):H(l—)\%’ )

-2
p>1 P70

and, for any n>1,

1 Tp
n — 1- .
S W 11 ( )\p—)\n>

1<p#n

Furthermore (cf. [16, formula (4.9)]), for any n>0,

,U/n+1: )\n+1_>\0
Rn+41 ’71)
1—— '
L (-5%)
1<p#n+1
These formulas yield
1—_p
el (e ( J)
K1 ‘}ll_L 1} Ap=Ao
Apt1=Ao—1
Tp
MoK 1 )\p_)\l
1+ 1+ —
K2 ( A1—A ) n)” 1;[ Tp+1
p+1_)‘1_1

and, for any n>2, pn4+1kn/Kn+1 equals

Tp
1o — 12
- 11 < )\ )\n)
(1+ 1 ) A — A 2<p#£n P
An—Xo 1+ 71 H (1 Tp+1 >

A1'7,"1'1_)\1

1<p#n
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Since, by the definition of 71,
A () = Ao () 4147, ()
and since, by Lemma 7.2, 0< A\ (u™) <1, it follows from Lemma 7.1 that

(@) = A (™) = Ao (u™) +1) ~ =g (™)) = 400

2
Y1 Al Al
1- =(1- 1+
<>\1—>\0) W ( /\1—>\0>( >\1—/\0>

Furthermore by (7.15),

and
2

w(®) - 71(U(k))'

n>2
One then concludes that
H1ko L2 H2k1 _ (1)
1 M) ke [ Y (uk) )’
and
Hnt1fin =0(1) foralln>2.
Rn+1 |yt

From the above estimates, we infer that the sequences (£ (t))k>1, given by (7.20), are
uniformly bounded for t€R. Assume that the function ¢+ (£x(t))r>1 converges pointwise

to zero on an interval I of positive length. Then, by the dominated convergence theorem,

lim /é—k(t)e—it(l-l—Q)\o(u(k))) dt=0

k—o00 T

On the other hand, since

& (t)efit(1+2)\o) |u(k) _ /,UleCO

A (B =X () > [N (u®)|  for all n>1,
the above estimates yield
2
PCS!

. 1
gk t 67zt(1+2)\0) I +O< )7
/I 0 Wl N u(k)‘ | [Ao(ul®))]

which does not converge to zero as k— o0, since |¢1(u®)|=+/71(u®) and |I|>0. Hence,

Z /~Ln+1/€n<n Cezt2 An—X0)

u® 51

w(k)

and

the assumption that (£;(-))k>1 converges pointwise to zero on an interval I of positive

length leads to a contradiction, and thus cannot be true.
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Finally, let us treat the case where c€R is arbitrary. Consider the sequence
(u® 41,

with (u(®))>; given by (7.14). By Lemma 7.1, limg o (u®) +¢)=c in HE§/2. Further-
more, by (5.7) and (5.8), one has S(t, u®) 4-¢)=S.(t,u*)+c and, by (5.9) and (5.10),

Ca(Se(t,ul)) = GueZenten)] g,
Hence, with & (t) given by (7.19), one has, for any k>1,
Eere(t) = (S(t,u™ +c)| ™) =g (t).
Since

dt

u(k)

)

/gcvk(t)fﬂ“e*”(”%(’) dti/fk(t)e*it(uzm
T u(k) I

Theorem 1.5 follows from the proof of the case ¢=0 treated above. O

An immediate consequence of Theorem 1.5 is the following.

COROLLARY 7.4. The Birkhoff map ® does not continuously extend to a map

H, > —hl.

Appendix A. Restriction of ® to H?,, s>0

The purpose of this appendix is to study the restriction of the Birkhoff map ® to H;

with s>0, and to discuss applications to the flow map of the Benjamin—Ono equation.

PROPOSITION A.l. For any s>0, the restriction of the Birkhoff map ® to Hp is

s+1/2 s+1/2
+ +

a homeomorphism from H? , onto h and its inverse

oL hiﬂ/z—)H,io map bounded subsets to bounded subsets.

. Furthermore, ®: H: g —h

Proof. The case s=0 is proved in [16]. We first treat the case s€]0,1]. Assume that
A is a bounded subset of L,Q_,o. Given u€ A, let K5, 0<s<1, be the linear isomorphism
of Lemma 3.10,

feH: — ({1 fn))nz0 € h*(No),

where f,=f,(-,u). By Lemma 3.10, the operator K, is uniformly bounded with respect
to u€ A. Since L, 1=—IIu, one has

Kus(Tu) = ((Hu | fr))nz0 = (=An(w)(1] fn))nz0 = 0(=An(u) v/ kn(w)Cn(u))nzo, (A1)



80 P. GERARD, T. KAPPELER AND P. TOPALOV

where (o(u):=1 and (cf. [16, Corollary 3.4])

_ __w)
=1 (1 Ap<u>—Ao<u>)' (4-2)

p=1

By the proof of Proposition 3.1 (i), A=A, (u) and k, =k, (u) satisty

A n+0(711> and i = ——(140(1)), (A3)

f
uniformly with respect to u€ A. Therefore, for any s€[0,1], an element uGL2 belongs
to Hy, if and only if Ky0(TTu)€h®(Ng) or, equivalently, (v/n(n(u))n>1€h7, implying
that

d(u) e b2
Furthermore, if A is a bounded subset of H;,, then ®(A) is a bounded subset of hiﬂ/ %,

Conversely, if B is a bounded subset of hiﬂ/ 2

, a fortiori it is bounded in hi/ ? and
hence ®!(B) is bounded in L? . As a consequence, the norm of K .1:h*(No)—H? is
uniformly bounded with respect to ue®~!(B), and hence ®~'(B) is bounded in H .

s+1/2 . . .
/ and its inverse are contin-

Next, we prove that, for any 0<s<1, ®: H}y—h,
uous. Since @:L%O—ﬂz}r/ ? is a homeomorphism, we infer from Rellich’s theorem and
the boundedness properties of ® and its inverse, derived above, that, for any s€(0, 1],
d: H%—)hsﬂ/2 and &~ hSH/Q—)HSO are sequentially weakly continuous. As in the

s+1/2

proof of Proposition 4.1 (iii), to prove that ®: H;,—h7 is continuous, it then suffices

to show that ® maps any relatively compact subset A of H;, to a relatively compact
subset of h5T/?
of H}, A is relatively compact in H}  if and only if { DITu:ue A} is relatively compact
in L2. As {T,JIu:u€ A} is bounded in H!, this amounts to say that {L,(Ilu):u€A} is

. } . . 2 .
relatively compact subset in L%. Since

L (M) |2 =D~ Aa (@)L ] fu ),

n=0

. For s=1, this is straightforward. Indeed, given any bounded subset A

we infer from (A.3) that
1L (M) [ = ([ ()15 )2+ R(u),

where R is a weakly continuous functional on H} . As a consequence, {L., (ITu):ucA}
is relatively compact in L? if and only if ®(A) is relatively compact in h+/ . This shows
that ®: Hioﬁhiﬂ is continuous. In a similar way, one proves that ®': hi/QﬂHiO is
continuous. This completes the proof for s=1.

To treat the case s€(0,1), we will use the following standard variant of Lemma 4.3.
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LEMMA A.2. Let s€(0,1). A bounded subset A, CHZ is relatively compact in H?
if and only if, for any £>0, there exist N.>1 and R.>0 such that, for any f€A,, the

sequence &L::j?(n)7 n>0, satisfies

(= n’“sn>|2)1/2<e

n>N.

and
1/2
( ) n2|gn2) <R.
0<n< N,

The latter conditions on (§,)n>0 characterize relatively compact subsets of h®(Np).

We then argue as in the proof of Proposition 4.1 (iii), using the operators K, and
K;é, to complete the proof of Proposition A.1 in the case s€]0,1].

In order to deal with the case s>1, we need the following lemma.

LEMMA A.3. Let k be a non-negative integer, and assume that A is a bounded subset
of Hﬁo. Then, for any u€A and s€[k,k+1], an element fEH® is in HS if and only
if, for any 0<j<k, L{LfeHifk, with bounds which are uniform with respect to ueA.
Furthermore, A is compact in Hp o if and only if, for any 0<j<k, {LiTu:ue A} is

compact in HS7F,

Proof. The statement is trivial for k=0. Let us first prove it for k=1. Assume
that A is a bounded subset of H] ; and write s=t+1 with t€[0,1]. Then, for any feH?,
one has feH? if and only if f and Df belong to H!, with uniform bounds and with
correspondence of compact subsets. For any u in H}’m the operator T,, maps bounded
subsets of H! to bounded subsets of H. Hence, for any f€H!, we have f,Dfe€H! if
and only if f, L, f€H! with bounds which are uniform with respect to u€ A and with
correspondence of compact subsets. This completes the proof for k=1. For k>2, we
argue by induction. Assume that £>2 is such that the statement is true for k—1. Let A
be a bounded subset of Hﬁm and let s€ [k, k+1]. Then, for any f€H¥, one has fe H? if
and only if f, Dfe€ H:™', with uniform bounds and correspondence of compact subsets.
Since s—1>k—1>1, Hi™! is an algebra, and hence T}, maps bounded subsets of H{™! to
bounded subsets of H:™'. Consequently, f, DfeH:™" if and only if f, L, feH:™ !, with
bounds which are uniform with respect to u€ A and with correspondence of compact
subsets. By the induction hypothesis, this is equivalent to LJ f EHifk for any 0<j<k,
with bounds which are uniform with respect to u€ A and with correspondence of compact
subsets. O

Let us now come back to the proof of Proposition A.1. We start with the case where

s=k is a positive integer, and assume that A is a bounded subset of Hf,o- Applying
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Lemma A.3, one easily shows by induction on k that, for any u€ A, one has LJIlue L2
for any 0<j <k, with bounds which are uniform with respect to u€ A and with correspon-
dence of compact subsets. In other words, for any u€ A, ITu belongs to the domain of L,
with bounds which are uniform with respect to u€ A and with correspondence of compact
subsets. On the other hand, if u belongs to a bounded subset of Lio, K0 maps the
domain of L¥ into the space of sequences (&,)n>0 such that (A, (u)‘€,)ns0€h°(Ny) for
any 0</<k, and hence into h*(Ny), with bounds which are uniform with respect to u€ A
and with correspondence of compact subsets. Hence, for any u€ A, one has ®(u) Ehlfrl/ 2,
with bounds which are uniform with respect to u€ A and with correspondence of compact
subsets.

Finally, let s€(k,k+1) and assume that A is a bounded subset of Hf,o' It then fol-
lows by Lemma A.3 that, for any u€ A, one has LiHuGHﬁ‘k for j=0, ..., k, with bounds
which are uniform with respect to u€ A and with correspondence of compact subsets.
Applying K,.;_ and Lemma 3.10, this means that K., (LI Tu)€h*~*(Ng) for any
0<j<k, with bounds which are uniform with respect to u€ A and with correspondence

of compact subsets. Since

Ku,O(Lif) = ()‘n(u)1<f | fn>)n20a

this implies K,.o(ITu)€h®(Np), and hence <I)(u)€hfr+1/2 with bounds which are uniform

with respect to u€A. The proof of the converse is similar, taking into account that,

by the case s=k treated above, for any bounded subset B of hﬁH/Q, the set ®~1(B) is
bounded in Hf,o- The correspondence of compact subsets is established similarly. O

Arguing as in the proofs of Theorems 1.3, 1.7 and 1.9, one deduces from Proposi-
tion A.1 the following.

COROLLARY A.4. Let s>0 and c€R. Then, for any teR, the flow map S'=S8(t, -)
of the Benjamin—Ono equation leaves the affine space HE ., introduced in (1.4), invariant.

T,c?

Furthermore, there exists an integral I;: H: —Rs¢ of (1.1) satisfying
lolls < Is(v) for all ve H;.
In particular, one has

sup ||S(¢,vo)||s < Is(vg)  for all vo € H,.
teR

In addition, for any vo€ H? and the

r,c)

the solution t—S(t,vo) is almost periodic in H?

r,co

traveling wave solutions are orbitally stable in H; ..

Remark A.5. Corollary A.4 significantly improves [18, Theorem 1.3], which provides
polynomial (in ¢) bounds of solutions of (1.1) in HS for 3 <s<1.
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Appendix B. Ill-posedness in H for s<—%

The goal of this appendix is to construct, for any c€R, a sequence (v (t,z))x>1 of
smooth solutions of (1.1) such that

(i) (%0, -))x>1 has a limit in H,_ 7 for any s>1:

(ii) for any t#£0, (v*)(t,-))g>1 diverges in the sense of distributions, even after
renormalizing the flow by a translation in the spatial variable.

Since the same arguments work for any c€R, we consider only the case c=0. In a
first step, let us review the results from [4], using the setup developed in this paper: the
authors of [4] construct a sequence of 1-gap potentials v*®)(¢, -) , k>1, of the Benjamin—
Ono equation such that v(¥)(0, -) converges in H, for any s> 3, whereas, for any t£0,
(v®)(t, -))p>1 diverges in the sense of distributions. Without further reference, we use
notation and results from [16, Appendix B], where 1-gap potentials have been analyzed.
Consider the following family of 1-gap potentials of average zero,

T

ge
1—qeix

u07q(a:)=2Re( ), 0<g<l.

The gaps v (uo,q), n>1, of ug 4 can be computed as

2

Y,q:=71(t0,q) = 1_7(]2, Yn(to,q) =0 for all n>2.

The frequency wq q:=w1(uoq) is given by (cf. (2.7))
Wig=1-2m,4=

The 1-gap solution, also referred to as traveling wave solution, of the BO equation with
initial data ug 4 is then given by

uq(t, @) =ug g(x+wi qt) for allteR.
Note that, for any 5>%,
oo
li =9R, ikx —50—1
qlgri Uo,q (§ ( ; & ) 0

strongly in H,_, o, where dp denotes the periodic Dirac d-distribution, centered at zero.
Since wy q——00 as g—1, it follows that, for any t#£0, u,(¢, -) diverges in the sense of

distributions as ¢—1.
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Note that, by the trace formula (cf. (2.2)), ||uo,q/|*=271,4, and hence
2 _
w1+ [[uoqlI" =1,

implying that a renormalization of the spatial variable by n,t with 7,=|lug ||*=1—w1 4
removes the divergence, i.e., for any s> %, Up,q( - +1t) converges in H;(f for any ¢ as g—1.
In order to construct examples where no such renormalization is possible, we consider
2-gap solutions. To keep the exposition as simple as possible, let u be a 2-gap potential

with 1 >0 and ~2 >0, and hence v, =0 for any n>3. From [16, §7], we know that

Q'(2)
=00y
where
Q(z)=det(I—zM) forall z€C, |z| <1, (B.1)

and M :=(Mpp)o<n,p<i 1 & 2Xx2 matrix with

My = Hn+1Kp Cn-&-lép
Fmi1 Ap—An—1
or
IV (An+1—X0)k,p Car1p
np — .
H 1— Yq Ap—)\n—l
Ag—An—1
1<g#n+1

Here, (o=1 and (,=./ne'?", n=1,2, whereas (,,=0 for any n>3. Furthermore, ,,
n>0, are given by (A.2) and (3.13). Along the flow of the Benjamin—-Ono equation, we
have Oppp=wy, 1<n<2, with (cf. (2.7))

w1 =1-271—27, and wo=4—2v;—47,.

Let us express the entries of M in terms of 71, 72, ¢1, and 2. By (A.2) and (3.13),

Ro = <1— N ) (1— 2 ) = 2+’YI
A1—Xo A2—Ag (1+71)(2+71+72)

and

K1 = 1 <1— 72 )— L
DV Ao — A1 (T4+y1)(A+92)
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Then, the above formula for M,,, yields

Mo — 2 (A471472) e
00 — — )
2+71+72 I+m

1 1
Mgy = +71+72 ’
V 1+v 14m
P2
M10:ﬂ/¢ < ;
2471472 1+m

7172(24»/71) 6“‘/’2*@1)
1+ Iy

Mllzf

Consequently, Q(z)=1+az+ 2% with a=—Tr(M) and B=det(M), or

o V71 (2+7) <\/1+71+726w1+ V2 ei(#)z—%))’
1+m 2471+ 1+

5= (1+71+72)72 givz
(1+92)(2+71+72)

Taking the limit for v; — 00 and 5 — 00, one sees that
a=e?1 4?2791 L o(1) and =€ +0(1),
which means that Q(z)=(1+¢12)(14+¢22), where
g =e%140(1) and gy =e"¥27%1) £0(1).

Since |q1|<1 and |gz| <1, the family u is bounded in H,§ for any s> 3.
We define our sequence (vék)) x>1 of initial data to be a sequence of 2-gap potentials

where, for any k>1,

k k
p(0):=0,  $§7(0): =0,
k k
PE =B, P =),
where (7))~ is an increasing sequence of positive numbers with limy_,, 7*) =oc0. At
t=0, we infer that, for any z in the unit disc,
2z

lim Hvék)(z) =115
z

k—o0
and hence vék)—>2(1—6,r) in H_§ for any s>3. For t#0, we have

PP ) =t(1-49®) and 5 (1) = (1) = t(3—27P),
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and therefore

. k . k k
Seiet (1) Sei(@8 =) (1)

v (z,t) = +o(1).

—+ —
1426871 14 zei(@d =) 1)

We thus conclude that (ITv®)(z,))x>1 does not have a limit if 0 for any z with

0<|z|<1, even after renormalizing z by a phase factor e’?*(*) with 1, (t) being a function

of our choice. This proves that, for t0, (v(*) (¢, -));>1 has no limit in D’(T), even after

renormalizing it by a t-dependent translation. In particular, the renormalization of the

(k)

spatial variable by ||v(()k) |?t=(4—wy )t does not make (v*) (¢, -))r>1 convergent, even in

the sense of distributions.
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