Acta Math., 225 (2020), 227-312
DOI: 10.4310/ACTA.2020.v225.n2.a2
© 2020 by Institut Mittag-Leffler. All rights reserved

Torsion points, Pell’s equation,
and integration in elementary terms

by
DAvID MASSER UMBERTO ZANNIER
Universitdt Basel Scuola Normale Superiore di Pisa
Basel, Switzerland Pisa, Italy

This paper (with some devilish difficulties) is dedicated
to Enrico Bombieri in celebration of his 80th birthday.

1. Introduction

1.1. Preamble

The main results of this paper involve general algebraic differentials on a general pencil
of algebraic curves with a fixed function x, provided all is defined over the field Q of
algebraic numbers. As an example, we show that there are at most finitely many complex

numbers ¢ such that
dxr

(22—1D)Vad+tx3+x

can be integrated in elementary terms. This is in accordance with a general conjecture

of Davenport from 1981. However, we show that his conjecture is false and we prove
a modified version, on the way determining all counterexamples (which are admittedly
rather rare). For more details, see §1.3, especially Theorem 1.3.

An important element of our proofs concerns generalised Jacobians, especially prod-
ucts of additive extensions of elliptic curves, for which we develop some independent
theory. Another key element consists of new results of relative Manin—Mumford type
allied to the Zilber—Pink conjectures. Namely, we characterise torsion points lying on a
general curve in a general abelian scheme of arbitrary relative dimension at least 2, again
provided all is defined over Q. As an example, we show that there are at most finitely

many complex numbers t such that a triple of points on

vV =z(z—1)(z—t)(z—t?)(z—t*) (x—1t°)(z—1%)
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with abscissae 2, 3 and 5 corresponds to a torsion point on the Jacobian. For more
details, see §1.4, especially Theorem 1.7.
We apply the latter results also to a rather general pencil of Pell’s equations in a

fixed variable z, once more provided all is defined over Q. As an example, consider
A?—(284+x+t)B*=1, B#0.

We show in principle how one could prove that there are at most finitely many complex
numbers ¢ such that this is solvable for A and B in C[z] (which is practically certain to

be true). For more details, see §1.2, especially Theorem 1.1.

1.2. Pell’s equation

We now discuss Pell’s equation. In [51] and [10] we gave some applications to
A*-DB*=1, B#0, (1.1)

over the polynomial ring C[z]. There, we handled only D of degree at most 6, and we
showed for example that there are at most finitely many complex ¢ for which (1.1) is
solvable for A and B in C[z], with D=2°+z+¢. There are some exceptional ¢, as the
formula

(22° +1)* = (2% +2)(22%)* =1 (1.2)

for t=0 shows. We also remarked that the natural “local-to-global” assertion is generally
false, with the examples D=z*+z+t or D=x%+22+¢t, where Pell’s equation is not
solvable identically in ¢ but still solvable for infinitely many values of ¢.

Now, we could treat z®+z+¢, and so on; but we prefer to give a more general
assertion as follows, replacing the parameter ¢ by a generic point ¢ on a fixed base curve.

We fix a base curve C defined over Q. Then, we take D as a squarefree polynomial
in z of even degree 2g+2>6 (and even g=1 would do here) defined over the function
field Q(C). A complete smooth model (see §10) of the hyperelliptic curve Hp defined by
y?=D(z) has genus g and two points co™ and co™ at infinity. Their difference oo™ —oo™
gives a point Pp on the Jacobian Jp, itself of dimension g, of this model. It is classically
known that (1.1) is solvable if and only if Pp is torsion.

For all but finitely many ¢ in C'(C) it is clear that we obtain a specialised polynomial
D(c) defined over C, also of degree 2g+2. We will be continually using such statements
in the course of this paper, sometimes in slightly less simple situations; but it is always
just a matter of elementary algebraic geometry to which we will refer without further
explanation as “reduction theory”.
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THEOREM 1.1. (a) If Pp is not torsion on Jp and there is no elliptic curve in Jp
containing a positive integer multiple of Pp, then there are at most finitely many c in
C(C) such that Pell’s equation for D(c) is solvable.

(b) If there is an elliptic curve Ep in Jp containing nPp for a positive integer n,
then there are infinitely many c in C(C) such that Pell’s equation for D(c) is solvable;
unless there is an isogeny v from Ep to an elliptic curve Ey defined over Q with «(nPp)
in Eo(Q) non-torsion, in which case there are no c at all.

(¢) If Pp is torsion, then for all but finitely many c in C(C), Pell’s equation for
D(c) is solvable.

Remark. We note that, if a squarefree D in Q(C)[z] is given, then we may effectively
determine which of (a)—(c) holds, and thereby establish whether the corresponding set
of ¢ is finite or not (however, in case of finiteness, we do not yet know how to find the
set effectively—a deep problem to which the work [11] of Binyamini will certainly be

relevant).

Here, cases (a)—(c) can all occur; see just after the proof of Theorem 1.1 in §10.

This proof uses a new generalisation of Theorem 1.5 below.

It is probably possible to extend Theorem 1.1 to D which are not squarefree. One
would start from Proposition 2.5 of the second author’s paper [80]. Bertrand’s coun-

terexample yields among others the example
D=z%(z* +tad —tz—1) =2 (22 —1) (2% +tz+1)

in [9], for which Pell’s equation is not identically solvable but there exist infinitely many
t with solvability (yet another type of failure for “local-to-global”). This arises from a
multiplicative extension of an elliptic scheme. On the other hand, there are at most

finitely many ¢ such that Pell’s equation is solvable for
D=z3(2®+x+t).

This arises from an additive extension of an elliptic scheme. See the second author’s
article [79] and Schmidt [68].

1.3. Integration

We proceed now to a discussion of integration. The connection of Pell’s equation with
integration of algebraic functions in elementary terms (see later for some definitions) is
classically known since Abel [1] (and his functions) and Chebyshev [17], [18] (for elliptic
functions, with his “pseudo-elliptic integrals”). See also Halphen [34]. Thus, in [51],
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we remarked for the above example D=x%+x+t that it follows that there are at most
finitely many complex ¢ for which there exists a non-zero E in C[z] of degree at most 4
such that E/v/D is integrable in elementary terms (see just below for the definition). As
D’ /+/D integrates to 2v/D, we cannot go up to degree 5 here. There are some exceptional

t, as the formula

5a2 dx 1
——— =log| =+z°+2%V/ x6—|—a:>
Vb4 g<2

corresponding to (1.2) for t=0 shows.

For general degree, we can deduce the following rather quickly from Theorem 1.1.

COROLLARY 1.2. Suppose that D, Pp and Jp are as in Theorem 1.1 (a), so that
g=2. Then, there are at most finitely many c in C(C) such that there exists E#0 in
Clx] of degree at most 2g for which E/+/D(c) is integrable in elementary terms.

Again, D’/+/D shows that we cannot go up to degree 2g+1 here.
The result for g=1 would be false; for example, it is classical that there are infinitely

many 7 in C such that there exists v in C for which

r—v

N (13)

is integrable in elementary terms.

Also in [51] we noted some similarities with an assertion in the book [21] of Daven-
port. His Theorem 7 (p.90) says that if an algebraic function f(z,t) is not generically
integrable in elementary terms, then there are at most finitely many ¢ at which the spe-
cialised function is integrable in elementary terms. Thus, there are no quantifiers about

any numerator I/ as above, and things like
1 t
/\/1‘2—1—75 dx:§x x2+t+§log(m‘+ x24t) (1.4)

are ruled out. At that time, such finiteness statements were rather rare, so this is a
remarkable assertion of a “local-to-global” type (see the remarks later about results of
André, Hrushovski and the Grothendieck-Katz Conjecture).

Unfortunately his proof, summarised on the same page, cannot be rescued. Already
on the previous page, he lists five ways in which the specialised function can become
integrable in elementary terms, thus representing five possible obstacles to a proof (in fact,
there are many more obstacles, as will be clear from the discussion of our own arguments
later). He points out that the first and second of these can be easily eliminated through
what we called reduction theory above. The third obstacle he describes as “exceptionally
tricky” to eliminate. It involves residues and we address this problem in §14; if f is defined
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over Q, it naturally leads to a bound on the degree of ¢t over Q, but this of course does
not suffice for finiteness.

The fourth obstacle presents a serious problem, and the treatment in [21] seems to
be based on a misunderstanding of Picard—Fuchs operators. It is somewhat classical that
integrability in elementary terms can lead to torsion properties for ¢ (see also §14); for

example that P,=(2,4/2(2—t)) is torsion on the Legendre curve E; defined by
y2=a(o—1)(z—1)

asin (1.6) below. Now, this particular property can be disproved for generic ¢ by applying

Picard—Fuchs, involving in this case the well-known hypergeometric expression

d?z dz 1

to a suitable point on the tangent space for example z;= f;o dx/y. We find

22—

R

and, as this is not identically zero, we may conclude (keyword: Manin) that P; is not
identically torsion on F; (that is, for generic t). But from the fact that PF(z;) is non-
zero at all values t#2, we cannot conclude that P, is non-torsion on F; at all values t#£2.
Indeed, it was first observed in [48, p. 1677] that there are infinitely many values of ¢ such
that P, is torsion on F,;. Thus, Picard—Fuchs arguments cannot be specialised. We will
see that one can say something about finiteness as in (1.6) below, but that requires the
full power of [48] and concerns E; x E;, not just F; (and, more generally, Theorems 1.6
and 1.7 below).

The fifth obstacle appears to be related to our §12.

We make further references to these obstacles later in this section, and also at
appropriate points in our proof.

The main aim of the present paper was originally to give a proof of Davenport’s
assertion, provided f is defined over Q (with eventual extension to C). But right at the
end of the investigation we found a counterexample, so here too “local-to-global” fails.
However, counterexamples seem to be extremely rare. The proof when these are excluded
uses the full power of Theorems 1.5 and 1.6 below, together with our new generalisation
of Theorem 1.5. It occupies the main part of this paper, and several additional features,
of possible interest in themselves, had to be developed.

The basic definition of integration in elementary terms involves a differential field §
with a derivation . An elementary extension § of § is a differential extension obtained
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as a finite tower of extensions §/Fo of intermediate differential fields §'g and §p, where
' 0/8o is algebraic, or §'g=Fo(v) with either jv=du/u (informally v=logu) or dv/v=04u
(informally v=expu) for some u in Fo. One has, by abuse of adjectives, the following

standard definition.

Definition. An f in § is elementary integrable if f=0¢g for some g in some elementary

extension of §.

Abel [1] was the first to make a systematic treatment for algebraic functions, and

gave the example

5cz—1)dx 3+x—24zvVrr+2x2—4x+1
I
=lo
4 +222 —4x+1 34 —2—avart+222 —4x+1

(which Maple 18 cannot verify by integration), even though the same thing with numera-
tor bx—t is elliptic for any t#1. This shows that exceptional ¢ exist also for Davenport’s
assertion. See also §21 for an amazing integral of Euler, which seems to have the same
spirit as one of our own counterexamples. Also, van der Poorten and Tran [61, p. 168]
have a hyperelliptic example corresponding to genus 2. For much higher genus, see some
formulae, apparently due to Greenhill, in §1.7.

It may have been examples like these that prompted Hardy [35, p.11] in 1928 to

write

43

. no general method has been devised by which we can always tell, after a finite
series of operations, whether any given integral is really elementary, or elliptic, or belongs

to a higher order of transcendents.”

And over a century later nothing much has changed, even for algebraic functions,
although for the elementary integration of these the connection with torsion on abelian
varieties is now much better understood, and algorithms for this torsion have been de-
veloped. In particular, Risch [64] gave an elegant formulation and sketched a method
which should decide if a given algebraic f(x) is elementary integrable. However, this
will not suffice for Davenport’s family f(x,t) with regard to the totality of its individual
members.

To deal with algebraic functions, we take a field K of characteristic zero and a curve
X, for convenience assumed to be irreducible and smooth, defined over K together with
a non-constant function z in K(X). Then, §=K(X) with §=d/dz is a differential field.

In connection with counterexamples to Davenport’s assertion, we will give later in
816 a full definition of “elusive” f in §; it is rather long, and at first sight appears so
restrictive that it may be found surprising that any actually exist, like Higgs bosons. For
the moment, we remark that when X has positive genus with Jacobian J containing no
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elliptic curve with complex multiplication CM, then no f in § is elusive. A more precise
definition involves residues.

To deal with specialisations, we take K as Q(C) for a base curve C' as above, now
defined over Q. We then switch from X to “calligraphic” X'; this seems better to empha-
sise the particular nature of K. By reduction theory, for all but finitely many ¢ in C(C),
we obtain a curve X(c), also irreducible and smooth, defined over C, and a differential
field F(c)=Q(X(c)), also with §=d/dx. For each f in F=Q(C)(X), we obtain f(c) in
$(c) (also a specialisation, and not to be confused with a value of the function f).

THEOREM 1.3. (a) Suppose f in § is not elusive. Then, if f is not elementary
integrable, then there are at most finitely many c in C(C) such that f(c) in F(c) is
elementary integrable.

(b) Suppose f in § is elusive. Then, f is not elementary integrable, but there are

infinitely many c in C(C) such that f(c) in §(c) is elementary integrable.

Remark. Tt will be clear, as in the Pell discussions, that if f in Q(C)(X) is given,
then we may effectively determine which of (a) and (b) holds.

We will see in §21 with several examples that both cases (a) and (b) actually turn
up. For the moment, we just quote our unexpected counterexample for (a): there are
infinitely many t=i, %\/5—102', ... in C for which

T

is elementary integrable. It is not identically so, and thus we are now in case (b) with

(1.5)

something elusive.

Now, in Davenport’s assertion, the fields Q(¢) for the special values of ¢ are not
specified. Possibly, they were intended to be contained in a fixed number field. We show
here that something a bit stronger follows relatively quickly, and with no exceptions.

Namely, we restrict ¢ to C(Q) (in itself harmless), and more crucially of bounded degree

[Q(c):Q]. This result was one of the reasons for our believing in unconditional finiteness.

PRrOPOSITION 1.4. Suppose that f in § is not elementary integrable. Then, for any

D, there are at most finitely many c in C(Q) with [Q(c):Q]<D such that f(c) in F(c)

is elementary integrable.

1.4. Relative Manin—Mumford

We consider first the following conjecture to be found in our article [48], for the moment
over C.
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Conjecture. Let S be a semiabelian scheme over a variety defined over C, and denote
by Sl the union of its semiabelian subschemes of codimension at least ¢. Let V be an
irreducible closed subvariety of S. Then, VNSI+dim V] jg contained in a finite union of

semiabelian subschemes of S of positive codimension.

This is a variant of that stated by Pink [60] in 2005, which generalised the Zilber
conjectures [82] of 2002 to schemes. In fact, the above conjecture is false (see below),
but the counterexamples do not contradict Pink’s more comprehensive statement. The
conjecture probably holds for abelian schemes (see, for example, Theorems 1.5 and 1.7
below), and possibly also for additive extensions (see, for example, Theorem 1.6 below).

The first result on this conjecture (for non-constant ) was in [48] (see also [47] for a
short version). There, we verified it when S is the fibred square of the standard Legendre
elliptic family, with coordinates (x1,y1) and (z2,y2), and V is the curve defined by z1=2
and zo=3. This amounted to the finiteness of the set of complex numbers ¢£0, 1 such
that the points

(2,7/2(2—1)) and (3,/6(3—1)) (1.6)

both have finite order on FE;.
The subsequent generalisations in [49]-[51], as well as [20] (with Corvaja), imply the

following.

THEOREM 1.5. (Corvaja—Masser—Zannier) Let A be an abelian surface scheme over
a variety defined over C, and let V be an irreducible closed curve in A. Then, VN.AZ

is contained in a finite union of abelian subschemes of A of positive codimension.

This established the above conjecture for abelian schemes of relative dimension 2,
when V is a curve.

In all these examples we are intersecting with the set S, which since S has relative
dimension 2 is the collection of all torsion points on the fibres. This is sometimes known
as the relative Manin—-Mumford problem. Now, the work of Hindry [36] on the original
Manin—-Mumford problem is not restricted to the abelian or even semiabelian situation,
and indeed it deals with arbitrary commutative group varieties, such as for example
extensions of an elliptic curve by the additive group G, (for this example, see also the
paper [19] with Corvaja). A recent work [69] of Harry Schmidt treats such extensions of

elliptic schemes as follows.

THEOREM 1.6. (Schmidt) Let G be an extension by G, of an elliptic scheme over
a variety defined over C, and denote by Gl the union of its flat group subschemes of
codimension at least c. Let V be an irreducible closed curve of G. Then, VNG is

contained in a finite union of group subschemes of G of positive codimension.
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However, Bertrand [8] discovered a counterexample when the surface scheme is an
extension of an elliptic scheme by the multiplicative group Gy,. In a work [10] with
him and Pillay, we have also shown that his are essentially the only counterexamples for
semiabelian surfaces over Q. Therefore, this work completes the analysis of the above
conjecture for schemes of relative dimension 2 over Q. See also the second author’s book
[77, pp. 77-80].

Our proof of Theorem 1.3 uses Proposition 1.4, as well as Theorem 1.6 (over Q),
together with the following generalisation (also over Q) of Theorem 1.5.

THEOREM 1.7. Let A be an abelian scheme of relative dimension g=2 over a variety
defined over Q, and let V be an irreducible closed curve in A. Then, VNAY! is contained

in a finite union of abelian subschemes of A of codimension at least g—1.

This is more in the style of relative Manin-Mumford, because of course Al is just
the set of torsion points on all the fibres. It also confirms a conjecture stated in 1998 by
Zhang [81].

As in our previous papers, we cian give simple examples of our theorem for base
curves in the style of (1.6). Thus, we get the finiteness of the set of complex numbers
t#0 with

541, 541, t"#1 and t3#1, (1.7)

such that the triple of points
(2,V22-1)(2-3)(2—-t1)(2—1°) (2~ ) )
(3,/6(3—1)(3—12)(3—14)(3—12)(3—13) ) (1.8)
(5, V20(5—1)(5-12) (5—4) (5-1°) (5—¢%) )

on the curve of genus 3 defined by
v =x(z—1)(x—t)(x—t*)(z—t")(x—1°)(z—1%) (1.9)

give—via the unique point at infinity on (1.9)—a point of finite order on the Jacobian.
We will soon see that the base variety in Theorem 1.7 can be assumed to be irre-
ducible of dimension at most 1. In case it is a point, then A is constant, and we see the
classical result of Manin—Mumford type in the special situation under consideration. In
fact, we will appeal to the classical result to eliminate this case.
We have here VNAWY. A more difficult problem is to deal similarly with VN.A2,
usually larger if g>3. Barroero and Capuano [5] have proved, for example, that there

are at most finitely many complex numbers t#£0, 1 such that the points

(2,7v/2(2-t)), (3,v/6(3=t)) and (5,4/20(5—t))
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satisfy two independent linear relations on E; (corresponding to the fibre cube). Very
recently [6] they have succeeded (using among other things the techniques of our §7) to
treat VN.A? in general (with V still a curve).

1.5. On the proofs

Let us now say something of our own proofs. That of our Theorem 1.7 follows the general

strategy of [47]-[51] and [59], but a couple of new issues arise. We have to study equations
Z:Z‘1f1+...+332gf2g, (110)

where fi, ..., fo4 are basis elements of the period lattice of .4, and z is an abelian logarithm.
Our coeflicients z1, ..., 724 are real, and their locus S in R?9 is subanalytic, of dimension
at most 2, because a complex curve has real dimension 2. When z corresponds to a
torsion point, say of order dividing some N, then we get a rational point in (1/N)Z29
on S. The work of Pila [58] provides for any e>0 an upper bound for their number
of order at most N¢, as N tends to infinity, provided we avoid connected semialgebraic
curves inside S.

If V itself is contained in an abelian subscheme of A of positive codimension, there is
nothing to prove. Otherwise, we are able to show that there are no connected semialge-
braic curves inside S. This follows from the algebraic independence of the g components
of z over the field generated by the components of f; ..., fo, in (1.10). Here, the remark
of Bertrand mentioned in our previous papers (see, for example, [49, p. 455]) is especially
essential in circumventing the question of dependence relations already holding between
these components, which would presumably depend now on the Mumford—Tate group
of A. In [51] we had to appeal to more general work of André [3] (see also Bertrand’s
paper [7]); and this suffices here too.

We conclude the proof as in [51] by combining Silverman’s specialisation theorem
[74] with a result of David [23] on degrees of torsion points of the corresponding fibre of A.
If this fibre is itself simple, then we deduce by contrast that the number of rational points
in (1/N)Z?9 is of order at least N9 for some 6>0. But the fibre could well be non-simple.
Perhaps this situation could be controlled with the help of conjectures (or even theorems)
of André-Oort type. However, we can avoid such problems as in [51] by exploiting an
escape clause in [23], and using some comparatively elementary estimates from the first
author’s work [46] with Wiistholz. Now, we have to be careful about polarisations, but
by induction this leads to the desired N°. The resulting Proposition 7.1 should be useful
in other contexts (already in [20], for example). Comparison of the lower bound with the
above upper bound leads to an estimate for N which suffices to prove the theorem.
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The proof of Theorem 1.1 is then relatively short, following the arguments in [51]
now in higher dimension.

To deduce Corollary 1.2, the basic first step is the classical Liouville’s Theorem,
which enables to dispense with the unknown extension § in the definition of elementary
integrable. In general, this allows one to forget about exponentials, and use logarithms
in only a linear way. It implies in our situation that f is elementary integrable if and
only if there are gg, g1#0, ...,gm#0 in § and ¢y, ..., ¢, in C with

) OGm
f:égo—&—cl%—i——i—cm—g
1

m

(informally, f=dg for g=go+c11og g1 +...+¢m log g a linear form in logarithms).

Then, an analysis of poles (of the associated differential) gives what we want.

As for the proof of Theorem 1.3 (see also [78] for an informal exposition), this too
relies heavily on Liouville. We start by reducing to the case of simple poles, which has
the effect of eliminating dgg. This appears to be related to Davenport’s fifth obstacle.

Then, we give the proof of Proposition 1.4. It works by bounding from above the
height h(c) using Silverman’s theorem about families of abelian varieties; however, this
result must be modified if there are non-zero isotrivial parts, and that causes extra

technicalities. For example, we have to go through estimates of the form
h(c) < C(log(h(c)+1)+1)

(more commonly seen in connection with isogeny estimates) for C' independent of c.

We proceed further by looking at residues, which have to do with Davenport’s third
obstacle. If these specialise in a particular degenerate way, then we come back to bounded
degree as in Proposition 1.4. If not, then it is reasonably classical (through [64], for
example) that this leads to torsion points on specialised abelian varieties in the sense of
Theorem 1.5 or Theorem 1.7 above. Theorem 1.7 then suffices to prove Theorem 1.3 (a)
in case the Jacobian J of X is simple of dimension at least 2, also without exceptions.
This partly overcomes Davenport’s fourth and most problematic obstacle (without any
Picard—Fuchs operators, which do not seem to be useful here after all—but see the proof
of Lemma 5.1).

If the above dimension is 1, then we have to consider also a zero of f or rather the
corresponding differential w. That leads to torsion points on additive extensions in the
sense of Theorem 1.6, but this step seems no longer to be classical. It is crucial that
the extension is non-split. Furthermore, the argument breaks down if there is complex
multiplication. But if not, then again there are no exceptions.

It turns out that the main difficulties arise for non-simple . In that case, we have
to introduce an “auxiliary differential” w® and its zeros Z. For each Z we consider a
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™ If we cannot use

suitable additive extension J,.z of J, and even the power (J,z)
Theorem 1.5 or Theorem 1.7, then we can reduce to an additive extension Fz of an
elliptic curve, but of much higher dimension than that in Theorem 1.6. Furthermore, we
no longer obtain a point which is torsion on the specialised Fz, but only on a quotient by
a certain linear subspace. It now becomes a problem to check if this quotient is non-split;
such things are governed by what we call the “splitting line”, for which we could find no
explicit references in the literature (although its existence can be deduced from properties
of the “universal vectorial extension”). Here, it is necessary to take into account all the
zeros Z, together with their full multiplicities, and then apply a primitive sort of “zero
estimate” coming from Riemann—Roch. This completely overcomes Davenport’s fourth
obstacle.

But still the arguments break down, if there is complex multiplication. In that
case, we cannot prove non-split, but if the thing is split then we can exploit the full
additive part, which has no non-trivial torsion, to obtain finiteness. On this journey, all
the various parts of the definition of elusive turn up one by one, and this finally proves
Theorem 1.3 (a).

It is now relatively easy to reverse the arguments to prove Theorem 1.3 (b); here, the
same sort of zero estimate is used. Actually, this proof precedes that of Theorem 1.3 (a),
on grounds connected with the effectivity of the dichotomy between (a) and (b). Earlier,
we had a definition of elusive for which this effectivity was not clear, but we could change

it to overcome this problem.

1.6. Programme

Here is a brief section-by-section account of this paper.

In §2 we show how to reduce Theorem 1.7 to a statement, Proposition 2.1, involving
the special case of a curve C in a product P x P of projective spaces. Here, the second
factor contains a certain moduli space of abelian varieties with fixed level structure, so
that for each point there is an abelian variety, and this lies in the first factor. Then,
in §3 we recall the main result of [58] on subanalytic sets. Our own set is constructed
from abelian logarithms defined in §4. The relevant algebraic independence result is then
proved in §5. This then leads in §6 to the non-existence of Pila’s semialgebraic curves
in our set. Then, in §7 and §8, we record the consequences of the work of David and
Silverman for our purposes, and the proof of Proposition 2.1 is completed in §9.

Then, in §10, we check the example (1.8) and prove Theorem 1.1 using the Liouville
theorem. We also say a bit more about (10.1)—(10.3).

In a short §11 we introduce the concept of residue divisor which will be indispensable
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for the effectivity considerations.

Then, as preparation for the proof of Theorem 1.3 (a), we show in §12 that it suffices
to consider differentials of the third kind; by this, we mean that there are no poles of
order at least 2.

In §13 we prove Proposition 1.4. This enables us in §14 to reduce elementary inte-
grability to a problem of torsion points on abelian varieties, and to prove Theorem 1.3 (a)
with some additional simplicity condition on the Jacobian.

Then, in §15 we pause to explain the difficulties involved in removing this condition.
It is then timely in §16 to give the definition of elusive differential together with some
explanations and observations.

In §17 we prove Theorem 1.3 (b).

Then, in §18, we extend some of the considerations of §14 to torsion points on certain
quotients of products of generalised Jacobians, and in §19 we show that the property of
being elusive is invariant under adding something elementary integrable (as it should be
if Theorem 1.5 is true, but which was not obvious under our earlier definition); it is here
that Theorem 1.3 (b) is used, along with material from §11.

At last, in §20, we complete the proof of Theorem 1.3 (a).

Finally, in §21, we verify the examples above and give a self-contained proof for our
first counterexample (21.8), at the same time finding all exceptional values of ¢t. We also
provide some more examples of elusive differentials.

In an appendix, so as not to interrupt too much the main exposition, we investigate
the splitting line, together with a related concept of “splitting map” for additive exten-
sions of an elliptic curve. Also, we hope that these may be of independent interest in the

theory of generalised Jacobians.

1.7. Further remarks

We now make some remarks about the broader context of our results, and we thank
Michael Singer for valuable discussions around the topic of integration. As examples of
recent work on elementary integration with parameters, we may cite that of Caviness,
Saunders and Singer [16], and also Singer [76], although these are mainly concerned with
transcendental functions (but see also Davenport and Singer [22], especially the closing

pages). Sometimes finiteness fails here; for example,

(logz)*

is elementary integrable precisely for t=0,1,2,... (not difficult from Liouville).
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Also [16] extends the notion of “elementary integrability” to things like the error
function, and gives a corresponding extension of Liouville’s Theorem. It might be inter-
esting also to attempt this for elliptic functions (and their inverses?) in order to address
more thoroughly Hardy’s quotation. It seems that Abel [2] had made a start on this.
Or one could even try to treat genus 2 and so on; some of the classical literature was
concerned with expressing integrals of a given genus in terms of lower genus.

In this connection of “genus-dropping”, we may extract from Greenhill [33, pp. 156—

157] the example
6 dz

dx
/\6/x11+11x6—x*5 VAT 16912

with
o 229-2282154+49421042282% +1
x =
(x11 41126 —x)5/3 ’

which is elliptic, even though the genus is now 25. In fact, a pull-back lies behind this
(not in [33], explicitly). Namely, there is a rational map ¢ from y®=2'14+112°—2 to
72=472 46912 defined by

L P 2Q
¢(xay) = (I7y) = (ylov y15>7

where P=P(z) is the polynomial of degree 20 above, and Q=Q(x) is the polynomial of

de 6 ,(dz
t-1o(8)
Y Y

In particular, a Jacobian of dimension 25 has an elliptic factor.

degree 30 below. Moreover,

Similarly,

dx dz
/ 1\5/x30+5229:25710005z20710005x107522x5+1_/ (172825 —1)2/3

(for a different &), which drops from genus 196 to genus 4 (despite Greenhill’s assertion
that it too is elliptic—at any rate, it can be shown that the corresponding differential
is not a pull-back of a differential on an elliptic curve). See also Schwarz [70, p.253].
These examples seem to be connected to the icosahedron: if R=R(x) is the polynomial
of degree 11 above, then

Q*=P*>+1728R°

reflects the well-known syzygy as for example in Klein’s [40, p. 62].
Of course the more modern literature has focused more on differential Galois theory,
and Kaplansky [38] wrote
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“There is another attractive chapter of differential algebra that is not represented in
my book or in Kolchin’s: the integration of functions in ‘elementary’ terms (...). This
is a kind of ‘pre-Galois’ theory, in that only the basic properties of differential fields are
involved. (In the same way, the theory of ruler and compass constructions precedes Galois

theory in the study of ordinary fields).”
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But, despite this, it seems that differential Galois theory is not sensitive enough to
detect elementary integrability.

Nevertheless, replacing our dg/dxz=f by their L(g)=0 leads to analogous problems,
even with several parameters, not just one (see Cassidy and Singer [15]). Thus, André [4]
and Hrushovski [37] have shown that the Galois group is unchanged under “almost all”
specialisations, and in particular the solvability in algebraic functions specialises similarly
(the solvability of dg/dxz=f with algebraic g is essentially treated in our easy §12). But
the example

dg
L _tg=0
v —tg=0,

with algebraic solution g=x* when ¢ is rational, shows that one cannot hope for finiteness
statements, as in our Theorem 1.3.

Finally, this work of [4], [37], at least for a single parameter t, is considered as a
function field analogue of the famous Grothendieck—Katz Conjecture on p-curvatures,
where values of ¢ are replaced by primes p (here too one cannot hope for finiteness); see,
for example, Katz [39] and a general discussion in [78].

It would be interesting to know if the techniques of this paper can be applied to any
of the problems above.

We thank Detmar Welz for valuable correspondence about some of the integrals in
this paper, especially in §21. We thank also the referees for their careful reading and

suggestions for improvement.

2. Reduction to a fixed model

Clearly, Theorem 1.7 implies that VN.AlY9 is contained in a finite union of abelian sub-
schemes of A of positive codimension. But this apparently weaker version of Theorem 1.7
actually directly implies Theorem 1.7 itself. Thus, at first, we see that VN.AlY is con-
tained in finitely many B#A in A. But then, applying to VNB, we get VN.AlY! in finitely
many C#B in B; and so on by induction, until we reach an ambient abelian scheme of
codimension at least g—1.

We noted in [49, §2] that the above conjecture is isogeny invariant in the following
sense. Let S and S’ be semiabelian schemes defined over varieties over C, and suppose
that there is an isogeny ¢ from S to §’. Then, the conjecture for S’ implies the conjecture
for S. The same implication holds with C generalised to any algebraically closed field of
characteristic zero, and for possible later use, we maintain this generality for the present

short section.
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Now, the argument of [49] can be repeated to prove the analogous implication for
this weaker version of our Theorem 1.7 with A and A’ (say over Q). We need only change
SU+dl there to ALY (and it stays valid even for Sl¢ with any fixed e).

If the weaker version of Theorem 1.7 holds for an abelian scheme B over a variety,
and B is another abelian scheme over the same variety, then it also holds for their fibre
product A=85 x B. The argument is easy, but we give some details, especially as it breaks
down for the conjecture. The point is that the torsion Al =B x B for the respective
relative dimensions ¢, h and h. If V projects to W in B, then WNB" is contained in
a finite union of abelian subschemes By of B of positive codimension, provided W is a
curve (and a fortiori otherwise). So, also VN.Al9! is contained in a finite union of abelian
subschemes Bj X B of A of positive codimension.

Now, every abelian scheme of relative dimension at least 2 has a factor (up to isogeny)
which is either of relative dimension 2, or simple of relative dimension at least 2. Thus, by
Theorem 1.5 and the above remarks, it suffices to prove the weaker version of Theorem 1.7
for simple A. This will be helpful when proving the functional algebraic independence
referred to in §1.

In [51], we reduced to Jacobians (of hyperelliptic curves), where the periods could
be given explicitly in terms of differentials. In fact, both our applications involve only
Jacobians, but the weaker version of Theorem 1.7 for these does not seem to imply
directly the weaker version of Theorem 1.7 in general. Fortunately, there is a very good
setting where the differentials arise in a natural analytic way, that of theta functions.
This has already been used by many writers, for example the first author [52], or David
[23], or Wiistholz and the first author [46]. Here, we follow [46] in using the (16, 32) level
structure, which lies between the full 16 structure and the full 32 structure. Then, the

moduli space is a quasi-projective variety 91 in P for
G+1=169,

defined over Q. For m=(my:....mq) in M, we denote by A(m) the corresponding abelian
variety, also in Pg with coordinates say x=(z¢:...:z¢) and defined over Q(m). In fact,
the zero of A(m) is none other than m. See §4 for the explicit description by theta
functions, which have the advantage that they give smooth embeddings of both the
moduli space and the fibres.

Now, every abelian variety is isogenous (in the usual sense) to a principally polarised
one with such a level structure. Thus, we have an isogeny ¢ from the scheme A (now
assumed simple) of our Theorem 1.7 to some A'=A(m) as above, where now we are
thinking of A(m) as a subset of P xP¢ with coordinates (x,m).
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Let V be a curve in A. Then, ¢«(V) in A(m) is a quasi-projective curve C' in Pg xPg
with coordinates say

(Coteiba oot p@)- (2.1)

We will regard it as being parameterised by (2.1) with the components (projectively)
functions in Q(C).

If the point P=(&p:...:&g) satisfies NP=O for some positive integer N, then the
whole of ¢(V) lies in the corresponding abelian subscheme of relative dimension zero, so
Theorem 1.7 is trivial for A’. Thus, we are entitled to assume NP+#O for all such N.

If (o:...:pu) is (projectively) constant on C', then the base variety can be considered
as a point and the theorem for A’ follows from Manin—Mumford, as mentioned in the
introduction.

From all these considerations, we see that our Theorem 1.7 for A is implied by the

following statement (so the base variety is indeed reduced to a curve).

PROPOSITION 2.1. Let C in PgxPg be a curve defined over Q and parameterised
by the generic point

c=(o:-:€a o i)

in Pa(Q(C)xPa(Q(C)), such that T=(o:...:pg) lies in M, the abelian variety A(T)
is simple and non-isotrivial, and P=(&p:...:{q) lies on A(T). Then, if P is not iden-
tically torsion, there are at most finitely many specialisations ¢ in C(C) such that the
point

P(c)=(&o(c):...:c(c))

is torsion on A(T(c))=A(po(c):...:ua(c)).

3. Rational points

In this section we record the basic result of Pila [58] that we shall use. We recall from
[48, §2] that a naive-m-subanalytic subset of R® is a finite union of (D), where each
D is a closed ball in R™, and each v is real analytic from an open neighbourhood of D
to R*. We refer also there for the definition of Strans,

LEMMA 3.1. Suppose that S is a naive-2-subanalytic subset of R®. Then, for any
e>0, there is a c=c(S, €) with the following property. For each positive integer N, there
are at most ¢N€ rational points of S8 in (1/N)Z5.

Proof. See [48, Lemma 2.1, p. 1680]. O
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4. Functions

We will construct our naive-2-subanalytic subset S by means of theta functions. Let S,
be the Siegel upper half-space of degree g. For 7 in S, and for row vectors u in CY and

p in RY we, use

Op(r,0) =Y _ exp(mi(h+p)r(h+p)’+2ri(h+p)u’),
h

with the sum over all row vectors h in Z9, where ¢ denotes the transpose. Here, we may
regard p in the quotient (R/Z)9. We define O(r, u) from S, x C9 to C“*1, by arranging
the elements p of (%Z/Z)g in some order, and taking the coordinates of O(7,u) to
be 6, (167,16u). This parameterises in terms of u an abelian variety A, isomorphic to
C9/U(7), where the lattice U(7) is generated by the standard basis row vectors eq, ..., ey,
together with the rows tq,...,t, of 7. See [46, p.415].

Now, given any ¢ in C(C), we can find 7¢ in Sy with

O(7¢,0) = (po(c) ... : pa(c)) (4.1)

the origin of A,_, and then u. in CY with

O(7e,uc) = (§o(c) : ... : € (€)), (4.2)

in A._, by smoothness both locally analytic on C.

So, now, we will consider these as functions e, ..., e4, t1, ..., t4 and u locally analytic
from C to CY9. They generalise the 1, g/f and z/f of the elliptic case [48, p.1682]. To
recover the generalisation of f, g and z, we have to modify as follows. For any c we
can find a square submatrix p=p. of the (affine) Jacobian matrix of ©(7c,u) which is
non-singular at u=0. Then, we define

f1:e1p71a ey fg:egpila fg+1:t1p71a ey fQQ:tgpilﬂ (43)

and

z=up . (4.4)

This looks like an analytic construction, but it is known that then the “Shimura differ-
ential” dz is defined over C(C) (see the calculations in [46, pp.419-422] for example,
especially the differential equations in Lemmas 3.6 and 3.7). That will be crucial for the

functional algebraic independence result of the next section.
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5. Algebraic independence

For this section we fix some c, of C. Then, fi,...,f5; and z are well defined on a small

neighbourhood N, of c,. In order to prove S%2%=_S we will need the following result.

LEMMA 5.1. The coordinates of z are algebraically independent over C(fy, ..., f54)
on N,.

Proof. The remark on Shimura differentials above means that the de Rham basis
in Z [3, p.15] is over C(C). Thus, we can use [3, Theorem 3, p.16] (whose proof uses
among other things Picard—Fuchs), which actually specifies the transcendence degree of
K(z,7) over

K=C(C)(f1, ..., fag, f1, ..., F25),

where the extra functions are the corresponding integrals of the second kind. It is the
dimension of the U appearing in [3, Proposition 1, p. 5], or at least its relative counterpart
in the context of [3, §4]. The E there is A(T') over C, for which our simplicity hypothesis
implies that the only proper connected algebraic subgroup is O. The u there is from
Z to ZP (note that A(T) has no non-zero isotrivial part because it is simple and non-
isotrivial). Also, because P is not identically torsion and A(T) is simple, the E’ there
is also E, with rational homology isomorphic to Q29. Further, because of simplicity, the
F there is a division algebra. So F.u(X) is isomorphic to F. Thus, we find dimension
2g, which is the number of coordinates in z and z; and the present lemma follows on

throwing away all the extra functions. O

6. A naive-2-subanalytic set

We describe here our naive-2-subanalytic subset S. First, we construct local functions
from C to R%9. Fix c, in C, choose ¢ in C, and then a path from c, to ¢ lying in C.
Using (4.1) and (4.2), we find no problem to continue eq, ..., eg4, t1,...,t, (the first g of
these are of course constant), and u to a neighbourhood N, of ¢. For p we can stick to
a fixed submatrix, provided we remove finitely many points from C where it becomes
singular. This gives, via (4.3) and (4.4), also f1, ..., f34,z on Ng. They do depend on c,
but only in a mild way, as this dependence is essentially locally constant, so we indicate
this also with a subscript as fi ¢, ..., fag,c, Zc-
Write Qc=U (7¢)ps L

LEMMA 6.1. The coordinates of z. are algebraically independent over
C(fic, .., fag.c)

on N¢. Further, we have Qc=2f, c+...+Zf55 c on Nc.
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Proof. We could continue an algebraic dependence relation backwards to get the
same relation between fi,...,f54,2 on a neighbourhood of c,; however, this would con-

tradict Lemma 5.1. The assertion about ) is clear from (4.3), and we are done. O

It follows that we can define 1 c, ..., Z24,c on N¢ by the equation
Ze =1 cf1 e+ +Tog cfog,c, (6.1)
and its complex conjugate
Ze= xl,cfl,c+~~~+x2g,cf2g,cv

so that z1 ¢, ..., ¥24,c are real-valued.

Now, we can define S. But first we make a compact set out of the quasi-projective
C in Py xPy. Let Cy be the finite set of points in the Zariski closure C° of C' but not
in C. Fix any norm on Py xPy. For small >0 (to be specified later) we define C? as
the set of ¢ in C? satisfying |c|<1/§ and

lc—co| =6

for each cg in Cy. Thus, C? is a compact subset of C.
Shrinking N, if necessary, we can choose a local analytic isomorphism ¢, from N,
to an open subset of C (i.e. R?). Choose any closed disc D, inside yp¢(N.) centred at

ve(c), and define

'l/)c == (xl,ca ~~-a$2g,c)°§0;1

from D, to R?. By compactness, there is a finite set II=II of ¢, such that the 0 (De)
cover C%. Then, our naive-2-subanalytic subset S=S5% in R? is defined as the union of
e (De) over II.

LEMMA 6.2. We have St™a1s=3.

Proof. Because every semialgebraic surface contains semialgebraic curves, it will
suffice to deduce a contradiction from the existence of a semialgebraic curve By lying
in S. Now, B, is Zariski-dense in its Zariski-closure B, a real algebraic curve. Thus,
we can find a subset B of B, also Zariski-dense in B, contained in some 9)(D¢). It will
suffice to know that B is infinite. Then, E:wC(E) for some infinite subset E of De.

Now, (6.1) shows that the components of z¢ lie in ®=C(z1 ¢, ..., T2g,¢, fi,c, ---s f2g,c)-

But, if we restrict to ¢ 1(F), then ® has transcendence degree at most 1 over

O9=C(fic,....,f25.)
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It follows that the components of z. are algebraically dependent over ® on ¢ 1(E).
More precisely, with independent variables T4, ..., To4, T, there exists a polynomial A
in C[T4, ..., Ty4, T,] such that the relation

A(fl,c, ceey f2g,ca ZC) = 0

holds on ¢ ' (E), and A(fi c, ..., f25 ¢, T5) is not identically zero in ®y[T,]. By a standard
principle for analytic functions (“Identity Theorem” or [44, p.85]), this relation persists
on all of N.. Now, we have a contradiction with Lemma 6.1. Thus, the present lemma
is proved. 0

We are all set up for an efficient application of Lemma 3.1. It will turn out that
every c in Proposition 2.1 leads to many rational points on S, and of course we have to

estimate their denominator. This we do in the next section.

7. Orders of torsion

In [51] we used a result of David [23] about orders of torsion points on a principally po-
larised simple abelian variety of dimension say g. While our own A(T') in Proposition 2.1
is generically simple, some specialisations A(T'(c)) may well not be simple. Perhaps, cer-
tain conjectures of André—Oort type lead in that case to at most finitely many possibilities
for ¢, as required in our original Proposition 2.1. In [51] we avoided such considerations
by exploiting the “obstruction subgroup” B that [23] provides. There we had g=2, and
so, if B is an elliptic curve, we can reduce to the case g=1. But, for general g, our B
may well not be principally polarised. This sort of problem was already encountered in
[62] (where it was solved by doing another transcendence argument using lower bounds
for Hilbert functions) and [46]. Here, we use some relatively elementary lemmas in [46]
to obtain the following extension of David’s result to all principally polarised abelian
varieties, simple or not; this should be useful in other contexts (see [20], for example).
We have not troubled to obtain good dependence on g. Actually, a sharpening of Propo-
sition 7.1 below, proved along similar lines, has recently been obtained by G. Rémond;
see [62, Proposition 2.9, p. 468].

PROPOSITION 7.1. There is a constant c=c(g) with the following property. Let A
be a principally polarised abelian variety of dimension g defined over a number field K,
and let P be a point on A with finite order N. Then,

N <e([K(P): Q] max{L, h(A)})C

for G=89¢12 and the semistable Faltings height h(A).
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Proof. This is of course by induction on g. The case g=1 does follow from [23,
Théoreme 1.2, p. 121]. So, assume it true for dimension strictly less than some g=>2.

The arguments of [23, p. 123] show that it suffices to take A=A(7) in the notation
there. Now, consulting equation (28) in [23, p. 156], we find an algebraic subgroup B# A
of A. In fact, Philippon’s multiplicity estimate used there (p.159) guarantees that B is
connected; that is, an abelian subvariety. If B=0, then the arguments around equation
(29) in [23, p. 156] give the bound for N as in [23, Théoreme 2.2, p. 123], namely

N <c(d¥?dph3/?)s

for any fixed k>g, where dy=[K:Q], dp=[K(P):K] and hy=max{1,h(A)}. Here, as
in the rest of the proof, we use ¢ indiscriminately for any constant depending only on g.
So, it remains to treat the case 0#B# A, with B of dimension say b. We note, by
[46, Lemma 2.2, p.414], that B is defined over an extension Kp of K of degree at most
c. And we get the estimate
TI9° ALY < ¢(LN?)¢

from equation (28) in [23]. Here, A is the degree of B in the embedding divided by b! as
in [46, p.410], and T, L and N (not our N) are defined earlier in equation (17) in [23,
p.152]. As T, L and N? are of the same order of magnitude up to logarithms, we find

A< c(dadpha)” (7.1)

for any fixed k>g.

We next apply [46, Lemma 1.4, p.413] to find another abelian subvariety B’ in A
(so also defined over an extension K; of K of degree at most ¢) together with an isogeny
¢ from Bx B’ to A, defined over K, of degree at most A2. Further, by [46, Lemma 1.3,
p.413], B’ has degree at most A. In the opposite direction, there is an isogeny 7 from A
to Bx B, defined over an extension of K of degree at most ¢ by [46, Lemma 2.1, p. 414],
with degree at most (A2)29~1. Thus, by standard properties of Faltings heights we have

max{h(B), h(B)} <h(BxB')+c¢<ha+1log(A* 2)+c< ha+clog A.
2

Now, we use [46, Lemma 4.3, p.425] to deal with the polarisation of B. As A is the
degree of the polarisation on B induced by that of A (see, for example, [46, Lemma 1.1,
p.411], we find an isogeny to of degree at most A from B to a principally polarised
By; further, By (and so i too) is defined over an extension Ky of Kp of degree at
most cAZ<cA2972. Similarly we get an isogeny ¢ of degree at most A from B’ to a
principally polarised Bj; further, B (and so ¢{ too) is defined over an extension K|, of
K, of degree at most cA2972,
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Now, by induction, the order p of the image Qg in By under ¢y of the projection of
i(P) on B satisfies p<cd®’ 9=V where

d= [Ko : Q] [Ko(Qo) : Ko] max{l, ]’L(Bo)}

Here,
[Ko:Ql=[Ko: Kp][Kp: Q] <cA¥ 2dy,

and so [Ko(Qo): Ko]<cA2972dp. Also, h(By)<ha+clog A. We get
d <cA* *dadp(hatlog A) < c(dadpha)?i9=2),

using (7.1) with k<g+(2g—1)/(4g—4).

We get the same bound for the order p’ of the image @ in B{, under ({ of the
projection of 7(P) on B’. Thus, (Qo,Qf) has order at most pp’. Going back to A, we
get N<pp'q, where ¢ is the degree of the composite isogeny from A to Byx Bj. We
find ¢<cA%. Now, putting everything together, gives what we want, provided only
k<8971 (g—1)!2. This completes the proof. O

We could use more directly the factorisation estimates of [55] to get B, B’ and ¢, but
the exponents involved would be astronomical. Here, things are more terrestrial (and in
[62] even more s0).

From now on, we use the standard absolute Weil height
1
h(a)= ———= ) logmax{1,|a|,}
(Q(a): Q] ; o
of an algebraic number «, where v runs over a suitably normalised set of valuations; and
also the standard extension to vectors using the maximum norm. See, for example, [75,

p- 208]. For the next observation, we need the notation of Proposition 2.1.

LEMMA 7.2. There is a constant c=c(C) with the following property. Suppose for
some a in C that the point P(a) on A(T(a)) has finite order N. Then, a is algebraic,
and B

N <c([Q(a): Q](1+h(a)“.

Proof. 1t is clear that a is algebraic, otherwise P would be identically torsion on C'
contradicting a hypothesis of Proposition 2.1.

For A=A(T(a)) we can take K=Q(T'(a)) in Proposition 7.1, and so

[K:Q]<cQ(a):Q],
with ¢ (like the others in this proof) independent of a. Also, since (po:...:pg) is not
constant, if for example A=y /o, then each of the affine coordinates of P is algebraic
over Q(A). Thus, we deduce [K(P(a)):K]|<c. Then, h(A)<c(l+h(a)) by well-known
properties of the Faltings height (see, for example, the discussion in [23, p.123]). The
required result follows. O
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8. Heights

In view of the following result, we can eliminate the height dependence in Lemma 7.2,

still in the notation and under the assumptions of Proposition 2.1.

LEMMA 8.1. There is a constant ¢=c(C) with the following property. Suppose, for
some a in C, that the point P(a) has finite order. Then, h(a)<c.

Proof. This is a consequence of Silverman’s specialisation theorem [74, p.197], be-
cause P is not identically of finite order (for generic ¢); note that our family of abelian
surfaces has no non-zero isotrivial part, because it is generically simple and itself non-

isotrivial. O

Another advantage of bounded height is the following easy remark, already to be
found in [50], concerning the sets Cy and C? in §6.

LEMMA 8.2. Let K be a number field containing the coordinates of the points of Cy,
as well as a field of definition for C. For any constant c, there is a positive 6=06(C, K, c¢)
depending only on C, K and c with the following property. Suppose that a is algebraic
on C, not in Cy, with h(a)<c. Then, there are at least 3[K (a):K] conjugates of a over
K lying in C°.

Proof. See [50, Lemma 8.2, p.126]. However, there we mistakenly omitted to men-
tion a field of definition for C, which is needed to ensure that the conjugates of a stay
in C. O

9. Proof of Proposition 2.1
We will need the following result from [49].

LEMMA 9.1. Let fo, f1,..., fs be analytic in an open neighbourhood N of a compact
set Z in C, and suppose that fo is linearly independent of fi,..., fs over C. Then, there
is c=c(fo, f1,-.., [s) with the following property. For any complex numbers aq,...,as the
function F=fo4aif1+...4asfs has at most ¢ different zeros on Z.

Proof. See [49, Lemma 9.1, p. 463]. O

To prove Proposition 2.1, we fix any positive e<1/é, with G as in Proposition 7.1.
We use c for various positive constants depending only on C'. We have to show that there
are at most finitely many a such that P(a) has finite order on A(7T(a)). By Lemma 7.2,
each such a is algebraic, say of degree D=[Q(a):Q], and due to Lemma 8.1 and the
Northcott property, it will suffice to prove that D<c. We will actually argue with a

single a.



252 D. MASSER AND U. ZANNIER

Next, Lemma 7.2 together with Lemma 8.1 shows that there is a positive integer
N < D@ (9.1)

such that
NP(a)=0. (9.2)

Fix a number field K containing the coordinates of the points of Cy, as well as a

field of definition for the curve C'. By Lemmas 8.1 and 8.2, the algebraic a has at least

1[K(a):K] conjugates over K in some C°; here §=c~!

union of at most ¢ closed sets ¢ !(D.), and so there is ¢ such that ¢ *(D.) contains at

. Now, C° is contained in the

least ¢~ 1[K(a): K] conjugates o(a), so at least ¢~ !D. And the corresponding conjugate
point o(P(a))=P(c(a)) also satisfies NP(c(a))=0.
We claim that each point ¥, =1(pc(o(a))) in R?9 lies in Q29, and even that NV,
lies in Z29.
Now, the function . arises from continuations fi c, ..., fa4.c,Zc of the functions in
§6. We deduce from (4.2) that
O(7e,ue) = P(c)

on N.. At o(a) this implies that
O(To(a); NUg(a)) = 0.
It follows that Nu,(a) lies in the period lattice
U(To(a)) =Zer+...+ Zeg+Zt1 +...+Zt,.

After multiplying this lattice by p;(la) and using (4.3), we find Zf; o +...+Zfy,  at o(a).
Thus, (6.1) shows that Nz1 ¢, ..., Nzag ¢ at o(a) lie in Z. Thus, indeed N, lies in Z29,
as claimed.

So, each ¥, in the set S of §6 has common denominator dividing N. By Lemmas 3.1
and 6.2, the number of such values ¥, is at most ¢N€. By (9.1), this is at most DG,
Let U=(z1, ..., £24) be one of these values. For any o with ¥, =7, the value of z. at o(a)
is a linear combination with coefficients x1, ..., xo4 of the values of fi , ..., fog ¢ at o(a).
Lemma 6.1 implies that, for example, the first coordinate of z. is linearly independent
of the first coordinates of fi c,...,f2g.c. So, Lemma 9.1 shows that the number of o(a)
for each W is at most c.

Thus, the total number of o(a) is at most ¢D%. Now, this contradicts the lower
bound ¢~ 1D noted just after (9.2), provided D is sufficiently large. As observed near the
beginning of this section, that suffices to prove Proposition 2.1.
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10. Examples and the proofs of Theorem 1.1 and Corollary 1.2

It was shown in [54, p. 294 and p. 296] that the Jacobian of (1.9) is identically simple, in
the sense of generic ¢ (and even that the endomorphism ring is Z). It has good reduction
at all the points (1.7). By the equivalence of (a) and (b) in Theorem 1 of Serre-Tate
[73, p.493], any torsion point yields a field unramified outside (1.7). However, the point
arising from (1.8) leads to ramification, for example at t=2; as this is already true of the
trisymmetric function defined by the product of the ordinates in (1.8). Thus, the point
is not identically torsion and our result applies.

To deal with the Pell equation A2—DB?=1 with squarefree D of degree 2g+2, we
choose any field K of characteristic zero over which D is defined, and we consider as in §1
the hyperelliptic curve Hp defined in affine A? by y?=D(z). This is singular at infinity
with two points oo™ and co™ on a non-singular model; we may fix them by choosing a
square root e of the leading coefficient of D(z) and stipulating that the function ex9+!+y
has a pole of order at most g at co®.

We now record the following fairly well-known result, for whose formulation in
slightly more sophisticated language we thank a referee, who also pointed out the ir-

relevance of what non-singular model we choose. As in §1, let Jp be the Jacobian.

LEMMA 10.1. The following conditions are equivalent:

(i) the class of oot —o0™ in Jp is of finite order;

(ii) the group of regular functions invertible on Hp is non-trivial;

(iii) there ewist A and B#0 in K[z] such that A>—DB?=1;

(iv) there exist A and B#0 in K[z] and ¢#0 in K such that A>—DB?*=c.

Proof. This is essentially [51, Lemma 10.1, p.2393] extended to arbitrary genus,
together with the remark, as in [51, pp. 2393-2394], that the solvability of

A’-DB?=¢, B#0

for some c#0 is equivalent to the same for ¢=1. In fact, that lemma contains some

additional information about the degree of A, which we do not need here. O

To prove Theorem 1.1, we use Theorem 1.7 for the curve V=Pp=3(cot—007) on
A=Jp. At a point ¢ where the Pell equation for D(c) is solvable we get, by the equiv-
alence of (i) and (iii) in Lemma 10.1, an element Pp(c) of VNAY). So, this element
lies in one of a finite number of abelian subschemes of codimension at least g—1. If one
of these has codimension g, then it is a finite group scheme, and so there is a positive
integer N (independent of ¢) such that NPp(c)=0. As NPp+#0 generically in case (a)
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this gives the required finiteness. If one of these has codimension g—1, then it is an ellip-
tic subscheme £. Now, the condition that N Pp(c) lies in £(c) again gives the required
finiteness, because N Pp is not generically in £ in this case (a).

In case (b), if nPp lies in an elliptic curve Ep in Jp, then Ep is defined over a finite
extension of Q(C) (see, for example, [46, Lemma 2.2, p.414]). We may find an isogeny

¢ from Ep to some E of the form

write Q=u(nPp). If E is not defined over Q, then @ is defined over Q(¢). Now, any of
the arguments in [77, p. 68 and p. 92| suffice to give infinitely many ¢ in Q such that Q
is torsion. So, there are infinitely many ¢ in C(Q) such that Pp(c) is torsion, and this
gives the main part of case (b), again by the equivalence of (i) and (iii) in Lemma 10.1.

Next, suppose that E is defined over Q. If Q is not defined over Q, then the
infinitude of the ¢ is immediate. If Q is defined over Q, then specialisation has no effect;
if @ is non-torsion we get no ¢ at all, also as in (b), and if @ is torsion then all but
finitely many c will do.

Finally, in case (c), if Pp is torsion, then here too all but finitely many ¢ will do.
This completes the proof of Theorem 1.1.

We now discuss some examples, which also show that all the cases (a)—(c) of this
theorem actually turn up.

Presumably, (a) holds with affine C=A"! for D=x8+2z+t, just as we proved in [51]
for 2%+ x+t.

And (b) holds for

D=a8+2%+t; (10.1)

in fact it is by now well known (see, for example, [77, p.68 and p.92]) that there are
infinitely many 7 in C such that Pell’s equation is solvable for x*+x+7, and then we
need only replace z by z2. In fact, this (10.1) arises because of the map from Hp to
Hp, with 5(92):564—}—92—1—15, defined by sending (,y) to (22,y). Extending to non-singular
models and taking the pull-back, we obtain a non-zero homomorphism ¢ from Jj to Jp,
so Ep=¢(Jp) is an elliptic curve. One checks that 2Pp=¢(Pp), so lies in Ep.

But for the constant

D=ax®+2?+1 (10.2)

Pell’s equation for #4+Z+1 is not solvable, and so we get the second possibility in (b):
there are no ¢ such that Pell’s equation is solvable for (10.2). This also arises in terms
of maps.



TORSION POINTS, PELL’S EQUATION, AND INTEGRATION IN ELEMENTARY TERMS 255

As an example of (c), we take

D=a84x%+t, (10.3)
exhibit the identity (1.1) with
8 4 4t+1 444
A= 82" 482" +4t+1 and B= 8"+ ,
4t—1 4t—1

and specialise to arbitrary t;«éi. This arises analogously with 5(:%):9?2—1—:%—1—15, for which
A2 —EEQZC, with fi::ﬁ—i—%, B=1and c= % —t. We may replace ¢ by 1 using the standard
trick, and then replace & by x*. Here, 4Pp=0 because of the function (z*+y)/(z*—y).

Finally, we prove Corollary 1.2. The key here, as for Theorem 1.3, is Liouville’s
Theorem, which says roughly that, if f is integrable in elementary terms, then it suffices
to use only logarithms, and in a linear way. More precisely, let § be a differential field
(of characteristic zero) with a derivation d, and suppose that the field F' of constants ¢
with dc=0 is algebraically closed. Then, f in § is elementary integrable if and only if
there are gg, g1 #0, ..., g, 70 in §, and ¢y, ..., ¢, in F' with

5 5
f:égo—kcl%—&—...—kcm%. (10.4)
1

See Ritt [65], Risch [63], and for a more modern exposition also Rosenlicht [67]; also
Liitzen [45] for an interesting history.

As we shall stress in the sequel, it is very convenient to take m minimal in (10.4). If
m>=1, then this implies the linear independence over Q of ¢y, ..., ¢;,. For if not, then we
could find p with 1<p<m and b1, ...,b, in F' such that cy, ..., ¢, are linear combinations
of by, ..., b, with integer coefficients. Then, substituting into (10.4), we would obtain an
expression with fewer functions hq, ..., h,, instead of g1, ..., gm.-

For Corollary 1.2, we take § as the function field C(Hp(c)), again with §=d/dz. Let
¢ be in C(C) for which there exists E#£0 in C[x] of degree e<2g such that f=FE//D(c)
is elementary integrable. This means that the differential form w=Fdx/ \/W has the

shape

d dgm
w:dgo—i—cl%—&—...—i—cmi, (10.5)
1

as in (10.4).

If e<yg, then w has no poles on Hp). If go is not constant, then dgp would have a
pole of order at least 2 which would not be cancelled out by any poles of dg;/g;, which
have order at most 1. Thus, dgo=0. However, any poles of dg;/g; have rational (and
even integral) residues, and so, by the independence of ¢y, ..., ¢,,, there is no cancelling
here either. Thus, also dg;/¢g;=0, i=1,...,m. But then w=0, contradicting F#£0.
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So, in this case e<g (which corresponds to differentials of the first kind, that is,
having no poles at all), there are no c at all such that f is elementary integrable at c.

If e=g, then w has simple poles at oot and oo™, but no other poles. So, still dgy=0.
And some g; (i=1,...,m) is non-constant. But now the only possible zeros or poles of
g; are at oot and co”. So, by the equivalence of (i) and (iii) in Lemma 10.1, Pell’s
equation for D(c) is solvable. Thus, by Theorem 1.1 (a), there are at most finitely many
possibilities for c.

Finally, if e>g, then w has poles of order e—g+1>2 at co™ and oo™, but no other
poles. So, the only possible poles of gy are at oot and oo™, of orders e—g.

If some g; (i=1,...,m) is non-constant, then we get finiteness as above. Otherwise,
w=dgo; but now go=A+yB for A, B in C[z]. As e—g<g, we must have B=0. But then
E/ \/W =dA/dx is clearly impossible. This completes the proof of Corollary 1.2.

Here, we see that the forbidden case e=2¢g+1 indeed allows go=2y with E=dD(c)/dz
(and m=0).

A referee wondered if the corollary could be strengthened by dropping the degree
condition and excluding only E of the form 1BdD(c)/dz+D(c)dB/dz for B in Clz].
Then, E/+/D(c)=d(B+/D(c))/dz is elementary integrable. The case B=2 corresponds

to e=2g+1 above. Indeed, the proof above gives this easily on remarking that, if
2yw =2y dA+BdD(c)+2D(c)dB

lies in C[z]dz, then dA=0. See also the discussion in [78, §2].

11. Residue divisors

It will be very useful later to generalise the minimality discussion around (10.4) and
(10.5), at least when go=0.

Namely, let U and 20 be vector spaces over Q. Any element ¢ of the tensor product
VR has a representation

r=011014... 40,10, (11.1)

where, for v in ¥ and t in 20, we abbreviate b ®1t to vtv.

We call (11.1) a shortest representation (sometimes known as tensor rank decompo-
sition) if there is no representation of r with fewer than m (sometimes known as tensor
rank) summands.

On this topic we record a few facts, almost certainly well known.
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LEMMA 11.1. The following conditions hold:

(i) For a given r#£0, the representation is shortest if and only if v1,...,0,, are lin-
early independent over Q and 101, ...,10,, are linearly independent over Q.

(ii) In that case, if r=01101+...+0,;,10,;, s another representation (of course with
m>m), then vq,...,0,, are linear combinations of 01, ...,0,, with coefficients in Q and

W1, ...,10,, are linear combinations of 1wy, ..., 10, with coefficients in Q.

Proof. For (i) the “only if” part is easy; for example, if vy, ...,0,, are dependent,
then we may shorten (11.1) (as we did with (10.4) above).

For the “if” part, we use the dual space U* of all homomorphisms from U to Q. An
fin U* extends to BRQAW in (11.1) by

f®) = flon)wi+..4 f (o) 0., (11.2)

in 20 (for example, by the universal property).

Suppose that there is a shorter representation r=v}w} +...+v/ w,, with n<m. Pick
any f in U* killing vf,...,0),. Then, f(r)=0 in (11.2), and so, by the independence of
107, ..., 10,,, we see that f kills by, ...,0,,. As f was arbitrary, this implies that vy, ..., 0,,
are combinations of v}, ..., 0], impossible because the former are also independent.

<5 Up,

We prove (ii) similarly, with f killing 01, ..., 0,;,. This completes the proof. O

So far, we used this only for B=C and 20U as the space of differentials on a curve.
When this curve X is defined over a field U=K of characteristic zero, and w is a differ-
ential on X with residues in K, then we define the residue divisor (compare also Serre
[71, p.4], for which we thank Daniel Bertrand)

Resw= Z(resP w)P
P

taken over all points P of X; now, 2 is the group of divisors on X itself tensored with Q.

For example, we have

d
Res(dg)=0 and Res(gg> =(9)
for the divisor (g) of g, and as in (21.8), on the curve y?>=x3—ux,
Res(m> = p1D1+psD (11.3)
(2 —2)VP—x P11+ p2Llia, .
with L
pr=o, pr=—o, Di=P—R and Dy=Q-S5,

—50
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for
P:(t,S), Q:(7t5i5)7 R:(t7 75)a S:(ftv 71’5)’

and s2=t3—t.

In general, write R=) ,, Z(resp w) for the subgroup of K generated by all residues
of w. If R#0 with rank m>1, it is rather convenient to choose p1, ..., p,, in R tensored
with Q such that R is contained in Zpi+...4+Zp,, with finite index; this we call an
over-basis of R (note that pq, ..., p, need not themselves be residues).

Now, there are integers a;p with resp wzzgl a;pp;, and the definition of R implies
that the matrix with entries a;p has rank m. Also, from )", respw=0, it follows that
> paip=0, so that

Resw=p1D1+...+pmDpm (11.4)

for genuine divisors Di:Zp a;pP of degree zero. Here, Dy, ..., D,, are linearly inde-
pendent over Q, and so, from Lemma 11.1 (i), we see that the representation (11.4) is

automatically shortest.

12. Elimination of non-simple poles

We show here that it suffices to prove Proposition 1.4 when the associated differential
w=fdx is of the third kind. We have temporarily changed from the notation w to
“calligraphic” @ to emphasise that we are taking K as Q(C) at the moment. Similarly,
we use P in place of P for points, D in place of D for divisors, and so on.

This step seems to be related to Davenport’s fifth obstacle. By taking a finite
covering of C, we may assume that all the poles of @ are defined over Q(C).

Suppose that the simple poles of w are among P4, ..., P4, and the non-simple poles
at Py, ..., P., of orders —wy >2, ..., —w, =2, respectively. Let ¢ in C'(C) be such that the

specialisation w(c) is integrable. Then, we have an expression

dg”
g

w(c):dg(()c)JrZ CEC) (12.1)
i=1

as in (10.5), for cgc), ceey 9 in C and géc),ggc), ...,g,(f;) in C(X(c)). Here, the superscript
(c), which unfortunately now seems necessary, indicates that the dependence on c is not
necessarily algebraic, unlike X(c) and w(c)—however, we usually refrain from putting
a superscript on m=m(), and other similarly occurring integers or rationals, as the
notation would get too cumbersome.

By reduction theory, we may suppose that the only simple poles of w(c) are among
the specialised P4 (c), ..., P4(c), and the only non-simple poles at Pj(c), ..., P.(c), still of
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orders —wi, ..., —we. Then, g(()c) in (12.1) must have poles of orders —w;—1, ..., —w.—1
at Pi(c),...,P.(c), and no other poles. Fix basis elements fo=1, fi, ..., f- of the linear
space
L((—w1 —1)P]+...4+ (—we—1)P)

of elements of Q(C) with poles of orders at most —w;—1, ..., —w.—1 at P}, ...,P., and

no other poles. Then, fy(c)=1, f1(c), ..., f-(c) are basis elements of the specialised space

L((—w1—1)Pi(c)+...+(—w.—1)P.L(c)).

(e) _

We may assume that g~ =Y ._; al(-c)fi(c) (i.e. no fp) for complex coefficients a'?;

7

most of g(()c) depends algebraically on c. So,
w(c)— Y a® dfi(c)
i=1

is of the third kind.

Consider the generic condition that w—1;_, a; df; is of the third kind. This amounts
to a set of linear equations in the a; over Q(C). The specialised equations have a solu-
tion, and so we may assume that the generic equations also have a solution, else looking
at ranks would give the finiteness of the ¢ at once. In fact, this latter solution is unique,
otherwise we could find by, ..., b, not all zero in Q(C) such that

Zr:bi df =d<i bifi)
i=1 i=1

would be of the third kind. As it has no residues, it would have to be a differential of the
first kind. But the only exact differential of the first kind is zero. Thus, 22:1 b; fi=bo,
so all b;=0, a contradiction.

Thus, again by looking at ranks, we may assume that the specialised equations also
have a unique solution, and as

T

w(c)= Y a;(c) dfi(c)

i=1

is of the third kind, we conclude that the a'® =a;(c) also depend algebraically on c. Now,

o' =w-Y_ a;df; (12.2)
i=1

is of the third kind. Thus, Proposition 1.4 for @’ implies Proposition 1.4 for w.

As the above arguments do not mention the quantity D in Proposition 1.4, they are
capable of wider application; we will see this in §13, §14, §17, §19 and §20.
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Remark. One may wonder about an analogue of Davenport’s assertion when “el-
ementary integrable” is replaced by “exact”. This corresponds to just w(c):dgéc) in
(12.1). The analogue of the above arguments goes through, showing that it suffices to
treat w of the third kind. But then clearly w(c)=0, so that the finiteness is easy (and

effective).

13. Proof of Proposition 1.4

From §12, we may assume that w is of the third kind.
We need two preliminary observations about the relation group of elements 71, ...,7p

of an additive group; this is defined as the set of (m1,...,m;) in ZP with
myry+...+mpr, =0.

LEMMA 13.1. Let Ay be an abelian variety defined over a number field K, and
denote by w the order of the torsion part of Ao(K). Let h on Ao(K) be a Néron—Tate
height with respect to some polarisation, and denote by >0 the minimum of h on the
non-torsion part of Ag(K). Let My, ..., M, be in Ay(K) with h(M;)<A, i=1,...,p, for
some A20. Then, the relation group of M, ..., M, has basis elements whose supremum
norms are at most pP~lw(A/§)P=1/2,

Proof. This is [53, Theorem A, p. 257]. O

LEMMA 13.2. Let A be an abelian variety over Q(C) with no non-zero isotrivial
part, and let Py, ..., P, be in A(Q(C)). Then, the ¢ in C(Q) such that the relation group
of the specialised points Pi(c), ..., Pp(c) on the specialised A(c) has rank strictly larger

than that of the relation group of Pi, ..., P, have height bounded above.

Proof. Let v be the rank of the relation group of P, ..., P,. Then, we may suppose
r<p, and also that P,11,...,P, are independent. The relation group of Pi(c), ..., Pp(c)
has rank strictly larger than r, and so P,yi(c), ..., Pp(c) must be dependent. Now, the

standard form of Silverman’s theorem [74] gives what we want. O

With a view also to proving Theorem 1.3, we now take a fixed differential w on our

curve X defined over Q(C).
If ¢ in C(C) is such that the specialised w(c) is elementary integrable, then we have

an expression

w(e)=) P (13.1)

with m=m(®) as in (12.1) but now dg(()c)z().



TORSION POINTS, PELL’S EQUATION, AND INTEGRATION IN ELEMENTARY TERMS 261

We choose (13.1) shortest as before, so that the c(lc), ...,cgﬁ) (if m>1) are linearly
independent over Q.

Now, the zeros and poles of the ggc), ...,g,(ﬁ) (if m>1) give rise to poles of w(c) of
order at most 1. If the poles of order at most 1 of w are among P, ..., Py (for some d>1),
then we may assume that the poles of order at most 1 of w(c) are among the specialised
Pi(c), ..., Pa(c). It follows that the divisors of gEc) have the form

d
(ggc)):ZNiij(C% i=1..,m, (13.2)

with integer coefficients N;; (here we also omit the superscript) satisfying of course
d
> ONy=0, i=1,..,m, (13.3)
j=1

inZ (if m>1).
We note that the matrix with rows N;=(N1, ..., Nig), i=1,...,m, has full rank m
(if m>=1). Otherwise, by (13.2), the glc), ...,g,(f;) would be multiplicatively dependent
modulo constants. Then, dgic) / glc), oy dg /g would be linearly dependent over Q,
and (13.1) would not be shortest.
Thus, by (13.3), we have
m<d—1 (13.4)

(even if m=0).

Now, we can prove Proposition 1.4.

First, we note that, if X has genus zero, then for example, by using a rational
parametrisation, we see that w itself is generically elementary integrable. So, we hence-
forth assume that X has genus g>1. The Jacobian J of X has dimension g, and, by
reduction theory, we may assume the same for the Jacobians J(c) of the specialisations
X(c).

We use induction on d. If d=1 the assertion is trivial by (13.4), even without
bounding the degree, for then m=0 and, as before, any pole of géc) has order at least
2, and so dg(()c)zo. Thus, the integrability of w(c) implies that w(c)=0, which by w#0
would lead to finitely many c.

So, we may assume that the poles of w are among P, ..., Py for some d>2, as before
defined over Q(C).

If ¢ is a point as in Proposition 1.4, then we have an expression (12.1). We choose m

(c) (c)

minimal as before. As above, we may assume that m>1. Thus, ¢;”,...,ci,’ are linearly

independent over Q.
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We also have (13.2) and (13.3). Thus, for example

d—1
> Nij[Pj(c)=Pa(c)] =0, i=1,..,m, (13.5)

j=1

are m independent linear relations among the divisor classes
[Pij(c)=Palc)], j=1,..,d—1,

considered as points on J(c).

If it happens that J has no non-zero isotrivial part (as in the situation of Lemma 8.1,
for example), then we can finish at once. Namely, the relation group of the [P;—Py],
j=1,...,d—1, is naturally a subgroup of that of the [P;(c)—P4(c)], j=1,...,d—1. There
are now two possibilities.

If the two groups have the same rank, then just m>1 shows that the [P; —Py] are
linearly dependent on J. Thus, there is non-constant f with divisor

d—1
> ni(P;—Pa).
j=1

We may assume ng_17#0, and then we consider

/ @d—l df
w=w— =,
ni-1 f

where calligraphic gq—1 is the residue resp, , w of w at Py_;. This has poles among
P1,...; Pg_1; and w’(c) is elementary integrable. So, by induction on d, we get at most
finitely many c, unless @’ is elementary integrable. But then so would w be, contrary
to hypothesis.

If the two relation groups above do not have the same rank, then Lemma 13.2 implies
that ¢ has height bounded above. As, by assumption, its degree is also bounded above
(by D), Northcott now gives the finiteness we want, at least in this special case.

In general, there is an isogeny from J to Ax Ag, where A has no non-zero isotrivial
part and Ay is isotrivial (or even “trivial”, i.e. constant). Denote by w4 and 7y the
corresponding maps from 7 to A and Ay, respectively. It will cause no confusion when we
write 74 and 7 also after specialisation, that is, from J(c) to A(c) and Ay, respectively
(indeed it might cause confusion when we didn’t).

Projecting (13.5) to A(c) gives

u

-1
Nima[Pj(e)=Pa(c)] =0, i=1,...,m.
1

<.
Il
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Thus, by Lemma 13.2 as above, the height h(c) is bounded, and we can conclude, unless

the
d—1

> NywalPj—=Pd), i=1,..,m. (13.6)
j=1
themselves are torsion. So, we may assume this.

Let ¢ be the rank of the group generated by these ma[P;—Pq4l, j=1,...,d—1. Then,
there are basis elements fi,...,f3_1_4 of their relation group F' in Z41 with norms
<1, where the implied constant (here and subsequently) is independent of c¢. We can
find independent f7, ..., fé in Z%1 orthogonal to fi, ..., fa—1—4, also with norms <1. We
deduce from (13.6) that Ny, ...,N,, are orthogonal to fj, ..., ;.

Write g1, ..., 04 for the residues of w at Py, ..., Py, respectively. Then, (12.1) and

(13.2) give, for the specialised residues,
0i(c)=> "INy, j=1,..d. (13.7)
i=1

It follows that (g1(c), ..., 0a—1(c)) is orthogonal to fj, ..., f;.

If (01, ..., 0a—1) is not orthogonal to ff, ..., f;, then we get a non-trivial equation for
c which determines it.

Thus, we may suppose that (01, ...,04—1) is orthogonal to fi, ..., f;. Now, we play a
similar game with the relation group U in Z?~! of 41, ..., 0q—1. If the group generated
by them has rank s (note that s>1 because the d—1>1 residues are non-zero) then
U has basis elements uy,...,ug—1—s, with norms <1. We can find independent u}=
(ugl,...,u;,d_l)7 t=1,...,s, in Z%! orthogonal to uy,...,us_1_s, also with norms <1.
Now, fi,...,f; lie in U, so are orthogonal to uj, ..., u}. Therefore, uj,...,uj lie in FRQ.

Thus, their multiples by a positive integer wo<1 lie in F itself. This means that

d—1
wo Y upma[Pj—Pa]=0, t=1,..,s. (13.8)

Jj=1

We next project (13.5) to the isotrivial part Ag, giving
d—1
> Nijmo[Pj(e)—Pa(c)| =0, i=1,..,m. (13.9)
j=1

Let r be the rank of the group generated by these mo[P;(c)—Pq(c)], j=1,...,d—1.
Fix a polarisation on A. By Lemma 13.1, there are basis elements ggc), . gt(i(i)kr of their
relation group G in Z4~! with norms <w(A/§)@=2)/2,
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We are now in Ag(K), for Ap fixed and [K:Q]<D<«1. Therefore, we now have w<1
and 6>>1 (see, for example, the discussion round (13) and (14) in [53, pp. 255-256]). It
is not difficult to see also that A< h(c)+1. Thus, the norms are at most N'< (h(c)+1)"*
for k=1(d—2).

Assume for the moment that r#0. By Siegel’s Lemma, we may find independent

gfl(C)7 ...,glr(c) in Z4~! orthogonal to g§c), ...,g((;i)lir, with norms at most

N < N7« (h(c)+1)", (13.10)

with say k'=kd.

By (13.9), the N1,...N,, lie in G.

Now, (13.7) implies that (¢1(c), ..., 84—1(c)) is orthogonal to gll(c)7 gl

(e) /(c)
sy B

for ¢, which implies easily h(c)<log N’+1. By (13.10), this implies that

If (61, ..., 64—1) is not orthogonal to g'l , then we get a non-trivial equation

h(c) < log(h(c)+1)+1.

Thus, h(c)< 1 and we are after all done by Northcott.

Thus, we can suppose that (91, ..., 04—1) is orthogonal to g™, ...,gr '. As above,

/(<) /(c)
1
we find that gll(c), ...,g/r(c) lie in U, so are orthogonal to uj,...,u}. Thus, u},...,u} lie in

GrQ.
It follows that the

d—1
> uimo[Pi(e)=Palc)], t=1,..s, (13.11)
j=1

are torsion, at least if r#0.

If =0, this follows anyway, because then all mo[P;(c)—Pa(c)], j=1,...,d—1, are
torsion.

Thus, on multiplying (13.11) by the w above, we get zero. The resulting equations

determine c, unless they vanish identically. That is,

d—1
w upmo[Pj—Pa] =0, t=1,..,s.

j=1
In conjunction with (13.8), this shows that the [P;—Py], j=1,...,d—1, are linearly
dependent on J. Now, we can finish by induction on d, as in the case Aq=0, using w’.

This completes the proof of Proposition 1.4, ready for the disposal of Davenport’s
third obstacle.
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14. Torsion points
14.1. Abelian varieties

The main argument of this section shows how the simplifications of §12, together with
Proposition 1.4, lead to torsion points. The general principle is essentially classical (see
Goursat [32], for example), at least for fixed integrals; we follow the formulation due to
Risch [64]. Roughly speaking, this says that, if w in (11.4) is elementary integrable, then
the classes [D1], ..., [D,] are torsion. But we carry this out in the context of families. It
will quickly lead to a proof of Theorem 1.3 (a), when the genus g>2 and the Jacobian J of
X is simple, again without exceptions. In that case, we may apply Theorem 1.7 to deduce
Theorem 1.3 (a). But, if g=1, the proof works only if there is no complex multiplication
(again without exceptions). In that case, we must use generalised Jacobians and apply
Theorem 1.6 instead. This partly overcomes Davenport’s fourth obstacle.

With Theorem 1.3 (a) in mind, we start with @ (again calligraphic) not elementary
integrable. The arguments of §12 show that we may assume it to be of the third kind,
with poles (if any) defined over Q(C), with residues also in Q(C).

If @ is of the first kind, then it is easy to see that (13.1) can hold for at most finitely
many c. Namely, we may assume that m=m(®)>1, and we may also assume as above
that (13.1) is shortest, and so c(lc), .y ) are linearly independent over Q. For any P on
X(c), we have

m

O=respw(c)=) % ordp g,

i=1

(©) =0 for all P and i. Thus, all ggc) are constants, leading to

It follows that ordp g,
w(c)=0. As w#0, we get at once the finiteness required in Theorem 1.3 (a). Compare
the arguments just after (10.5).

If w is elementary integrable modulo differentials of the first kind, then again we
get at most finitely many c. For then we may suppose that w is already of the first kind;
and still not elementary integrable. But then the arguments just above apply.

They also apply if w is of the second kind (that is, all its residues are zero).

So, from now on, we assume that w has at least one non-zero residue, and is not
elementary integrable modulo differentials of the first kind.

Now, if (13.1) holds for some c, we have, as above,
resp w(c) = Z cgc) ordp gi(c).
i=1

Denote by R(c) the (non-zero) additive group generated by the residues of w(c). Thus,
R(c) lies in the group generated by cgc), et So R(c) has rank at most m. But, if R(c)
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had rank strictly less than m, then the matrix with entries ordp g(C)

.~ would have rank

strictly less than m. This would imply the multiplicative dependence modulo constants
of the gz(c), so the linear dependence over Q of the dggc)/ggc), contradicting shortness.
Thus, R(c) has rank exactly m.

At the same time, we can consider the group R generated by the residues of w.
Clearly, by specialisation, this has rank at least m. If it were strictly bigger than m, then
there would be a linear dependence relation not arising from specialisation. This would
imply that the degree [Q(c):Q] is bounded above independently of c¢. Now, Proposi-
tion 1.4 leads to the required finiteness conclusion of Theorem 1.3 (a). This disposes of
Davenport’s third obstacle.

Thus, we may suppose that m=m(®) (independently of c) is the rank of R, and that
this coincides with the rank of R(c).

We now proceed with this preliminary approach to Theorem 1.3 (a) by induction on
m, the case m=0 corresponding to differentials of the second kind already discussed.

Let us fix over-basis elements g1, ..., 9,, of R (recall that this means R is of finite
index in the direct sum Zo;+...4+Zg,,). Then, g1(c), ..., 0m(c) are over-basis elements
of R(c). We have a shortest representation

m
Resw = Z QzDz
i=1

for (calligraphic) divisors Dy, ..., D,,. By our assumptions about poles and residues, we

may specialise to
m

Resw(c) = Z 0i(c)Di(c),

i=1

and this too is shortest. The latter is also

m
3 (g,
=1

by (13.1). Tt follows from Lemma 11.1(ii) that the vector spaces over Q of divisors
are the same. Therefore, there is N=N() >1 such that the N D;(c) are integral linear

(C)) -

combinations of (g; . (ggff)). We may use the same notation for these combinations,

and correspondingly cgc), ey c5§)7 so that (13.1) continues to hold; but now
(¢ =NDy(c), i=1,..,m. (14.1)

So, the classes [D;(c)], i=1,...,m, are indeed torsion on the specialised Jacobian J(c).
Also,

Nw(e)=) oilc) CR (14.2)
i=1 9;
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Next, we show that we may assume that the generic [D4], ..., [D,,] are independent

over Z. In fact, an integer relation

0= i_n; ai[Di] = {i az-Dz}

would lead to f with divisor >.'", a;D;. We may assume that a,,#0, and because

m—1

Res <amw—gmi{> = Z (@moi —0mai)D;, (14.3)
i=1
with fewer summands, we could finish using the induction hypothesis.

So, from now on, in this section we will assume that [D1], ..., [Dy,] are independent
over Z.

Also, let us suppose for the rest of this section that 7 is simple.

If the genus g>2, we can conclude at once, because just the torsion of [D1(c)] on
J (c) gives the finiteness using Theorem 1.7, the only abelian subschemes of codimension
at least g—1 having codimension g.

If g=1 with m>2, then just the torsion of ([D;(c)], [D2(c)]) on J(c) x J(c) gives the
finiteness using again Theorem 1.7 (this is the main result of [49]). But, as we know that
[D1] and [Ds] are independent only over Z, this argument fails when there is complex
multiplication. This gap will not be filled until §20.

What if g=1 and m=17 Up to now, all we know is that [D;(c)] is torsion on the
elliptic curve J(c). But we already saw in §10 that this usually happens for infinitely

many c. So, we need a new argument.

14.2. Generalised Jacobians

The simplest example is
dx

(x=2)\/z(x—1)(z—1)

woy =

over C=P, because the only residues are 41/y/4—2t, at the poles (2,+y/4—2t). To
make progress, we now have to consider the zeros of the differential; for wq there is a
single zero (of order 2) at occ.

Return to the general case g=1 and m=1. As w has a divisor of degree 2g—2=0,
it certainly has a zero at some Z, which we may also assume defined over Q(C), so also

w(c) vanishes at Z(c). Thus, g%c) satisfies

9\ (2(c)) #0.
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We may suppose that this value is 1, and then, by (14.2), the function ggc)—l has at
least a double zero at Z(c). So, not only is [D1(c)] torsion on the elliptic curve J(c),
but also its “narrow” class [D;(c)]az(c) is torsion on its extension J(c)oz(c) by Ga
corresponding to the divisor 2Z(c) in the sense of the appendix (this situation seems not
to be classical). Now, the required finiteness follows from Theorem 1.6, for it is pointed
out in the appendix that the extension J2z (there G3) is non-split, and so the only group
subschemes of positive codimension are finite or inverse images of torsion points on J
(finitely many copies of G,). So, we get finiteness as long as [Di]2z is not inside such a
subscheme. But then, projecting down would show that [D;] is torsion, a contradiction.
By the way, this argument works even when there is complex multiplication.

In fact, it can be shown (when g=m=1) that conversely, if [D;(c)]2z(c) is torsion
on J(c)az(c) for some c, then w(c) is elementary integrable. This remark can be used

to construct more unlikely integrals, for example in the constant case

v de 1t ($2+(2+2i)m+2ix—1)

T—i\/23—x 4 22 —(242i) Vo3 —x+2ir—1
comes from Dy=P—R, with P=(i,1—i) and R=(i,—1+1), and [D1]az of order 4, with
Z=(—1,14+1%); the function — f in brackets has divisor 4D; with ordz(f—1)=2. Detmar
Welz has pointed out that this is a special case of Goursat’s results in [31]. Compare
also (21.11).

(14.4)

15. Ramification and the splitting line

We now pause to take stock and to explain the difficulties in going further and completely
overcoming Davenport’s fourth obstacle. So far, we have proved Theorem 1.3 (a) when
the generic Jacobian J is simple (but ruling out CM if g=1). In some sense, this is a
likely situation; but already Legendre (at the age of 80) showed that it is not certain.
Namely, if g=2, then a Jacobian can be isogenous to a product F; x Es of elliptic

curves. Jacobi himself gave the family (see also [14, p. 155])
y* = ax® +brt+cx?+d (15.1)

whose Jacobians are isogenous to the product of the (palindromic pair of) elliptic curves
FEy and Es defined by

y? =axt+bri+cri+d and  y3 =drd+crs+brsta, (15.2)
respectively. This is a consequence of the maps

(]51(.73,]4) = ($1,y1) = ($2,y) and ¢2($, Zl) = (va Z/Z) = (l‘iQ, $73y)' (153)
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It is then likely that F; and E5 are not themselves isogenous.
If this holds in the situation of §14, so that g=2 with an isogeny ¢ from the param-
eterised J to a product & x&; of non-isogenous curves, then the considerations of the

previous sections can be made to succeed, provided m>2. For example, we can write

U([D1]) = ([D11], [D12]) and  «([D2]) = ([Da1], [D22]),

and specialise to get two torsion points on each of & (c) and &(c). Using [49] as above
on &1, we get finiteness unless [D;1] and [Da;] are dependent, and so essentially the same
class [D}]. Similarly, [D12] and [Dago] are essentially the same class [Dj)].

Now, [50] on products (also a special case of Theorem 1.7) allows us to suppose that
at least one of [D]] and [D}] is essentially zero.

But this contradicts the independence of [D;] and [Ds)].

What if m=1? Then, we can work on a suitable additive extension as in §14. These
also arise through generalised Jacobians, even for curves X of arbitrary genus over an
arbitrary field. As in Serre [72, p.27 and p. 76], one chooses a modulus m, that is, a
divisor ) | p.p sp P with a (possibly empty) set P of points of X and multiplicities sp>1.
Then, Jacy,(X) is the quotient of the group of divisors D on X of degree zero prime to
P by the group of principal divisors (f) with ordp(f—1)>sp for all P in P. We denote
the class of D in this quotient by [D]m. This is slightly dangerous, because [D]=[D’]
does not imply [D]m=[D']m (rather the other way round). Such things could be avoided
by using [D]g corresponding to the modulus supported on the empty set, but we prefer
risk over pedantry. Anyway, for empty P, one obtains the ordinary Jacobian Jac(X),
with classes [D], and for non-empty P, one obtains also an algebraic group, an extension
of Jac(X) by a linear group (see [72, pp.91-98]).

We shall need only the case m=sP for a single point. Then, Jsp=Jacy,(X) is an
extension of J=Jac(X) by G5~1 (see [72, p.96]), so that

0—G: ' —Jp—J—0. (15.4)

If s>2, it is known that this is non-split, in the sense that it is not isomorphic to G5~ x .J
(implicit in [72, p. 188] for s=2, and explicit in Rosenlicht [66, p.529] for general s).

In our calligraphic context with the Jacobian J of X, we may at first try Joz, as
near the end of §14, with

0—G,— Joz — T —0. (15.5)

As observed, this is non-split; but Theorem 1.6 is for extensions only of elliptic curves.
We can obtain these by using an isogeny from J to £ x&; in (15.5), but it is not clear
that they are non-split, and indeed it is not always true.
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An example is for Z=(0,1) in the special case d=1 in (15.1). For any f=f(z1,y1)
on E; having no zero or pole at Q=¢1(Z)=(0,1), the pull-back fi=¢%f=f(2?,y) on
(15.1) is of course principal with [(f1)]=0, but also the narrow class [(f1)]2z=0, due to
the expansion z=m, y:1+%c772+... , with a local parameter 7 at Z. Thus, taking [D] to
[¢7D]2z gives a well-defined regular map from Jac(E1) to Jaz (at first from (E4)q, but
as in the appendix that is the same as the Jacobian). It is non-zero, because, for any
Py=(x1,y1)#00 on E; with £1#£0 and y; #0, we have

B1(Pi—00) = Z,+ 7 — (00" +007), (15.6)

with Z.=(4/T1,y1); but the only functions on (15.1), with polar divisor co™+o00™ are
x—a, up to constants, and these have zeros of the shape (x, +y). Thus, even the standard
class on the right of (15.6) is non-zero.

Now, by restricting the analogue of (15.5) to the kernel of the projection from J to
E5, we indeed obtain an additive extension of Fi; but it splits because of ¢7. One could
say that (15.5) can be “half-split”.

In general, the matter depends on ramification properties of ¢ and ¢o (see §16.3).
In (15.5) we can resolve it by using Riemann-Roch and Hurwitz to go to a suitable J;z,
possibly with s>3, that has the effect of killing the ramification. So, the case m=1 can
be handled.

But it can happen that F; and Es in (15.2) are isogenous. The example with
a=—d=t+2 and ¢=—b=3t—10 (itself “antipalindromic”) leads, after replacing x by
(x+1)/(z—1) and adjusting y, to

P =ab +tad o (15.7)

In fact, there is an isogeny ¢ from the Jacobian, which we could now call J over Py, to

the square £2 of an elliptic curve, which is just
PP =3 it —1, (15.8)

with

We can take ¢(D)=(p1.(D), p2.(D)) with the (calligraphic) maps

from (15.7) to (15.8), where 52:1/(154—2); these are easily seen to be independent, for
example by considering valuations at xt==1.
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Now, the above methods fail for m=2 as well. In that case, assuming no problems

with ramification, we have to take m=2 copies of (15.5) to give
0— G2 — T — J*—0.

However, we do not obtain a torsion point on the specialised J7, until we have taken
the quotient by a suitable line in G2. Using ¢ from J? to £* and then [49], we can
reduce to an extension of just a single £ by G2 (a sort of fibre product). But even here,
it is again not clear that we end up with something non-split after taking the quotient.

This problem has nothing to do with ramification. It turns out that we do obtain
non-split, with the exception of a unique bad line or “splitting line”. This we explain in
the appendix.

In fact, all these examples arising from (15.1) can be handled by a trick using the
involution Y sending (x,y) to (—x,y); this reduces Theorem 1.3 to the case of genus 1
(which however still needs care, as (21.8) shows). For w is elementary integrable if and
only if

w=w+T"(w) and wry=w—"T"(w)

are, and it is easily seen that these are pull-backs of differentials on £ and E3 by ¢
and ¢9, respectively.

But we do not know how to use similar tricks for other examples (see also the remark
in Krazer [42, p.479]). Hermite found the curve

y? = (2? —a) (82> —6ax—b),
and elliptic curves
y? = (2ax1—-b)(x?—a) and y2=x3—3axy+b,

with the maps

3 2 3 3
O e e R €=t =)
(see Konigsberger [41, p.276], with a misprint). Consult also [42, p.480] for another
example, and Enneper and Miller [25, pp. 501-513] for a survey. Also Kuhn [43], Frey
[29], and Frey and Kani [30] have considered general examples in genus 2. See Cassels
[13, p. 202] for an example in genus 3. (Not to mention Mestre [56, p. 196] in genus g=19,

or Ekedahl and Serre [24] for g=1297.)

Finally, when we take ramification into account, as well as the situation for general
g, we have a similar problem for extensions of € by some G25~2; but still the splitting
line controls the quotient.
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16. Elusive differentials
16.1. Preamble

In order to prove Theorem 1.3, we must of course say what we mean by elusive f. The
reader is advised that the definition extends over the next few pages and involves two
lemmas.

We work in K(X), where K is a field of characteristic zero now containing Q, and X
(no longer calligraphic) is a smooth irreducible curve defined over K. As in the previous
sections, we prefer to work with differentials w on X defined over K. Denote by J the
Jacobian of X, the set of all classes [D] of divisors D of degree zero.

For non-constant maps # from a curve to a second curve, we use the standard nota-
tion 6, and 6* for the action on divisors or their classes [-], as well as 8* on differentials
(see, for example, [75, pp. 33-35]). Thus, the composition ,-6* is simply multiplication
by the degree of 6. But 6*<6, is not so easy to describe.

Soon, we will take the second curve to be an elliptic curve. In that case, the maps
(now including constant maps) form a group, and it is easy to see that (61+62).=01.+602.
on divisor classes of degree zero. In fact, the same linearity holds with upper stars; but
this is not quite so straightforward (and may be deduced from the seesaw principle, for
example).

To begin the definition, there are no elusive w (that is, no counterexamples to Dav-
enport’s assertion) if the genus g of X is zero. Thus, henceforth we assume g>1, so that
J has positive dimension.

Also, there are no elusive w if J does not contain an elliptic curve.

If J does contain an elliptic curve, and € is a non-constant map from X, then it
turns out that, in certain special circumstances, 0% -6, can be described. This will be the
content of the next two lemmas.

When J is as above, there is an elliptic curve E and an isogeny ¢ from J to
E"xB (16.1)

for some positive integer n, where B is an abelian variety containing no abelian subvariety
isogenous to E.

We fix any point Py on X, and define the embedding j of X in J by j(P)=[P— FP;].
The analogous construction for E taking the origin enables us to identify E with its
Jacobian. Recall that the endomorphism ring O of E comes with a natural Rosati
involution, whose action on 3 we denote by f.

We remark that, if (;3 is a non-zero homomorphism from J to E, then gi):qgo 7 is
non-constant from X to E. For if not, then, because ¢(Py)=0, it would be zero; but,

since 7(X) generates J as a group, this is absurd. We can also check that ¢.=¢.
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LEMMA 16.1. Let X, J, E, ¢, n and B be as above, and let my,...,m, and ©p be
the projections from o(J) to the various factors in (16.1). Write ¢pp=mgotoy, k=1,...,n,
from X to E. Then, t=(d14, .., Pnx, TBoL), provided we identify E with its Jacobian,
so in particular ¢1, ..., ¢, must be linearly independent over O. Let g, be in O with
Vihx =Prxo@}, k,h=1,...,n. Then, for any o1, ...,ay in O, there are B, ..., By in O with

Zﬁ_hvkh:lak, k:].,...,n, (162)
h=1

for some positive integer 1.

Proof. Taking ¢=myor in the remark above, we see the required expression for ¢,

and so the linear independence assertion.

Now, the matrix with entries 7, is non-singular. Otherwise, we could find o, ..., o,

in O, not all zero, with
Avipte oy =0, h=1,..,n.

But then, for ¢=0a)¢1+...+a),¢,, we would have from bilinearity ¢,-¢; =0, h=1,...,n,
and then ¢,0¢* =0, leading to a contradiction through the degree.
Thus, indeed, 51, ..., B, and [ exist as in (16.2). This completes the proof. O

We now make the above comment on 6*<6, precise.

LEMMA 16.2. Let X, J, E, 1, n and B be as above, with ¢1,..., 0, and Ypi as in

Lemma 16.1. Let M be a non-torsion point on J with

UM)=(Q1, ., Qn, H) (16.3)

for points Q1,...,Q, on E and H on B. Assume that there is a positive integer a and

aq, ..., ay in the endomorphism ring O of E with
aQr =@, k=1,...n, and aH=0 (16.4)

for some point Q on E. Define B1,..., 8, and [ as in Lemma 16.1, and define

0= Buon
h=1

from X to E. Then, 0 is non-constant, c=) _; Bran#0 is in Z and
af. M = cQ. (16.5)

Further,
abl* 0, M = abdo M

for the degree b of 1 and the degree do=cl of 6.
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Proof. If 6 were constant, then, by the remark just before Lemma 16.1,

> Bulmner)
h=1

would be zero. Thus, 8,=0, h=1,...,n, and also a;=0, k=1, ...,n, by (16.2). But then
(16.3) and (16.4) would show that M is torsion, against our hypothesis.
Next, we define Qp=0.M on E. We calculate

Qo=0.M=) B M= Bp.Qn,
h=1 h=1
which, by hypothesis, implies that
aQo = c.Q (16.6)
for

n
c= Z ﬂhOAh.
h=1

Now, the degree dy of 6 can be evaluated by working out ,°0*, which is

<Zﬂh*¢h*)o(2¢m;> = Brenee B =1 Buwtns =lca.
h=1 t=1 h=1

h=1 t=1
Here, we used (16.2) and the fact that (3).=/3* (consider ()., for example) on divisor
classes of degree zero. Thus, dy=Ic is a rational integer and ¢#0. Now, ¢ is in O and in
Q, so in Z.
Define also £=0*Qy=60%0,.M on J. Then,

U&) = (91:&; -, Inak, mB(1(€))), (16.7)
and here

m5(1(€)) =75 (07 Qo)) = f(Qo)
for the map f=mpgecief* from E to B. However, our assumptions on F and B imply that
f=0. Thus, we can go further with (16.7) as

au(€) = a(¢1.0Qo, -+, $ns0* Q0, 0) =a( > B Qos ooy Z%h*BZQmO),

which is - o

al(a1:Qo, -y s Qo, 0) = le(14Q, ..., s @, 0),
by (16.6). By (16.4), this is in turn ale(Q1, ..., @n,0). Thus, recalling (16.3), we get

at(§) =ale(M).
Therefore, ab§=ablcM =abdyM . Thus,
abl* 0, M = abdy M,

and this completes the proof. O
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16.2. The definition

We now continue with the definition of elusive.
In fact, there are no elusive w if J does not contain an elliptic curve with complex
multiplication.

So, from now on, in this section, we suppose that this is not the case; equivalently

(EQ) There is an isogeny ¢ from J to E™x B for some n>1, where E is an elliptic
curve defined over Q with complex multiplication and endomorphism ring say O, and B

has no abelian subvariety isogenous to E.

We shall need the concept of generalised Jacobian, for the moment only for g=1
(but later for any g). This is recalled in the appendix. For an elliptic curve F over K, a
point W on E and a positive integer r, we denote more precisely by F,y the extension
called G, there with respect to the modulus »W. The corresponding class in F,.y of a
divisor D (prime to W) on E will be denoted more precisely, as above, by [D],.w. The
linear part of E,yy is isomorphic to G5 ~1 and consists of the classes [(k)],w of principal
divisors (k) of functions &k (with no poles or zeros at W) on E.

Next, we list certain properties (E1)—(E4) about a differential w of the third kind
which is not elementary integrable modulo differentials of the first kind. As in §§12-14,

we shall eventually prove Theorem 1.5 by reducing to such w.

(E1) Now, w as a differential of the third kind must have at least one non-zero
residue, otherwise it would be of the first kind. Pick over-basis elements p1, ..., pm of the

additive group generated by the residues of w, and write
Resw=p1D1+...4+pnDnm

for divisors D1, ..., Dy, in X of degree zero. Then, if wg is the projection from E™x B
,i=1

to B, the np(([D;])) y ey, should be torsion on B.

We note that not all of [D1], ..., [Dy,] can be torsion. Otherwise, there would be a
positive integer a with
Res(aw) =Y pi(f:)
i=1

But that is Rese for
—~ dfi
6:2[)2-7’
=

so aw—e would have zero residue divisor. This too is already of the third kind, so would
have to be of the first kind, a contradiction.
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Now, when the over-basis elements py, ..., p, are changed by a matrix in SL,,(Z),
the Dy, ..., D), change by the inverse matrix. As SL,,(Z) is Zariski-dense in SL,,(R), it
is easy to find an over-basis with [D4], ..., [D,,] all non-torsion. It is not too natural to
do this, but it will be highly convenient in what follows, especially in §19, and we call it

a torsion-killing over-basis. Recall the embedding j above from X to J.

(E2) Let 1, ...,m, be the projections from E™x B to the factors E, and put
O =Tgotey, k=1,...,n,

non-constant from X to E. Then, there should be o, in O, a divisor D of degree zero

on E and a positive integer a such that
adr«[Di] = i [D], i=1,...,m and k=1,...,n.

Further, [D] should not be defined over Q.

We note that [D] above cannot be torsion. For otherwise all the ¢x.[D;] would be
torsion. By (E1) the wp(¢([D;])) are torsion, so that, by Lemma 16.1, the ¢([D;]) would
be torsion. Thus, the [D;] would be torsion, which we ruled out just after (E1).

Now, we can use Lemma 16.2. With non-torsion M =[D,], we may assume that the

quantity a in the first equations of (16.4) is independent of 4, and that
arp(t([D;]))=0, i=1,..,m.

We obtain non-constant 6; from X to E, together with non-zero functions h; on X, such
that
abdle—abﬁsz*DZ: (hz) izl,...,m, (168)

where b is the degree of ¢ and d; is the degree of 6;. Fixing these, define

1 =~ pi dh;
=) == 16.9
v ab; d; (16.9)
which is non-zero because w is not elementary integrable.
From (E1) and (16.8), we note for later use that
Res =Y pi Di— =) =N pipf 16.10
eSs w ;p < Cbb dl ) ;pz 7 ( )
for )
pE =i and DE =abdD;—e;(h;) =abe;070,.D;, i=1,....,m, (16.11)
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and d;e;=d; ... d,, i=1,...,m. However, this might not be shortest as in (11.4). But in
§18 it will be. At least phl, e pEn are linearly independent over Q.

(E3) For each zero Z of Wb, of order say r—1=1, write W;=0;(Z) and define Fy
as the product of the generalised Jacobians E.yw, fibred over E embedded diagonally, with

Uz as the subspace of the linear part consisting of those ([(k1)]rwy, - [(Em)]rw,,) such
that .
ordy Zpia*@ >r—1 (16.12)
per

(note that, if (k;) is prime to Wy, then 0F(k;) is prime to Z, else d;(k;)=0;.0; (k;) would
not be prime to 6;(Z)=W;). Then, with Gz=Fz /Uy, of dimension say dz, there should

be a surjective homomorphism oz from Gz to ng_l.

It will be clear in the sequel that there is an exact sequence
0— Gz~ G, —E—0,

so the above condition expresses splitting as in the appendix (as already used in §14 and
§15). The condition will be simplified in Lemma 16.3 below.

Next, we note that each 6;,D; is prime to W;, else Dgzabeiﬁf&-*Di would not be
prime to anything in ;" 1(Wl) and in particular Z; but then, by the linear independence
of pq, ., p%, in (16.10), we would deduce that Z is a pole of w?.

(E4) There should be a positive integer t such that, for each such Z, the point
Tz =a(e1[01«D1lrw, s s €m[0ms Dinlrw,, )

on E.w, X...X Epw, projects to t([D],...,[D]) on E™, and furthermore oz(Tz)=0.

At last, we can state what it means for an arbitrary differential to be elusive. This
we do in terms of the particular w considered above.

Definition. A differential on X is elusive if it differs from a differential of the third
kind w by an exact differential, but is not elementary integrable modulo differentials of
the first kind, and furthermore (EO0) holds for J and (E1)—(E4) hold for w.

Note that, if w exists for the original differential, then it is unique. And it too is not
elementary integrable modulo differentials of the first kind.

Elusiveness is invariant under adding exact differentials.

As already remarked, it may be found surprising that any elusive differentials actu-

ally exist. But
rdz

wWo =
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(with K as Q(t), for example) in (21.8) is elusive.
It is not too hard to see that, for reasonable K, such as Q(C), we can effectively
decide whether a given w is elusive. Especially for wy above, with m=2, it is fairly easy

(see §21). But it is more tedious for things like
d
wﬁf, (16.13)

with m=3 (and the obvious over-basis not torsion-killing), or
1 dx
V-t

back to m=2 (thanks to residues and the choice of coefficient).

wo+ (16.14)

The problem is that adding quite a simple elementary integrable differential (even
something exact) complicates the zeros Z in (E3) and (E4). In fact, we will see in §19,
at least over Q(C), that the property of elusiveness is invariant under adding arbitrary

elementary integrable differentials (as it should be according to Theorem 1.5).

16.3. More about (E3)

We will soon see how to take back control in (E3). First, we need some more generalities.
Return to non-constant 6 from X to another curve, say X’. The pull-back 8* extends
to generalised Jacobians. Namely, there is a homomorphism 67, from Jace, m(X’) to
Jacm (X) defined by
Ora([D']6.mm) = [6"D'|m.
As we could not find a reference in the literature, and especially as the push-forward 0,

seems not to extend, we give a slightly pedantic proof. It rests on
Ordp(a*h/) = 6P(9) Ordg(p) h/ (1615)
for any function A’ on X', where ep(#)>1 is the ramification index of 8 at P. We have

f.m= Z s P,

P'eP!

spr= E sp.

o(P)=P"

with P’=6(P) and

It suffices to show that, if f is a function on X’ with ordp:(f'—1)>s’, for all P/, then
also ordp(6* f'—1)>2sp for all P. But 8*f'—1=0*(f'—1), so (16.15) gives

ordp (0" f'—1) = ep(0) ordgpy (f'—1) = ordg(p)(f' —1) = sp(py = 5P,
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as desired.

Later, we will need the analogue of (16.15) for differentials w’ on X', namely
ordp(0*w') =ep(0)—14ep(0) ordg p) w’ (16.16)
(also a standard calculation with local parameters).

Remark. When m has empty support, the map 6* from Jac(X’) to Jac(X) is almost
injective in the sense of finite kernel, because, if * D’=(f), then 6,0*D’'=(6. f), and since,
as remarked, 6,0 is multiplication by the degree d of 6, we see that d[D'|=0. But, for

general m, this may fail. For example, with ¢; around (15.6), we have

ordz(y—1)=ordz(¢"(y1—1)) =ordz((y1—1)e¢1) =ez(¢1) ordg, (z)(y1—1) =2,

because ez (¢1)=2, and so

o1[(Y1)]2¢1 (2) = [(#191)]22 = [(y)]22 = 0.

But d[(y1)]24,(z)7#0 for all positive d (provided c¢#0). This also explains the connection

between ramification and “half-split” around (15.5).

A later problem (see (18.3) and the discussion around it) will be the lack of surjec-
tivity of 6%, ; but this fails already on dimensional grounds, if the genus of X exceeds that
of X'.

In the case m=sP as in (15.4), it is known (see, for example, Serre [72, p.94]) that
the G~ is the set of classes [(f)]m. This makes it clear that 6}, acts on the linear parts.
It also commutes with the natural projections from Jacg, m(X’) to Jac(X'), and from
Jacy, m(X) to Jac(X) via the standard 6* from Jac(X’) to Jac(X).

Now, we can clarify (E3) by eliminating the zeros Z. We note that there is a
canonical embedding k of O in K defined by a*(x)=r(a)x for any differential x of the
first kind on FE.

LEMMA 16.3. Suppose that J is as in (EO), except possibly for the condition of
complex multiplication. Suppose also that w on X is of the third kind, but is not elemen-
tary integrable modulo differentials of the first kind, and satisfies (E1) and (E2). Then,
(E3) is equivalent to

me(@ik)zO, k=1,...,n, (16.17)
i=1
which is in turn equivalent to
> pifix=0 (16.18)
i=1

for any differential x of the first kind on E.
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Proof. First, suppose that (E3) holds. We shall first deduce (16.18).
Thus, define

m

wo=Y_ pifix
=1

on X, also of the first kind, and assume for the moment that wy#0. We will obtain a
contradiction.

Then, wy has exactly 2g—2 zeros. Our w’ has poles, because w is not elementary
integrable modulo differentials of the first kind. Thus, w? has more than 2g—2 zeros.

Thus, (a primitive sort of zero estimate) there is a point Z in X with
r—1=ordy w?>ordy wy>0. (16.19)

We have
0—G' ' —J.y—J—0,

and here the GI ™! is the set of classes [(f)],z (recall that [D],z is defined only for D
coprime to Z). Thus, in the product

0— (GI ™ H™ — (Joz)™ — J™ —0,

the (GI=1)™ is the set of
(lrzs s [(fm)lrz)-

Define V in (G7~1)™ inside (J,.z)™ by

ordZ<Zpii{_i) >r—1. (16.20)
i=1 v

By functoriality, we have a map Y=(0%,...,0%)) from E.w, X...X E.w, to (J.z)™.
Thus,
Uz=Y"1Vy

in (GZ~1)™ inside [~ Erw,-

From (E3), the corresponding Gz=Fy /Uy is split. Thus, by Proposition A.3 in the
appendix, and the remark immediately following, we know that Uz contains the splitting
line Lz in F'y.

To calculate Lz, we use Corollary A.7 in the appendix, with 7; being the translation
by —W;, i=1,...,m. Thus, Ly is the set of

1(k) = (7 B)lrwr s s (T K)o ) (16.21)
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for all kK on F with "
ordp (k—/\x) >r—1,

(16.22)

and some constant A in C_Q(C) Now, Lz inside Uz amounts to Y Lz inside V, and so
Y1(k) in Vz for all such k. Taking any such k with ordp(k—1)=r—1, we have A#0, and

we find that

OT (T R)rwn )5 oo O ([T B, ) = (O 71F) ez, oo, (07,70 ) ) 2)

lies in Vz, which is ([(f1)]rz, -, [(fm)]rz) for
F= 0Tk =0:(rE), =1,

Here,

fi TR

for some n with ordp n=r—1 by (16.22). Now,

*
Tk

by translation-invariance of y, and

ordz (07 7/n) Zordw, (17n) Zordon=r—1, i=1,..,m,

by (16.16). It follows from the definition (16.20) of V that ordz wo>r—1.

contradicts (16.19).
Thus, indeed, (16.18) holds; that is, wg=0.
To get to (16.17), we write

n
ei:Zﬂihqsha iil,...,m,
h=1
as in Lemma 16.1, with
n —
ZBih’Ykh:laik; i=1,....m and k=1,...,n,
h=1

as in (16.2). We calculate formally that wy is

m n

D o> OB =D pi Y Oha(Bin)x =Y vadix-
1 h=1 h=1

i=1 h= i=1

for Vh:ZZ’;1 p’iﬁl(ﬁih)a h,:l, ey T

df; d(r;k dk )
f@:‘( (7 )>9*T*02‘Ti*()\x+77), i=1,...,m,

But this

(16.23)

(16.24)

(16.25)
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We note that the construction of ¢1, ..., ¢, gives g?)l, e ¢~)n from J to E with
b= Pno)-

We now use upper stars in the extended sense to indicate the pull-back action on differ-

entials for general maps between general varieties. Thus, from the above,
n
0:(,00 :]*(th¢2X)
h=1

Now, 7* is well known to be an isomorphism from differentials of the first kind on J to
differentials of the first kind on X. Thus,

0= Z vn i X
h=1

too. Also, i):(g?)l, e qzn) would be surjective from J to E”, because ¢1, ..., ¢, are linearly
independent over ©. And ®* Xh:Q;ZX for xp, on E™ corresponding to the hth factor. From
the injectivity of ®*, there would follow

n
0= Z VhXh
h=1

too; an absurdity, unless v, =0, h=1, ..., n.

But then, using (16.24), we compute
Ozzﬁ(ﬁkh)yh:lzpi’{(aik)a k:]-v"'?na (1626)
h=1 i=1

giving (16.17), as required.
Now, we can get back to (E3) as follows. Take any zero Z of wf, and any 1(k) in
Lz as in (16.21), so that, by (16.22), we have dk/k=Ax+n for n vanishing to order at

least 7—1 at O. Then, with k;=7k, i=1, ..., m, we have

Z s Zpﬂ* SO = pib T,
i=1

Thus, this vanishes to order at least r—1 at Z. So, by (16.12), we are in Uz. In other
words, Ly lies in Uz, and so Gy is split. Therefore, we are back to (E3). This completes
the proof. O
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To be able to handle the zeros Z in (E4) later, we need Theorem 1.3 (b), which we
accordingly prove next.

The following side question arose. Suppose we have verified (E0)—(E3), together
with (E4) except for the conditions oz (Tz)=0. Do these conditions then follow auto-
matically? If not, this would provide differentials of the third kind for which Davenport’s
assertion is relatively easy (compare the treatment in §21 of (21.9) for d=5, which how-
ever has a pole of order 6). Indeed, the answer is no, and (21.12) is such an example—we
found that there are at most 138 values of ¢, effectively computable, for which it becomes
elementary integrable.

17. Proof of Theorem 1.3 (b)

Now, we suppose that w (once more calligraphic) is elusive. We can even suppose it
is of the third kind. For it is certainly w’+df with @’ elusive of the third kind, and
so Theorem 1.3 (b) for @’ would show that @’ is not elementary integrable, but there
are infinitely many ¢ with @’(c) elementary integrable. Thus, w itself is not elementary
integrable, and w(c) is elementary integrable.

So, we may assume (EO) for J and (E1)-(E4) for w (with a torsion-killing over-
basis) which is not elementary integrable, even modulo differentials of the first kind.

Because D in (E2) is a divisor (of degree zero) not defined over Q on the elliptic
curve £ defined over Q, there is an infinite (countable) set S of ¢ such that [D(c)] is
torsion.

Take any c in this S, and let Z be any zero of @’ in (E3), of order say r—1. With
Tz in (E4), we show that 7z (c) (this is short for 7(c)z(c)) is torsion on Gz(c) (similarly
shortened). For the latter is an extension of £(c)=& by G271, and ¢z (this is our
“calligraphic” version of o7) is a surjective map from Gz(c) to G221, As ¢z(7z)(c)=0,
by (E4), we have torsion on the additive part. But also, by (E4), the projection of
Tz(c) to the elliptic part is t([D(c)], ..., [D(c)]). So, indeed, Tz(c) is torsion on Gz(c).

With Y=(95, ...,9%,), we deduce that YTz(c) is torsion on YGz(c). Now, Y Fz(c)
lies in J7%(c) (also shortened), and with Uz as in (E3), YUz (c) lies in the subspace
Vz(c) of (GI=1)™ there, where now Vz is defined by

ordg(Zgi(?> >r—1.
i=1 v

So, YTz (c) is torsion on J%(c)/Vz(c).
Now,
byTZ (C) = ab(el [?9?91*731]7-3 (C)7 ey Em [ﬂj:nﬂm*pm]'fz (C))a
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which, by (16.11), is
([Di]rz(c), ... [DE,]r2(c)).

So, there is a positive integer N with
N4([Dilrz(e), - [Dh]rz(€))
in Vz(c). Being in (G7~1)™ it has the form
(6" Nz - [0 v 2(0)

for ¢*©) ..., gn‘® on X(c). Thus, there are g} *® ... gm¥® on X(c) (with suitable order

conditions at Z(c) as above) so that

N*D3(c) = (g, ")+ (g ") = (¢%), i=1,..,m, (17.1)
for gf(c):g;h(c)g;/h(c), i=1,...,m. Then, being in Vz(c) means
ordz(c) @) >p—1,
where

Consider now x(®)=w?(c)—w®) on X(c). By definition, w(c) vanishes to order
at least »—1 at Z(c), and therefore so does x(®).
Next, we show that x(¢) is of the first kind. From (16.9) and (16.10), we get

m

Resw(c)=—— Y 0i(c)D}(c). (17.2)

i=1

On the other hand,

c 1 - c
Res ™) =~ >~ 0i(e)(6!).
i=1

which, by (17.1), also works out as (17.2). Thus,
Res x® = Res w(c) —Res @) =0.

As ¥ is already of the third kind, it must indeed be of the first kind.

Now, @ is not of the first kind, otherwise w would be elementary integrable modulo
differentials of the first kind, and we ruled out these right at the beginning (they obviously
cannot lead to counterexamples). Thus, w? has strictly more than 2g—2 zeros with
multiplicity. Thus, so has x(®). This forces x(®)=0 (the same zero estimate as before).
Now, w’(c)=w"® is elementary integrable (for all ¢ in S). This completes the proof of
Theorem 1.3 (b).
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18. More torsion points

Let @ be a differential on X over Q(C) of the third kind, not elementary integrable
modulo differentials of the first kind. So, there is at least one non-zero residue, and we

have the usual (torsion-killing over-basis)

m

Resw = Z QiD'L'
i=1

for m>1. We saw in §14 that, if w(c) is elementary integrable and g;(c), ..., om(c) are
linearly independent over Q, then the broad classes [Di(c)], ..., [Dm(c)] are all torsion.
For the proof of Theorem 1.3 (a), we will need the following refinement for narrow classes,

assuming certain of the conditions of §16.

LEMMA 18.1. Suppose that @ on X over Q(C) is of the third kind, not elementary
integrable modulo differentials of the first kind, and that (EQ) with £ holds for J, except
possibly for the condition of complex multiplication. Suppose also that (E1) holds with
[D1], ..., [D] linearly independent over Z, and that (E2) holds; also, that there is a
positive integer t such that, for every zero Z of w® with Wiy=19;(Z), i=1,...,m, the
point

Tz =ale1[V1:Dilrwy s s €m[ImseDinlrw,, )

on Erp, X ... X Empy,,, projects to t([D], ..., [D]) on E™. Let ¢ be such that w(c) is elemen-

m

tary integrable and o1(c), ..., om(c) are linearly independent over Q. Then, the ¥;,D;(c)

are prime to W;(c), i=1, ...,m, and the point
TZ (C) - a(el [ﬁl*Dl}rwl (C)v ceey em[ﬂm*pm}rwm (C))
is torsion on Gz(c)=Fz(c)/Uz(c), where Fz(c) is the fibre product of the E.yy,(c),

i=1,...,m, and Uz(c) is the set of ([k1]rw,(c), - [Bmlrw,.(c)) with

m

ordz(c) (Z 0:(c)V; Cifl> >r—1.

i=1

Proof. The assumption on the independence of [Dy], ..., [D;,] is not really necessary,
but it seems to make certain aspects of the structure clearer.

The arguments of §14 lead to (14.1) and (14.2), because we are assuming that
01(¢), ..., om(c) are linearly independent.

Recall now (16.10) and (16.11). Here, ghl, ..., 0, remain independent over Q; but also
DY, ..., D}, remain independent over Z, because we assumed [Di], ..., [D,,] independent.

m

Thus, (16.10) is shortest. It follows that the residue group R? of @’ has rank m?>m.
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On the other hand, it is clear that R! is contained in ZQ§+...+ZQE,L, so mi<m. Hence,
mi=m and ghl, ..., 0% are an over-basis for RY.

For the specialisation, we find using (14.2) that

1 <X gi(c) dhi(c) 1 & dg*®
ie) = oo(c) — — - (c) 18.1
@) =w(c) ab; d; hi(c)  abdN ;&(C) ) (18.1)
and
g = (glNyabdp, () Ne i=1, .., m. (18.2)
Also, using (14.1), we find for the divisors
(6" = abd(g\?)— Ne;(hi(c)) = NDi(c), i=1,...,m. (18.3)

For us, the fact that these Df in (16.11) are images by ¥ will be crucial; we already
noted during the discussion of 8}, in §16 that pull-backs can be far from surjective.
Now, by (18.1), we have

i
gE(C) ’

abdNw®(c) = Z 0i(c)

which has a zero of order r—1 at the specialised point Z(c). In particular no pole, and
) (g?(c)), ey (qu&c)) are prime to Z(c) from the linear independence of g;(c), ..., om(c)
over Q. Thus, by (18.3),

N([Di],2(¢), oo, [D5)r2(€)) = (9120 ooos [(658)] 20e))

lies in the subspace Vz(c) of (G5 1) in (J,z(c))™, where Vz in (GL )™ inside (J,z)™
is defined by

fi

This gives a torsion point (of order dividing N)

ordg<ZQidfi) >r—1. (18.4)
i=1

([D]r2(€)s oy [Dhnlrz(c))
on the quotient (J,z(c))™/Vz(c).

As before, we have Y=(97,...,95,) from &y, X...xEw. to (Jr-z)™. Thanks to
(16.11), we have

aby(e1[91+D1lrwy s s €m[UmsDimlrw,, ) = ([DE]TZv D) [Dfn]rz)
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(note that ¥, D; is prime to W;, otherwise Df would not be prime to Z, and so DE (c) not
prime to Z(c) either, leading by (18.3) and (18.1) to Z(c) being a pole of w?(c) rather

than a zero—compare the argument in (E4) above). We thus get a torsion point

Tz(c) =ale1[91:D1]rw, (€), - vy €m [Fims Dinlrw,, (€))

N (f[ew ©) e ).

because Uz=Y1Vz in (GL~1)™, and of course Tz(c) is the specialisation of

TZ = a(el [ﬁl*Dl]’r’V\ﬁ? ey em [ﬁm*Dm]TWm)

as in (E4). By hypothesis, this is on the fibre product, and thus so is 7(c). This
completes the proof. O

19. Elusive invariance

Here, we establish the result mentioned in §16, working throughout with X over Q(C).

ProroSITION 19.1. If w is elusive and € is elementary integrable, then w+e is

elusive.

Proof. By familiar arguments it suffices to do it when w and ¢ are of the third kind.
Even though the result has nothing to do with specialisations, these will be used in the
proof, and so we take a suitable cover of C' to ensure everything specialises well.

Write as usual Rescw=) ", 0;D;, with an over-basis that is torsion-killing (recall
that this means that the classes [Di],...,[Dm] are non-torsion). We use induction on
m>1. As in §14, this enables us to assume that [D4], ..., [D,,] are linearly independent

over Z. For if not, then f exists as in (14.3) (also torsion-killing), and then we see that

am(wte) = (amw—gmijf) + <Qm6§0f+am6>

is elusive.
It suffices now to check the case of a single e=cdg/g, with g non-constant and ¢
constant.

Write co=w-+¢ and as usual a shortest

™
Resw = Z QzDu
i=1
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where we shall soon choose ¢4, ..., 0, torsion-killing. Here m>1, otherwise w0 would be
of the second kind, so also of the first kind, contradicting the fact that w is elusive. We
also have
m
Resz'z:c(g)—i—z 0iD; (19.1)
i=1
for the divisor (g), but this is probably not shortest. Anyway, by Lemma 11.1 (ii)
Dy, ..., D,, must be linear combinations over Q of (9),D1,...,Dp,. Multiplying by a
denominator and taking classes, we see that there is a positive integer N, with NOCD,

for the groups
D=2Z[D)|+..+Z[D,] and D=Z[Di]+..+Z[Dy)

(nothing to do with polynomial rings!) in J.

From w=w—¢ follows in the same way N DCD, so the two groups are in a natural
sense commensurable.

As D has rank m, it follows that ® also has rank m. Therefore, mm>m.

On the other hand, for the residue spaces
S=Q®R=Qoi+..+Qon and S=QER=Qo1+...+Qdm,

we have

SCS+Qc, (19.2)

and so m<m+1. Also,
RCR+Zc (19.3)

for the groups.

Now, there are two cases (I) and (II), according to whether c¢ lies in S or not.
(I) First suppose ¢ lies in S, as for example in (16.14). Then, by (19.2), we get SCS,
so m<m. Thus, in this case, m=m.
Now, we replace g; by 0;/q for some integer ¢ so large that ¢ lies in the new
Zo1+...+Zop,.
This new group still contains R, so by (19.3) R as well, and so we can choose

0i=0i, i=1,..,m, (19.4)

indeed torsion-killing.
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Writing ¢ as an integral linear combination of o1, ..., 0, we find
[Di]=[D], i=1,...,m. (19.5)

We now proceed to check that the conditions of elusive for w carry over to w. In
fact, for (EO), there is nothing to do, as it is independent of the differentials; for (E1),
(E2), it suffices to add overhead dots everywhere. In (E3), we can take

9, =9;, i=1,..,m. (19.6)

We do not know how to check the rest of (E3) directly, as there is no obvious relation
between the zeros Z of @' and the zeros Z of w?. It is Lemma 16.3 which by-passes this
problem with either (16.17) or (16.18). Thus, the G are split for every zero Z of .

For (E4) we have no analogue of Lemma 16.3. But the projection of 7 for ¢
involves aé; [0, D;]=E[D] for {=t. Thus, we are indeed on the fibre product F. -

For the rest of (E4), we have to argue again indirectly, this time as follows.

If the condition ¢;(7;)=0 (again the calligraphic o) fails for some Z, take any c
with the specialisation ©o(c) elementary integrable. If 91(c), ..., 0m(c) are independent,
then, by Lemma 18.1, we get a torsion point 7;(c) on G;(c). So, ¢;(7%)(c) is torsion
on the additive part, that is, zero. This gives a non-trivial equation for ¢, and so the
number of such c is at most finite. The same conclusion holds if 91(c), ..., 0m(c) are not
independent, because then [Q(c):Q] is bounded, and we can appeal to Proposition 1.4.

Thus, if some ¢ (7%)#0, there would be at most finitely many ¢ with @ (c) elemen-
tary integrable. As co=w+-¢, the same would hold for w(c). But, as w itself is elusive,
this contradicts Theorem 1.3 (b)!

Thus, indeed we have shown that o is elusive in this case where ¢ lies in S.

(IT) Suppose that ¢ does not lie in S, as for example in (16.13). Then, ¢, g1, ..., 0m
are independent. Also, (g)#0, D1, ..., D,, are independent, otherwise clearing denomi-
nators and taking classes would contradict the independence of [D1], ..., [D;,]. Thus, by
Lemma 11.1 (i), the representation (19.1) is also shortest, so h=m+1.

Now, (19.3) (without the g-trick) shows that we could assume (19.4), and also

Qm+1 =cC. (197)

But then D,,;; comes out as (9), so its class is zero and torsion is not killed. It suffices
to make the single change

Om = 0m—C (19.8)
in (19.4). Then, we find even
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as divisors, as well as

[Dm+1] = [Dm} = [Dm]-
Thus, indeed, g1, ..., 0, are torsion-killing.

Again, we can check that the conditions of elusive for w carry over to o, taking into
account the extra (19.7) and the change (19.8). For example, we find

D1 = =V (19.9)

(incidentally not independent over Z as will be secured in the next section).

Now, for example in (16.18), for @ we find
@ﬂéfx =007 x, i=1,..,m—1,

as well as
Om U X+ Om105 11X = @m U X
So, as before, the QZ are split for every zero Z of &'

Also just as before, we check (E4) for .
This completes the proof of Proposition 19.1. O

It would be nice here to eliminate the use of Theorem 1.3 (b).

20. Proof of Theorem 1.3 (a)

As above, suppose our underlying curve X has Jacobian 7, now not necessarily simple.
There is an isogeny ¢ from J to some " X ... x &y X Ay X ... X Aq, with positive powers
of mutually non-isogenous elliptic curves &1, ..., £, and simple abelian varieties A4, ..., A,
of dimension at least 2. Here, we allow p=0 or ¢=0. Further, if some £ has complex
multiplication CM, then we may assume that it is defined over Q.

If w is wp+¢ for @y of the first kind (of course non-zero) and ¢ elementary integrable,
then as in §14 we get the required finiteness.

So, we may assume that w is not such a wy+e¢, just as in the definition of elusive.
As in earlier sections, we take a suitable cover of C.

Of course we suppose, from now on, that w is not elusive.

As in §17, it will be enough to consider differentials @ of the third kind.

Take ¢ such that the specialisation w(c) is elementary integrable, as in (13.1). Then,
as in §14, we get divisors Dy, ..., D,, on X with classes [D1], ..., [Dy,] that are all non-
torsion, but whose specialisations [D;(c)], ..., [Dm(c)] are all torsion. Also, as there, we
may assume that g1(c), ..., o;m(c) are independent over Q.
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We may still assume using induction on m that [D1], ..., [D.,] are independent over
Z, because, by the crucial Proposition 19.1, the a,,w—gndf/f in (14.3) remains not
elusive.

Now, in the arguments that follow, failure to prove Theorem 1.3 (a) will result in
the verification of the conditions (E0)—(E4), one by one. This gives the contradiction
that w is elusive.

If some «([D;]) has a non-torsion projection to some A, then Theorem 1.7 gives the
required finiteness of the c straightaway (this settles the case p=0).

So, replacing Di, ..., D, by non-zero integer multiples of themselves (which, by
(14.1), amounts to replacing g§c), e gr(,f) by non-zero integer powers of themselves), we
may assume that their projections to A, ..., A, are all zero.

Now, ¢([D1]) is non-torsion, and so it has some non-torsion projection on some E™.
But then, by [50], we may assume that the projections on the other €™ are torsion. In
fact, the same arguments with multiples show that we may assume that the projections
of all ¢([D;]) on the other E™ are zero.

Thus, writing ¢«(J)=E™ x B, we see that B contains no abelian subvariety isogenous
to & (if ¢=0, we can just forget about B in the arguments below). Thus, we have condition
(EO) of the definition of elusive except for the CM part. That will follow a bit later. We
may assume that

m5(([D;]) =0, i=1,..,m, (20.1)

for the projection 7 from €™ x B to B. Now, (E1) is completely verified.

Next, we go for (E2). Asin §16, we fix an embedding j of X into J by j(P)=[P—"Po],
and we identify £ with its Jacobian. As in Lemma 16.1, we obtain maps ¢1, ..., o
from X to &, with t=(p14, ..., Pn«, T5°t), which are linearly independent, even over the
endomorphism ring O of £.

Thanks to (20.1), we may now write
([Di]) = ([Di], -5 [Din], 0), i=1,...;m, (20.2)

for divisors D;1, ..., D;;, of degree zero on &.
If two from the classes [D;], i=1,...,m and k=1, ..., n, are independent over O, then

we get finiteness from [49]. Thus, we may assume that
alDig] = ir[D], i=1,....m and k=1,...,n, (20.3)

for some divisor D on & (also of degree zero), some «;; in O (with the same identification
as above) and some positive integer a. We are nearly at (E2), except for the last part.
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If [D] were defined over Q, then, because it is non-torsion by the remark just after
(E2), the specialisation [D(c)]=[D] would be non-torsion for any c. Now, not all a;;=0
in (20.3), else (20.2) would imply that all [D;] are torsion, a subcontradiction. Thus,
again by (20.3), some [D;;(c)] is non-torsion. But this again by (20.2) contradicts the
fact that [D;(c)] is torsion. Thus, we have arrived at the entire condition (E2).

Now, as in Lemma 16.1, the maps ¢g.op; from € to £ are yrps for vy in O.

We now start some calculations which will eventually lead to (E3), (E4) and the
missing part of (E0). With the natural involution on O, we get §;, in O such that

n
ZBih’Ykhlezik, t=1,....m and k=1,...,n, (20.4)
h=1

as in (16.24) (or in informal matrix notation BT'*=[A) for some positive integer [. As in
(16.23) we write

9= Binen, i=1,..,m, (20.5)
h=1

from X to &.
Soon, we have to check the missing CM part of (E0). For this purpose, it is conve-

nient now to prove that
Y1, ..., ¥y, are independent over Z (20.6)

(which by the way failed in (19.9) for @). If not, then the independence (over O) of
©1, e, n, would give Ay, ..., Ay, in Z, not all zero, with Y"1 | \;8;,=0, h=1, ..., n (informal
AB=0). But then, from (20.4),

zmjj\iaik:l_lzm:zn:j\igih’ykhzo, k=1,...,n,
i=1 i=1 h=1

(informal AMA=["*ABI'*=0). But now (remember that for the moment the \; are in Z)

L<a§;A;[Di]) - (ix;aﬂ*m, ...,é)\jam*[D]ﬁ) ~0

from (20.2) and (20.3) contradicts the independence of [D1], ..., [Dy,] over Z. This is what
we wanted.

We now use @’ as in (16.9), with @(c) as in (18.1).

We next fix a differential x#0 of the first kind on &, and consider the pull-backs
97x, 1=1,...,m, on X, also of the first kind. We write

wo :Zgiﬁfx, (20.7)
i=1
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as in Lemma 16.3, also of the first kind.

Assume for the moment that wy#0. In this case, we will prove Theorem 1.3 (a),
without bothering much further about (E0)—(E4). Then, by Lemma 16.3, we see that
(E3) cannot hold. Thus, there is a zero Z of w®, of order say r—1>1, such that G=F /U
is non-split, where F=Fz is the product of the generalised Jacobians &y, fibred over
& embedded diagonally with W;=9,;(Z), i=1,...,m, and U=Uz is the subspace of the
linear part consisting of those ([(k1)]rw,y, - [(Em)]rw,,) such that (16.12) holds.

We will eventually apply Theorem 1.6 to some projection of G=G=.

We use the point

T=Tz= a(el [?91*171]7«1/\/1 yees em[ﬁm*pm}rwm)

defined in (E4).
Then, (16.5) (with M=[D;] and so on) shows that 7 projects down to

(e [02.D1], s Do) = H((D), . D) (208)

on &M, as required in the first part of (E4). So, by Lemma 18.1, the specialisation 7 (c)
is torsion on G(c).

Because G is non-split, it projects onto a non-split extension by a single G, (see
Proposition A.2 in the appendix) and, as at the end of §14, we can conclude using
Theorem 1.6, as long as 7 does not project down to torsion on £™. But, using (20.8)
and recalling (20.2) and (20.3), we see that [D] is not torsion.

But what if wp=0 in (20.7)? Then, we show that £ has complex multiplication,
using a variation of the argument in the paragraph following (16.25).

We note that the construction of ¢1, ..., ¢, gives @1, ..., o, from J to £, with ¢, =
Prog. We obtain &1, ..., &y, with 9;=¢;0). Thus, wy=0 would imply

7 ( > Qi§Z‘X> =0.
=1

Now, 7* is well known to be an isomorphism from differentials of the first kind on J to
differentials of the first kind on X'. Thus,

> 0iix=0
i=1

too. Also, if there is no complex multiplication, then £=(&y, ..., &,,) would be surjective
from J to €™, because ¥, ..., ¥, are linearly independent over the endomorphism ring Z,
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by (20.6). Also, &*x; =& x for x; on E™ corresponding to the ith factor. From the

injectivity of £* there would follow

m
ZQiXi =0
i=1

too; an absurdity.

Thus, indeed, £ has complex multiplication. But that is the missing part of (EO).

Now, if it happened anyway that Gz (as defined in (E3) of course) is non-split for
some zero Z of w!, then we can proceed as just above.

Otherwise, if Gz is split for every zero Z of w!, then we have a surjective homomor-
phism ¢z from Gz to G471 as in (E3), where dz is the dimension of Gz (this could be
calculated explicitly in terms of ramification). This then establishes (E3).

Thus, we now have all the conditions in the definition of elusive, apart from the
second part ¢z(7z)=0 of (E4). For this, we argue in the same style as in §19. Suppose
that there is Z such that ¢z(7z)#0 in G427, As Tz(c) is torsion on Gz(c), we deduce
for the specialisation sz (7z)(c)=0. This leads at once to the finiteness of the c. Thus,
we may suppose that (E4) holds, and finally we have shown that w is elusive (by the

way disposing completely of Davenport’s fourth obstacle).

21. Examples and further remarks

21.1. Examples
The following examples are for case (a) of Theorem 1.3.
There are at most finitely many ¢ in C for which
1
(x2=1)VabS+a+t

is elementary integrable; here, J is simple of dimension 2. The same conclusion holds

(21.1)

for
1

(22—1)VaS 4224t
but now J is isogenous to a product of two non-isogenous elliptic curves without CM.
And for

(21.2)

1
(22 —1)Vad+tad3 4z’
where J is isogenous to the square of an elliptic curve without CM. And also for

1
(x2—t2)\/x6+x4+2—99x2+1

(21.3)

(21.4)
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even though J is isogenous to a product of two elliptic curves exactly one of which has

CM. And even for )

(22 —2)y/ab+ ol o

J now being isogenous to the square of a CM elliptic curve. And, more subtly, for

1

(21.5)

, (21.6)
(22 —12)y/20 -3t + 2241
where now two non-isogenous CM elliptic curves turn up. And, more simply, for
1
(21.7)

(22— t2)Va3—z’
where J is now itself a CM elliptic curve.
But when we make a tiny change, then there are infinitely many ¢ in C for which
x

is elementary integrable. It is not identically so, and thus we are now in case (b) with

(21.8)

something elusive.
The differentials corresponding to all the above examples are of the third kind.

It is amusing to continue the sequence (21.7), (21.8) by considering

ﬂid

(for which the corresponding differentials are generally not of the third kind). For exam-

d=2,3,4,5,.... (21.9)

ple, we get finiteness for d=2, 3,4, 5; but for d=3,5 we can actually prove that there are
no t at all (the reader is invited to tackle general d).

Now, we give the details.

We start with (21.1). Here, the considerations of §14 suffice, because g=2 and the
Jacobian of y?=15+1z+t is simple (see [51, p.2394]). We have only to show that (21.1)
is not elementary integrable. Fix s, and s_, with s =2+¢ and s® =t. The poles are at
P=(1,s4) and Q=(—1,s_), together with R=(1, —s;) and S=(—1, —s_). The residues
are 1/2s, and —1/2s_, together with —1/2s, and 1/2s_, so m=2. Taking g1 =1/2s,
and g2=—1/2s_, we find D;=P—R and Do=0—3S. As in the discussion around (1.9),
we see by ramification (at t=—2,0) that both of these are non-torsion, which does the
trick.

For (21.2) the Jacobian is no longer simple, so we have to proceed to §16. But no
CM elliptic curves occur as a factor (see [51, p. 2397]), so there are no elusive differentials.
And ramification does the rest.
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For (21.3) it is similar; that the elliptic curve in question has no CM is clear from

(15.8), whose j-invariant is
(3t—10)3
(t—2)(t+2)%

(Actually, it was examples like this that led us to the theory of the splitting line.)

For (21.4) we find that the curves £ and &’ in (15.2) have invariants 1728 and
—777826988, respectively, so the first has CM by Z[i] and the second no CM. Therefore,
if the differential is elusive, we must have n=1 and B=£’ in (E0). The isogeny ¢ can

be constructed from the maps (15.3), which we denote now by ¢ and ¢’ in order to

distinguish them from ¢, ..., ¢, in (E2). Then, t=(p., ¢, ). Fix s with
s =10+t + B2 41

The poles are at P=(t, s) and Q=(—t, s), together with R=(t, —s) and S=(—t, —s). The
residues are 1/2ts and —1/2ts, together with —1/2ts and 1/2ts, so now m=1 in (E1).
Taking 01=1/2ts, we find D;=P—Q—R+S. Thus,

m5(¢[D1]) = ¢, [D1] = ¢'(P)—¢'(Q) —¢'(R) +¢(S),

which works out as 4H, with H=(t"2,¢"3s) on £’. But this cannot be torsion, because
‘H is not. Thus, the differential, call it now w, is not elusive.

For (21.5) we find invariants 1728 in both, so again CM by Z[i]. Therefore, if the
differential is elusive, we must have n=2 in (E0). Now, the isogeny can be constructed

from the maps (15.9), which we denote now by @1 and @a; thus, t=(P14, P2.). Fix s with
s =10+ 0+t

The poles are at P=(t,s) and Q=(—t,is), together with R=(¢, —s) and S=(—t, —is).
The residues are 1/2ts and i/2ts, together with —1/2ts and —i/2ts. So, m=2 in (E1).
Taking 01=1/2ts and g2=1/2ts, we find D1=P—R and D;=9—S in (E1); both non-
torsion. For (E2) we take 3(M)=[M—o0] for the unique point at infinity. We find

orM) =@ (M)-W k=1,2

for W=(0,1) on & with 2W=0. So, for example, @i.(D1)=¢k(P)—@r(R), which on &
is 2¢,(P). Now, a relation as in (E2) for i=1 would imply

2a01291(P) =2a01192(P). (21.10)

Here, ©1(P) has the abscissa ((t+1)/(t—1))? and @o(P) has abscissa ((t—1)/(t+1))2.
Also, a1 and ;2 are not both zero, else ¢1.[D1]=wa.[D1]=0, which would lead to [D4]
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being torsion, which it is not. Thus, (21.10) is impossible, because exactly one side has
a pole at t=¢ for e=1 or e=—1. So, again, the differential w is not elusive.

For (21.6) we have to work a bit harder. Now, we get invariants 1728 and 8000 in
(15.2), so one curve has CM by Z[i] and the other by Z[iv/2]. But, if the differential is
elusive, we do not know in advance which is the £ in (E0). At any rate n=1, and again

we use 1=(px, ¢,). Fix s with
s?=10-3t"+4>+1.

The poles are at P=(t, s) and Q=(—t, s), together with R=(t, —s) and S=(—t, —s), so,
as for (21.4), we get m=1 in (E1), with D;=P—-Q—R+S for g1 =1/2ts.

Trying first £ with Z[i], we get m5(:[D;1])=4H as in (21.4), clearly not torsion on B.
So, this £ cannot be the source of elusiveness.

But then, trying £ with Z[iv/2], we get

m5(¢[D1]) = p(P)—p(Q) —p(R)+¢(S) =0,

and so (E1) is satisfied.
As for (E2), choose j(M)=[M—o00"]. Then, p1(M)=¢'(M)—¢'(co™), and (E2)
holds trivially for a=a;1=1 and any D with

[D]=¢1.[D1] =[¢'(P)—¢'(Q) = ¢'(R) +¢'(S)].

For example, D=4H —40c0 with H as above.

To check (E3), we could calculate @ and look at its zeros. But, by Lemma 16.3, it
is clear immediately from (16.17) that (E3) cannot hold. Thus, @ is not elusive.

For (21.7) we have CM again by Z[i], so n=1 and ¢ is naturally the identity. Fix
s with s?=t3—t. The poles are at P=(t,s) and Q=(—t,is), together with R=(t, —s)
and S=(—t,—is). The residues are 1/2ts and i/2ts, together with —1/2ts and —i/2ts,
so m=2, and with g1 =1/2ts and go=1/2ts we get as usual D;=P—R and Dy;=0-S.

For (EO) there is no B, and so for (E1) nothing to check. In (E2) we take 7 as the
identity, and so @7 also. As Dy=1i,Dy, for i(z,y)=(—2x,iy) we can take a=1, D=Dy,
a11=1 and oy =1.

To check (E3), we calculate, for (16.17),

1 B} 1 ?

25 i) = ot o

(_7') =1

and so (E3) cannot hold for @, so w is not elusive either.
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Even though the general proof strategy in §20 for (21.7) leads to a torsion point
on a curve in an isotrivial additive extension of an isotrivial elliptic curve, which can in
principle be treated by [36], it also shows that the verification of non-split is not at all
straightforward.

Finally, the harmless-looking change from (21.7) to (21.8) gives, with now g1 =1/2s
and ga=—1/2s, then Dy and D, as before (see (11.3) above), so also ¥; and 93 as before,
so (E0)—(E2) hold. But now (16.17) is

1 7

55 25 =0
and so (E3) also holds. This means that Gz is split for every zero Z of w".

So, finally, we have to examine (E4), and in particular calculate w®. We find ;=1
and 321 =—1i, and hence ¥ =1 and Yo =—ip;. So, 91, and 9505, are both the identity,
and w’=w. The zeros are at co and O=(0,0), both of order r—1=2.

Next, we need maps ¢z from Gz surjective to G =G3. In order to check ¢z (7z)=0,
it suffices, by the appendix, to check the same thing with a splitting map (which we can
also denote by ¢z) for Fz. For this, we use Proposition A.8.

For Z=00, we can take

daf

oo ([A]s00s [Aslsoc) = ((Al, 2), (Ag, ), f<oo>),

with the pairing (A, h) for the function h=z, and (f)=A;—As. In T, we find
91.D1=P—R and ¥2.Dy=(—1).(Q-8)=P-R,

and so
Soo(To0) = (2(P) —z(R), 2(P)—z(R),0) =0,

as we wanted.
For Z=0, we can take

o ([Dlsos [Bslso) = ((Al, ), (Aga ), df(oo))

giving also ¢o(To)=0.

Thus, indeed, w is elusive.

We leave (21.9) for d=2 as an exercise.

Also the case d=4 is left as an exercise—note that this is not of the third kind, so
we have to find f to kill the repeated poles.
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For d=3 it is a swindle: we note that the differential has a double pole at oo, and
no other pole. Thus, if for some t=7 it is elementary integrable as in (10.5), the f would
have to have a single pole at co, and no other pole, which is impossible. In fact, the
differential is not exact modulo differentials of the third kind (as in the definition of
elusive), so this is a simple form of the arguments of §12.

For d=5 the differential @ has a pole of order 6 at co, and no other poles. If there is
f such that w—df is of the third kind, then f must have a pole of order 5, and no others.
Thus, we can take f=ax+by+cr?+exry, and it is clear that, for any given value 7 of
t, we can reduce the order of pole of ww—df to at most 2. A simple computation shows
that, if we can go further to order at most 1, then 7'2:—% (here also as in §12). This

3

gives finiteness; but then the corresponding points (7,0) on y?=23—z must be torsion.

This is not hard to disprove; for example, with x= (%7’)%1 and y= (2—140) y1, we get (6,24)

on y#=123+60x1, with double (%, —%) not integral.

21.2. Final remarks
Here is a direct proof that the

_ T dx

(22— 2)WE—x

corresponding to (21.8) is a counterexample. In fact, we show that the complex numbers

7 such that
rdx

(x2—72)ad—z

is elementary integrable are precisely those 7 for which the point (7,73 —7) is of finite
order at least 3 on the elliptic curve y?=x3—x.

Fix s with s2=t3—t. The poles of @ are at P=(t,s) together with Q=iP, R=—P
and S=—iP. The residues are 1/2s, together with —i/2s, —1/2s and i/2s, respectively,
so m=2 in (E2). Taking p;=1/2s and g2=—1i/2s, we find D;=P—R and D,=0-S8.

As P is not torsion, it follows that w is not elementary integrable.

(1) =

Next, pick P, =(7,0). If w(7) is elementary integrable, then P, is torsion. Let N >2
be its order.

When N=2, we leave it to the reader to check that the corresponding

d d
o(0)=——— and w(El)=— "
s —x (22-1)Va3—x
(which now acquire double poles) are not elementary integrable.
When N >3, we now show that w(7) is elementary integrable.
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For the points
Q,=iP,=(-7,ic), R,=—Pr,=(1,—0) and S;=—iP,=(—71,—i0),

there are functions g; and go with divisors NP,—NR, and NQ,.—NS,. We can nor-

malise them to be 1 at infinity.

x=w(r)— 1 @,@
2No\ g1 92

We check easily that the residues at P, Q,, R, and S, are zero. Since all the poles are

Consider

at worst simple, this means that y=cdxz/y for some c.

Also, we check again easily that go=i.g1.

Now, let gy=14an+... be the expansion at infinity, with say m=x/y. As i,m=—im,
we deduce that go=1—iam+.... It follows yet again easily that dg; /g1 —i dg2/g2 vanishes
at infinity.

But so does w(7)! Therefore, so does ; and this implies ¢=0. Therefore,

w(r)= 1 @_ dgz
2N0 gz

is indeed elementary integrable.
An example with N=4 and P;=(i,1—1) leads to

rdz
/ (22+1)Va3—z’ (@L-11)
which is

1+i g<x2+(2+22‘)m+2ixl) +1ilog(x2+(22i)\/m2i:c1>
22— (2420)Va3 —z+2iz—1 16 —(2-2)Va3—x—2iz—1)
This was our first intimation of a counterexample to Davenport’s assertion. It can ac-
tually be deduced directly from (14.4). It (and (14.4) too) can be slightly simplified by
using divisors 2P, —2R, and 29, —2S,. Welz has pointed out that this too is a special
case of Goursat’s results in [31]. And we note that Euler [26, p. 25], [27, p. 39] had already

given something equivalent to

/\/Fdx 7\[1 (fa: W)Jr o <Z\/§x+¢x47+1)

z2—1 241

also in which the two logarithms cannot be combined into a single one; his own solution

—i\@log(\@:\/m)—lﬂ arcsin( V2 )

2—-1 4 x2+1
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does not literally involve complex logarithms and stays inside the real field (note however
the intrusive \/5)

We then tried other points with N=4, and then with N=3, but the clincher was
with N=5, when

/ =c1loggi+co lo
c gitc g2,
(m2—%—%i)\/x3—x 1B g2 s g

with
1 )
01:27) and 02:72—1)
for .
b= v/220+40i = (0.1738...)—(3.8630... )i and a:—%bz,
and

_ 10azvx3 —z—(15—5i)bx? —50v/ a3 —x+(2—4i)abz+(3+1i)b
T 0z — o+ (15— 5i)ba? — 50v/2® —a— (2—4i)aba — (3+1)b’
 10aizva’ —z— (15—5i)bx? +50iv/ a3 —x— (2—4i)abz+ (3+1i)b

10aiz/x3 =+ (15— 50)bx2 +50iv/ 23 — 2+ (2—4i)abx — (3+i)b’

which Maple 18 cannot check, even by differentiation (however, it can check equality

g2 =

up to say 1000 decimal places, when we integrate between say x=2 and x=2.1). This
probably cannot be simplified.

In this way, one can construct functions “of bounded complexity” which are ele-
mentary integrable, but whose integrals involve “unbounded complexity”. Actually this
was also possible classically using (1.3); but there the resulting (7,v) do not lie on a
fixed parameter curve C' (in fact, by Theorem 1.3 (a), because y?>=x*+x+t has no CM
as required for (EQ) in the definition of elusive). Maybe this is related to Hrushovski’s
“uniform definability” in [37, p. 101].

There are also counterexamples with CM by Q(iv/3) instead of Q(i). We found

rdz
(22 +tx+t2)Va3—1

and Welz pointed out that it amounts to the more attractive

T dx
(m3—t3)\/x3—1’
actually integrated by Euler for t=—2 (according to [34, p.643]; see also [28, p.22] in
disguise). We originally thought we had a proof that any Q(’L\/g) turns up, and this

seemed to lead to a counterexample

(512440t +62)z+13 +8t% + 70t +144) dx

21.12
(x—1)((2t+8)z+1t2+4t+18)v a3 —30x—56 ( )
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for Q(iv/2); but Welz was very sceptical after testing it on the computer algebra system
FriCAS (see http://fricas.sf.net), and then we found a mistake in our proof. In fact,
we were able to show, partly computationally, that Q(iv/2) does not turn up, and we
strongly suspect that Q(i) and Q(iv/3) are the only fields. This would make it unlikely
that there are any connections with Bertrand’s counterexamples in [8], because those do
exist for every Q(iv/d ). Also, they involve multiplicative extensions, rather than additive
extensions.

In higher genus, one can use pull-backs ¢* to find, for example,
(325 —at—22% - 222 —x+3) dx
((9t—9)x* — (36t+12)23+ (54t —22)22 — (36t +12)z+9t —9) /25 + L 23 +2

which can easily be shown to be not elementary integrable, by using ¢. on the corre-

sponding divisors. It would be interesting to know if all elusive differentials in higher
genus come from pull-backs on elliptic curves with complex multiplication.
Probably, related to this, is the question of whether there are examples with “gen-

uinely” three logarithms; that is, with m=3 and [D;], [D2] and [Ds] linearly independent.

Appendix A.

We start by remarking that a referee, after seeing our presentation below, pointed out that
many of the assertions are consequences of the theory of universal vectorial extensions, as
for example in Brion’s Proposition 2.3 [12, p.940]. Thus, given an elliptic curve E, there
is an extension I'ypniy of F by G, such that any extension, as in (A.1) below, arises from a
push-out from I'ypniy by a linear homomorphism ¢ from G, to G}. The extension is non-
trivial if and only if ¢#0, and in that case one may define the splitting line below simply
as ¢(G,). Its property in Proposition A.3 below is just a consequence of composing with
a second push-out. The same referee made more comments about Proposition A.2 and
Theorem A.4, which we insert below at the appropriate place. But, for ease of reading,
we have kept our original more self-contained presentation, especially as the whole paper
is aimed principally at number theorists.

It will suffice here, by the Lefschetz principle, to treat elliptic curves over K=C;
thus, we drop the calligraphy from now on. We shall consider extensions of a complex
elliptic curve E by a power of G,, by which we mean algebraic groups I' for which there

exists an exact sequence of algebraic groups
0—G] —I—FE—0, (A.1)

with 7 the projection from I' to F.


http://fricas.sf.net

TORSION POINTS, PELL’S EQUATION, AND INTEGRATION IN ELEMENTARY TERMS 303

The general theory of extensions is studied in particular in [72], and in part expanded
in [19] for the present case of G,. We shall now recall some facts, and also give short
proofs of other results, apparently not easy to locate in the literature. After this, we
shall prove a result, apparently new, which is important for the main text.

We shall say that a (homo)morphism of such extensions ¢ from T to IV is over F if
it commutes with the projections 7 and 7’ to E; that is, if 7/o¢=m.

We shall say that such an algebraic group is (totally) split if it is isomorphic to
ExG7 over E.

Note that we intend all such isomorphisms in the sense of algebraic groups, and we
do not insist that the isomorphism are in the strongest sense of extensions (as in [72,
Chapter VII]).

An important class of extensions is associated with the modulus rW for a positive
integer r. Namely, let W be a given point in E. Following [72], we denote by G, (or
G,w) the extension of E by G- ~! obtained by the modulus rW.

We recall that, as a group, this is the factor group of divisors of degree zero and
prime to W, by the subgroup of principal divisors (f), where f is a rational function on
E, regular and non-zero at W, and such that df vanishes at W to order at least r—1.

We shall denote by [D], (or [D],w) this (narrow) class of a divisor D (prime to W
and of degree zero).

Let t be a local parameter at W. Then, we have a map which, with a principal
divisor D=(f) (with D prime to W, that is, f regular and non-zero at W), associates
df / f modulo "1,

This target space is a vector space (over C) of dimension r—1, where we can take as
coordinates the first r—1 coefficients of df /f in the t-expansion. Also, the map induces
a homomorphism from the group of narrow principal divisor classes defined above, to
the additive group G7~!, injective by definition. The map is also surjective, as we may
prescribe arbitrarily the first r coefficients of the expansion of f at W in terms of ¢, and
with say f(W)=1.

These definitions yield G;=F (for example by some “approximation” result, or we
may simply note that the broad classes [D]=[r. D] for any translation T on F), and we
have dim G,.=r.

For r>s there is a natural map 7,; from G, to G, obtained by weakening equiva-
lence.

The extension G5 is especially relevant. We recall from [19] or [72] that G5 is a non-
split extension of E by G,. Also, it is proved in [19] that G2 does not contain properly
any connected algebraic subgroups other than the identity and G,. In particular, this
itself implies that G5 is non-split (otherwise it would contain a copy of E), and that it
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admits no non-constant homomorphisms to G,. (Actually, it admits no non-constant
morphisms to G, as is proved in [19, Remark 3.7], for example.)
We shall soon recall how G5 in fact suffices to classify all extensions in question.
An issue is what happens if we start with another point W’ in place of W and
consider the extension G defined by the modulus *W’. Let, as above, [-], and [-].
denote classes with respect to W and W', respectively. We shall prove the following

result.

PROPOSITION A.l. The extensions G, and G.. are isomorphic over E, with an
explicit isomorphism induced by translation on classes of points; and, in particular, [(f)],

goes to [(T* f)]., where T is translation by W —W"'.

Proof. Translation by W’ —W induces an isomorphism of pointed curves from (E, W)
to (E,W’) inducing the identity on Pic’(E), so it induces an isomorphism from G, to
G'! over E. Note that translations on E induce the identity on Pic’(E), because they
preserve the value of the o in [75, Proposition II1.3.4, p. 66]. O

We now denote by t a local parameter at a point W in E.

Let us consider again the extension G,., defined above, where r>2 and W in F is
a given point. We have mentioned the map w2 from G, to G2 obtained by weakening
equivalence; it is a homomorphism over E. Since G is non-split, G, cannot be split as
well (for otherwise we would have a non-constant map E to Ga, contrary to the fact that
G4 does not contain other 1-dimensional subgroups other than G,, as shown in [19], for
example).

Recall that we may map the group of narrow divisor classes prime to W and prin-
cipal to G,., by associating a narrow class [(f)], to df/f (mod t"~!). This is a group

homomorphism, sending the narrow divisor classes of functions onto G7~*.

Definition. We define V=V,.CG,. as the vector subspace of G, consisting of divisor
classes [(f)]r, where f—1 vanishes to order at least 2 at W.

Note that this is indeed a vector subspace, because these functions form a mul-
tiplicative group, and we may prescribe the truncated expansion in t of f modulo ¢"
arbitrarily.

From the above definitions, it also immediately follows that V' is precisely the kernel
of mg.

Note that, for an integer m>1, the space £,,=£(—mW) of functions in C(E) with
at most one pole of order m at W has dimension m (for m=1 it is just C of course).

For r>3, we now construct a pairing from G, x £,_1 to G, as follows.
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For a divisor D=}, mpP of degree zero, prime to W (so that my =0), and for a

function A in £,_1, we define
(D,h)=>_mph(P). (A.2)
P

Note this is well defined, and a pairing to G, from the product of the group of divisors
of degree zero prime to W, with £,_1/£;. (It is naturally suggested, for example, by
[72, Theorem 1, p.1]; see also [72, p.33].)

We prove the following result.

PROPOSITION A.2. The above pairing induces a pairing from Gr.x (£,-1/£1) to G,
of algebraic groups, which is perfect when restricted to V' on the left. This also induces

an isomorphism of algebraic groups G, =Gy xGI=2 (over E).

Proof. We start by observing that the pairing (A.2), with divisors on the left, induces
indeed a pairing of additive groups on G, x (£,_1/£;), which is C-linear on the right.
For this, it suffices to check that a divisor D of degree zero, coprime to W and equivalent
to zero in the narrow sense associated with G,., lies inside the kernel on the left.

Indeed, if such a D is equivalent to zero in the narrow sense, there exists a function
f in C(F) with divisor D and such that df vanishes at W of order at least »—1. Consider
now the differential hdf/f on E; it has no residue at W (since it has no pole there), and
hence the sum of its residues is just (D, h). But the sum of the residues of a differential
is zero ([72, Chapter II, Proposition 6]), whence the assertion.

Now, from the construction of generalised Jacobians given in [72], we see that the
induced pairing is algebraic also on the left, and it follows that it is C-linear when
restricted to GI"1CG,. on the left. (Or one may also argue by continuity, here.)

Let us now consider such induced pairing, and let K be its kernel on the left.

To restrict it on the left to GZ~1CG,. is just like restricting to narrow divisor classes
[(f)]» for functions f in C(FE), regular and non-zero at W. By the same argument as
above, we see that —([(f)], h) equals the residue at W of hdf/f.

Let now f be a non-constant function with f=1 (mod t), and such that [(f)], is in
VNK.

Then, by the definition of V', for some m>2, we can write expansions at W as

d
f=14cut™+... and 7f = (mept™ 4.0 ) dt,
where ¢, #0. If [(f)]»#0, we have m<r—1. Also, let h,, in £, be a function with a pole
of exact order m at W (which exists, since m>2). Then, the residue at W of h,, df / f is
non-zero, whence the above remark entails ([(f)];, hm)#0, against the assumption.
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Hence, VNK={0}, so the pairing yields an isomorphism between V' and the dual of
£,_1/£1, which is isomorphic to GL 2.

Take now ¢ in G,; then, the map taking x to (g, ) is a linear map from £,_; to G,
vanishing on £1, whence there is v in V with (g, z)=(v, ) for all z. Then, g—v is in K,
and hence G, Zg K xV.

As noted above, the natural map from G, to G2 has kernel V' and is surjective, so
K=g(Gs. This completes the proof. O

Remark. Tt also follows that G, 225 G2 x G2, where the first projection is 7,2, and
we have a section Ay, from Gy to G,., which is unique (e.g. because any homomorphism
from G5 to G, must be zero). Also, K=\, (Gs).

We now come to the main objects of our study.

Definition. For the extension G, as above, we define the splitting line in G, as
L=KNG’~! where K is the kernel on the left of the pairing of Proposition A.2.

Note that, by the isomorphism G, =5 Ga x GI~2, this line is the image of the unique
G, inside G, through the natural section from G5 to G,.

PROPOSITION A.3. The splitting line is the unique line A in G.-*CG, with the
property that, for a vector subspace U of G 'CG,, the extension G,/U of E is split
if and only if ACU.

Proof. Clearly, in view of Proposition A.2, the splitting line has the stated property.
In particular, G,./L is split. Conversely, let A have this property. By the previous remark,
A contains L, proving what is stated. O

We now come to the main result of this appendix, which characterises the splitting

line in G, in terms of classes of principal divisors.

THEOREM A.4. The splitting line in G, consists of divisor classes [(f)]» of functions
f regular and non-zero at W such that df /f coincides with some non-zero invariant

differential x=xys up to order r—1, that is, such that

- X
f
has a zero of order at least r—1 at W.

Proof. We start by observing that, since x has no zeros, these divisor classes form
indeed a line in GL 1 CG,..
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Then, it suffices to show that this line is inside K. For this, let f in C(E) have the

property stated in the theorem. Then, for any h in £,_1, we have (as in Proposition A.2)

() p—— (hf{) _ resu () —resw (h@{_ ))

The term on the right is zero, because the differential h(df /f —x) has no pole at W (since
hisin £,_1). The same holds for the first term, since the differential hx has a pole only
at W, and therefore, since the sum of all of its residues vanishes, its only residue at W

must also vanish. This completes the proof. O

As remarked above, a referee outlined another proof of Theorem A.4. One restricts
the pairing of Proposition A.2 to the kernel V' rather of 7,1, and notes that, as above,
V' is isomorphic to the space §2,_1 of differentials regular at W modulo those vanishing
to order at least r—1. The resulting pairing from ,_1 X (£,_1/£1) to G, has left kernal
which is the image of the 1-dimensional space H° of invariant differential forms on E,
and trivial right kernel—this follows for example from Theorem VIII.1.3 of Mumford and
Oda [57]. Finally, if L is the image of H® in ©,_; in G, via V', we get an isomorphism
between G,./L and GL~?; thus, L is the splitting line.

We next consider the splitting line in a fibre product I'=T1 Xg...x gy (over E),
where the I'; are non-split extensions of £/ by powers of G,, with injections \; from G5
into I'; over E (namely, these maps commute with the projections to E).

PROPOSITION A.5. We have T=pGy®G3~Y, again over E, where the embedding of
Go into T sends z to (M1(2), ..., As(2)).

Proof. Indeed, let z=(z1, ..., z5) be in T'. We have z=(A1(y1), ..., As(ys)), where y; is
in G and mo(y;)=u in E is independent of j. Then, we note that y;=y; +a; for suitable
a1=0, ag,...,as in Gy, and hence x=(\1, ..., \s)(y1)+v, where v is in G$~; this shows

what we want, identifying G5 with its image in I through the map (Aq, ..., As). O

Similarly, a fibre product
I'xp(ExG,.) e T'xg(ExGY]),

where T is as above, and s>1, is isomorphic to Go @G’ +*~1 as is immediately checked
on using the previous result.
Finally, suppose that ¢ from I" to I'V is an isomorphism over E between extensions
of E by G.. Then,
I'xpl' 2T xGL,

where the last isomorphism sends (z,z’) to (z,2’—t(x)). (Observe that indeed, since

m(x)=n"(2") and m=7"r, we have that 7' (z' —(x))=0, that is, 2’ —¢(z) is in ker 7' =G%.)
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A similar fact holds of course for products of several isomorphic extensions, gener-
alising the previous situations.

The previous results allow us to describe the splitting line in a fibre product.

COROLLARY A.6. Let I'y,...,I's be non-split extensions of E by G, ..., GLs, respec-
tively, with injections A; from Go into I'; over E. Also, let I'=I't xg...xgl's. Then,
the splitting line in T is the set of (A\1(x),..., A\s(2)) for x in L, where L is the splitting

line in Gs.
Proof. Immediate from Proposition A.5 above. O

COROLLARY A.7. For r>2 the splitting line in E.w, Xg...XgEw,, consists of el-

ements

(L DOlrwrs oo [T H]rwn)

with functions f regular and non-zero at W such that df /f coincides with some non-
zero invariant differential x=xy up to order r—1, where 7; is translation by W —Wj,

1=1,...,m.

Proof. We apply Corollary A.6 with I';=E,w,, i=1,...,m. By Proposition A.1, there
are isomorphisms T; from E,w to E.w, taking [(f)]-w to [(7) f)]rw,, i=1,...,m. With A
from G4 into E,y being the standard section, we obtain sections A;=T;c\ from G5 into
E.w,, i=1,...,m. So, the splitting line consists of all (A\;(x),..., \;n(x)), as z runs over
the splitting line in Go. As already noted, the A(z) describe the splitting line in E,.y,

which consists of all [(f)],w as in Theorem A.4, and what we want follows at once. [
We shall also need the following definition.

Definition. Suppose that T' in (A.1) is non-split with splitting line L. Then, I'/L is

split, and we shall say that any surjective o to G~ ! is a splitting map for T.

Note that ¢ is unique, up to automorphisms of G"~! (because there are no non-zero
maps from Gs to G,).

A similar argument shows that, for any linear subspace U of I, say of dimension p,
containing L, there is an essentially unique surjective map from I'/U to GI P, obtained
by identifying Gn~1 /o (U) with GI—P.

If r=2, then 05=0 is trivially a splitting map for G,.. If r>3, we can easily obtain a
splitting map for G, from the pairing. Pick a basis (hg, b1, ..., hy.—2) of £,._1 with hg=1.
Thanks to Proposition A.2, we can define o, from G, to G-~2 by

o-([D]y)=((D,h1), ..., (D, hy_2)).
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As (D, hy)=0, the kernel is K, of dimension 2 containing L; thus, o, induces a map on
G, /L with kernel of dimension 1, and so we get surjectivity.

Here is a generalisation to fibre products.

ProroSITION A.8. For r>3, m>22 and I';=G,., i=1,...,m, a splitting map on I'=

' xg...xgly, is induced by the map from I to Gt sending ([D1]r, ..., [Dm]r) to

<UT(D1), oy 0r (Do), %(W), ‘j{:_—ll (W))

for any functions f1,..., fm—1 on E with (f;)=D;—D,,, i=1,...,m—1.

Proof. Again we look at the kernel. First, we see that [Di]y, ..., [Dm], lie in K=
A(G3), with X being the standard section. So, [D;].=A(x;) for x; in Gg, i=1,...,m.
Second, the vanishing of the (df;/f;)(W) means that the [D;]s, i=1,...,m, are all equal.
These are just the w([D;],) for m=m,2, and so the z;=7(A\(;)), i=1,...,m are all equal
in G2. Thus, the kernel has dimension at most 2. As I" has dimension m(r—1)+1, this

implies surjectivity. O
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