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Since our main theorem (Theorem 1.1 below) can be stated without the need to recall any
specialized background, we will start by formulating it. After doing so, we will explain
its significance and context, as well as geometric applications that answer longstanding
open questions. We will then describe our main conceptual contribution, called a foliated

corona decomposition, which is a new structural methodology that we introduce in the
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1. Introduction

proof of this theorem; see Remark 1.2 and mainly §1.2 for an overview.

For a smooth function f:R3*—R define Xf,Yf:R3—R by setting, for h=(z,y,2)€
R3,

1 of

(h)=Fa 5 (h).
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Also, for t€(0, 00), define D! f:R?®—R by setting, for h=(z,vy, 2) ER?,

def f(ac,y,ert)—f(h)

THEOREM 1.1. Every compactly supported smooth function f:R3—R satisfies(!)

(/000 (/R3 Dﬁf(h)ldh>4it>1/4§/Rs(|Xf(h)|+Yf(h)|)dh. (1.3)

Also, one cannot replace the Ly(dt/t) norm above by an L,(dt/t) norm for any 0<g<4.

DL(h) (1.2)

The second assertion (sharpness) of Theorem 1.1 resolves negatively the conjecture
of [58] that (1.3) holds with the L,(dt/t) norm in the left-hand side replaced by the
Lo (dt/t) norm. Notwithstanding the optimality of (1.3), it should be noted that it was
previously unknown whether such a bound holds true merely for some finite exponent,

namely that there exists 0<p<oo such that, in the setting of Theorem 1.1, we have

([7( [ ioerao dh)p‘ff)ws [ <l iy ) an 14)

Tt is simple to justify (see [91, Remark 4]) that if (1.4) holds, then the analogous bound
holds for any larger exponent P>p.

Remark 1.2. To briefly indicate what goes into Theorem 1.1, we first note that
the functional inequality (1.3) is equivalent to a certain isoperimetric-type inequality
(see (1.31)) for sufficiently smooth surfaces in R3. By [91], it turns out that it suffices to
prove this isoperimetric-type inequality for a more restricted class of surfaces (intrinsic
Lipschitz graphs; see §2.2). Such surfaces can still be very complicated, as one can see in
Figure 1. However, notice that the example in Figure 1 has an anisotropic texture, with
features of many different scales that line up along a 1-dimensional foliation.

We prove the desired isoperimetric-type inequality by showing that the texture of
any intrinsic Lipschitz graph can be encoded as a foliated corona decomposition, which
is a multi-scale hierarchical partition of the surface. The pieces of this decomposition are
roughly rectangular regions that mimic the dimensions and orientation of the features
of the surface. Crucially, we can control the number and size of these pieces. The
desired inequality holds locally on each piece up to suitably controlled error, and the full
inequality is obtained by summing the resulting estimates. This process is illustrated in

Figures 2 and 3, and a more detailed overview can be found in §1.2.

(1) We will use throughout the following (standard) asymptotic notation. For a,b€(0,c0), the
notation a<b and b2>a mean that a<Cb for some universal constant C'€ (0, c0). The notation a<b stands
for (a<b)A(b<a). If we need to allow for dependence on parameters, we indicate this by subscripts. For
example, in the presence of an auxiliary parameter ¢, the notation a<qb means that a<C(q)b, where
C(g)€(0,00) is allowed to depend only on ¢, and analogously for the notation a2¢b and a=gb.
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Figure 1. An example of an intrinsic Lipschitz graph.

In contrast to Theorem 1.1, we have the following theorem, the case p=2 of which
is due to [4] and the case pe(1,2] of which is due (via a different proof) to [58].

THEOREM 1.3. Let f:R3>—=R be smooth and compactly supported. Then, for every
pe(1,2],

([ ogwra) M s ([ axrmpeviama) . 1)
([ (L ) %) ==L )

See [58] for a variant of Theorem 1.3 when p>2. The pertinent point of comparison

to (1.3) is as p—17%, namely there is a jump discontinuity at the endpoint p=1.

It should be noted that the dependence on p in the right-hand side of (1.5) is not
specified in [58], but one obtains (1.5) in the form stated above by tracking the dependence
on p in the proof of [58]; we explain how to do so in Appendix A below. We conjecture
that the following bound holds, which is better than (1.5) only in terms of the dependence
on p; its geometric ramifications will be derived later (see Remark 1.15), at which point
it will become clear why we need to record an explicit (power-type) dependence as p— 1+

in (1.5), rather than using the implicit <, notation as done in [58].
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Congecture 1.4. In the setting of Theorem 1.3, we have

(/Ooo (/R Déf(h)lpdh)mcf)l/zg %%(/Rg(w(h)pHYf(h)p)dh)l/p. (1.6)

Another key point of comparison between Theorem 1.1 and the literature is with its

higher-dimensional counterpart due to [91]. For a smooth function f:R®—R, denote in

analogy to (1.1) and (1.2) for every h=(x1,y1, T2, y2, 2) ER® and t€ (0, 0),

aet Of Lo as Of (o 1 Of
Xaf (1) L) = Gun o), Xaf () S ()= Sua (b

VW Ly tn L m, Yarm S 2 gyt m
Y1 0

2 o 2 82( )

and
det f(21,Y1, %2, Y2, 2+1) — f(h)
i .
We then have the following theorem (it holds with R® replaced mutatis mutandis by R2¥+1
for every k>2; we are focusing only on R®, because the crucial qualitative difference that

Dy (h)'=

we establish here is between dimension 3 and all the larger odd dimensions).

THEOREM 1.5. Let f:R5—R is smooth and compactly supported. Then, for every

€[1,2],
o0 2/p 3.\1/2
(["( [ 1oeraoran) )
0 RS

1/p
S (/RJ'XU‘ (W)Y 1L (B) [P+ Xa f ()P4 [Y 2 f (B)P) dh> .

The case p=2 of Theorem 1.5 is from [4], and in the range pe(1, 2] the bound (1.7)
but with < replaced by <, is from [58]. The case p=1 of Theorem 1.5 is from [91].

(1.7)

Inequality (1.7) as stated above, i.e., with the right-hand side multiplied by a universal
constant rather than a constant that depends on p as in [58], follows by interpolating
between the cases p=1 and p=2 of [91] and [4], respectively. Indeed, (1.7) asserts the
boundedness of a linear operator, the Ly(L,) norms in the left-hand side of (1.7) are an
interpolation family by classical interpolation theory [11], and the Sobolev W1 norms

in the right-hand side of (1.7) are an interpolation family by [5, Theorem 8.8].

1.1. Geometric implications

Let H be the 3-dimensional Heisenberg group with real coefficients. As a set, H is

identified with R3, and the group structure on H is given by

gh (24X, y+0, 24+ S (@v—yy)) for all g=(z,y,2),h=(x,v,() ER3.  (1.8)
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The identity element is 0=(0,0,0) and the inverse of g=(z,y,2) is g~ '=(-z, —y, —2).
The center of H is {0} x{0} xR and if we let Hy be the discrete subgroup of H that is
generated by (1,0,0) and (0, 1,0), then we have

Hy = {(2,y,2+32y) :2,y,2 €L} CZXZx 3 Z.

Let dy: Hz x Hz —NU{0} be the left-invariant word metric on Hyz that is induced by
the symmetric set of generators {(—1,0,0),(1,0,0), (0,—1,0),(0,1,0)}. It is well known
(and elementary to verify) that, for every g=(x,y, 2), h=(x, v, () €Hy, we have

dw (g, h) < |z —x|+|y—v|+/]22—2{ —zv+yX]- (1.9)

In fact, an exact formula for dw (g, h), which directly implies (1.9), is derived in [13]. For

every n€N, denote the word-ball of radius n centered at the identity element by

B, g e Hy : dw(g,0) <n}. (1.10)

1.1.1. Embeddings

Recall that a metric space (M,dy) is said to admit a bi-Lipschitz embedding into a
Banach space (X, || - ||x) if there exist D&[l, 00) and ¢: M — X such that

dy(z,y) < ||o(x) —o(y)||x < Ddpr(z,y) for all x,y € M. (1.11)

The infimum over those D€[1,00) for which this holds is called the X -distortion of M
and is denoted by cx (M). If no such D exists, then one writes cx (M)=oc.

Theorem 1.6 below is a sharp asymptotic evaluation of ¢, (B,,). It answers a question
posed in [63], [20]-[23], [81], [96], [58]; these references ask for the asymptotic evalua-
tion of ¢y, (B,,), but most of them also conjecture that ¢, (B,)=+/logn, so Theorem 1.6
constitutes both a resolution of an open problem, and an unexpected answer. The fact
that lim,, e ¢z, (Bn)=00 is due to [20], the previously best known upper bound [3] was
cs, (Bn)Sv/logn and the previously best-known lower bound [23] was ¢y, (B,,) > (logn)®
for some positive but very small universal constant ¢; thus both the upper and the lower

bounds of Theorem 1.6 are new.
THEOREM 1.6. ¢4, (B,,)=<+v/logn for every integer n>2.

In contrast, the word-ball of radius n>2 in the 5-dimensional Heisenberg group has
¢1-distortion of order y/logn; this was proved in [91] using Theorem 1.5.
The statement of Theorem 1.6 has two parts. While the lower bound

co, (Br) 2 v/1logn
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is framed above as a “negative result” (impossibility of embedding), it encapsulates a
“positive result,” namely the aforementioned new structural information on surfaces in H,

to which most of this article is devoted. The upper bound

ce,(Bn) S V/logn

is a “positive result,” namely a new geometric realization of 5,,, but we will soon see
that it has ramifications for counterexamples to natural geometric questions.

The estimate (1.3) of Theorem 1.1 implies the lower bound ¢y, (B,)2 V/log n.
fact, such wvertical-versus-horizontal Poincaré inequalities were originally envisaged as
obstructions to embeddings of B,, into various spaces; see [4], [86], [58], [90], and most
pertinently §3 of [91], where we treated such matters in greater generality than what is
needed here; in particular, for any p>1, if every compactly supported smooth function
f:R3—R satisfies the inequality

([7( [, ptsman] dt)/ < [ Oxrmsvsmnan )

then by [91, § 3] and the reasoning in [91, § 1.3] we have c;, (B,) > (logn)'/?.

Thus, ¢, (B) 2 v/logn, since Theorem 1.1 asserts that (1.12) holds for p=4. This
also demonstrates that the matching upper bound cy, (B,) < v/logn of Theorem 1.6 im-
plies the second assertion of Theorem 1.1, namely the optimality of the Ly(dt/t) norm
in the left-hand side of (1.3). Here we prove the following more refined embedding
statement which we formulate as a separate theorem because it has further noteworthy

applications.

THEOREM 1.7. For every 192% and every integer n>2 there exists p=¢y, y: Hz—£;
with respect to which every two points g=(z,vy,z),h=(x,v,()€Hz with dw(g,h)<2n

satisfy
V122 =20~ zvtyx|
—o(h = |r— - . 1.13
60) (k) = [o=xl+ly o+ 22 (113)
By (1.9) and the case 9=1 of Theorem 1.7, the following weakening of (1.13) holds.
dw (9,
D) <l6a) (k) Sdw (gih) for all g.h< B,

So, the upper bound ¢, (B,,) < v1og n of Theorem 1.6 follows from Theorem 1.7. However,
Theorem 1.7 is of further use thanks to the following embedding result of [57]. At
present, the fact that both our embedding and that of [57] yield the same expression (up
to universal constant factors) for the metric in the image seems to be a fortunate and
consequential coincidence; it would be valuable, if possible, to explain conceptually why

those formulas coincided (e.g. is this inevitable due to underlying symmetries?).
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THEOREM 1.8. For any p>2, any 9>1/p and any integer n>=2 there is
= wn,p,ﬂ: Hz — gp

such that every g=(z,vy, z), h=(x, v, () €Hy with dw (g,h)<2n satisfy

V122 —2¢ —zv+yx|
(logn)?

[(g) =¥ (A)le, = o —x[+|y—v|+ (1.14)

Theorem 1.8 is not formulated explicitly in [57], but it is a direct consequence of
[57, Lemma 3.1] combined with the finite-determinacy theorem of [93], which together
imply that, for every e€(0, 3], there exists an embedding o =0 ,: H—{, for which every

g=(z,y,2), h=(x, v, () €Hy satisfy
lo(g)=a(B)lle, = |z —x|""=+|y—v['~*+e'/P|2z =2 —zv4yx | ~9/%. (1.15)

(Without reference to [93], Lemma 3.1 in [57] asserts the existence of such an embedding
into L, rather than into ¢,.) To derive Theorem 1.8 from (1.15), let 7t: H—R be the map
that is given by setting 7n(z,y, z)=(z,y) for (z,y, z) €H and choose

1
e=—— and = omHz — L,OR?* =4, (1.16)

g
logn (log n)ﬁfl/P

1.1.2. Aspects of the Ribe program

Inspired by a fundamental rigidity theorem of [102] and first put forth in [16], the Ribe
program is a web of conjectures and analogies whose goal is to transfer linear phenomena
in the geometry of Banach spaces to questions about metric spaces, where Lipschitz
mappings take the role of bounded linear operators; see e.g. the surveys [51], [82], [7],
[94], [84]. We will next explain how the above results answer natural questions in this
area.

Theorem 1.9 below follows from Theorems 1.7 and 1.8, and from [4], [58]. It an-
swers a longstanding question in metric embedding theory; even though (to the best
of our knowledge) this question never appeared in published(?) texts, it was a folklore
open problem. To briefly explain the context, the classical work [50] (together with a
differentiation argument of [68]) implies that, for 1<p<r<g<oo, if a Banach space X
admits a bi-Lipschitz embedding into both L, and L, then X also admits a bi-Lipschitz

(%) We have seen it appear in writing only in grant proposals, and it was posed verbally among
experts. In particular, we are indebted to Gideon Schechtman for valuable discussions on this matter
over the years.
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embedding into L,. The case r=2 of this statement is that if X embeds into L, for two
finite values of p that lie on both sides of 2, then X must embed into (hence, by [31],
be linearly isomorphic to) a Hilbert space; a different proof of the latter statement, as
a special case of a much more general phenomenon, follows from [54]. In light of these
facts about the geometry of Banach spaces, one is naturally led to ask if a metric space
M that embeds bi-Lipschitzly into L,, for two finite values of p that lie on both sides of
2 must admit a bi-Lipschitz embedding into a Hilbert space.

THEOREM 1.9. For any 2<p<4 there is a metric space M that admits a bi-Lipschitz
embedding into {1 and into £, for all r=p, yet M does not admit a bi-Lipschitz embedding
into Lq for any 1<q<p. More generally, M does not admit a bi-Lipschitz embedding

into a Banach space whose modulus of uniform convexity has power type q, for 2<q<p.

For the statement of Theorem 1.9, recall that a Banach space (X, | -||) has modulus
of uniform convexity of power type ¢ if there is C'>0 such that the sharpened triangle
inequality ||z+y|<2—Cllz—y||? holds for any unit vectors x,yeX. By [24], [42], for

1<g<oo any L,(u) space has modulus of uniform convexity of power type max{g,2}.

Proof of Theorem 1.9 assuming Theorems 1.7 and 1.8. For every neN, we define
M, =¢n,9(By)Cl1, where ¢y, g is as in Theorem 1.7 applied with 19:1/p>%.

By considering the union of sufficiently widely-spaced translations in ¢; of the finite
sets { M, }52,, we see that there is M C/¢; such that sup,,cy car (M) <oo.

For every r>p, consider 9, ,4(B,)C¥,, where 1, 9 is as in Theorem 1.8. The-
orems 1.7 and 1.8 show that . ¢(B,) is bi-Lipschitz equivalent with O(1) distortion
to M,. Hence, by considering a suitable union of translations in ¢, of the finite sets
{n,r0(Bn) 15y, we see that ¢, (M)<oo. Let X be a Banach space whose modulus of
uniform convexity has power type ¢, for 2<g<p. By [58], we have

(logn)"/ Sx cx(B,) S (logn) ex (My) = (logn)/Pex (M,),

where the penultimate step holds because, due to (1.13), M,, and B,, are bi-Lipschitz
equivalent with distortion O((logn)?). Therefore, since ¢<p,

cx (M) 2 x (logn)l/q_l/p — 0.

n—oo

Hence, cx (M)=o00, as required. For future reference we record in passing that we ob-
tained the following bound when X=L, and 1<g¢<p:

cr, (My) 24 (logn)t/ max{a.2=1/p, (1.17)

Note that the bound in [4], which is asymptotically weaker than that of [58], suffices

for the qualitative conclusion cx (M)=o00 of Theorem 1.9. The above estimates seem to
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be the best that one could achieve using available methods; it would be very interesting
to determine the optimal behavior, e.g. if an n-point metric space W embeds with O(1)

distortion into ¢; and also into £, for some p>2, how large can cy, (W) be? O

Remark 1.10. With more care, it is possible to ensure that the metric space M of
Theorem 1.9 is a left-invariant metric =9, on Hyz; see Theorem 3.2. Concretely, for

p=4, the metric 8,4 can be taken to satisfy the following bounds for any (a, b, ¢)€Hy with

le|=3:
Ve

/log [c]- (loglogc])?

64(03 (Cl, ba C)) = |a‘|+|b‘+

By the reasoning in [87, §9], since Hy is amenable, it follows that (Hy,d) admits a bi-
Lipschitz embedding into L; and L,., for all r>p, which is also equivariant (with respect
to an action of H, on, respectively, Ly and L,, by affine isometries); we did not investigate
if this holds for equivariant embeddings into the sequence spaces ¢; and /£,.

The natural question how the embeddability of a group into L, depends on p was
also studied in the literature; see [18], [25], and especially the recent solution of this
question in [69], where it is proved that the phenomenon of Theorem 1.9 does not hold
for equivariant coarse embeddings (namely, for such embeddings the corresponding set of
p is always an interval). Note that for coarse embeddings that need not be equivariant,
the statement of [69] was previously known as a direct consequence of [74, Remark 5.10]
(from here, using [87], one gets the full equivariant statement of [69] for amenable groups).
Theorem 3.2 shows that the situation is markedly different if one considers bi-Lipschitz

embeddings rather than coarse embeddings.
The following question arises naturally from Theorem 1.9 and seems quite difficult.

Question 1.11. For a metric space M, how complicated can the following set be?
{1<p<oo:cp, (M) <oo}.

Theorem 1.9 leaves the possibility that there is better behavior in the reflexive range,
i.e., that if a metric space M embeds bi-Lipschitzly into ¢, and ¢, for 1<g<2<p<oo,
then M embeds bi-Lipschitzly into a Hilbert space. If true, this would be an excellent
theorem, but due to Theorem 1.9 we speculate that the answer is negative. A substantial
new idea seems to be needed here. Less ambitiously, does the above assumption (even
allowing ¢=1) imply that M embeds into a Hilbert space with finite average distortion
(see [85] for the relevant definition)? Does this imply that every n-point subset of M
embeds into a Hilbert space with bi-Lipschitz distortion o(logn), i.e., asymptotically
better than the distortion that is guaranteed by the general embedding theorem of [15]?
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The above reasoning also leads to Theorem 1.12 below, which answers another nat-
ural question arising in the Ribe program, on the factorization of Lipschitz functions.

We first briefly make preparatory observations that will be also useful elsewhere.
Recall that for K €N a metric space X is said to be K-doubling if, for every r>0, any
ball BC X of radius r can be covered by K balls of radius %r. A metric space X is said
to be doubling if it is K-doubling for some K €N. The metric space M of Theorem 1.9
can be taken to be doubling. Indeed, fix p>2 and n€N. As in the proof of Theorem 1.9,
write =1/ min{p,4}. It was shown in [57] that 1, , ¢(Hz) is a O(1)-doubling subset of
£,. Let SC¥, be the disjoint union of translates in ¢, of the finite sets {¢, p.o(Bn)} oz,
that are sufficiently widely-spaced so as to ensure that S is a doubling subset of £,
and sup,,cy €s(M,,)<oo. As in the proof of Theorem 1.9, using Theorem 1.7 we get an
embedding ¢: S—{; satisfying

[o(@)—oW)lle, < lz—ylle,

for all z,yeS. Thus, p(S)=M is a doubling subset of ¢;.

Since S is doubling, by [62] we can extend ¢ to a Lipschitz function f:¢,—¢;. If
there were Lipschitz mappings g: £, — /2 and h: g(¢,) —¥¢; such that f=heg, then it would
follow that, for all z,y€.S,

lz=ylle, < lle(@) =)l = [1A(g(2)) =hlgW)lles S llg(x) =g W)llex S 2 —ylle, -

1

Therefore, gop™" would be a bi-Lipschitz embedding of M into ¢, which we proved

above was impossible. We thus arrive at the following statement.

THEOREM 1.12. For any 2<p<oo there is a Lipschitz mapping f:{,— {1 that cannot
be factored through a subset of a Hilbert space using Lipschitz mappings. Namely, there
do not exist Lipschitz mappings g:€,—¥s and h:g(¢,)—{1 such that f=heg. More
generally, f cannot be factored using Lipschitz mappings through a subset of a Banach

space whose modulus of uniform convexity has power type q for 2<g<min{4, p}.

By [66, Theorem 5.2], for p>2 any linear operator from ¢, to ¢; factors through /5
(the factorization is via linear operators, though by [46] this is equivalent to factorization
using Lipschitz functions as above). Theorem 1.12 demonstrates that there is no analogue
of this factorization phenomenon for Lipschitz mappings.

Such investigations arose in the Ribe program in the seminal work [45], which had
a major influence on the subsequent fruitful efforts by many mathematicians in search
of metric analogues of the extension and factorization paradigm of [72]. This search is

itself intimately intertwined with the search for metric theories of type and cotype.
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We refer to the survey [73] for an exposition of the powerful and deep theory of
type and cotype of Banach spaces; it suffices to say here that one can define linear
invariants of Banach spaces that are called type 2 and cotype 2, such that L, has type 2 if
2<p<oo and cotype 2 if 1<p<2, and such that the following extension and factorization
phenomenon [72] holds.

Suppose that Y is a Banach space of type 2 and that Z is a Banach space of cotype 2.
Let X be a linear subspace of Y, and let 7: X —Z be a bounded linear operator. Then,
there exist a bounded linear operator T:Y — Z that extends 7, a Hilbert space H and
bounded linear operators A:Y —H and B: A(Y)— Z with T=BA.

Paper [45] raised the question of when the analogous statement holds in the metric
setting. Namely, now Y and Z are metric spaces, X is an arbitrary subset of Y, f: X -7
is a Lipschitz mapping, and we ask for the same extension and factorization through a
Hilbert space H, i.e., to establish the existence of Lipschitz mappings F: Y —~Z, a: Y —H,
and B: a(Y)—Z, such that the following diagram commutes:

a(Y)C H
\ J,g (1.18)
f*> Z.

An implicit but central part of this endeavor encompasses the important issue of how to

e T

define useful notions of type 2 and cotype 2 for metric spaces so that, at the very least,
¢, has type 2 for 2<p< oo and cotype 2 for 1<p<2. Clearly (1.18) has two components.
The first is if f admits the Lipschitz extension F. The second is if F' can be factored
through a subset of a Hilbert space. While these questions come hand-in-hand in the
linear theory of [72] (see also [98]), they are different issues in the metric setting.

The main focus of [45] was the Lipschitz extension problem, so it highlighted the first
component above. At the time, the metric version of the extension problem was a bold
and speculative question, but [6] introduced metric notions of type 2 and cotype 2 and
obtained a powerful extension result for maps from spaces of Markov type 2 to spaces of
Markov cotype 2. Combined with [88], this provides a quite satisfactory understanding
of the extension component of (1.18) when the target space is £,, 1<p<2. However,
this understanding is currently confined to the reflexive range, and the question remains
a major open problem when the target space is ¢; (see [52], [77] for a partial negative
answer, and [67] for an intriguing algorithmic reformulation).

In contrast to the achievement of [6], Theorem 1.12 demonstrates that there is no way
to define notions of type 2 and cotype 2 for metric spaces so that any map from a space

of type 2 to a space of cotype 2 factors through Hilbert space and such that £, has type 2
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when 2<p<oo and cotype 2 when p=1. Though this resolves the factorization question
when the target is #;, it remains a fascinating open problem to see if a factorization
theory analogous to [6] can be developed when the target is ¢, for 1<g<2.

It is instructive to examine the dual interpretation of Theorem 1.12. Just as the dual
formulation of the linear factorization and extension problems was key to [72], duality
also plays an important role in the non-linear theory. The duality lemma that was found
in [6] for Lipschitz extension(®) does not shed light on Lipschitz factorization, but the
factorization issue was broached in [32], [19]. One can deduce from [19] the following
factorization criterion. Given ®>0, metric spaces (X,dx) and (Z,dz), and f: X—Z,
there exist a Hilbert space H and a factorization f=pgca for some Lipschitz mappings

a:X—H and B:a(X)—Z

with ||af|Lip || 8]|Lip <@ if and only if, for all n€N and 1, ...,z,€X, any two symmet-
ric stochastic matrices A=(a;;), B=(b;;) €M, (R) such that A—B is positive semidefinite

satisfy the following quadratic inequality:

ZZ aijdz(f(xi), f(2;))? <D Y bijdx (wi, 7). (1.19)

i=1 j=1

Theorem 1.12 yields the first example of a Lipschitz mapping f: £, —¢; for 2<p<oo that
fails to satisfy (1.19) for any ®>0, despite the fact that if f were a linear operator, then
by [72] it would automatically satisfy (1.19) with &<, || f|lLip-

Remark 1.13. Another counterexample to the non-linear version of [72] arises from
an embedding of the Laakso graphs into a non-classical Banach space. Let {A,,}22; be
the Laakso graphs [55], [56], indexed so that |A,|=n; these are series-parallel (hence
planar) graphs that are O(1)-doubling when equipped with their shortest-path metric.

On one hand, the Laakso graphs do not admit a bi-Lipschitz embedding into a
Hilbert space. In fact, by [55], [59], we have ¢y, (A, )=>+/logn (this is sharp by the general
embedding theorem of [101]). Moreover, by [75], for every uniformly convex Banach
space X we have lim,,_, cx (A,)=00.

On the other hand, by [41], we have sup,cycs, (An)<oo, and by [47], we have

Sup,en Cv (An)<oo when Y is a Banach space that is not reflexive. By considering

(®) Quoting what [6] says about this crucial duality step: “This lemma is a variant of one used by
Maurey. A related lemma was found earlier by Johnson, Lindenstrauss and Schechtman: their result
actually characterises extensions which factor through subsets of Hilbert space, a problem much closer to
Maurey’s argument. Their lemma provided much of the stimulus for the present work.” Unfortunately,
it seems that the work of Johnson, Lindenstrauss and Schechtman that is mentioned in [6] was never
published.
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translates of the images of the embeddings in ¢; that are sufficiently widely spaced, we
obtain a doubling subset AC¢; such that cy (A)<oo for any non-reflexive Banach space

Y and cx(A)=o0 for any uniformly convex Banach space X.

By [44], there exists a Banach space J that has type 2, yet J is not reflexive; a different
construction of such a Banach space was found in [100]. So, A embeds bi-Lipschitzly into
both the cotype-2 space ¢; and the type-2 space J, yet not into a Hilbert space. This
is impossible in the linear setting; by [54] a Banach space of type 2 and cotype 2 is
isomorphic to a Hilbert space (this is a far reaching generalization of the aforementioned
consequence of [50] that motivates Theorem 1.9). This reasoning also produces a stronger
asymptotic estimate than (1.17), since ¢y, (A,,)2>+/logn, but it cannot shed light on the
¢, setting of (1.17), because it relies precisely on the non-reflexivity of J (through the
use of [47]) to deduce that sup,,cy cy(Ay,) <oo.

The Laakso graphs also lead to a counterexample to the metric version of [72]. Let
©: A—J be a bilipschitz embedding. Since A is a doubling subset of ¢, one can use [62]
to construct a Lipschitz map f:¢; —J that extends ¢. As above, f cannot factor through
a Hilbert space (or even through any uniformly convex Banach space X) by Lipschitz
maps, because such a factorization would produce a bilipschitz embedding of A into a

Hilbert space (respinto X).

This discussion shows that if one is allowed to replace ¢, in Theorems 1.9 and 1.12
by non-classical (indeed, “exotic” and hard to come by) Banach spaces such as J, then it
is possible to demonstrate the failure of the metric space version of [72] and its important

precursor [54] using well-known examples.

Part of the impetus for the search for definitions of metric space notions of type 2
and cotype 2 was the hope of obtaining a metric version of the theorem of [54], but it
was well known to experts that the metric definitions of type 2 and cotype 2 found over
the past decades are not suitable for this purpose (see e.g. the discussion in [30]). The
above discussion demonstrates conclusively that it is impossible to define metric space
notions of type 2 and cotype 2 that are bi-Lipschitz invariant, pass to subsets, coincide
for Banach spaces with type 2 and cotype 2, and for which [54] holds for doubling metric
spaces, i.e., any doubling space that has both type 2 and cotype 2 admits a bi-Lipschitz
embedding into a Hilbert space (the corresponding statement with A replaced by a metric
space that is not doubling follows by using [16] instead of the Laakso graphs in the above
reasoning; in fact, by [9], the infinite binary tree embeds bilipschitzly into both ¢; and J,
but not into a Hilbert space). Theorem 1.9 shows that this is so, even if one restricts

attention to subsets of £, for p>2.
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1.1.3. Dimension reduction

By a highly influential lemma of [45], any finite subset S of a Hilbert space embeds with bi-
Lipschitz distortion O(1) into a k-dimensional Hilbert space for kSlog |S|; see [84] for an
indication of the significance of this statement. The question whether this phenomenon
holds with Hilbert space replaced by ¢; was a prominent open problem until it was
resolved negatively in [17], where it was shown that, for arbitrarily large n€N, there is
an n-point subset D,, of ¢1 such that, if D,, embeds with bi-Lipschitz distortion O(1) into
%, then necessarily k>n¢ for some universal constant ¢>0. In [60] it was shown that D,
can be taken to be O(1)-doubling, and in [89] it was shown that ¢§ can be replaced by
an arbitrary k-dimensional subspace of the Schatten—von Neumann trace class S;; both
of these enhancements hold without changing the conclusion (other than perhaps values
of universal constants).

The examples {D,,}72, of [17] are the diamond graphs [92], while their aforemen-
tioned doubling counterparts in [60] are the Laakso graphs {A,}22; that we discussed
in Remark 1.13. By [75] and [47], we have

sup cx (Dp) =sup cx (A,) =00
neN neN

for every uniformly convex Banach space X. In fact, by [47] the converse of this statement
holds true (though we do not need it below), namely X admits an equivalent uniformly
convex norm if and only if sup,cycx(Dyn)=00 or sup,cyCcx(An)=00. Theorem 1.14
below obtains new examples that demonstrate the failure of dimension reduction in ¢4
a la [45], which are qualitatively different than the previously known examples, since
our examples do admit a bi-Lipschitz embedding into a uniformly convex Banach space
(specifically, into ¢, for any p>2). At present, this comes with a worse lower bound
on the target dimension, but see Remark 1.15 below which explains how Conjecture 1.4

would remedy this (for the very same example that we consider in Theorem 1.14).

THEOREM 1.14. There is a universal constant ¢>0 with the following property. For
all neN and 2<p<4 there exists a O(1)-doubling subset H,,=F,,(p) of €1 with |H,|<n
such that

e, (H) ST for all g =p,

and for every D=1, if X is a finite-dimensional subspace of the Schatten—von Neumann

trace class Sy for which cx(3,)< D, then necessarily

C

dim(X) > exp(D2

(log n)1*2/f’). (1.20)
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In the statement of Theorem 1.14, recall that for p>1 the Schatten—von Neumann

trace class S, is the Banach space of all the compact operators 1: fo— /{5 that satisfy
IT|s, < (Trace[(T*T)?/))"/? < co.

Note that ¢, is the subspace of S,, consisting of the diagonal operators. Thus, the dimen-
sion reduction lower bound (1.20) holds in particular for any subspace X of ;.

The proof of Theorem 1.14 is short (modulo previously stated results and the avail-
able literature), so we present the quick derivation now instead of postponing it to a
later section; it mimics the reasoning of [61] while combining it with [58], Theorems 1.7

and 1.8, as well as structural information on subspaces of S; from [89].

Proof of Theorem 1.14. By (1.9), we have |B,,|=m?* for all m€N. So, fix meN with
mx=y/n such that nS|B,,|<n. Using the mapping ¢,, 1 /,: Hz—¢1 of Theorem 1.7, define

def
j{n = ¢m,1/p(Bm)'

By combining Theorems 1.7 and 1.8, we indeed have c;, (H,) <1 for all g=p.
Let X be a finite-dimensional subspace of S;. Fix 1<r<2 whose value will be
specified later so as to optimize the ensuing reasoning. By [89, Theorem 12], we have(?)

cs, (X) < dim(X)/7.
Hence, if cx (H,,) <D, then, since csc, (Bm)<(logn)/? by Theorem 1.7, we have
cs, (Bin) S (logn)'/Pes, (3,) < (logn)*/? Des, (X) < (logn)'/? D dim(X)* /7.
At the same time, by [58], we have(®)
cs, (Bm) 2/ (r=1)logn,
so we conclude that

: 1-1/r 1/2—-1/p
f dim(X) > (logn) .
1<r<2 r—1 D

This gives the desired bound (1.20) by choosing r—1x=<1/log(dim(X)). O

(*) If one only wishes to rule out embeddings into low-dimensional subspaces of 1 rather than of
S1, then it suffices to use here [65, Theorem 1.2], which yields an embedding into ¢, rather than S,.

(®) As in the discussion before Conjecture 1.4, the dependence on r in this estimate is not stated
in [58], while it is crucial for us here; a justification why the reasoning in [58] implies this appears in
Appendix A.



FOLIATED CORONA DECOMPOSITIONS 71

Remark 1.15. By substituting (1.6) into the reasoning of [58], a positive resolution
of Conjecture 1.4 would imply that, for every r€(1,2] and n€N,

ce, (Bn) 2 Vr—1-+/logn. (1.21)

An incorporation of this improved distortion lower bound into the above proof of Theo-
rem 1.14 (while using [65] in place of [89], since we are in the simpler ¢, setting) would
imply that, for any finite-dimensional subspace X of £y, if cx(H,(p))<D, then the fol-

lowing improvement over (1.20) holds true:
. & _
dim(X) >exp(ﬁ(logn)2 4/”). (1.22)
Notably, for p=4 this would be an improvement from

dim(X) > exp(%ﬁlog n)

to
dim(X) >n</P", (1.23)

namely a power-type dimension reduction lower bound as in [17]. Understanding what is
the correct behavior as p— 2" remains an intriguing open question; some deterioration of
the lower bound as in (1.20) or (1.22) must occur because by [45] logarithmic dimension
reduction is possible for finite subsets of a Hilbert space.

Another question that this discussion obviously raises is if (1.21) could be enhanced

to

cs, (Bn) 2 Vr—1-y/logn. (1.24)
If so, then (1.23) would hold when X is a subspace of S; rather than ¢;. More substan-
tially, this would resolve a difficult open question (see the discussion following Question 13
in [91]) by showing that Hyz does not admit a bi-Lipschitz embedding into S;. In fact,
for the latter conclusion it would suffice to establish the weaker property

lim CSyt1/ t0gn (B,,) =oc. (1.25)

n—oo

Indeed, by [89] we have cs, (B))2c¢s, (By,) when r=1+1/logn. Due to its significant con-
sequences, we expect that proving (1.25), and all the more so its stronger version (1.24),

would require a major and conceptually new idea.

We end this discussion on dimension reduction by noting that [104] shows that
one could embed B,, with optimal distortion (up to universal constant factors) into a
Euclidean space of dimension O(1). Theorem 1.14 shows that this fails badly if one aims

for optimal ¢;-distortion embedding of B,, into a bounded-dimensional subspace of ¢;.
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1.1.4. Permanence of compression rates of groups

Suppose that (M,dys) is a metric and (X, ||-|x) is a Banach space. The compression
rate of a Lipschitz mapping f: M — X is the non-decreasing function wy: [0, 00)— [0, co)
that is defined [39] by

wi(s) Jnf [ f@)=f@)llx for all 5>0. (1.26)

dy (z,y)>s

Equivalently, wy is the largest non-decreasing function from [0, c0) to [0, c0) such that

| f(z)=f(y)llx Zws(dm(z,y)) forall z,yeM.

There is a great deal of interest in determining the largest possible compression rate
of 1-Lipschitz mappings from a finitely generated group G (equipped with a word metric
that is induced by some finite generating set) to certain Banach spaces, notable and
useful examples of which are Hilbert space and L;. The literature on this topic is too
extensive to discuss here, and we only mention that a substantial part of it is devoted
to understanding the extent to which compression rates are preserved under various
group operations (e.g. various semidirect products). Theorem 1.16 below provides a new
example of the lack of such permanence which does not seem to be accessible using previ-
ously available methods. It leverages the fact that we establish here a marked difference
between the L, embeddability of Heisenberg groups of dimension 3 and dimension 5.

THEOREM 1.16. There exists a finitely group G that has two finitely generated nor-
mal subgroups H, K <{G such that the following properties hold true.

(1) Any he H and ke K commute.

(2) HNK is the center of G.

(3) H and K are isomorphic.

(4) H and K are undistorted in G; in fact, they admit generating sets Sy and Sk
such that SgpUSK generates G and the word metric on G that is induced by SgUSKk
restricts to the word metrics on H and K that are induced by Sy and Sk, respectively.

(5) The Ly compression of G is asymptotically smaller than that of H (hence also
of K=H). Concretely, there exists a Lipschitz mapping f: H—{; that satisfies

S

>
wi(s)Z Vlog s-(log log s)2

yet for any Lipschitz mapping F:G— Ly there are arbitrarily large s>4 for which

for all s> 3, (1.27)

S

wr(s) < .
r(s) +/(log s)loglog s

(1.28)
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Proof. Let Gg be the 5-dimensional Heisenberg group, i.e., R® with the group oper-

ation

(m17 Y1,22,Y2, Z)(Z‘i, yia xl2; yé7 Z/)
= (371 +a7, Y14y, Lo+ xh, Y2+, Z+Z/+%(l’1y/1 + oYy — 17 *ylez))

for (x1,91,22,Y2,2), (21, v}, h,yh, 2’)ER®. Let G be the 5-dimensional integer Heisen-

berg group, which is the subgroup

G={(z1,y1, 22,92, 24 5 (11 +T2Y2)) : @1, T2, Y1, Y2, 2 € Z}.
The subgroups H and K are natural copies of Hz in G, namely

H:{(‘r17y17x27y272)€G1x2 :y2:0}7
K:{(xlayhm%y%z)EGIl‘l :ylz()}

One directly checks the first four assertions of Theorem 1.16. The bound (1.27) follows
by considering the mapping f:Hy—/¢;(¢1)=2¢; that is given by

1
def
= @?‘ZSZ?",I/@
n=1

where the mappings that are being concatenated are those of Theorem 1.7. The final
assertion (1.28) of Theorem 1.16 follows from [91, Theorem 9]. O

Remark 1.17. The term loglogs in (1.27) and (1.28) can be improved slightly;
for (1.27) this follows by examining the above proof, and for (1.28) this is explained by [91,
Theorem 9]. However, some unbounded lower-order correction is necessary in (1.27) for

the specific groups that we used in the proof of Theorem 1.16; see Remark 3.3.

Obviously, Theorem 1.16 raises the question if a similar phenomenon could occur
for embeddings into a Hilbert space rather than into L;. Also, in Theorem 1.16 the com-
pression rate of the subgroups H and K grows roughly (suppressing lower-order factors)
like s/+¥/logs as s—o00, while the compression rate of G grows slower than s//log s.
What are the possible asymptotic profiles of the compression rates that exhibit such

phenomena?

1.2. Decomposing surfaces into approximately ruled pieces

In the previous sections, we discussed consequences of Theorem 1.1 (and the refined

version of its second part in Theorem 1.7). In this section, we will give an overview
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of the concepts involved in the proof of Theorem 1.1, especially our main contribution,
which is a new way to describe the structure of surfaces in H.

The statement of Theorem 1.1 is in terms of smooth functions f: H—R, but the main
bound (1.3) has an equivalent formulation in terms of surfaces in H; see (1.32) below. We
will prove it by showing that surfaces in H admit a multi-scale hierarchical decomposition
into pieces that are close to ruled surfaces (unions of horizontal lines) and that most of
these pieces (in a quantitative sense) are long and narrow, giving the decomposition
the appearance of a Venetian blind with many narrow slats; see Figures 2 and 3 for
examples. For reasons that will be clarified soon, we call the above structure a foliated
corona decomposition. This decomposition is conceptually central to this work, and the
most involved part of this paper is to formulate this decomposition, prove its existence,
and demonstrate its utility for the aforementioned applications (more are forthcoming).

The defining feature of this decomposition is that its pieces, which we call pseudo-
quads, have widely varying aspect ratios. Each pseudoquad is roughly rectangular, and
we define the aspect ratio of a pseudoquad to be its width divided by its height; long,
narrow rectangles have large aspect ratios, while tall, skinny rectangles have small aspect
ratios. The fact that the pieces of the decomposition (the slats of the Venetian blind) can
have unbounded aspect ratios allows the decomposition to have additional symmetries
and ultimately leads to the exponent 4 in Theorem 1.1.

Specifically, in order to work with long, narrow pieces, we must prove results on the
geometry of H that are invariant not only under the usual scaling automorphisms, but also
under automorphisms that stretch and shear H. The resulting automorphism-invariant
bounds allow us to produce a decomposition that is likewise invariant under rescaling,
stretching, and shearing. Furthermore, the overlap of the pieces of our decomposition
is controlled by a coercive quantity that scales like the fourth power of the aspect ratio
under automorphisms. This leads to a new weighted Carleson packing condition in which
overlaps are normalized by the fourth power of the aspect ratio; this condition leads
directly to the exponent 4 in the bound (1.3) of Theorem 1.1.

Proving the optimality of Theorem 1.1 entails finding a surface for which (1.32) is
sharp. Part of the construction of such a surface can be seen in Figure 3. The surface
in the figure can be viewed as a surface with a foliated corona decomposition for which
the weighted Carleson packing condition is sharp. For this reason, it is pedagogically
beneficial to describe that construction after describing foliated corona decompositions.
In truth, the general decomposition methodology and the construction that demonstrates
its optimality are intertwined: limitations of such a construction indicate what decom-
position to look for. We therefore suggest to also consider the alternative route of first

examining the construction of the specific (sharp) example prior to considering the task
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of decomposing general surfaces; the proofs in the rest of this article follow the latter
(“reverse”) route as this leads to a more gradual introduction of notation and concepts.

The ensuing considerations belong firmly to the setting of the continuous Heisenberg
group and its Carnot—Carathéodory geometry. They therefore assume some familiarity

with notions from that setting; the pertinent background appears in §2 below.

1.2.1. Fractal Venetian blinds abound

In what follows, for any s>0 the Hausdorff measure #® on H will be with respect to
the Carnot-Carathéodory metric d on H. We denote the standard generators of H by
X=(1,0,0),Y=(0,1,0), and Z=(0,0,1).

For QCH and a€R, consider the symmetric difference
D2 QAQZY ™ = (2\02% T )u(Qz2 T\Q) (1.29)

If Q,UCH are measurable, then, following [58], [91], we define vy (2): R—R by

2a

2“7—[4(UﬁDaQ):2“/ 1a(h)—1q(hZ™2 7)|dH*(h) for all a € R.
U
(1.30)

Thus, vy (©2)(a) is a (normalized) measurement of the amount that © changes within U

v (Q)(a) &

when translated up and down by the specified (Carnot—Carathéodory) distance 27¢.
By [91, Lemma 38], in order to prove the first part of Theorem 1.1, namely inequal-
ity (1.3) for any compactly supported smooth function f:H—R, it suffices to prove that

every measurable subset QQCH satisfies the following isoperimetric-type inequality: (%)
Ve ()] 2, (m) S H(09). (1.31)

This amounts in essence to an application of the coarea formula (e.g. [1]).
A central step of [91] is a further reduction of (1.31) to the special case that
is (a piece of) an intrinsic Lipschitz epigraph. An intrinsic Lipschitz epigraph I'" is a

region of H that is bounded by an intrinsic Lipschitz graph I". The notion of an intrinsic

(6) The exponent 4 is not important here, i.e., [91] shows that, for any ¢>1, if
V() L, r) SH(09)

holds for every measurable subset Q2CH, then

([7([, pesra) dh>q%>1/qSl/Rs(\Xf(h)|+|Yf(h)|)dh

holds for every compactly supported smooth function f:R3—R.
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Lipschitz graph was introduced in [36] and all of the relevant background is explained in
§2.2 below. The intrinsic Lipschitz condition is parameterized by an intrinsic Lipschitz
constant A€(0,1). By combining [91, Proposition 55, Theorem 57 and Lemma 58] (see
the deduction on [91, p.232]) it follows that, to prove (1.31), it suffices to show that for
every 0<A<1 the vertical perimeter of any intrinsic A\-Lipschitz epigraph I't CH satisfies
the growth bound

V5, 0) T ) L) Sar®  for all 7> 0, (1.32)

where B,.(0) is the (Carnot—Carathéodory) ball of radius r centered at 0=(0,0,0).(")

The structural information that underlies the reduction of (1.31) to (1.32) is that,
for any 0<A<1, any (sufficiently nice; see [91] for precise assumptions) surface in H has
a multi-scale hierarchical decomposition into pieces that are close to intrinsic A-Lipschitz
graphs, and moreover that decomposition has controlled overlap in the sense that it
satisfies a O(1)-Carleson packing condition. As such, this decomposition is an intrinsic
Heisenberg analog of the corona decompositions that were introduced and developed for
subsets of Euclidean space in [26], and have since led to a variety of powerful applications
in harmonic analysis (see also the monograph [27]).

The corona decomposition of [91] is in some respects a Heisenberg variant of a
“vanilla” corona decomposition. Like corona decompositions in R", it is a hierarchi-
cal partition of a surface into pieces of bounded aspect ratio, and the Carleson packing
condition governing overlaps of pieces depends only on the diameter of the pieces. Nev-
ertheless, there are key differences, including the fact that the proof in [91] relies on a
new “stopping rule” (based on the quantitative non-monotonicity of [23]) that yields, in
fact, a different proof of the existence of corona decompositions even in Euclidean space
(though, for less general sets than those that [26] treats). In addition, while “vanilla”
Euclidean corona decompositions cover a surface in R™ by pieces that are approximately
graphs of Lipschitz functions, the approximating graphs in [91] are intrinsic Lipschitz,
like the surface depicted in Figure 1. While Lipschitz graphs in Euclidean space vary
slowly in all directions, intrinsic Lipschitz graphs vary slowly in horizontal directions but
can vary quickly in vertical directions and can have Hausdorff dimension 2.5 with respect
to the Euclidean metric [53]. This can make these graphs difficult to analyze, and even
after the decomposition step of [91], the challenge of establishing estimates such as (1.32)
remains.

In [91], we addressed this challenge for the 5-dimensional Heisenberg group H?,

but our techniques do not shed light on the 3-dimensional setting of Theorem 1.1. An

(") Also this deduction in [91] does not rely on the specific value of the exponent 4. Namely, for any
g>1, if for every 0<A<1, every intrinsic A-Lipschitz epigraph I'" CH satisfies ||VB,.(0)(F+)||Lq(R)§/\ r3
for every r>0, then ||\7]I-H(Q)HL,1(R)§7‘[3(8Q) holds for every measurable subset 2 CH.
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intrinsic Lipschitz graph in H® is the intrinsic graph of a function 1 that is defined on a
4-dimensional vertical hyperplane V. An inspection of the intrinsic Lipschitz condition
shows that the restriction of ¥ to any coset of H that is contained in Vj is Lipschitz with
respect to the Carnot—Carathéodory metric on H. In [91], we applied a representation-
theoretic functional inequality of [4] to each of these restrictions, yielding a bound on the
vertical variation of ¢». The desired control on the vertical perimeter of intrinsic Lipschitz
graphs in H? followed by integrating this bound over the cosets of H in V.

In the 3-dimensional setting of the present work, the intrinsic graph I' in (1.32)
corresponds to an intrinsic Lipschitz function ¢: Vy—R, where Vj is a 2-dimensional
vertical plane in H. For concreteness, assume in what follows that Vo={(z, 0, 2):x, zeR}
is the zz-plane. The reasoning of [91] is irrelevant to proving (1.32): one cannot restrict
1 to cosets of a lower-dimensional Heisenberg group, as there is no such group!

Our strategy here is therefore entirely different from that of [91]. We will prove (1.32)
by finding a new structural description of intrinsic Lipschitz graphs in H. Specifically,
we will prove that they admit a hierarchical family of partitions into pieces that are
approximately ruled surfaces and bound the total error of these approximations.

We call this description of I' a foliated corona decomposition. It is a sequence of
nested partitions of I' into approximately rectangular regions, called pseudoquads, of
varying heights and widths. On each pseudoquad, I' is close to a vertical plane, and
these vertical planes can be glued together to form a collection of ruled surfaces such
that at most locations and scales, I' is approximated by one of the ruled surfaces; see
Remark 7.6. Furthermore, the decomposition satisfies a new weighted variant of the
classical Carleson packing condition. Namely, we bound the weighted sum of the measures
of the pseudoquads in the decomposition, where the measure of each pseudoquad is
normalized by the fourth power of its aspect ratio. We will see that the occurrence of
the fourth power here is dictated by the requirement that this decomposition should be

invariant under certain automorphisms of H (scaling, stretch, and shear automorphisms).

THEOREM 1.18. Any intrinsic Lipschitz graph in H has a foliated corona decompo-

sition.

The above description of foliated corona decompositions and the statement of Theo-
rem 1.18 clearly lack rigorous definitions, but they convey the essence of what is achieved
here. The necessary technical matters are treated in §5 below, where a precise formu-
lation of Theorem 1.18 appears as Theorem 5.2. The justification that Theorem 1.18
can be used to achieve our goal (1.32) is carried out in §6 below; the groundwork of
constructing a foliated corona decomposition makes this deduction quite mechanical.

We will next cover a few technical details necessary to describe foliated corona
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decompositions and the subdivision mechanism that produces them. Recall that V) CH
is the zz-plane. Fix 0<A<1 and let I" be an intrinsic A-Lipschitz graph that is the
intrinsic graph of ¥: Vy—R. That is, =W (1)), where ¥(v)=vY ¥ for all v€Vj. The
function v satisfies the intrinsic Lipschitz condition (Definition 2.2); the non-linear nature
of this condition is the source of subtleties that ensue (and the reason why basic questions
on the rectifiability properties of intrinsic Lipschitz graphs remain open; see e.g. [29]).

For any pel’, there is a horizontal curve v contained in I' that passes through p, so
I" is the union of all such curves. It is often convenient to work in V{ instead of I'. To
this end, let II: H—Vj be the projection to Vg, so II(¥(v))=v for veVy. The projected
curve Ile7 is a curve in Vy which we call a characteristic curve; see §2.3 for a detailed
discussion. Parameterize v so that II(v(¢))=(¢,0, g(¢)) for some continuous function g.
This function is a solution of the differential equation ¢'(t)=—1(t,0, g(t)), and conversely,
each solution gives a characteristic curve. If T is a vertical plane, then ¥ (x,0, z)=az+b
for some a,b€R, in which case the characteristic curves are parallel parabolas.

Since horizontal curves pass through every point of I'; there is a characteristic curve
through every point of V{, so one can reconstruct I" from its set of characteristic curves.
Note that the characteristic curve through p is not necessarily unique: when 1 is not
smooth, these curves can split and rejoin [12]. When ¢ is smooth, the characteristic
curves foliate Vj, so there is a coordinate system on Vj such that the foliation forms one
set of coordinate lines. However, it is difficult to use this coordinate system to study the
geometry of I" because the distance between two characteristic curves can vary wildly.
Foliated corona decompositions provide a way to overcome this difficulty.

A pseudoquad for T is a region in Vj that is bounded by characteristic curves above
and below, and by vertical line segments on either side. We call a pseudoquad @ recti-
linear if its top and bottom boundaries approximate two parallel parabolas; if the top
and bottom boundaries of @ are exactly two parallel parabolas, we call ) a parabolic
rectangle. Parabolic rectangles are the projections to Vj of rectangles in H bounded by
two horizontal line segments and two vertical line segments. The width §,(Q) and height
5.(Q) of such a pseudoquad are defined to be, respectively, the width and height of its
approximating parabolic rectangle; see §4. The aspect ratio of @ is

Let Qo CVj be a rectilinear pseudoquad. A foliated corona decomposition for I with
root at Qg is a sequence of nested partitions of @y into rectilinear pseudoquads. We con-
struct such a decomposition using the following subdivision algorithm which, importantly,

outputs pseudoquads that can be divided into two sets Vy and Vy, called, respectively,
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the vertically cut pseudoquads and horizontally cut pseudoquads. The algorithm repeat-
edly cuts pseudoquads into halves. Let ) be a pseudoquad in the decomposition. If ¥(Q)
is a region in I' that is sufficiently close to a vertical plane Vg and if the characteristic
curves through @ are close to characteristic curves for Vi, then cut @ in half along one
of the characteristic curves of I'. In this case, say that @ is horizontally cut and add
it to Vy. Otherwise, cut @ in half along a vertical line through its center, say that @
is vertically cut, and add it to Vy. By applying this procedure iteratively, we obtain a
sequence of nested partitions of Qg; see Figure 2.

A crucial part of the algorithm is the mechanism determining whether to cut the
pseudoquad horizontally or vertically. We stated qualitatively how this step depends
on the geometry of ¥(Q), but we implement it quantitatively by introducing a coercive
quantity called R-extended non-monotonicity. This is a family of measures Qﬁ) r on the
vertical plane Vj, parameterized by R>0; see §8. These are inspired by the quantitative
non-monotonicity of [23], but there are key differences. For instance, while the non-
monotonicity of I' on a subset UCH measures how lines intersect I' inside U, the R-
extended non-monotonicity of I on a subset W CV{; measures how lines intersect I" inside
an R-neighborhood of ¥(W). We refer to §8 for the details, in particular to Lemma 9.2,
which shows that, for any measurable U CVj,

D8, (U) S0, (1.33)
i€Z
where |U| is the area of U and A is the intrinsic Lipschitz constant of ).

Analogously to [23], extended non-monotonicity is coercive in the following sense.
Let U=[0,1]x{0}x[0,1]CV, and for >0, let rU be the square of side r concentric
with U. There is a universal constant r>1 such that if § is sufficiently small, R is
sufficiently large, 1(0) is bounded, and Qr+ g(rU)<0, then ¥(U) is close to a vertical
plane and the characteristic curves that pass through U are close to characteristic curves
of that vertical plane (i.e., parabolas). The proof of this geometric statement (whose
precise formulation appears as Proposition 7.2) is the most technically involved part of
this work; it is outlined in §10 and carried out in §11 and §12.

By translation, rescaling, and applying a shear automorphism, a similar coercive
property applies to any pseudoquad of aspect ratio 1, but for the subdivision algorithm,
we need a coercive property for pseudoquads of arbitrary aspect ratio. If ) is a pseu-
doquad of aspect ratio a(Q), the stretch automorphism s(x,y,z)=(a(Q) *x, a(Q)y, 2)
sends @ to a pseudoquad of aspect ratio 1. The extended non-monotonicity of s(Q)
scales like a(Q)4, so if the extended non-monotonicity of I'* on @Q is at most 6|Q|/a(Q)?,
then U(Q) is close to a vertical plane and the characteristic curves that pass through @

are close to characteristic curves of that vertical plane.
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Figure 2. Stages in the construction of a foliated corona decomposition for a bump function
as in the top row of Figure 3 below. The aspect ratio of the regions in the decomposition
varies widely. On the sides, where the surface is close to a vertical plane, the aspect ratio is
large and the regions are short and wide; near the top and bottom, where it is further from
a plane, the regions are tall and narrow.
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Therefore, in the subdivision algorithm above, there is §>0 such that we cut @ hor-
izontally if and only if the extended non-monotonicity of I'* on Q is at most 6|Q|/a(Q)*.
This criterion, combined with (1.33), leads to a crucial bound on the total pseudoquads
that have been vertically cut by the subdivision algorithm. Specifically, if Q) is a pseu-
doquad of the decomposition and Dy(Q) is the set of vertically cut pseudoquads Q' in

the decomposition that are contained in @, then

Q1 -
> 1 S QL (1.34)

The condition (1.34) is the aforementioned weighted Carleson packing condition, and the
L4 norm that appears in Theorem 1.1 arises directly from the exponent 4 in (1.34).
Thus, the Ly norm in Theorem 1.1 is ultimately dictated by having to prove a coer-
cive property for intrinsic Lipschitz graphs that is invariant under stretch automorphisms.
This stretch-invariance has multiple effects. On one hand, stretch-invariance means that
it suffices to prove the coercive property for pseudoquads of aspect ratio 1; indeed, it is
enough to consider pseudoquads that approximate the unit square. On the other hand,
it induces a substantial complication in the proofs: since the intrinsic Lipschitz constant
is not invariant under stretch automorphisms, the coercivity must be independent of the

intrinsic Lipschitz constant.

1.2.2. A maximally bumpy surface

The optimality part of Theorem 1.1 corresponds to constructing (in §3) an intrinsic
Lipschitz graph for which the L4(R) norm in (1.32) cannot be replaced by the L4(R)
norm for any 0<g<4. Theorem 1.7 is deduced in §3.1 by analyzing this construction;
the level sets of the resulting embedding into L; are a superposition of certain random
rotations, scalings and translations of this surface.

We will show that, for any sufficiently small >0, there are intrinsic Lipschitz sur-
faces in H of bounded (Heisenberg) perimeter that are e-far from planes at e ~* different
scales, many more than the e~2 different scales that are possible (by [91]) for such sur-
faces in the 5-dimensional Heisenberg group H® (or, for that matter, in R™, by the Jones
travelling salesman theorem [48] and the higher-dimensional analogues thereof [26]).

We construct these surfaces by adding bumps to a vertical plane. While surfaces
that demonstrate that the bound of [91] for H® is optimal can be constructed by adding
round bumps with equal width and height, it is more natural in H to add oblong bumps
with width (horizontal size) w, depth d (size perpendicular to the surface), and height h

(vertical size). The automorphisms of the Heisenberg group preserve the ratio dw/h, so
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we can construct a family of bump functions by applying automorphisms to a prototype

bump with d=w=h=1. The resulting bumps have h=dw, and we define the aspect ratio

A horizontal curve connecting one side of the bump to its other side has slope roughly

« of such a bump to be

d/w=a"2, so adding a layer of bumps with aspect ratio a>1 to a surface multiplies its
perimeter by roughly 14+a~*. Thus, we can start with a unit square, then add e~* layers
of bumps of width e~r;, depth er;, and height 72, for r;>...>>r.-s. These bumps all

! so the resulting surface ¥ has bounded perimeter, and for any

have aspect ratio e~
x €Y, the intersections B,,(x)NY are each er;-far away from any plane. So, ¥ is e-far
from planes at e~* different scales. The implementation of this strategy in §3 is in essence
an example of a foliated corona decomposition. At each stage, we use the characteristic
curves of the surface that was obtained in the previous stage to guide us where to glue
the next layer of bumps. Figure 3 shows a sketch of the construction.

It is highly informative to examine why this construction does not work in H?.
Bumps on a surface in H®? have five dimensions, which we denote wy, ws, di, da, and
h, so that h is vertical, the other four dimensions are horizontal, and dy is normal to
the surface. The automorphisms of H® preserve the ratios dywi/(daws), diwy/h, and
daws/h. If B is a bump with dyw;=daws=h and da<wsz, then the slopes of § in the
three horizontal directions are roughly do/wi, do/wa, and dy/d;. So, adding S to a
vertical rectangle with dimensions wi X ws X dy X h increases the volume of the rectangle

by a factor of roughly

def d3 d3 d3
7d7d7h :1 Oy T 9y 19 (1
v(wy, wa,dy,da, h) +max{w% @

and the resulting bump is roughly (da/v/h)-far from a 4-dimensional hyperplane at scale
Vh. If dy/v/h=¢, then dyw;=h=c~2d3}, and

@3 LB

>1 =1+
max{d?, w?} diwy e

I/(’lUl,'LU27d1,d2,h) 2 1+

Hence, this construction results, at best, in a surface that is e-far from planes at 2
different scales. One may also consider bumps where djw;, dows, and h are not propor-
tional, such as bumps with dy =w; :w2:d51 =r>1=h. This is more subtle than it might
initially seem. Indeed, because the d;- and wi-directions do not commute, there are no
rxrxrxr~1x1 boxes in H® that stay close to horizontal. Consequently, a bump of
these dimensions behaves similarly to a collection of smaller bumps with d;w; =dyws=h,

which are governed by the previous reasoning.
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Figure 3. The first three steps of the construction of a maximally rough surface in H. The
left and right columns show the same surface from two different angles. The center column
shows a projection of the surface to the plane, with characteristic curves marked. Since the
second derivatives of these curves are small, the Heisenberg area of the surface is bounded,
but the surface can be made e-far from a plane at ¢~* different scales— much more than
what is possible in HP®.
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1.3. Roadmap

In §2, we present notation for working with the Heisenberg group and some definitions
and results related to intrinsic graphs and characteristic curves. In §3, we construct an
intrinsic graph with large vertical perimeter and use it to construct the embeddings used
in Theorem 1.7 and its consequences.

The rest of the paper is devoted to defining and constructing foliated corona de-
compositions and using them to prove equation (1.32) bounding the vertical perimeter of
an intrinsic Lipschitz graph. In §4, we define a rectilinear foliated patchwork, which de-
composes an intrinsic Lipschitz graph into rectilinear pseudoquads, and in §5, we define
the weighted Carleson packing condition required for such a patchwork to be a foliated
corona decomposition. Then, in §6, we show that an intrinsic Lipschitz graph that admits
a foliated corona decomposition satisfies equation (1.32).

It remains to show that every intrinsic Lipschitz graph admits a foliated corona
decomposition. We produce foliated corona decompositions by the subdivision algorithm
described in §7. The fact that the patchworks produced by this algorithm satisfy the
weighted Carleson packing condition relies on careful analysis of a coercive quantity,
the extended parametric non-monotonicity, defined in §8. When this coercive quantity is
small, the graph satisfies strong geometric bounds, detailed in Proposition 7.2. Assuming
Proposition 7.2, we prove the weighted Carleson condition in §9. In §10, we outline the

proof of Proposition 7.2, and in §11 and §12 we prove it.

2. Preliminaries

Most of this section presents initial facts about the Heisenberg group that will be used
throughout what follows. However, we will start by briefly setting notation for measure
theoretical boundaries and interiors that are best described in greater generality (though
they will be applied below only to either the Heisenberg group or the real line).

Let (M, dy, i) be a non-degenerate metric measure space, i.e., (M, dy) is a metric
space and p is a Borel measure on M such that u(Bm(z,r))>0 for all zeM and r>0,
where By (z, r)={yeM:dy(x,y)<r} is the closed dp-ball of radius r centered at x.

Given a subset SCM, we define the measure-theoretic support suppu(S) of S to be
the usual measure-theoretic support of the indicator function 15: M—{0,1}, namely

supp,, (S) = ({z € M: p(Bu(,7)NS) > 0}. (2.1)
>0
The measure-theoretic boundary of S is defined as

def - — N zem. o< MBulz,r)NS)
8,5 = supp,,(S)Nsupp,, (M\ S) OO{ eEM:0< PEHERD) <1}. (2.2)
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The measure-theoretic interior of S is defined as

int,,(S) % M\supp,, (M\S) = |_J{z € M: u(By(x,)\S) = 0}. (2.3)

r>0

These definitions are non-standard; other works define the measure-theoretic boundary
as the set of points where the density of S is not 0 or 1. The advantage of our definition
is that one may check that int, (S) is open in M and its (topological) boundary dint,,(.S)
is contained in 9,,S. The sets int,(5), int,(M\S), and 9,5 are disjoint and their union
is M, i.e.,

M = int,, (S)Uint, (M\ $)Lid,,S. (2.4)

2.1. The Heisenberg group

Here we summarize basic notation and terminology related to the Heisenberg group.
Throughout what follows, || - ||: R®—R will denote the Euclidean norm on R3, namely
l(a,b,c)[|[=va?+b2+c? for all a,b,ceR. Let

X %1,0,0, v¥0,1,0, z%0,0,1)

be the standard basis of R?, and let z,y, z: R®*—R be the coordinate functions. Namely,
for u=(a, b, c) ER3, we set x(u)=a, y(u)=b, and z(u)=c. With this notation, the Heisen-

berg group operation (1.8) can be written as
wo=u+v+i(z(w)yv)—y(u)z(v))Z for all u,v e H=R3. (2.5)

The linear span of a set of vectors SCR3 will be denoted (S). The plane H déf(X, Y)
is called the space of horizontal vectors. Let : R®—H be the orthogonal projection. A
horizontal line in H is a coset of the form w(h) CH for some weH and heH.

The union of the horizontal lines passing through a point u€H is the plane uH,
which we denote H, and call the horizontal plane centered at u. Every plane PCR3
either contains a coset of (Z) (a wertical line), in which case we call P a vertical plane,
or can be written P=H,, for some unique u€H.

If ICR is an interval and v:I—H is a curve such that zovy,yovy, zoy: I—-R are
Lipschitz, then +/(¢) is defined for almost all t€1. One then says that v is a horizontal
curve if 7 is tangent to H,) at y(t) for almost all t€ 1, i.e., for almost all t€] we have

d
ds
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Note that horizontality is left-invariant; if  is a horizontal curve and geH, then g-7 is
also a horizontal curve. If y(t)=(vz(t), vy(t),7z(t)), then this requirement is equivalent

to the differential equation

29, (t) = va (t) 7y, (1) = ()72 (2)-

Define
def /
l(y) = /1 [[7(v'(£))]] dt.

The sub-Riemannian or Carnot—Carathéodory metric d: HxH—[0, co0) is defined by let-
ting d(v, w) be the infimum of £(y) over all horizontal curves v connecting v€H to weH.
This metric is left-invariant, i.e., d(ga, gb)=d(a,b) for all a, b, geH.

If v is a horizontal curve connecting v to w, then mo~ is a curve in R? of the same
length connecting 7t(v) to m(w), so d(v, w)>||m(v)—m(w)||. Consequently, any horizontal
line in H is a geodesic. Also, d satisfies (e.g. [10], [40], [80]) the ball-box inequality

d%) <4d(0,h) forall h=(z,y,z) cH.
(2.6)

For heH and r>0 we let B,.(h)={g€H:d(g,h)<r}=hB,(0) denote the closed ball

of radius r centered at h with respect to the sub-Riemannian metric d on H. Throughout

d(0, h) < |z|+|y|+4+/]2| <2d(0, h)+4-

what follows, we will not use this notation for balls with respect to any other metric.
For 0>0 denote by H? the o-dimensional Hausdorff measure that d induces on H.
Thus H* is the Lebesgue measure on R?, which is also the Haar measure on H. Given a
measurable subset ECH, the associated perimeter measure that is induced by d will be
denoted by Perg(-); we refer to [35] for background on this fundamental notion, noting

only that there exists >0 such that if FCH has a piecewise smooth boundary, then
Perg(U) =nH*(UNOE)

for every open subset U CH.
It is also beneficial to describe the group operation on H in terms of a symplectic

form. Let wge:R?xR2—R be the standard symplectic form, i.e.,

sz((a,b)7(a,ﬂ))dﬁfaﬁ—ba:det(a g) for all (a,b), (o, ) € R
a

Under this notation, (2.5) can be written as follows:

uwv =u+v+twge (n(u), m(v))Z  for all u,v€H. (2.7)
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This lets us define automorphisms of H. Let A: R2—R? be an invertible linear map
with determinant J€R\{0}, so that wg2(A(v), A(w))=Jwg:(v,w) for any v, weR?. It
follows from (2.7) that the map A: H—H that is defined by

Az,y,2) E(Alz,y), Jz) forall (z,y,2) € H (2.8)
is an automorphism of H which, since A(H):H, sends horizontal curves to horizontal
curves and is thus Lipschitz with respect to the sub-Riemannian metric on H. If A is
an orthogonal matrix, then A is an isometry. As a notable special case, for a,b>0, we

define
sap(@,y,2) (az, by, abz) for all (z,y,z) € H, (2.9)

which we call a stretch map. When a=b=t, s;, is the usual scaling automorphism of H,
which scales the sub-Riemannian metric on H by a factor of ¢. For simplicity, in what

follows we will sometimes write s; ;=s;.

2.2. Intrinsic graphs and intrinsic Lipschitz graphs
Throughout what follows, we denote the xz-plane by V{, namely

Vo ©{(2,y,2) EH:y=0} =Rx {0} xR C H.

Note that the restriction of H> to Vj is proportional to the Lebesgue measure on V.
Fix UCV;y. The intrinsic graph of a function : U —R is defined in [36] to be

Ty dﬁf{vYWv) weUt={(z(v), ¥ (v), z(v)+3z(v)Y(v)) :ve U} CH, (2.10)

where in (2.10), as well as throughout what follows, it is convenient to use the exponential
notation
ut = tu = (to(u), ty(u), t2(u))

for ueH and t€R. Observe that any coset of (Y) that passes through U intersects I'y, in

exactly one point. We will also use the following notation for the intrinsic epigraph of :
T} oYt (u,1) € U x ($(v), 00) ).

Suppose that UCVj is an open subset of Vj and that g: U —R is smooth. For every
1:U—R define a function 9yg: U =R by
def 09 0Og

Opg ™ T (2.11)



88 A. NAOR AND R. YOUNG

If 4 is smooth, then we define the horizontal derivative of 1 to be the function

_o_ oY
aw_az wé)z'

Let veU and let pdéf va(”)EF¢. One can interpret 0,1 by considering the hori-

(2.12)

zontal plane H,. This plane locally intersects I'y, in a curve, and the tangent vector of
this curve at p is given by X+0y¢(v)Y. The horizontal derivative also determines the
slope of the intrinsic tangent plane to I'y, where the slope of a vertical plane is the slope
of its projection to H. As r—0, rescalings of the intersections B, (p)NI'y, converge to a
vertical tangent plane with slope 9y (v).

The following proposition is part of [2, Theorem 1.2]. It expresses the area H3(I')
of 'y, namely the 3-dimensional Hausdorff measure (with respect to the sub-Riemannian

metric) of I'y, in terms of dy.

PROPOSITION 2.1. ([2]) There exists a constant ¢>0 such that if UCVy is an open
set and ¥: U—R is smooth, then

H?’(Fw)XSs(qu):C/U V1+(9y9)? dw = H (U) +1|0y9l| 1, 0y, (2.13)

where S is the 3-dimensional spherical Hausdorff measure on H.

Recent work [49] has shown that the spherical Hausdorff measure and the Hausdorff
measure on I'y, are equal up to a multiplicative constant, so the first equivalence in (2.13)
can be replaced by an equality up to a constant factor.

For A€ (0, 1), define the double cone

Coney ¥ {heH: |y(h)| > Ad(0, h)}.
This is a cone centered on the horizontal line (Y') which is scale-invariant, i.e.,
s1,1(Coney) =Coney for all ¢>0.

The intersection HNConey is a double cone in H with angle depending on A. Specifically,

HNConey = {(z,y,0) € H: |y| > A\\/22+1y2}

:{(x7y,0)€H:|y| >\/%le}-

Definition 2.2. Let UCV, and let I'CH be an intrinsic graph over U. For any
A€(0,1), we say that I' is an intrinsic A-Lipschitz graph if (h Coney(Vp))NI'=@ for
every hel'. Equivalently, for every p,q€Tl,

ly(q) —y(p)| < Ad(p, q)-

We say that I is an intrinsic Lipschitz graph if it is intrinsic A-Lipschitz for some A€(0, 1).

(2.14)

If I'=T"y for some ¢:U—R, then we say that v is an intrinsic Lipschitz function.
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Definition 2.2 gives the same class of intrinsic Lipschitz graphs as the definition
introduced in [36], but it gives different classes of intrinsic A-Lipschitz graphs; see §3.2
of [103] for a proof that the definitions are equivalent.

The following simple bound will be convenient later.

LEMMA 2.3. Let 0<AK] and let I'=T"y, be an intrinsic \-Lipschitz graph of a func-
tion :UCVy—R. Let v,welU and write p=vY?® el and g=wY*™ el'. Then,

()~ (@) = () ~ ()] < o dlp,a(Y ).

Proof. Denote m=d(p,w(Y)). Let cew(Y) be a point such that d(p, c)=m. By the

intrinsic Lipschitz condition,

ly(c)—y(@)| < m+|y(p)—y(q)| < m+Ad(p, ¢) <m+A(m+[y(c)—y(q)]).

This simplifies to give

14X
ly(e)=y(@)| < 7 m
Hence, 9
ly(p)—y(@)| < ly(p) —y(c)|+|y(c) —y(a)| < % -

Intrinsic Lipschitz graphs satisfy the following version of Rademacher’s differentia-
tion theorem due to [38, Theorem 4.29].

THEOREM 2.4. ([38]) Let 0<A<1, let UCV, be an open set, and let f:U—R be
a function such that I'y, CH s an intrinsic A-Lipschitz graph. Then, for almost every
peU, 'y has an intrinsic tangent plane at pY ¥ ®) whose slope satisfies

|0y (p)| < (2.15)

122
We note that [38, Theorem 4.29] is concerned with the (almost everywhere) existen-
tial statement of horizontal derivatives. The upper bound in (2.15) follows from (2.14)
and the fact that the intrinsic tangent plane at pY ¥(®) is disjoint from p Coney (see also
Lemma 2.7). This bound on the horizontal derivatives of an intrinsic Lipschitz graph
leads to a bound on the perimeter measure. The following result follows from [37, The-
orem 4.1], which proves a similar bound on the Hausdorff measure of I'; and the results
of [35], which imply that the Hausdorff measure of I' and the perimeter measure of I'*
differ by at most a multiplicative constant. Let II: H—V;, be the natural (non-linear)
projection to V along cosets of (Y), i.e., II(v)=vY ~¥®*) for every v€H. Equivalently,

I(z,y, 2) déf(a:, 0,z—3zy) for all (z,y,2) € H. (2.16)
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LEMMA 2.5. ([37]) Fiz A€(0,1). Let ¢: Vo—R be A-intrinsic Lipschitz. The perime-

ter measure PerF:Z satisfies the following equivalence for measurable subsets ACIy:
Pery (4) = [IT(A)],

where here, and henceforth, |-| denotes the Haar measure on Vo, normalized to coincide

with the usual 2-dimensional area measure in R3.

2.3. Characteristic curves

Let UCVj be an open set and let ¢): U—R be a continuous function. The differential
operator Oy given in (2.11) defines a vector field on V; that is continuous and has z-
coordinate 1, so by the Peano existence theorem, there is at least one flow line of 0y
through every point of U, defined on an interval. These flow lines are the graphs of
functions g: I - R satisfying

g ()+v(t,0,g(t))=0 foralltel. (2.17)

We call these flow lines characteristic curves of I'y.

The solution to (2.17) guaranteed by the Peano existence theorem is only local,
but when ¢ is intrinsic Lipschitz, we can define g on all of R. Indeed, by the Peano
existence theorem, if S, =[—1,1]x {0} x[—r,r] and sup,cg |1 (q)|<r, then there exists a
g: (=1,1)—=[—r, 7] that solves (2.17) with initial condition g(0)=0. Let (z,0,2)€S,. By
Lemma 2.3 with v=0, w=(z, 0, z), there is some C=Cy,>0 such that

2
[1(2, 0, 2)| < [(0) [+ d(Y ", (2,0,2) SC+Clal +CV/]e| <20+CVr.

If 7 is sufficiently large, then sup g, [¢(q)[<r, so (2.17) can be solved on (—1,1). More
generally, for any xg and zp, there is a g: (zo—1, zo+1) =R that solves (2.17) with initial
condition g(zo)=2z9. By patching together such solutions, we obtain a global solution to
(2.17).

In this section, we will show that the characteristic curves of I'y, are the projections
of horizontal curves in I'y, and use them to describe I'y,. In the next section, we will
describe how characteristic curves transform under automorphisms of H; later, we will

use these curves to describe how horizontal lines intersect an intrinsic Lipschitz graph.

LEMMA 2.6. Let I'=I"y,. The characteristic curves of I' are exactly the projections
(under II) of horizontal curves ¢: I —T such that x(p(t))=t for every tel.
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Because characteristic curves can branch and rejoin (see [12] for such examples),
there are intrinsic Lipschitz graphs with horizontal curves whose xz-coordinate is not

monotone. Thus the condition z(¢(t))=t of Lemma 2.6 cannot be dropped.

Proof. First, we claim that if ¢ is a horizontal curve in I with x(¢(t))=t, then IIo¢
is a characteristic curve of I'. Write I'=I"y, and let ¢: /=T be a horizontal curve of the
form ¢(t)=X'YT® 79" Then f and g are Lipschitz, II(¢(t))=(t,0,g(t)), and, since
o(t)eT’, we have f(t)=1(t,0,g(t)). Since ¢ is horizontal,

d -1
%qb(t) d(t+u) . eH

for almost every t€l. Observe that

o(t) L p(t+u) = (Xtyf(t)Zg(t))fl(Xt+uyf(t+u)zg(t+u))
— xuy f(t+u)=f(#) Zg(t+u)—g(®)+uf(t)

Since f and g are Lipschitz, the following identity holds almost everywhere:

GO =X ALY @0+ (0)Z (215)

That is, g satisfies (2.17).

Conversely, suppose that g is a solution of (2.17) and let f(t)=1(t,0,g(t)). By [12,
Theorems 1.1 and 1.2], f is Lipschitz. Therefore, ¢(t)=X"Yf® Z9(®) is a Lipschitz curve
in T such that TI(¢(t))=(¢, 0, ¢(¢)) and such that ¢ satisfies (2.18) almost everywhere. In
combination with (2.17), this implies that ¢ is horizontal. O

If ¢ is smooth, the characteristic curves of I'y, foliate U. If v is merely intrinsic
Lipschitz, characteristic curves can branch and rejoin, but if two characteristic curves
pass through the same point, then they are tangent at that point; see [12, Figure 1] for
an example of this phenomenon.

Characteristic curves satisfy bounds based on the intrinsic Lipschitz constant of T'.

LEMMA 2.7. Fiz A€(0,1) and denote

def A
V1-A2

Let I'=I'y, be an intrinsic X-Lipschitz graph over an open set and let v:I—Vy be a

characteristic curve for I' parameterized so that x(y(t))=t for all tel. Then,
()~ (B) | < Lls—t| for all s,t€T. (2.19)
Also, if we denote g(t)=z(y(t)), then

lg(t)—g(s)—g'(s)-(t—s)| < LL(t—s)* for all s,tel. (2.20)
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Proof. Since v is characteristic, the curve ¢(t)=~(t)-Y¥O'®)) is horizontal. The

intrinsic Lipschitz condition implies that

y(o(t+6)) —y(¢(1))]
d((t), p(t+0))

By Pansu’s theorem [95], for almost every t€1, there is a vector hy€H such that

d(¢(t)hg, $(t+9))

<A for all § e R\{0}. (2.21)

g 5 =0
Indeed, hy=(1,m,0), where m=(1o7)’(t). Then
o D) (@) Il d(6(0h, 01 +0) |l

P T A0, 6 +0) S S ()RS, o1 40))  VidmE

By (2.21), it follows that |m|/v1+m2<A, so, for almost every tel,
(o) (t) = Im| < L. (2.22)

This implies (2.19). By (2.17), ¢'(t)=—¢(y(t)), so it follows from (2.22) that |¢"(t)|<L

for almost every t€I. The remaining bound (2.20) is therefore justified as follows:

<L‘ /st(t—u) du‘ Gl S

90— (9(s)+9/(3)-(t=9))| = \ | =g (w) du .

Since there is a characteristic curve through every point peU and the derivative of
such a curve at p is —¢(p), an intrinsic graph I' can be reconstructed from its charac-
teristic curves. Indeed, one way to construct intrinsic Lipschitz graphs is to construct a
foliation of Vi by C; curves {z=gq(x)}, a€ A such that Lip(g},) <1 for every a€ A. Each
such curve lifts to a horizontal curve, and one can show that the union of these lifts is
an intrinsic Lipschitz graph. (This is how the graphs in Figure 3 were constructed.)

For illustration, we consider planes in H. A vertical plane V that is not orthogonal
to Vp is an intrinsic graph over V. The horizontal curves in V' are parallel lines; let L
be one such line. The image II(L) is a parabola in Vp, and the characteristic curves of
V are the parabolas parallel to II(L). The second derivative of these parabolas depends
on the angle between V' and Vj.

Let veH. The horizontal plane H, centered at v is not an intrinsic graph, but the
horizontal line v(Y’) divides H, into two intrinsic graphs. The horizontal lines in H,
all pass through v, and their projections to Vj are parabolas through II(v). Since they
all intersect at v, their projections are all tangent at II(v). These parabolas foliate the
complement in V; of the vertical line through II(v). They have unboundedly large second

derivatives, so the two halves of H,, are locally intrinsic Lipschitz graphs, but not globally.
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2.4. Automorphisms and characteristic curves

Recall that any invertible linear map A:R?—R? induces an automorphism A of H as
n (2.8). We are particularly interested in the case that Y is an eigenvector of A. In this
case, A((Y))=(Y), so A sends cosets of (V) to cosets of (Y)). A set I is an intrinsic graph
if and only if it intersects each coset of (Y) at most once, so A sends intrinsic graphs to
intrinsic graphs.

One family of maps with this property are the stretch maps

Sap(2,y, 2) = (az, by, abz)

defined in (2.9). To construct a second family of maps with the above property, let beR
and consider the linear map Ay(z,y)=(z,y+bx), which is a shear of the plane R2. The
induced map A, is an automorphism of H given by the formula

Ay(z,y, 2) = (z, y+b, z) for all (z,y,2)€H,

and we call such maps shear maps. (Note that these are different from the shear maps
considered in [106].)
Let II: H—V; be as in (2.16), i.e., the projection to Vg along cosets of (Y). The

maps above preserve cosets of (Y), so composed with II they induce maps from Vj to V.

LEMMA 2.8. Fiz h=(x, Yo, 20)€H and v=(x,0,2)€Vy. For any a,b,tER we have

H(84,5(vY") = 544(v) = (ax, 0, abz),
Ab th (1; 0,z— 1bx2)
(koY) (erxo,O z+zo—xyoffxoyo)
Proof. TI(gY*)=TI(g) for all gcH and tcR. Since s, and A;, are homomorphisms,

(84,5 (vY")) =T1(84,5(v)Y"") = 54,(v) = (az, 0, abz),
(A (vY) =TI(Ay(v)Y?) = (2, b, 2)Y 7% = = (2,0, z—3bz?).

Finally,

I(hoY") =II(hv) = (zo+x, Yo, 2o +2— 2zyo) Y ~¥°
= (zo+x,0, 20+2—32y0— 5 (To+2)yo)- O

We next describe how these maps affect characteristic curves and intrinsic graphs.
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LEMMA 2.9. Let UCVy and :U—R be a continuous function. Write I'=I"y,. Let
C={(z,0,2)eVh:2=g(x)} be a characteristic curve of I'. Let ¢: H—H be a stretch map,
shear map, or left translation, and let §: Vo— Vo, ¢(v)=I(q(v)), be the map that q in-
duces on Vy. Then, q(I') is the intrinsic graph of a function &:Q(U)%R, and ¢(C) is a
characteristic curve of q(I'). Also, the following statements hold.

o If a,beR\{0} and q=sq, then P(G(v))=bip(v) for all vel.

o If beR and q=A,, then ((v))=v(v)+bz(v) for all veU.

e If heH and q(p)=hp for all peH, then ¥(G(v))=1(v)+y(h) for all veU.

Proof. Any coset of (Y) intersects ¢(I') at most once, so ¢(I") is an intrinsic graph
with domain II(g(T"))=¢(T).

Let vCT' be the horizontal curve such that II(y)=C. Then, ¢(v) is a horizontal
curve in ¢(I'). For all geH and teR, we have II(gY")=II(g). Consequently, we have
II(q())=I(q(C))=4(C), and §(C) is characteristic for ¢(T").

For any veU, we have ¢(vY ¥(*))€¢(T), and since ¢(I') is an intrinsic graph, we must
have q(vY¥())=g(v)Y?(@®) . The claimed expressions for ¢ follow directly. O

Observe that if g: H—H preserves cosets of (Y'), then

q(Il(p)) € q(p(Y)) = q(p)(Y), (2.23)

S0 [leg=IIegeIl. In particular, if ¢; and ¢o are stretch maps, shear maps, or left trans-

lations, then

Groga =HeqyeIloge =Tleqqoga = ¢1°Go.

Consequently, if a, b, c€R and q(v)=Y?Z¢Ay,(v) for all veH, then
4(z,0,2) = (x,0, z—az® —br—c).

That is, for any quadratic function f, there is a map ¢: H—H so that the characteristic
curves of ¢(T") are the characteristic curves of I' translated by f.
Finally, stretch maps and shear maps send intrinsic Lipschitz graphs to intrinsic

Lipschitz graphs (with a possible change in the Lipschitz constant).

LEMMA 2.10. Let T be an intrinsic Lipschitz graph, and let a,b€R\{0}. Then,
Sap(T) and flb(I‘) are intrinsic Lipschitz graphs, with an intrinsic Lipschitz constant

depending on a and b, and the intrinsic Lipschitz constant of T.

Proof. Let g=s43 or g=A,. As T is an intrinsic Lipschitz graph, there is a scale-
invariant double cone C'CH containing a neighborhood of Y such that pCNI'=g for all
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pel’. The image ¢(C) is a scale-invariant double cone containing a neighborhood of Y.

Since

(| Coney=(¥)\{0},

AE(0,1)
there is a 0<A<1 such that ConeyCq(C). For all pel,

q(p) Conex Nq(T") C q(p)q(C)Nq(T) = q(pCNI") = 2,

so ¢(T) is intrinsic A-Lipschitz. O

2.5. Measures on lines and the kinematic formula

Let £ be the space of horizontal lines in H. For U CH, denote the set of horizontal lines
that intersect U by

L)Y LeL:LNU £}

Let N be the unique (up to constants) measure on £ that is invariant under the action
of the isometry group of H. Scalings of horizontal lines are horizontal lines, so scaling
automorphisms of H act on £, and L(s;+(M))=t3L(M) for all t>0. Henceforth N will
be normalized so that N'(L(B,(x)))=r? for every r>0 and z€H.

The Heisenberg group satisfies the following kinematic formula, which we record
here for ease of later use (see [79] or [23, equation (6.1)]). There exists a constant ¢>0

such that, for any finite-perimeter set ECH and any open subset U CH,

Perp(U) = C/LPerEmL(UﬂL) dN(L). (2.24)

Consider also the set £# déf{(L,p):LEL' and pe L} of pointed horizontal lines. As-

sociate with each measurable subset K CL# the following two quantities:

/Eﬂl({peL: (L,p) € K})dN (L) (2.25)
and

2
/0 /HlK(p<cos(9)X+sin(0)Y),p) dH*(p) db. (2.26)

Both of the expressions in (2.25) and (2.26) define measures on £# that are invariant
under the isometry group of H, which acts transitively on £#. Therefore, they are

proportional, and there is a constant C'>0 such that, for every measurable K CL#,

2m
[N =c [ Lty i) ds (2.27)
c 0 JH
where we use the following notation for every LeL, peH, and 6€(0, 27]:

Kr dﬁf{p €L:(L,p)e K}CL and L,y défp(cos(@)X +sin(A)Y) e L. (2.28)
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2.6. Vertical perimeter and parametric vertical perimeter

Given a measurable subset ECVj, a measurable function ¢: Vo—R, and (a scale) a€R,

we define the (normalized) pammetm’c vertical perimeter at scale a of ¥ on E by

va 2 - / [Y(v)—y(vZ™% )|d7—l3(v). (2.29)
This notion relates to the usual vertical perimeter (1.30) of the epigraph of 1 as follows.

LEMMA 2.11. (Parametric vertical perimeter versus vertical perimeter of epigraph)

For any measurable subset ECVy, any measurable function ¥: Vo—R, and any a€R,
ngw(a) =Vi-1(g) () (a).
Proof. Recalling (1.29), for QCH and a€R we denote D.Q=0AQZ2 . Then,
DI = {vY':veVy and ¢(v) <t <y(wZ =2 )}
u{vY':v eV, and w(vZ_T%) <t<y(v)},
since, by definition,
FQZZTM ={vY*:veV, and w(vZfrza) <t}.

Therefore,
HA(IT 1 (E)ﬂD l"*)

vir-1(p) (T) (a) =

— 2a —
=/ P—— ) =75 4 a)
where the second equality uses the fact that the map

(ZL',y, Z) — (.T, O,Z)Yy = (I,y7 Z+%£Ey)

has constant Jacobian 1. O

20,

An advantage of the parametric vertical perimeter is that it increases or decreases

by a constant factor under a stretch map or a shear map, as computed in the following.

LEMMA 2.12. Let ¢: Vi—R and ECV, be measurable. Let - H—H, ¢: Vo—Vy, and
@:%%R be as in Lemma 2.9, i.e., q is a stretch map or a shear map, ¢ is the map
induced on Vg, and 1[1 is the function such that q(Fw):Fi}. Then, for all teR, we have

o If a,beR\{0} and g=sq4, then

VL . (1) = 1abl/2-VE | (t+-1og, v/ab]).
o If beR\{0} and g=A,, then

Vi (8 = Vi ().
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Proof. If g=s,, for some a,beR\{0}, then
§(,0,2) = (az,0,abz) and  $(q(v)) =bi>(v)
for every v=(z,0, z)€V}. So,

Va6 () =2 /@(E) [ (v) — (22 )| aH? (v)

12 2t

=2"[b] (G (v) = (g (v) 2~ )| dH? (v)

q(E)
— 2422 / () — (w2 @727 a3 ()
E
=[ab*/?-vE ,(t+logy v/]abd] ).

Next, if g=A, for some beR\ {0}, then 1(§(v))=1(v)+bz(v) for all v=(z,0,z)€E,
and by Lemma 2.8 we have

G(v)=T(q(z,0,z2)) = (x, 0,2— %be).
So,
bwZ7) =G 027 ) Fbe( w22 =@ () 272 ) Fba(v),

and hence

ity (=2 / T )G @27 R (w)
2 [ o= ) =5 ) ;

We end this section by recording a straightforward a-priori upper bound on \7;1/) (a).

LEMMA 2.13. Suppose that ECV, is measurable and 1: Vo—R is smooth. Then,

oY

(o) <min{ 2l 2 5

}7—[3(E) for all a€R.
Loo(vo)

Proof. For all v=(z,0, 2z)€E, we (trivially) have
—2a
|¢(W)—¢(sz2 )| = W)(% 0, Z)_ﬁ’(% 0, 2_272a)| < 2H1/)||L00(V0),

(o) = (wZ ) = [9(,0,2) —u(, 0,222 <27 %f

LOO(VO).

Recalling the definition (2.29), we obtain the desired inequality by integrating over E. [J
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3. Constructing surfaces and embeddings

In this section, we will prove Proposition 3.4, following the reasoning sketched in §1.2.2,
to construct surfaces that are a-far from planes at a~* different scales. We use these

surfaces to prove the following theorem.

THEOREM 3.1. For any k>1, there is a left-invariant metric A=Ay HxH— [0, 00)
on H and a measure space (8,u) such that (H,A) embeds isometrically in Li(u) and
such that for any h=(a,b,c)€H we have

lal+18] S A0, h)<|a+|b|+mm\{/£ ok} (3.1)

If moreover 1< |c|<k?, then, in fact

- Ve
A0, h) = |a|+\bl+\/@ (3.2)

We will prove Theorem 3.1 in §3.1 after deriving two of its applications, and stating

Proposition 3.4. The first application of Theorem 3.1 is the proof of Theorem 1.7.

Proof of Theorem 1.7 assuming Theorem 3.1. Letting A and (8, u) be as in The-
orem 3.1, fix & H—Ly(p) such that ||£(g)—&(h )||L /L):A( h) for all g,heH. Also,
using [3], fix meN and ¢: H—R™ such that |[¢(g) — ¢ (h)|lep <+/d(g, ) for all g, heH.

Suppose that ¥>1. Consider the function H%Ll( YJER2PR™ 2L (v) (for a suit-
able measure v) that is given by

def £ %

(Tog £)7—171 " (log k)7 (3.3)

Since A is left-invariant, every g=(z,y, 2), h=(x, v, () €H with 1<d(g, h) <k satisfy

V22—2¢—zv+yX|
(logk)? ’

I7(9) =7 (W)l 2, o) < |2 =X+ [y —vl+ (3.4)
using (2.6) and Theorem 3.1. While (3.4) would hold even without the third component
of 7 in (3.3), thanks to that component 7(Hz) is a locally-finite subset of L;(v). Every
finite subset of L;(v) embeds with distortion O(1) in ¢; (by approximating by simple
functions), so by [93], it follows that 7(Hgz) admits a bi-Lipschitz embedding into ¢; of
distortion O(1). As the word metric dy on Hyz is bounded above and below by universal
constant multiples of d, this gives Theorem 1.7 provided k is a large enough universal

constant multiple of n. O
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A second application of Theorem 3.1 is to construct a left-invariant metric on Hy,
with the properties of Theorem 1.9, at the cost of losing an iterated logarithm in the
associated distortion bounds that we derived in the proof of Theorem 1.9. While the
power of the iterated logarithm can be improved by taking more care in the ensuing

reasoning, some unbounded lower-order loss must be incurred here; see Remark 3.3.

THEOREM 3.2. For any 2<p<4 there is a left-invariant metric =5, on Hyz that
admits a bi-Lipschitz embedding into both £1 and {4 for all ¢=p, yet not into any Banach
space whose modulus of uniform convexity has power-type r for 2<r<p (in particular,
(Hz, 8) does not admit a bi-Lipschitz embedding into a Hilbert space or Ly for 1<s<p).
Moreover, if we denote 9=1/p, then for every h=(a,b,c)€Hy with |c|>3 we have

]
(log |¢[)” (log log |¢[)?”

5(0,h) < |a|+1b|+ (3.5)
Proof. Define a left-invariant metric 6: Hy x Hz— [0, 00) as a superposition of the

metrics {Ag }rso of Theorem 3.1, by setting for every h=(a, b, c) €Hyz,

def - 1
We will first verify (3.5), which in particular implies that the sum defining & converges,
and hence by Theorem 3.1 we would know that 6 is indeed a left-invariant metric on Hy,
and that (Hz, d) admits an isometric embedding into ¢1(L1(p)). By [93], it follows from
this that (Hy, §) also admits a bi-Lipschitz embedding into the sequence space ¢;.

Fix h=(a,b, c)cHy with |c|>ee4, and choose m=m(c) €N such that

" <V < e (3.7)

Then,

5(0,1) < |a|+\b|+me{f’ D lapley sy v

641971 n26419n n26419n
n=1 n=m-+1
am
—lal o= VL vicl .
m2etim  m2etim (log|c|)? (log log |c[)?

Conversely, since the sum in (3.6) is at least its summands for n=1 and n=m+1,

(3.7)
5(0, 1) 2 [a] + bl + —V1° i

=l b .
i Dzeemn < 1A P ST g Tog o2
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This is (3.5) if |¢| >e®" | but then (3.5) follows formally in the remaining range 3<|c| <e®
(simply use the triangle inequality to reduce the upper bound to the case of large enough
|c| that we just proved, and take only the n=1 summand in (3.6) for the lower bound).

By contrasting (3.5) with (1.9), we see that, for every integer n>3,
<(8,..5)(Bn, dw) 5 (log n)" (log log ). (38)

At the same time, if 2<r <p and X is a Banach space whose modulus of uniform convexity

has power-type r, then by [58] we have
cx (B, dw) 2x (logn)'/". (3.9)
By combining (3.8) and (3.9), we deduce that

logn 1/r—9 logn 1/r—1/p
cx (B, ) > L08T) . _ (logn) ’ o
(loglogn) (loglogn)? n—oo

Consequently, (Hyz, §) does not admit a bi-Lipschitz embedding into X.

It remains to show that (Hz, §) admits a bi-Lipschitz embedding into ¢, for any ¢>p.
As before, finite subsets of L, embed with distortion O(1) in ¢, (by approximating by
simple functions). Thus, due to [93], since (Hy, 8) is locally finite, it suffices to show that
(Hz, §) admits a bi-Lipschitz embedding into L,. By [57, Lemma 3.1], for any 0<6<%,
there exists a left-invariant metric p. on Hy, such that (Hy, p.) embeds isometrically into

L,, and

qs

(0, )= |al* == +]b| e 49| 2)/2 for all h=(a,b,c) € Hy. (3.10)

Define a left-invariant metric p: Hz x Hz — [0, 00) by setting, for every h=(a, b, c¢)€Hy,

def > 1 1/q
0(0.) S (Jaf 14"+ Tz @)

By design, (Hz, p) embeds isometrically into £,(Ly). So, the proof of Theorem 3.2 will
be complete if we show that 5(0,2)=<p(0,h) for all h=(a,b,c)€Hy with, say, |c|>300.
To see this, by combining (3.5) and (3.10) it suffices to show that

o0

1 L/a 1
> — ) = . (3.11)
n2dena?|c|ac (log |c])?(log log [c[)2
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Fix s=s(c) €N such that 2e®<log |c|<2eT! (this is possible because |c|>300). Then,

0o 1 1/q
Z n24eng?d |C|qe*"
n=1

s—1 1 1/q 0o 1 1/q
<
X ) X )

k=0 n=s+1

1 (3 eak? Ve 1 1
- ﬂ(Z <s—k>2q<c|“>qe’“> T7e5 = 7657 ™ (log [el)(log log [e])?
where the final step holds by our choice of s, and the penultimate step holds as |c|efs >2e
by our choice of s, and therefore the sum in question is dominated by its k=0 summand.
This proves half of the equivalence (3.11), and the remaining direction of (3.11) follows
by bounding from below the sum in the left-hand side of (3.11) by its n=s summand. O

Remark 3.3. Tt is evident from the above proof of Theorem 3.2 that the power 2
of loglog |c| in (3.5) can be improved to any fixed power that is strictly larger than 1.
However, the lower-order term cannot be removed altogether. Specifically, suppose that

0 is a left-invariant metric on Hyz such that every h=(a, b, c)€Hy with |c|>3 satisfies

Ve

O(O,h)x|a|+\b|+¢. (3.12)
V/log |c|

We claim that neither ¢; nor ¢4 contains a bi-Lipschitz copy of (Hz,?). In fact, we

will next show that for every integer n>3 the word-ball B,, CHy, satisfies the distortion

bounds
Vl1oglogn <y, (B, ) Sloglogn (3.13)
and

¢, (Bp,0) =< v/loglog n. (3.14)

We conjecture that the first inequality in (3.13) is sharp.
To prove (3.13), by substituting Theorem 1.1 into [91, Lemma 33], and then sub-
stituting the resulting inequality into [91, Lemma 30], we get that there is a universal

constant x>5 such that, for every integer n>3, every function f:Hyz—/¢; satisfies

n? 1 4\1/4
(X (T 0r0z)-100l) ) % 3 QX -0+ 1Y) )

c=1 heB, h€Brn

(3.15)
Suppose that D>1 is such that

(g, h) <[f(g) = F(W)lle, < Do(g,h) for all g,h & Bawn.
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Then, by (3.12) and (3.15), we have

2

D> il ve YW i L 1/4x<*/1(>glogn (3.16)
“\ = P\ Vioge “ clogc ' '

This proves the first inequality in (3.13). For the second inequality in (3.13) consider the

sum
5[loglog n]

O1,n = Z ANy
j=0

of metrics from Theorem 3.1. Then, by Theorem 3.1, the metric space (Hz, 9 ) embeds
isometrically into ¢; and 959y, S(loglogn)d on By, X B,,.

The proof of (3.14) is analogous. For the lower bound on ¢, (B,,0), use (the case
g=4 of) [58, Theorem 1.1] to get the following estimate for any function f:Hz—l4:

2
n 1 . 4
> 5 ( T 10z -1l ) £ (S0 FIR+10)- S0l
c=1 heB, h€Bain
With this inequality at hand, the desired lower bound follows as in (3.16). For the upper
bound on ¢y, (B,,,0), use the following metric on Hyz which embeds isometrically into £4:

5[log log n] 1/4
mm:< Y A;>.
§=0

The above reasoning also shows mutatis mutandis that an unbounded lower-order
factor loss is needed in the compression bound (1.27) of Theorem 1.16. Specifically,
there is no mapping f:Hyz—/¢; that is Lipschitz with respect to the word metric on
Hyz and whose compression rate (recall (1.26)) satisfies wy(s)>s/v/Iogs when s>2. It
would be worthwhile to obtain a characterization of the possible compression rates of
embeddings of Hy, into ¢; in the spirit of [91, Theorem 9], but this would require more
work. Specifically, one would need to replace the use in [91] of [105, Corollary 5] by a
better embedding of Hy, into £1; we expect that the existence of such an embedding could
be deduced using the ideas of the present section, but we did not attempt to carry this

out.

The main ingredient in the proof of Theorem 3.1 is the following proposition, which
is proved in §3.2. It constructs a function ¥:Vy—R whose intrinsic graph has small
horizontal perimeter but large vertical perimeter due to bumps at many different scales.
Here and throughout the rest of this section, we denote the unit square in Vy by U, i.e.,

U <0,1]x {0} x[0,1] C V.
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PROPOSITION 3.4. There are universal constants p, R, 7€R with R>r and p>22(F-7)
such that, for any a €N, there is a smooth function ¥: Vo—R that has the following prop-

erties.
(1) 9 is periodic with respect to the integer lattice Zx {0} xZ of Vy.
(2) 10p¥llL,wy St
(3) 1l pa (v <1/,
)

v57¢ (a)21/a for any integer 0<n<a* and any a€I+logy(ap™), where I=[r, R).

. 1
VG711 (plogs (o )+ Jogs (rpm)+ B) R

(5) For any ¢>0, we have
v >at/at, (3.17)

(6) Vg7w(a)§min{l/a,2“/a2} for any a€R.

By Proposition 2.1, the second assertion of Proposition 3.4 implies that #3(0E)<1,
where F is the epigraph of the restriction of ¢ to the unit square U CV{. In combination
with Proposition 3.4 (5), since o can be arbitrarily large, this shows that the L4(R) norm
n (1.31) cannot be replaced by L,(R) for any ¢&(0,4); as explained in the introduc-
tion, this also implies the optimality of Theorem 1.1. Furthermore, since the L,-variant
of (1.31) is a consequence of the Lg-variant of (1.32), Proposition 3.4 also implies that,
for any ¢€(0,4), there is A€ (0, 1) such that, for any ¢>0, there is an intrinsic A-Lipschitz
graph I satisfying

VB, 0) T )2, ®) > ¢

We expect that the construction in §3.2 can be modified to produce an intrinsic Lipschitz
graph directly (for instance, by stopping the construction early in regions where 0,1 gets
too large), but this is not needed here, so we leave the details to future work.

Proposition 3.4 (5) follows directly from Proposition 3.4 (4). Indeed, since p>22(F=7)
the intervals {[log,(ap™)+r,logs(ap™)+ R]}nez are disjoint. Consequently,

at—1

Z ||VUw||L ([logy (ap™)+r,log, (ap™)+R])

(3.18)

at—1

1 P
>y =y Vo

n=0

4—q
Za

(eep™)+r,logy (ap™)+R])

where the penultimate step is an application of Jensen’s inequality and the final step
holds because R—r>0 is a constant and, by Proposition 3.4 (4), each of the summands

is at least a universal constant multiple of a™9.
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3.1. Obtaining an embedding from an intrinsic graph

Here we show how Theorem 3.1 follows from Proposition 3.4. Let p,r, R>0 be the
universal constants of Proposition 3.4. Without loss of generality, we may take k>8. Let

a €N be the unique integer satisfying

/log, (§k) <a <14 4/log,(5k). (3.19)

Let =1, be the function produced by Proposition 3.4. Write I'=I"y, and F*:Fi.
Denote by ACVyNHy the discrete subgroup that is generated by X and Z, so that as a
subset of R? we have A=Zx {0} xZ. For every peH define, for all hy, ho€H,

1, lf |{ph1,ph2}ﬂf‘+|:1,

Ap(h o) € (1 -aps (hy) = Lp-ip (o) = { :
0, otherwise.

By the A-periodicity of 1, we have al'=I" and Aqp(h1, ha)=A,(h1, ko) for all a€ A and
D, h1, ho €H. We can therefore define A, also when p is an equivalence class in the quotient

A\H. Consider the following fundamental domain for A:
PE{X*ZY" a,c€[0,1) and be R} = {(a,b, c+ab) : (a,b,¢) €[0,1) xRx[0,1)}.

We may define I: HxH—[0, 00) by

l(hth)déf/A Al ha) dH(p) =/ Ap(ha, ha) dH (p).

P
Since H is a unimodular group (namely, one directly checks that the Lebesgue measure
H* is a bi-invariant Haar measure on H), and A,(gh1, gha)=Xpg(h1, h2), we have

I(ghi, ghe) =1(h1,he) for all g, hy, he € H,
i.e., [ is a left-invariant semi-metric on H.
LEMMA 3.5. For every a€R we have (0, Z2_2a):2’“~\757w(a).
Proof. For v€Vy and bER, we have vY?€T* if and only if b>1)(v). So, for any ¢>0,
1, if 9(v) <b<y(vZC) or p(vZ€) <b<Y(v).

Aoyt (0, Z¢) = Ao (vY?,0Z°Y ") = { .
0, otherwise.

Consequently,
[ A (0,29 b= (0z7) ~v0).

Therefore, fixing a€R and denoting c=272%, we see that
10,2277 :/ A, (0, Z°) dp:/ / Apys(0, Z) dv db
P RJU
= [z -l =23 @. =
U
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For every 6€]0,2m) let Ry: H—H be the rotation around the z-axis by angle 6.
Define the following left-invariant semi-metric on H, which is also (by design) invariant
under the family of {Ry:0€(0,27)} automorphisms of H:

def

2m
M(hl,hg) = / l(Re(hl),Rg(hg)) df for all hl,hQEH.
0

LEMMA 3.6. For every weH we have M(0,w)S||w].

Proof. By the rotation-invariance of M, it suffices to show that M (0, X*)<|t| for
all ¢. In fact, by the left-invariance of M and the triangle inequality, it suffices to prove
that M (X', X %)<t for 0<t<1.

Let Lo=(X)CH be the z-axis. Recall that L, g=pRg(Lo) for pcH and 6€[0, 27).
The map (p,0)—(Lp,p) is a bijection between Hx [0,7) and the set of pointed lines
L#={(L,p):LeL and peL}.

By the above definitions, we have

2
M(X*t,xt):/o /P)\p(Rg(X*t),Rg(Xt))d’H‘l(p)d9.

Let KCPx|0,2m) be the set of pairs (p,6) such that L, intersects I' transversally,
i.e., L, g crosses the tangent plane of I' at every intersection. Since I' is smooth, the
complement of K has measure zero.

Let U'=Bs(0)NVp. Let (p,0)€ K be such that A\, (Ro(X "), Rg(X"))#0. Then, the
line segment from pRyg(X %) to pRy(X?) crosses I' at some point ge€l'; we claim that
II(g)eU’.

By Proposition 3.4 (3), we have [[1[|1__(v,) <1, so |y(g)|<1 and |y(p)|<|y(g)|+t<2.
Since p€ P, there are a, b, c€R such that p=X2Z°Y", and these satisfy |a|<1, |¢|<1, and
bl=]y(p)|<2. By (2.6),

d(0,9) < la|+4V/]c|+[b| <7

and
d(0,11(g)) < d(0, 9) +|y(9)| <8,
so II(g)eU’.
Let T(U")=TNII"Y(U")=Ty|v and, for LEL, let
I, ={peL:d(p, LATU") <t}.

We have seen above that, if (p,0)€K and \,(Rg(X "), Rg(X"))#0, then there is some
g€Ly,oNI'(U’) such that d(p,g)<t. That is, pely, ,. Furthermore, if L intersects I

transversally, then

HY(I) < 2t|LNT(U”)| = 2t Perps o, (T 1(TU)).
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Hence,

M(X~t X" /%/ (Ro(X 1), Rg(X?)) dH*(p) db 2<27 /”H (IL)dN (L)

P2V Perp (I (U7)) S8,

St [ Perpu (107 N (L) 2
L
where Perp+ (IT71(U’)) <1, by Proposition 2.1 and Proposition 3.4 (2).

Next, define a left-invariant semi-metric A on H by

R+log, p
A(hy, o) déf/ 2°M (s9-a(hy), $o-a(h2))da for all by, hy € H.

—logy p

LEMMA 3.7. For all ¢>0 we have

2%

c —c : 1
A(0,Z°)=A(0,Z )gmm{ ,042}.

Also, for all
1 e 1
a2prat NS Gp

we have

5

A0,Z°)=A(0,Z7°) 2
Proof. Write c=272! for some t€R. Since A is a left-invariant metric,
A(0,Z°)=A(0,Z27°).

By Lemma 3.5, we have the following identity:

R+log, p a(tta) R+log, p
A0, Z) = 27 / 2910, 72**") da = 272" / W5 (t+a) da.
r T

—logy p —log, p

So,
A(0,Z°) <m1n{ }

for c€(0,00), by (3.20) and the final assertion of Proposition 3.4.
If
<c< !
ozt SeS g
then t€[logy(ap™),logy(ap™1)] for some integer 0<n<a*. Hence,
[t—log, p+r,t+log, p+ R] 2 [logy(ap™) +r,logy (ap™) + R,

0 (3.20) implies that

2 1%

A(0, Z¢) 2 2027 N7 | L4 (g (apm) +1Togs (arpm) + R 2 s

where the final step is the third assertion of Proposition 3.4 (and the definition of ¢).

(3.20)
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LEMMA 3.8. A(hl, hg)Sd(hh hg) fO?” all hl, ho €HI.
Proof. By Lemma 3.6, we have M (0, X*)<|t| for any t€R, so
R+log, p W
A(O7Xt):/ 2°M (0, X2 ") da St(R—r+2log, p) S |t

r—log, p

Therefore, also A(0,Y")=A(0, X*)<|t|, by the rotation-invariance of A. Since A is left-
invariant, it suffices to show that A(0,h)<d(0, k) for all heH. Any heH can be written
as h=XY"[X¢ Y*| for a,b, cER satisfying |al,|b|,|c|<d(0, k), so

A(0,h) <A(0, X*)+A(0,Y?)+2A(0, X)+2A(0,Y°) < d(0, h). O

Proof of Theorem 3.1. Define a semi-metric A on H by setting, for every hy, ho €H,

A(h1, ha) o koA (s1ka(h1), $1/ka(h2))++/ (@(h1) —z(h2))?+(y(h1) —y(h2))?.  (3.21)

Observe that (H, A) embeds isometrically into Ly, because A is an integral of so-called cut
semi-metrics (see e.g. [28, 4.1] for the definition). Such semi-metrics embed isometrically
into R, so an integral of cut semi-metrics embeds isometrically in L;. By construction,
A is both left-invariant and invariant under the rotations {Rg:0€ [0, 27]}.

Suppose that v=(a, b, c) €H and let w=(a,b,0) be such that weH and v=wZ°. By

Lemma 3.6 and the second part of Lemma 3.7, we have
i k
l +16] S A0, 1) S A, w)+ A, 2 S faf o+ LR

Recalling that a<+/logk is given in (3.19), this establishes (3.1).

To prove Theorem 3.1, it therefore remains to establish (3.2), i.e.,

1<]c|<k?* implies A(0,v)> |a|+|b|+—V|C‘. (3.22)
!
By Lemma 3.8, there is L>0 such that A(hy, he)<Ld(h1,hs) for any hi, ho €H. By the
first part of Lemma 3.7, there is C'>0 such that A(0, Z¢)>C+/¢/a for all 1<c<k? On
one hand, if |w||>C+/|c|/2La, then A(0,v) > ||w||<|a|+]b|++/|c|/a. On the other hand,
if |lw]|<C+/|c|/2La, then

A1) > A0, 29~ A0, w) > TV L > TV 2y Y

= E——
« (67 (0%

In either case, (3.22) holds. O
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3.2. Constructing a bumpy intrinsic graph

In this section, we prove Proposition 3.4. We start with a brief overview of our strategy.
As sketched in §1.2.2, we will prove Proposition 3.4 by constructing a smooth function
1: Vo—R whose intrinsic graph is roughly o~ !-far from a vertical plane at a* different
scales. Specifically, for a suitable choice of universal constant p>1, we will construct
as a sum 1/122?2451 B;. Each of the summands (3;: Vo—R will itself be a sum of smooth
bump functions of amplitude ||5;||1__(v,)=<a 2p~" that are supported on regions whose
i

width (z-coordinate) is p~¢ and whose height (z-coordinate) is roughly a~2p~2%; their

aspect ratio is therefore roughly

—1i

_r

These regions cover Vj and have disjoint interiors. We will see that the bumpiness of 3;
2i

~
~

at scale a=2p~2" implies the desired lower bounds on \75’1# (t) when t is near log,(ap?).

In order to ensure that [0y, is bounded, we construct f3; iteratively. For
1€N, we set wizzg;g 5 and align the long axis of the bump functions making up 3;
with the characteristic curves of I'y,. This ensures that the characteristic curves of I'y,
cross the bumps from left to right. Since 0y f measures the change in f: Vo —R along
the characteristic curves of I'y, and each bump has amplitude roughly a~2p~% and width
p~ %, we have |9y 8;|Sa™2p~ /pTixa 2.

This iterative procedure is one of the motivations for the definition of a foliated
corona decomposition. A foliated corona decomposition of an arbitrary intrinsic graph I'
can be viewed as a sequence of partitions of Vj into regions as above, where the pieces of
the partition are aligned with the characteristic curves of I'. One can use these partitions
to reconstruct I' as a sum of perturbations, just as we constructed ¥ as a sum of bump
functions. Theorem 1.18 then states that any intrinsic Lipschitz graph can be constructed
by such a process.

This construction also demonstrates the importance of the aspect ratio. If the
construction is modified so that the bump functions making up S; are supported on
regions of aspect ratio «;, then ||(“)¢ﬁi|\L2(U)xa;2. If the scales of the bump functions

are sufficiently separated, then {0y 0;}i>0 are roughly orthogonal in Lo(U) and

100117, ) = Z 10 Bill 7, 1) = Z a;

i>0 i>0

For # to be intrinsic A-Lipschitz, we must have |92 1,(v)~A1, which necessitates that

E : CYz>0 NA
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This motivates the a(Q)~* factor in the weighted Carleson condition (1.34).
We next set some notation in preparation for the proof of Proposition 3.4. If the
function v: Vo—R is smooth, then the vector field

def O 0
% = o _1/1@
corresponding to 0y is smooth (recall the definitions in §2.2). The flow lines of My, are
the characteristic curves of I'y,, which foliate Vj (recall the terminology in §2.3). For
seR, let ®(1))s: Vo— Vo be the flow of My, so that ®(¢)o=idy, and such that for any
veVp, the curve s—®(1)4(v) is a characteristic curve of I'y.

Denote ¥9=0 and let I'y=I'y,,=Vy. This function and graph are periodic with
respect to Zx {0} xZ and g is zero on OU. Suppose that i>0 and that 1;: Vo—R is
smooth, periodic with respect to Zx {0} X Z, and zero on OU. We construct ;4 1: Vo —R
as follows. Let

G; déf{(mp_i, 0,na " 2p" %) :m,n€Z} CVj. (3.23)

Label the points in G; arbitrarily as v; 1, v; 2, ..., and note that the points UN{v; 1,v; 2, ... }
form a p’ x a?p? grid in U. For each jEN and s,t€R, define

Rij(5,) L ®(;)s(v:;2") € Vo (3.24)

Each R; j is a diffeomorphism from R? to Vy. For any sg, to €R, the image R; j(soxR)

is a vertical line and R, ;(RXtg) is a characteristic curve of I'y,,. Using the terminology
of foliated patchworks that we will introduce in §4, the map R; ; sends rectangles in Vj
to pseudoquads of T'y, (regions in V) that are bounded by characteristic curves of Iy,

above and below, and by vertical line segments on either side). Denote

R, ([0, p7] %[0, 0~ 2p" %)) C . (3.25)

Qi
Thus, @;,; is a pseudoquad whose lower-left corner is v; ;. The sets Q;,1, Qi,2, ... cover Vg
and have disjoint interiors. They are obtained by cutting V} into vertical strips of width
p~ %, then cutting each vertical strip along characteristic curves separated by a~2p~2%.
Since v; is zero on OU, the top and bottom edges of U are characteristic curves of
I'y,. The bottom boundary of each @Q; o and the top boundary of Q; 42,2:_; thus lie in
OU, and the Q); ;’s partition U (up to overlap on boundaries). In particular, the resulting
partition of Vj is periodic with respect to Zx {0} xZ.
Note, however, that the @; ;’s from one step in this construction generally do not
partition the @;;’s from another step. Omne can modify the construction so that the

partitions in each step are nested, as in Figure 2, but it requires some additional care.
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Let 8: Vg—R be a smooth function supported on the unit square U such that f is
not identically zero and its partial derivatives of order at most 2 are all in the interval
[—1,1]. Fix also a, peN with p>1. Define 3; j: Vo—R by setting it to be zero on V5\Q; ;
and, for all R; ;(s,t)€Q; ;,

def ~—2 —ipc i i
Bii(Rij(s,1)) = a™2p~ B(p’s, 0,0 p*'1). (3.26)

Thus, B;,; is a bump function supported on @); ;. Write

Bi défz&,p (3.27)
=1
and
Vi1 = it . (3.28)

Since Q;,1,Qi,2, ... have disjoint interiors,

%

Vit )l (vo) < NWill Lo vy + 2077,

so by induction we have

—2
@ -2

1%ill Lo (Vo) < ] <a 2 (3.29)

Since the Q; ;’s form a periodic partition of Vg, 1,41 is periodic. Since U is contained
in the boundaries of the Q; j, we have 1;1]ov =1;|ov =0.

Thus, by induction, for any integer 7 >0, 1; satisfies the first and third assertions (pe-

riodicity and Lo, boundedness) of Proposition 3.4. We will show that if p is large enough

(depending only on /), then ¢h=1),4 satisfies the remaining assertions of Proposition 3.4,

namely, the stated upper bounds on dy and lower bounds on \75,¢(a)-

3.2.1. The horizontal perimeter of T'y,

In this section, we prove the second assertion of Proposition 3.4 by bounding ||9y, ¥s ||, ) -

This bound, combined with Proposition 2.1, gives an upper bound on Hg(Fwi‘U).
Write for simplicity 0; def Oy, and let D; def i10ir1 — 0. For f, g€ Lo(U) we write

(f.90u déf/ fgdH?®.
U
LEMMA 3.9. For every p=5 and a1,
IDill o) Sa™?  forall i €N,

and
(D, Dyl Sa™4p™™ ™ for all m,ne€N.
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Note that Lemma 3.9 implies that, for every i€N,
Vi
10y, Yill Loy S PR (3.30)

Thus, [|0y,¥ill1,@)S1 for iSa?, ie., the second assertion of Proposition 3.4 holds true.
To deduce (3.30) from Lemma 3.9, write

1—1
Oy, = D, (3.31)
n=0

and expand the squares to get

10, Will7 ) = ZHD I, w) +22 Z (Dim; Dn)

m=0 n=m+1
— i—1 oo
4 4 ko —4
,SE o +§ g a tpT i =daT
n=0 m=0 k=1

where the penultimate step is Lemma 3.9 and the final step holds because p>2.

Fix an integer :>0 and note that

wz—l-l

D; = 0i1%i41—0iv; = (041 — 03)Yiy1+0i i = =B +0, ;. (3.32)

We will prove Lemma 3.9 by bounding the terms in the right-hand side of (3.32) sepa-
rately. To this end, it will be convenient to define as follows a system of flow coordinates
on @ ;.

Fix ieNU{0} and jeN. Write for simplicity (xo,0, z0)=v; j, @=Q; ;, and R=R, ;.
Denote R™'=(s,t): Q—R? and let (z,0,2): Q—R? be the standard coordinate system.
Then, s and ¢ are functions of  and z and, conversely, x and z are functions of s and ¢.

Recalling the differential equation (2.17) for characteristic curves, we have

S
r=xzo+s and z:z0+t—/ ;i (R(o,t)) do.
0

Consequently,
ds Ot
= 5 O, 3.33
0z 9z (—wi 1—- 85/;%3(0,@)610)’ (3:33)
ds ot 0

where, for every f:R?—R, the partial derivatives df/ds and df /0t denote 9,[fR] and
O¢[f = R], respectively. In particular, it follows that

Js 0z Ot
azo and E%z
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Also,

o 0 0

5= —Vip

= =8, (3.34)

so 0/0s does not depend on j.
Observe that, by the definition of 3;, for all s,t€[0, p~*] x [0, a~2p~ 2], we have

Bi(Rij(s,t) =a"2p~"B(p's,0,a?p™1).

It follows that, for any m,neNU{0}, we have

i omi, 2 2i\n
m B P =a 7T (") | o (3-35)
Has atn Lo(Qi) ox™ 0z Loo(U)
This is especially useful when m+n<2, since in this case
X
™ Oz Lo (U)
Thus,
9Bi . 928 ,
H b <p' and H af <a?p. (3.36)
00 (Qi,5) t Loo(Qi.j)
Furthermore, since {Q; ; }]O';l cover Vj,
(3.34) 9B; 335)
0;5; = 0; B )= < . 3.37
10:8i.vy =m0 o) | | < (337)

The following lemma obtains bounds on vertical derivatives that will be used later.

LEMMA 3.10. If p>=8, then for all ieNU{0} we have

0; i
H Vi <2p1 (3.38)
az Loc(VO)
and )
Ha zi <20%p% 5. (3.39)
az Loo(VD)

Furthermore, if (s,t) are the above flow coordinates on Q;; for some jEN, then the

following bound holds pointwise on @ ;:

3 _op1 ot 0z -1 9,1 4
2 <—=[(=) <e? —. 4
1 <¢ P (815 e < (3.40)
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Proof. Denote, for every integer i >0
. 2,y
def || O and ;%0 || 2 @g . (3.41)
0z |1 (i) 02° |1 (v

Thus, mo=p0=0. Fix jeN and let (s,t) be the flow coordinates on Q; ;. We will first
use the above identities to deduce bounds on vertical derivatives of ¢ in terms of m;, u;,

and then bootstrap these bounds to deduce the desired bounds on m;, ; themselves
By (3.33), the following identity holds pointwise on @ ;

00: O __ 000z 0bidr 00
9sot ot 0z ot Ox Ot 0z Ot

D (100} _ 00
Os 815 9z

=1 when s=0, we integrate to get the identity

Consequently,

Slnce

0 ® oy
(%:exp(f/o %(Ri,j(a,t))da).

(3.42)
By differentiating (3.42), we also get
= [ S Rt E Ryt (3.43
— = o i (o, 0. .
otz ot ), 922 ot
For points in Q; ;, we have |s|<p™, so it follows from (3.42) that
0z ;
1 —| < - iy
0g 5 ’ p'm
ie.,
v mi < 02 o (3.44)
By substituting (3.44) into (3.43), we deduce that
2z 5
Since
0: o1 _
ot 9z

it follows from (3.44) that

—i ot —i
e P migaigep mi

. , (3.46)
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and also
s (3.44)
0%t 0z\ " 0%z|(345) s
‘322 ‘((%) 22 < per M (3.47)

The bounds (3.46) and (3.47) on the vertical derivatives of the flow coordinate ¢ are
in terms of the bounds m; and pu; on the vertical derivatives of ;, but they imply as
follows unconditional bounds on m; and y; (hence also, by (3.46) and (3.47) once more,

unconditional bounds on the vertical derivatives of t). Firstly, observe that

(3.36)
Haﬂz Haﬁz ot (dé())p_ep mg
92 |y 10t @zl .,
and
Ha%— _’aataﬁi _Ha%aﬁi+<at)282ﬁi
022 Loo(Qiy) 0z 0z Ot Loo(Qiy) 022 Ot 0z ) Ot2 Loo(Qi)
(3.36)
(3.46)
(3.47) ~ig5 im 20" 'm; P im 20" 'm; 2 3i
< p e Tpp e Ml Pt =50 e R p

Since {Qi,;}52, cover Vp, it follows that

0 [ i p— ¢t 82 i —i —i .
H B < pzep mi  and H 62 < e5p miMi+62p m'iangl.
0z Lo (Vo) 0z Lo (Vo)
Since, by (3.28), we have
Qi1 0%i 9B and O*Piga _ 0% | 0

0z 0z + 0z 022 022 + 0227
we deduce that
mir1 < mi+pie”_imi and 1 < ui+e5p_imi,ul-+62p_im"042p3i. (3.48)
By induction, we suppose that (3.38) and (3.39) hold for some integer >0, that is,
m; <2071 and  p; <2a2p% 3. (3.49)

Since p>38, it follows that
(3.48)

(49 12,0\, (1
mit1 < (—+e? )p'< Z+\4/E p<2
p
Thus (3.38) holds for all integers ¢>0. Likewise,
(3.48)

(3.49) / 9 9107 " _ : 2 2e5/4
piv1 < (p3+ €p3 Tete 1>a2p31< (83 € +\f>oz2 37,<2a2 37,

0 (3.39) also holds for all integers i>0. The remaining assertion (3.40) follows by
substituting the above bound on m; into (3.46). O
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Next, we will use the bounds of Lemma 3.10 to bound {D; }$2, and their derivatives.

LEMMA 3.11. Suppose that p>=8. For every integer i>0 we have

|D 1o (ve) <372, (3.50)
< 6p? 3.51

82 LOO(VO) p ) ( )
10: Dill L. vy = 50" (3.52)

Proof. Fix jeN. Let (s,t) be the flow coordinates on Q; ;. By (3.32) and (3.34), we

0it1 L 0B

Di=—=5i 0z ds

(3.53)

Therefore, by Lemma 3.10 and (3.35), we have

||DZ||L00(Q7J) < O[_zp_i'2pi+a_2 = 301_2.

This proves (3.50), because {Q; j}32, cover Vp.

Next, we consider 9D, /0z. By differentiating (3.53), we see that

8Dz ot aﬂz.awz+l
9z 0z Ot 0z

O*Yig @_8251‘
022 Oz 0sOt

— B

Hence, by Lemma 3.10 and (3.35), we see that

0D;
0z

<g'pl'2f71+072,0ﬂ'2042p31+3 ,0 6[)21.

Lo (Qi,5)

As before, this proves (3.51), because {Q;,;}72; cover Vp.

Finally, we consider 0; D;. Note first that, for any meN,

8(am¢m) (3_31)7’"*1
—_ <
[5

n=0

oD,
0z

(3:51) sz_l 2m—2
S YT <Tp

7 (3.54)

where we used the assumption p>8. Recalling (3.32) and (3.34), we have

O:D; = 3( 5, 2 6@-): 8&’(%}#1‘ﬂlas(wﬂ)*a%

Os 0s 0Oz 0z 0s?

Using Lemma 3.10 and (3.35), it follows that

0 01
ds 0Oz

||81D1||L00(Q7J) <3a P +O‘72p71

(3.55)

Lo (Qi,5)
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To bound the last term in (3.55), we first calculate the Lie bracket

L S

9205|  |as0az Vas

0z 0z
This implies that
0 g1 0 <5¢i+1> O OYitq

ds 0Oz Os 0z 0Oz

5 Dot + 5@ 5%.51!}#1_8(31‘1/%‘) ot 9B, i Oiv1
B e 62 0z 0Oz 0z 0s0t 0z Oz

Therefore, by Lemma 3.10, (3.35), (3.51), and (3.54), we conclude that, since p>8,

0 0 : 4 , . ,
Hazg"'l <7p27,72+§.p21+2p171'2pz<2p21'
s Z MLe(@iy)
Due to (3.55), this implies the final desired bound (3.52) of Lemma 3.11. O

The first assertion (3.50) of Lemma 3.11 gives the first assertion of Lemma 3.9. To
prove the second assertion of Lemma 3.9, we first bound the variation of D,, on each of

the pseudoquads {@y;}32, when n>m.

LEMMA 3.12. Fiz two integers n=>m=>=0. For any jeN and any w,w'€Qy ;, we

have
| Do) = D ()] S =29

Proof. Let R=R,, ; and let (s,t), (s',¢')€[0, p~ "] x [0, &~ 2p~2"] be such that
R(s,t)=w and R(s',t')=

With respect to flow coordinates on @, ;j, we have

0D,

0D,
W - aan - 6mDm+(¢m ﬂﬁn)@

Since [[m —Un L. (ve) <@ 2p™ " +a 2p " <207 2p~ ™, using Lemma 3.11 we get that

<Ba"2pm 4207 2pT " 6p° " =172 p™.

0D,,
0s

Loo(Qn,j)

Hence, using Lemmas 3.10 and 3.11, we conclude that

0D, oD 0z
Dm(w)—Dm(w’)|<H s |s—s'|+H e [t—t'|
Loo(Qn,j) Loo(Qn,j) Loo(Qn,j)
4
170( 2 m n+6p2m_7_a72p72n,SO[*mefn. O

3



FOLIATED CORONA DECOMPOSITIONS 117

Prior to proving Proposition 3.4, we record a quick consequence of Green’s theorem.

LEMMA 3.13. Let M CV, be a region bounded by a simple piecewise-smooth closed
curve and let f:Vo—R be a smooth function. Then,

/M affdw:/()M (f;’f> o

In particular, if g:Vo—R is another smooth function such that f=g on OM, then

/8ffdw:/ 0gg dw.
M M

>\ of of
VX<27JC>_8$_ g_affv

Proof. Since

the lemma follows from Green’s theorem. O

Proof of Lemma 3.9. The first assertion of Lemma 3.9 was proved in Lemma 3.11,
so here we treat its second assertion, namely that {D,,}>2, are almost-orthogonal.

Fix m,neNU{0} with n>m and jeN. As ¢, 41—, =6,=0 on 9Q,, ;, Lemma 3.13
implies that wi D,,(w) dw=0. So, fixing an arbitrary basepoint w€ @), we have

’ - Dy, (w) Dy (w) dw’:'/M(Dm(w)—Dm(wo))Dn(w) dw| <™ " H Q).

where in the final step we used (3.50) and Lemma 3.12. Hence, |(D,,, D, )y| is at most

Z ‘ Dy (w) Dy (w) dw‘ < Z H(Qnj)a tpm M=ot O
jen W @nyj jEN
Qn,;CU Qn,;CU

3.2.2. The vertical perimeter of I'y,

Here we will complete the proof of Proposition 3.4.
Define ¢: Vp—R to be the A-periodic extension of 8|y, i.e.,

def
#(x,0,2) = B({z},0,{z})
for (x,0,z)€Vp, where {a}=a—|a] is the fractional part of a€R. Because the function

\7U7¢: R— [0, OO)
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is continuous and not identically zero, there exist n, R, r€R with r<R such that

v 4(a)=n>0 forallac I, R). (3.56)
We will show that if peN is large enough (depending only on the initial choice of bump
function ), then the conclusion of Proposition 3.4 holds for the above interval I. To
this end, we will first establish the following pointwise bound on the vertical perimeter

of each of the perturbations {3;}5°, in terms of the vertical perimeter of ¢.

LEMMA 3.14. Suppose that p>5. For every icNU{0} and a€R we have

P I _p iy 30t
VU,B; (a) > %VU,qa(a*lng(O‘P ))— 2a
In particular, if p=12/2"n and a€l+logy(apt), then
vP (a) > A _L > A
U, \@ 2a¢  2rtlogy(apt) = do”

Proof of Proposition 3.4 assuming Lemma 3.14. Fix an integer p>max{12/2"n, 8}
that will be specified later and let ¥»=1,4. The first three assertions of Proposition 3.4
were established in the construction of ¥ and in the discussion after Lemma 3.9. We will
establish the last three by showing that

1 2¢
Vi (a) S —, = ¢ forallaeR 3.57
Vig(a) S mln{a 02} or all a €R, (3.57)
and ,
a”—1
1
\75’1!)(@) Pe S for all a € U (I+logy(ap™)). (3.58)
n=0
For every i€NU{0}, by the definition of 8; and by (3.36) and (3.40), we have
—2 661 i
1Bill 1o vy <a™2p™"  and H 5 <20t
Z M Lo (Vo)
Due to Lemma 2.13, for every a€R we have
\75@, (a) <min{2¢+ta2p7t 27t it —9q 1o~ lam loga (") (3.59)

Consequently,

4

p P b p (3 59)
VU4 (a)= Vet s, (a) < Z V. (a
= =0

Zga—lg la—logs (ap?)| <a
=0

~.
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This proves (3.57), because by Lemma 2.13 we also have

P . 329
VU7’¢'a4(a)§2 ”77[}044HL00(V0) < 2%

It remains to prove (3.58), as we saw in (3.18) that this implies the remaining

assertions of Proposition 3.4. Fix n€{0,...,a*—1} and a€l+logy(ap™), so that

o 0
V,5,(0)> 1~

by Lemma 3.14. Let s=max{|r|,|R|}, so that |a—log,(ap™)|<s. It follows from (3.59)
that

\75,& (a) < 90~ 1911085 (ap™) ~logy (ap’) |+ |a—log, (ap™)| <2a tpIn—ilgs (3.60)

for any i€ NU{0}. Hence, by combining Lemma 3.14 and (3.60), we conclude that

n—1 o
\75,%4( ):VUZC_A Bi(a)>‘75,ﬂn(a)* \75@(@)* Z Vi g, (a)
=0 =0 1=n+1
n - —1 _—kos n 5 s
> —-—2 2 29> — ——
4o Z ap da  ap
k=1
Choosing
def’r { 12 40.28H
p = |max< 8, —, )
2
this completes the proof of Proposition 3.4. O

Proof of Lemma 3.14. We will start by introducing some (convenient, though ad
hoc) notation and making some preliminary observations. For i€NU{0} define a (dis-
continuous in the first variable) map &;: R?—R? as follows. If s€R, then let meZ be
the unique integer such that s€[mp~", (m+1)p~"), and set, for every tER,

Gi(5, ) & B(;) sy (mp™",0, 1),

where we recall the notation ®(-).(-) for characteristic curves that we set at the start of
§3.2. Note that, by design, z(&;(s,t))=s. Observe also that the lines Rx {0} x {0} and
Rx {0} x{1} are characteristic curves for I'y,, since v¢; vanishes on those lines. Hence,
G;(s,0)=(s,0) and &;(s,1)=(s,1) for all s€[0,1]. As 2(S(s,t))=s for all teR, by the
continuity of &; in the second variable, this implies that &;(s, [0,1])={s}x {0} %[0, 1].
So,

&([0,1]) =U. (3.61)
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The mapping G, is related as follows to the mappings R; 1, R;2,... that are given
n (3.24). Suppose as above that s€[mp~%, (m+1)p~*) for some meZ, and fix t€R and
n€Z. Recalling that v;1,v;2,... is an enumeration of the points in the grid G; that is
given in (3.23), let j€N be the index for which v; ;=(mp~",0,na=2p=2%). Then,

Gi(s,t) =R, j(s—mp "t t—na"2p~ ).

Recalling the definition (3.25) of the pseudo-quad @ ;, this implies that

Si([mp=", (m+1)p~") x[na=2p=2, (n+1)a=2p=%]) = Qi ;.
Also, recalling the definitions (3.26) and (3.27), it follows that if we define ¢;: Vj—R by
®i(s,0,1) défa_2p_i¢(pis, 0,a2p*t) for all (s,t) € R? (3.62)
then
Bi(Gi(s,t)) =¢i(s,0,t) for all (s,t) € R2, (3.63)

Fix :eNU{0}, a€R, and (z,0,2)€U. Now let s=s(z, 2),t=t(x, z),t'=t'(x, z,a) ER
satisfy
Gi(s,t)=(2,0,2z) and &;(s,t')=(x,0,2—272). (3.64)

Due to (3.40), we have e20 920y g2 920 Hence,
[t —(t—2720)| < (e —1)2720 < 3p 12720, (3.65)
Now,

|6Z-(x,O,z)—ﬁi(x,o,z—Q_Z“)\
(3.63)
O 164(5,0,8)— di(5,0,6—2729) — i(s, 0, )+ i (s, 0, L —272%)|

> [i(5,0,8)— i(s, 0, E—272%) = (5,0, ') — i(s, 0, t—272)|

(3 62) )
615, 0, ) — i, 0, £—272) | — [/ — (¢ —229)|

(3 65) .
‘¢1(8 0, t) (bi(s»Ovt_272a)|_3p171272a'

In other words, we established the following pointwise estimate for the vertical difference

quotients that occur in the definition (2.29) of (parameterized) vertical perimeter:

|Bi(z707Z)_ﬂi(z7072_272a)| > |¢i(37Oat)_¢i<570at_2i2a)| _ 3pi71
2-a - 20 20
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By integrating this inequality over U, we get
a2 [ / o200, )=l ol 0o, =220 o, g, 30

2(1
(333/ |pi(s,0,t)—pi(s,0,t—272%)] 82( 0| as dt_?;,oi*1
SPR(% 2-a ot
(3.40)
(361) 2a i—1
1// |:(s,0,¢) QSZ(sOt 2 )|dsdt—3p2a .

It therefore remains to note the following identity.

// 0000042

:/ / ” a74p’4l\¢(0 0,7)— gb(o 0,7 —a?p?i272%)] do dr

(3.66)

‘gb rUZ a p212—20,)|
/ (M - dv (3.67)
*VU ¢(a log, (ap')), (3.68)

where (3.66) uses the definition (3.62) and the change of variables (s, t)=(p~ ‘o, a=2p~%i7),
(3.67) holds by the periodicity of ¢, and (3.68) is a restatement of the definition (2.29). O

4. Pseudoquads and foliated patchworks

Let T' be the intrinsic Lipschitz graph of f:Vo—R. A pseudoquad @ is a region of V

bounded by two vertical lines and two characteristic curves of I, i.e., a region of the form
Q={(x,0,2)eVy:xel and ¢g1(z) <2< g2(x)},

where T=[a,b]CR is a closed, bounded interval and g;, g2: R—R are functions whose
graphs are characteristic. We say that I is the base of @@, and we call g; and gs the lower
and upper bounds of @, respectively. The width of the pseudoquad @ is just the length
£(I)=b—a of its base I=[a,b]. But, the height of @ is not always well behaved, since
characteristic curves can join and split. We therefore introduce rectilinear pseudoquads,
which approximate projections of rectangles in vertical planes. If T" is a vertical plane,
its characteristic curves are a family of parallel parabolas; conversely, any pseudoquad
bounded by two parallel parabolas is the projection of a rectangle in H (a loop composed

of two parallel horizontal lines and two vertical lines) to V. Thus, if

R={(z,0,2) e Vp:x el and hyi(z) <z< ha(z)},
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where hi, ho: R—R are quadratic functions that differ by a constant, then we call R a
parabolic rectangle with width

and height

5.(R) % hy—hy.

For r>0 and an interval I, let I be the scaling of I around its center by a factor of r,
ie.,

rI = [H(a+b) = 3r(D), §(a+b)+3re(D)].
For p>0, let

pR déf{(x, 0,2)€Vo:az€pl and z € p*[hy(z), ho(x)]}

={(2,0,2) €Vg:w€pl and |2— 3 (h(2)+h2(2))| < 2p*6.(R) }.

(4.1)

For O<u<$, a p-rectilinear pseudoquad is a pair (Q, R), where @ is a pseudoquad

and R is a parabolic rectangle with the same base I as @) such that, if g; and go (resp.
hi and hg) are the lower and upper bounds of @ (resp. R), then

max{||g1—h1llL @an |92 —h2llL..@an} <pd=(R). (4.2)

We will frequently refer to a p-rectilinear pseudoquad (Q, R) as simply @, but we define
its width and height to be the width and height of the associated parabolic rectangle,
ie., 0,(Q)=06-(R) and J,(Q)=0,(R). Likewise, for p>1, we define pQQ=pR. Note that
Q@ need not be contained in 1Q =R, but the following lemma holds.

LEMMA 4.1. Let @ be a p-rectilinear pseudoquad. Then QC2Q. In fact, for every

teR,
QZ"%=(@ C\/2)t]+2-Q.
Proof. Let R, g1, g2, h1, ho be as above. Let mg:%(gﬁ—gg) and m;L:%(h1+h2).

Fix (2,0, 2)€Q, so that g;(x)<z<ga2(z). For i€{1,2}, we have

[ (2) = gi ()| < [mn (@) = hi(@) |+ hi(2) — gi ()] < 50:(Q) +10:(Q) < 8:(Q),
SO
[mn (@) = (2416 (Q)) < (1+]¢])6-(Q)-

Therefore,

(2,0, 2+0,(Q)) € V/2[t|+2-Q. O
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Continuing with the above notation, define the aspect ratio of @ to be

def 02(Q)
0-(Q)
We use a square root here because the distance in the Heisenberg metric between the

top and bottom of @ is proportional to 4/, (Q); thus this aspect ratio is invariant under
the Heisenberg scaling. Let |@Q| be the Lebesgue measure of Q as a subset of Vy=R2.

a(Q) (4.3)

The following lemma is a direct consequence of Lemma 2.9.

LEMMA 4.2. Let a,beR\{0} and let g=gopposq: H—H be a composition of a shear
map q, a left-translation by heH, and a stretch map sqp. Let §: Vo—Vy be the map in-
duced on Vo, i.e., §(x)=II(g(z)) for all x€Vy. Suppose that (Q,R) is a p-rectilinear
pseudoquad for an intrinsic graph T'. Then, (@, E):(Q(Q),Q(R)) s a p-rectilinear pseu-
doquad for the intrinsic graph §(T'), with the following parameters:

~ ~ ~ ~ a

5:(Q) =alb.(Q), 0.(Q)=1abl6-(Q), [Q=]a’b]-|Q|, Q)= ||b'Oé(Q)-

Remark 4.3. For any pu-rectilinear pseudoquad (@, R), there is a transformation of
H that sends R to a square in Vj, and () to an approximation of the square. That is, if

a,b,c,d, xg,weR are such that

R={(z,0,2) € Vo :|z—20| <w and |ax*+br+c—2z| < d},
h(0) = 841 g1 (X T2V P Z7C Ay, (v)),

and h=IIoh, then, by the remarks after Lemma 2.9, h(R)=[—1,1]x {0} x[-1, 1].

By Lemma 4.2, (h(Q), fL(R)) is p-rectilinear, so if §; and g, are the lower and upper
bounds of A(Q), then |§ (t)+1]|<2u and |ja(t)—1]|<2pu for all te[—4,4].

We will prove Theorem 1.18 by constructing a collection of nested partitions of Vj
into pseudoquads. We will describe these partitions by associating a rectilinear pseudo-
quad with each vertex of a rooted tree. Let (T, vo) be a rooted tree with vertex set V(7).
For veV(T), we let C(v)=C!(v) denote the set of children of v and inductively, for n>2,
let

c'v)= |J cw)
ween—1(v)
be the set of nth generation descendants of v. Let D(v)=|J;—,C"(v), where C°(v)={v}.
For veV(T)\{vo}, there is a unique parent vertex w such that veC(w), and we denote
this vertex by P(v). If weD(v), we say that w is a descendant of v or that v is an

ancestor of w and write w<wv. This is a partial order with maximal element vg.
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Definition 4.4. (Rectilinear foliated patchwork) If @ is a u-rectilinear pseudoquad, a
u-rectilinear foliated patchwork for ) is a complete rooted binary tree (A, vp) (i.e., every
vertex has exactly two children) such that every vertex v€V(A) is associated with a
p-rectilinear pseudoquad (Q,, R,) with Q,, =Q. Each vertex veV(A) is either vertically
cut or horizontally cut in the following sense.

Let w and w’ be the children of v, let I=[a,b] be the base of Q,, and let g; and g
(resp. hy and hs) be the lower and upper bounds of @, (resp. R,).

(1) If v is vertically cut, then @, and Q.- are the left and right halves of Q,,
separated by the vertical line m:%(a—l—b). That is,

Qu=1{(2,0,2) eVo:a<z<i(a+b) and g1(z) <2< g2(2) },
Qu ={(2,0,2) €Vp: 3(a+b) <z <band g1(z) <z < g2 ()}

Similarly,
Ry =([a,1(a+b)] x{0}xR)NR, and R, = ([3(a+b),b]x{0}xR)NR,.
We therefore have
02(Qu) = 02(Qur) = 360:(Qu)  and  0:(Qu) = 0:(Qur) = 0:(Qu)-

(2) If v is horizontally cut, then @, and @, are the top and bottom halves of Q,,
separated by a characteristic curve. That is, there is a function ¢: R—R whose graph is

characteristic, a quadratic function k: R—R, and d€(0, c0) such that

Qu={(2,0,2)€Vy:a<z<band g1 (z) <z <c(x)},
Qu ={(2,0,2) eVh:a<z<b and c(z) <2< g2(2) },
Ry={(2,0,2)€Vy:a<a<band k(z)—d < z <k(z)},
Ruy ={(2,0,2)€Vy:a<az<band k(z) <z < k(z)+d}.

Then, 0;(Quw)=04(Quw )=0(Q,) and §,(Qw)=0.(Qw )=d. Furthermore, Q,, and Q.
are assumed to be pu-rectilinear. Thus,

max{||(k—d) g1z, llk—cllo.@n, l|[(k+d)—gallLan} < pd. (4.4)

In either case, Q,=Q,UQ. and @, Q. have disjoint interiors. Let W (A)CV(A)
be the set of vertically cut vertices, and let Vy(A)CV(A) be the set of horizontally cut

vertices.
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It follows from the above definition that v<w if and only if Q,C@,,. Furthermore,

if the interior of @, intersects @Q,,, then either v<<w or w<wv.

LEMMA 4.5. For every >0 there exists 0<pu=pu(e )\‘32 such that if Q is a p-

rectilinear pseudoquad, then

(1-€)62(Q)0:(Q) < Q] < (1+¢)02(Q)5-(Q). (4.5)

If Q is horizontally or vertically cut as in Definition 4.4 and Q' is a child of Q, then

(%—a)lnglQ’ls(éw)lQl- (4.6)
If Q is vertically cut, then 6,(Q")=16,(Q), 6.(Q")=0.(Q), and a(Q")=1a(Q). If Q is
horizontally cut, then §,(Q")=6, (Q)7 and
(3-21)8:(Q) <0-(Q) < (3+21)0:(Q). (4.7)
Finally,
(V2-2)a(Q) <a(Q) < (V2+2)a(Q). (4.8)

-1 — L
When e=7, we can take here p=z5

Proof. Suppose that pu< %5. Let (@, R) be a p-rectilinear pseudoquad. Suppose that
g1 and go (resp. hy and hy) be the lower and upper bounds of @ (resp. R), and let I be
the base of Q. Then |R|=0,(Q)d.(Q) and

||Q|—5x(Q)5z(Q)|=||Q|—\R||</1|91—h1|d93+/1\gz—hzldx<2u5x(62)5z(@), (4.9)

o (4.5) is satisfied.
Let Q' be a child of Q. If @ is vertically cut, then the formulas for 6,(Q’), J.(Q’),
and «(Q’) follow from Definition 4.4. As Q' is p-rectilinear, (4.9) implies that

1Q'|=31QI| < [|Q'—8:(Q")3:(Q") 43 10:(Q)3:(Q) ~ Q| < 216,(Q)5-(Q) < 4u|Q,

so @ satisfies (4.6) if @ is vertically cut.

If Q is horizontally cut, then we have §,(Q’)=0,(Q) by Definition 4.4. Let ¢, k, and
d=0.(Q") be as in Definition 4.4, and let t€1. Since ||g;—hi||L_ (1) <pd.(Q) for ic{1,2}
and §,(Q)=ha—h1, we have

(1-200)5.(Q) < g2 (£) g1 () < (1+20)6.(Q).

By (4.4),
(1=p)-2d < g2(t) — g2 (t) < (14p)-2d.
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Then,
1+2,u5

d<
2—2u

(Q) <0:(Q),

2d=0-(Q)[ <[2d—(92(t) = g1.(1)) [+ |(92(t) =91 (1)) =02 (Q)[ < 4p0:(Q),
proving (4.7). This directly implies equation (4.8), and the horizontally cut case of (4.6)

follows from the above calculation and (4.9). O
The following two lemmas will be helpful later.

LEMMA 4.6. For any quadratic function ¢:R—R and any teR,

a(t) < (1+t4+26%) gl o 1,1
Proof. One only needs to note that, since ¢ is quadratic, for any t€R we have

gM)=a(=1) o 9(=1)=29(0)+q(1)
2 2 '
LEMMA 4.7. For every r>2 there is p=u(r)>0 such that, if A is a p-rectilinear
foliated patchwork and v,weV(A) satisfy w<v, then 1QywCrQ,.

q(t) = q(0)+t- O

Proof. Tt suffices to consider the case that weC(v). If v is vertically cut, this holds
vacuously, so suppose that v is horizontally cut. Let g; and g2 (resp. hy and hs) be the
lower and upper bounds of @, (resp. R, ), and let I be their base. Denote m, = % (h1+hs).
Then, rR, is bounded by m,+21r%5.(Q,).

Let ¢, k, and d=6,(Q.,) be as in Definition 4.4. By Lemma 4.5, we have dg%éz(Qv).
Then,

[(k—d)=h1llLan) S k—d=g1ll Lo an g1 =Pl Lo an) < pd+pd(Qy) <215.(Qy)-

Likewise, ||(k-+d)—hal|1. (a5 <2p0.(Qy). By Lemma 4.6, since k, hy, and hy are qua-
dratic functions, if 4 is at most a sufficiciently small universal constant multiple of 2,
then

max{||(k—d)=hill.rr), |(B+d)=hal o0} < 750:(Qu)-
By the triangle inequality,
”k_mv”Lm(rI) < Tlfg(SZ(Qv)'

Suppose that @, is the lower half of @,, so that @Q,, is bounded by ¢g; and ¢, and
R, is bounded by k—d and k. Let mw:k—%d, so that r@Q,, is bounded by mwi%rzd.
For zerl,

() ()| < 5
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SO
[mw (LE) - %T2d7 Moy ((E) + %7’2d] Cc [mv (l’) - %7252 (Qv)» my (SL’)+ %7,_252 (Qv)] .
That is, rQ., CrQ,. The case that Q,, is the upper half of @, is treated analogously. [

Let A be a p-rectilinear foliated patchwork for a p-rectilinear pseudoquad Q. For
every subset of vertices SCV(A), define the weight of S to be

w(s) ey 2 “325 FiQul (1.10)

weS

We will use this to define a weighted Carleson condition which is a variant of the Carleson

packing condition that is used in the theory of uniform rectifiability [27].

Definition 4.8. (Weighted Carleson packing condition) Let A be a u-rectilinear fo-
liated patchwork for a p-rectilinear pseudoquad Q. We say that A satisfies a weighted
Carleson packing condition or that A is weighted Carleson with constant C'€(0,00) if
every v€V(A) satisfies

W (D) WI(A)) <CIQul, (4.11)

where we recall that D(v) are the descendants of v and Wy (A) are the vertically cut

vertices.

Remark 4.9. Vertical cuts increase W and horizontal cuts decrease it. More pre-
cisely, suppose that v,weV(A) and w is a child of v. If v is vertically cut, then by
Lemma 4.5 (with e=1),

W({w}) = a(Qu) ™!Qul =16a(Q.) *|Qu| > 16a(Qu) ™"+ (3-¢) Qu| = 4W ({v}). (4.12)

When e—0", W({w}) approaches 8W ({v}). If v is horizontally cut, then by Lemma 4.5
(with e=73),

W({w}) = a(Qu) ™ Qul < (V2—e)~* (3 +e) W ({v}) < 2W ({v}), (4.13)
and W ({w}) approaches W ({v}) when e—0".

The next lemma implies that, even though only Wy (A) appears in (4.11), this con-

dition formally implies bounds on Vy(A) as well.

LEMMA 4.10. Let A be a %—Tectilinear foliated patchwork for @ with
W(W(A)) < oo,
and let vy be the root of A. Then,

WW(A) SW(VR(A)) SW (W (A))+a(@Q) Q.
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Proof. Let Ty (resp. Tv) be the set of connected components of the subgraph of A
spanned by Vu(A) (resp. W(A)). Let T €Ty and let M(T) be the maximal vertex of T'.
Each vertex of T is horizontally cut, so by (4.13), we have W(C(v))<SW ({v}) for all
veV(T). Therefore, W V(T))=<W ({M(T)}), because

W) =S w(e or)mvm) < 3 (§) W) S W)

n=0
Hence, if we denote Spy={M(T):T €T}, then W(Vu(A))=<W (Sus).
Now, take T€T7y. By (4.12), we have W ({w})>4W ({v}) for all veV(T) and we
C(v). As W(V(T)) <0, it follows that T must be finite. Let

m(T)={weV(T):Clw)ZV(T)}

be the lower boundary of T', and let Sy, ={Jpcs, m(T).
For all veV(T), let A(v)={weV(T):w>v} be the set of ancestors of v in T. By

(4.12),
|A(v)|-1

W(AW)< Y 47"W({v}) <2W({o}).

Every vertex of T' is an ancestor of a leaf, so it follows that

womy<w( | Aw)< X WAw) <2 () <)
vem(T) vem(T)
Therefore, W(Wy(A))<W(Sy,).
If ve Sy and v#wg, then P(v) is horizontally cut and has a vertically cut child, so
P(v)€Sy,. In fact, P(Sar\{vo})=Sm. Since W ({v})=<W ({P(v)}) for all v and since P
is a two-to-one map, it follows that W (Sps\{vo})=<W(S,,). Therefore,

W (Vh(A) < W (Sar) SW(Sm)+W ({vo}) < W(W(A)+a(Q) Q]
and
W(W(A) < W (S)<W(Syu\{ve}) KW (Sn). O

Suppose that A=(Qy)yev(a) is a p-rectilinear foliated patchwork for I'=I"y. For
0>0, a set of o-approzimating planes for A is a collection of vertical planes (Py)yevy(a)
such that, for every veVy(A), if f,: Vo—R is the affine function such that I'y, =P,, then

Il fo—Fllzi 00, 6:(Qu)
@l S75@Qu)

The following lemma verifies that the choice of right-hand side in (4.14) produces a

(4.14)

condition that is invariant under stretch automorphisms and shear automorphisms.
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LEMMA 4.11. Let A=(Qy)vev(a) be a p-rectilinear foliated patchwork for an in-
trinsic Lipschitz graph T'=T"; with a set (Py,)yev,(a) of o-approzimating planes and let
r:H—H be a left translation, a stretch automorphism, or a shear map. Moreover, let
r=ITor: Vo—Vy be the map induced on Vy. Then,

A'=((F(Qu), 7 (Rv)))vev(a)

is a p-rectilinear foliated patchwork for r(T') and

(T(P'U))’UGVH(A)

is a set of o-approximating planes for A’.

Proof. By Lemmas 2.10 and 4.2, r(T') is an intrinsic Lipschitz graph and the ele-
ments of A" are p-rectlinear pseudoquads for r(T'). It is straightforward to check that
Definition 4.4 holds for A’. Let veVy(A) and let f,: Vo—R be the affine function such
that P,=I"f, . By Lemma 2.9, there are functions f and fv such that

r()=T; and r(P,)=T

f for

If r is a left translation or a shear map and we10Q,, then #(w)€107#(Q,) and

|f(F(w)) = fo(P(w))| = | f(w) = fo(w)].

In this case, 6,(Q,)=0,(#(Q,)) and §,(Q,)=0.(7(Q,)), so if P, is a o-approximating
plane for @,, then r(P,) is a o-approximating plane for 7(Q,).

If r=s4 for some a,beR\{0}, then we have 7=r|y,, #(10Q,)=107(Q,), and for
any wel0Q,,

| (7 (w)) = fu(Fw)) = [B]-] f (w) = fo(w)]-
In this case,

0:(7(Qv)) = aldz(Qy) and 6,(7(Qy)) =abld.(Qy),

so, by (4.14),

Il fo—Fllz107(@u)) _ 1a2b?[ || fo— fllL, (100.)
[7(Qu)] |ab]-1Qy|
< ‘b|052(Qv) 20(52(7“(@1,)) O

0o (Quv)  02(F(Qu))
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5. Foliated corona decompositions

An intrinsic graph that admits rectilinear foliated patchworks that satisfy a weighted
Carleson condition and have approximating planes is said to have a foliated corona de-

composition.

Definition 5.1. Fix 0<u0<3i2 and D: R xRT—R*. We say that an intrinsic Lip-
schitz graph I" has a (D, pg)-foliated corona decomposition if for every 0<u< o, every
0>0 and every pu-rectilinear pseudoquad @ CVj, there is a p-rectilinear foliated patch-
work A for @) such that A is D(u, o)-weighted Carleson and has a set of o-approximating

planes.
The following theorem is a more precise formulation of Theorem 1.18.

THEOREM 5.2. For every 0<A<1 there is a function Dy:RT xRt —R* such that
for any 0<pop< 3—12, any intrinsic A-Lipschitz graph has a (Dy, po)-foliated corona decom-

position.

Definition 5.1 requires the root of the foliated patchwork to be p-rectilinear; the

next lemma shows that intrinsic Lipschitz graphs have many p-rectilinear pseudoquads.

LEMMA 5.3. Let p1o>0, let 0<A<1, and let I'=I"y be an intrinsic A-Lipschitz graph.
There is an ag>0 with the following property. Let @ be a pseudoquad for T, let v be
a point in the lower boundary of @ and suppose that vZ?® is in the upper boundary.
Let 7=6,(Q). If r/\/s<ag, then there is a parabolic rectangle R such that (Q,R) is

o-rectilinear.

Proof. Denote

def A def . | [ po  po(1—X)
L= 5 and aomln{ AT

Let g1, g2: R—R be the lower and upper bounds of ), and let I be its base. After a trans-

lation, we may suppose that v=0 and f(v)=0. Then, IC[—r,7], g1(0)=0, g2(0)=s, and
g1(0)=—f(0)=0. Let R=1Ix]0, s]; we claim that (Q, R) is a ug-rectilinear pseudoquad.
It suffices to show that, for all t€[—4r,4r] and i€{1, 2}, we have |g;(t) —g:(0)| < pos.
By Lemma 2.7, for all t€[—4r,4r], we have
|9:(t) = (9:(0) +tg; (0))| < 8L < p105.

In particular, |g1(¢)|<pops. Lemma 2.3 implies that

, 3 3vs _uo s
2(0)=f(Z°)—f(0)| < —=d(0,2°) = <H.2
192(0)[ =1£(2°) = f(0)| < =5, (0, Z°) = ;= < 5o
so, if |¢t|<4r, then
S S
l92(1) = g2(0) | < 52~ 4r+ 5% < pos. O

8
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COROLLARY 5.4. Continuing with the setting and notation of Lemma 5.3, any 3%-

rectilinear pseudoquad Q such that a(Q)géao s po-rectilinear.

Proof. Let v be in the lower boundary of Q. Then there is an s> (1 — Tl(;)éz (Q) such
that vZ* is in the upper boundary. If a(Q)< %ao, then

52(@) < %aO V 62(@) < aO\/gv

so Lemma 5.3 implies that @ is pg-rectilinear. O

The following lemma shows that the choice of pg is not important; we can increase

1o at the cost of an increase in D.

LEMMA 5.5. For any A>0 and 0<po<p(<35, and any D:R* xRt —R", there ez-
ists D":R* xRT = R" such that, if T is an intrinsic X-Lipschitz graph that has a (D, po)-

oliated corona decomposition, then T' also has a (D', uj)-foliated corona decomposition.
0

Proof. Fix 0<p<pg and 0<o<1. Let ap>0 be as in Lemma 5.3. Suppose that
we are given a pu-rectilinear pseudoquad ). We wish to construct a rectilinear foliated
patchwork for @ with a set of o-approximating planes. If a(Q)<3aq, then, by Corol-
lary 5.4, @ is po-rectilinear, and since I admits a (D, pg)-foliated corona decomposition,
the desired patchwork and set of approximating planes for @ exist.

We thus suppose that a(Q)}%ao and denote
1o = [1og2 a(Q)—‘ +1.
o

We will construct a rectilinear foliated patchwork for @ by first cutting @ vertically g
times into pseudoquads P, ..., Py, of width 27%§,(Qo), height §,(Q), and aspect ratio

=2""0(Q) < 2o,

2
By Corollary 5.4, each P; is po-rectilinear, and thus admits a D(u, o)-weighted Carleson
rectilinear foliated patchwork and a set of o-approximating planes. Combining these
patchworks, we obtain a rectilinear foliated patchwork A’ for Qg. Let vy be its root
vertex. Note that, for any 0<m<iy and any weC™(vy), we have a(Q,)=2""a(Qo)-

It remains to check that A’ is weighted Carleson. Let pi,..., pyic €EV(A’) be the
vertices such that P;j=Q,, . If v€V(A’) and v<p; for some j, then Q, satisfies the
weighted Carleson condition (4.11) with constant at most D(u, o).

Otherwise, v is an ancestor of some p; and Q,=F,U...UP, for some a<b. For each

weV(A'), let A(w) be the set of ancestors of w. Every ancestor of p; except possibly p;
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itself is vertically cut, so by (4.12), the weight of P¥(p;) decays exponentially. Thus

WA =S WP o)) <S4 W () <2 ().
k=0 k=0

For each weV(A'), let
Dy (w) =D(w)NW(A')

be the set of vertically cut descendants of w. As every element of Dy(v) is a descendant

or an ancestor of some p; with a<{j<b,

b b
Z (Dv(pj)) Z o) |Pj|+2W ({p,})]

j=a j=a

= D(p,0)|Qu|+2-a(Pa)~*|Qu| < D(k, 0)|Qul+a5 Q-

Therefore, A" is (D(p, o) +agy *)-weighted Carleson. O

6. Vertical perimeter and foliated corona decompositions

In this section we will assume Theorem 5.2 and prove the following theorem, which
bounds the vertical perimeter of half-spaces bounded by intrinsic Lipschitz graphs.

THEOREM 6.1. For any 0<A<1 and r>0, if T is an intrinsic A-Lipschitz graph,
then
19,.0) (T | oy Sa 7
This coincides with the bound (1.32) needed in §1.2.1. Combined with the reduction

from arbitrary sets to intrinsic Lipschitz graphs described in that section, this completes
the proof of Theorem 1.1.

6.1. Vertical perimeter for graphs with foliated corona decompositions
Theorem 6.1 is a consequence of the following lemma.

LEMMA 6.2. Suppose that f:Vo—I' is intrinsic Lipschitz and denote I'=I"y. Fiz
c>0. Let QCVy be a é—rectilinear pseudoquad. Let A be a 3—12—Tectilinear foliated
patchwork for Q and let (P,),ev,(a) be a set of o-approvimating planes. Denoting
to=—log, 6.(Q), we have

96 1l Laito.oy S TIQP AW (V(A))H1. (6.1)
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Note that while the intrinsic Lipschitz constant of f appears in Theorem 6.1, it
does not appear in (6.1). Indeed, this bound is invariant under scalings and stretch

automorphisms; if I', @, and (A, (Qv)yev(a)) are as in Lemma 6.2, a,b>0, s=s,3, and
§= H°3|Vo = S|VD7

then, by Lemma 4.11, §(Q) is a pseudoquad in s(I‘):Ff, where f=bf-5"!. Furthermore,
A'=(3(Quv))vev(a) is a foliated patchwork for 3(Q) and (s(Py))vew,(a) is a set of o-
approximating planes.

By Lemma 4.2, a(3(Qu))=1/a/ba(Q,) and |3(Qu)|=ab|Qu], so
W(V(A) =W (V(A))
and
BQP*W V(AN = (a®0)* QP W (V(A) Y = (ab)* QI W (V(A)) V1.

If (6.1) holds for f and @, then, by Lemma 2.12,

3/2|

19510 11| 2 1t0—t08. (ab).c0)) = (aB)* 219G, £ [ s (t0.00)

So(ab)*2|QPHW (V(A)) /1 = al3(Q)1P W (V(A")) 1.

That is, (6.1) holds for f and s(Q).

To prove Lemma 6.2, we will need some lemmas on partitions and coherent sets. A
collection {Q1,...,Q,} of pseudoquads is a partition of Q if Q=J;_, Q; and if the Q;
overlap only along their boundaries. A coherent subtree of T is a connected subtree such
that, for every v€T, either all children of v are contained in 7" or none of them are. A

coherent subset of V(A) is the vertex set of a coherent subtree.

LEMMA 6.3. Let A be a rectilinear foliated patchwork for Q and suppose that SC
V(A) is coherent. Let M=max S be the maximal element of S and let min S be the set

of minimal elements of S. Denote
F=Fi(9) déf{p € Qs : there are infinitely many v € S such that p € Q,}.

Then,
QM_Flu( U Qw)- 62)
wEmin S
The interiors of {Qu:wemin S} are pairwise disjoint and disjoint from Fy. If S is

finite, then min S is a partition of Q-



134 A. NAOR AND R. YOUNG

Proof. Let veémin S and let p€int Q,. If u€S and pe@Q,, then either u<v or v<u.
The first is impossible by the minimality of v, so v<u. It follows that there are only
finitely many we€.S such that p€@,, and no such w is minimal except v. That is, int @,
is disjoint from Fi, and if u€min S and u#wv, then int @, is disjoint from int Q,,.

If peQar\ F1, then the set {v€S:pe@, } is finite, and thus has a minimal element vg.
Let w be a child of vg such that pe@,,. The minimality of vy implies that w¢S, so
vemin(S) by the coherence of S. This implies (6.2). O

LEMMA 6.4. Fix 0<u<$ and let (A, (Qu)vea) be a p-rectilinear foliated patchwork
for Q with W(Wy(A))<oo. For any 0<0<0,(Q), denote Sy,={veV(A):6,(Qy) =0} and
let F,=minS,. Then, {Q.}ver, is a partition of Q into horizontally cut pseudoquads

such that 0<9,(Qy)<4o for all vEF,.

Proof. By Definition 4.4 and Lemma 4.5, the height of every pseudoquad of A is
equal to the height of its sibling and at most the height of its parent. Therefore, S, is
coherent. If ve S, , then

W({v}) = a(Qu) Q] = 6:(Qu)*0,(Qu) ~* > 0%3,(Q) 2,

which is bounded away from zero, so Lemma 4.10 implies that S, is finite. By Lemma 6.3,
F, partitions Q.

Suppose that veF, and let weC(v). By the minimality of v, we have v€S, and
WESy, 80 0,(Qy)=20>0,(Qw). Since §,(Qw)<I.(Qy), v is horizontally cut. Furthermore,
by Lemma 4.5, 0>6Z(Qw)>%6z(Qv), so v is a horizontally cut pseudoquad such that
0<0,(Q,)<4o, as desired. O

We will use these partitions to decompose the parametric vertical perimeter of f

and prove Lemma 6.2.

Proof of Lemma 6.2. By the remarks after Lemma 6.2, condition (6.1) is invariant
under scaling, so we may rescale so that §.(Q)=1. Let A be a 3—12—rectilinear foliated
patchwork for Q and let (P,),cy,(a) be a set of o-approximating planes. Without loss of
generality, we suppose that W(V(A))<oo. For each veVy(A), let f,: Vo—R be the affine
function such that I'y, =P,. For ieNU{0}, let C;=F5-2i-1 CVx(A) be as in Lemma 6.4,
so that {Q,}vec, is a partition of @ into horizontally-cut pseudoquads with heights in
[2720—1 272i+1) No vertex of A appears in more than one of the C;’s.

We start by bounding ng’f(t) from above for each veC; for a fixed i€ NU{0}. Then
we have 2720<24,(Q,), so Lemma 4.1 implies that Z*Q_ZtQUQIOQv for any te€[i,i+1].
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Therefore, since f, is constant on vertical lines,

VG, (1) =2 / lf(w)— f(wZ™ 2" dw

v

<2 [ 1)o@ ez )=

:2t(||f_vaL1(Qu)+||f_fv||L1(Zf2—2‘Qv))

(4.14) §Z(Qv) (4
< 27Q,
|Q |U§x(QU)

06:(Qu)** = 0a(Qu) 1 Qul.
Since {Q, }vec; is a partition of @, we have Vg,f(t):Zueci ngf(t) for all teR. Thus,

VG fll Laiii+n)) < z VG, v S Z co(Qy) 1 Qu!. (6.3)
veC; veC;
Consequently,

0o 3 [eS] 4
KALRONES SCFINTE-E 3§ ECARTY)
i=0

i=0

wf;( > |QU|) (X a(@)‘*czv)

veC; veC;

Eallols ZW ) <o QPW(V(A)),

=0
where the third step is an application of Holder’s inequality. O
Finally, we use Lemmas 2.11 and 2.12 to prove Theorem 6.1.

Proof of Theorem 6.1. After scaling, it suffices to prove the theorem in the case that
r=1, i.e., that if I is the intrinsic graph of an intrinsic A-Lipschitz function f:Vy—R,
then

VB, (T ) Ly ®) SA L (6.4)

By the definition (1.30),
Vg, (TH)() =21 BiN(T AT 22 7)< 21 By <2¢ for all teR.

Hence,

a 1/4 a 1/4
VB, (T | £y (—o0,a)) = (/ Ve, (TH)(@®)* dt) < (/ 24 dt) <29 forall a€R,

— 0o —00
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and therefore we have the following simple a-priori bound.
Ve, (T)la@) S 2"+ Ve, () Li((a,00)) for all a€R. (6.5)

We will first treat the (trivial) case BsNI'=@, so that either BsCI'" or B5CI'~.
Without loss of generality, suppose that B; CI'". This implies that B CT'tNZ 27"+ for
any t>0, so vp, (I'")(¢)=0, and therefore in this case (6.4) follows from the case a=0
of (6.5).

We may thus suppose, from now on, that BsNI'#A@. Fix any point p€ BsNI'. Then,
d(p, (Y))<5 and p=vY 7" for some veVj with |f(v)|<5, so by Lemma 2.3, we have

FO) < 17)+17(0) = F(O)] <5+ o5 dlp, (V) S 2.
Likewise, for any t€R,
FE <)+ 2 d0, 2 514220,

For teR, let g;: R—R be a function such that g¢(0)=t and the graph of g; is characteristic
for f. By (2.17), ¢;(0)=—f(Z"), so by Lemma 2.7 and the estimate above,

! A _ t
a2 |g¢(2) — t\<|gt(0)|+2\/ﬁ—\f(z)| QWNA1+f (6.6)

The right-hand side of (6.6) grows slower than |¢| as |t| =00, so there is tg=to(A\)>1 such
that the pseudoquad @ that is bounded by the lines z=+1 and z=g4,, () is é—rectilinear
and contains the projection II(By).

Theorem 5.2 applied with the choice of parameters /io—* and o=1 shows that Q
has a foliated patchwork A and a set of 1-approximating planes that satisfy

WW(A)) SAIQISA L.
By Lemma 4.10, this implies that
W(V(A) SW (W (A))+a(Q) QI Sa 1. (6.7)

By Lemmas 2.11 and 6.2, we conclude as follows:

||\731( ||L4(R) ~ F+HVBI )HL4([*1Og45Z(Q)7OO))

VG, 1| L ([ 1084 5-(@).00))

< HQPAW(V(A) S0,

5:(Q)

where the first step is an application of (6.5) with a=—log, §.(Q), the second step is
an application of Lemma 2.11 because Q2II(By), the third step is an application of
Lemma 6.2, and the final step holds due to (6.7) and because |Q]=6,(Q)=x1. O
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7. The subdivision algorithm: constructing a foliated corona decomposition

In this section, we will formulate an iterative subdivision algorithm (Lemma 7.3 below)
and prove that, given certain propositions on the geometry of pseudoquads, this algorithm
produces a foliated corona decomposition. In the following sections, we will prove these
geometric propositions. Together, these arguments establish Theorem 5.2.

Fix A\,0€(0,1). Let f:Vy—R, and suppose that I'=T"; is an intrinsic A-Lipschitz
graph. Let 0< uég—g. To show that I admits a foliated corona decomposition, we must
show that, for any p-rectilinear pseudoquad @, there is a u-rectilinear foliated patchwork
A for (Q which has a set of o-approximating planes and such that A is weighted Carleson.

In order to describe the subdivision algorithm that produces A, we will introduce
the R-extended parametric normalized non-monotonicity of I', denoted by QFJr R which
is a measure on V; with density based on how horizontal line segments of length at most
R>0 intersect I'. If T" is a plane, for instance, then Qr+ r=0 while QﬁJr,R has positive
density when I' is bumpy at scale R.

This is in the spirit of the quantitative non-monotonicity used in [23] and [91], but
it counts different segments, and, like the parametric vertical perimeter, it is defined in
terms of the function f. We will give a full definition in §8 and discuss the relationship
between extended non-monotonicity and quantitative non-monotonicity in Remarks 8.4
and 10.2. In §9, we will show that there is ¢>0 depending on the intrinsic Lipschitz

constant of T' such that the following kinematic formula (inequality) holds for every
measurable subset U CVj:
ZQN 2-i(U) <c|U|. (7.1)

1EZL
Definition 7.1. Suppose that n,r, R>0 and let @ be a i—rectilinear pseudoquad. We
say that T' is (n, R)-paramonotone on r@ if it satisfies the following bound:

Q?+,R(sm(Q)(7"Q>< n
Q o)t

(7.2)

This condition is invariant under scalings, stretch maps, and shear maps; see the discus-

sion immediately after the proof of Lemma 8.8 below.

One of the main results of [23] was that for small >0, any n-monotone set is
close to a plane in H; this is a “stability version” of the characterization of monotone
sets in [21]. The following proposition, which we will prove in §§10-12, states not only
that paramonotone pseudoquads are close to vertical planes in H, but also that their

characteristic curves are close to the characteristic curves of their approximating planes.
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PROPOSITION 7.2. There is a universal constant r>1 such that, for any o>0 and
any 0<(< 3%, there are 1, R>0 such that, if I'=Iy is the intrinsic Lipschitz graph
of f:Vo—R, and if Q is a S—E—rectilinear pseudoquad for T' such that T' is (n, R)-
paramonotone on rQ, then the folowing statements hold.

(1) There is a vertical plane PCH (a o-approzimating plane) and an affine function

F:Vy—R such that P is the intrinsic graph of F and

I1F=fllr o) 6:(Q)
R “75.@Q)

(2) Let uedQ and let gr,gp:R—R be such that {z=gr(z)} (resp. {z=gp(x)}) is

a characteristic curve for T' (resp. P) that passes through w. Then,

(7.3)

lgp —9grllL..an <¢-(Q).

It is important to observe that the bounds in Proposition 7.2 do not depend on the
intrinsic Lipschitz constant of f. Indeed, this proposition holds when I' is merely the
intrinsic graph of a continuous function. This is important because paramonotonicity is
invariant under stretch automorphisms; a bound that depended on the intrinsic Lipschitz
constant of I" would not be invariant.

Proposition 7.2 allows us to construct a y-rectilinear foliated patchwork and a col-
lection of o-approximating planes by recursively subdividing @) according to a greedy

algorithm.

LeEMMA 7.3. Let r be as in Proposition 7.2. Fiz O<,u<§ and 0>0. There are
1, R>0 with the following property. Let I' be an intrinsic Lipschitz graph and let Q be a
w-rectilinear pseudoquad. There is a p-rectilinear foliated patchwork A for Q) such that,
for all veV(A), Q, is horizontally cut if and only if T is (n, R)-paramonotone on rQ,

and A admits a set of o-approzimating planes.

Proof. Let r, , and R be positive constants such that Proposition 7.2 is satisfied
with (= i .

We construct A by a greedy algorithm. Denote the root vertex of A by vy and let
Qv, =Q; by assumption, it is p-rectilinear. Suppose by induction that we have already
constructed a p-rectilinear pseudoquad (Q,, Ry,). Let v€V(A) be a vertex with children
w and w’. Let I=[a,b] be the base of @, and let g1, g2: R—R be its lower and upper
bounds, respectively.

Suppose that I" is not (7, R)-paramonotone on r@,. The vertical line x:%(aer)
cuts @, and R, vertically into two halves. Let Q,, and @, be the halves of @), and let
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R, and R, be the halves of R,. Since (Q.,, R,) is p-rectilinear, (Q.,, Ry) and (Qu, Ryw)
are both p-rectilinear.

Now suppose that I' is (n, R)-paramonotone on r@,. Proposition 7.2 states that
there is a g-approximating plane P for @, such that, for every u€4@Q),, any characteristic
curve of I" that passes through u is (J,(Q)-close to the characteristic curve of P that
passes through u. For i€{1,2}, let u;=(1(a+b), g;(3(a+b))), and let m be the midpoint
of u; and us.

Let g3: R—R be a function whose graph is a characteristic curve for I' that passes
through m. Let Q,, and Q. be the pseudoquads with base I that are bounded by the
graphs of g1, g3, and gs.

The characteristic curves of P that pass through w1, us, and m are parallel evenly-
spaced parabolas; let hy, ho, hs: Vog—R be the corresponding quadratic functions and
let d=hy—hg=hs—h; be the constant distance between them. Let R, and R, be
the parabolic rectangles with base I that are bounded by these three parabolas. By
Proposition 7.2, we have |\g; —h||1.(ar)<¢9:(Q) for i€{1,2,3}. In particular, every
x €l satisfies

10-(Q) —2d| <16 (Q) = (92(2) —91(x)) [+ |g2(2) — g3 (2) —d|+[g3 () —g1(x) —d]
<

so d>%6.(Q) and
i —hill Lo (ar) < 4Cd = pd

for i€{1,2,3}. That is, (Quw,Rw) and (Qu, Ry ) are p-rectilinear and satisfy Defini-
tion 4.4 with k=hs. We construct the desired rectilinear foliated patchwork by repeating

this process for every vertex of A. O

Pseudoquads that are not paramonotone contribute to the non-monotonicity of T',
50, as in [91], the total number and size of these pseudoquads is bounded by the measure
of I'. In §9, we will use an argument based on the Vitali covering lemma to prove that
rectilinear foliated patchworks constructed using Lemma 7.3 satisfy a weighted Carleson

condition, as stated in the following proposition.

PROPOSITION 7.4. Let r>1 and 0<u§ﬁ. Let n, R>0 and let 0<A<1. Let I’
be an intrinsic A-Lipschitz graph, let A be a p-rectilinear foliated patchwork for T', and
suppose that, for all veV(A), the pseudoquad Q, is horizontally cut if and only if T
is (1, R)-paramonotone on rQ,. Let W:2V(A) [0,00] be as in (4.10). Then, for any
veV(A),

W({weW(A):w<v}) Sprra @l (7.4)
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With these tools at hand, Theorem 5.2 follows directly.

Proof of Theorem 5.2 assuming Propositions 7.2 and 7.4. Let r be as in Proposi-
tion 7.2 and write po=1/32r2. Fix 0<u<po and 0>0, and let n and R be as in
Lemma 7.3. Since I is an intrinsic A-Lipschitz graph, Lemma 7.3 produces a u-rectilinear
foliated patchwork A rooted at @@ with a set of o-approximating planes. By Proposi-
tion 7.4, this patchwork is weighted Carleson with a constant depending on 7, r, R, o, and
A. Since r>1 is universal and 17 and R depend only on p and o, we obtain Theorem 5.2

by using Lemma 5.5 to increase pg=1/32r2 to M0=§- O

Observe in passing that since in the above proof the patchwork that established
Theorem 5.2 was obtained from Proposition 7.2, we actually derived the following more
nuanced formulation of Theorem 5.2; it is worthwhile to state it explicitly here because
this is how it will be used in forthcoming work of the second named author.

THEOREM 7.5. For every 0<A<1 there is a function Dy:R* xR*—R*, and for ev-
ery 0<,u<3i2 and 0>0 there are n=n(u, ), R=R(u, ) >0 with the following properties.
Suppose that T'CH is an intrinsic \-Lipschitz graph over Vi and QCVy is a p-rectilinear
pseudoquad for I'. Then, there is a p-rectilinear foliated patchwork A for @ such that A
is Dy (u,0)-weighted Carleson and has a set of o-approzimating planes. Moreover, for
all vertices veV(A), the associated pseudoquad Q, is horizontally cut if and only if T

is (n, R)-paramonotone on rQ, where r>1 is the universal constant in Proposition 7.2.

Remark 7.6. While the results in this paper rely only on approximating a intrinsic
Lipschitz graph by vertical planes to bound its vertical perimeter, Theorem 7.5 allows
one to glue vertical planes together to approximate an intrinsic Lipschitz graph by ruled
surfaces. Indeed, with notation as in Theorem 7.5, let FCV(A) be a finite coherent
subset such that every vertex in F' is horizontally cut. Let vp be the maximal element
of F and let m(F) be the set of minimal elements of F. Then, {Q,:vem(F)} is a
partition of @), into a stack of pseudoquads @1, ..., @« that are vertically adjacent. The
characteristic curves bounding these pseudoquads can be approximated by parabolas,
denoted hg, ..., hx, and the p-rectilinearity of A implies that these parabolas do not
intersect inside @, ; see the proof of Lemma 9.5. We can then construct a foliation of
Qv by parabolas by linearly interpolating between the h;’s. Since any parabola is the
projection of a horizontal line to Vj, this foliation is the set of characteristic curves of a
ruled surface ¥ CH. By passing to a limit, one can construct a ruled surface corresponding
to any coherent subset of horizontally cut vertices. This procedure is roughly analogous
to the method used in [26] to approximate stopping-time regions in uniformly rectifiable
sets in R™ by Lipschitz graphs. In our setting, we can use linear interpolation instead of

using a partition of unity as in [26] or [91].



FOLIATED CORONA DECOMPOSITIONS 141

By Proposition 7.2, ¥ approximates I' and the characteristic curves of ¥ approximate
the characteristic curves of ¥ inside Q,, (with accuracy depending on the heights of the
Q.’s). In fact, if v€V4(A) is a vertex such that every descendant of v is horizontally
cut (i.e., D(v)CWVu(A)), then ¥ coincides with I' over @,. We omit the details of these
approximations because they are not needed in the current work, but complete details
will be given in forthcoming work of the second named author where they will be used

to analyze intrinsic Lipschitz functions.

We will prove Propositions 7.2 and 7.4 in the following sections. Specifically, in
§8, we will define extended non-monotonicity and extended parametric normalized non-
monotonicity and prove some of their basic properties. In §9, we will prove that Propo-

sition 7.2 implies Proposition 7.4. Finally, in §§10-12, we will prove Proposition 7.2.

8. Extended non-monotonicity
8.1. Extended non-monotonicity in R

In this section, we define the extended non-monotonicity and extended parameterized non-
monotonicity of a set ECH. Like the quantitative non-monotonicity that was defined
in [23] and the horizontal width that was defined in [33], these measure how horizontal
lines intersect OF.

We first define these quantities on subsets of lines, then define them on subsets of H
by integrating over the space of horizontal lines. Let £ be the space of horizontal lines
in H. Let A be the Haar measure on £, normalized so that the measure of the set of
lines that intersect the ball of radius r is equal to 3.

Recall that a measurable subset SCR is monotone [21] if its indicator function is a
monotone function (i.e., S is equal to either &, R, or some ray). For a measurable set

UCR, we define the non-monotonicity of S on U by
NM;s(U) e inf{HY(UN(M AS)): M is monotone},

where, as usual, M AS=(M\S)U(S\ M) is the symmetric difference of M and S.
For SCR, we say that S has finite perimeter if 0315 is a finite set, where we recall

the notation (2.2) for measure theoretical boundary, which in the present setting becomes

def

O SE{reR:0<H ((x—e,2+2)NS) < 2¢ for all £ > 0}.

If SCR is a set of finite perimeter, then there is a unique collection of disjoint closed
intervals of positive length Z(S)={I1(S), I2(95),... } such that SA|JZ(S) has measure



142 A. NAOR AND R. YOUNG

zero. For any R>0, we define as follows a point measure wg r supported on the bound-

aries of the intervals in Z(S) of length at most R:

WS,Rdéf Z Hl(I)'(dminI_'_dmaxI)-

IeZ(S)
HY(I)<KR

Let

Ws,r= %(W&R +WR\$,R)-

These measures are inspired by analogous measures {W; };cz used in [23]. It was
shown in [23] that, if §>0 is sufficiently small, then the non-monotonicity of .S at scale
% is bounded in terms of a measure @; that counts the set of endpoints of intervals in .S
or R\ S of length between ¢* and 6°*!. The main difference between @; and &g si is that
W; ignores intervals of length less than 6T, but &g 5 weights them by their lengths.

For UCR, we call Wg r(U) the R-extended non-monotonicity of S on U. (We will
typically use this notation when R>diam U.) We use the term “extended” here because
it depends not only on SNU, but also on the behavior of S outside U. For example, let
U=]la, b] and suppose that SCR is a set with locally finite perimeter. If &g r(U)=0 for
all R>0, then there can be no finite-length interval in Z(S) or Z(R\S) with a boundary
point in U. That is, UN9dy S is empty or, up to a measure-zero set, S=[c,o0) or
S=(—00, c] for some c€[a,b]. Similarly, when S=[a,b] and R>b—a, if g gr(U) is much
smaller than b—a, then either UN0J41 S is almost empty, or U is almost monotone on an
R-neighborhood of S. This follows from the following two lemmas. The first lemma is
based on the bounds in [23, Proposition 4.25] and [33, Lemma 3.4].

LEMMA 8.1. Let a,beR, let UCJa,b], and let R=b—a. For any finite-perimeter set
SCR,
NMg(U) < diam((a,b)Ndx1 S) < Ws,r((a,b)).

Proof. Let §=diam((a,b)Ndx1S). Consider the following set of closed intervals:

T T e T(S)UZ(R\S) : IN(a,b) £ 2}
This set is finite, so we may label its elements Ji, ..., J,, in increasing order. After changing

S on a measure-zero subset, the interiors of the J;’s are alternately contained in S and
disjoint from S. If n=1, then NMg(U)=0 and §=0, so we suppose that n>2. Then,

n—1
§ =min(J,)—max(J;) = Z H(J:)

=2
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and

Bs.r((a,0) =2 H'(Jm) >4

Regardless of whether J; and J, are in or out of S, there is a monotone subset M CR

such that 1, agrees with 15 on J; and J,. Then,
NMs(U) <SHNUN(SAM)) <H ([a,b]\ (J1UJ,)) =4. O
A similar reasoning gives the following lower bound. Recall that supp,,: and inty

denote measure-theoretic support and interior, see (2.1)—(2.3).

LEMMA 8.2. Fiz R,a,b€R with a<b and R>b—a. Let SCR have locally finite
perimeter such that a,besuppy (R\S). For any closed interval IC[a,b], either

ICintyn S or Ggr(l)=iH'(SNI).

Proof. Suppose IZinty;1 S. Let Iy, ..., I, be the intervals in Z(S) that intersect
I. By assumption, each of the intervals Iy, ..., I,, has at least one endpoint in I. Fur-
thermore, since a, b€suppy: (R\S), we have I; Cla, b] for all je{1,...,n}. In particular,
max;e(1,...n} £(1;) <R. Up to a null set, we have SﬂICU 11, s0

Ws,r(I) =

" ’H1 Hl(sm)
2

j=1

These lemmas yield the following description of sets with small extended non-
monotonicity, which states that points in their measure theoretic boundary must be

either very close to each other, or very far from each other.

PRrROPOSITION 8.3. Let SCR be a set with locally finite perimeter and fiz c¢,deR
with c<d. Let R>d—c and suppose that 0<e<g(d—c) and Gs r((c,d))<e. Then,

diam((t—R,t+R)N0y1S) <e for all t € [c+4e,d—4e]NDy1 S. (8.1)
Proof. Fix t€[c+4e,d—4e]Ndy1S. We will prove that this implies that
(t—R,t+R)NIy1S C (¢, d). (8.2)

Equation (8.1) is a consequence of the inclusion (8.2), since, by Lemma 8.1,

(8.2)
diam((t—R,t+R)NIx1S) < diam((c,d)NdyS) <@g r((c,d)) <e
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Suppose by way of contradiction that (8.2) fails. So, there is
w€ (t—R,t+R)NIy1 S

with u>d or u<c. We will treat only the case u>d, since the case u<c is analogous.

Lemma 8.2 applied with [a, b]=[t, u| and I=[t, d], gives
IHN(SN[t, d)) <@s,r([t,d]) <e.

If we replace S by R\ S, the Lemma 8.2 gives

HALANS) <o nt ) <.

So d—t<4e, which contradicts the choice of ¢. O

Remark 8.4. Despite the name “extended non-monotonicity”, there is no direct
comparison between the extended non-monotonicity of S on U and the non-monotonicity
of S on a neighborhood of U. For example, if R>0, 0<e<1, and S=[—¢,e]U[R, 00), then
NMg(R)=4e, but &g g is the point measure

@S,R 265_5+(%6+%R)55+%R5R,

so Ws r([—1,1]) is large, despite S having small non-monotonicity. Conversely, for any
TCR that contains [—1, 1], the boundary 93,17 is disjoint from (—1,1), so

aT,R((_lv 1)) =0,

regardless of the behavior of T' on the rest of R.

8.2. Extended non-monotonicity in H

We have defined NM and @ for subsets of R, but the same definitions are valid for subsets
of any line L€ L. This lets us define the non-monotonicity of a subset of H by integrating
over horizontal lines.

When U, ECH are measurable sets, we define the non-monotonicity of £ on U by

NMp(U) %

/ NM gz (UML) dN(L).

c

(Note that this definition differs from the definition in [23]. Specifically, in [23], this was
only defined in the case that U=B,(z) for some r€ (0, c0) and z€H, and was normalized

by a factor of r~2 to make it scale-invariant.)
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Definition 8.5. Fix R>0. Let ECH be a set with finite perimeter. By the kinematic
formula (§2.5), for almost every L€ L, the intersection ENL is a set with finite perimeter,
and we define, for U CH,

op.r(U, L) Gpn r(UNL). (8.3)

We then define a measure ENMpg r on H by setting
ENMp 5 (U) & / Bp.r(U, L) dN(L).
c

We call ENMg r(U) the R-extended non-monotonicity of E on U, and for v>0 we say
that E is (v, R)-extended monotone on U if ENMpg r(U)<v. Like &g r(-), ENMg r(U)
depends on the behavior of E in an R-neighborhood of U. If R< R/, then

ENME,R < ENME7R/ .

When we say that a subset UCH is convezx, we will always mean that it is convex
as a subset of the vector space R3. For every g€H, the map v gv is an affine map from
H to itself, so convexity is preserved by left multiplication.

LEMMA 8.6. Let UCH be a measurable bounded set and let K CU be convex. Let
ECH be a finite-perimeter set. Then, for every R>diam U, we have

NMEg(K) <ENMg r(U).

Proof. Let LeL be a horizontal line. By convexity, the intersection I=LNK is an
interval and ¢(I)<diam U. By Lemma 8.1,

NMgnr(I) <Opnr,r(I) <Wp,r(U,L).

Integrating both sides of this inequality with respect to N yields the desired bound. [

We will also define a parametric version of extended non-monotonicity that is better
adapted to intrinsic Lipschitz graphs. This is based on a different measure on the space
of horizontal lines, denoted Np, which we next describe.

Let Wo={x=0} be the yz-plane and let Lp be the set of horizontal lines that are
not parallel to Wy. Each LeLp intersects Wy in a single point w(L), called the intercept
of L, and has a unique slope m(L)€R such that L=w(L)- (X +m(L)Y").

The map (m,w): Lp—RxWj is a bijection, and we define A'p to be the pullback of
the Lebesgue measure on R x Wy under this bijection. This measure is preserved by shear
maps and translations. If a,b>0 and if L,y ), is the line with slope m and intercept

(0,y,2), then sq5(L(0,y,2),m)=L(0,by,abz),mb/a> 50, for any measurable set ACLp,

Np(sap(A)) =BNp(A). (8.4)



146 A. NAOR AND R. YOUNG

Let ECH. For any R>0, any UCVj, and any LeLp, we define
def ~ _
& r(U, L) = Gy(pnr),r(z(H(U)NL)). (8.5)
This is similar to Wg g(II71(U), L) in (8.3), but the projection to the z-coordinate that
appears in (8.5) changes the measures and lengths involved by a constant factor.
When F is a finite-perimeter subset of H, we define a measure Qg r on Vg, by setting
for any measurable subset U CV,

) 5 [ G a1 (D). (36)

We call QgR(U) the R-extended parametric normalized non-monotonicity of E on U.
Now, note that the definition (8.6) includes an R~! factor that does not appear in
Definition 8.5; we will see that this normalization allows for the kinematic formula (1.33)
to hold.

In general, the measure QE p is not necessarily locally finite. Indeed, if BCH is a
ball, then the set of lines that pass through B has infinite Np-measure. But when I' is
an intrinsic A-Lipschitz graph, any line with sufficiently large slope intersects I' exactly
once. If E=I'"* and Le Lp is a line such that LN E is non-monotone, then L has bounded
slope; it follows that QIZ’R(K) is finite for any compact K CVy. Furthermore, Qlﬂ’R is
bounded below by ENMp+ p.

LEMMA 8.7. Let R>0 and xz€H. Suppose that E is a finite-perimeter subset of H,
and let UCH be measurable. Then,

ENMg r(U) S RO (I1(D)).

Proof. Let LeLp and let m=m(L) be the slope of L, so that the restriction x|z,
shrinks lengths by a factor of ¢(m)=+/1+m?2. Then,

_ ©p,¢(m).rIT7(II(V)), L) - wsr(U, L)

p(m) ~ ¢(m)
For weW, and meR, let L, ,, be the line L, ,,=w-(X+mY)eLp. Then, it follows
that

(U, L)
ROE / /w Lu.m dmdw>/ /w” W) g dw.
woJa 2 ! N

For O€R, let Ry: H—H be the rotation by angle # around the z-axis. Since N is

invariant under translations and rotations, there is ¢>0 such that, for any measurable

[ L—=R, )
/L F(M) dN (M) = /WO / BTy oy
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Any line in Lp can be written as Rg(Lg,) for some §€R and geWy. Specifically, for
weWy and meR, let

6(m) =arctanm

and let g,,(w) be the Wo-intercept of R_g(m)(Lw,m)), 0 that Ly m=Rom)(Lg,,(w),0)-

Writing gy, in coordinates as g, =(0, by, ¢m), its Jacobian is

db,, dby, (arct ) 0
B Ty ﬁ B cos(arctanm B 1
ng(y,z)—det dcfm d67m det( dcl 1 —\/ﬁ
dy dz dy

Consequently,

" do
/W /77/2 f(Re(Lg,o))deg:/W /Rf(Lw,m)%ng(’w) dm dw
_ f(Lw,m)
_/WO/Rdedw.

Thus,

g, R(U, Lwm)
ENMEJ{(U) /wE R(U L dN —C/WO/ 1+m2 3/2 dm dw

< eRQp (D)),

as desired. ]
One advantage of QF over ENM is that QF scales nicely under automorphisms.

LEMMA 8.8. Fiz a,beR\{0} and let
g=qoproSqp: H— H

be a composition of a shear map q, a left-translation by heH, and a stretch map sqp.
Let §:Vo—Vy be the map induced on Vo, i.e., §(x)=II(g(x)) for all x€Vy. Let ECH
be a set with finite perimeter. For any measurable UCVy and any R>0, if QER(U) 1
finite, then

Q) ar(@(U)) = [0 Q% £(U) (8.7)
and

Q) ar@0) f'QE,R(U)

l9(U)| ~a? [T

In particular, if g is a composition of a scaling, shear, and translation, i.e., when a=b

(8.8)

above, then g preserves the density of QE,R'
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Proof. The identity (8.7) is verified by computing as follows, using (8.4):

. 1 ~ .
Q;(E),\a\R(g(U)) ~ R /EP WﬁE),|u\R(9(U)7 L)dNp(L)

_ P

B la|R Lp

b|? R
_ ||a||R /ﬁ lal@h 7(U, L) dNp(L)
P

= bl Qg r(U),

b ey, air(@(U),9(L)) dNp(L)

By Lemma 2.8, we have |§(U)|=a?|b|-|U|, which implies (8.8). O

Suppose that @ is a pseudoquad for an intrinsic Lipschitz graph I'CH, and that g
is as in Lemma 8.8. If I' is (n, R)-paramonotone on 7@ as in Definition 7.1, then the

density of fo+ R8.(Q) is bounded as follows:

QI€+,R5I(Q)(TQ) < 7
Q) Sa@F

Let Q=§(Q) and T'=g(T). Then (8.8) and Lemma 4.2 imply that

QIfDﬂRéw(@)(r@ o U
Q| T a2a(@) Q)

soT is (n, R)-paramonotone on r@ if and only if T is (1, R)-paramonotone on rQ.
In particular, it follows from Lemma 8.7 that if T is (n, R)-paramonotone on rQ,
then

0z
ENMi s, (@)1 (rQ)) £ 0@ s 0)(rQ) < 2 S nR =quR. (89

9. The kinematic formula and the proof of Proposition 7.4

In this section, we prove Proposition 7.4 using two lemmas. The first bounds the total

weight of the vertically cut descendants of a vertex v€V(A) in terms of QF.

LEmMMA 9.1. Let r, n, R, A\, T, and A be as in Proposition 7.4. Then, for any
veV(A),

W({'LU S VV(A) w § 'U}) §777T,R Z Q€+’2—iR5z(Qv)(TQU). (91)
i=0

The second is a kinematic formula bounding Q¥ in terms of Lebesgue measure on Vj.
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LEMMA 9.2. Let 0<A<1 and let T be an intrinsic \-Lipschitz graph. For any
measurable set UCV,

Z QF+ 22— NA |U| (9~2)

1€Z
Proposition 7.4 follows from Lemmas 9.1 and 9.2.

Proof of Proposition 7.4 assuming Lemmas 9.1 and 9.2. Let us fix veV(A) and de-
note 0=09,(Qy). Due to Lemma 9.1,

W({weW(A):w<v}) Spnk D O o-ips(rQu).

=0

Let k be the integer such that 281 < R§<2F. Then,

ZQH 2-irs (rQu) ZQQH 2- 1+k(7“Qu) S |7°Qv|

i=0 i=0
Thus,
W(H{weW(A):w<v}) Sprar @l O
We first establish Lemma 9.1, which we prove using an argument based on the Vitali

covering lemma. The first step is to construct partitions of ) into pseudoquads with

dyadic widths. As in Lemma 6.4, we construct these partitions from coherent subtrees.

LEMMA 9.3. Let 0<u<3; and let (A, (Qy)vea) be a p-rectilinear foliated patchwork
for a p-rectilinear pseudoquad Q. Fiz jeNU{0}. For veV(A), let Dy(v)CV(A) denote

the set of vertically cut descendants of v, and let

def
Fj(v) ={w € Dy(v):02(Qu) =2776,(Q)}-
Then, for any w,w'€F;(v), if w#w’, then Q. and Q. have disjoint interiors.

Proof. Let D(v) be the set of descendants of v, and let

={weDW):0.(Qu) =2"76,(Qy)}.

By Lemma 4.5, this is a coherent set and F;(v)=min R;, so Lemma 6.3 implies that
F(v) consists of pseudoquads with disjoint interiors. O

Let vy be the root of A (so @=Q,,). For each jeNU{0} we write F;=F}(vo).
Denote I=z(Q) and 1;=2"70(1)=2776,(Q). Let I;1,...,1; 25 be the partition of I into
27 intervals of length [; such that, for any ve€V(A), there are j,meNU{0} such that

z(Qv)=1; . We partition F} into columns as follows:

v w € Fya(Qu) =Im} forall me{l,...,29}. (9.3)

Each column satisfies the following version of the Vitali covering lemma.
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LEMMA 9.4. For each jeNU{0} and me{l,...,27}, there is a (possibly finite) se-
quence of vertices Dj ={v1,v2,... } CF} m such that rQy,,7Qu,, ... are pairwise disjoint
and

W(Djm) =y W(Fjm).

We prove Lemma 9.4 using the following expansion property.

LEMMA 9.5. Let r>1 and let 0<u<1/32r%. Let A be a p-rectilinear foliated
patchwork. Let v,weV(A) be two vertices such that ©(Qy)=z(Q), and suppose that
rQyNrQy is non-empty. If 0,(Qy)=0.(Qu), then QuwC3rQy, and if §,(Qw)=d.(Q.),
then Q. C3rQ,.

Proof. Write I=[—1,1]. By rescaling and translating, we may suppose without loss
of generality that z(Q,)=x(Q.)=I1. Moreover, we may suppose that @, is vertically
below Q.. We first construct a stack of pseudoquads of width at least 2 that connects
@, and Q.

For ueV(A), let A(u)={teV(A):t=u} be the set of ancestors of u. If uz#vg, let
S(u) be the sibling of v and let P(u) be the parent of u. Let

J=A(w)UA(w)US(A(v)UA(w)).

Since A(v)UA(w) spans a connected subtree of A, so does J, and J is a coherent subset
of V(A). Furthermore, J is finite, so K =min J is a partition of Q.

If ue K, then wu is either an ancestor of v or w, or a sibling of such an ancestor.
In either case, 0,(Q.)>2, and the base of Q,, either contains I or its interior is disjoint
from I. Let K'={ueK:ICx(Q,)}. For each ueK’, @, intersects the z-axis in an
interval. We denote the elements of K’ by w1, ..., u,, in order of increasing z-coordinate.
These pseudoquads form a stack; each pseudoquad @, is vertically adjacent to Q..
We suppose that u,=v and u=w, with a<b.

Rectilinearity implies that the boundaries of the @,,,’s have similar slopes. For each
i€{l,...,n}, let g; be the lower bound of @Q,,, and let g; 1 be its upper bound. These may
be defined on different domains, but all of their domains contain I. For each i€{1,...,n},
let R,, be the parabolic rectangle associated with @Q,,, and let d;=6,(Q.,), so that there
are quadratic functions h;: R—R satisfying

lgi=(hi=zdi) 1y Sndi and - |lgia = (hit3di)| . ;) <pdi

Then,
(i $esn) (b 3ab) |, < e i) 0.
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Hence, for any i,j€{1,...,n} with i<j,

=y d i1
hon-St] S
k=i Loo(I) k=i

Since
j-1
di+dg4+1
hy—hi— Y kL
’ k=i 2

is quadratic, by Lemma 4.6 it follows that

j—1 j—1
di+d d d
‘hj_hz‘— E % <4r? E (dp+drs1) < E +8Z+1
k=i Loo([-7,7]) k=i k=i

Denoting
b—1
dp+dpi1
pey e
k=a

it follows that, for all x€[—r,r|, we have

e

D < hy() —ha(z) < 3D. (9.5)

PN

Suppose that §,(Qy)<9.(Qy). For each i€{1,...,n}, the definition (4.1) of rQ states
7Qu; = {(2,2) €Vo:z €[, 7] and |2 —h;(z)| < 3r3d; }.
Since 6, (Quw)<0,(Q,) and rQ, intersects rQ.,, there is t€[—r,r] such that
hu(8) = ha(t) < 37 (dp+da) = 37232 (Qu) +0:(Qu)) <776:(Qu),

and thus by (9.5) we have D<37%5.(Q,).
Let (z,2)€Q. By (9.4),

€ [gp(2), go+1(2)] C [P () = §0:(Qu), ho () +§0-(Qu)],

SO

|ha(2) = 2] < [ha(x) = ho (@) + |y (2) =2 < §D+36:(Qu) < 5(3)%02(Qu),

where the penultimate step uses (9.5), and the final step uses the upper bound on D that
we derived above and the assumption 6, (Q,)<0.(Q,). It follows (z, 2) €3rQ,, and thus
QuwC3rQ,. If 0,(Q,)<0,(Qy), then the analogous reasoning shows @, C3rQ,. O
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Proof of Lemma 9.4. Similarly to the proof of the Vitali covering lemma, we define
inductively a sequence S, 51 ..., of subsets of F} ,, as follows. Let Sy=@. For each i€N,
let v; be an element of ijm\Uff;lo S; that maximizes d,(Qy,). Define

i—1

S = {weFj)m\ U S :eriﬂrQw#Q}.
k=0

If UZ:1 Sk=F}m, then we stop. By construction, rQ.,,7Q,,... are disjoint. We will
show that the set Dj,m:{vl, Vg, ... }gFJ,m satisfies the desired properties.

We first claim that F},,=51US2U..., where this holds by construction if there are
only finitely many v;’s. So, suppose that there are infinitely many v;’s and let weF .
There are only finitely many elements of F},, with height greater than ¢,(Q.), so there
is 1€N such that 0,(Q.,;)<0.(Qw). By the maximality of §,(Q,,), this implies that
we S U...US;_1.

We next show that

W(Djm) =y W(Fjm).

AS Dj 1 CFj , we have W(Dj ) KW (F} ). Conversely, if weS;, then rQ,, intersects
rQy, and 0(Qw) <. (Qw,), so Lemma 9.5 implies that Q., C3rQ,,. Since the elements

of Fj,, are pairwise disjoint (Lemma 9.3) pseudoquads of the same width, we have

(Qu)>a(Qy,) and
W(Si) = a(Qu)*Qu| <a(Qu)™ Y Qul

weS; weS;

qu U Qw Nye? Qw) 4|3TQ1)i| = TBW({Ui})~

weS;

By summing this bound over j, we conclude
W (Fjm) =W (S1)+ W (S2)+... SrP (W ({vi }) + W ({v2}) +... )= W(Djm). O

We are now ready to prove Lemma 9.1.

Proof of Lemma 9.1. It suffices to treat the case where v is the root of A, so Q,=Q.
Fix jeNU{0} and me{1,...,27}. Let F},, and D, ., be as in Lemma 9.4.

Since, by definition, Fj ., consists only of vertices that are vertically cut, by hypoth-
esis, I' is not (n, R)-paramonotone on @Q,, for each weF} ,,, i.e.,

QIE‘*',le (rQuw) > na(Quw) *|Quw| =W ({w}) for all we Fj,y,.



FOLIATED CORONA DECOMPOSITIONS 153

Let Sy=rlj,;, x{0} xRCV. The sets {rQuw}wep,,, are disjoint subsets of S,,NrQ, so

W (Fjm) =r W(Dj,m)gn_l Z Qll“DJr,le(TQw)gn_mﬁtle(SmnTQ)'

WED; m
By summing this bound over me{1,...,27}, we get

27
W(E) Se D0 O gy, (SmNrQ) S 'O gy, (rQ), (9.6)
m=1
where the last step holds because the scaled intervals 715 1, ..., rI; o; have bounded overlap

(depending on r). By summing this bound over j, we conclude as follows:

) oo
W(VV(A))ZZW(FJ‘),ST n_leII‘DJr,RH&z(Q)(TQ)- [
j=0 j=0

Next, we prove Lemma 9.2 using the following kinematic formula for intrinsic Lip-
schitz graphs. Recall (§2.1) that for a measurable subset ECH, we let Perg denote
the perimeter measure of E; this measure is supported on 0F, and when FE is bounded
by an intrinsic Lipschitz graph, it differs from 3-dimensional Hausdorff measure on OF
by at most a multiplicative constant. For any horizontal line LeL, let 931, E be the

measure-theoretic boundary of E in L and let Perg 1, be the counting measure on 01|, E.

LEMMA 9.6. Fiz 0<A<1. Let ¢:Vy—R be intrinsic A-Lipschitz, and let I'=I"y
be its intrinsic graph. Let UCV,y be a measurable set. For almost every LELp, the
intersection LNT'" has locally finite perimeter. If MCLp is the set of lines that intersect

I' at least twice, then
/ Perps (1" (U)) dNp (L) <a |U]. (9.7)
M

Proof. The measures ANp and N are absolutely continuous with respect to each
other. Indeed, for each m>0, if DCLp is a set of lines with slopes that lie in [—m, m],
then Np(D)=,,N (D). By (2.24), there is ¢>0 such that, for any measurable ACH,

Perp+ (A4) = c/ Perp+ 1 (A) dN(L).
c
Since I'" has locally finite perimeter, this implies that, for almost every line L€ Lp, the
intersection LNI'* has locally finite perimeter. For LeLp let m(L) be the slope of L
as in §8. Suppose that pe LNT. By (2.14), if |m(L)|>A/v/1—A2, then LCp-Coney and
thus L intersects T' exactly once. Consequently, |m(M)|<A/V/1—M\2 for every MeM,
and hence Np (D)= \Np(D) for every measurable DC M. So, by (2.24) and Lemma 2.5,

/M Perp+ (IT7H(U)) dNp(L) Sx Perp+ (IT7H(U)) x5 |U]. O
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Proof of Lemma 9.2. For a finite-perimeter set SCR and R>0, let Z(S) and
Ws,r = 3(ws,Rtwr\s,R)
be as in §8.1. Divide Z(.S) according to the length of the intervals as follows:
Ci(S) I e1(S): 277 < |I|<277} forall jEZ.

Let £;(S)CR be the set of endpoints of the intervals in C;(S). Let Ag ; be the counting
measure on &;(.5) and let

>
o

ef

Ai(9) = L(As i+ Ar\s )

Then,

Z 5\57]‘ < Perg .

jez
(This is not necessarily an equality as the left-hand side is influenced only by bounded

intervals while the right-hand side could have a contribution from rays.)

For each k€Z, the measure Wg o—» is a point measure supported on the set

O S)UE;(R\S)),

that weights each point according to the lengths of the intervals it bounds. In particular,
supp(Wg o+ —Wg2-r-1) C EL(S)UEL(R\S)
and
2752 < Bgg-r(p)—Dgo-k-1(p) <27%  for all p € E(S)UEL(R\S).
Consequently, if we denote

o~

def Sk~ ~
Rsk = 2" (Wg g+ —Ws 2-k-1),

then Kg ;=<Ag ; and
~ i1~ P~ P~
jez jEZ JEZ jez
It follows that

22]0052 J AZ;\SJ gPerS. (98)

JEL JEZ
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For every measurable ECH and UCVj, and every L€ Lp, we have

(8.

ot

)

Z%}EQ J(U,L) S Perypnr)(z(II~1(U)NL)) =Perp (I~ (V)). (9.9)
JEZ

r\
©
=3

Let M CLp be the set of lines that intersect I' at least twice. If Le £Lp\ M, then Z(LNT'")
consists of infinite rays, so Op+ r(U, L)=0 for any UCVy. Thus,

S 0f )Y [ Paf UL (D)

JEL JEZ
(9.9) 9.7)

< / Perp (I~ (1)) dNp (L) Sx [U]. .
M

10. Outline of proof of Proposition 7.2

The rest of this paper is dedicated to the proof of Proposition 7.2. This is the longest
part of the proof of Theorem 5.2, and we will divide it into two pieces.

In the first step (§11), we prove the following Proposition 10.1, which is a stability
result for extended-monotone sets (Definition 8.5). For every 7>0 and h€H, let B,.(h)CH
be the convex hull of B,.(h) (as a subset of R3); when h is omitted, we take it to be 0.
The convex hull of B, with respect to the horizontal lines or with respect to all lines in
R3 is the same, and B, C B,

ProrosITION 10.1. Let ECH be a measurable set. For any €>0, there are v, R>0
such that, if ECH is (v, R')-extended monotone on By for some v', R'>0 that satisfy
R'>R and v'R'<vR, then there is a plane PCH such that

|BiN(PTAE)|<e.

If T is an intrinsic Lipschitz graph and E=T", then we can take P to be a vertical plane.

Proposition 10.1 is in the spirit of the stability theorem for monotone sets that was
proved in [23], though here we do not need to obtain an explicit dependence of v and
R on ¢ (in [23] it was important to get power-type dependence). The lack of explicit
dependence lets us use a compactness argument that was not available in the context
of [23]. At the same time, [23, Theorem 4.3] states that, if the non-monotonicity of
E is small on the unit ball By, then there is a smaller ball B.s on which E is O(e)-
close to a plane, while Proposition 10.1 assumes a stronger hypothesis, namely that
ENMpg r(B1)<v, and obtains the stronger conclusion that E is close to a plane on the

same ball Bj.
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Remark 10.2. The stronger conclusion above is crucial for the covering argument
that we used in §9 because of the delicacy of the Vitali-type argument used in Lemma 9.4.
We use Lemma 9.4 to show that, if A is a p-rectilinear foliated patchwork, with
0<u<1/32r%, and FCV(A) is a collection of vertices corresponding to pseudoquads
of the same width, then there is a large subset G of these pseudoquads such that, if
Q, Q' €@, then r(Q is disjoint from 7Q’. Lemma 9.4 only holds when u=0(r=2). If ur?
is too large, then a p-rectilinear foliated patchwork could contain arbitrarily many ver-
tically cut pseudoquads @1, ..., @, of equal height and width such that rQ,...,r7Q,, all
intersect.

We do not see how a modified subdivision algorithm that uses monotonicity instead
of paramonotonicity can ensure that the conditions of Lemma 9.4 are satisfied. For
example, consider a modification of the subdivision algorithm in §7 that produces a
patchwork A by cutting a pseudoquad @ horizontally or vertically depending on whether
I' is p-monotone (rather than paramonotone) on r@Q for some r>0. Note that [23,
Theorem 4.3] implies that, if " is sufficiently monotone on 7@, then T is O(r~1/3)-close
to a plane on Q. Indeed, there are sets that have zero non-monotonicity on r@, but are
only e(r)-close to a plane on @, where e(r)—0 as r—oo. It follows that this modified
algorithm can, at best, produce p(r)-rectilinear foliated patchworks, where p(r)—0 as
r—o0. In particular, as u(r) depends on r, we cannot choose u so that u<1/32r2.

Consequently, we cannot prove the weighted Carleson condition for this modified
algorithm. The weighted Carleson condition bounds the number of vertically cut pseu-
doquads based on the total non-monotonicity of I', but without Lemma 9.4, a small
amount of non-monotonicity can lead to many vertically cut pseudoquads. That is, if
Q1,...,Q, are pseudoquads in the patchwork such that rQq,...,7Q, all intersect, then
non-monotonicity on the intersection rQ1N...NrQ, could force the algorithm to cut all
of the @;’s vertically.

Using extended non-monotonicity rather than non-monotonicity lets us avoid this
problem. The fact that r is a universal constant in Proposition 7.2 means that, for
any p, there is a subdivision algorithm that produces a p-rectilinear foliated patchwork
by cutting each pseudoquad @ based on whether T"is (n(u), R(u))-paramonotone on Q.

In particular, we can choose p1<1/32r2, so that Lemma 9.4 applies.

In the second step, we prove parts (1) and (2) of Proposition 7.2. By Remark 4.3,
after a stretch, shear, and translation, we may suppose that @ is a rectilinear pseudoquad
for T that is close to [—1,1]? and T is (1, R)-paramonotone on 7Q. For any given ¢, if R
is sufficiently large, 7 is sufficiently small, and II(B.)Cr@, then, by Lemma 8.7, I'* has
small extended non-monotonicity on B, so I'* is close to a half-space P on B..

Note that, even though I'* is close to a half-space P* on B,, it does not immediately
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follow that the corresponding intrinsic Lipschitz function f is Li-close to an affine func-
tion. Using Remark 4.3 to normalize @) stretches I' and changes its intrinsic Lipschitz
constant. Consequently, even though f is close to an affine function on most of Q, it
may still take on large values on the rest of ). To show that this does not happen, we
must introduce new methods based on analyzing the characteristic curves of I.

For example, a key step in the proof of part (1) of Proposition 7.2 is to show that
Il fllz, (@) is bounded. Since f is intrinsic Lipschitz, || f||L,(g)<oc, but we need a bound
independent of the intrinsic Lipschitz constant. We obtain such a bound by studying
how lines intersect the characteristic curves. Since @) is p-rectilinear, the top and bottom
boundaries of ) are characteristic curves that are close to the top and bottom edges of
[~1,1]2. If L is a horizontal line such that II(L) crosses [—1,1]? from top to bottom, then
II(L) must also cross the top and bottom boundaries of ). At these intersection points,
the slope of II(L) is less than the slope of the boundary, so the corresponding points
of L lie in I'". If T*NL is close to monotone, then most of the interval between these
points lies in 't and therefore, f is bounded on QNII(L). By integrating over a family
of lines that all cross the top and bottom boundaries, we obtain the desired L; bound.
Similar arguments based on characteristic curves lead to part (2) of Proposition 7.2,

which completes the proof of Proposition 7.2.

11. Extended-monotone sets are close to half-spaces

In this section, we will prove Proposition 10.1 by studying limits of (¢, R)-extended mono-
tone sets. Let UCH be measurable and let Eq, F5,...CH be a sequence of measurable
sets such that F; is (1/i,%)-extended monotone on U. By passing to a subsequence, we
may suppose that 1, converges weakly to a function fé€ L. (H) taking values in [0, 1].
We call f a U-LEM (limit of extended monotones) function.

One difficulty of studying f is that it need not take values only in {0,1}. Indeed, the
extended monotonicity ENM Ei,¢(§1) only depends on the intersection of E; with lines
that pass through B;. These lines do not cover all of H, so there are regions of H where
f can take on arbitrary values.

Nevertheless, in §11.1, we will show that, after changing f on a measure-zero set,
f(B1)C{0,1}. This will follow from the fact that, by Lemma 8.6,

lim NMg, (B;) =0.

1—00

We will show that a sequence of sets with non-monotonicity going to zero on B; converges
to a subset which is monotone on Bj. If U is an open set, a subset ECH is said to be
monotone on U if NMg(U)=0.
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Then, in §11.2, we will use techniques from [21] and [23] to characterize sets such
that NMF(El)zo. A set that is monotone on B need not be a half-space, but we will
show that if F' is such a set, then the measure-theoretic boundary dy4 F' is a union of
horizontal lines that has an approximate tangent plane at every point. That is, for any
€Dy F, the blowups g-sy,,(g 10y F) converge in the Hausdorff metric to a plane T},
as n—o0. In fact, at all but countably many points g€ dy4 F, there is a unique horizontal
line Ly through g that is contained in 04 F', and T} is the vertical plane containing L; in
this case, g has an approximate tangent subgroup in the sense of [71]. At the remaining
points, T, is the horizontal plane centered at g.

Finally, in §11.3, we prove Proposition 10.1. The proof is somewhat involved, but,
as an illustration, we consider the case that f=1g, where E is precisely oco-extended
monotone on By. That is, for every line L, either B;NA(LNE)=2 or LNE is a monotone
subset of L.

We first claim that, for every point b€ ByNdy4 E, if the approximate tangent plane

Ty is vertical and H, is the horizontal plane centered at b, then
HyNOys E=HyNT.

Let T, be the two half-spaces bounded by T}, labeled so that 7,"N B, (b) approximates
ENB,(b) at small scales. Let L,=H,NT, be the horizontal line in dy+F that passes
through b and let L be a line through b that intersects T}, transversally. Then ENL is a
monotone set with b€y 1 (ENL), so

T,NLCENL and T, NLCL\EFE.

This holds for every horizontal line through b except Ly, so Ly cuts Hy, into two half-planes
P, =Ty NH; such that P, CE and P_CH,\E.

When b’ € L, is close to b, the plane Hy intersects Hy, along L; and the angle between
the two planes is small. As above, there are two half-planes P, =T}, NH; such that P, CFE
and P/ CHy \E. As V' varies over points close to b, the half-plane P varies over half-

planes close to P,. Therefore P, is in the interior of F/, P_ is in the exterior, and
HyNOys B = L.

Suppose that L; and Lo are two lines in 934 F that intersect By, and suppose by way
of contradiction that they are not coplanar. By the hyperboloid lemma [21, Lemma 2.4]
(see Lemma 11.1), for any point g€ L, except possibly a single point, there is a horizontal
line M that connects g to a point r in Ly. Then reH;N0ys E=L1, so L and Ly intersect

and are thus coplanar; this is a contradiction. It follows that B;Ndy4 E is contained in a



FOLIATED CORONA DECOMPOSITIONS 159

plane. The proof of Proposition 10.1 runs along the same lines, but it takes some further
technical work to apply the weaker hypothesis that f is merely an LEM function.

One of the key tools in the proof is the following “hyperboloid lemma”, which is
stated as [21, Lemma 2.4]. A pair of horizontal lines L1, Lo €L are said to be skew if L,
and L are disjoint and the projections 7t(Ly ), 7t(Lo) CH=R? are not parallel.

LEMMA 11.1. (Cheeger—Kleiner hyperboloid lemma [21]) For any Ly, Lo€L, the
following statements hold.

(1) Suppose that the projections m(Ly) and m(Ls) are parallel but m(Ly)#m(Ls).
Then, every point in L1 can be joined to Lo by a unique line. In fact, there is a unique
fiber = Y(p) such that every line joining Ly to Ly passes through m(p). Conversely,
for every a€m1(p), there is a unique line joining Ly to Lo that passes through a.

(2) If Ly and Lo are skew, then there is a hyperbola SCH with asymptotes (L)
and 1(Lo) such that every tangent line of S has a unique horizontal lift that intersects
Ly and Lo. If p€H is the intersection between 17(L1) and 7t(Ls), and a€ Ly is such that

7(a)#p, then there is a unique horizontal line that connects a to a point in L.

11.1. Stability of locally monotone sets

We begin the proof of Proposition 10.1 by using a compactness argument to prove the
following lemma. Throughout what follows, given a measure space (8,3, 1) and a mea-
surable subset Q€X with x(Q)>0, we use the (standard) notation f, to denote the

averaging operator on €2, i.e.,

det 1
.7ifd,uf M(Q)/Qfdu for all fe L1(Q,u).

LEMMA 11.2. Let UCH be a bounded open set and let F, Es,...CH be a sequence of
measurable sets such that NMg, (U)<1/i for every i€N. There is a subsequence (E;,)jen

j
and a set F'CU that is monotone on U such that

lim [(E; NU)AF|=0.
Jj—oo
It follows that, for any >0, there is a >0 such that if ECH is a measurable set
and NMg(U) <4, then there is a set FCU such that |(ENU)AF|<e and F is monotone
on U.

Proof. After passing to a subsequence, we may suppose that the characteristic func-
tions 1g, converge weakly to a function f€ L. (U) taking values in [0, 1]. We claim that

f is a characteristic function.
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By [23, Theorem 4.3] (see also [91, Theorem 63]), for every >0 there are ¢(¢) >0 and
§(£)>0 such that if peH, a>0, and NMg(B,(p))<d(e)a™3, then there is a half-space
P* such that

][ |1p+(h)—=1g(h)|dH (h) <e. (11.1)
Be(e)ya(p)

(The hypothesis in [23] is that NMg(B,(p))<d(e), but our definition of NMg(Bu(p))
differs from the definition in [23] by a normalization factor.)
By the Lebesgue density theorem, for almost every point peU, we have

lim £ |f(h)— F(p)| dHI () =0, (11.2)

570 B.(p)
Let p be such a point and let >0 be such that B,.(p)CU. By (11.1), for any 0<s<r,
any £>0, and any sufficiently large i€N (depending on s,¢), there is a half-space Q]
with

Fo gt tm ] i) <=
Be(e)s(p)

Choose a half-space Q" such that, for infinitely many ¢€N, we have

f Reem-tmlanio <2
Bc(s)s(p)

Then,
][ |1+ (h)—f(h)| dH*(h) < 3e. (11.3)
Be(eys(p)
Since the function (z€[0, 1])—x(1—2z) is non-negative and 1-Lipschitz,
][ SR (L= F(h)) dHM(R) < 35—|—][ 1o+ (h)(1—1gn (b)) dH* () =3¢.
Bc(s)s(p) Bc(E)s(p)

This holds for all 0<s<r, so
lim f(R)(1—f(h))dH*(h)=0.
s—0 Bs(p)
By (11.2), this implies f(p)(1—f(p))=0, and hence f(p)e€{0,1}.
Thus, f is equivalent to a characteristic function on U. Let F=f~1(1). By weak

convergence,
lim [UN(E; AF)|=0.

1—00

For any i€N,

NMp(U) = / NMpor (UML) dN(L)
L
</(NMEmL(UﬁL)—i—Hl(UﬂLﬂ(EiAF)))dN(L)
L

SNMg, (U)+|UN(E; AF)|.
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Both terms on the right-hand side go to zero as ¢t— o0, so
NMg(U) =0,

i.e., F' is monotone on U. O

COROLLARY 11.3. Let UCH be a convex bounded open set and let f:H—[0,1] be a
U-LEM function. There is a monotone set ECU such that f|y=1g up to a measure-zero

set.

Proof. Suppose that Eq, Es,...CH are measurable, E; is (1/i,1)-extended monotone
on U for all i€N, and 1, converges weakly to f. By Lemma 8.6, for ¢>diam U we have

NM g, (U) <ENMg, ;(U) <

S| =

So, by Lemma 11.2, f|y=1p for some set F'CU that is monotone on U. O

11.2. Locally monotone sets are bounded by rectifiable ruled surfaces

Here we will describe sets that are monotone on an open subset of H, which we call
locally monotone sets. Note that a locally monotone set need not be a half-space; see [23,
Example 9.1]. Regardless, we use the techniques developed in [21] and [23] to describe

such sets.

PROPOSITION 11.4. Let ECH be a measurable set that is monotone on a convex
open set UCH. Then, the following statements hold.

(1) UNOya E has empty interior.

(2) For every peUNOy4 E, there is a horizontal line L through p with UNLC Oy E.
If this line is not unique, then UNH,C0y4 E, and we call p a characteristic point.

(3) OysE has an approzimate tangent plane T, at every peUNIysE. The plane
T, is horizontal if and only if p is a characteristic point, and there are only countably
many characteristic points in U.

(4) If T, is vertical, then it divides H into two half-spaces T, and T, such that the
following holds. For ,t>0, let

Wz, ={veT, NBy(p):d(v,T,) > et}
For any O<5<%O, there is r>0 such that, if 0<a<r, then

W, Cintya(E) and W, Cintya(H\E).
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We rely on the following proposition and lemmas, which adapt results from [21].

PROPOSITION 11.5. (Generalization of [21, Proposition 5.8]) Let ECH be a measur-
able set that is monotone on a convex open set UCH. Let L be a horizontal line and let
p, g€ L be points such that p#q and the segment [p,q)|CL is contained in U. We choose
the linear order on L so that p<q. Suppose that q€intya(E).

(1) If pesuppys(E) and reLNU satisfies p<r<gq, then r€intya(E).

(2) If pesuppys(H\E) and re LNU satisfies p<q<r, then r€intys(E).

Proof. |21, Proposition 5.8] proves this result in the case that U=H, generalizing [21,
Proposition 4.6], which proves it when F is precisely monotone (i.e., MNE and MNE*®
are connected sets for every horizontal line M). The reasoning in [21, Proposition 5.8]
only uses the fact that, for almost every line segment S in a small neighborhood of
[p, max{q,r}], the intersection SNE is monotone. This holds here, so the conclusion of
Proposition 5.8 holds here as well. For completeness, we will sketch the argument of [21].

For any x€H and v1,v2€H, let vy 4, 4,0 [0, 2] = H be the broken geodesic

xvl, te|o,1],

Ya,v1,v2 (t) = { -1

Ty o, te[l,2].

In case (1), we have p<r<gq with pesuppys(E) and ¢€intya(E). Given an £>0,
one considers the paths vy y, v,, where € B.(p)NE and vq,ve €H satisfy

loi—(p~'r)"? <e.

Then Yz v, .0, (0) is close to p, Yz vy 0, (2) is close to 7, and v, 4, v, lies in a small neigh-
borhood of [p,q]. Further, for any x, we can vary vi and vg so that v, 4, 4, (2)=zv102
covers a neighborhood of 7.

Suppose that F is precisely monotone and that g€int(FE). Let x, vy, and vs be as
above, and let \;(t)=zv} and \y(t)=zv1v5 be the two segments of v, .., »,- These are
two lines that are close to L, so there are t1,t2>1 such that \;(¢;) is close to g. Since
geint(E), if ¢ is sufficiently small, then \;(¢;)€E. Since A\ (0)=z€F and \(t1)€FE,
precise monotonicity implies A\ (1) € E, and since A2(0)=X1(1)€E and Ay(t2) €E, we have
Ao(l)=zviv2€E. If we fix x and let v; and vy vary, then xvjvy covers a neighborhood
of r, so reint(E).

In our case, E is not precisely monotone and g€inty4(E), but the reasoning above
still holds for almost every triple (z,v1,v2). As H4(B:(p)NE)>0, there is z€ B.(p)NE)
such that xv;va € E for almost every pair (vq,vs). Therefore, r€intya(E).

In case (2), we have p<g<r, with pesuppy(H\E) and g€intys(E). Let se LNU
be such that p<g<r<s, and consider v, ,, ., such that

z € B:(p)\E, Hvlfp*15||<5, and H11275717’||<5.
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That is, V3,0, s @ path from a neighborhood of p to a neighborhood of s to a neigh-
borhood of r. Again, for any z, we can vary v; and vy so that v, ., v, (2) =2v102 covers
a neighborhood of r. If ¢ is sufficiently small, we have vy v, v, ([0, 2]) CU.

Suppose again that E is precisely monotone and that g€int(E). Let

A (t)=zvl and  Ao(t) = zvivl.

Since A; and Ay are both close to L, if € is sufficiently small, there are t; €(0,1) and 2 >1
such that A;(¢;) is close to ¢ and A;(¢;)€E. Since A\ (0)=z¢E and A\ (t1)€E, we have
A (1)€E, and since A2(0)=A1(1)€F and As(t2) € FE, we have A\a(1)=zviv2€E. For any
fixed x, as v; and vy vary, xvive covers a neighborhood of r.

Again, when FE is not precisely monotone and g€intya(E), the reasoning above fails
for a null set of triples (z,v1,v2). Since pesuppy (H\E), there is an x€ B.(p)N(H\ E)

such that zvjva € F for all but a measure-zero set of pairs (vq,vs), so r€intys+(E). O
By Proposition 11.5 and the proof of [21, Lemma 4.8], we get the following lemma.

LEMMA 11.6. (Generalization of [21, Lemma 4.8]) Let ECH be a measurable set
that is monotone on a conver open set UCH. If L is a horizontal line such that LNU
contains at least two points of OyaE, then LNU COya E.

Proof. Let I=LNU. Let p,geINdys E be distinct points. Choose the linear order
on L so that p<q. Let r€l be such that g<r. By part (1) of Proposition 11.5, if
re€intya(F), then g€intya(F), which is a contradiction. Likewise, if r€intya(H\E),
then g€intya (H\ E), which is a contradiction, so r€dysE. Thus [¢,00)NIC Oy E. By
symmetry, I\ (p,q)=IN((—o00,p]U[q,00)) COys+E for any distinct points p, g€ INOysE.
Let r, s€IN[g, o0) be such that r<s. Then r,s€ INdy1E, so I\ (r,s)CIysE. Since (r, s)
and (p, q) are disjoint, ICIy4 E. O

Likewise, the following lemma is based on the proof of [21, Lemma 4.9].

LEMMA 11.7. (Generalization of [21, Lemma 4.9]) Let ECH be a measurable set that
is monotone on a convex open set UCH. For every pecUNOy+E, there is a horizontal
line L such that peL and LNUCOysE.

Proof. Let BCU be a ball centered at p and let H, be the horizontal plane centered
at p. Let B'=B\{p}. Suppose by way of contradiction that H,NB'Ndy:+ E=@. Since
H,NB’ is connected, we have H,NB’'Cinty4(E) or H,NB' Cintya (H\ E). Without loss
of generality, we assume that H,N B’ Cintya (E).

Let M be a line through p and let ¢,7€ M NB be two points on opposite sides of p.
Then ¢,r€inty4(E), so, by part (1) of Proposition 11.5, we have p€inty4(E). This is
a contradiction, so there exists some point ¢ lying in H,NB'Ndy4E. Let L be the line
containing p and ¢. Then, by Lemma 11.6, LNU C0y+ E, as desired. O
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The fact that UNdy4 E has empty interior also follows from the techniques of [21].
LemMA 11.8. If E and U are as in Lemma 11.7, then UNOy4 E has empty interior.

Proof. The measure-theoretic version of [21, Lemma 4.12], whose proof appears in
(part (4) of) the proof of [21, Theorem 5.1], asserts that, if F'CH is monotone on H, then
OysF#H. That proof relies on the monotonicity of a configuration of line segments,
and it directly shows that there is a large enough universal constant >0 such that
this configuration lies in the ball B,.(0). Consequently, if B,(0)CU, then there is a
point p€ B,.(0) such that pgdy+ E. By rescaling and translation, this is true with B,.(0)
replaced by an arbitrary ball, and thus intys(E)Uinty4(R\ E) is dense in U. O

Lemma 11.8 proves part (1) of Proposition 11.4. Lemmas 11.6 and 11.7 imply the
first half of part (2) of Proposition 11.4. Before proving the rest of Proposition 11.4, we

make the following definition.

Definition 11.9. Let UCH be a convex open set and let ACH. We say that A is
U-ruled if, for all Le L, if LNU intersects A in two points, then LNU CA. We call such
a line L a U-ruling of A.

Lemmas 11.6-11.8 imply that UNdy4 E is U-ruled and has empty interior. We will
prove the rest of Proposition 11.4 by studying lines in the boundary of such a set. The
following lemma is based on Step B3 in [23, §8.2], which shows that the boundary of a

monotone set cannot contain skew lines.

LEMMA 11.10. Let My be the line (X) and let My be the line Z(Y). There exists
ro>1 such that any B,,-ruled set containing (M;UM,)NB,., has non-empty interior.

Proof. Let 7o be large enough that [-2,2]3CB,,. Let E be a B, -ruled set with
B,,-rulings My, Ms€L. By Lemma 11.1, there is a hyperbola SCH, asymptotic to the
z-axis and the y-axis, such that every tangent line of S has a unique horizontal lift that
intersects My and My. Indeed, for every t#£0, the points X*€M; and ZY?/te M, are

connected by a horizontal line

2\ 2
Li(u) deth<t,t,()) = <(1u)t,tu,u) for all u € R.

For te[—2,—1]U[1,2] and u€][0,1], the point L;(u) lies on a horizontal line segment

connecting two points in E, so L(u)€E. The resulting family of points

S (u) te[~2,—1)U[L,2],ue0,1]} C E

consists of two disjoint embedded surfaces.
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()~ (£.40)

and let w'=s_1 _1(w)=L f( ). Let M be the horizontal line from w to w’. Then M

intersects S twice, at w and w’, so MNB,,CE. One calculates

Let

: 11
—Ly(u) = (1—u, —2ut™2,0)|(, ,y— :<’_,0>
dt (t,u)=(v2,1/2) (t,u)=(v2,1/2) 275

d

au = (6,267 Dl (a2 = (V2 V1),
du (tu)=(v2,1/2) (t,u)=(v2,1/2)

so M intersects S transversally at w and w’. By transversality, any horizontal line M’
close to M intersects S near w and w’, so M’ QETO CE. These lines cover a neighborhood

of M, so E contains a non-empty open set. O

As shown in the next lemma, for any pair of skew lines, there is an automorphism
of H that sends them to M; and M>. The next lemma uses this fact to show that nearby
skew lines in Oy+ F' must have nearly parallel projections. For ¢€R, let Ry: H—H be the

rotation by angle ¢ around the z-axis.

LEMMA 11.11. Let rq be as in Lemma 11.10. Let L1, Lo€L be skew lines and let
pEeH be the intersection of m(Ly) and 1(Ls). Suppose that the angle between m(Ly) and
(L) is 96(0, %ﬂ') For i€{1,2}, let ¢;€H be the point where 7w '(p) intersects L;.
Suppose that

Vo
d(q, < .
((h L]2) ro\/i

If Ly, La€L are By(q1)-rulings of an By (q1)-ruled set S, then S has non-empty interior.

(11.4)

Proof. After applying a translation and rotation, and possibly replacing S by s1,-1(5),
we may suppose that ¢; =0, go=2Z" for some h>0, and that 7t(L;) and 7t(Lsy) form angles
of %9 with the z-axis. (We cannot control which line forms a positive angle with the

a-axis and which line forms a negative angle.) Let t=tan £6€(0,1) so that the lines

(s yz1,vi(L1)) and  7(s g4, 7(L2))

are perpendicular. There is an angle (bzztiw such that, if

def
e R VN RV AN AV
then f(L1)=M; and f(Ls)=M,, where M; and M, are the lines in Lemma 11.10. Now,
by the ball-box inequality and our hypothesis on d(q1, g2), we have

\[ (2 9 d(q1,q2) _ d(q1,q2) (11 4) 1

T i

Lip(f~') =
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Thus, f~(Br,) S By Lip(f-1) S B1, or By, Cf(B1). Since f(S) is a f(B1)-ruled set, and
M; and My are f(Bj)-rulings of f(S), by Lemma 11.10, f(S) has non-empty interior,

and thus S has non-empty interior. O

It follows from Lemmas 11.8 and 11.11 that two lines in 0+ F with different angles
must either intersect or stay at least a definite distance apart. In the terminology of [23],

every pair of rulings of 04+ F must form a degenerate initial condition.
LEMMA 11.12. For any >0, there is 6>0 such that, if S is a Bi-ruled set with
empty interior, and Ly and Lo are By-rulings of S that intersect Bs and such that

Z(n(Ly), (L)) > &,

then Ly and Lo intersect.
Proof. We suppose that 0<e<1 and take

g3/2 1

= < Thn’
100rg ~ 100

where 7g is as in Lemma, 11.10.
Let p€H be the intersection of the projections 7(L;) and 7t(Ls). Since 7(Bjs) is the
ball BY of radius d in H, the projections intersect Bf and form an angle of at least ¢, so
) 46

o< —— <2 1
p sin 5\5 4"

For i€{1,2}, let ¢;=n"'(p)NL;. By assumption, L; and Ly intersect BsC Bas, so if
b;€L;NBjs, then
d(0, ¢;) <d(0,b;)+d(bi, ¢;) = d(0, b; ) +||7t(bi) —7t(q:) |
< d(0,0;)+ || 7e(bs) || +[|pl| < 35 +]|p]l-

In particular, d(0, ¢;) < % Hence, Bl/g(ql) Bi,s0 Sisa El/g(ql)—ruled set. Further,

206 €
d(q1,q2) <2||p||+65 < — < i
e 5’/“0

Because S has empty interior, Lemma 11.11 implies that L; and Lo cannot be skew lines,
and must therefore intersect. O

The next lemma completes the proof of part (2) of Proposition 11.4.
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Figure 4. If line My intersects the y-axis Lo but not the xz-axis L1, there must be a line N
intersecting L1 and M, as seen above. Lines above are projected to H by m.

LEMMA 11.13. Suppose that U is a conver open set and that ECH is monotone
on U. Let peU, and let Ly and Lo be two distinct U-rulings of Oy+E that intersect
at p. Then, UNH,COya E, and there is a neighborhood A containing p such that

ANOys E = ANH,,

where we recall that H,, denotes the horizontal plane through p.

Proof. Since U is convex, Oy E is U-ruled. After translating and applying an au-
tomorphism, we may suppose that p=0, and that L; and Lo are the z-axis and y-axis,
respectively. Set 6:$ and let 6>0 satisfy Lemma 11.12. Suppose that BsCU.

Fix g€ B5/sNOys E. By Lemma 11.7, Oy E has a U-ruling M, that passes through q.
We will show that M, intersects both L; and L, and that any such line passes through p.

For any horizontal line L, let L=m(L). Either Z(Ly,My)>% or Z(Ly, My)>Z.
Therefore, by Lemma 11.12, M, intersects either L, or Ly. Suppose by way of contradic-
tion that M, intersects Lo but not L;. By Lemma 11.12, this implies that Z(Ly, M,)<e.
Let 7 be the intersection of M, with Ly and let t=d(p,r)>0 (see Figure 4). Straightfor-
ward trigonometry shows that ¢t < %5 .

Let a=pX ~'€L,. By Lemma 11.1, there is a unique point b€ M, such that there is a
horizontal line N that passes through a and b. Indeed, since r, p, a, and b are the vertices
of a quadrilateral @ in H whose sides are horizontal lines, the projection 71(Q) has zero
signed area. Since the triangle Am(p)7(r)7(a) has area t2, the triangle An(b)7t(r)m(a)
must also have area 3¢2, so 7(b) is the intersection of M, with the line (X +Y). Because
M, has slope between —¢ and ¢, this implies that |7t(b) — (¢, t)|<4et<5t. In particular,

d(r,b) = |m(r)—m(b)| <2t, Z(Li,N)>e, and Z(Ly,N)>e.

Then,
d(p,b) <d(p,r)+d(r,b) <3t <4,
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so be Bs.

Since a,beUNdy+E, N is a U-ruling of J34 F. By Lemma 11.12 and the fact that
/(Ly, N)>e, N intersects Ly. That is, Ly, Lo, and N are three distinct lines in H that
intersect pairwise. If three distinct lines intersect pairwise, then they must all intersect
at the same point. Otherwise, their projections to H would contain a non-degenerate
triangle that lifts to a horizontal closed curve in H, but this is impossible since the signed
area of the projection of a horizontal closed curve must vanish. But L intersects N at
a and intersects Lo at p, where d(p,a)=t>0 by construction. This is a contradiction, so
M, intersects Ly and L. Since My, L1, and Lo are distinct lines that intersect pairwise,
M, must intersect L; and Ly at p.

Hence, every point g€ Bs/2N0dy4 E lies on the horizontal plane H, through p. The

measure-theoretic boundary of E disconnects Bs/a, so
35/208H4E: B(;/QﬂHp.

Consequently, any line L through p intersects UNdys E in at least two points, so
UNLCOyaE. The union of all such lines is H,, so UNH, C0ys E O

Finally, we prove parts (3) and (4) of Proposition 11.4.
Proof of parts (3) and (4) of Proposition 11.4. Due to Lemma 11.13, if p is a char-

acteristic point, then we have that 04 F has a horizontal approximate tangent plane
at p. Lemma 11.13 also implies that, if p is a characteristic point, then there is a ball
B such that B contains no characteristic points other than p. That is, the characteristic
points form a discrete subset of H; since H is separable, there are only countably many
characteristic points.

Let peUNdy+ E be a non-characteristic point such that there is a unique line L
through p. Let V' be the vertical plane that contains L. Fix O<6<%0. We claim that
there is 7 >0 such that, if 0<a<r, then B, (p)Ndy4 E is contained in the sa-neighborhood
of V.

We translate, rotate, and rescale so that p=0, L is the z-axis, and By is a subset of
U that contains no characteristic points. Then, V =V} is the zz-plane. Let II: H—Vj be
the projection to Vj along cosets of (Y'), as in §2.2, so that II(x,y, z)z(a:,O, z—%xy)

For each point s€B1NdysE, there is a unique U-ruling M, passing through s. By
Lemma 11.12, there is §€(0,1) such that L(MS,L)<% for every s€ BsNOysE. Let
r:min{é, %6} and let O0<a<r. Let qEEaﬂauE and suppose by way of contradiction
that d(q, Vo)=|y(q)| >ea. Without loss of generality, we may suppose that y(q)>ea.

Let meR be the slope of m(M,), so that M,=q-(X+mY). Let v(t)=¢-(X+mY)!

parameterize M,. Then,

1
= |sin Z(M,, L)| < —¢&2.
|m| = [sin £(Ms, )|<2006
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Since € B, C Ba,, we have I1(q) € By, and thus |2(I1(g))|<16a%. By (2.17), for all
teR,

—2(I(v(1))) = —y(v(t)) = —y(g) —m.

Consequently,
2(I(v(1))) = 2(9) —y(q)t—gmt® for all teR.

Letting s=20a/e, it follows that
2((7(s))) < 160* —aes+ 55> 25° < —3a?

and

2(I(y(—5))) > —160* +aes— ﬁ52552 >3a?.

So, there is ¢ with [t|<s<7 and z(II(v(¢)))=0, i.e., II(7(t)) L. The coset N=5(t)(Y) is
thus a horizontal line that intersects M, at v(t) and intersects L at II(+(t)). Since

d(0,~(t)) <d(0,q)+[t| <20+3 < 5

and
d(0,II(~(?))) <2d(0,~(t)) < 1,

v(t) and TI(7(t)) belong to B1NdysE, so NNB; Cdy+E. Then, M, and N are distinct
U-rulings of 944+ E passing through ~(¢), which contradicts the fact that there are no
characteristic points in B;. Therefore, d(q, Vy)<ea for all g€ B,NOy4 E.

Let T,=Vy, and let T, and T, be the corresponding half-spaces. The argument
above shows that, for any 0<a<r, the sets W;a are disjoint from Oy4 F, so each set is
contained in either intya(FE) or intya (H\E).

Consider W/, and W_,.. Every line sufficiently close to the y-axis intersects both of
these sets, so if both are contained in inty4(E), then by Proposition 11.5, p€intya(E)
as well. Likewise, if both are contained in intys(H\ E), then p€intys(H\ E). Either of
these conclusions is a contradiction, so one of W, and W_,. is contained in inty(E)

and the other is contained in intya(E). If necessary, we switch 7,7 and T, so that
Wer,r Q intH4 (E)

We claim that W, Cintya(E) for every a€(0,r]. Fix 0<f<r with 8<a<p.
Then, W7, intersects W[4, so if W ;Cintya(E), then WS, Cintys(E) as well. By
induction, W2, Cintya(E) for 0<a<r. Likewise, W_ , Cintya (H\ E) for 0O<a<r. O

g, = e,00 =
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11.3. Stability of extended monotone sets

Here we prove Proposition 10.1. We show that there are >0 and R>0 such that, if
E is a set that is (v, R)-extended monotone on B, then F is close to a half-space on
B;. If R">R and v'R'<vR, then (', R')-extended monotonicity implies (v, R)-extended
monotonicity, so this implies the full proposition.

To prove this, it suffices to show that, if f is a B;-LEM function, then flg, is the
characteristic function of a half-space. Suppose that f is a weak limit of a sequence
(1g,);, where Ej, Ey,...CH are sets such that Ej; is (1/i,i)-extended monotone on Bj.
By Corollary 11.3, f|g, is the characteristic function of a locally monotone subset F' CBy,
but this result only uses the fact that each E; is (1/i)-monotone on B;. In this section,
we improve Corollary 11.3 by using the stronger hypothesis that the E;’s are extended
monotone sets.

The first issue is that ENMpg, R(Bl) only depends on the intersection of F; with
lines through B;. These lines do not cover all of H, so a B;-LEM function need not take
values in {0, 1} outside B;. The following lemma shows that it takes values in {0,1} on
lines that intersect the boundary of F' transversally. For p€H and V €H a horizontal

vector, the coset p(V') is a horizontal line. Let
p(V)t'={pV':t>0} and p(V) ={pV':t<0}.

LEMMA 11.14. Let f be a By-LEM function and let F=f~1(1)NB; be the corre-
sponding locally monotone set. Let p€ BiNdyaF be a point with a vertical approximate

tangent plane T, and let V €H), be a horizontal vector pointing into T, . Then,
p(V)" Cintya (f7H(1)) and  p(V)~ Cintyea(f71(0)). (11.5)

Proof. Let E;CH be a sequence of sets such that E; is (1/4,i)-monotone on B; and
1g, converges weakly to f. Let L=p(V), L*=p(V)*, and 0=2(V,T},). Let e=5:6 and
let W;t be as in Proposition 11.4. For t>0, L* intersects W;t in an interval of length
at least %t.

Fix t>0 and let g=pV*. For the first inclusion in (11.5), the goal is to demonstrate
that g€intya(f~'(1)). Let 0<a<it be a radius such that B,(p)C By, W, CF up to a
null set, and W, CH\F up to a null set. For any 6>0, let sCL be the set of lines of
the form ¢'(V’), where ¢’ € Bs(q) and V’€H is a horizontal vector such that Z(V, V') <4.
For KeKs, let K*=KNT;.

Since the lines ICs are all close to L, there is a § depending on 6 and « such that
0<é<min{e,a} and every line K€K;s intersects both WS, and W_, in intervals of
length at least ia. We claim that

lim #*((H\ E;)NB;(q)) =0,

i— 00
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and thus that f=1 almost everywhere on Bs(q).
For each i€N define

’Edéf{KEIC(S ;’Hl(Kﬂglﬂ(EiAF)) < %a}

By Fubini’s theorem, for any measurable subset ACH and any horizontal vector M eH
that is not parallel to T},, we have

/ H(b(M)NA)sin(£(M, T,)) dH3 (b) < HA(A). (11.6)
TP

Therefore, lim;_,oo N (7;)=N(Ks), and for almost every K €7;,
HY K NFNBa(p)) > H (K NW/,) > ta.
By the definition of 7;, this implies that

HY K NE;NB,(p)) > La, (11.7)

0|

and likewise
HY (K~ NE{NBa(p)) > sa. (11.8)

Let

S YK e T HY(KNBs(q)N(H\E;)) > 0}.

Suppose that i>d(p, q¢)+26+2a and K€S;. By (11.7), (11.8), and the definition of S;,

there are disjoint intervals
I, =K NB,(p), Ib=K"'NB,(p), and I3=KNBs(q)

such that the following conditions hold:

I5 is between I; and Is;

I UI>,UI3 has diameter at most ¢;
Hl(Ilﬂ(H\Ei))>%a;
H1(120E¢)>%a;

H(I3N(H\ E;))>0.

Lemma 8.2 implies that

Wg,i(B1,K) 2 0p,i(Ba(p), K) 2 s H (EiNL) > o

Hence,

%N(Si)g / &p,.4(B1, K) AN (K)=ENMg, ;(B1) <
L
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and so lim; ., N'(S;)=0.

Let

R YUK € Ks: H (KN Bs(q)N(H\ E;)) > 0}.

Then N(R;) <N (S;)+N (Ks\T;), and so lim; ,oo N (R;)=0. By (11.6),
M Bo(@)(E\E) =5 | M (KN Byfa) (V) AN (K) < /R 20AN(K),

where the last inequality follows from the fact that H!(KNBs(q))<2d for any horizontal

line K. We therefore conclude as follows:

lim H*(Bs(¢)N(H\ E;)) < lim 26N (R;) =0. O
i—00 100
By Lemma 11.7, BjNdy4+F is a union of line segments. Extended monotonicity

implies that these line segments can be extended to lines.

LEMMA 11.15. Let f be a Bi-LEM function and let F=f"1(1)NB; be the corre-
sponding locally monotone set. Let L be a horizontal line. If an open subinterval ICL
is contained in B1NOysF, then LCOyaF.

Proof. By Proposition 11.4, 04/ F has at most countably many characteristic points.
Let p€l be non-characteristic. Then, the vertical plane 7}, containing L is the approxi-
mate tangent plane to 04 F at p. Recalling that H, is the horizontal plane centered at
p, every horizontal line through p, other than L itself, intersects 0y F transversally at

p, so by Lemma 11.14, we have
T, NH, Cintya(F) and T, NH, Cintys (H\F).
Since L lies in the closures of 7,7 NH,, and T, NH,,, we have
L Csuppya (F)Nsuppya (H\F) = 0ys F. O

Finally, we show that if B;Ndy4F is non-planar, then we can construct an arrange-

ment of lines that leads to a contradiction.

LEMMA 11.16. Let f be a By-LEM function. There is a plane QCH such that

flg, =1+ outside of a null set. In fact, the same holds true in a larger set. Let
def B
S =(QnNBy)H (11.9)

be the union of the horizontal lines intersecting QN By. Then, we have fls=1g+ outside

of a null set.
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Proof. Let F=f~1(1)NB; be the locally monotone set corresponding to f and sup-
pose, by way of contradiction, that B;Ndy4F is non-planar. By part (2) of Proposi-
tion 11.4 and by Lemma 11.15, for every point p€ B;Ndy F, there is a horizontal line
M, through p such that M, CoyaF.

Reasoning as in [21, Lemma 4.11] shows that there are two Bi-rulings of F that
satisfy one of the cases of Lemma 11.1, i.e., they are a pair of skew lines or a pair of
lines with distinct parallel projections. Indeed, suppose that J and K are Bj-rulings
of F with parallel projections. If 7t(J)#m(K), we are done; otherwise, J and K are
contained in a vertical plane V. Let L be a Bi-ruling of F not in V, which exists by
the assumed non-planarity. Then, L is skew to J or K, or parallel to V with a distinct
projection. It remains to treat the case when any two B;-rulings of F' have non-parallel
projections. Let J and K be two such rulings. If J and K are disjoint, we are done,
so we suppose J and K intersect at a point p and are thus contained in the horizontal
plane H,, centered at p. If L is a By-ruling of F that is not contained in H,, (it exists by
assumed non-planarity), then L intersects H,, at a single point other than p, so L is skew
to either J or K, as desired.

This shows that there are two Bj-rulings L; and Lo of F that are skew or have
distinct parallel projections. Let I=L;NB; and let p€l be a non-characteristic point
such that 7(p)€m(Ls2). By Lemma 11.1, there is a horizontal line M that goes through
p and intersects Lo at ¢g. This line is not equal to Li, so it intersects dya F' transversally
at p. By Lemma 11.14, this implies that g€intya(f~1(0)) or g€intya(f~1(1)), but
q€L,C0ys F, which is a contradiction. Therefore, B;Ndy4F is planar, and there is a
plane @ such that FNB;=Q*NB; up to a null set. Since f takes values in {0,1} inside
By, this implies the first part of Lemma 11.16.

With S as in (11.9), take we@*NS. Then w lies on a horizontal line that intersects
QNB; transversally, and Lemma 11.14 implies that w&intys(f~(1)). It follows that
f=1 almost everywhere in Q™ NS and likewise that f=0 almost everywherein Q- NS. 0O

The second part of Proposition 10.1 states that extended monotone intrinsic graphs
are close to vertical planes. This follows from the fact that neighborhoods of the center
of a horizontal plane cannot be approximated by intrinsic graphs.

LEMMA 11.17. Let Vj be the xzz-plane and let Ey, Eo, ...CH be a sequence of intrinsic
graphs over Vi such that E; is (1/i,i)-extended monotone on By and 1.+ converges
weakly to a function f€Ly(H) as i—oo. There is a vertical plane QQ]ﬁI such that
flg, =1+ outside of a null set. Furthermore, if S is as in (11.9), then fls=1g+

outside of a null set.

Proof. For any intrinsic graph I' and any g€I'*, we have gY*el'" for every ¢>0.
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As H* is right-invariant, this implies that, for any measurable set U CN and any i€N,
HYUNEN) <HYUNEY?Y).

Therefore,
/ fdH*< fdH*.
U Uyt

Consequently,
flg) < f(gY") for almost every (g,t) € Hx (0, 00). (11.10)

If f is almost-surely constant on B;, we can take @) to be a vertical plane that
does not intersect B;. We thus suppose that f]| B, is not almost-surely constant. By
Lemma 11.16, there is a plane Q that satisfies f|g=1+ outside of a null set, where S is
given in (11.9).

Suppose for contradiction that @ is horizontal. Let c€H be such that Q=H.=cH
and let pe@Nint(B;) be such that x(p)#z(c). Let L be the horizontal line from ¢ to p
and let V=(zv,yv,0) be the horizontal vector such that p=cV. Set

q=cV 't =c(—zy,—yv,0).
We claim that there is >0 such that {pY*¢ ¢V *$}CS. Choose >0 so that pY*te€ B,
and ry=c(zy,yv +t,0)€ B1NQ for all te[—2¢,2¢]. Then,

re(=2zv, —2yv — 3t,0) = c(zv, yv +t,0) (—22v, —2yv — 3,0)

= C(—wv, —Yv— %t, ixvt) = qY_t/2~

It follows that ¢Y ~%/2cr,HCS. In particular, gV =<€S. At the same time, pY* and
pY ~¢ are on opposite sides of @Q; equation (11.10) implies that pY Q" and pY —c€@".
Likewise, qY **€Q*. But since c is between p and g, the points pY® and ¢Y¢ are on
opposite sides of (), which is a contradiction. Therefore, ) is a vertical plane. O

Proof of Proposition 10.1. If the first part of the proposition were false, then there
would exist €>0 and a sequence of measurable sets (E;)2, such that, for any i€N, the
set E; is (1/i,i)-extended monotone on By and |ByN(P"AE;)|>¢ for every plane PCH.
There is a subsequence (Ei(j));?‘;l whose characteristic functions converge weakly to a
B;-LEM function f. By Lemma 11.16, there is a plane Q CH such that f=14+ almost
everywhere on B;. Then,

jliﬁrgo |BiN(Q" AE;;))| =0,

which is a contradiction.
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Similarly, if the second part of the proposition were false, then there would exist £>0
and a sequence of intrinsic graphs (E;)$2, over Vp such that, for any ¢€N, the epigraph
E; is (1/i,i)-extended monotone on By and |B1N(PTAE])|>¢ for every vertical plane
PCH. Passing to a subsequence, we may suppose that the indicators 1.+ converge
weakly to a B;-LEM function f. By Lemma 11.17, there is a vertical plane 1Q§]H[ such
that f=1+ almost everywhere on B,. Then,

lim |[B1N(QTAE;)| =0,
1—00

which is a contradiction. O

12. L, bounds and characteristic curves on monotone intrinsic graphs

Here we complete the proof of Proposition 7.2, which obtains L; bounds for paramono-
tone pseudoquads and bounds their characteristic curves.

Fix O<p< 3% and a p-rectilinear pseudoquad @ in an intrinsic Lipschitz graph I'=T";.
Suppose that T is (7, R)-paramonotone on r@). By Remark 4.3, we can normalize @ and
I' so that the corresponding parabolic rectangle is the square [—1,1]x {0} x[—1,1]; by
Lemma 8.8 and the discussion immediately after its proof, the normalized pseudoquad
remains paramonotone. So, it suffices to prove Proposition 7.2 for such pseudoquads.

For t>0, denote

Dy =[—t,t]x {0} x [, £*] C Vj.

By our choice of normalization, we have tQQ=D;. Furthermore, D;C Bs; and I1(B;) C D;.
We will proceed in several steps.

(1) First, we will prove in Lemma 12.2 that there is a universal constant x>0 such
that || f]|z, (@) <r when 7 is sufficiently small. This relies on Lemma 12.1 that bounds
the tails of f in regions that are bounded above and below by supercharacteristic curves
(projections of horizontal curves in TUT').

(2) Next, we will show that I is close to a plane on a ball around the origin. Since
£l 2, (@) <k, the intersections I'*N B, and I'" N B, both have positive measure. For any
r>0, we have II(B,)CrQ, so ENMF+7R(§T)§77R. When nR is sufficiently small, and r
and R are sufficiently large, Proposition 10.1 implies that there is a vertical plane P that

intersects B, and approximates I' on B,, i.e.,
HY((TTAPHNB,) <e.

Furthermore, since || f||, (@) <k, the slope and y-intercept of 7t(P) are both at most some

universal constant.



176 A. NAOR AND R. YOUNG

We then apply an automorphism that sends P to Vj. Since the slope and y-intercept
of P are bounded, there is a universal constant ¢>0 and a map ¢: H—H (a composition

of a left translation in the y—direction and a shear) such that ¢(P)=V and
Bc_ls—c - Q(Bs) C Bcs+c

for all s>c2. We let

F=¢) and Q=4(Q)=1(q(Q)),

and let f be such that f:Ffm Since g preserves H?, we have
HY((TH AV )NBo-1,_,) <e. (12.1)
This inequality controls f on VoNB.-1,_., and we choose 7 large enough that
1QC Berye

(3) By (12.1),

~min{L, |f(p)|} dH3(p) <,
100

so a bound on the tails of f would lead to a bound on ||f||L1(10@). We bound the tails in
Lemma 12.4, by finding supercharacteristic curves above and below 10Q), then applying
Lemma 12.1 again. This implies that Hf||Ll(10@)§£ when 7 is sufficiently small, which
proves the first part of Proposition 7.2.

(4) Finally, we bound the characteristic curves of [ in Lemma 12.6, by showing that,
if T contains characteristic curves that are not nearly parallel to the z-axis, then either
| /llz, is bounded away from zero, or Q}FD+7  is bounded away from zero. This completes
the proof of Proposition 7.2.

We will use the following notation for horizontal lines. Every horizontal line in Lp

can be written uniquely as follows for some w=(0, yo, z0) €H and meR:

Lo L w(X +mY).

Let pr, ,.: R— Ly, ., be the following parametrization, so that z(pr(t))=t for all teR:

w,m

def t

PLym(t) = w(X+mY)" forall teR.

For every x€R define

def
ILum () F 2(W(pr,, ,, (2))) = —gma® —yoz+z0. (12.2)

Note that, since Ly, is horizontal, we have y(pr,, ,,(7))=—g7 ().
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12.1. Bounding the tails of f

We start by showing that, if @ is a rectilinear pseudoquad for I'=I"y such that I'* is
(n, R)-paramonotone on r@), as in Proposition 7.2, and @ is normalized so that the
corresponding parabolic rectangle is a 2x2 square, as in Remark 4.3, then there is a
universal constant x such that || f||z,()<s when r and R are sufficiently large and 7 is
sufficiently small.

This step relies on the following lemma, which will also be used in step 3. A
supercharacteristic curve (resp. subcharacteristic curve) for T' is the projection II(vy)
of a horizontal curve : I—H such that x(y(¢))=t for all tel and ~(I)CT'UT'" (resp.
y(I)Crur.).

Such a curve can be written as a graph of the form {z=g(z)} CVj. By the argument
of Lemma 2.6, g is differentiable almost everywhere and satisfies ¢'(z) =y(y(z)) for almost

every x €. Since g is locally Lipschitz, we have

T T

g'(t) dt:g(mo)—l—/ y(y(t))dt for all z,x0 €1,

o

o) =g(ao) + [

o

and therefore ¢'(z)=y(y(z)) for every xel. In particular, ¢'(x)<—f(z,0,g(x)) for all

xel. We then say that g is a function with supercharacteristic graph.

LEMMA 12.1. Let g1, go: [—2, 2] =R be functions with supercharacteristic graphs such
that sup g1([—2, 2]) <inf g2([—2,2]). For 0<r<2, let

U.={(2,0,2) e Vo : |z|<r and g1(z) <2< g2(x) }.
Denoting H—=mnax{([g111._—s:2y. |g2lle_ (_a.2p}. for any t>8H we have
1
{0 €Us: F0) 211 S HOF (TR, (12,3

Likewise, if g1, g2:[—2,2]—R have subcharacteristic graphs, and U, and H are as above,
then for any t>8H we have

1
[{veli: f(0) St S 5 s 4(02)-

Once we prove Lemma 12.1, we will apply it to the case that @ approximates [—1, 1]

and ¢g; and go are the lower and upper bounds of Q).

Proof. Fix t=8H and yy, m, zo €R such that

|y07%t\ < %t and |m|< %t.
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Let L=L(g,y,,29),m- For any s€[—2,2] we have
|91.(s)+ 5t = y(prL(s)) — 3| < i, (12.4)

so —3t<g)(s)<—%t on [-2,2].

We claim that for almost every such L we have
B 4(Uz, L) 2 $H (x(T”NLOITH (U1))). (12.5)

By (12.4), we have

S

t
gL(—2):gL(s)—/ g7, (u) du>—H—i—(s—|—2)1>—H—&—2H:H7
-2
and )
t
gL(2):gL(s)—|—/ gr.(w) du<H—(2—s)Z<H—2H:—H.

Hence, II(L) crosses U, negatively (from top to bottom), as depicted in Figure 12.1. The
curve II(L) only intersects the top and bottom of Us, not the sides, so we say that II(L)
is transverse to the boundary of U; if TI(L) intersects the top and bottom boundaries
transversally; that is, if gz (u)=g;(u) for some ue€[—2,2] and i=1, 2, then ¢} (u)#g,(u).

Suppose that II(L) is transverse to the boundary of Uy and that LNT'* has finite
perimeter; these are true for almost every L. If TI(L) does not intersect U, then the
right-hand side of (12.5) is zero and the inequality holds trivially. We thus suppose in
addition that L intersects Uy. In this case, there is some s€[—1, 1] such that |gr(s)|<H.

Fix i€{1, 2} and suppose that II(L) crosses the graph of g; negatively at (u, 0, g1, (u)).
Let v=pr,(u) be the point on L over the intersection. Then

gr(u)=gi(u) and g (u) <gi(u).
Since the graph of g; is supercharacteristic, f(u, 0, g;(u))<—g}(u), and therefore
y(v) =—g1.(u) > —gi(u) > f(u,0,g;(u)) = f(II(v)).

That is, vel'".
Since TI(L) is transverse to the boundary of Uz, the intersection II(L)NUs consists

of a collection of intervals. Let [a1,b1], ..., [an, bn] CR be the disjoint intervals such that
.Z‘(H(L)QUQ) = [al, bl]U...U[an, bn],

and these intervals are in ascending order. The projection II(L) does not intersect the

left or right boundary of Us, so II(L) crosses the graph of g; or g at each a; or b;. Since
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\ .
/\&\/ / 9N
\ .
Figure 5. Two characteristic curves g1 and g2 and a horizontal line L, projected to Vj; the
positive y-axis points toward the reader. Since II(L) crosses Uz negatively, the segments of

L at the first and last crossings lie in I'T, and therefore the size of the intersection LNI'~ is

bounded by a;A(UQ, LZY).

g1 is decreasing and sup ¢1([—2, 2]) <inf g2([—2,2]), the crossings of g2 all have smaller
z-coordinate than the crossings of g;.

Consider S=z(LNI'"). Since II(L) crosses the graph of go negatively at a; and
crosses the graph of g; negatively at b,, the argument above implies that ai,b,€S.
Furthermore, for each ¢€{1,...,n}, one of following three cases holds.

(1) II(L) crosses the graph of go negatively at a; and positively (from bottom to
top) at b;.

(2) II(L) crosses the graph of g, negatively at a; and crosses the graph of g; nega-
tively at b;.

(3) II(L) crosses the graph of g; positively at a; and negatively at b;.

In each case, a;€S5 or b;€S. By Lemma 8.2 (applied with [a, b]=[a1, b,]),

s(fas ) =B sal[os, b)) > 5H (oD AL)fai, b)),

Summing over ¢€{1,...,n}, we find that
" 1
@5)4 ( U [ai, bl]> :@II?+’4(U2, L) = 57‘[1(%<F_HLHH_1(UQ))). (12.6)
i=1

This proves (12.5).
Next, let
A=Unf([t, 00)).

By (12.4), y(pr(s)) <t for all s€[—2,2], so if II(pL(s)) €A, then pr(s)€Il'". So, by (12.5),

H' (z(I(L)NA)) < $H (T NLNI " (U1))) <@L 4 (U, L).

N[
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By Fubini’s Theorem, for any 1y, and m as above,

1

1 ~
§|A|:i/RHl(x(L(O,yo,ZO),mﬁA)) d20</IRWIB+’4(U27L(O,y0,Z0),m)dZO'

Therefore, recalling the definition (8.6) of QF, we have
1
QF+ 4lz) = 1 / WN 4(U27 L)dNp(L)

/12 p7e/12
/ / / @113+)4(U2, L(0.yo,20),m) dzo dyo dm
/12 J5t/12 IR

t/12  p7t/12
Al dygdm = A
./t/12 /St/12 4] dyo 288| g

{veth: f(0) > 1)] S 5Ok o).

That is,

This proves (12.3).
We can show that

{veUi: f(v) St} S 59 4 (Ua).
when ¢g; and gs have subcharacteristic graphs by either applying a similar argument or
by replacing I', U, etc. by s1,_1(I"), s1,-1(U,), etc. O
The desired bound on || f||z, (@) follows by integrating (12.3) with respect to t.

LEMMA 12.2. Let f:Vo—R be a com‘muous function and let T be its intrinsic
graph. Let (Q,[—1,1]x{0} x[=1,1]) be a 35-rectilinear pseudoquad for T'. Suppose that
Qrf, 4(2Q)<1. There is a universal constant k>0 such that | f||L, (@) <~

Proof. Let g1 and g5 be the lower and upper bounds of @) and for 0<r<2, let U,. be
as in Lemma 12.1. Then Q=U; and U3C2Q. Let H=2. Since the graphs of g; and g
are supercharacteristic and Uy C2@Q), Lemma 12.1 implies that, for any t>16,

{oeQ: f(v) 2t} St72Qr 4(U2) <201 4(2Q) <t
Since the graphs of g; and g, are also subcharacteristic, for any ¢>16 we also have
{oeUr: fl) <t} St2

Then - -
||f||L1<Q>:/ I{veQ:If(v)|>t}|dt§16lQ|+/ a1 O
0 16
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12.2. Constructing the approximating plane

Now we will use Lemma 12.2 and the results of §11 to show that, if ) is a paramonotone

pseudoquad for I'y, then f is close on @) to an affine function with bounded coeflicients.

LEMMA 12.3. Let x>0 be the constant in Lemma 12.2, and let C=4k. For any
0<e<1 and r>=2k+6, there are 0<77<l and R>0 with the following property.

Let T=T'y be an intrinsic graph such that (Q,[—1,1]x {0} x [~1,1]) is a 55-rectilinear
pseudoquad for T'. Let g1 and go be the lower and upper bounds of Q, respectively. If Q

s (n, R)-paramonotone on rQ, then there is a vertical plane PCH such that
HY(B,.N(PTAT")) <e. (12.7)
Moreover, P is the graph of an an affine function F:Vy—R of the form F(w)=a+bx(w),
whose coefficients satisfy max{|a|, |b]}<C.
Proof. We have 6,(Q)=2 and a(Q)=+v/2. Also, 2<|Q|<6. Hence, recalling (7.2), if

I is (n, R)-paramonotone on 7@, then assuming R>2 and nR<1, we have

Ofs ,(2Q) < 3RO Lr(rQ) < $Rne(Q) QI < Rn <1,

so by Lemma 12.2 we have ||fHL Q) <K-
Since II(B,.)CrQ, (8.9) implies that

ENMr+ 95 (B;) SnR.

By Proposition 10.1, when R is sufficiently large and nR is sufficiently small, there is a
half-space P™ bounded by a vertical plane such that

HY(B,N(PTAT")) <e

If necessary, we may rotate P infinitesimally around the z-axis so that it is not perpen-
dicular to Vy. Then P is the graph of an affine function F:Vy—R. Let a,b€R be such
that F(w)=a+bx(w) for all weVj.

For all weVy, let f(w) (resp. F(w)) be the element of [~2k,2k] that is closest to
f(w) (resp. F(w)). As r>2k+6, the intrinsic graphs of F' and f over @ both lie in B,..

Therefore,
IF = fllzi@ SHUBN(IFATE)) S HY(BN(TFATE)) <,
and thus
1PNy @) <etlIfllz.@ <etflruq) <25 (12.8)

The map F is affine, and [-1,1]x {0} x[-3, 2] CQ, so [{g€Q:|F(q)|>2k}|>1 if |a|>2K

or |b|>4k, which implies that ||F||1,(g)>2k, in contradiction to (12.8). So,

max{|al, |b]|} <4k. O
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We will next use Lemma 12.3 to construct a new intrinsic Lipschitz graph T that is
close to Vj on a ball around 0. Let 0<e<1 and >0 be numbers to be chosen later. Let 7,
R, C, T, f, and @ be as in Lemma 12.3, so that there is a vertical plane P approximating
@ that is the graph of an affine function F'(w)=a+bx(w) with max{|al, |b|}<C.

Let ¢=gq,p: H—H be the map given by

q(z,y, 2) défY_“(x,y—bx, z)= (:r,y—a—b;v,z—i—%ax) for all (z,y,z) € H.

This is a shear map that preserves the z-coordinate and sends P to Vy. Let §: Vo—Vj be

the map that ¢ induces on V, i.e.,
G(x,0,2)=T(g(x,0,2))= (x, 0, z—|—am+%bx2) for all z,z € R. (12.9)

Let f:q(F) and @:Q(Q). By Lemma 2.9, @ is a pseudoquad for T that contains 0 and
f:Ff, where

F)= (G (v)—a—bz(v) = f(§ ()= F (G (v))-

Since a,be[—C, C], there is a universal constant ¢>0 such that, for all s>c?,

Dcfls—cqu(Ds)ZSQ\gDcs-i-ca (1210)
where we recall Dy=[—s,s]x {0} x [—s2, s?], and
Be-145_.Cq(Bs) C Begse- (12.11)

Bounds on I and @ correspond directly to bounds on T and @ For example, shear

maps preserve H*, so
HY (B, N(V5E ATH)) <HA (q(B)N (Ve ATT)) =HY(B,N(PTATY)) <e.  (12.12)
In particular, when r is sufficiently large, we have
[min{[f~F1, 57} 1, 100) <HYB.N(PTATY)) <e. (12.13)
Maps induced by shears preserve the Lebesgue measure H3 on Vp, so by (12.10),
1F=Fllzyo@) = 11 2, a0y < I 2a(pre); (12.14)

and by Lemma 8.8, [ is (n, R)-paramonotone on r@.
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12.3. Bounding || f—F||L,(100Q)

Next, we bound || f—F|| 1, (10¢)- Lemmas 12.2 and 12.3, together with (12.13) imply that
If=FllL, () and ||min{|f—F], %T}HLl(wQ) can be made arbitrarily small. It remains
to show that |f—F| does not have large tails on 10Q. We previously used Lemma 12.1
to bound the tails of f on @, but this used the fact that @ is bounded above and below
by characteristic curves. We will have to do more work to find supercharacteristic curves
above and below 10Q. In fact, we will show the following bound on f , then use (12.14)

to show a similar bound on |f—F.

LEMMA 12.4. For any 6>0, there is f=0(0)>0 with the following property. Let
f:Ff be an intrinsic Lipschitz graph. Let 7>0 and suppose that

HY (B N AVY)) < B4, (12.15)

and that the density of Q%ZAST on Doy, is bounded by

7_739§+’487(D247—) < ﬂ

Then, Hf”Ll(DsT) <ort.

Proof. Recall that, by Lemma 8.8, the density of Qlf s is invariant under scaling,

so, after rescaling, it is enough to treat the case 7=1. Let

U Lio.yo.20)m : 70 € [200,201], yo € [1,2], and m € [—&y0, — 50| }-
We claim that there is some L€l such that the segment II(pr ([—16, 16])) is a superchar-
acteristic curve above Dg. A similar construction will produce a second supercharacter-
istic curve below Dg, so we can use Lemma 12.1 to bound f from above.
We clip f between —24 and 24 and call the result h; that is, for all weVj, let h(w)
be the element of [—24, 24] that is closest to f(w). For LeLp and teR, let

hi(t) = h(M(pL (1)))-

Define

U déf{L eU :T(pr([—16, 16])) is supercharacteristic},

def 24 1
ugé{Leu;/ |hL(t)|dt>},

def ~
Us = {L EL{:wlerAs(DM, L) > 1}
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We claim that almost every L€l is contained in U; U Us U Us.

Let LeU and suppose that x(Lﬂf*) is a subset of R with locally finite perimeter.
This is true for almost every L. Suppose that LglyUUs. Then, II(pL([—16,16])) is
not supercharacteristic, so there is some a€[—16, 16] such that pL(a)Gf’. Let p be
the intersection point of L with Vj; by our choice of parameters, z(p)€[20,21]. Also,
since m<—3;, we have y(pr(t))>5; for t<19. Since L¢U,, there are by €[16,17] and
bo €[18,19] such that, for i€{1,2}, we have hr,(b;) <55 <y(pr(b;)), and thus pL(bi)€f+.
Similarly, y(pr(t))<—55 for all =22, so there is c€[22,23] such that hz(c)>y(pL(c))
and pr(c)eT~. There is an element of &y z(LNT") in (a,by) and another in (by,c).
Since a, by, by, c€[—24,24], Lemma 8.1 implies that

F+ (D24, L) Zb2—b1 21

and thus Lels.
Therefore, U; U UsU Us contains all of U except a null set. We will next show that
Np(Usz) and Np(Uz) are bounded by multiples of 3.

Suppose L= L As in (12.2), let

0,20),m"
91.(t) = 2(W(pL () = —5mt* —yot + 2.
For every t€[—24,24], we have
lgL(t)—200] < 1+§t2+yo|t| +22%2+48< 100, (12.16)

so I(pr([—24,24])) C Day. Furthermore, Doy C Biag, so for all v€Dgy and t€[—24, 24],
we have vY!€ By4y. Thus,

]l £y (Day) < HA(BrasN(TF AVE)) < 5. (12.17)

Therefore, for any yo€[1,2] and me [—550, —35Y0]

201
// |hr(t)] dt dzo < ||B|| L, (Dy) < B-
200

It follows that {20€[200,201]:L(g,y,,20),m €Uz} has measure at most 24(3, and thus

yo/21
p(Us) / / 245 dm dyo < 248.

y0/20

To bound Np(Us), observe that

/\/P(U3)</L tr 45(D2a, L) dNp(L) = 480f, g(D24) <480
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It follows that, if g is sufficiently small, then
NP(U1) ZNP(Z/{) *NP(Z/{Q)*NP(Ug) > 0.

Therefore, U; is non-empty. That is, there exists a line LeU with parametrization py,
such that So=TI(L)N{—16<z <16} is a supercharacteristic curve. By (12.16), S5 is above
Dg and S5 C Doy. By symmetry, there also exists a line L’ and a supercharacteristic curve
S1=II(L)N{—-16<x <16} that lies below Dg and satisfies S1C Day.
By Lemma 12.1 applied to a rescaling of r , there is some C'>24 such that, for any
t>C),
[{ve Ds: f(v) >t} StPQE, (Dag) <t728.

Applying another symmetry, the analogous reasoning shows that, for any ¢t>C,
[{veDs: f(v) <t} <t728.
Then, for all sufficiently small 3,
a0 = Willacon + [ Hoe Deslfw)] >0}
Slhlzsoy +ClHoe De: @20+ [ pa
<B+C|{veDs:|f(v)| > 24} +5,
where we use the fact that C'>24 to go from the first line to the second. But

[{v e Ds:|f(v)| > 24}| = [{v € Ds: |h(v)| = 24}] < I 2, (0g) < 3155

SO ||f||L1(D8)§B. This proves Lemma 12.4, for 5 at most a constant multiple of §. O
We will use the following corollary in the proof of Proposition 7.2.

COROLLARY 12.5. Let ¢ be the universal constant in (12.10)—(12.14), and let  be

the universal constant in Lemma 12.2. Denote

r + max{100,11c} and r max{2x+6, 144cT+c*}.
For any A>0, there are n,R>0 with the following property. Let I'=I; be an intrinsic
Lipschitz graph and (Q,[—1,1]x{0} x[~1,1]) a o5 -rectilinear pseudoquad for T'. Suppose
that T is (1, R)-paramonotone on rQ, and P, F, and f:Ff are as in Lemma 12.3 and
the remarks immediately after its proof. Then,

||F7fHL1(10Q) < )‘|Q| and Hf”Ll(DlO(J) g)\
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Proof. Set 6=A7"*. Let 3=0(6) be as in Lemma 12.4. By Lemma 12.3, there are
1o and Ry such that, if T' is (19, Rp)-paramonotone on rQ, then

H* (Bragersc2N(PTATT)) < g1
By (12.12), this implies that
HA (B, N(Vy ATY)) < Br.

We take R> Ry and nR<mnoRp such that (7, R)-paramonotonicity implies (19, Ro)-
paramonotonicity. Then, by (12.10) and the paramonotonicity of @,

~

R04(Q)
P z P
Qfy 45, (D2ar) < 487 P ns,(0)(D2ar)
< L0, s ) Datersr) < o QIna(Q)~ S .
247 T 0(Q)UTRACTHETS 947 ~

If n is sufficiently small, then Lemma 12.4 implies that

Hf||L1(Dmax{1oo,11c}) <A

By (12.14), this implies that ||F'— f|| ., 100) <A|Q|. O

12.4. Characteristic curves are close to lines

Finally, in this section we will show that the characteristic curves of T are close to horizon-
tal lines and prove Proposition 7.2. The key argument is that when characteristic curves

fail to be horizontal, configurations like those in Figure 6 produce non-monotonicity.

LEMMA 12.6. For any A>0, there are 6=0(A),0=0(A)>0 with the following prop-
erty. Let f:I‘f be an intrinsic Lipschitz graph. Suppose that

QF, ;(Ds)<0 and ||f]L,(py) <.

Let v:R—Vy be a characteristic curve through 0 and write v(¢t)=(t,0,g(t)) for teR.
Then, |g(t)|<A for all te[-1,1].

Proof. We may suppose that 0< A<1. Choose

A? A3
(S—% and 9—1705

Our goal is to show that, if Hf||L1(D8)<5 and if there is to€[—1,1] with |g(t9)|=A,

then QIer 16(D8)>9. After applying a symmetry, we may suppose that t5>0 and that

g(to)<—A, as in Figure 6.
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Figure 6. A characteristic curve v and a horizontal line L, projected to V. The projection of
L crosses «y positively at p, so L passes behind T at p, and L intersects Vo (shown as parallel
horizontal lines) at q. If f is zero away from +, then L intersects T at least three times (twice
near p and once at ¢) and the contribution to &F is at least & 5 (x(q)—z(p))-

Take zoe(f%A,O), yoe[%A,%A], me[*%yo,*%yo], w=(0,Y0, 2z0). Let L=Ly m.
Suppose that II(L) and v intersect transversally and LNT~ has finite perimeter; these
hold for almost every tuple (yo, 20, m). We will show that, if

8 A
|10, gu0)1de < 57 (12.18)
0

then o 16(Ds, L) =1, where gp=z(I(py)).
Suppose that (12.18) holds. For t€[—8, 8], we have

l92.(t)] < |zo0|+ 5 |m[t*+ |yot| < 1+ 52 +4 < 64,

so I(pr([-8,8]))CDs. The graphs of g5, and g intersect as depicted in Figure 6. That
is, g.(0)=20<g(0), g, is decreasing on [0, 5], and g (0)—gr(1)=3m+yo<31A, so

g1(to) = g1(1) > gr(0)—2A> —A > g(to).

It follows that the graph of g;, crosses 7 positively at some point p=(a,0, g(a)), where

a€[0,to]. Since g is characteristic,
£(a,0,g(a)) =—g'(a) > —g1,(a) =y(pr(a)),

so pr(a)el~.

Let ¢ be the point where L intersects Vy. Then z(q)=—yo/m€[5,6]. Since m<—5; A,
we have y(pr(t)) >4 A for t<4 and y(pp(t))<—5;A for t27. By (12.18), there are
b1 €[1,2] and by€[3,4] such that

F(6:,0,90.(b:) < 35 A<y(prL(bs)).
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This implies that pr,(b;)€L'*. Similarly, there is c€[7, 8] such that y(pz (c)) < f(c, 0, g1 (c))
and thus pr,(¢) el'~. There is an element of Oy (x(LOf*)) in (a,b1) and another in (b2, ¢),

and, by Lemma 8.1,
F+ 16(D87 L) Z b2_b1 > ]-7
as desired.

Therefore, for almost every (m,yo, z0) as above, regardless of whether (12.18) holds,

24 (8 .
S o Ds D+ [ 10 gn ) =1, (12.19)

since we showed that at least one of the summands on the left-hand side of (12.19) is at
least 1. By integrating (12.19) with respect to zg, we see that for almost every (m, o)

that satisfy yo€[4, 4] and me[—%L, — L], we have

0 A 24
/ F+16(D87L)alzo 2—/A/2/ |f (2,0, g1(x))| dz dzo

—A/2
A 24 A 245 A
Z5 - Hf||L1 D)2 5~ =

By integrating this bound over m and ¥y as above, we conclude as follows:

P Yo /6 A3
OF  (Dg)> — (Ds, L) dzo dm dyo > . 0
e 6(Ds) 16/ /yo/5/A/2 (D L) dzodmdyo 2 g5

Part (2) of Proposition 7.2 follows from Lemma 12.6.

COROLLARY 12.7. For every 0<(¢<1 there are 6=06(¢)>0 and 0=6({)>0 with the
following property. Let f:l"f be an intrinsic Lipschitz graph such that

of, 128(P100) <0 and 1 F1l 21 (Droo) < 6-

Let @ be a pseudoquad for T with x(Q)z[ 1,1] such that 06@ and 6, (@) 2. For
uwedQ, if g R—R is such that {z=gu(x)} is a characteristic curve for T that passes
through u, then

lg—2z(u)ll L (=44 <¢-
That is, @ satisfies part (2) of Proposition 7.2 for P=Vj.

Proof. For peVy and ¢>0, denote D;(p)=pD;. Let A:é( and let 9,0>0 be con-
stants satisfying Lemma 12.6 for this choice of A.
Let p€ D3g be such that Dgs(p)C Digg. Then,

954» 8 16(D82 (p)) < 0 a‘nd ||f||L1(D82 (p)) < 57
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so by Lemma 8.8, the rescaling 81/8,1/8(]9’1?) satisfies Lemma 12.6. Hence, if

y={z=gp()}

is a characteristic curve for T that passes through p, then

l9p—2(P)| Lo ([2(p)—8,0(p) +8]) < 64A=C.

Let g; and g2 be the lower and upper bounds of @7 respectively. Then g;(0)€[—3, 0]

and g2(0)€[0,3], s0 [g1=g1(0)l| L (-5,8) <C and [g2—g2(0) | Lo (-s,8) <C. Therefore,
4QCDsg. If uedQ and {z=g,(x)} is a characteristic curve, then

9w =2l Lo ((=4,4)) < N9u—2(W) || Lo (2 (u)—8,2(u)+8]) < - O

Finally, we combine the results of this section to prove Proposition 7.2.

Proof of Proposition 7.2. By Lemmas 2.9 and 8.8, if ) is a pseudoquad of I" and h
is a composition of a shear map, a translation, and a stretch map, then @ and T satisfy
Proposition 7.2 if and only if A(Q)=II(h(Q)) and A(T') do. So, by Remark 4.3, it suffices

to prove Proposition 7.2 for rectilinear pseudoquads of the form
(@, [-1,1]x{0} x[-1,1]).

Let r be as in Corollary 12.5; we may suppose 7>100. Let 6=0(¢),0=6(¢)>0 as in
Corollary 12.7. Then we can choose Ry=Ry(A,¢)>0 and no=no(X, ) >0 so that, if T is

(10, Ro)-paramonotone on r@ and P, F, and le"f are as above, then

||F_f||L1(10Q) < )“Ql and ||fHL1(D100) < d. (1220)

Denote R=max{Ry, 128} and n=min{0/R,noRy/R}. Since R> Ry, nR<no Ry, and
I is (n, R)-paramonotone on @, it is also (1, R)-paramonotone, so @) satisfies (12.20),
which implies part (1) of Proposition 7.2. Furthermore,

128 p

PR0r, (rQ) < 13 RIQI(Q) *n <0,

0L Digo) <
(D100) 123

T+,128
Thus, [ satisfies the hypotheses of Corollary 12.7, and so @ satisfies part (2) of Propo-

sition 7.2. As @ is the image of @) under a shear map, part (2) of Proposition 7.2 holds
for @@ as well. O
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Appendix A. On the implicit dependence on p in [58]

A version of Theorem 1.3 was stated in [58] with an implicit dependence on the expo-
nent p. In this appendix, we explain how the arguments in [58] can be used to derive the
explicit dependence on p that we needed in §1.1.3.

Let (E,| - ||z) be a Banach space and fix ¢€[2, 0]. The g-uniform convexity constant
of X, denoted K (E), is defined [6], [8] as the infimum over K € (0, oo] such that

1/q 1 1 1/q
(lellp+ gzl < (Ghoulibglo—lt)  foratioyes.  (a

Setting =0 in (A.1) shows that necessarily K >1. By convexity, (A.1) always holds
when K=o00 or when g=o00 and K=1. Thus, (A.1) quantifies the extent to which the
norm | -||g is strictly convex. An equivalent (but somewhat less convenient to work
with) formulation of this fact (see [34], [8]) is that K,(E) is bounded above and below
by universal constant multiples of the infimum over those C'>0 such that the sharpened
triangle inequality

[utvlle <2=C™lu—vlg
holds for any two unit vectors u,veF.
Theorem 1.3 is the special case E=R, ¢=2, and 1<p<2 of the following theorem.
THEOREM A.l. For any p>1 and ¢=2, if (E,||-|g) is a Banach space with
K (E) < oo,

then every smooth and compactly supported function f:H—FE satisfies

1/max{p,q}
¢ ¢ max{p,q} dt
([noesies §)

Smax{(p—1)" 1 Ko (E)}| Vi ||, (.62 ()
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where we use the (standard) notation
Vif (X, Yf) e ExE

for the horizontal gradient.

Theorem A.1 is due to [58], except that it is stated there with a factor that depends

in an unspecified way on p, ¢, and E in place of the quantity

I p——

This is because the proof of [58] uses the vector-valued Littlewood—Paley—Stein inequality
of [70], for which explicit bounds on the relevant constants were not available in the
literature at the time when [58] was written. However, such bounds were subsequently
derived in [43] (using in part an argument of [58] itself), so we will next briefly explain
how to obtain Theorem A.1 by incorporating this input into [58].

Let {ht}+~0 and {pt}+>0 be the heat and Poisson kernels on R, respectively, i.e.,

1 t
e=*/4  and pt()difi for all s> 0.

2/t m(s2+12)

It will be convenient to denote the time derivatives dh;/dt and Op;/0t by hy and py,

he(s) %

respectively, i.e.,

s2—2t —52 /4t s2—t?

— and pi(s)=———>5= forall s>0.
8\/mt5/2 2

h =
t(S) 7T(82+t2)
By a straightforward evaluation of the integral in (A.3) below, one checks the following

standard identity (semigroup subordination; see e.g. [14, §4.4]):

; L [ et du forall s>0 A3
pt(s)—ﬁ Ny w(s)du  for all s >0. (A.3)

Fix ¢ L,(R; E) and p>1. The following bound holds for any ¢>0:

—t2/4u

||tpt*¢HL +(R,E) =2 H/ 7uh *¢p du

or—ly
NG

The first step of (A.4) is the representation (A.3), and the second step of (A.4) is Jensen’s

inequality, because
e o] t€7t2/4u
/ texp ——du=1.
0

p

La(®.E) (A.4)

u_3/26—t2/4u|\uhu*¢||iq(R-E) du.
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Integration of (A.4) gives

> dt 2;071 o o0 2 .
tpr*@||P o — < —— </ et /Au dt>u3/2 why*@||P o du
/(; ” t HLQ(R,E) t ﬁ 0 0 ” u ||Lq(R,E)

0 d (A.5)
_ ; u
=2F 1/0 Huhu*qﬁniq(R;E);.
Now, if ¢>2 and K,(E)<oo, then it was proved(®) in [43] that
o dt\'
([ ebesolt o T) S EAEN e (4.6)
In combination with (A.5), we therefore see that also
. dt\/*
([T 1ol T ) S KBz, (A7)

Remark A.2. The reason why we passed from the vector-valued Littlewood—Paley—
Stein inequality (A.6) for the heat semigroup to its counterpart (A.7) for the Poisson
semigroup is that at the time when [57] was written this was known (with K,(E) in (A.7)
replaced by an unspecified constant factor) for the Poisson semigroup due to [70], while
the validity of (A.6) was an open question. For this reason, [57] worked with the Poisson
semigroup, so it is simplest to use (A.7) when we refer below to steps in [57]. However,
one could repeat the reasoning of [57] mutatis mutandis while working directly with the
heat semigroup and using (A.6). The above subordination argument is standard, but we

included the quick derivation to verify that the constants are universal.

(8) Paper [43] states (A.6) with the factor K4(E) in the right-hand side replaced by a parameter
mg(E) that is called [99] the martingale cotype-g constant of E. There is no need to state the definition
of my(E) here, because it will not have a role in the ensuing discussion; it suffices to recall that, by the
martingale inequality of [97], we have

mg(E) S Kq(E).

So, (A.5) is a formal consequence of [43], but the above formulation is essentially (namely, up to O(1)-
renorming) equivalent to that of [43]. For the reverse direction, use the fact that there is a norm ||| - |||
on F that satisfies ||z|| g x]|||z||| for all z€ E and such that

Kq(B,II-Il) S mq(E).

This renorming statement is essentially due to the deep work [97], except that it is derived in [97] with
the weaker property
=l 2 <[zl < mq (E)|l]| z-

The existence of such a norm which is O(1)-equivalent to ||-||g follows by combining [64] and [76],
though we checked (details omitted) that one could adapt the reasoning in [97], so as to obtain a proof
of this fact which avoids any reference to the non-linear considerations of [64] and [76]. Alternatively,
Gilles Pisier has recently showed us (private communication) a derivation of this O(1)-renorming result
from the statement of [97, Theorem 3.1].
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The case p=q of Theorem A.1 follows by substituting (A.7) into [58]. Specifically,
we are asserting that the implicit constant in [58, Theorem 2.1] is O(K4(E)) when p=gq.
To check this, note that in the proof of [58, Theorem 2.1] the only loss of a factor that
is not a universal constant occurs in [58, equation (18)], which is an instantiation of [58,
inequality (15)]; the latter inequality is the same as (A.7) when p=gq, except that the
constant factor in the right-hand side is now specified to be O(K4(E)).

The case p>q of Theorem A.1 follows from the case p=g. When p>gq, we have
K, (E)>K,(E) (for justification of this monotonicity, see [8] or 78, §6.2]) and

(p—1' Mg (p—1)t/e

(since p>¢>2), so the constant on the right-hand side of (A.2) increases as ¢ decreases.
We thus suppose from now that 1<p<gq.

For M >1, let Bpr: H—[0, 1] be a smooth bump function that is O(1)-Lipschitz (with
respect to the Carnot—Carathéodory metric d), satisfies Sy (h)=1 for all h€ By, and has
supp(Bar) S Bary1-

For a smooth compactly supported f:H— F, consider F);: H%LP(H‘L; E) given by

Far(h)(g) = Bar(h)f(gh) for all g, h € HL. (A.8)

We have (qfl)l/q’lgngq(E), so the case p=¢q of Theorem A.1 with F replaced
by L,(H*; E) gives

* t q dt 1/q
(/0 IIDVFM|Lq<H4;Lp(H4;E))t>

A9
S Ko (Lp(HY EDIVaFa || Ly 382 (1, (310:))) (A.9)
Smax{(p—1)V7, Ky (E)H I VaFu || L,z (1, 000:2)))
where the last step uses the fact that, by [83, inequality (4.4)],(°) we have
Ky(Ly(H* B)) Smax{(p—1)"77", K,(E)}. (A.10)

To bound the final term in (A.9) from above, note that by the left invariance of Vi,
VuFa (h)(g) = (XBar(h) f(gh), Y B (h) f(gh)+ Bar (R) Ve f (gh).
Hence, for all heH,

IVaFa (h)lle2(z, (1258))
S22 1Barar 00\Bar (@) (M) T I VS| L, 344:2) L Bar s (0) (R)-

(?) Formally, [83, inequality (4.4)] is the dual of (A.10); see [8, Lemma 5] for the relevant duality.
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So,
Vs F M || Ly (328362 (L (313:8)) S M Fll Lo (308,80 + MY Vi f | 1, (305:)- (A.11)

In order to bound the left-hand side of (A.9) from below, note that, by (2.6), if
0<t<{sM? and heB,;_, ;(0), then hZ'€ By, and therefore 3(h)=8(hZ")=1. Hence,

ID{Fy (W)L, 200,y = 1 DY fl| o, (i) for all he By, _y 4(0).
Consequently,

| DL Fael| by s, (15)) = HA(Bay_ g i () U DEf |1, (340 )
= (M =4V Dy flln, m:m)-

Hence, for every O<T<iM , we have

T2 , . dt 1/q> 4/q T2 . p dt 1/q
0 HD"FM”Lq(H“;L;}(H“;E))? R (M—4T) 0 HDVf||LP(H4?E)7 '

Combining this with (A.9) and (A.11), letting M — oo and then T—oo, gives Theo-

rem A.1l.

Remark A.3. In the setting of the proof of Theorem A.1, the Hardy—Littlewood—

Stein (Poisson semigroup) G-function of a function ¢€ Ly (R; E) is the function
Gq(¢0):R—R
that is defined by

0o 1/
G,0)) = ([ lmrsp )" porallzer (A12)
0

By [70], if K4(F)<oo, then for every 1<p<oo,

1G4(D) 2, &) Spoa. e, () 18 L, (s ) - (A.13)

If the implicit constant in (A.13) were

ot e )

for 1<p<gq (this is so when p>¢q, by (A.7) and Jensen’s inequality), then Theorem A.1

would follow by direct substitution into [58] without the need to consider the above
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averaging argument using the auxiliary function Fjs in (A.8). However, it seems that
the interpolation argument [70] does not yield this dependence. Determining the optimal
dependence on p, ¢, and K4 (E) in the G-function bound (A.13) remains an interesting
open question.

The same question for the heat semigroup variant of (A.13), i.e., with p; replaced
by hy in (A.12), is a bigger mystery. That such an inequality for the vector-valued heat
semigroup Hardy—Littlewood—Stein G-function holds with any dependence on p, ¢, and
K,(E) was established recently in [107], but as p—1" the dependence of [107] seems sub-
optimal. Obtaining the analogue of (A.6) for the n-dimensional heat semigroup (in which
case ¢ is a mapping from R™ to E) would be very interesting. In [107], this is achieved

with a constant that is independent of n but has a much worse dependence on K (E).

A substitution of Theorem A.1 into the reasoning of [58] yields the following restate-
ment of the non-embedding result of [58], with explicit dependence on Ky (E).

THEOREM A.4. For ¢>2, if E is a Banach space with K,(E)<oo, then for every
neN, the word-ball in H of radius n has E-distortion

ogn)t/e
cr(B,) 2 (e

Since by [8], the Schatten—von Neumann trace class S, has K»(S,)=+v/7—1 when
1<r<2, Theorem A.4 implies the lower bound on cs_(5,) that we used in §1.1.3 (recall
that the behavior as r—1% was important for that application). This also shows that
the following question about a possible strengthening of Theorem A.4 would imply the
distortion lower bound (1.24) that we asked about in §1.1.3. In fact, a positive answer
to this question would be a remarkable geometric result, which, as we explained in
§1.1.3, would have strong implications; at present, we do not have sufficient evidence to

conjecture that the answer is indeed positive in such great generality.

Question A.5. Can the conclusion of Theorem A.4 be improved to

otz (255)

Added in proof

We recently learned from Q. Xu that he resolved many of the questions on the growth-
rate of the optimal constants in vector-valued Littlewood—Paley-—Stein inequalities that
we raised in Remark A.3. This will appear in Xu’s forthcoming work [108]. See also his
forthcoming work [109] for the evaluation of the order of magnitude of the constants in

the classical (real-valued) Littlewood—Paley inequalities.
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