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1. Introduction

Consider the wave equation on RY, N >3, with an energy-critical focusing non-linearity:

O2u—Au=|u| N2y, (1.1)
and initial data
i [1—0= (uo,u1) € H, (1.2)

where @:=(u, dyu) and H:=H"(RY)x L>(RN). The equation is locally well posed in H
(see e.g. [48], [43], [4]): for any initial data (ug,u;)€EH, there exists a unique maximal
solution w€CO((T,T,),H). The energy

7 1 N—2 B
E(u(t)):§/ﬂw Vi pu(t,z)]? o — = . lu(t, 2)[2V/ N2 g

of a solution is conserved, where
Vu=(0z,u)1<j<n and  Vyzu=(0pu, Vu).

The equation (1.1) has the following scaling invariance. For fe H'(RY) and A>0, we

1 T
f(/\)(x):)\N/Q_lf()\)-

denote

If w is a solution of (1.1), then

1 t x t
) T (T
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is also a solution.

As many other non-linear dispersive equations, equation (1.1) admits solitary waves
(or solitons) that are well-localized solutions traveling at a fixed speed. The soliton
resolution conjecture predicts that any global solution of this type of equations decouples
asymptotically as a sum of decoupled solitons, a radiative term (typically, a solution to
a linear equation) and a term going to zero in the energy space. For finite-time blow-up
solutions, a similar decomposition should hold depending on the nature of the blow-up.

Our main result (Theorem 1 below) is the soliton resolution for equation (1.1),
when N is odd and (ug,uq) is radial. To put this result into perspective, we start with a
discussion on the soliton resolution conjecture for general non-linear dispersive equations.

This conjecture arose from numerical simulations and the theory of integrable sys-
tems. It was observed in 1955 by Fermi, Pasta and Ulam [28] in one of the first numerical
experiments that a discretization of a wave equation with a quadratic non-linearity leads
to localized, soliton-like solutions. In 1965, Zabusky and Kruskal [67] highlighted numer-
ically the emergence of solitons and multisolitons solutions of the completely integrable
KdV. This explained the result in [28], as Kruskal found that, as the spacial mesh in the
discretization tends to zero, the solutions of the Fermi—Pasta—Ulam problem converge to
solutions of the KdV equation; see [47]. We refer to [35] for a survey on numerical work.

The first theoretical results in the direction of the soliton resolution were obtained for
the completely integrable KdV, mKdV and 1-dimensional cubic NLS, using the method
of inverse scattering. Namely, for KdV, a solution with smooth initial data decaying
sufficiently fast at infinity decomposes, for positive x, as a finite sum of solitons and a
term going to zero at infinity (see [26], [25]). Note that this is only a partial result, due
to the restriction on the initial data and also to the fact that the dispersive component,
localized in {z<0} is not completely described. We refer to [58] for mKdV, and [68],
[60], [59], [52], [2] for cubic NLS in one space dimension. A characteristic feature of
these integrable systems, already observed in [67], is that the collision between solitons
is elastic: a solution behaving as a sum of solitons as t—4o0c also behaves as a sum of
solitons, with the same parameters, as t——oc.

Very few complete results are known for non-integrable models. A typical dispersive
partial differential equation for which the soliton resolution is believed to hold uncon-
ditionally is the energy critical wave maps. For this equation, the first known related
results were “bubble” theorems, stating that any solution developing a singularity in
finite or infinite time converges locally in space, along a sequence of times, to a soliton
(see [5], [63] for the equivariant case, [61] for the general case). Using the “channels of

)

energy” method coming from our previous works [18], [21], that is closely related to the

techniques that we will develop in this article, it was proved that the soliton resolution
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holds for wave maps, in an equivariant setting, with an additional assumption ruling out
a multi-soliton configuration [7], [8], and that it holds for a sequence of times without
this condition (see [6] and [39]). The limiting case of a pure 2-soliton is treated in [38],
where it is shown in particular that the collision between the two solitons is inelastic.

For wave maps without symmetry assumption, but with the same S? target, a weak
form of the soliton resolution was proved along a sequence of times (see [32]), and the
complete resolution is only known close to the ground-state [17].

The proof of the soliton resolution conjecture seems out of reach for other non-
integrable non-linear dispersive equations, such as non-linear Schrodinger and Klein—
Gordon equations. Known results include scattering below a threshold given by the
ground state of the equation (see e.g. [42], [15], [34], [12]), local study close to the ground
state solution (see [51]), and in some particular cases the existence of a global compact
attractor (see [65]). We refer to the introduction of [16] for a more complete discussion
and more references on the subject.

Going back to equation (1.1), it is known that, if ||(uo,u1)|% is sufficiently small,
then T, =oco and the solution scatters to a linear solution. It is also well known that
in general finite-energy solutions to equation (1.1) may blow up in finite time. Indeed,
using the finite speed of propagation for equation (1.1) to localize ODE-type blow-up
solutions, one can easily construct solutions « with T <oco and ||i(t)||y—o00 as t—T}.
These solutions are called type-I blow-up solutions. It is expected that these solutions,
after a self-similar change of variable, satisfy a decomposition similar to the soliton
resolution. This type of result is only known in the 1-dimensional setting (see [50] and
references therein) and very little is known in the energy-critical case (see [13] for a local
study).

To rule out the ODE-type behavior, we will focus on solutions that are bounded in

the energy space, i.e. such that

sup ||@(t)]|n < oo. (1.3)
te[0,T4)

The dynamics of these solutions is very rich. Apart from the scattering solutions men-

tioned above, equation (1.1) admits also various types of finite-energy steady states
QeH!, ie.
—AQ=1Q[Y™"7PQ in RN (1.4)

(see [11], [53], [64]). Among them, a distinguished role is played by the ground state

W= <1+]V(;|2_2)>1_N/2, (1.5)
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which is, as a consequence of [55], [29], the unique H' radial solution of (1.4) on RN, up
to scaling and sign change, and the non-zero solution of (1.4) with least energy (see [64]).
Stationary solutions are not the only global, non-scattering solutions. It is indeed

possible to construct solutions of the form
u(t, z) =W (z)+vr(t, z),

where vy, is a small solution of the free wave equation: see [44] (for A(t)=1) and [14]
(A(t)=t", |n| small). There also exist, at least in high space dimensions, global solutions
that are asymptotically of the form W+W(y)), where A(t) goes to zero as t goes to
infinity (see [37]).

There are also solutions blowing up in finite time that are bounded in the energy
space. These solutions are called type-II blow-up solutions. In [46], [33], [45] and [36],
type-1I blow-up solutions of the form of a rescaled ground state plus a small dispersive

term were constructed. More precisely, the solution is given by
U(t, ‘Z‘) = W(A(t) (:C) +€(t7 l‘),
where
At)

and &(t)=(e,0e) is small in the energy space. It is expected that multi-soliton con-

—0" ast—T,,

centration is also possible for type-II blow-up solutions, and it is an open problem to
construct such a solution.

In the radial setting, W is the unique steady state, and thus the only soliton up
to sign change and scaling. The soliton resolution conjecture predicts that any radial
solution that does not blow up with a type-I blow-up decomposes asymptotically as a
sum of +W, decoupled by time-dependent scalings, a radiation term and a term going
to zero in the energy space. The radiation term should be a solution to the linear wave
equation in the global case, and a fixed element of H in the finite-time blow-up case. We
note that all the solutions mentioned above are in accordance with this conjecture. The
resolution was proved in [21] by the authors, for N=3. For other dimensions (still in
the radial case), soliton resolution is only known along a sequence of times; see [9], [57]
and [39]. For the non-radial setting, for a sequence of times, see [16].

With the method of proof used in [9], [67], [39], [16], relying on monotonicity laws
giving convergence only after averaging in time, we cannot hope for more than a decom-
position for a particular sequence of times. The difficulty in obtaining the resolution for
all times is illustrated by the harmonic map heat flow equation, for which the decompo-
sition for a sequence of times is known, but the soliton resolution for all times does not

hold in full generality because of an example of Topping [66].
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The soliton resolution for radial solutions of (1.1) holds in full generality [21] when
N=3. The key fact in the proof is the following dispersive estimate for radial non-zero
solutions u of (1.1), with (ug,u1)#(£W(4),0), N=3. Assume (for simplicity) that u
exists globally in time. Then,

lim / IV ault,2)[? de > 0. (1.6)
>t

t—4oo r

The proof of (1.6) relies fundamentally, among other things, on the following “energy
channel” property of radial solution v of the linear wave equation in space dimension 3
(see [18], [21]). Let R>0,

P(R)= { (:fo) :aeR} CH(R):=(H'x L*)({z € R®:|z| > R}).

Then,

. 1

tim [ (0O o> T (0.0 By (1.7)
> R+[t]

T t—too

where HI%( R) denotes the orthogonal projection onto the orthogonal complement of P(R)
in H(R). The analogue of (1.7) for higher odd dimension was obtained in [41], [40], but
the exceptional subspace P(R) is replaced by a finite-dimensional subspace of H(R) with
dimension increasing to infinity with N. The fact that the dimension of P(R) is strictly
greater than 1 for NV >5 is responsible for the failure of this method, since we only have
here the 1-parameter scaling invariance to deal with this failure, to start the proof. Let
us mention however that it is possible, using (1.7), to prove that in odd space dimensions
N 25, any radial solution of (1.1) that does not satisfy (1.6) is asymptotically close, for
large 7, to one of the elements of P(R) (see [24]).

The radial solution u of (1.1) is said to be a pure multi-soliton (asymptotically as

t—+00) when there exist J>2 scaling parameters
0<As(t) <o € A2(t) € A1 ()

and signs (1;);€{£1}” such that

<

Z L]W()\ t))a (1)7 t%:l:oo,

Jj=1

where o(1) goes to zero in H (see [37] for an example of pure multi-soliton). If w is
both a pure multi-soliton as t— 400 and t— —o0, we say that the collision between the

solitons is elastic. In space dimension 3, the fact that (1.6) is valid for any non-stationary
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solution u rules out elastic collisions, in stark contrast to the integrable case [35]. One
of the main results in this work is a slightly weaker form of (1.6), namely that a radial
solution u of (1.1) that stays close to a sum of decoupled solitons for a sufficiently long

time must satisfy

> lim / \V:2u(t, z)|* dz >0, (1.8)
+ >t|—-M

t—4oo r

for some large M >0 (see Propositions 5.1 and 6.1). As a consequence, there does not
exist a radial solution of (1.1) that is a pure multi-soliton both as t— oo and t——o0, i.e.
the collision of solitons is inelastic for (1.1), when N is odd. The proof of this property

depends heavily on the “energy channels” property for the linearized wave equation
o2 — ANy v-2) 0,
(a2 )

established in [23]. The M in (1.8) is needed to eliminate the extra dimensions arising
from P in (1.7), when N =5, odd.

The main result in this work, namely full resolution for (1.1), N odd, in the radial
case (assuming bounded energy norm) combines the sequence of times result in [57] with a
strengthened version of (1.8). The result of [57] allows us to reduce ourselves to studying
the dynamics close to a sum of solitons plus a dispersive term, and the strengthened
version of (1.8) allows us to take advantage of the fact that the collision of two or more
solitons produce dispersion, which then gives the full decomposition. We view this as a
“road map” to attack soliton resolution in non-integrable settings.

We now turn to the main results of this paper. If a and b are integers with a<b, we
denote [a, b]=[a, b]NN.

THEOREM 1. Assume that N >5 is odd. Let u be a radial solution of (1.1), with

mazximal time of existence T, such that

sup [[(t)] < oo, (L9)
0<t<T

Then, there exist J>0, signs (1;);€{£1}’ and scaling parameters (););€(0,00)7
such that
A (1)

m
t—T, >‘j+1 (t)

=+oo forall je[1,J-1]

and the following statements hold.
o (Type-IT blow-up case) If T,<oo, then J>=1 and there exists (vo,v1)EH such
that

<

lim
t—Ty

7:[ Uo,”Ul Z LJW(A ), H =0.
H

Jj=1
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Furthermore,
t
lim A (®)

=0.
t—Ty T+ —t

e (Global in time case) If T,=+o0, then there exists a solution vy of the linear

wave equation such that

J
i [0~ 30w 0)| =0
j=1 H
Furthermore, if J>1,
A
im 20 g,
t—s+oo L

As mentioned above, the proof of Theorem 1 yields the fact that the collision between

radial solitons in odd space dimension N >5 is inelastic.

THEOREM 2. Assume that N2>=5 is odd. Let u be a radial, global solution of (1.1)
such that

sup [[@(t) ][4 < o0
teR

and
lim / \Vizu(t,z)?de=0 for all A>0. (1.10)
lz|>[t|-A

t—too
Then, (uo,u1)=(0,0) or there exist \>0 and t€{=£1} such that (uo,u1)=(tW(y),0).

Note that (1.10) exactly means that the linear component vy, is identically zero both
as t—+oo and t— —00, so that Theorem 2 rules out being asymptotically a multi-soliton
at both t=+00 and t=—00, in stark contrast to the completely integrable case [35]. For
results on inelastic soliton collisions for equation (1.1) without a radiality assumption,
see [49].

The outline of the paper is as follows. The preliminary §2 is mainly devoted to the
Cauchy theory for equation (1.1). We recall well-posedness results from [30], [31], [43],
and more particularly from [4], where the high-dimensional case is treated. Using finite
speed of propagation, we also recall a local and global Cauchy theory for the equation
(1.1) in the exterior of a wave cone {|z|>R+|t|}, R>0, as developed in [24]. §3 concerns
the bound from below of the exterior energy for linear equations with a potential. After
recalling the main result of [23], we state and prove an exterior energy bound for the
linearized operator close to a multi-soliton. In §4 we consider solutions of the equation
(1.1) such that

lim |V 2ul? do =0,
2400 Jiz|>[t|+R
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for some fixed R>0. We recall from [24] that the initial data of these solutions (that we
call non-radiative solutions) have a prescribed asymptotic behaviour. We also consider
the case of non-radiative solutions that are close to a multi-soliton, proving a bound
from below of the exterior scaling parameter A;. In §5, we reduce the proof of the soliton
resolution to the study of a finite-dimensional dynamical system on the scaling parameters
A; and some of the coefficients arising in the expansion of the solution. Finally, in §6,
we prove a blow-up/ejection result for this dynamical system and conclude the proof. §7
is dedicated to a short sketch of the proof of Theorem 2, which is a byproduct of part of

the proof of Theorem 1. A few computations are gathered in the appendix.

2. Preliminaries
2.1. Notation
We denote H'=H'(RY), L2=L*>(RN), H=H'xL?. If \>0, fe H" and g L?, we let

1 T

1
f(A) (fE) = )\N/Qlf<i> and g\ (r)= )\N/gg(/\),

so that
[foollzn =1fllg and  [[gnllze = llgllze-

If A is a space of distributions on RY, we will denote by A,.q the subspace of A
consisting of the elements of A that are radial. We will, without making a distinction,
consider a radial function as depending on the variable z€RY or the variable r=|z|.

If Q is an open subset of R" (n=N or n=N+1), and A=A(R") is a Banach space
of distributions on R™, we recall that A() is the set of restrictions of elements of A to €2,

with the norm

[ullae) :=nf @l agn),

where the infimum is taken over all @€ A(R™) such that @[o=u. To lighten notation, if
R>0 and n=N, we will set

A(R) = Araa({z €RY : |z| > R}).

We will mainly use this notation with , so that H(R) is the space of radial distributions
(ug,u1) defined for >R such that

ug € LN/ N2 (R, +00), N Ldr), / (Dpup)?rN "L dr < 0o
R
and

uy € L*((R, +00), vV "t dr).
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We will often consider solutions of the wave equation in the exterior of wave cones.
For R>0, we denote
FR(to, tl) = {|(E| > R+|t| te [to, tﬂ}

To lighten notation, we will denote
FR(T) = FR(O, T) and FR = FR(O, OO)

We denote by Sp(t) the linear wave group:

sin(tv—A

SL(t)(uo,ul)_cos(t\/—A)u0+E/z)ul’ (2.1)

so that the general solution (in the Duhamel sense) of

2 _ =

{ _,6t ANu=f (2.2)

U [t=ty= (uo,u1) €M,

where I is an interval and tp€l, is
¢

u(t)ZSL(t—to)(uO,U1)+ SL(t—S>(O,f(S)) ds. (23)

to

We note that, by finite speed of propagation, the restriction of v to T'r(T") depends only
on the restriction of f to I'r(T) and the restriction of (ug,u1) to {r>R}.

2.2. Local and global Cauchy theory

We will denote by W#P(RN) the homogeneous Sobolev space defined as the closure of
C§°(RY) with respect to the norm || - 4;,.., defined by

£ llyirsn = 1D° F o

where D* is the Fourier multiplier of symbol [£|°. We denote by B;q the standard
homogeneous Besov space, which can be defined using Littlewood—Paley decomposition
or the real interpolation method: B;q:[LP, WhP), ,, 0<s<1, 1<p, g<o0.

Following [4], we define

S - LQ(N+1)/(N—2)(R1+N),

W= L2NVH/IND (R, 321(/1%/+1)/(N—1) 2(RY)),
W= L2/ (N (R, B;(/J%r+1)/(N+3) 2(R™)).
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If I is an interval, we will denote by S(I), W(I) and W'(I) the restriction of these spaces,
respectively, to I xRY,

We will need the following Strichartz estimates (see [62] [31]): if to€l, fEW/(I) and
(ug,u1)€H, then u (defined by (2.3)) is in S(I)NW(I) and

sup [|[E(8) e+ [ulls ) +llullwery S (o, 1) laucn + 1 fllwe - (2.4)

We denote F(u)= |U|4/(N_2)u.

Definition 2.1. Let I be an interval with to€1, (ug,u1)€H. If N >6, we call solution
of (1.1) on I xRY with initial data

U [t=ty= (o, u1) (2.5)

a function ueCO(I, H') such that d,ucC®(I, L?) and

u(t) =Sr(t—to)(ug,u1)+ | Sp(s—to)F(u(s))ds foralltel. (2.6)

to

If Ne{3,4,5}, a solution is defined in the same way, with the additional requirement
that ueS(JxRY) for all compact intervals JC1I.

It is known (see [31], [43] and [4]) that, for all initial data (ug,u1), there is a unique
maximal solution v defined on a maximal interval (7T, T ) and that satisfies the following
blow-up criterion:

Ty <oo = lullso,1y)) = 0

We next recall from [24] the definition and some properties of solutions of (1.1) on
the exterior T'g(to,t1) of wave cones. We will use the following continuity property of

multiplication by characteristic functions on a Besov space (see [24, Lemma 2.3]).

LEMMA 2.2. Let R>0.
e The multiplication by the characteristic function 1y, >Ry is a continuous function
from B;(/]%,H)/(NJF?)))Q(RN) into itself, and from W2/N72(N+1)/(N+3)(RN) into itself. In
both cases, the operator norm is independent of R.

o Let I be an interval. The multiplication by the characteristic function 14> ryje}

is continuous from W'(I) into itself. The operator norm is independent of R and 1.

We also recall the following chain rule for fractional derivative outside wave cones:

4/(N—-2
e r) F )l 0. S Tullsi oy lellwio.ry), (2.7)

which is proved in [24] as a consequence of Lemma 2.2, Holder’s inequality and the usual

chain rule for fractional derivative ([4, Lemma 2.10]).
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Definition 2.3. Let to<t;, R>0. Let (ug,u1)€H(R). A solution u of (1.1) on
I'r(to,t1) with initial data (ug,u1) is the restriction to I'r(fo,t1) of a solution de
CO([to, t1], HY), with 9,a€C°([to, t1], L?), to the equation

OFa—Au=al" N DU s ey (2.8)

with an initial data

<y

rt:t(): (1]07 711)7 (29)
where (@, 41 ) E€H is an extension of (ug, u1)

Note that, by finite speed of propagation, the value of u on I'g(to,t1) does not
depend on the choice of (g, @), provided (g, @) and (ug, u1) coincide for r> R.

Using Lemma 2.2 and finite speed of propagation, the Cauchy theory in [4] (or [43]
for the case N€{3,4,5}) adapts easily to the case of solutions outside wave cones. We
give some of the statements, and omit the proofs that are the same as in [43], [4]. We
refer to [24, §2] for a more complete exposition. The space S(I'r(T)) in the following
proposition is defined in §2.1.

PROPOSITION 2.4. (Local well-posedness) Let R>0, (ug,u1)€H(R) and T>0. As-

sume

(| (w0, u1) I (ry < A
Then, there exists n=n(A) such that, if
1S (#) (w0, ur) Is(r (7)) <,

then there exists a unique solution u to (1.1) on T'r(T'). Furthermore, for all t€[0,T],
14(t) =S () (w0, ua) e ag) < ™™ A%
for some constant 0y depending only on N.
(See [4, Theorem 3.3].) We have the following blow-up criterion (see [24, Lemma 2.8]):
if ue S(I'r(T})), then T =4o00. Furthermore, u scatters to a linear solution for
{lz[ > R+t]},

that is, there exists a solution vy, of the linear wave equation on R xR such that

lim |(t) =L (t) | 3(r+12)) =0 (2.10)

t—+o0

We also have the following long-time perturbation theory result (see [43, Theo-
rem 2.20], [4, Theorem 3.6] and [57, Proposition A.1]).
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PROPOSITION 2.5. Let A>0. There exists no=mn0(A) with the following property.
Let R>0, T€(0,00], (ug,u1)EH(R) and (vo,v1)EH(R). Assume that v is a restriction
to Tr(0,T) of a function V such that VeC°([0,T],H) and

8152V—AV= ﬂ{‘z|>R+‘t|}(F<V>+61 —l—eg),

with

sup ||V (O)llwr+ien + 11V Iwo,r) <A
0<t<T

and

Il (wo, u1) —(vo, v1)ll2(ry +Ilexlw o,y Flle2ll 1 o,1),22) = 1 < 1o-

Then, the solution with initial data (ug,u1) is defined on Tr(T) and
v —ulls(rp(ry) < CnY,

for some constant cn€(0,1] depending only on N >3.

Remark 2.6. In [43], [4] and [57] we have e2=0, but the argument easily adapts to
the setting of Proposition 2.5.

2.3. Profile decomposition

Let {(uo,n,%1,1n)}n be a bounded sequence of radial functions in H. We say that it admits
a profile decomposition if for all j>1, there exist a solution U Ij; to the free wave equation
with initial data in H and sequences of parameters {\;,},€(0,00)" and {t;,},€RY
such that, for j#k,

lim< g A i k. |):+oo, (2.11)
n—00 k,n )\j,n >\j,n
and, denoting
j 1 (1=t r
Ut () = Uﬂ< J") i>1 (2.12)
F’ )\;\7%271 F )‘j,n )\j,n
J .
wi (£) = SL(t) (uomrurn) =Y U, (1), (2.13)
j=1

one has

lim lim sup ||w;)||sg) = 0. (2.14)
J=00 pooo
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We recall (see [1], [3]) that any bounded sequence in H has a subsequence that admits a
profile decomposition. We recall also that the properties above imply that the following

weak convergences hold, for j<J:

A w0 (g M) A 00w (Es Mg -)) ———0 i M. (2.15)

)
J,m j n n—o0

If {(uo,n,u1,n)}n admits a profile decomposition, we may assume, extracting subse-

quences and time-translating the profiles if necessary, that the following limit exists:

. —t; n
lim —&™
n—00

=T7; € {—00,0,+00}.

g

Using the existence of wave operator for the equation (1.1) if 7;€{%o0}, or the local

well-posedness if 7;=0, we define the non-linear profile U’ associated with
(U%‘a {)‘j,n}na {tj,n}n)
as the unique solution to the non-linear wave equation (1.1) such that
. _’j _ 77 _
Jim ([0 ()= O (0) 1= 0.

We also denote by U the rescaled non-linear profile:

: 1 t—t,; r
Ui (t,r) = U ( in >
AN/ Ajm Ajm

Jsn

Then, we have the following superposition principle outside the wave cone
To:={(t,z) ERxRY : |z| > ¢ >0}.

PROPOSITION 2.7. Let {(ug,n, u1,n)}n be a bounded sequence in Hyaa. Assume that,
for all j such that T;=0, the non-linear profile U’ can be extended to a solution on Ty (in
the sense of Definition 2.3) such that U7 €S(Ty). Then, for large n, there is a solution
Uy, defined on Ty with initial data {(uon,u1,n)}n at t=0. Furthermore, setting, for J>1
and (t,r)€Tly,

J
RI(t,r) =un(t,r) ZU Y—w (t,r),
j=1

we have
Jim i (18 e +5up 1] 0 o)) =0

J—00 n—00
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We omit the proof, which is similar to the proof when the solution is not restricted
to the exterior of a wave cone (see [57, Proposition 2.3]). Let us emphasize the fact that,
under the assumptions of Proposition 2.7, the profiles UJ(t,r) are well defined on Iy,
so that the conclusion of the proposition makes sense. If 7;=0, this follows from the
assumption that U7 is defined on T'y and, if 7;=+00, from the fact that U7 is globally
defined in the future. Finally, if 7,=—o00, it follows from the fact that U7 is globally
defined in the past, and also, using small data theory, defined on a cone I'g(T,+00)
where T is fixed in the interval of existence of U’ and R is large (see also the discussion
after Proposition 2.11 in [24]).

2.4. Wave equation with a potential outside a wave cone

LEMMA 2.8. Let N>3 and M €(0,00). There exists Cpr>0 such that, for all

Ve L12(N+1)/(N+4)(R, L2(N+1)/3 (RN))

ocC

with

||]1{|:L’\>\t\}VHL2(N+1)/(N+4)(R’LZ(NJrl)/S(]RN)) <M, (2.16)

and for all solutions u of
Fu—Au+Vu=fi+fo, l=o=(uo,u1)EH, (2.17)
where fi€LY (R, L2(RYN)) and fo€W’, one has

ull () ey | L2v 40/ (v —2) R xRN +sup L gpzpz ey Veau®)l 2
te

(2.18)
< COnr([(wos wa) 1+ e ey frll oo @22y ey L2 llwe)-
If Ne{3,4,5}, one also has
ull 2> (N42)/(N-2) (N+2)/(N—2)
[0 a2 ey | Lovror/ov-2) r 2va)/(v-2)) (2.19)
< COnmr([(uos wi) [# + 1L gaz ey frll Lo ron2y L o) ey f2llwe)-
Finally, there exists g€ L*([0, +00)) such that
—+oo
lim [rN=D/29 u(t,r)—g(r—t)|* dr=0. (2.20)

t—o00 t
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Proof. By Strichartz inequality, for all T'>0,
L gz pepyull L2oven/ov-2 (o, 1y xrN)
Sl (uos wi) 1+ 1L g1a ey frll oo @, 22y + g2z 10y f2llwe g2y Vall 2 o,m),22)-

Using Holder inequality in the space variable, we deduce that

L gty ull 2o+ /ov-2) (0,7 xmY)
S (wos wn) (|2 1 gz 16y f1llor @, 22y g1z e follwe
+/0T 1012 1en Vil eevenss (1L gy ull oo oo dt,
and thus, using a Gronwall-type lemma ([27, Lemma 8.1]), we obtain
L gjaizfey ull L2oven/ov-2 (0,7 xrY)
< Cpr(I1(wos w) | # +ga ey fill 2,22y F gz =y f2llwe)-

Using Strichartz and Hélder’s inequalities again, we deduce the rest of (2.18) and (2.19).
By an argument similar to the one in the proof of [24, Lemma 2.8], one can prove

that there exists a solution ug of the free wave equation such that

lim |Viz(u—up)|* dz=0.
=400 figpspy

Since there exists g€ L?(R) such that

+oo
: (N-1)/2 . )2 _
t~1>l<Iknoo 0 |7“ aruF(ta T) g(’]" t)| dr 07

(see e.g. the appendix of [22]), property (2.20) follows. O

3. Channels of energy for the linearized operator close to a multi-soliton

This section is devoted to the proof of an exterior energy bound, stated in §3.2, for the
equation (1.1) linearized around a multi-soliton. We start (see §3.1) by recalling previous
results obtained in [20] and [23], on exterior energy bounds for the free wave equation

and the linearized equation around a single soliton.

3.1. Channels of energy for the free and the linearized wave equations

In [20], we have obtained the following exterior energy lower bound for solutions of the

free wave equation.
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THEOREM 3.1. Assume N is odd. Let up be a solution of the free wave equation
OPup—Aup =0 (3.1)

with initial data in (ug,uy)€H. Then,

t—4oo

S tim [ Vel do= o, )
+ |z>t]

Let W be the ground-state stationary solution of (1.1), given by (1.5). Consider the

linearized equation:

Ofu+Lywu=0, (3.2)

where Ly is the linearized operator:

N+2
Ly =—-A————W¥WN=2), 3.3
w N o (3.3)
The existence and uniqueness of solutions of (3.2) with initial data in H can be easily
proved by standard semi-group theory. In [23], we have proved an analogue of Theo-
rem 3.1 for solutions of (3.2) that we will now describe. To lighten notation, we will

restrict to radial functions in space dimension N >5. Let
AW :=2- VW + (3N -1)W.
Then,
span{AW}={Z € H} : LwZ =0}.

Indeed, the inclusion C is due to the fact that (1.1) is invariant by scaling. The other
inclusion is a well-known non-degeneracy property of W (see e.g. [56]). Note that AW € L?
since N >5. Let

Z :=span{ AW} xspan{AW}.

If (up,u1) € Z, then the solution u of (3.2) with initial data (ug,u1) is given by
u(t, x) =uo(z)+tus (z),

and in particular

lim / |V zu(t, )]* =0.
Eoo Jiappy T

If V is a closed subspace of H, we denote by V= its orthogonal in #, and 7y the
orthogonal projection on V. Theorem 1 of [23] states that the solutions with initial data

in Z are the only solutions that do not satisfy an exterior energy lower bound.
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THEOREM 3.2. Assume N =5 is odd. Then, there exists a constant C'>0 such that,
for all (ug,u1)EHyrad,

Iz (o, un)[P<CY lim /| Veutt )P (3.4)
+ || >]t|

t—4oo

where u is the solution of (3.2) with initial data (ug,u1).

Theorem 1 of [23] is indeed more general: it holds without the assumption that
(up,uq) is radial, and also in space dimension N =3, with a suitable definition of Z. We
refer to [23] for the details.

3.2. Bound from below of the exterior energy close to a multi-soliton

As a corollary of Theorem 3.2, we will prove an exterior energy lower bound for the
linearized operator close to an approximate radial multi-soliton solution. We will consider
only radial solutions, and fix J>2.

We denote by G the following subset of (0, 00)7:

GJ:{A:()\j)lgng, O</\J<)\J_1<...<)\1}. (35)
If AeG;, we set
)= a2 € 0,1), (36)
4 (N-2
(() ), (3.7)
J
Z,\fSpan{(( W) (2;):0), (0, (AW)15;) (3.8)

(see §2.1 for the notation (AW)(y,) and (AW)[5,)). Then, we have the following.

COROLLARY 3.3. Assume N =5 is odd. For any J>2, there exist v,>0 and C>0
with the following property. For any X with v(X)<7y. and for any solution u of

DPutLau=0, i/ i—o= (uo,u1)EH, (3.9)
one has
1724 (w0, u) 13,

<C< i, [ |vt,mu<t,x>|2dx+w<x>291v|7rzk<uo,u1>||%),
lz| >t

t—doo
+

(3.10)

where 957% 07:% and On=2 if N>9.
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Corollary 3.3 also has a version for N=3, that we will not need here. We skip it for
the sake of simplicity. We prove Corollary 3.3 in the next subsection. In §4.2, we will

apply this corollary to a solution of (1.1) close to a multi-soliton manifold.

3.3. Proof of the exterior energy lower bound for the linearized equation

We prove Corollary 3.3 by contradiction. For this, we assume that there exists a sequence
{An}n with
lim y(A,) =0, (3.11)

n— 00
and a sequence {(ug n,U1,n)}n in H such that, denoting by u, the solution of
6t2un +L)\n Up = Oa ﬁn Tt:Oz (UO,ny ul,n)7 (312)

one has

lim 3~ lim / Vst (t,2) dety ()N 72y, (o, un )3 =0 (3.13)
e |z >t

t—*+oo

and
||7Tzin (wo,ns u1,n) |2 =1. (3.14)

Step 1. (Projection on the orthogonal of the singular directions) Let v, be the

solution of

8fvn+L>\nvn:O, Up, [t:():ﬂzi (wo,n, U1,n). (3.15)

We claim that
lim lim Vizvn(t, 2dz=0. 3.16
n%oo;tﬂzl:oo /|$>t| ‘ ¢ ( )| ( )

In view of (3.13), it is sufficient to prove that

Jim lim/ V0 (=00 (£, )| d = . (3.17)
[z >t

n—o00 t—+oo
+

By definition of Z_, we can write

n?

J
Tz, W0,y u10) = D (5.0 (AW) (5, Bion (AW 5,0) (3.18)
j=1

where, by (3.13),

lim (Jetjn] +185.0)7(An)?Y =0 for all j € [1, J]. (3.19)
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We consider
J

W= (@ (AW)(x,.) F1Bjm (AW ) x,.0);

j=1

(3.20)

and prove that w, is, outside the wave cone, an approximate solution of the linearized

equation around the multi-soliton in the following sense:
Jim |0 qjay5121 (97 + Lx,, Jwn | 1 (r,£2) = 0-
Indeed,
1oy 1e13 (0F +Lax, Jwnll 1 v, 2)

4/(N—-2
<S> |O‘j,n|||]1{|w\>\t|}w(>\/kn) "AW) 5,0 2z
1<G<7
oy

/(N
+ 3 1Bl 0z W2 AW, o o)

1<5<J
k#j

By Claim A.2 in the appendix, we have

4/(N~2)
ety Win, .y AV

4/(N—
+Hfﬂ{\z|>|t\}W(Ak ) AW ey S (Y)Y,

LY(R,L?)

(3.21)

(3.22)

which yields (3.21) in view of (3.19). To conclude Step 1, we see that (3.21) implies

Jim. 1121413 (07 + L, ) (n — U —wn) || L1 R, 12) =0,

and, since (0, — U, — W) [+=0=0, (3.17) follows from Lemma 2.8, the fact that w,, satisfies

. . 2 o
Jin 3t [ V)0
+ |z |>[¢]

and the following bounds:

]1|x‘>‘t|W4/(N72) c L2(z\r+1)/(zv+4)(}R7 LQ(NH)/S)

and

/(N—2)
Hﬂ|w|>t| Z (A]n)

4/(N—2
< IMjajz W / )||L2(N+1>/(N+4> (R,L2(N+1)/3).

L2(N+1)/(N+4) (R, L2(N+1)/3)

(3.23)

(3.24)
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The bound (3.24) follows from (3.23) and scaling invariance. To prove (3.23), we use the
bound

1
|W () [*/ (N =2) gmm<1, le‘*) .

This proves that W4/ (N=2) ¢ L2IN+1/3(RN) and

N > 1 B 1
gy W V) ||2(2<N++13/f;§/  __Nlg<
t

FS(N+1)/3 ~ +(5N+8)/3"
Hence,
4/(N—=2)|2(N+1)/(N+4) 1
iy WY DI S v

which yields (3.23) and concludes this step.

Step 2. (Profile decomposition) As it is recalled in §2.3, extracting subsequences,
we may assume that the sequence {(vg n,v1,,} has a profile decomposition with profiles
{UL};>1, and parameters {\;,}n€(0,00)N and {t;,},€RN. We denote by UI{;’” the
rescaled linear profiles, defined in (2.12), and by

K _ J
Wy, _SL( UO n7vln ZUFn

the remainder, so that

lim limsup |[wi [|sg) =0. (3.25)
K—00 nooo
Reordering the profiles, we may assume
tin=0 for1<j<J,
(where J is the number of solitons), and that, for 1<j<J, the parameters \;, are the

same A; , as in the beginning of the proof. Indeed, one can define the J first profiles by

—

j 2—-1 N/2 .
OF(0) = w-lm(A 7 00,0 (o) A v (Ajin ) in 7,
then carry on with the profile decomposition to extract all the other profiles. Of course,
in doing so, we do not exclude the fact that some of the profiles Uiﬂ, 1<5<J, might be
identically zero.

We will approximate v,, as follows. If 1<j<J, we let U7 be the solution of

(2+Lw)U’ =0, U(0)=U(0). (3.26)
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If j>J+1, we let U/ =U}. We define

K
j 1 i(t=tin % K i K
Ul(t,z)= N UJ( " ) and v, (t,z)= Z U +w;,: (t,x). (3.27)
In this step we prove:

Jim hmsup<§up 11g12> ¢ Vie (vnlt, ) — (t,x))HL2> =0. (3.28)
R

K—oo pn

Denote by rX =v,, —vX. Then,
K .
OprE+ Ly, K = Z O+ L U —(0?+Lx, )wE and 7K [,_o=(0,0).
j=1

If 1<j<J, we have, by (3.26),

; N+2 4/(N—2
O3+ Ia U =55 > WP,
1<kST

k#j
If j>J+1, then

i N+2 4/(N=2
OF+ L)V =—55 > WE, U
1<EST

Finally, for all K>1,

N+2 4/(N-2)

2 K K

(07 +La, )w, = “N_2 Z W(,\k y Wn
1<k<T

Using the pseudo-orthogonality (2.11) of the parameters and the property (3.25) of wX,
we obtain

lim lim ||(8 +Ly, )?" ]]-{\;c\>|t\}||L1(RL2)*O

K—o00 n—o0
By (3.24) and the approximation Lemma 2.8, we deduce (3.28).
Step 3. (End of the proof) Using the profile decomposition of the preceding step,

we prove the corollary. We claim that

1G24, <SS Tim /| Ve e ol 21, (3.29)
x|>|t

t—+o0

X (02, <S Tim />t| ViawK (o) 2de forall K>1  (3.30)

t—+oo |
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(where the implicit constants are independent of j, K and n), and

. . j 2. ;
71151010 tllzltnoo . ViUl (t,x)|“de=0 forall j>1, (3.31)
lim / |ViowX (t,2)|?de=0 forall K>1. (3.32)
T E >

Of course, combining inequalities (3.29)—(3.32) and Step 2, we would obtain
T [17,(0) 2 = 0.

a contradiction with (3.14). It remains to prove these four assertions.

Recall that U7 (for j>J+1) and wX (for any K>1) are solutions of the free wave
equation. The inequalities (3.29) for j>J+1, and (3.30) thus follow from the exterior
energy bound in odd dimension proved in [19] (recalled in Theorem 3.1 above). We
next prove (3.29) when j satisfies 1<j<J. According to the channels of energy for the

linearized equation at W (Theorem 3.2), it is sufficient to prove that
/ VU (0, 2)- VAW () dz = / 0,07 (0, 2) AW () = 0. (3.33)
To prove (3.33), notice that, by weak convergence,
/ VU (0,2)- VAW (z) dz = lim [ AY/*Vug (A nz) AW (2) da

= lim [ Vuo,,V(AW)@, ) =0,

n—0o0

since (vg p, Ul,n)EZi‘"- By the same proof,
/ 0, U? (0, 2)AW (z) dz =0,

concluding the proof of (3.33), and thus of (3.29).

We next prove (3.31) and (3.32). We will use the pseudo-orthogonality of the pa-
rameters (2.11). We focus on the limits as t— 400, the proof for the limits as t——o0
being the same. Using the radiation term for the free wave equation (see appendix of
[22]) if j>J+1, or for the linearized wave equation (see (2.20)) if 1<j<J, we obtain
that, for all j>1, there exists g/ € L?(R) such that

—+o0

lim [rN=D/29 U7 (t,r)— ¢’ (r—t)|? dr =0, (3.34)
—r 00 t
+OO . .
lim [rN=D29,09 (t, )4 ¢° (r—t))? dr =0, (3.35)
t—o0 ¢
lim o i|UJ’(t 2Nl dr=0 (3.36)
t—oo J, r2 ’ ’ '
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If j>J+1, the preceding limits hold true with [ replaced by [;*. Also, for all K>1
and n, there exist GE € L?(R) such that

+o00
tlim [rN=D720 wX (t, 1)~ GE (r—t)|? dr =0, (3.37)
> Jo
—+oo
tlim [rN=D29,05 (¢, 1)+ GE (r—1)|2 dr = 0. (3.38)
> Jo

Fix j>1 and €>0. Then, there exists K >>1 such that K >j and (by (3.28) and (3.16))

lim |0s 20K (8, 2) |2 do < e. (3.39)
t—+4o00 \z|>t

Using the definition (3.27) of vX, we obtain

Veaok (0L Ui0= [ [VLUi0P

|z >t |z|>t

+ ) / Vi2Ul(t)-Vi . UE (1)
1<k<K [z >]¢|
Jj#k

+ / ViUl (1) Vi owE (1),
|| >t

where U] is as usual the modulated profile (see (3.27)).
If j#k, we have, in view of (3.34) and (3.35),

. T k
tlg—r‘,—noo |5t Vthn(t) vt7ZUn (t)
+oo
. 1 i fr—|t—tjn 1 . r—|t—tkn]
:2t11>1£10 )\1/2 g] ( )\ )\1/29 )\k d?"
t g ], kn 1

+oo
1 . /r+t;n) 1 T4tk n
:2/ gj< L ) gk< : )dr.
1/2 ] 1/2
0 /\jm Ajn )‘k,n Ak,n

In view of the pseudo-orthogonality (2.11) of the parameters, we deduce that

i i J(t). k)=
Jgn;otinjloo ‘z|>thUn(t) ViU (t)=0. (3.40)
Next, we consider
. J(h). K
tilinoo ‘m|>tvt,$Un(t) vt7$w7z (t)
Tl L r—t—t;

=2 li J L) GE(r—t)d

i [ s (R ot

teo 1ty
:2/ —q’ (j’n)fo('r) dr.
0 AY? Ajn

2,1
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If ¢t; ,=0 for all n, we obtain

. tee
lim ViUL(t) VtmwK(t):Q/ 1/29 (A )GK( )dr
0 J,n

t=4o0 |z|>t )\

and the right-hand side goes to zero as n goes to infinity, since the condition
w-lim (AN 2w (0, A ) AN 20w (0, A -)) =0

)
n—o00 Jn n Jn

(see (2.15)) implies

n—oo
If limy, ¢} 5, /A =00, then we have

Foo T+tin \ Ak
[ (e Jerna s

S L2t /700 —=0

Finally, if
lim 2™ =—00,
n—00 j,n
we have )
0
1 M t+t
s [ e (e ) ar=o
—00 )‘j,n jn
and thus

e tin I tin
lim —=q’ (r—i— 2 )Gf(r) dr=1lm [ —=¢’ (r—i— 2 )GK(T) dr =0,

1/2 s ; 1/2 \ n
n—o0 n—oo
0o A Jin R A 3n

where we have used that, by the weak limit property (2.15) of wX,

lim [ V,;,U%(0,2)-V;,wk(0,z)dz =0.

n—oo

Combining the properties above, we obtain

lim lim Vi Ul(t,z)?de= lim lim [V, 5.V, U=

n—oo t—-+oo |a:|2\t| n—o0 |w\>|t\

This yields (3.31). By a similar proof, we obtain (3.32), concluding this step.

25

1 r K _ 9
lim /R )\1/2 (/\Jn)Gn (r)dr=0 for all g€ L*(R). (3.41)
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4. Non-radiative solutions close to a multi-soliton

4.1. Preliminaries

Definition 4.1. Let tg€R, and let u be a solution of the non-linear wave equation
(1.1) (or another wave equation considered in this paper). We say that u is non-radiative
at t=t if u is defined on {|x|>|t—to|} and

Z lim / |V zu(t, z)* dz=0.
T E ezt

We say that v is weakly non-radiative if, for large R>0, u is defined on {|z|>|t|+ R} and

t—+o0

Jim / Vot ) da =0,
|z|2[t|+R

If N>3 is odd, according to the equirepartition property recalled in Theorem 3.1,
the only non-radiative solution of (3.1) is zero. This fact persists if N>4 is even (see
[24, Proposition 1]), as a consequence of the asymptotic formula in [10].

In odd space dimension N >5, the non-radiative solutions for the linearized wave
equation around the stationary solutions W are also known, as a consequence of the
main result of [23] (recalled in Theorem 3.2 above in the radial case).

Radial weakly non-radiative solutions of the free wave equation were explicited
in [40]. Let

1 N+2 1 N
P o) b [ Jog (0t sk

and, for R>0, let P(R) be the subspace of H(R) spanned by P. According to [40], if
N >3 is odd and v is a radial solution 9?v—Av=0, then

Z lim / Vi zu(t,z)*de=0
T t—+oo R+t|

if and only if 7(0)€ P(R).

From [21], if N=3, the only radial, non-radiative solutions of (1.1) are the station-
ary solutions. The proof is specific to dimension 3, and the results available in higher
dimension are less precise. We next recall from [24] some of these results, that will be
needed in the sequel. Let m=%(N—1) be the number of elements of P. As in [24], we
denote by P={Zy}re[1,m], choosing Zj, so that

- Ck
||‘:‘/€||'H(R) = Rk71/27 (41)
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for some constant c;#0. In particular, we choose =,,(r)=(r?>"",0). By scaling, one can
check that, if U€ P(R) and (0x(R))re[1,m] are its coordinates in (Z1, ..., Z,,), then

Zm |0k (R)]
||U||H(R)% Rk?—l/Q’
k=1

where the implicit constant is independent of R>0 (see [24, Claim 3.2]). Then, we have
the following.

THEOREM 4.2. Assume N 25 is odd. There exists e9>0 with the following property.

Let u be a radial weakly non-radiative solution of (1.1). Then, there exist ko€[1,m] and
LeR (with ££0 if ko<m) such that, for all to€R and Ro>0, if u is defined on

{(t,r):r>|t—to|+Ro},

[[%(to) 120y <€0 and

lim / |V zu(t,r)|? dz =0,
;t%:l:oo || > [t—to|+Ro ®

then, for all R> Ry,

R (ko—1/2)(N+2)/(N—-2) R ko+1/2
147(t0) = (ko ll32(r) < Cmax{ (RO) : <H?) }

See [24, Theorem 2 and Remark 3.4]. If kg=m, the theorem implies that u is close,
for large r, to one of the stationary solutions 0 (if /=0) or £W,, for some A depending
on £ (if £#0). Under the stronger assumption that u is non-radiative, [24, Theorem 3]

gives a uniqueness result in this case.

THEOREM 4.3. Assume N>=5 is odd. Let u be a radial non-radiative solution
of (1.1). Let ko be as in Theorem 4.2. Assume that ko=m. Then, u is a stationary

solution.

In the remainder of this section, we will assume N >5 is odd and consider a non-
radiative solution close to a multi-soliton. In §4.2, we will use the exterior energy bound
for the linearized equation proved in §3 to give a first-order expansion of the solution.
In §4.3 we will use Theorems 4.2 and 4.3 to give a lower bound of the exterior scaling
parameter of the multi-soliton. These properties will be crucial in the proofs of the

soliton resolution in §5 and §6.
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4.2. Estimates on the coefficients

In this subsection, we assume as before that N >5 is odd. We fix J>1, (1;)€{%1}7, and
consider a radial solution u of (1.1), defined on {(t, z) ERY :|x|>t}, which is non-radiative
at t=0 (see Definition 4.1). We assume that there exists A=(\;)” €G s such that

J
[(0)— (M, 0) |3 =:6 <es <1, where M= ;W) (4.2)
Jj=1
yLerkLl, (4.3)

where, as before, y:=7v(A)=maxi¢j<j—1 A\j+1/A;. Denote
ho = UQ—M.

By the implicit function theorem (see Lemma B.1), we can change the scaling parameters

(A;); so that the following orthogonality relations hold:
/thovx(AW)(Aj) =0 forall je[1,J]. (4.4)

We expand u; =0;u(0) as follows:

J
up = Zaj(AW)[Aj]-i-gl, (4.5)
j=1
where
/gl(AW)[)\j] =0 forall je[1,J]. (4.6)

We will prove the following result.

PROPOSITION 4.4. We have

[(hos g1) |l SN 448N N =2, (4.7)

J
2= Q2[[AW |7 | Sy N TD/2 452NN =), (4.8)

Jj=1

We start by proving the following lemma.

LEMMA 4.5. Let u be as above. Then,

724 (0, ua) = (M, 0)) |2 S N4 467/ V=2,
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Proof. We let h(t)=u(t)— M. Then, ||2(0)||x=0 and
O2h+Lxh=F(h)+N(h),

where
J

N+2
N(h)=F(M+h)=>_ F(;;Wx,))—F ZWé/()N “h.
j=1

By finite speed of propagation, h coincide, for |z|> |t|, with the solution h of
Ofh+Lah = (F(h)+N () L{ju)> 143

Let T>0 and set
(T) ={(t, 2) : [t] < min{[z[, T}}.
By the fractional chain rule (2.7), we have4+++

4/(N—-2)

1E () 1o 13w 0.7 = IE BT ey w0, S DBllwio.m s g,

We first assume that N>7. We use the inequality

J J N+2 J
‘F(nyrh) -> Fly;)=F(h) - 55— > |yj4/(N_2)h’
=1 =1 i=1
J
D min{Jy; [Y N2 fyel, Jye 2 YD |y (3 Ly [N,
7k =1

proved in the appendix (see Claim A.5). We obtain

J
. 4/(N—-2 1/(N-2 _
(h)|§§¢kmln(W(>\/j() >W(m)+§ 1W(A/J() )| | (NHD/(N=2),
J J=

If j#k, we have, by Claim A.3 in the appendix,

N=2) W()\A )» W4/(N72)W()\k)}||L%Lf 5 7<N+2)/4'

1L {je)> o0y mm{W ()

Furthermore,

N-2 _
pery W Y2 | (VD=2

1/(N-2 _
<Ny WS iz pe [rery [N/ N =20,

N+1 N 2
SRS Y2,

29

(4.10)

(4.11)

(4.12)
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where we have used that, since

1

W= < 1
~l4z|’

we have WY N=21 4, o € L3R, L (RY)). We let hp(t) be the solution of
6tghL+L)\hL =0 and EL [t=0= (UO, U1)—(M, O)

In view of the estimate (3.24) on the potential Z W(iv)ﬁ)/(N 2), we can use the ap-

proximation lemma (Lemma 2.8). Due to the estimates above, we obtain

N+1)/ 4/(N—-2
|A=hellsery SAN ARG TP+ RIS HAllwio,r-

Using again Strichartz estimates, we deduce that

sup [|h(t)=hr () |s+1h—helwo.m)rs(0.1)
—T<t<T (4'13)

L1 /(N—2 4/(N—=2) 5
SYNEAL RIS D LRI Bllwiom)

and thus, since HhL”W((O}T))ﬂS((O,T))557

HiL”W((O,T))mS((O’T)) 57(N+2)/4+6.
Going back to (4.13), we obtain

SUp (1) o (1) S9N HD 45D/ VD),
—T<t<T

This estimate is uniform in 7. Hence,

sup [F(t) ~ (0 S92 4 50N/,
te

Using that u is non-radiative, we deduce that

1/2
g (lim/ thL(t,x)lzdx> <A NH2)/4 4 §(NHD/(N=2)
t—+oo ’ ~
+ {l=|>[¢l}

By Corollary 3.3,
17 74 (ho, 1 )3 SO 647N TR/ A4 sNHD/N=2),

where 07:% and Oy =2 if N>9. The conclusion of the proposition follows, noting that

»YQN(; < 7(N+2)/4+§(N+1)/(N*2)
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if N>7. Note that, in this case, the bound is slightly stronger, but we will not need this
in the sequel.

The proof is almost the same when N=5, but we must replace the inequality (4.12)
by

J J J
7
’F(Zyj+h> -> Flyj)—3 > lyil*3h
j=1 j=1 j=1

and use that, by Claim A.2, if j#k,

J
S 1Pyl Dy R P+ F(R),
o =

I a2 10y WL W L 22y S 772

‘We omit the details. O

Proof of Proposition 4.4. According to Lemma 4.5, we have
1724 (hoyun) [la¢ S 6N/ V=2 44 N/4, (4.14)

In view of the orthogonality condition (4.4) and the expansion (4.5) of u;, we deduce
(4.7). Since

2

6% =||holl72 +[lgall7>+ Zag AW)[A]

j=1

)

and, by Claim A.1,
/ AW (AW )| SAV/22,

we obtain

ZaQIIAWHL

j=1

SN2 2Za 462N/ (N=2) L \N/2, (4.15)
Jj=1

Noting that the previous inequality implies easily that

J
S e o
j=1
and thus
J
7N/2—2 Z a? S,YN—2+52,YN/2—2 57N—2_’_52(N—1)/(N—2) +,Y(N—4)(N—1)/2’
j=1

we deduce (4.8). O
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4.3. Lower bound for the exterior scaling parameter

Let u be as in §4.2, and denote by ¢ and ko the parameters defined by Theorem 4.2.

Assume that w is non-stationary so that, by Theorem 4.3, kg<m—1.

PROPOSITION 4.6. There exists a constant Cy>0 such that, if w is as above, we

have
1] < Cod*N N2,

Proof. Step 1. We note that, for R>\;, we have

A\ m—1/2
il <o+ ()

Indeed, ||@(0)—(M,0)|2(ry <O and

3\ V2
WOl ry =Wl ryag < (1%) 7

which yields the announced estimate.

Step 2. Let ¢ be as in Theorem 4.2. Fixing B>0 large enough, and using the

smallness assumption (4.2) on ¢, we see that

14(0)||#(BA1) < €0-

In view of Theorem 4.2, we see that, for all R>BAq,

cnl {(B)\l >k0+1/2 <B)\1 >(k01/2)(N+2)/(N2)}
< max = | === .

1O )~ s | S R

Combining with the estimate of Step 1, and using that ko <m—1, we deduce that, for all
R = B)\l )

4 A\ o 1 1\ N+2
s S0t () and ak=ming kot o (ko—5 ) 5 (-

Choosing R such that (\;/R)®o0 =4, that is R=X,6~'/%o we obtain
|£| 5)\1160—1/2517(%71/2)/(1;@-07

which yields the conclusion of the proposition, since

ko—1/2 2
min 1—¥ =—. O
1<ko<m—1 Qg N
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5. Reduction to a system of differential inequalities

The proof of Theorem 1 is by contradiction. Consider a global solution that does not
satisfy the soliton resolution conjecture. Then by the work of Rodriguez [57], it is close,
for a sequence of times {t,}, going to infinity, to a sum of rescaled solitary waves.

Using the study on non-radiative solutions carried out in §4 and the equation (1.1),
linearized around a sum of solitary waves, we will obtain an approximate differential
system satisfied around t,, by the scaling parameters modulating the stationary solutions.
We then deduce a contradiction from this system and differential inequality arguments.
We divide the proof into two sections. In this section we will set up the contradiction
argument and obtain some differential inequalities. In the next section we will restrict
the time interval to prove a crucial lower bound (consequence of Proposition 4.6 above)
on one of the scaling parameters, and prove that the differential system, together with
this lower bound leads to a contradiction.

This section and §6 concern the case of global solution. We omit the very close proof

for finite-time blow-up solutions (see e.g. [21, §4]).

5.1. Setting of the proof of the soliton resolution

Let u be a solution of (1.1) such that T’ (u)=4o00 and

lim sup ||@(¢) || % < 0. (5.1)
t—+oo

Let vy, be the unique solution of the free wave equation (3.1) such that, for all A€R,

lim \Viz(u—vp)(t, 2)|* dz =0 (5.2)
troo Jasary

(see [57, Proposition 4.1]). For J>1, t€{£1}’ and (f, g)€H, we set

J
dru(f,9) = mf{H 9= 15 (Wi ), 0 H +7(>\)}, (5.3)
j=1

where, as before,

GJ—{( ) (0 OO) :O<>\J<...<)\2<)\1} and ’y()\)—max (0 1)

Assume that u does not scatter forward in time. By [57], we know that there exists J>1,
te{+1}’ and a sequence {t, }, —-+oc such that

lim dy, (@(tn) — g (tn)) =0. (5.4)

n—oo
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We will prove by contradiction that

lim d, (@(t)—7L(t)) =0.

t—o0

We thus assume that there exists a small >0 and a sequence {, },,—+0oc such that

tp <t, foralln, (5.5)
dy. (@(t)—TL(t)) <eo for all n and all ¢ € (t,,t,], (5.6)
dy.(t(tn)—0L(tn)) =0 for all n. (5.7)

We will denote U=u—wvy, and use notation that is analogous to the one of §4.2, although
the setting is a bit different.

The implicit function theorem (see Lemma B.1 in the appendix) implies that, for all
t€[tn,tn], we can choose A(t)=(A1(t), ..., \;(t)) EG such that, for all j€[1, J],

[ Tl on )= M () T AW 1,0y =0, (5.5)
where
J
M) =Y, Wo, @)
j=1
and, in view of Remark B.2,
[[(t) =L () = (M (), 0) |5 +v(X) = . (a(t) —vL(t)). (5.9)

In the sequel, we will denote

V() =7(A(),
o(t) = \/Ill”b(t)llf,-{1 0 (u—vL) ()l

We will expand 0;U=0;u—0;vy, as follows:

J
U (t)= Z a; (t)LjAW[)\j @) +91 (1), (5.10)
j=1
where, for all j€[1, J],
/g1 (t)AWx, (1) = 0. (5.11)
We also define
Bi(t) = —1; / (AW ), (0 0eU (1) dr. (5.12)

In this section we prove the following result.
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PROPOSITION 5.1. For all large n, for all t€[t,,ty,],

§<AWN=D/4 10, (1) (5.13)
|Bi = [AW[|3.X;| < CyN 40, (1) for all j €1, J], (5.14)

1 A (N=2)/2
‘2 P wjﬂ(; ) <CyN D2 40,(1), (5.15)
j=1 1< -1 7
, N1 (N—-2)/2 A \(V-2)/2
i B+ #o <LM+1 (i) —ljlj-1 <)\j) > ‘ (5.16)
J j—1

<CAYWN=D21 5 (1) for all jE[1, ],

where 0, (1) goes to zero as n— oo, uniformly with respect to n and t€[t,,t,], and

NN/2—1 N—2 N/2 1

N(N =2 N/2—-1 3
m:HAWH%g/( ( |x|N)_)2 WNFD/N=2) gy

Let us mention that the constants kg and k1 can be computed explicitly. However,
we will not need their exact values in the sequel.

The proof of Proposition 5.1 is based on the results of §4.2 on non-radiative solutions.
We will first consider, in §5.2, a profile decomposition for a sequence of

(where s, —00), observing that any non-linear profile in this decomposition is non-
radiative. In §5.3, we will use this observation and an expansion of the energy to deduce
estimates on A;, 3, v and 4. In §5.4, we will obtain estimates on \; and 3} using equation
(1.1) and the orthogonality conditions, and conclude the proof of (5.13)—(5.16).

We refer to [38, Proposition 3.8] for modulation equations similar to the ones of
Proposition 5.1, in the context of equivariant wave maps, when J=2, at the threshold
energy (so that in this work the analogue of the radiation term vy, is 0). One important
novelty here compared to [38, Proposition 3.8] and its proof, is the proof that the non-
linear profiles associated with a sequence {U(s,)} are non-radiative solutions of (1.1)

(see Lemma 5.2 below), yielding a crucial additional information.

5.2. Expansion along a sequence of times and renormalization

Consider a sequence of times {s, },,, with s, €[t,,t,] for all n. Extracting subsequences,

we define a partition of the interval [1, J] as follows. We let 1=71 <jo<...<jrxt1=J+1,
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so that
K
[, J] = U ks dr+1—1],
k=1
with M (52)
. jk+1 STL _ _
711;11{)1() ) =0 forall ke[l, K—-1], (5.17)
and,
vj= lim >0 for all ke [1, K] and all j € [jk, jr+1—1]- (5.18)

n—o0 Aj (sn)
We note that v;, =1. In this subsection, we prove the following result.

LEMMA 5.2. Under the above assumptions, for all k€1, K|, there exists (VF, V)
in H such that, denoting by V* the solution of (1.1) with initial data (V{F,VF), then
Vk is defined on {|z|>|t|} and is non-radiative. Furthermore, letting J*=ji 11— jk,
F=(Lj, s by —1) and

1 X
VRt z) = V’“( ’ )
A2 3 AN () A (sa)

we have (extracting subsequences if necessary),

K
i a(s,) ()= 3 7EO)| =0 (5.19)
k=1 H
and
dyr o (VF, VIF) < Cep. (5.20)
More precisely, after extraction,
Jr+1—1
V'Ok: Z L7W(V])+hg
J=Jk
et (5.21)
VE= 3" 4 (AW, +3t,
J=Jk
where
h’g:w;limA;fCV*W(sn)h(sn,Ajk(sn).), (5.22)
a;= lim a;(sn), (5.23)
gt = welim AN (50)1 (5, A (50) ). (5.24)
Furthermore, we have
K
JE(W,0)=Y " E(V*(0)) (5.25)

k=1
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Note that the limits (5.18), (5.22), (5.23) and (5.24) imply the orthogonality condi-

tions
/Vﬁ§~V(AW)(,,j):/gf-V(AW)[,,j] =0 for all j € [, jrs1—1]. (5.26)
Proof of Lemma 5.2. In all the proof, we will denote

Hien = /\jk (Sn)

By (5.18),

lim M:Vj for all j € [jx, jr+1—1]

n=oo [k

Step 1. Denoting by
J
M)= ;Wi ),
j=1

we see that, for k€[1, K],

, Jr+1—1

N/2—-1

Fog M(Snaﬂk,n')w Z tiWiw,)-
=k

Extracting subsequences, so that the limits (5.22)—(5.24) exist, we obtain

(#522_1((11—%)(57“ Pkt ), Hﬁfat(u—%)(%, Hkn))) m (Vokv V1k)a (5.27)
where (V¥, V) is defined by (5.21). Note that, by (5.6),
Je+1—1
[CRESR DR [ (5.28)
J=Jk H
and that? for ]E [[jk?jk+1 _2]]7
Vi+1 .
< <egp. .
v; < nhj& Y(A(sn)) <eo (5.29)

In particular, (5.20) is satisfied. The bounds (5.28) and (5.29) also imply, setting

Vk = (ij’ B3] ij+1—1)a

that
VS VI = Tl VW 17| S e+ ()22 =0, (1), (5.30)
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where o, (1) goes to zero as gg goes to zero. We have used the bound

SN,

’/VW(VJ)'VW(W)
(see Claim A.1 in the appendix). Notice also that
1M (s0) I3 =TIV W[z ] = 02, (1). (5.31)

As a consequence of the weak limit (5.27), we see that the sequence {u(s,)—0L(sn)}n
has (after extraction of subsequences) a profile decomposition with profiles (V£),>1 and
parameters {{y n, Sk,n tn, k=1, where, for k€[1, KT, pr,n=2X\;, (5n), Sk,n=0 and VE is the
solution of the free linear wave equation with initial data (VJ, V) (defined by (5.21)).
Combining (5.27), (5.28), (5.30), (5.31) and the Pythagorean expansion of the profile
decomposition, we obtain

Y VA =0s (1) (5.32)

k>K+1
As usual, we will denote by V* the non-linear profile associated with VI? , {Sk.n}n and
{Nk,n}n~

Step 2. (Approximation for {|z|>|t|} and lack of radiation) We claim that, for all
ke[1, K], the non-linear profile V* is defined on {|x|>|t|} and

VEeS({|z|> [t]}). (5.33)
This follows from (5.28) and long-time perturbation theory. By Minkowski’s inequality
and scaling arguments,

Je+1—1

> W,

J=Jk

<TWllwgzi= 1) -

‘W({ﬂ?ltl})

One can check easily that the right-hand side of the preceding inequality is finite. This
can be done directly. One can also use that W coincides for |x|>|t| with the solution W
of
(0F =)W =W D1,
with
N+2)/(N—2 172
WD ooy € L1L2,

so that, by the Strichartz inequality (2.4),

W e W({|z] > [t]}).
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By (5.29) and the Claim A.5 (with h=0) in the appendix, denoting
Jk+1—1 Jr+1—1
=(33—A)( > LjW@j)) —F( > LjW(m)a
J=Jk J=Jk

where F(z)=|z|*"=2) 2z, we have

L g2z ekl rne = 0 (1).

Taking >0 small enough, we deduce, by long time perturbation theory (Proposi-
tion 2.5), that V* is defined on {|x|>[t|} and satisfies (5.33).

In view of (5.32), all the non-linear profiles V¥, k> K +1, are globally defined and
scatter. From the profile approximation property (Proposition 2.7), we obtain that, for
large n, the solution (7, z)+>u(s,+7,x) is defined on {|z|>|7|}, and that, for all £>>1,

14
W(sn+7) =vL(sn+7)+ > Vil (r)+wp, (1)1, (7), (5.34)
k=1

where w?, is the solution of the free wave equation (3.1) with initial data

4
@(sn)—T1(sn)— > _ V¥ (0)
k=1

and 7% satisfies

—00 n—oo

th limsup sup || Lz (7} VraTh ()] 22 =0. (5.35)
TER

We next prove that, for all £>1,

lim lim / |V, VE(r, x) > de=0. (5.36)
2| >I7|

n—o00 T—F00
+

and that, for all £>1,

lim lim / VTwaL 7,)|? dz=0. 5.37
3 i [ Vo) (5.37)

T—F00
+

The proof is similar to that of the analogous properties (3.31) and (3.32) in the proof of

the exterior energy bound for the linearized equation close to a soliton. Using (5.34) and
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fixing 1<k </, we see that, for all T,

/ Vrzs(u(sn+7,2)—vn(sn+7, 7)) -VT,ny (1,2)dx
|z >|7]

:/ |VT7QCV,i€(T7 x)\zdx
|z 2|7

+ / Vch,f(T7 az)-Vm;V,fc (r,2)dx
o <e” 171=17]
7k

+/ Vmgwa(T, x) ~V771V,f(7', x) dx
|z =7

+/| . lVf_’foL(T,I)VT’x‘/f(T,ZE) dx.

(5.38)

Since, for all j, VJ scatters in both time directions in {|z|>|r|} (in the sense that it

satisfies (2.10)), we have, using the pseudo orthogonality of the parameters as in the

proof mentioned above,

lim lim / VeaVi(T,2) Voo Vi (1, 2) da
n%mgrﬁﬂ:oo‘ |z >|7| 7 ( ) 7 "( )
and also, if k</,

lim lim ’/ Vot (1,2)-V,  VE(r ) de
|z > |7

n—00 I T—300

Furthermore, by (5.35),

lim limsupz lim ‘/ Vorart (1,2) -V, o VE(r, 2) de
|z|>7|

T—F00
+

By the definition of vy, we have that, for all n,

lim \Vtym(u(sn+7,x)*vL(8n+Tax))|2dw
T—-+00 || =T
= 1. - 2d = M
cralinoo |z|>0—s, |vt,x(u(07x) UL(O'vx)” z=0

On the other hand,

lim Vio(w(sn+7,2)—vp(sn+7, 7)) da
T——00 |I|2‘T|
= lim ‘Vt,z(u(gvx)_vl;(o—v l’))|2 dx.
o——00

|z| 280 —0

=0 for all j#E,

=0.

=0.

(5.39)

(5.40)
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By the small data theory, there exists a solution ug of the free linear equation such that,
it A>1,

lim Vi o(u—up)(t,z)* dv=0.

== Jig|>A—t
Combining with the large time asymptotics for linear wave equation, we deduce that
there exists g€ L?([A, +o0) (for a fixed A>>1), such that

lim |Vt7w(u(sn—|—7',x)—vL(sn—|—T,x))|2dx:/ lg(n)|* dn. (5.41)
T |2 7| nZsn

Note that the right-hand side of (5.41) goes to zero as n goes to infinity. Combining

(5.38)—(5.41), we obtain the desired estimate (5.36). A similar proof yields (5.37).

Step 3. (Consequence of the equirepartition of the energy) Let k> K+1. Then, by
(5.32),
sup ||V, (0) 13, = 0c, (1)

Using the small data theory and the equirepartition of the energy outside the wave cone
for the free wave equation proved in [19] (see Theorem 3.1 above), we deduce, if ¢ is
small enough, that
: k 2 1 k 2 Lok 2
lim Vi Vit z)|*de> = | [V V7 (0,2)]° de = —=||[VE(0)]|3-
T E ez 2 ’ 4

From (5.36), we deduce that V*=0 for k> K +1. As a consequence, w!, does not depend
on £ if > K. Setting w,=w’,, we have, by (5.37),

n’

lim lim / |V 2wn (7, 2)|* de =0.
n—oo T T—+oc0 lz|>|7]

Since w,, is a solution of the free wave equation, we deduce (using Theorem 3.1 again),

that

lim /\Vt@wn(o,x)\zdm:(),

n—oo

and hence (5.19). It remains to observe that, if 1<k<K, the property (5.36) implies,

since the time parameter sy, is identically zero, that

Jim / VooVt @) da =0,
|| >t

t—+oo

i.e. that V* is non-radiative at t=0. O

For further use, we state the following important consequence of the proof of Lemma 5.2
(see (5.34)).
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CramM 5.3. (Exterior expansion for all time) We have, for |z|=|7],

K

w(sn+7) =vr(sn+7)+ D> Vi (T)+rn(7), (5.42)
k=1

where

lim sup/ |VT7‘T1",L|2 dxr=0.
[z =] 7|

n—oo T

5.3. Estimates on \; and 3,

Recall from the introduction of this section the definitions of h(t), g1(t), ¢ (t), B;(¢), v(¢)
and §(t).

LEMMA 5.4. There exists a constant C>0, depending only on J and N, such that,

under the preceding assumptions, for all t€[t,,t,], we have

(R, g1) |7 < 0n (1) +C (N1 46N/ N =20, (5.43)

J
5= AW 1| on ()40 N0 (5.44)
|6]+04]||AWHL2| <0n —|—O( N/4_|_6N/(N72)), (545)

where, in all inequalities, o, (1) goes to zero as n goes to infinity uniformly with respect
to t€[tn, tn)].

Proof. Note that (5.43) and (5.44) are time-dependent version of the estimates (4.7)
and (4.8) for non-radiative solution. We will prove (5.44) as a consequence of (4.8). The
proof of (5.43) using (4.7) is very similar and we omit it. We argue by contradiction.
If (5.44) does not hold, there exists, after extraction, a sequence of times {s,}, with

€[tn,tn], and an £, >0 such that, for all n,

> C(BP2WN =D/ WN=2) (5, ) 4y (N=D/2(g )) ey (5.46)

62(sn) Za 5n)[|AW |22
Jj=1

Using Lemma 5.2, we have

K
W(sn)—UL(Sn) ZV H =0, (5.47)
H

n—oo

where the rescaled profiles V,* are defined as in Lemma 5.2:

1 t T
VE(t, )= vk ( , ) ,
AN \ Nitsn) | Nalsn)

Ik
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and V* is a non-radiative solution to the non-linear wave equation with initial data
(Vokv Vlk)a and
Je1—1
k ik
Vo = Z LjW(,,j)-i-hO,
J=Jk
Je41—1
V= D @AW+t
J=Jk
where Af and §F are defined as weak limits of h(s,) and g¢;(s,), respectively, after an

appropriate rescaling (see (5.22) and (5.24)), and

a; = nlggo ;j(sn).

Since, for all k€[1, K], V¥ is non-radiative, we can use the estimate (4.8), which writes

j —1
52—% G[AW 32| < C(op D2 4y (212 (5.48)
J=Jk
where
02 = 0V F(O)II22 +[1BE1%,
and

Vi

V= _Max
JeSISIe+1—2 Vjg1

(as usual, if jpy+1=1+7jk, we let v, =0).
Observe that

lim ~(s,)= max -
nﬁoo’}/( n) 1<k<K7

and, by the expansion (5.47),

K

lim 52(5n) = Z 5,%.

n—00
k=1

Summing up (5.48), we deduce that

J
52(571) _Z a?(sn)HAW”i? < CJ((;Q(N_D/(N_Q) (Sn)+'7(N_1)/2(5n)+0n(1)),

J=1

where the constant C'; depends only on J. This contradicts (5.46) for large n. The proof

is complete.
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We next compare «; and ; and prove (5.45). We have, expanding 0,U by (5.10),

Bi(t) = —1; / (AW, 00

15 AW i1 =0 AW [Ee =500 S [(AW)0 (AW, .

—— k#j
0

By (5.44) and Claim A.1 in the appendix,

S+ Y240, (1)) /22

o / (AW) 5, ) (AW) 5y

A

gN/(N=2) 4  N(N=0)/4,N=5/2 (1)

)

which yields (5.45). O
We next prove the following result.

LEMMA 5.5. (Expansion of the energy)

1 ity (N—-2)/2
‘252—“/1 > Lij+1( f\+ ) Son(1)+y V12, (5.49)
1< -1 J
§ SN2/ 40, (1), (5.50)
1(h(£), g1(8)) [l S on (1) +7N2, (5.51)

where 0,(1)—0 as n— o0, uniformly with respect to t€[t,,t,], and

/ (N(N=2))N27L oy (v—2) 1
= W d - .
& / e[V -2 AW,

Proof. Note that (5.51) follows from (5.50) and (5.43).
We are thus left with proving (5.50) and (5.49). Recall that

lim E(i(t)— L (t)) = JE(W,0).

t—o00

Expanding the energy
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we obtain, in view of the inequality
_N=2 XJ: 2N/ (N=2)
j
N =
J
=D Ly yh— Sy Py

j=1 1<G.6<T
ik

J
S [PV LYy /N
j=1

+ Y (minfy; YNGR, eV Vg7

1<i<k<J N N
min{|y; |V N2 g |y (VN2 ),

2N/(N—-2)
i+h

proved in Appendix A.3, and the estimate
/ AW AW g S92
(see Claim A.1 in the appendix),

J
E||VW||2L2+ L]Lk/VW()\ VWoo+ Y L]/VW

1<j<k<J 1<5<T

_ J / RN/ (N=2) _ Lj / W/ 2,

-y ijk/W(N“)/(N Wi+ ZOPHAWHLZ JE(W,0)

1<5,k<T J 1
k#j
4/(N-2) 4/(N-2)
S D /mm{Wm oo Wi Wi}
1<]<k<J

(N+2)/(N—2 N N—
—|—m1n{W()\j)+ . )W(Ak)’W((A ;r2)/( 2)W(>\j)})
+lgll72+ VA7 4427267 +0,(1).
We note that, for all j and k,
/VW()\J').VW()\IC):/W()]\Y+2)/(N72)W()\k)7

/VW()\ )-Vh= /W(jv)“)/(N h.
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Furthermore, we have

/ minf WD/ N2y Ny

(Ak)

< / W/ N2y NIN2) < g2,

+/ min{W4/j(N_2)W(2>\k)’ W4/(N_2)W(2>\j)}

(A9)

by Claim A.1.

As a consequence, using also the estimate (5.43) on h and g;, we have

J
1 N+2)/(N—2
‘2§ Q2| AW |22 — LJ%/W< PRIy
=1

(A5)
1<j<k<J (5.52)

<,YN/2+,YN/2—252+52N/(N—2)_i_On(l).
We next estimate, for j<k,

A \V-2)/2 s
/ w2y (A / WNE/(N=2) ypp (A7) g
) M. Ak
J

N—2)/2 _
(M N (N (N -2) 2)/2W(1v+2)/(1\7—2) e
- |x|N72

A

A\ VI (N+2)/(N—2)
Ak +2 2
+0(<Aj> fw |x|N 72 dx)’

where we have used

1
~g|N-1/2°

(N =222
]2

’W(a:)

In particular, if j<k—1, we see that

N+2)/(N-2) N—-2
/W(,\ ) Won S

Combining with (5.44) and (5.52), we obtain

2 Sy N =D/2p  N/22252 4 §2N/(N=2) 16 (1),

which yields § <y(N=2/4 40, (1), i.e. (5.50). Going back to (5.52), we deduce (5.49). [
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5.4. System of equations and estimates on the derivatives

Under the above assumptions, we let as before U(t)=u(t)—vr(t), so that

J
fZLjW(Aj) =U(t)—M(t).

Expanding the non-linear wave equation (1.1), we see that (h(t),d;U(t)) satisfy the
following system of equations for t€[t,,t,]:

on aU 4
5= Z LA AW ),
(5.53)
o (U 4
a( m) ~Ab=F()- ;Fujw@j))w(h,m,
where
o(h,vy):=F(M+h+vp)—F(M+h) (5.54)
satisfies
o (h,vr)| < o (1) VDN 2)+Z WD 4 () [V YD) o (8)]. (5.55)

j=1

We next estimate )\}(t), using the orthogonality condition (5.8) and the first equation in
(5.53). More precisely, we will prove the following.

LEMMA 5.6. (Derivative of the scaling parameters)
N aj] SN ton(1), (5.56)

where 0, (1) goes to zero as n— o0, uniformly with respect to t€[t,,t,)].

Proof. According to (5.8),

/h( ))\N/2 (AAW)(ij(tQ dr=0 foralltel.

Differentiating with respect to ¢, we obtain

oh 1 ,
s N/Q(AAW)(/\]>dx—)\/ 1JFN/Q(AOAAVV)<)\])alx7
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where AOZ%N—i—x-V. By the first equation in (5.53),

ou 1 x
J

In view of the definition (5.10) of g1, we have

0. U = Z e (AW) 5+ 91
k
By the estimate (5.51) on g;, the bound (5.50) on § and the estimate
AW (AW [ $5Y2
(see (A.5) in the appendix), we obtain
e (3)

:/gwm (AAW)(A ) ot AW, +Z¢kak/ AW (AAW) o,
j J k]

= —a|[AW %, +O ().

By the estimate (5.51) on h,

, 1 T

Combining, we obtain, for all j,

SINIVAI L2 S (N oa (1)) X))

| AW (2, + XA (13 | SN+ D) +92 D [N +on(1),
k#j

and thus, letting a=(ayq, ..., ay),
N +af SN 24N 4o, (1),
This implies, recalling that, by (5.50), 6 Sy (N=2)/4,
IN| S e+ S5+ 4 40, (1) SN D440, (1).

The desired estimate (5.56) follows immediately from the two bounds above.
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LEMMA 5.7. (Second derivative of the scaling parameter) For all j€[1,J],

Mg W21 \ \V/21
Pl N e [ D
Jﬁj—mo(%b]ﬂ( Aj > 1t 1(>\j—1> )

where kg is defined in Proposition 5.1, and, by definition, to=t;4+1=0.

<AWD240,(1),  (5.57)

Note that f3; is, according to (5.45), (5.50) and (5.56), proportionate to A’ up to
lower-order terms, so that (5.57) can be interpreted as an estimate on the second deriv-

ative of \;.

Proof. Differentiating the definition (5.12) of 3;, we obtain

NBI(E) =1, / (AoAW)p U 1), / (AW) 51020

We first prove that the first term of this sum is small. Using the expansion (5.10) of 0;U

we obtain

/(AOAW)[Aj]atU:/(AOAW)[/\-]QI

+Lgaj/(AoAW)[A (AW) ;) +Z/Lkak (Ao AW ) (x; (AW) 5,1
k#j

0
Hence, by (5.50), (5.51), (5.44), (5.56) and the estimate

[ oy 4wy, | 97722
(see (A.2) in the appendix), we obtain
A /(AOAW)[Aj]atU‘ SAWN=D2406,(1). (5.58)
By the second equation in (5.53), we have
by / (AW, 102U
/ (AW)(r) Liwg, (5.59)
+/(AW)(/\j)0(haUL) (5.60)

N+2
+/(AW)<AJ><F(LjW<A;->+h)F(Lquj))N QW(&/()N 2)h> (5.61)

+/(AW))\J (F(M+h)—F(M)—FF(LJW()\?))—F(LJW()\7)+h)) (562)

/ (AT )0, < ki:F (W) ) (5.63)
=1
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where N oo
+ W4/(N 2)

LW(Aj) :7A7N 2 Aj)

The leading term in this equality is (5.63). We first prove that the other terms are of
order O(yN/2)+0,(1).

Estimates on lower-order terms. We first note that, by integration by parts,

/(AW)()\j)LW(Aj)h:/LW(AJ>(AW)()\j)h:0’

so that the term on the right-hand side of (5.59) is zero.
By Holder inequality, and the estimate (5.55) on o(h,vr,), we have

N+2)/(N-2
1(5:60)| S l[orpansc—» + oz IS 5
Since vy, is a solution to the linear wave equation, we have

lim ||UL (t)||L2N/(N—2) =0,
n—oo

which proves that the term (5.60) is o, (1).
To bound (5.61), we use the inequality

|[F(a+b)—F(a) = F'(a)b| Sb*Lgppicjapa® N N2 bV N=20 00 0y
proved in the appendix (see Claim A.6). We obtain
(6—N)/(N-2)
|(5-61>\§/\(AW)(A»Ih211{|h\<W<xj>}W<Aj>
+/ (AW o) | RS20 sy
Since [(AW) (x| SW(a,), we deduce

GSUIS [ W4 [ WSO S o RIS 9V 40 (1),

where we have used the estimate (5.51) on h.
To bound (5.62), we distinguish between the case N >7 and the case N=5. If N>7,

we use the inequality

[Fla+bec) — Flatb)— F(a+e) +F(a)| S o] [y V+2/202)jg|(6-M)/20=2
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(see again Claim A.6), with a=¢;W ), b:Zk# txWix,) and c=h. We obtain

> uWo

i#h

(N+2)/2(N-2)

N N—
(66215 [ AW, W52

Since [(AW) ;)| SW(a,), we deduce that

(N+2)/2(N—=2) 11, (N+2)/2(N—2)

562|<Z/|h|W Wi
k#j

)>(N+2)/2N

< ||h||L2N/(N 2) Z(/W(]XZ (N— Z)WN/)(N 2
k#3j

By the estimate (5.51) on h and the bound

/le\figN 2) N/)(N 2) < A N/2
(see Claim A.1), we deduce that, if N>7,
1(5.62)] SN T2 40, (1).
If N=5, the inequality
|F(a+b+c)—F(atb)—F(a+c)+F(a)| <lef b] (Jal+|b]+]¢))/?

proved in Claim A.6, with a=¢;W, ), b:Zk;éj txWn,) and c=h, yields

1(5.62) |<Z</ WA W, )|h|+/W(A,€)W4 3|h|+/|h|4/3W(A YWine )
k#3j
By Holder’s inequality, we deduce that
W/s 4/3 5/311,5/3 %
G S bl 3 Wy W o +IBI2, S ( [ W<<k))
1<k 0<T 1<k, 0<T
k£t k£t
Together with the estimates (A.3) and (A.4) of Claim A.l in the appendix, and the
bound (5.51) of h, we deduce that, when N=5,
1(5.62)] S 7°/ 43244534312 10, (1) Sy 440, (1).

As a conclusion,

1(5.59)|+(5.60)|+(5.61)|+](5.62)| SN2 +0,(1).
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Estimate on the leading term. To conclude the proof, we will prove that

/N (F(M)_Z (LkW()\k))> (AW)()\]) dx
) o (5.64)

A1 N/2—-1 N \WV/2-l Vo
Ho(ﬁjﬂ(; > Lj—l(;\,Jl) )‘57 2,
J J—

We will prove (5.64) as a consequence of the following inequalities:

J
/RN (F(M)—Z F(LkW()\k))> (AW)r,) d= (5.65)

(where, by convention, to=t;4+1=0),

4/(N-2)
Won Wo,

- At N/2=1 nrN/2— L(N— 2N/2+1
Aj 2(N+2)

N J+1) (AW)(/\j)
* (5.66)

N+2)/(N-2 N/2
/IwIN WD/ (N2 <N/

for 1<5<J—1, and

w2

N/2—-1
N )‘j / NN/2— I(N N/2+1/ W(N+2)/ (N 2)dx
Aj-1 2(N+2) || V=2

W(/\j—l)(AW)(/\j)

= (5.67)

<’7N/2

for 2<5<J.

Proof of (5.65). We adopt the convention Ag=+o00 and Ayy1=0. We first notice
that there exists a constant C' such that, for any k,£€[1, J]|, we have

\/)\k+1)\k<|x\ <V A1 Ay = W(AZ)SW()%) (5.68)

(this follows easily from the facts that W is positive and W (z)~1/|z|V~2 for large |z|).
To prove (5.65), we write

Fy(w) de = / Pj(x) da, (5.69)
R ;;1 v <lel< ATy
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where

J
Pj(z) = (AW) ;) % (F(M)—Z F(eWin,))
=1

N+2 4/(N-2)
Nt

N+2
LJ 1W4/(N Q)W( Aj— 1)).

Wi

j+1)

T N_9 (X5)

If j#k, using that, if \/Apdp+1 <|z| </ ApAp—1,

4 N— 2
[FOM) = FuWo ) S W23 wi,),
£k

and that [(AW) )| SWy,), we obtain
/ Py ()] da
VA1 <2</ AR Ak —1

< / W4/ V[/(A )W()\ )
;c >\k>\k+1<\z|<\/m (A&) ¢

(N+2)/(N-2)
+Z / W()\z) W(Aj)

TR AVEYS VRIS VAV v

+ / WNER N2 (AW, ) d

VAR <2<y /AR A1
Since j#k, and, by (5.68), {#k implies W(y,) SW(s,) on the domain of integration, we
can bound all the terms of the right-hand side of the preceding inequality by

(N+2)/(N72)
W Wi,

2k /\/Amk+1<|x<\/xml

WN/(N 2)WN/(N 2)< N/2

S (Ak) (Ae)

~

(#k

‘/\/)\k>\k+1<|x|<\/)\k)\k—l

by Claim A.1 in the appendix. Thus, we have proved that, for k#j,

1Py ()| da S V2. (5.70)

/\/Am+1<|x|<\/xml

Next, by Claim A.6, we observe, setting

Z LuWin,)(2)

E;:= {xGR
(£

< wm.)(z)},
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that, for all  such that /A;Aj 1 <|z|<\/AjAj-1, we have

N+2
F(M)=F(,;W,))— 4/(N DN W

N-2 2
L#£]

(6-N)/(N—2) (N+2)/(N-2)

<]lE ZW()\[ W( ) —‘rﬂRN\E (ZLZW(M )
L#£] L]
(6 N)/(N-2)
S Z W (Ae) ()\ ) ’
L#£]5

where we have used the following facts.
e If N>7, we have used that (N+2)/(N—2)<2 and that, on RV \ E;, one has

2 2
WA, SD_Wh,)
!

o If N=5, (N+2)/(N—2)=1>2. However, the preceding inequality holds for

VA A+ Szl < VAN -1,

since in this set one has

’Z Wi (@) S Wi, (@)
L#£]5
and 6—N>0.
As a consequence, using also [(AW),)|SWx,),
/ |P;j(x |dm<2/ W(/\Z)Wz;/(N 2)
VZNEVERESEIESVAVE VI 05 7V VAN <lel<y/ M
N+2)/(N—2
n / Wiy W /2,

Lg{j— 1,3 J+1}

Using again (5.68), we obtain, by (A.4) in the appendix,

> WaLW S S [ WAL g
15 A <lel<y/ A0 £

Furthermore, if £¢{j—1,4,j+1}, by estimate (A.1) in the appendix,

N+2)/(N-2
/W()\Z)W(()\j) 0 ):/VW(AZ).VW(Aj)

\(N=-2)/2 (N—2)/2
wei(n) () e
£ J

Combining, we obtain

/\//\jAj+1<I<\/>\j>\j1
which, together with (5.70), yields the desired inequality (5.65).

|Pj(a)| da SAN/?, (5.71)
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Proof of (5.66). Recall that

|| (2-N)/2 N_9
Thus,
|W(m)—1|+‘AW( )-% <2 (5.72)
and N/2-1 N/2
_(N(N=2)) (N(N=2))"" 1
‘W(x) PRE +|AW (z)+ ONN 7| ST (5.73)
By (5.73),

/W(Zl)\/)N 2)W)\ +1)(AW)()\

C\(N-2)/2 .
= ( Aj ) /W4/(N_2)(x)AW(x)W( A ) dx
Aj+1 Aj+1

(N—2)/2 .
_ <)‘j+l) /W4/(N72)(x)AW(I) (N(N72))N/2 d:c+0(’yN/2)7

Aj mN—z

where we have used that the integral

/ WA N=2) Ay dx

|‘N1

converges. Furthemore, by an easy integration by parts,

1 —2(N-2)
WA (N=2) 1 oy do — / W N+2)/(N=2) 4
/ z-V o[V 2 T = N2 o[V 2 T,

and thus

(N+2)/(N=2) .

1 4/(N=2) (N— /
AW dx =
/ =" Wdr=owra) | v

Combining, we obtain (5.66). O
Proof of (5.67). By (5.72),

4/(N— 2
W(A/() Wi, o (AW) )

CAWV=2)/2 ,
= (>‘J) /W4/(N2)AW(33)W</\J:E> dr
)\j,1 )\j,1
) N-2)/2 )
( Aj /W4/(N2)AW(x)(1+O<)\J|x|>) da
)\j—l /\j 1
s

)
(%)

J

X /W4/<N AW (z) dz+O(YN/?).
J—1
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By a straightforward integration by parts, we obtain

2
/W4/<N—2>AW dx:_M/W(N+2)/<N—2) dr,

2 \(V=2)/2
_(N-2) < Aj ) WNE2/(N=2) | (4 N/2),

2(N+2)
and thus
4/(N-2)
/W(/\ ) Wi, 0 (AW) )
2(N+2) Aj—1
Finally, we observe that, for o>0,

N(N—Q) N+2

g

N2 /(N—2) (

/oo r]\]172 W(N+2)/(N—2) (T)?‘N_l dr
0

o > T (N(N-2)&+)/2
and thus, by the change of variable r=N(N —2) /0,

WWNHD/(IN=2)(N (N —2)0),

1 / WNE2/(N=2) () N1 g

~ (N(N-2))2)72
Combining with (5.74), we obtain (5.67).
The proof of (5.64) is now complete.

(5.74)

O
O

End of the proof of Proposition 5.1. We next gather the results of the preceding

Lemmas to conclude the proof of Proposition 5.1.

The estimate (5.13) is exactly (5.50) in Lemma 5.5.

By (5.45), (5.56) and (5.50),

|85 = N IAWIIZ: | < |85+ AW [ 22|+ [N +ag AW 122 | S7™* +0n (1),

hence (5.14).
Combining (5.44), (5.45) and (5.49), we have

1 , J—1 - (N—-2)/2
)

Jj=1 Jj=1

J J
1
SRS S
j=1 j=1

J

F—AW]72D a2

1
2 ‘
Jj=1

) g+1 (N=2)/2
5 _"ﬁzbﬂjﬂ

< '7( - )/2+0n(1)'

~

AW |72
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Hence (5.15). We have used that (5.45) and the estimate
18]+l | SN2
(consequence of (5.44), (5.45) and (5.50)) implies that
|85~ 1AW [|7203 | = |(8; — AW [[7205) (85 +IAW [|Z2 )| S 7N 4N =2 40, (1),

Finally, (5.16) is exactly (5.57) in Lemma 5.7. O

6. End of the proof

6.1. Exit time for a system of differential inequalities

Using Proposition 5.1 and a lower bound on one of the scaling parameters \; (consequence

of Proposition 4.6), we will reduce the proof to the following proposition.

PROPOSITION 6.1. Let C>0, Jo>2, a>0. There exists e=c(C, Jy,a)>0 such that,
for all L>0, there exists T*=T*(L,C, Jy,a) with the following property. For all T>0

and for all C' functions
A:()\j)jZ[QT}P—)GJO and ﬁ:(ﬁj)j:[O,T]—>R‘]°
satisfying, for all t€[0,T],

YA =iy<e (6.1)

18— AW 2. X,|< C7N/4 - forall j,  (6.2)

1, N \ VT
‘2 >ty B~k 21@@0*1”%“( Aj )

Aix1 (N-2)/2 s (N-2)/2
)xjﬂj’»+/io(LjL]v+1 (L) —ijLi—1 (A—]) )’éC’y(N_l)/Z for all j, (6.4)

Aj -1

< Cy(N-1/2 (6.3)

)\ a
< (N=2)/2 1 )
L<Cy (Al(o)) . (6.5)

we have
T<T* ) (0).

Remark 6.2. Let us emphasize that T* is independent of >0 if it is chosen small

enough, and that ¢ does not depend on L.



58 T. DUYCKAERTS, C. KENIG AND F. MERLE

We postpone the proof of Proposition 6.1 to §6.4, and conclude the proof of Theo-
rem 1 in the two next subsections. In view of Proposition 5.1, (A;)1<j<s and (85)1<i<s
satisfy the assumptions of Proposition 6.1, except for the lower bound (6.5) and up to
terms that are o,(1). In §6.2, we will eliminate the o, (1) terms. In order to do this, we
will ignore all the exterior profiles that are equal to £W, restricting to indices je[[J ,J]
for an appropriate index J and to a time interval [f,,t,] strictly included in [£,,t,]. In
§6.3 we will show that the new exterior scaling parameter Aj satisfies the lower bound
(6.5) and conclude the proof of Theorem 1 assuming Proposition 6.1. Finally, in §6.4, we

prove Proposition 6.1.

6.2. Restriction of the indices and of the time interval
Recall from §5.1 the definitions of t,, t,,, J and, for j€[1,J], ¢j, a;(t), B;(t) and X; ().

After extraction of subsequences, the following weak limits exits in H:

(U3, U7) = w-lmm(A (£) 271U (E, Ag (E) ), Ag (E0) V200U (s A (E) ), (6.6)

n—oo

where, as before, U=u—wvy,. We note that there exists j€[1, J] such that
(U3, T7) # (W, 0).

If not, for all ke[1, K—1], by (5.27)—(5.29), jr+1=Jr+1 and, by the definition (5.17)
of ji, we see that, for all j€[1, J],

This implies lim,, . 7(f,)=0 yielding, by Proposition 5.1, lim,, ., d(f,)=0, a contra-
diction with the definition of #,,. We define J as the unique index in [1,J] such that

(U3, U = (1;W,0)  for all je[1,.J—1], (6.7)
(T, T7) # (1;W,0). (6.8)

If ((7&, [711)7&(L1VV7 0), we let J=1. By the argument above,

 Na(En) -
lim 2L 0 for all 1,J-1]. .
JHm ) 0 forall je[l,J-1] (6.9)
We set
5 i (t
A=A glE) and 5 =) jeyey) =  max 2 (6.10)

In this subsection, we prove the following lemmas.
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LEMMA 6.3. We have -
. tn_tn
lim

n—oo ¥
Jn

= +00.

LEMMA 6.4. Let T>0 and
t;L :£n+T)‘j,n~

Then, for large n, for all t€[t,,t.] and for all je[.J,J],

|8; =AW |32 X | < CFN/4,

>"+1 (N—-2)/2 s (N—-2)/2
)\jﬂé‘i’lﬁg (Lij+1( ;\ > Lij_1<)\ J > >‘ gCW(Nil)/z,
J j—1

and, for all t€[t,,t,],

J—1

1 , Ay (N—-2)/2
IS 'y
j=J j=J I

gcﬁ(N—l)/?.
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(6.11)

(6.12)

(6.13)

(6.14)

Proof of Lemma 6.3. Step 1. (Expansion of the solution along the sequence {t,},)

Extracting subsequences if necessary, we introduce, as in the beginning of §5.2, the

following partition of [1, J:

K
[[17 Jﬂ = U [jkajk-‘rl_l]L
k=1

with
I=n<p<..<Jgg,=J+1
and letting

A =Aj, (Bn)  for all ke [1, K],

we have
. )\j (En) e . ~ o~
lim =——~ >0 forall ke[l,K] and all j € [k, jx+1—1],
n—00 k,n
Akt1n ~
lim 25 — 0 for all ke [1, K—1].
n—oo k,n
We set

(U§,UF) = wlim AU (s Mo ) Ay 22000 (B At -)-

n—oo

Note that, by (6.9),

(UE,UF)= (1, W,0) for all ke[1,J—1] and jr=Fk for all ke[1,.J].

(6.15)

(6.16)

(6.17)

(6.18)
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We let U* be the solution of the non-linear wave equation (1.1) with initial data (U}, UF).

According to Lemma 5.2, U* is defined for |z|>|t|, non-radiative and, denoting

1 t x
Uk(t,z)= U’“< , ) 6.19
VAR v (019

we can expand (f,) as follows:

lim
n—oo

K
(t,) -1 (E,) Z H (6.20)

We now make a crucial observation on (UOJ~ , Ulj ). Since, by the definition of J,
Uy, UY) # (1;W,0),

we see, by the analogue of the expansion (5.21) (where k=.J and (V¥ V}*) has to be re-
placed by (UOJ~ , Ulj )), the orthogonality relations (5.26) and the uniqueness in Lemma B.1,
that (Uoj ,UlJ~ ) is not the initial data of a stationary solution. Since the correspond-
ing solution is non-radiative, we deduce from Theorems 4.2 and 4.3 that there exist
po€[1,3(N—-1)] and £€R\{0} such that, for all t€R and all R large (depending on t),

L 1 1
J =
v (t)_f“m”*‘(R)gmaX(R(m1/2><N+2>/<N2>’ RP0+1/2)7 (6:21)

where the implicit constant might depend on R (but of course not on t).
Step 2. (Contradiction argument) Assuming that (6.11) does not hold, we have,
extracting subsequences if necessary,

t,—t
lim =>—=

n—oo 7

J.n

=Te0,00). (6.22)

By the expansion (5.42), with 7=t,, —,, and s, =t,, we have

K
@(tn) =0 (ta)+ Y UF(tn—T) 4+t —10), 2] > [tn—1al, (6.23)
k=1
where
lim |Viarn(tn—1t,)|* de=0. (6.24)
nreo |‘T‘>‘tn nl
Let

(A7, AT) = waimAN D21, 05 ), Af{fatu(tn, Ajn))- (6.25)

n—00 ;T
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We claim that
(A3, A)) (@) =U"(T,2), |z|>|T], (6.26)

where T is defined by (6.22). Indeed, let p€C§°({x€RN:|z|>T?}). Then, by the defini-
tion (6.19) of U;/, we have

/A.(]“],\;_2)/2Ug(t”_t~"’ Ajnt)p(z) de

:/Uj<t”_t~",x><p(x) de —— Uj(T7x)<p(x)dac,

Aj,n n—oo
where we have used (6.22) and the fact that U7 [{jz|> ¢} is the restriction to {|z[>[t|} of

an element of CO(R, H') (see Definition 2.3). Furthermore, if ke[1, K]\{J},

J,n

(N+2)/2 ;
/\kn k tn_tn )\kn
= — U : dy. 2
/(Ai’) ( Mo 7y>s0<Aj}ny> Yy (6.28)

Using that there exists T7/>T such that |z|>T" in the support of ¢, we see by (6.22)
that |y|>(t,—%,)/Ak.n for large n in the support of the integrand in (6.28). Thus, for
large n, (6.28) (or equivalently (6.27)) does not depend on the values of U¥(t,x) for

/ ANk, 0, A ) () da (6.27)

|z|<|t|. Recall that, after extraction,

Akyn
lim 22" € {0, +o0}. (6.29)
n—oo j,n
If (after extraction)
tn—1,
lim -—" =0 € [0, 0),
n k,n

then, using that U [{|,|>¢|y is the restriction to {|z]|>]t|} of an element of CO(R, HY),

lim U (H) —UMo) in B ({Je] > o)),

n—0o0 kn
5

)\k:m (N+2)/2 /\k,n
AJn .

converges weakly to zero in H~!, we have that (6.28) (and hence (6.27)) goes to zero as

and, since

n goes to infinity. On the other hand, if

. tn _En
lim
n )\k,n

:—"—OO)
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using that, by Lemma 5.2, U is non-radiative, we obtain again that (6.27) goes to zero
as n goes to infinity.

Finally, we have

lim /\(-Nfz)/zrn(tn—fn, Ajn®)p(x) de=0,

n—00 ;T

by (6.24) and (6.22), and

lim [ AR 22,0

n—00 sT

z)p(x)dr=0

,

by the standard asymptotics of the linear wave equation. This yields
/AJ z)dr = / Uoj(T7 z)p(z)dz for all ¢ € C3°({|z]| >T7}),

and thus, arguing similarly on Aj and Ulj , the desired equality (6.26) follows.

Since lim,, o0 dj, () =0, we obtain that (AOJ,AJ) (0,0) or (AOJ,AJ) (£W(,,0)
for some sign + and scaling parameter >0, contradicting (6.21), and concluding the
proof of Lemma 6.3. O

Remark 6.5. The same proof yields the following: let {s,} be a sequence of times
with s, €[fn,t,] such that
lim dj,(sy,)=0.

n—o0
Then,
. Snfgn
lim = +400.
n—oo j,n
Proof of Lemma 6.4. We will show that
| N o
Jim Enrgtaéct, (ﬁj(t)H-)\j(t) =0 forall je[1,J-1], (6.30)
liminf min 5(t)> 0. (6.31)

n—oo . <t<t’

Assuming (6.30) and (6.31), the conclusion of Lemma 6.4 follows easily from Proposi-
tion 5.1. Indeed, by (6.30) and (6.31), restricting ¢ to [£,,t),], we can replace (t)+o0,(1)
by 4(t) in the right-hand sides of (5.14)—(5.16). Similarly, using again (6.30) and (6.31),
we can restrict the indices in the sums in the left-hand side of (5.15) to J<j. This yields

that (6.12), (6.13) (for j€[J,.J]) and (6.14) hold for all large n and t€[f,,, ! ].
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Proof of (6.30). We first claim that

lim sup

N0 <t

Aj(t) ‘ ‘ .
—~—1|=0 forall je[1,J-1]. (6.32)
Aj (tn)

Indeed, by the estimates (5.14) and (5.15), which imply [N |<CyN=2/% 10, (1), we see
that, for all t€[t,, ],

X=X E)S sup (YA 40, (1)) (E, — ),

tE€[tn,t,]
and thus, for large n,
Aj(t th—t Aim Aj(t,
‘1 i) <o m_p ldm J(N"), (6.33)
Aj (tn) Aj (tn) Aj (tn) Aj (tn)
and (6.32) follows in view of the fact that, by (6.9) and the definition of .J,
)‘j (En) _ . 4
Combining (6.32) with (6.34), we obtain
Ajy1(t -
Al o jef1, J-1]. (6.35)
ta <t<t, j( )
By the definition (5.12) of §; and the definition of J, we also have
lim 18;(tn)| =0 for all j€[1,J—1]. (6.36)
By Lemma 5.7,
N/2-1
v (t)+o,(1) _ 1 N , )
EAGIES < for all t € [t,,t),] and all j € [1,J—1].
! (1) Aj(t)
Integrating in time, we obtain
g )\j n A ~(En)
1B;(t) =B (Ea)| S T35 S sup S
! ’ Ai() ™ seqpn) Ai(s)

where the implicit constants depend on 7. By (6.32) and (6.35), the right-hand side of
the preceding inequality goes to zero as n tends to co. Combining with (6.35) and (6.36),
we obtain (6.30). O

We finally prove (6.31). We argue by contradiction, assuming, after extraction of
a subsequence, that there exists a sequence of times {s,}, with s,€[t,,t,] such that
lim,, 00 ¥(8)=0. By (6.30), lim, ;o ¥(8,)=0. By Lemma 5.5, lim,, ,o, 6(s,)=0. Thus,
lim,, o0 dj,.(5n)=0, a contradiction with the conclusion of Remark 6.5 since

tn <sn <t +TAj,. O



64 T. DUYCKAERTS, C. KENIG AND F. MERLE

6.3. Lower bound for the exterior scaling parameter and end of the proof

In this subsection we conclude the contradiction argument started in §5, using the same
notation as in §5 and §6.2. We recall in particular that ¢/, :fn—l—T)\j,n, where the sequence
{t,}n is defined by (5.5)—(5.7), )\j,n:)\j<£”)7 and T is a large positive parameter that will
be chosen at the end of the proof in order to obtain a contradiction with Proposition 6.1.
The small parameter g appearing in (5.7) does not depend on T. The constants are

independent of ¢g and T'.

LEMMA 6.6. Let ¢ and py be defined by (6.21). Then, if o is chosen small enough
(independently of T), then, for large n,

Ap(t) YOO .
10| < 2CO<)\ J({ )> SN for all te[t,,t,),
J\In

-where Cy is the constant of Proposition 4.6.
End of the proof of Theorem 1. We first assume Lemma 6.6 and conclude the proof
of Theorem 1. By (5.13), for large n,
S(t)N <yt N=D/CN) 1o, (1) SA() VD240, (1) for all te [T, t].

Combining with (6.30) and (6.31), we see that

SN SFRND2 for all t € [f,, ]

ny in

Thus, Lemma 6.6 implies that there exists a constant C'>0 such that

Ap(t) Yoo .
| gc(%) Ft)N=2/2 for all t € [t,,t)]. (6.37)
/\j(tn)
By (6.37) and the estimates (6.12)—(6.14) of the preceding subsection, the parameters
(Bj) j<ics and (Aj) j < satisfy the assumptions of Proposition 6.1 for times t€ [tn, tl].
The conclusion of the proposition yields t;—fngT*)\ j(fn) for large n, and thus T<Ty,
for a constant T, depending only on the solution v and the parameters £ and py. Since
we can take T arbitrarily large, we obtain a contradiction, concluding the proof of the

theorem except for the fact that

t—oo

which follows from finite speed of propagation and the small data theory (see e.g. the
proof of (3.53) in [21]). O
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Proof of Lemma 6.6. We argue by contradiction, assuming (after extraction) that
either
0] >2C0(8,) YN for all n, (6.38)

or [£]|<2Co8(t,)?/N for all n and there exists a sequence {3, },, with 5, €[t,,t], such
that

/\~(§ ) po—1/2
e|2co< S ) 6(5,)%N  for all n. (6.39)
)‘j(tn)

If (6.38) holds, we will let 5, =t,.
We use the expansion (5.42), as in the proof of Lemma 6.3 (see (6.23)) at s,=t,
and 7=3,, —t,,. This yields

S

K

(8n) = _’L(gn)""z _’rlf(gn_gn)"‘??n(gn_gn)v |z] > 3 —tn,
k=1

where the U¥ are defined in (6.17) and (6.19), and

lim \Vt.a7n (8 —1,)|? dz =0.

nree {lz|>|3,—ta}

Let
(B3, BY) =welimOA7 UG Az ) AT U G A ) (6.40)
o= lim M (6.41)
n—oo j,n

Note that €10, 00), since
t;Lftn .

=T.

n

7,
As in the proof of Lemma 6.3 (see (6.26)), we obtain

(B](z),B](2)) =07 (0,2), |2|>o0. (6.42)

We will next use Lemma 5.2 along the sequence {3, }. For this, we recall (see (6.32))

lim 280 gy all je[1,J—1]. (6.43)
n—o0 \j(t,)

On the other hand, after extraction,

=\ € (0,00). (6.44)
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Indeed, if (6.38) holds, then #,=35, for all n and (6.44) is trivial, with A=1. If not,
then (6.39) holds, and (6.44) follows since 6(5,) is small and bounded from below by
Remark 6.5 and the fact that 3, <t/,, which implies that

. Sp—t
lim
n—oo j,n

? < 0.

By Lemma 5.2, letting

(V7 Vi) =wlimOAY 22 (5,)0 (5, A5 (50) ), AY 2 (50)0U (50 A (50) ), (6.45)

n—oo J
we have
5 Jj—1 . : Jjy1—1 i
Vi= Y uWuy+hy and ViP= %" a;(AW)y, +3i, (6.46)
i=J j=J
where A(G)
i(Sn . = .
vy = im AJ( Sn) >0, jE€lLd5m -1l (6.47)
and jj+1 is the first index j>J such that
. Ai(Ba)
Jm S () =0 (6.48)

(as usual, if (6.48) is not satisfied for any j>.J, we take Jjy=J+1), and fzg and §1j

satisfy the orthogonality conditions

[TV, = [daW)s =0 jelinia-tl (649
By (6.44), (6.45) and the definition (6.40) of (Boj, Blj), we see that
B =AN-22y0(X.) and B =27 (3).

Using (6.21) and (6.42), we deduce that, for large R,

— s . _ 1 1
||(>\(N 2)/2V0J()\')7 )\N/QV1J()\'))—€:po||H(R) gmax{ R(po—1/2)(N+2/(N=2)" Rpo+1/2 }’

and, after rescaling, for large R,

S 1 1
(V5 vi7)— b UZ[EPDHH(R) gmax{ Rlpo—1/2) 842 /(N-2) Rpo+1/2}' (6.50)
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We next note that (VOJ~ ,V{/) satisfies the assumptions of §4.2 and §4.3. Indeed, it is close

to the multi-soliton }
Jip1—1

M= Z tiWy,
j=J
(see (5.28)), and the solution with initial data (Voj, Vlj) is, by Lemma 5.2, non-radiative.
We use Proposition 4.6 on (Voj , Vlj ). In view of (6.46) and the orthogonality conditions
(6.49) satisfied by i~L07 and i~L17 , the exterior scaling parameter (denoted by A; in Proposi-
tion 4.6) is v; who is, by definition, equal to 1 (see (6.47)). By (6.50), we must replace,

in the conclusion of Proposition 4.6, [¢| by APo~1/2|¢|. This yields
Wo=1/2)4) < Cod(3) /N (6.51)

Using (6.44), we obtain

Aj(fn) pom 1/ 3 = \2/N
< =
(Aj(§n)) 1) < 2Coé(sn)

for large n. By (6.39), we get
2C06(3,) N < 3C06(5,)N

for large n, which is a contradiction, since d(5,,)#0. O

6.4. Study of a system of differential inequalities
In this subsection, we prove Proposition 6.1.

We first observe that, by the following change of variable of unknwown functions:

¢ N0
2 (0) ’(T>_>\1(0)

and 5;(r) = 53,(1),

Wwe may assume
AL(0)=1.

The proof is by contradiction and relies on a monotonicity formula that follows from the
modulation equations (6.2)—(6.5). In all the proof, the estimates are uniform in t€[0, T,
and we must follow the dependence of the constants with respect to L. The implicit
constants implied by the symbols <, <, ... will thus never depend on L and t€[0,T].
We will introduce in the course of the proof two constants m and M depending only on
L and the parameters of the system. To simplify notation, we will let

1
Ko :i= ————.
[AW][Z.
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We note that (6.3) and the smallness assumption (6.1) imply

Jo
Do IB I SA A (6.52)
j=1
Together with (6.2), we obtain
Jo
SIS ey R, (6.53)
j=1

The idea of the proof is to construct a function V which is of the same order as A\? and is
convex. We first introduce a positive quantity B(t) which will appear in the computation
of V"(t).

Step 1. (Introduction of a positive quantity) We define 64,...,0,;, as follows: 6;=1

0
and, for all je[2, Jo],

0{ 20]’*17 if L]'Ljflzl,
J %9]',1, if L]’Ljflz—]..

We let ;
B(t)=>_0;);(t)B;(t).
j=1

In this step, we prove

B(t) > —°

Z 50 F(&)N=D/2 for all te [0, 7], (6.54)

where # is the constant appearing in the formula (6.4) for 3}. Indeed, by (6.4), setting

to=tj,+1=0, we have

Jo \ \V-2)/2 Mot (N—2)/2 Nt
B(t):mz@j (ijjl(le) —Ljliq1 (i) )4_(')(7( -1/ )
j=1 )= J
Jo s (N—-2)/2
=HoZLij-1<A_Jl> (0;—0,_1)+O(N=D/2),
=2 i-

By the definition of 8, for 2<j<Jy, we have

0',1 ifL',lb‘:].
Li—1tj(0;—0;_1) =< 77 I ’
-t ]( ! ! 1) { %gjfl, if Ljflbj:—]..

Hence, ¢tj_1;(0;—0;-1)>1/27 and (6.54) follows, since ~ is small.
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Step 2. (Approximate first derivative of V') We let

Jo
A(t) =0, (1)B;(8). (6.55)
j=1
In this step, we prove
At 27N =272 (1) (6.56)

and that there exists C' >0 such that

At > Z 0N (t), (6.57)
Jo
A ()= (ra+C71) ) 0;83(1). (6.58)

Indeed,
Ze N (t)B;(t)+B(t %229]5 +B(t)+O(rN=D/2),
where we have used (6.2) and (6.52). By (6.54), we deduce that
Jo 1
2 N-2)/2
’t)%g;ejﬁj(may(t)( 2

and hence (6.56). The estimate (6.58) follows also immediately, since
3 g2 g2
J
Together with (6.2), we also obtain (6.57).

Step 3. (Choice of an intermediate time) In this step, we will show that A(1/L) is
bounded from below by a constant depending only on L. By (6.5) and (6.56), recalling
that A;(0)=1, we have

LSCA ()N (t).

Integrating between 0 and 7<T, we obtain

LT < /T AN () dt. (6.59)
0
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Furthermore, by integration by parts, using again that A (0)=1,
/ AON(E) dt = A(T)A () — A(0) —a / AN, (DA () dt
0 0
— e -a0)-= [Togeagro( [ ).
0 0

K2

For this, we have used that, by (6.2) and the bound |8;|\; SYWV+2/4)\; (for j>2) which
follows from (6.52) and the definition of -, we have

J Jo
A) =) 05085 = k5 " AN+ (Br—ry MDA+ 0585
=1

p (6.60)
=y " AN HOMAYN),
Combining with the bound (6.53) on |\]|, we deduce that
| aox@a=ammm-a0-= [oaopaoaro( [T2o0e).
0 2.Jo 0
Using (6.59) and the fact that, by (6.56),
/ A/(t))\(ll(t)dtZ/ (N 2)/2>\a>7/ (N— 1)/2Aa
0 0
we deduce, if € is small enough, that, for all T€(0, 7],
1 T
SLr+ [ O (0)2A%(#) dE 4+ A(0) < A(T)N(T). (6.61)

2 k2 Jo

Assume in all the sequel that T>1/L. Using that |[\]|<1 (see (6.53)), we obtain

1 1
— )| <14+,
A <L> + 7
Noting that, by (6.5) at t=0, and since ¢ is small, 1/L>1, we deduce, taking & small
enough, that

1 2
V(1)< o
Going back to (6.61), using that |A(0)|< 1f5, we obtain
1 1 1 L
Al = =5 Z S5ar T :
<L) 2 N(1/L) ~ 2001 (6.63)

Note that, since A’(¢)>0 by Step 2, (6.63) implies that A(¢)>0 for all t€[1/L,T].
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Step 4. (Bound from above of A1) We let

Jo
_ 2
=1
and note that, using that 6; =1 and that A\;<eA; for j>2,
[V (#) =2 ()] S (0).

In this step, we show that there exists C>0 and M =M (L)>0 such that

V)< MeYC forall te B/,T]. (6.64)
Indeed,
Jo
V() =2 0;0N,
j=1
and thus

Jo
S8 <27 V(A W),

j=1

J(] J() JO
VI()A) =2 0, ) 0,08, < 2V(t)\l > ejA;?\l
Jj=1 j=1 j=1

by Step 2. Here,

2
(kO (ke +CY)
is a fixed positive constant, smaller than 2, and independent of L. Recall that, for ¢>1/L,
we have A(t)>0. For such ¢, we deduce that

AW V(Y

2 > , ,
SO0 (6.6
and thus, for t>1/L,
d (A% (1)
— >0. .
dt< V(t) ) >0 (6.66)
Hence, by (6.62) (which implies V(1/L)<1/L?) and (6.63), for t>1/L,
27 2—
A" (O, A/ 5 pagoe (6.67)

vit) © V(Q/L) ~

Using the inequality

At) SVV N 2(@),
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we deduce that, for all t<1/L,

_ A2 _
(YWD 2 V(()l 2 V(HEE

A% (1)
V()

Z L2+27av(t)(2—27)/2.

This yields (6.64), with
1
T 2@+ 2 a)/2—27)"

M

Step 5. (Bound from below of A1) By (6.65), we have, for t>1/L,
(a0,
@\ V()

A AQ/L)
YV T VVAUL)
By the bound (6.62) on Ay, the fact that V(¢)~A2(t) and the bound (6.63) on A(1/L),

we have

As a consequence, for t>1/L,

AM) o AQ/L) S gavi_, 6.68
Vi~ Vvam < .
Since |V'(t) =2k A(1)| SYN/A(H)A1(t) (see (6.60)), we deduce from (6.68) that

V'(t) N 1
>m+OyNA (¢t for all t > —.
T 2 o0 W) s

Integrating, we obtain

[ s (e )

and thus, by the bound (6.64) on Va2,
t

\/Mel/@c)—k/

AN (s)ds > (t—1>m for all t € [1,T]. (6.69)

Notice that, by Step 2, for te[1/L, T],

t t t
/ SRS / YN () ds SVEVE Al(s) ds
1/L 1/L 1/L

SVEVEVA) S VeVEeW /(1) SN VEMTE,
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where we have used the bound |A(t)| <A (t)y(N=2/4 and, to get the last inequality, the
bound (6.64) on V. Going back to (6.69), we obtain

m(t—1> S eV OV M4 WNFD/E A/, (6.70)
L ~J
Taking € small, we deduce
1
m(TL) <VM+MYANT, (6.71)

i.e.

(\f‘]\%) <l VB

which implies

/ / 1/4 \2
L m 4m?2  2m

concluding the proof, since the constants m and M depend only on L and the parameters

of the system.

7. Inelastic collision

This section is dedicated to the proof of Theorem 2. The proof is almost contained in the
proof of Theorem 1 and we only sketch it. Let u satisfy the assumptions of Theorem 2.
If u scatters forward in time, then

i [[(t) =0,

and, by the small data theory, u is identically zero. Thus, u does not scatter as t— oo,
and according to Theorem 1, there exist J>1, signs {¢;}1<j<s and parameters \;(t)
defined for large t such that

=0

A (t
0<As(8) <Asr(t) <o <Ai(®),  Jim y(t)=0,  lim 1)

t—o0 t

(where 7()=7(A(t) =max;eq1,s_1j Ay+1(8)/ A (£)) and

J

Z (W), 0 HHZO'

t—o0

Note that (1.10) implies that v, =0. We will use the notation of §5. Using Lemma B.1
in the appendix, we can choose the A;(¢), for large ¢, such that

/V(u(t)7M(t))~V(AW()\j(t))) =0 forall je[l,J], (7.1)
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where
J
)= Wi )-
j=1

For t>T, T large, we expand

u(t)=M(t)+h(t) and Opu(t)

H'M&

)i (AW) (1)) +91(0),

and denote

— \/||h(t)||§{1+||3tu(t)|\%2 and ﬁj(t) =l /(AW)[)\j(t)]atu(t).

Observe that the expansions above are valid for all large times, as opposed to the anal-
ogous expansions in §5 that are made on intervals of the form [f,,t,], where t,,t,—00
as n— o0o.

Then, we have the following variant of Proposition 5.1:

PROPOSITION 7.1. There exists C>0 such that, for all t>T,

s <Oy IN-2)/4 (7.2)
B = IAW (|72 X;] <CyN* o all je[1,J],  (7.3)

1 A1 (N—-2)/2
S DPI SRPPIN et Ry PN =
j=1 1T -1 J
g V272 \ \ D272
A3+ ro (LMH (;) —tjti-1 </\J) ) ’ (7.5)
J j—1

<CyWN=D2 for all je1,J],

where the positive constants kg and k1 are as in Proposition 5.1.

Sketch of proof. The proof is the same as the proof of Proposition 5.1 in §5.3 and
§5.4, observing that in the context of Proposition 7.1, we do not need §5.2 and we can
remove all the 0,(1) in the estimates. More precisely, we have the following.

e The estimates of Lemma 5.4 hold for t>T, without the o, (1) terms, as a direct
consequence of Proposition 4.4.

e The estimates of Lemma 5.5 can be proved for all t>T, without the o,(1) terms,
expanding the equality

E(d(t))=JE(W,0),
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and with the same proof. In Lemma 5.5, the terms 0,(1) came from the fact that the

preceding equality was replaced by the weaker statement

lim E(@(t)—7L(t)) = JE(W,0).

t—o0

e Similarly, one can prove Lemmas 5.6 and 5.7 for ¢ >T without o, (1) with the same
proofs, observing that in the proofs of these lemmas, the o, (1) terms come either from
the 0, (1) terms of §5.3, or from the term o(h,vy) defined in (5.54) and which is zero in
our setting.

Assuming that u is not stationary, it is now easy to obtain a contradiction: by
Proposition 4.6,

1] <CSHYN AR forall > T

Combining with the estimates of Proposition 7.1, we see that this contradicts Proposi-

tion 6.1, concluding the proof. O

Appendix A. Proof of some estimates

In this appendix, we gather a few purely computational proofs.

A.1. Estimates on integrals in the space variable

CrAamm A.l. Let 0<A<pu. Assume N=5. Then,

/RN \V(AWu))'V(AW(m)IJr/RN VWi VWl <

A

/ ATV (AT ) | + / AW g (Ao AVY)

W Wi ™ gawsoves

N

%

4/(N—-2
Wiy W™ 2| pawsove)

A

N/(N-2) N/(N-2)
Wiy W)

RN

A

/ (AW (AAT)

TlI> TBI>» TI>» TI>» EBlI>» TI>» TII»

/ (AW g (AAW) |

A

N
N N N N N N
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Proof. We have

[AGAW (2)] +|AW () |+ W () 5mm{1, x|11V—2} (A.6)

VAW (2)]+ VW (2)] 5min{1, ! }

‘(E|N71

1
<o
|AAW | len{L L }

In view of these bounds, the estimates (A.1)—(A.5) are consequences of the following
inequality, which holds for any a,b€R with a+b> N, and can be proved by integrating
separately on {|z|<A}, {A<|z|<u} and {|z|>pu}:

fumn({FT Yl (i e

We will prove (A.3). The proofs of (A.1), (A.2), (A.4) and (A.5) are very similar. By
(A.6), we have
/ WV (VA2 SN/ (N =2)(N+2)
1
N AN(N=2)/(N+2) AN/ (N+2)

A 2N (N—2)/(N+2) @ 8N/(N+2)
x/mm{ < ) }min{l, <) },
|| |z|

and the first estimate of (A.3) follows from (A.8) with a=2N(N—2)/(N+2). Similarly,

/WZN/(N+2)W8N/((N 2)(N+2))

1
[ N(N=2)/(N+2) \iN/(N+2)

2N (N—-2)/(N+2) 8N/(N+2)
. I . A
x/mm{l, () }mm{l, <) }7
|| ||

and the second estimate of (A.3) follows from (A.8) with a=8N/(N+2). O

A.2. Estimates on space time norms

Cram A.2. Assume N2>=5. Let 0O<A<pu. Then,

A 3/2
N) i Zf N:5a

2
(A), if N>7,
L

4/(N—-2
ooy W™ Wl @) S (A.9)
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3/2

4/(N—2 U
1 a1y Wil ™2 Wl o) S k¢ (A.10)
i
2
4/(N=2 A
||]1{|m\>\t|}tw()\/)( )W[u]”Ll(R,L?)S(M) (A.11)
A\L/2
<) ; Zf N:55
I
- AN/
1 g et WA D Wil ze) S <) . if N=T, (A.12)
1
2
() e
i

The same inequalities remain valid when replacing W by AW anywhere in the preceding

norms.

Proof. In all of the proof of the claim, we will use the bound
|W ()| 4+ AW ()| Smin{1, |22V}, (A.13)

By scaling, we may assume that p=1. By symmetry, it is sufficient to bound the integrals
for t>0. The proofs for all four bounds are the same. We divide the domain of integration
for r in three parts, (0, ), (A, 1) and (1, 00), writing

+o0 +o00 1/2 P P 1/2
/ (/ LNl dr) dtS/ (/ LNt dr) dt
0 t 0 t
1 1 1/2
—|—/ (/ LVl dr) dt
0 max{t,\}
+o0 +o0 1/2
+/ (/ LoVl dr) dt
0 max{t,1}

=1)+(2)+(3),
where ... is either

4/(N—2 - 4/(N—2 -
(W()\/)( )W)Q, (W4/(N 2)W()\))27 (tW(/\/)( )W)2 or (tW4/(N 2)W[)\])2,

In the integrals (1), we use the bound W (r/A)+W (r) <1, in the integrals (2), we use the
bounds W (r/A\)<(A/r)N=2 and W (r)<1, and in the integrals (3), we use the bounds

W(r/A)<(A/r)N=2 and W(r)<1/rV 2.
We will detail the proof of (A.9) and sketch the proof of the other estimates.
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Proof of (A.9). We have

A A 1 r 1/2
(1):/ (/ WQMWS/(NZ)())erdr) dt
0 t
1 [N/ 1/2
gﬁ/ (/ rN_ldr> dt SAN=2/2,
0 t

If Ne{5,7}, we have

' ' 2 1 s/ v=2) (T, N=1 2
2)= — = d dt
( ) /0 </max{t7/\}W )‘4W <)‘>T r)

A 1 1/2 1 1 1/2
§)\2/ (/ rN_gdr> dt+/\2/ (/ rN—9dr) dt
0 A A t

A 1
5)\2/ )\(N_g)/2dt+)\2/ tN=8)/2 gy

0 A
<{/\2, it N=7,
~ N2 if N=5.

If N>9, we obtain
2

A 1 1/2 1 1 1/
(z)gv/ (/ rN_‘gdr> dt+/\2/ (/ TN_gdr> dt <2
0 A A t

It remains to bound the third integral:

oo e 8/(N—-2 ’
(3):/ (/ WL )W%Nldr> dt
0

max{1,|t|}
e X v < o
< — T dr) dt S\°.
/0 (/max{1,|t} r8+2(N-2)
Combining the preceding bounds, we obtain (A.9). O
Sketch of proof of (A.10)—(A.12). By analogous arguments, we obtain the following
bounds.
e For (A.10),
M2 if N=5
D<A, (2)< ’ " and  (3) SAWV-2/2,
¥ @{ ) gy w0
e For (A.11),
SV, ()52 and (3)SA2
o For (A.12),
A2 if N =5,
(SN (2)SK A¥2, ifN=7, and (3)SAN-9/2 O

22, if N9,
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This concludes the proof of Claim A.2. O

CLAaM A.3. Assume N2>=5. Let 0<A<u. Then,

(N+2)/4
W/ (N=2) Wi/ N=2) A) : (A.14)

L gjap > ey min{ W= W, W™ "W Hlio @) S (u
Proof. As before, we will use continuously the bound
W (@)] S min{1, o>,
By scaling, we may assume that =1 (and thus A<1). We note that
VASTr = Wy SW and r<VA = Wy 2 W.
We divide the space into four regions, writing

1 . 4/(N—2 —
§||ﬂ{|r\>|t\}mm{W<A/>( WY N DW o e 2y

+oo +o0 1/2
:/ (/ min{W{l/\/)(Nﬁ)W W4/(N_2)VV(>\)}7"N_1 d?“) dt
0 t

A A \1/2 VX VX 1/2
L e [ )
0 t 0 max{t,A}
1 1 1/2 +00 +00 1/2
S Y[
0 max{t,vA} 0 max{t,1}

=A1+Ay+ A3+ A,

Case 1. (N>7) In this case, 4/(N—2)<1. We have

A A 1 - 1/2
Ay 5/ ( w2 WS (N=2) ()W-l dr> dt.

Using that W is bounded, we obtain

1 A A 1/2
AS 3 /0 ( /O erdr> dt SAN=272, (A.15)

We next consider As:

VX VX 1 r 1/2
Ay 5/ (/ W2 W8/(N=2) ()rN—l dr) dt.
0 max{t,A} A A

Using the bounds

8
W2<1 and W2 (7)<
~ by NTS’
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NoWAFSVN 1/2
Ay SN2 / ( / V=9 dr) dt.
0 max{t,\}

A2§A2/A1dt+)\2/ﬁldt§>\9/“.
o A2 PNRYA

we obtain

If N=7, this yields

If N>9, we deduce that

VoN
Ay §A2/ )\(N78)/4 dt:)\(N+2)/4.
0

In both cases, we have obtained
Ay SANFD/4 (A.16)

We have

<Lt ([ w2 D)W/ N=2) (), N-1 g Uth
3~ N(N=-2)/2 0 max{t. V) by (r)r r .

Using the bounds
r A 2(N—-2)
w2 <> < () and W&WN=2 <

we deduce that

o\
A3<>\(N72)/2/ (
0

which yields

1 ) 1/2 1 1 ) 1/2
/ P3N dr) dt+)\(N72)/2/ (/ P3N dr) dt,
VA VA \Jt

Az SANFD/A (A.17)

Finally, we bound A4. We have

o) +oo 1/2
MS W2 )W N =D ()Nt e )t
e AN=2)/2 0 max{1,t} A

Using the bounds

2(N-2)
w2 < (2 and W2 < L
A\ r ~ 8’

we deduce that
Ay SAN=2/2, (A.18)
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Combining (A.15)—(A.18), and noting that ;(N+2)<1(N-2) if N>6, we deduce the
bound (A.14) when N>7.

Case 2. (N=5) In this case, we have

1 _1 >1
N-2 377
The proof is the same as in the preceding case, except that

WAB (MW (r), ifr

<
WP W (), ifr= VA

min{W(l){)SW W4/3W(>\)}(7‘) S {

By explicit computation, one obtains the bounds
AL SN2 A ST A3 <N/t and A<

which yields the bound (A.14). We leave the details to the reader. O

A.3. Pointwise bounds

CrAaM A.4. Assume N>=5 and J>1. For all (yi,...,ys,h)ERTL,

J
Z y;+h
j=1

2N/(N—2)

N-2
2N

J
N-2
S Dl
2N &

J
*Z ly; |Y/ N2y h— Z i1 N2y
j=1 1<, k<

; 37k (A.19)
5 |h‘2N/(N_2)+Z |yj|4/(N_2)h2

J=1
+ ) (min{ly; YNGR, [yl Y V27

ISyskst N N N N
min{ |y; |V V72 ]y (NN,

Proof. We fix (y1,...,4.7, h) ER’*! and distinguish between two cases.

Case 1. (|h|>maxi<;<s |y;]) In this case, the inequality is trivial, since all terms of
the left-hand side are bounded by |h|?N/(N=2) up to a constant.

Case 2. (|h|<maxi¢;<s|y;]) We assume without loss of generality that

ol = max |y
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We use the inequality

N-2
2N

s _N=2_

I 5182_’_‘3‘2N/(N72)7

with
1 J
s= o (n 2w
Y1 =
Multiplying the resulting inequality by |y1|?N/(V=2), we obtain
J
N-2
24 .
IN ‘1'; Yj

J J
Sy [V (h2+z y?) RPN/ N =2 N g 2N/ (N2

=2

2N/(N—2)

N=2 — on/N-2) 4/(N—2) d
“ TN Y1 —[y1] Y1 h+§ Yj
i=2

Jj=2

Since |y1|=max1< < |y;] and 4/(N—2)<2, we have that the right-hand side of (A.20)
is clearly bounded by

J
RPN/ =D LNy N RR2 N min |V YT, e Y N2 y7)
J=1 1<i<k<J

It remains to bound the terms that appear in the left-hand side of (A.19) but not on the
left-hand side of (A.20). Using again that |y;|=maxi¢j<s |y;|, we have

J
D Ly PN LS min |y, [V N2y, kY NP3y,

=2 J#k
J J 7
> yj|4/(N_2)yjh’ S Ny PN LN "y [ N 202
j=2 j=2 j=2
J
S mins D, [ 2} 5y -
itk s
Z ij|4/(N’2)yjyk < Z Iy ‘yj|(N+2)/(N—2)
A 2<5<J
1<k<J
. <3 min s (V2O ]y Y F N2y,
J#k
which concludes the proof. 0

Recall the notation F(o)=|o|¥N=2g.
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CrAamM A.5. Assume N>T7. Let J>1. Then, for all (yi,...,ys, h)ERITL if N>7,
then

J

J
B <h+§jyj) 3 Fly) - N2 [ Dnp(h)

=1 j=1 j=1

< S minly Dy, Y2y ) (A.21)
1<j<k<J

J
_|_|h|(N+1)/(N72) Z ‘yj|1/(N72)7
j=1

and, if N=5, then

J J J
7 7
’F<Zyj+h>—ZF(yj)—3Zyj|4/3h—3 >yl Py —F(h)
j=1

J=1 =1 1<j,k<J
J#k (A.22)
J
SO Myl PR YT miny Myl [yel 7 [y 1}
i=1 1< <k<J

Proof. Case 1. (max; |y;|<|h|) We use the fact that
[s|<J = ‘F(l—&-s)—l—s‘ <s?, (A.23)

with
J
W

Multiplying the resulting inequality by |h|(N+2/(N=2) we obtain

b\’—‘

J N+2 J J
]F(mz yj) B R Yy, ]5 BV N-D 2§
j=1

j=1 j=1
Using that max; |y;|<|h|, we deduce (A.21) or (A.22).

Case 2. (|h|<max; |y;|) We assume, without loss of generality, that

o] = max fy;].

We use (A.23) with
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Multiplying the resulting inequality by |y1|(N +2)/(N=2) " we obtain

J
N+2 -
Z yj) _F(y1)—m\y1|4/w ? <h+z yj) ’

1< =2

’F(th
J
g |y1|(N+2)/(N72)72 (h2+zyj2>
=2
Let j>2. Since |y;|<|y1|, we have
F(y;) S min{ly; [N [y ], g2 |V N2 Jyy ).

Furthermore,

ly; [V (N =2 [p|(NHD/(N=2) if |y;] <|hl,

|yj|4/<N-2>|hs{ eIl o |
min{ |y; [N =2 [y ], [yn [V VD i)}, R <yl

and also

yr [N+ (N=2)=22 4 p(p) < [y |[V/ (N =2) |p|(N+D)/(N=2)

[y NN =202 Cmin |72 [y, L [ Jol -
If N>7, we have 4/(N—2)<1, and thus
o[y = min{fya [N [y [y 1D )

If N=5, we note that, if 2<j, k with j#k,

|4/3 |4/3 |4/3 |4/3

i 173 el Smin{|ya [*2 1y |, Ly [*2 Jya |} +mindJya [*2 (yel, [yl |y ]}

Combining the preceding inequalities, we obtain (A.21) or (A.22). O
CrLAIM A.6. Let (a,b,c)€R3, with a#£0. We have

|F(a+b)—F(a)—F'(a)b| < ﬂ{‘b|<|a‘}b2a(6_N)/(N_2) +ﬂ{‘b|>‘a‘}b(N+2)/(N_2), (A.24)

and
|F(a+b+c)—F(a+b)—F(a+c)+ F(a)|

<{ |a|(6=N)/2(N=2) |p|(N+2)/2(N=2) || if N >7, (A.25)
™ UIbl fel (Jal+ b +e])*/2, if N=5.
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Proof of (A.24). By scaling, we may assume a=1. We are thus reduced to prove
|F(1+b)—F(1)=F'(1)b| S L b+ L5 bV T/ N2 e R, (A.26)
which follows easily from the fact that F(z) is C? outside z=0 and of order |z|(N+2)/(N=2)
as |z|—o0. O
Proof of (A.25) in the case N>7. Note that

N+2 6—N N+2
1 = .
Tov—2) Tan—2) T N=2

Thus, both sides of (A.25) are homogeneous of degree (N+2)/(N—2), and we may

assume, without loss of generality, a=1. We are thus reduced to prove (assuming N >7)
|G (b, 0)] S [b| N2 e, (A.27)
where
G(b,c):=|F(1+b+c)—F(1+b)—F(14c)+F(1)|.
We distinguish between two cases.

Case 1. (J¢|<|b|) There exists by and d; such that

F(1+bte)—F(1+b)=F'(b)e, |b+1—bi|<|c|, (A.28)
F(l4+¢)—F()=F'(d)e,  |di—1|<|c|- (A.29)

In particular,
|G (b, )| S (14| +]e) N2 e].

If [b|> 15, this implies (A.27), since

4 _ N+2
N-2 “2(N-2)

If |b|<1—10, we use the fact that F is C? outside the origin. Therefore, there exists

da€[by,d1] (or [dy,b1]) such that
F'(by)—F'(d1) = F"(d2)(dy —by).
Since %<d2§2, we have |F"(d2)| <1, and we obtain, by the triangle inequality,

by —dy | < |by— (14b)|+|dy —1|+]b] < || +]b],
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which yields
|G(b, 0)| = |F"(d2) (b1 —d1)c| < |e|(|e|+[b]),

yielding (A.27), since |¢[<[b|< {5 and

Nt2
oaN-2) =

Case 2. (|c|>=1]b]) The same proof as in the preceding case, inverting b and c¢, yields
(G (b, ) S (1ol +[e])* V=2 b),

and, if |c|<

10°
|G (b, c) <[b](lc|+1b]).
Using that
1 < N2 <1
N-2 2(N-2) ’
we obtain (A.27). O

Proof of (A.25) in the case N=5. By homogeneity, we may assume a=1, and we

are thus reduced to prove, with the same notation G(b,¢) as before,
|G (b, )| S [b] [e] (1+[b]+c]) /2.

The inequality is symmetric in (b,¢) and we may assume |b|>|c|. Again, we use that
there exist b; and d; such that (A.28) and (A.29) hold. Since F is of class C?, we also
know that there exists da€[by,d;] (or [d1,b1]) such that

F'(by)—F'(d1)=F"(d2)(d1—by).
We have |di —by|<|b|+|c|<|b] and |F”(d2)| < (140 +]¢|)*/3, and thus

(G (b, )| = [F"(d2) (1 ~b)e| S le] [b] (1+[b] +[c])'/*. o

Appendix B. Choice of the scaling parameters

LEMMA B.1. Let J>1. There exists a small constant €;>0 and a large constant
C;>0, with the following property. For all e€(0,e5), for all p=(u;);€(0,00)" with
g <py_1<..<py such that v(pu)<e, for all (1;);€{£1}’ and for all fEH" such that

J
Hfz LiWips)
j=1

<e,
H1
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there exists a unique A€ (0,00)” such that

max
A

)\.
]—1‘ <Cje
e

and

J
/V(f—z LjW(,\j)> -V(AW)(x,) =0 for all j€[1,J].
=1

Furthermore, the map fr\ is of class C1.

Remark B.2. Let us mention that

J J
Zba‘Wuj)—thW(mH_ <Cye
=1 =1 H

(see the computation in the proof below) and that ()=~ (u).

Sketch of proof. This is standard and follows from the implicit function theorem.
However, we have to check that the uniformity of the constant with respect to p stated
in the lemma follows from the proof.

We fix p and f such that

<E.

J
v(p) <e and Hf—ZLjW(MJ) .
j=1 H

We consider
®:(0,00)” — R, &= (dp)1<o<,

defined by

J
1
<I>e(/\) = /\K_W,UKL[/V(][—Z LjW()\j)) -V(AW()\Z)).
j=1

We will prove that ® is a contraction of the compact set:

M

4
<n},

B, =< (\; O
n {( << m?X e

where

UZMJ€

for a large positive M to be specified. Choosing ¢ small enough, we have that A€ B(n)
implies that

<—=<

N W

for all j.

N |
St
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If j#£, we have

0P,
o, M= Lﬂ‘f,\ f|VAW7|2 /V (AW))-VAW(,))-

Since by Claim A.1, we have

ANV
i somaafsomf (2" (1))
by e

we deduce that

9%, ‘ He &3
L[ < B2,
‘a)‘j( ) Hj
Moreover,
0%, 1 4
N ==t e = Wi,y ) VAAW,
e M +)\ef\VAW\2 /V<f ;LJ <AJ>> V(AW (),
and thus
0P, J
7(>\) f ZLjW(HJ) '—|- ZL]'W(M)—L]'W(/\J.) . 577—1—(—:7
O =1 H! i—1 H

where we have used

1% N/2 My
/|v Wy~ W) —/‘( J) ()\]x)—VW(m)
J
) 2
§n2+/ vw(’;ﬂx)vmx) da
J
400 2 N-—1
< pn? _ﬁ 7“7 < 2
st (=) e o

r—p
VW) - YW () S 1A re

2
dx

since

Furthermore,

1
@e(u)—1’ <e.
He

Combining (B.1)—(B.3), we see that, if AeB,,

L0 ‘<6+(n+€)n
He

(B.3)

This proves that, if n=Mje for some large constant M, and 5<5J<<M;1, ® maps
B, into B,. By (B.1) and (B.2), ® is a contraction of B,. By the Banach fixed point
theorem, there exists a unique A€ B, such that ®(X)=X, which exactly means that it

satisfies the desired orthogonality conditions. The fact that frsX is C* is classical and

we omit the proof.

O
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