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1. Introduction

Let
P(z) =294 Aq_ 12" '+ .+ Ayz+1€Z[x] (1.1)

be a random polynomial with independent coefficients A, ..., A4—1 taking values in 0 and
1 with equal probability. Odlyzko and Poonen [31] conjectured that the probability that
P is irreducible in Z[z] converges to 1 as d—o0.

The best known lower bound in this problem is due to Konyagin [26], who proved

that

P(P is irreducible) > @

for an absolute constant ¢>0.
A strongly related problem was studied by Bary-Soroker and Kozma [3], who proved
that

P(x?+ Ay 129 4.4 Ajx+ Ay is irreducible) — 1,

where Ag, ..., Aq_1 are independent random integers uniformly distributed in 1, ..., L for
a fixed integer L that has at least four distinct prime divisors.

In another paper, Bary-Soroker and Kozma [4] studied the problem for bivariate
polynomials. See also [32] for a study of the probability that a random polynomial has
low-degree factors, and [6] for computational experiments on related problems.

In this paper we prove the following result.

E. B. acknowledges support from ERC Grant no.617129 ‘GeTeMo’. P.V. acknowledges support
from the Royal Society.
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THEOREM 1. Let P be a random polynomial as in (1.1). Suppose that the Riemann
hypothesis holds for the Dedekind zeta function (x for all number fields of the form
K=Q(a), where a is a root of a polynomial with 0,1 coefficients.

Then,

P(P is irreducible in Z[x]) — 1

as d—o00.

See §1.2 for more precise results, where we discuss the following finer aspects of the
problem:

e random polynomials with arbitrary i.i.d. coefficients;

e the rate at which the probability converges to 1;

e relaxation of the assumption of the Riemann hypothesis;

e Galois groups.

1.1. Motivation

Beyond its intrinsic interest, the problem of irreducibility of random polynomials of high
degree is motivated by some other problems, which we now briefly discuss.

It is believed to be computationally difficult to determine the prime factorization
of integers. On the other hand, polynomial-time algorithms are known for computing
the factorization of polynomials in Z[z]. Given an integer N €Z~, we can write it as
N=P(2) for a unique polynomial P with 0, 1 coefficients. By computing the factorization
of P in Z[z] and evaluating the factors at 2, we can obtain a factorization of N.

The only weakness of this approach is that the polynomial P may be irreducible
and thus the factorization of N obtained may be trivial. The problem we study in this
paper thus asks for the probability that this procedure returns only a trivial factorization.
Therefore, it is desirable to have results, such as those of this paper, proving that this
probability converges to 1 very fast.

We will discuss our method in §1.3. The method links the problem of irreducibility
of random polynomials with mixing times of certain Markov chains, which are mod-p
analogues of the Bernoulli convolutions we had studied in earlier work (see e.g. [10], [8],
[35]). In this paper, we use results available for the Markov chains to study random
polynomials, but this can be reversed. In particular, in a forthcoming paper, we will use
the results of this paper to obtain new results about the Markov chains.

Our results on irreducibility assume the Riemann hypothesis for Dedekind zeta func-
tions, or at least some information on the zeros. In our last theorem, Theorem 7, we show
that conversely irreducibility of random polynomials has (modest) implications about the
zeros of Dedekind zeta functions.
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1.2. Results

Under the full force of the Riemann hypothesis (RH), our best result is the following.

THEOREM 2. Let P=Agz¢+...+Ajx+Ag€Z[z] be a random polynomial with inde-
pendent coefficients. Assume that Aq,...,Aq_1 are identically distributed with common
law p. Assume further that all coefficients are bounded by exp(d'/°) almost surely. Let
7>0 be a number such that ||pl|3:=>", ., p(x)?<1—7.

There are absolute (and effective) constants ¢, C'>0 such that, if d>C/7*, then with
probability at least 1—exp(—crd'/?/logd) the following holds for P.

(1) If RH holds for Cx for K=Q and for all number fields of the form K=Q(a),
where a is a Toot of P, then P=®&P, where P is irreducible, and ® has deg ®<(C/7)V4d,
and is a product of cyclotomic polynomials and x™ for some meZxy.

Moreover, with probability at least 1—exp(—crd'/?/(logd)?), the following additional
property holds for P.

(2) If RH holds for Cx for all number fields of the form K=Q(a1,...,an), where
ai, ..., am, are any number of roots of P, then Gal(]S)DAlt(deg ]3)

Here Alt(n) denotes the alternating group on n elements, Gal(P) the Galois group
of the splitting field of the polynomial P.

There are several remarks in order regarding this theorem. It is natural to allow that
the probability laws of Ay and Ay differ from those of the other coefficients, for example
to include the original problem discussed in the beginning of the paper. The exponent %
has no particular significance and the upper bound exp(dl/ 10 on the coefficients could
be relaxed at the expense of some technical complications in the proof, but we do not
pursue this. Nevertheless, the method of proof definitely requires some upper bound in
terms of d; it would be interesting to know if this is also necessary for the theorem to
hold.

Our method is based on studying higher-order transitivity of the Galois group acting
on the roots, and hence it cannot distinguish between the Galois group being Sym(d) or
Alt(d). Deciding whether or not the Galois group is Sym(d) with probability tending to
1 appears to be a hard problem.

There are certain obstructions to the irreducibility of P that occur with probability
higher than the estimate 2exp(—cd'/?/logd) given in the theorem. In particular, if
P(Ap=0) is positive, then x|P with positive probability. Moreover, if w is a root of
unity, then one may think of P(w) as the end point of a random walk on Z[w] whose
steps are given by A;w’ for j=0,...,d. If we fix w#1 and y, then, for large values of d,
P(P(w)=0) is proportional to d~"/? (say by the lattice local limit theorem [18, §49,
Chapter 9]), where r is the rank of the lattice Z[w].



198 E. BREUILLARD AND P. P. VARJU

In summary, the factor ® may be non-trivial with probability higher than

) Cd1/2
xp (_ logd ) ’

and its precise behavior can be described by a detailed analysis of random walks on

lattices, which we do not pursue here, except for the following result.

COROLLARY 3. Let p be a probability measure on Z with finite second moment,
which is not supported on a singleton. Let N be a positive integer and Uy be the finite
subset of C consisting of 0 and all of roots unity w with [Q(w):Q]<N. Let (A;)iz0 be

a sequence of i.i.d. random variables with common law p and set
P;= Adl‘d—i—...-i-All‘—f—Ao € Z[l‘]

Then, assuming the Riemann hypothesis for Dedekind zeta functions of number fields, as

d— o0,
P(Py is irreducible in Q[z]) =1—P(3w € Uy : Py(w) =0)+0, n(d~N/?).

In a similar flavor, we answer the original problem posed at the beginning of the
paper.
COROLLARY 4. Let P(x)=x%+Aq 129 ' +...+Ajx+1€Z[x] be a random polyno-

mial with independent coefficients Aq, ..., Aq—1 taking values in 0 and 1 with equal prob-
ability. Suppose that the Riemann hypothesis holds for the Dedekind zeta function (g
for all number fields of the form K=Q(a), where a is a root of a polynomial with 0,1
coefficients.

Then

2
P(P is irreducible in Z[x]) = 1—\/—d+0(d_1),
T
where the implied constant is absolute.

Polynomials of small Mahler measure can also contribute to the error term. In this
respect, it is also worth pointing out that an exponential bound in the error term in
Theorem 2, say of the form exp(—cd) for some ¢>0, would easily imply the Lehmer
conjecture (arguing, say, as in [10, Lemma 16]).

In the proof of part (2) of Theorem 2, we will show that the Galois group of P acts k-
transitively on its roots with k> (log d)2. By a well-known fact going back to Bochert and
Jordan in the 19th century, this implies that the Galois group contains the alternating

group. In fact, now there are even better results available, which we will discuss in more
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details in §9.1. Using the classification of finite simple groups, it has been proved that
all 6-transitive permutation groups contain Alt(d). However, if we were to rely on this,
it would lead only to a very minor improvement in Theorem 2, so we opted for a proof
avoiding the classification. Unfortunately, our method cannot distinguish between the
symmetric and alternating groups.

Bary-Soroker and Kozma proved that, if y is the uniform distribution on an interval,
then, with probability tending to 1, the Galois group of P contains Alt(d), provided P
is irreducible. However, our result applies in greater generality and provides a better
bound for the probability of exceptions conditionally on the Riemann hypothesis.

Next, we state two results, where the reliance on the Riemann hypothesis is relaxed
at the expense of a weakening of the bound.

THEOREM b. For any numbers 7>0 and a> >3, there is ¢>0 such that the follow-
ing holds. Let P=Agx%+..+ Ajz+Ao€Z[x] be a random polynomial with independent
coefficients. Assume that Aq,...,Aq_1 are identically distributed with common law .
Assume further that all coefficients are bounded by d*/T almost surely and ||p||3<1—7.

Then, with probability at least 1—2exp(—c(logd)?~2), the following holds for P.
Suppose (i has no zeros o with |1—p|<(logd)®/d for all K=Q(a) for any root a of P.
Then, P:fbﬁ, where P is irreducible, deg‘ng/ﬁ/c and ® is a product of cyclotomic

polynomials and =™ for some meZxy.

We recall the state of the art in our knowledge about the zeros of Dedekind zeta
functions near 1 to motivate the next result. The Dedekind zeta function (x has at most
one zero p with |1—p|<4/log Ak, where Ak is the discriminant of the number field K,
see [33, Lemma 3]. If such a zero exists, it must be real, and we call it the exceptional
zero of (x. The constant 4 has been improved, see [24] for the latest results. We note
that, in the setting of Theorems 5 and 6, log A <Cdlogd for a constant C' depending
only on 7.

The bounds available for the exceptional zero are much weaker. We know that (x
has no zeros o with

[1—-o| < (1.2)

c
d-d!|Ag |4
where d is the degree of K and c is an absolute constant, see [33, proof of Theorem 1'].
However, conditionally on Artin’s holomorphy conjecture for Artin L-functions, we know
by [33, Theorem 4] that (x has no zeros p with
c c
l-ol< ——+——.
1=l dlog Ak +A}(/d
In the next result, we formulate our hypothesis on the zeros of Dedekind functions

allowing for an exceptional zero.
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THEOREM 6. For any numbers 7>0, a>4 and v>1 such that a>2y+2, there is
¢>0 such that the following holds. Let P=Agx%+...4+ Ayx+ Ao €Z[z] be a random polyno-
mial with independent coefficients. Assume that A1, ..., Aq_1 are identically distributed
with common law p. Assume further that all coefficients are bounded by d'/T almost
surely and ||pll3<1—7.

Then, with probability at least 1—2exp(—c(logd)*~7=2), the following holds for P.
Suppose that (x has at most one zero o satisfying |1—o|<(logd)®*/d and no zeros with
|1 —o|<exp(—c(logd)?) for all K=Q(a) for any root a of P. Then, P:CI)]B, where P is
irreducible, deg @g\/&/c and ® is a product of cyclotomic polynomials and x™ for some
meEZxg.

Most of the interest in our final result is when we know unconditionally that the
random polynomial P is irreducible with high probability, e.g. in the setting of the
work of Bary-Soroker and Kozma [3] mentioned above. Then, we obtain as a direct
consequence of the following theorem an unconditional improvement on the bound (1.2)
for the exceptional zero of the Dedekind zeta function (x that holds for most number
fields K, where K is the sampled by setting K =Q(a) for a root a of the random irreducible
polynomial P.

THEOREM 7. For every 7>0 and a>p>3, there is ¢>0 such that the following
holds. Let P=Aqx%+...+ Ajx+ Ag€Z[x] be a random polynomial with independent coeffi-
cients. Assume that Ay, ..., Ag_1 are identically distributed with common law p. Assume
further that all coefficients are bounded by d'/™ almost surely and ||p||3<1—7.

Then, with probability at least 1—2exp(—c(logd)?~2), the following holds for P.
There is a Toot a of P that is not a root of unity such that (g.) has no zeros o with
[1—o|<exp(—(logd)**1).

1.3. An outline of the proof

Our strategy for proving the results stated above aims at finding information about the
distribution of the degree sequence in the factorization of the random polynomial P in
F,[z], and then uses this information to study irreducibility of P in Z[x] and the Galois
group of its splitting field.

Bary-Soroker and Kozma [3] approximated (in a certain sense) the degree sequence
in the factorization of a polynomial chosen uniformly at random from degree-d monic
polynomials in Fp[z]. It is very plausible that such an approximation holds in greater
generality not only for the uniform distribution, but we do not know how to prove this.
However, we are able to approximate the statistics of the number of low-degree factors,



IRREDUCIBILITY OF RANDOM POLYNOMIALS 201

and this allows us to gain information about the Galois groups using special cases of the
Chebotarev density theorem.
The most relevant density theorem for our purposes is the prime ideal theorem,

which has the following consequence.

THEOREM 8. Let Py€Z[z] be a fixed polynomial and let p be a random prime chosen
uniformly in o dyadic range [y,2y). Then,

E[number of roots of Py in F,] — number of distinct irreducible factors of Py (1.3)

as y—00.

This observation was suggested as a basis for an algorithm to compute the number
of irreducible factors of a polynomial by Weinberger [36].
If the Riemann hypothesis holds for (k for all K=Q(a), where a is a root of Py, then

2+¢. A more precise discussion

the approximation (1.3) is valid once y>C(e)(log Ap,)
of these ideas including proofs will be given in §§2-4. We note that, if we wish to
approximate the distribution of the full degree sequence of the factorization of F; in F,
using the Chebotarev density theorem, then we need to take a much larger value for
y, even if we assume the Riemann hypothesis for all relevant Dedekind zeta functions.
Indeed, that would require us to replace the discriminant of Py with the discriminant of
its splitting field in the above bound, which is potentially much larger, and that would
not be sufficient for our purposes.

The next aim of our strategy is to show that
E[number of roots of P in F, |~ 1, (1.4)

where P is a random polynomial in the setting of the above theorems, and pg is a fixed
prime in the range [y, 2y), which is suitably large for the approximation in (1.3) to hold.
If we achieve this goal, then we can randomize the polynomial in (1.3) and the prime

in (1.4) and compare the right-hand sides to obtain
E[number of distinct irreducible factors of P]a: 1.

Since the number of irreducible factors is always a positive integer, Markov’s inequality
implies that P has only one irreducible factor with high probability. When we will give
the details of the argument, we will choose a slightly different route by estimating the
second moments and applying Chebyshev’s inequality. Although this is not necessary for
Theorems 2, 5 and 6, it does help in that it is enough to make the assumption on the
Dedekind zeta functions only for those polynomials for which the conclusion holds. On
the other hand, the second moment estimates are necessary for Theorem 7.
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To establish (1.4), we fix an element a€F,, and consider an additive random walk
on F,,, whose jth increment is A;a’. The endpoint of this walk is P(a). If we can show

that the walk mixes rapidly, then we can conclude that
P(P(a)=0)~ —. (1.5)

Summing up the probabilities for each a€F,,, we arrive at (1.4).

The study of random walks of this kind goes back at least to Chung, Diaconis and
Graham [12], who considered the case a=2. Their work has been extended in several
directions by Hildebrand (see [21]), however he mostly focused on the case in which a is
a fixed integer independent of py. In the setting when a may vary with pg, the diameter
of the underlying graph was considered by Bukh, Harper and Helfgott in an unpublished
work, see also [20, footnote 4 on p.372], that is, they considered how large d needs to
be taken so that the walk reaches every element of IF,, with positive probability. Their
approach relies on certain estimates of Konyagin [25] pertaining to the Waring problem
on finite fields and we will apply the same method. See also [9], where the connection
between these random walks and Lehmer’s conjecture is explored.

It turns out that the random walk does not mix fast enough for certain choices of
the parameter a. Indeed, if a=0, then the walk does not mix at all. Moreover, if a=1,
then the mixing time (i.e. how large d needs to be taken for (1.5) to hold) will be ~p3, as
can be seen by the central limit theorem. A similar issue arises if a has low multiplicative
order. Therefore, it is useful to exclude certain elements of F,, from the count. We say
that an element a€F,, is admissible if it is not the root of a cyclotomic polynomial of
degree at most logpy. We can then modify (1.3) by counting admissible primes on the
left-hand side and non-cyclotomic factors on the right. When we give the details of the
argument, we will exclude from the admissible elements not only the roots of cyclotomic
polynomials, but also the roots of polynomials of very small Mahler measure. This allows
us to obtain improved bounds.

We are able to show that the mixing time is at most log p(loglog p)3*¢ for most of
the parameters a€F, in a sufficiently strong sense required by our application.(*) This
allows us to set y=exp(d/(log d)>*¢) when we apply (1.3). Even if we disregard the effect
of the exceptional zero, our current knowledge about the zeros of Dedekind zeta functions
would require the larger range y=exp(Cdlogd). Unfortunately, an argument based on
the analysis of the random walks for a fixed parameter a€F, cannot yield a mixing time
better than clogp, since the number of points that the random walk can reach grows

exponentially with the number of steps. To overcome this barrier, one would need to

(1) We can get better results for typical parameters in a weaker sense, which is not suitable for
the purposes of this paper. These results will appear in a forthcoming paper.
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consider the average distribution of the random walk over the parameters a€F,. This,
however, seems to be exceedingly difficult to study.

There is one last issue that we need to consider. The above argument cannot dis-
tinguish between irreducible polynomials and proper powers. Indeed, we are able count
distinct irreducible factors only. To show that P is not a proper power with high proba-
bility, we show that P(2) is not a proper power. To that end, we will use the large sieve
together with the classical a=2 case of the above discussed random walks.

Using the above method, we can also obtain information about the Galois group of P.
What we discussed so far amounted to showing that the Galois group acts transitively
on the complex roots of P. A more general version of this argument can be used to show
that the action is k-transitive for large values of k, large enough that it forces the Galois
group to contain the alternating group.

Finally, we comment on the proof of Theorem 7. If the Dedekind zeta function has
an exceptional zero, then all other zeros are repelled away from 1 by what is known
as the Deuring—Heilbronn phenomenon. In the context of Theorem 8, this implies that
the left-hand side of (1.3) is close to zero for a certain range of primes. This can be
contradicted by (1.4).

1.4. Organization of the paper

In §§2-4 we discuss the prime ideal theorem and use it to obtain estimates for the
average number of roots of a polynomial in finite fields related to (1.3). In §5 and §6,
we study equidistribution of random walks, we revisit Konyagin’s estimates in [25] and
the argument suggested by Bukh, Harper and Helfgott. In §7, we give an upper bound
on the probability that the random polynomial P has a factor of small Mahler measure
utilizing some ideas of Konyagin [26]. In §8 we use the large sieve to show that P is not
the product of a proper power and cyclotomic factors with high probability. In §9 we

combine the above ingredients to prove the results stated in §1.2.

1.5. Notation

If K is a number field, we write dg for its degree and Ak for its discriminant. If PeZ|x]

is a polynomial, we write dp for its degree, Ap for its discriminant and

MP)=as [ 12l

zj:|zi|>1
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for its Mahler measure, where aq is the leading coefficient of P and z; runs through the

complex roots of P taking multiplicities into account. We recall the estimates

loglog d
Hc(ogog P

3
< <(a2+..+a?)'/? .
B ) < MP)< (@bt (1.6

where the upper bound holds for all 0# P €Z[x], and the lower bound holds if in addition
P is not the product of cyclotomic polynomials and ™ for some me&Zy. Here, ¢>0 is
an absolute constant ag, ..., aq are the coefficients of P. See [16] for the inequality on the
left-hand side and [5, Lemma 1.6.7] for the right-hand side.

We write Zp for summation over rational primes.

Throughout the paper, we use the letters ¢ and C to denote positive numbers whose
values may vary at each occurrence. These values are effective and numerical: they
could, in principle, be determined by following the arguments. We will use upper case C'
when the number is best thought to be large, and lower case ¢ when it is best thought
to be small. In addition we will use Landau’s O(X) notation to denote a quantity that

is bounded in absolute value by a constant multiple of X.

1.6. Acknowledgments

The authors are grateful to Boris Bukh, Mohammad Bardestani and Peter Sarnak for
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2. The prime ideal theorem

Let K be a number field of degree d=dx with discriminant A=Af, and denote by Ok
its ring of integers. Write (x for the Dedekind zeta function of K. Write A(n)=Ak(n)
for the number of prime ideals pC Ok with Ng/g(p)=n.

The purpose of this section is to compute the average value of A(p) with respect
to suitably chosen weights supported on primes. We first consider this question under
the assumption that RH holds for (k. In what follows, Zp indicates summation over all

positive primes in Z.

PROPOSITION 9. Let X >1 be a number and let

2exp(—X), if ue(X—log2, X],

0, otherwise.

hx (u) :{
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If RH holds for (i, then
2 X
E A(p)log(p)hx (logp) =1+0 | X*log(A)exp -5 )

where the implied constant is absolute.

Proof. We write

Vi ()= Z A(n)logn.

n,mELso:nmMLx

There is an absolute constant C'>0 such that, if RH holds for (x, then, for all z>1,

[k () — 2| < CVx(log 2 log A+d(log z)?).

See, for example, [19, Corollary 1.2]. Applying this for z=exp(X) and z=3 exp(X), we
find that

i i A(n)log(n hx(lognm):2exp(—X)(¢K(eXP(X))_wK(exp2(X)>>

n=1m=1
=1+0 <X2 log(A) exp <—)2(>) .

Here we used that dx <C(log Ag) by Minkowski’s lower bound on the discriminant.
We estimate the contribution of the summands for which n™ is not a prime. First,

we note that for each of these terms, n" is a proper power, and there are at most

exp();> +exp()3(> +.. +exp( X7 ) < Cexp(é()

such numbers between exp(X) and exp(X)/2. Each such number can be written in the

form n™ in at most X different ways, and A(n)logn<dxX. Therefore,

X

Z A(n)log(n)hx (logn™) < CX?log(A) exp (—2> . O

n,m: n"" is not prime

The purpose of the rest of this section is to formulate a variant of this proposition
with a milder assumption on the zeros of (k. Readers only interested in the proof of
Theorem 2 may skip to the next section. Everything that follows is well known and
classical. We begin by recalling the smooth version of the explicit formula.
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THEOREM 10. Let g€ C?(R) be a function supported in a compact interval contained
n Rsg. Write
g(s) :/ exp(isu)g(u) du.
R

Then,

oo (oo}

> A(n)log(n)g(mlog(n)) = g(—i) =Y i(—io),

n=1m=1 4
where the summation over o is taken over all zeros of (i (including the trivial ones)

taking multiplicities into account.

This result is well known but it does not seem to be readily available in this form in

standard text books, therefore we give the very short proof for the reader’s convenience.

Proof. We note that

for Re(s)>1.
Since g is compactly supported and C?, § is holomorphic and |§(is)|=O(|Im(s)|~2)
with an implied constant (continuously) depending only on Re(s). By the Fourier inver-

sion formula, we have

/ n_sg(—is)ds:/ n=°g(—is)ds
Re(s)=2 Re(s)=0
=i / exp(—itlogn)g(t) dt =2mig(logn)

for each n€Z~.
Therefore, we have
/ o0 o0
7% s i(s)g(ﬂ's) ds=3"Y" A(n)log(n)g(mlogn).
Shifting the contour integration to Re(s)=—o00, we can recover the claimed formula
from the residue theorem. We note that supp(g)CRsg, §(—is) decays exponentially
as Re(—is)— o0, and leave the verification of the rest of the details to the interested

reader. O

In the next lemma, we introduce the weight functions that we will use and establish
some of their properties. The aim is to find compactly supported weights g such that
its Laplace transform G(s)=g(—is) decays fast when Re(s)<1 and s is moving away
from 1. To achieve the optimal decay, it is useful to choose g depending on the distance
of s from 1, where we wish to make G(s) small. The construction was inspired by
Ingham [22].
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LEMMA 11. Let X€R<q and let k€Z~qg. For reR~g, write

Ir(u):{ 1/r, if ue[-3r.3r],

0, otherwise.
Let
gx .k (u) = exp(—u) Ixop...xIx o (u— 3 X), (2.1)
k-fold
Gx k(s)=gx k(—is)= /]R exp(su)g(u) du. (2.2)

Suppose k>4 and X >2k. Then, gx €C?*(R) and it is supported in [%X, X], and
we have gx i (u)<exp(—u) for all ueR. We have G(1)=1 and the following bounds hold
for all seC with Re(s)<1 and for all 0€(0,1) and X1 > Xo:

O< 1—GX7]C(O') <X(1—U),
4k
G a(s)| < () 7

[1—s|X
O e
Cx,a(0) (1-0)(X, ~ Xs)
Gy <o )

Proof. The claim supp gx , C [$X, X] and g(u)<exp(—u) follows immediately from
its definition and the assumption X >2k.
Note that
exp(isX/4k)—exp(—isX/4k)
isX/2k '
Then |§x x(0)|<Clo|~* for 0 €R, where C is a number that depends only on X and k,
and it follows that gx r€C? if k>4.

We also have

x.(s) =eXp(3i(8+")X ) (GXP( i(5+1) X/4k) — eXp(—Z(S+Z)X/4I<;)>

jX/Zk(S) =

i(s+i)X/2k
We can write

B 3(s—1)X\ [ exp((s—1)X/4k) —exp(—(s—1) X /4k) \'
xate)=em (M) ( (s DX/ )

(2.3)

Taking the limit s—1, we get Gx (1)=1. Using the bound

<exp(—Re(2))

exp(z) —exp(—2) ‘
22
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with z=(s—1)X/4k, which is valid for Re(z) <0, we get
|Gx i(s)| <exp(3(Re(s)—1)X)

if Re(s)<1.
Next, we use
exp(z) —exp(~2) | _ exp(~ Re(2))
2z = |z

with z=(s—1)X/4k, which is valid for Re(z)<0, and we get

)

exp(5(Re(s)—1)X)
(|ls—1|X/4k)*

|Gx k()] <

if Re(s)<1. Using exp(3(Re(s)—1)X)<1, we get the claim.
To show that
Gx, k(o) gexp<— (1—0)(X1—X2))7
ze,k(O') 4
it is enough to prove that F|(Y)/F1(Y)<—1 for Y >0, where

exp(Y/@_exp(_Y/k))é

F1<Y>=exp<—3Y>( e

(We use the substitution Y=1(1-¢)X and (2.3)).
This follows at once, if we show that F3(Z)/Fy(Z)<1 for Z>0, where

_exp(Z)—exp(—Z2)
F(Z)= 57 :

To that end, we calculate

F(Z) _ exp(Z)+exp(—2)
Fy(Z)  exp(Z)—exp(—2)

)

N =

and observe that F3(Z)/F»(Z)<1 is equivalent to

exp(Z) —exp(~Z)

2exp(—2) <
exp(—Z2) ~

We note that the left-hand side is always less than 2 and the right-hand side is greater
than 2 for Z>0. The latter can be seen, for example by computing the power series

expansion of the right-hand side. O

We record some well-known estimates for the number of roots of (i near s=1. These
go back at least to Stark [33].
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LEMMA 12. For every 0<r<1, we have
[{o:¢k(0)=0 and |1—o| <r}| < 3+3rlog|Ak].
There is an absolute constant C'>0 such that, for every r>1, we have
[{0:¢k(0)=0 and |1—p| <r}| < Clog|Ak|+Cdxrlogr.
We count the zeros with multiplicities and include the trivial ones.
Proof. As in the proof of [33, Lemma 3], we have

1 1 1
> <L Diogaxd
S 00 o—1 2

where 1<o<2 is arbitrary and E’Q indicates summation over an arbitrary subset of non-
trivial zeros of (i (taking multiplicities into account) closed under conjugation. If r< %,
we take 0=1+42r and consider the zeros g that satisfy |1—p|<r. For each such p, we

1 1
Re{ — | =2
e(ag) 3r

which can be seen easily by finding the image of the disk {z:|1—z|<r} under the inversion

have

through 1+2r. This gives us
1 1 1
—{o:|1—- —+—log|A
oo [l=el <r}| < o+ log|Ak],

which yields
[{o:1—o| <r}| < 3+3rlog|Ak|.

Taking c=1+7r for %grgl, the same argument gives
[{o:11—ol <r}| <2+rlog|Ax],

which is stronger than our claim since 2rlog |Ax|> 1.
We note that the trivial zeros are among the non-positive integers, and each have

multiplicity at most dgx. Moreover, we have
[{0:0<Re(p) <1 and [Im(o)—t| <1}| < Clog(A)+Cd log(|t|+2)

for any t€R (see e.g. [28, Lemma 5.4]). These two facts easily imply the second claim. [

Now, we formulate a variant of Proposition 9 under a milder assumption on the

Zeros.
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PROPOSITION 13. Let a>f3,7€R~q. Let X=d(logd)™® or X=2d(logd)™" and

Let K be a number field of degree at most d and discriminant at most exp(r~'dlogd) in
absolute value. Suppose that Cx has at most one zero oo such that |1—oo|<d~*(logd)®.
Then,

ZA ) log(p)gx,k(log(p)) = 1—Gx 1 (00)+O(exp(—c(log d)*~7)).

When the exceptional zero gg does not exist, the corresponding term should be removed

from the formula. The implied constant and ¢ may depend only on «, B and T.

Proof. In what follows, we will assume that d is sufficiently large depending on «,
and 7. Otherwise, the claim may be made trivial by a sufficient choice of the constants.

The proof is based on the explicit formula in Theorem 10, which gives us

Z Z n)log(n)g(mlog(n Z G(o (2.4)

where 9=9x.k and G:Gx_k.
First, we focus on the left-hand side of (2.4) and show that the terms for which n™

is not a prime do not have a significant contribution. We write

Z Z A(n)log(n)g(mlog(n Z Z g(log(ph)),

n=1m=1 =1

where

A= > Am)logn)=>_ A(p’)log(p

n,m:nm=pl 7:g|l
We note that A(p)=A(p)logp for all primes p, and that
H<D iAW) log(p) < dx log(p).
Jj=1

(The last inequality is an equality, if p is unramified in K.) Therefore, we can write

oo o0

n)log(n)g(mlog(n ZA ) log(p)g(log(p ))’

<ZZdK log(p)g(log(p")).

p =2

n=1m=1

(2.5)
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Since the support of g=g¢x i is contained in [GXP(%X),GXP(X)] only those terms
contribute in (2.5) for which p'€[exp(3X),exp(X)]. This means in particular that

log(p) <X for all such terms, and we can write

(2.5) <dgX Y > pl

p 1:1>2
pl€lexp(X/2),exp(X)]

where we also used g(log(z))<z~!. Therefore,

exp(X/2) exp(X/3) exp(X/4)
<2.5><de( Yo Y ot Y 3 n—l).
n=exp(X/4) n=exp(X/6) n=2  L:n!€lexp(X/2),exp(X)]

We note that

X
Z nt SQeXp<—2>

l:nt€lexp(X/2),exp(X)]

for any n, and hence
(2.5) < dKX(CeXp(—%X) —|—C’eXp(—%X)—|—2 exp(%X) exp(—%X)),

so we can conclude that

>0 3 Alw) og(mlg(mlos(r)~ 3 A lou(p)g(ogr)| < CareX exn - )

n=1m=1 p

Now we turn to the right-hand side of (2.4) and estimate the contribution of the
zeros o that satisfy |1—o|>d~!(logd)®. We write

Rj:={0:Cx(0) =0 and 2/d ' (logd)* <|1—o| < 2/ T'd~*(log d)*}

for each j€Z>o. We think about this as a multiset with each zero contained in it with
its multiplicity.
By Lemma 12, we have
|R;| < C27(logd)*+?

for each j such that 2/7'd=!(logd)*<1. Here, we use that log Ax <7 'dlogd. To
consider the case 2/t1d~!(logd)*>1, we note that

log(2/*d ™" (log d)*) < Cj,
and the second part of the same lemma implies that

|R;| < C(j+1)27 (log d)* ™ < C2% (log d)***.
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So this last estimate holds for all j.
By Lemma 11, we know that

k
4k
<N e—=——= ) < —c(j+1)(logd)*="
601< (e ) SOPel+) o))
for each g€ R;. We combine this with the bounds on |R;| and obtain the following

estimates, provided d is sufficiently large (depending on «, 5 and 7):

Z Z |G (o |<ZCQJ log d)**! exp(—c(j+1)(log d)*~7)

7=0 o€ R;
<Z(Jexp c(j+1)(log d)>~#)

< Cexp(—c(logd)*~#).
We recall that G(1)=1 and, using the above estimate, we write

ZG —(1-G(00))| < C exp(—c(log d)*~#),

where gg is the unique zero of (x with |1—go|<d=!(logd)®, if it exists, and the term
G(go) should be omitted from the formula, if there is no such zero. Combining this with
the estimate we gave above for the left-hand side, we get the claim of the proposition. [

3. Splitting of prime ideals and roots in finite fields

In this section, we record some facts about the connection between the number of roots
a polynomial has in finite fields and the way prime ideals split when we extend Q by
adjoining roots of the polynomial.

We fix two numbers »x¢€ (O and X eRsp.

1
 10)

Definition 14. (Admissible polynomial) We say that an irreducible polynomial R€
Z[x] is (X, »)-admissible if M(R)>exp(s) or deg R>10X. Otherwise, it is called (X 5)-

exceptional.

By abuse of language and ease of notation, in this section we will simply speak of
admissible or exceptional polynomials without reference to X and s, which we assume
fixed.

Lehmer’s conjecture implies that all exceptional irreducible polynomials are either
cyclotomic or equal to x. It follows from a result of Dubickas and Konyagin [17, Theo-
rem 1] that the number of exceptional polynomials of degree d is at most exp(sd) if d is
larger than an absolute constant independent of X.
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The reason for excluding polynomials of small Mahler measure is that this will
allow us to obtain slightly better results in §5 and §6. We will set the value of s
depending on the common law of the coefficients of the random polynomials so that
the probability of a random polynomial having an exceptional and non-cyclotomic factor
will be very small. This is proved in §7 using the above mentioned estimate for the
number of exceptional polynomials. We could opt to make only the low-degree cyclotomic
polynomials exceptional, but this would not lead to a significant simplification of our

arguments.

Definition 15. (Admissible residue) Let p be a prime such that logpe [%X, X}. A
residue a€F), is said to be (X, »)-admissible if it is not the root of an (X, »)-exceptional

irreducible polynomial mod p.

Again, if X and s are fixed, as we assume in this section, we will drop the prefix
(X, ») and speak about admissible residues.

Let P€Z[z] be a polynomial, F' be its splitting field and p be a prime. We write
Bp(p) for the number of distinct admissible roots of P in F,. Write P for the product
of the admissible irreducible factors of P. Note that P is square free. Write Q for the
set of complex roots of P.

Let m€Zs¢ and consider the diagonal action of G=Gal(F|Q) on Q™. We may
decompose Q™ into distinct G-orbits and for each orbit O€Q™ /G pick one representative
w:=(Z1, ..., T ) €O and consider the subfield Ko=Q(z1, ..., Zs,). The isomorphism class
of Ko is independent of the choice of the representative w in 2.

Recall that A (p) denotes the number of prime ideals pC Ok with norm p.

The purpose of this section is to prove the following.

PROPOSITION 16. Let PeZ[x], let p be a prime such that ptAp and and ptRes(P, R)

for any exceptional polynomials R. Let m€Z~q. Then,
Bp(p)™= Y., Axo(p)
oenm /G

Let F be a finite Galois extension of Q and let p€Z be a prime that is unramified
in F. Then, we write Frobp(p) for the (conjugacy class) of the Frobenius element in
Gal(F|Q) at p.

We begin by recalling two standard facts.

LEMMA 17. ([13, Theorem 4.8.13]) Let PeZ[x] be a polynomial and let F be a finite
Galois extension of Q containing the roots of P. Let p be a prime such that ptAp. Then,
there is a bijective correspondence between the cycles of Frobp(p) acting on the complex
roots of P and the irreducible factors of P in Fy, such that the length of a cycle equals

the degree of the corresponding irreducible factor.
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LeEMMA 18. ([30, Chapter 4, Theorem 33]) Let F be a finite Galois extension of Q
with Galois group G=Gal(F|Q) and let H<G be a subgroup. Let p€Z be a prime, which
is unramified in the extension F|Q. Then, the number of fized points of Frobg(p) acting
on G/H is Ak (p), that is the number of prime ideals in Ok of norm p, where K is the
subfield of F pointwise fived by H.

Proof of Proposition 16. Recall that F' is the splitting field of P, and Q2CC the set
of roots of P. We apply Lemma 17 for 13, and see that the number of fixed points of
Frobg(p) acting on Q is Bp(p). Here, we used that all roots of P in F, are distinct and
admissible, because pfA 5 and ptRes(P, R) for any exceptional R. Therefore, Bp(p)™ is
the number of fixed points of Frobg(p) acting diagonally on Q™.

Consider an orbit O of Gal(F|Q) in Q™ and let Ko=Q(x1,..., Z,n) for some rep-
resentative w:=(x1,...,2,) of O. Let H be the stabiliser of w in G. By the Galois
correspondence, K¢ is the subfield of F fixed by H. Hence, the number of fixed points
of Frobr(p) in O is Ak, (p) by Lemma 18. The claim follows. O

4. Expected number of roots of a polynomial in a random finite field

We combine the results of the previous two sections and deduce the following two results.
Below we have kept the notation of §3. Recall that the function hyxy was defined in
Proposition 9, that € is the set of roots of ]5, F the splitting field of P and G=Gal(F'|Q)
its Galois group. Given méeZsg, €(0,1/100) and X >10, we will denote by Bp(p) the

set of (s¢/m, mX)-admissible roots of P in F,, (see Definition 15).

PROPOSITION 19. Let d,m€Zx1. Let P€Z[z] be a polynomial with coefficients in
[— exp(d'/10), exp(d*/19)] of degree at most d. Suppose that, for every G-orbit O on Q™,
the Dedekind zeta function (i, of the subfield Ko<F satisfies RH. Let X >md'/10,
Then,

X
ZBP " log(p)hx (logp) = |Q7”/G|+O(exp( 10))
The implied constant is absolute.
PROPOSITION 20. Let a>f3,7€Rsq. Let X=d(logd)™? or X=2d(logd)™" and
k=% (logd)* 7.

Let PEZx] be a polynomial with coefficients in [—d'/T,d"/ 7] of degree at most d. Suppose
that, for every G-orbit OCSQ, the Dedekind zeta function (i, of the subfield Ko <F has
at most one root ok, 0 such that |[1—ok, o|<d *(logd)*. Then,

ZBP )log(p)gxxlogp) = > (1-Gx.(0Ke,0))+O(exp(—c(logd)*~)).
0€e/G
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If the exceptional zero ok, o does not exist for some O, then the term Gx ix(0Ko.0)
should be omitted from the formula. The implied constant and ¢ may depend only on «,

B and T.

We will use the next lemma to estimate the number of primes for which the result

of the previous section does not hold.

LEMMA 21. Let P€Z[z] be a polynomial of degree at most d with coefficients in
[—H, H]. Let Q be a polynomial that divides P. Then,

Al < (Hd)™.
For any irreducible REZ[x] of degree at most d with M(R)<2, we have
|Res(P, R)| < (4Hd).
Let K be a number field obtained by adjoining at most m roots of P to Q. Then,
Al < (Hay™™.

Proof. Recall Mahler’s bound on the discriminant of a polynomial Q€Clz] of de-
gree n ([29, Theorem 1]):
|Ag| <n"M(Q)*"~2. (4.1)

If Q divides P, we have M (Q)<M (P)<H(d+1)'/2 by (1.6), and hence Mahler’s bound
gives
|Aql <d'(H(d+1)"?)*72 < (Hd)*.

Now, recall that |[A g ,|=|AsAR]| Res(P, R)2. Since R is irreducible and P is square free,
|AsAR|>1, and thus Res(P, R)?<|ALp5|. Moreover, M(PR)=M(P)M(R)<2M(P).
So, by (4.1) and (1.6), we conclude that

Res(P, R)? < (2d)%*(2H (d+1)"/?)*=2 < (4Hd)*.

Let aq, ...,y be roots of P and K=Q(ay, ..., ). For any two number fields L,

and Lo, we have
AL L] < |AL1|[L1L2:L1]|AL2|[L1L2:L2] < |AL1|degL2‘AL2|deg L
(see, e.g., [34]). Using this inductively, we can write
AR <A™ < < IBganm 7T < AR

which proves the claim by the first part. O
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Proof of Proposition 19. We apply Proposition 9 for each Ko to obtain
2 1/10 X
> ) Ak, (p)log(p)hx (logp) = Qm/G|+O<d’”X 2md™ Y exp<—2)>
ocam /G p
Qm/GH—O(exp( X))
10

Here, we used the estimate for Ag,, from Lemma 21, and the bound dm:O(exp(l—loX))7
which follows from our assumption X >md!/19,

We proceed to estimate

> Bp(p)"log(p)hx(log(p)— Y. > Ak, (p)log(p hX(log(p))‘. (4.2)

P oeqQm /G p

By Proposition 16, a prime p may contribute to (4.2) only if p|Ap or p\Res(ﬁ7 R)
for some (s¢/m,mX )-exceptional irreducible R. As we already noted, [17, Theorem 1]
implies that the number of exceptional polynomials is at most exp(10sX )gexp(l—loX )

Therefore, the number of primes p contributing to (4.2) is at most
d® exp ( %X ) .

Here, we used again the bounds from Lemma 21.

Since, for any p, we always have 0< Bp(p)" <d™ and

0< Y Ag,(p)< Y. degKo= Y  [0]=|Q"|<d™,

oeqm /G OeQm/G 0eqam /G

the contribution of a prime to (4.2) is at most d™X -2 exp(—X). Therefore,
(4.2) <A™ X exp(EX —X) <Cexp(—5X),

and the claim follows. O

Proof of Proposition 20. The proof is similar to the previous one. By Lemma 21,
we have |AKO|§d2(1/T+1)d for each orbit O in €. Hence, Proposition 13 applies to each
Ko and we obtain

ZZAKO )log(p)gx x(logp) = Y (1=Gx (0K 0))+O(exp(—c(logd)*~?)).

0€eQ/G
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Since Mahler measure is multiplicative, using Dobrowolski’s lower bound (1.6), the num-
ber |Q/G| of irreducible factors of P is at most [2/G|<C(logd)*. Hence, |Q/G| can be
absorbed into exp(—c(logd)®~#). We proceed to estimate

p)log(p)gx k(log(p))— > Y Ak, (p)log(p)gxs(log(p))|.  (4.3)
oea/c p

We estimate the number of primes p contributing to (4.3) just as we did in the

previous proof, and find that there are at most
2(7 ' +1)dlog(4d) exp (15 X)

such primes.

Since gx x(p)<p~
Therefore,

1 each such prime contributes to (4.3) at most dX exp(—%X).

(4.3) <2(A+1)dlog(4d) exp(ll—OX) -dX exp(—1X) < O(exp(—c(log d)*="y),

and the claim follows. O

5. Equidistribution of random walks

We study equidistribution of certain random walks in this section. The basic example of
these is the walk on ), started at zero whose steps are given by x+—ax+1, where a€lF,
is a fixed parameter and the signs + are chosen independently at random with equal
probabilities at each step. The study of related random walks goes back to [12], [21], but
those studies are mostly concerned with the case when « is a fixed integer independent
of p. Much less is known if « is allowed to vary with p.

We will also need to consider direct products of such walks. Before introducing our
notation for the general case, we first outline the arguments in the basic setup mentioned
above. We write I/((,td) for the probability measure on I, that is the distribution of the

(d)

random walk after d+1 steps. It is easily seen that v’ is the law of the random variable

Sa(a )':ijo Xjad €F,, where X;€{—1,1} are independent unbiased random variables,

and we can write its Fourier transform as

10 -s{en(250)) - fn(27)

Our first aim is to bound |1?§éd) (&)| away from 1. Expanding cos in power series at

zero, we see that we need to give a lower bound for > ([a/¢]™)?, where [-]™ denotes the
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unique lift of an element in F,, to (f%p, %p) NZ. We will use some bounds of Konyagin
[25] for this purpose. We note that Bukh, Harper and Helfgott have used similar ideas
in unpublished work (see [20, footnote 4 on p.372]) in order to bound the diameter of
the graph underlying the random walk.

Once we have bounded away |ﬁ((xd) (&)| from 1, we can exploit the fact that v s a

convolution product of the form Véfl’dl) *...*y((xd’“’d), where 0<d; <... dp <d are some inte-
gers and v5™*) is the law of Z?idlﬂ Xjad €F,. We can also bound |19((xd'j’dj+1)(§)| away

from 1 in a similar manner. Multiplying these bounds together we can get sufficiently
strong bounds for \D&d) (&)] so that we can deduce that the random walk is equidistributed
using Parseval’s formula.

Since we do not need an equidistribution result for each individual parameter «,
we can improve the above argument by giving an initial estimate for the sum of the L?

norms:
> g3
a€cl,

1
=> WH(QJO,...,xd)7(ac67...7xfi)€{:t1}d+1 w0+ Azgat =)+ 4ot}
a€cl,

Such an initial bound can be given by exploiting the fact that the polynomial equation

To+ ... +rgat = x4+ a0l

may have at most d roots in I, unless scj:ajg- for all j.

The rest of the section is organized as follows. We set out our general framework in
the next section and state the equidistribution result we will use later. In §5.2, we give
a generalized exposition of Konyagin’s argument in our setup with some slight quanti-
tative improvements. Then, we use it to deduce an estimate for the Fourier coefficients
of v\P. We prove our main equidistribution result (Proposition 23) in §5.3. Finally, in
85.4, we prove another equidistribution statement that we need exclusively to bound the

probability that a random polynomial is a proper power.
In this paper, we focus only on those equidistribution results that we need in our
applications. We believe that these random walks are of independent interest, and we

will study them further in a subsequent paper.
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5.1. The general setting and results

We use the following notation throughout this section. Let M €Z~q. Let p1,...,pyp be
distinct primes (say each >5), and let myq,...,mp €Z~¢ be numbers. Let

M
V:@ngi, D:i=mamei and Q=p1..pp-
i=1

[RREE)

For a=(ay,...,an) €V we write a;:= (i 1, ..., @i m, ) €EF}', and for another B€V we
write af=(a; jBi ;)i , so for instance, if n€Z, we have a"=(a};) ;-
We have a canonical isomorphism of additive groups between @fw F,, and Z/QZ

given by
M
U: (21, . Tpr) —> 21/}2‘(1'1');
i=1
where 1; denotes the additive homomorphism

FP7C—>Z/QZ5

Pi

Moreover, we have the trace map tr: V%@zM Fp, given by

mq mar
tr(a) = (Zal’j’ e Z aM,j)
j=1 j=1

Let Xo, X1, ..., X4 be a sequence of independent Z-valued random variables. We
assume that Xy, ..., Xy_1 are identically distributed and write p for their common law.
We will study the random walk in the additive group (V, +) whose nth step is Z?:o X;ad,
and denote by uén) the law of this random element.

Our decision to exempt Xy and X4 from having the same distribution as the other
steps of the walk is motivated by our intention to permit families of random polynomials
whose leading and constant terms have a distribution that differs from the rest. Our
method would allow us to relax the requirement of identical distribution further by
allowing small perturbations of the same law and a small number of exceptional steps.

We leave it to the interested reader to formulate such a statement.

Definition 22. We say that a€V is generic if, for each i€[1, M], the coordinates

(cvi,j)7%; are non-zero and pairwise distinct.
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For »¢€ (0, ﬁ), we write A,, CV for the set of generic «€V such that none of the
coordinates «; ; is a root of a polynomial P€Z[z] with deg P<3log(Q”) and Mahler
measure M (P)<exp().

The aim of this section is to prove the following result, which asserts under suit-
able conditions that the probability that the random walk is at zero after d steps is

approximately |V|~! on average for parameters a€A,..

PROPOSITION 23. There are absolute constants ¢, C'>0 such that the following holds.
Let de€Z~y and 0<tT<1. Suppose that

d>C (1) "' M Dlog Q (loglog QP)3,
1
log(QP) > max(, Tl),
”
Ipl3 = p(x)* <1—7.

TEZ

Suppose further that supp uC (—%pi, %pi) for each i=1,..., M.
Then,

(d) 7@ B ’T}fd
2 vih0) |V|‘<exp< “log QD (loglog QD)2

acA
for any ACA,,.

Remark. This proposition will be used in §6 twice: once with M=1 and a large
prime p and fixed power m, and another time with M =2 and mj=ms. For the theorems
of the introduction, except part (2) of Theorem 2 about the generic Galois group, it is

enough to consider the case m=1.

5.2. Estimates for the Fourier coefficients of the random walk

The aim of this section is to revisit an argument of Konyagin from [25] to obtain Propo-
sition 24 below. Then, we will use it in Proposition 25 to deduce a bound for the Fourier
coefficients of the random walk.
For each a€Z/QZ, we write & for the unique lift of « in Zﬂ(—% , %Q]
PROPOSITION 24. Let notation be as in §5.1. Let o, BEV . Assume that « is generic
and B; ;70 for all i and j. Write

Sp=Votr(Ba™) € Z/QZ.

Let L>2001og QP loglog QP be an integer and suppose that
L

> os2< _@ (5.1)
"= 8log(4L) '

n=0
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Then, for each i=1,...,M and j=1,...,m;, there is P, ;€Z[x] of degree at most
3log(QP) with Mahler measure at most (log(QD))3O(1°gQD)/L such that P; ;j(a; ;)=0.

Write eq(y)=exp(—2miy/Q) for yeZ/QZ. Given S€V, the function

xg:V — C*,
g (5.2)
z— eq(Veotr(Bz))
is a complex character of the additive group (V,+), and every character is of this form.

Given a measure v on V', we use the following notation for its Fourier transform:
2(8) = xp(@)v(@).
zeV

1'2) for the law of the random element in V given by

l2
Z X, a™.

n=l1+1

. l
We write vg

(@) _(~1.d)

In this notation, vy ' =vs

PROPOSITION 25. Let notation be as in the beginning of the section. Let a, BEV.
Assume that o is generic and (i ;70 for all © and j. Suppose further that supp puC
(—%pi, %pz) for each i=1,..., M.

Let L>2001og QP log(log QP) be an integer and suppose that there are i and j such
that oy ; is not a root of an integer polynomial of degree at most 3log QP with Mahler

measure at most (log QP)3° log(QP)/L

Then,
— 2
(12) (Y[ < oxery [ L l24013
) \exp< —

for all 0Ky <lo<d such that lo—1y>L.

First, we focus on the proof of Proposition 24, which closely follows Konyagin [25].
Using a pigeon hole argument, it is easy to find non-zero polynomials Py, P,€Z[z] of
degree at most log QP with 41,0 coefficients such that Pi(ai,j)=Ps(c ;)=0 for all i and
j. Here, q is a carefully chosen prime number. The heart of the argument is the idea
that when (5.1) holds, it is possible to find P; and P, in such a way that, for each ¢ and
J, there is P; j€Z[zx]\{0} such that P, ;(a; ;)=0 and P; ;(z)|gcd(Pi(z), P2(29)). From
this, we will conclude that deg(P; ;) <deg(P;) and M (P; ;)< M (Py)"/1.

We begin to implement this strategy. Given a monic irreducible polynomial Pe€Z[x],
the next lemma allows us to find a prime ¢ of controlled size such that, whenever P(z)]
Q(x%) for another polynomial Q€Z[x], we have M(P)<M(Q)'/1.
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LEMMA 26. (See also [25, Lemma 2]) Let ai,...,a, be the roots of an irreducible
polynomial PEZ[x]. Let s=4logn be a number. If n is larger than some absolute
constant, then there is a prime q€(s,2s] such that «;/a; is not a g-th root of unity for
any i1#£j.

Proof. Denote by P; the set of primes between s and 2s. Write R for the collection
of integers r such that there is a root of unity of order r among the numbers «;/c;.
Suppose, by way of contradiction, that PsCR.

We begin with the observation that, if €R, then there is 1<j<n such that a1 /¢ is
a root of unity of order r. Indeed, let ¢ and j be such that «;/c; is a root of unity of order
7, and let o be an automorphism of Q such that o(a;)=ay. Then, o(a;/aj)=a1/0o(a;)
is a root of unity of order r, and this proves the claim.

Suppose 11,72 €R are coprime integers. We prove riro€R. Let ¢ and j be such
that oy /a; and ai/a; are roots of unity of order ri and ro, respectively. Then, o;/a;=
(a1/a;) (a1 /ay) is a root of unity of order 7172, which proves the claim.

Therefore, each divisor r of Hpeps p belongs to R. Since the set of roots aq, ..., a,
is invariant under the action of the Galois group, it follows that, for any such r, all roots
of unity of order r appear among the a;/a;’s. Hence,

n?> H pzexp( Z 10gp>.

PEPs PEP;

By the prime number theorem, we have
n? > exp(%s)

if n and hence s is sufficiently large. (In fact, we could put here any constant less than

1 in place of %) This proves the lemma. O

Let N >e>0 be integers and let X =(x,...,xn) be a sequence of integers. Following
Konyagin [25], we write A.(X) for the set of polynomials P(x)=ao+a1z+...+a.x°EZ[x]
of degree at most e€Zx( such that

agT;+...+acTjpe=0

holds for all j=0,...,N—e. We denote by A(X) the set of polynomials P of degree
at most N such that P€Ages p(X). We note that PEA.(xo,...,xn) if and only if Pe
Ao, .o, TN—etdeg P)-

If X were an infinite sequence, then A would give rise to a principal ideal in Z[z].
We need a weaker form of this fact that is valid for finite sequences. To this end, we
recall the following result.
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LEmMA 27. (Konyagin [25, Lemma 5]) Let X =(xg,...,zn) be a sequence of integers
and let Py, Pe A(X). If deg Pi+deg Po<N, then we have ged(Py, Po)eA(X).

COROLLARY 28. Let X=(zo,...,xn) be a sequence of integers and suppose that
A(X) contains a non-zero polynomial of degree at most %N, Then there is a unique (up
to multiplication by £1) non-zero polynomial Py€ A(X) of minimal degree and with rela-
tively prime coefficients. Furthermore, a polynomial P€Z[x] of degree at most N —deg Py
is contained in A(X) if and only if Py|P.

In the proof of Proposition 24 below, we will use the above results for the sequence
xnzgn. Under the hypothesis (5.1), we will show that there are many polynomials
P(xz)=ap+...+a.x® such that |a0§j+...+ae§e+j|<Q for all j in a certain range. Using

the pigeonhole principle, we will find a polynomial that in addition satisfies
aon—&—...—i—aeSeﬂ =0 (53)
in the same range of j’s. These two properties imply that P€A(X) for X=(S,,). The

next lemma shows that it is enough to satisfy (5.3) for a smaller range of j’s.

LEMMA 29. Let m€EZso and let p be a prime. For each 1<j<m, let o , 3;€F,.
Write

m
T, = Zﬁja?
j=1

for each i€Zxg. Let P(x)=ap+...+ac.z®€Fy[z] be a polynomial.
Suppose that the elements o; are pairwise distinct and B;7#0 for all j. Suppose
further that
aoln+a1Tni1+...+aclhte=0

for all n=0,....,m—1.
Then, P(c;)=0 for all 1<j<m and

aoTn+a1Tn+1 +...+aeTn+e =0

for all n€Zxy.

Proof. The hypothesis of the lemma implies that

> Bjal Play) =0, (5.4)

Jj=1

for each n=0,...,m—1.
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We note that the vectors (51a7, ..., Bmal,) for n=0,...,m—1 are linearly indepen-
dent, as can be seen using Vandermonde determinants. Hence, the system of linear
equations (5.4) in P(c;) as variables has only the trivial solution, that is P(c;)=0 for

each 7, which proves the first claim. In addition,

aoTn+a1Tn+1 +...+aeTn+e = Z ﬁja?P(aj) =0
Jj=1

for each n€Zy( and this establishes the second claim. O

Proof of Proposition 24. Set E=3[logQ”]. Note that I<SE<iL, 2>QP >3 and
|L/6F]|>4log E. Our first aim is to show that there is a polynomial P;#0 of degree at
most E such that PyeAg({S,}E_,).

Let &, ...,€E be a sequence of independent, unbiased +1-valued random variables.

For any n=0, ..., L—F, we have

E 1 2
P( Z§j§j+n 2?) SQeXp<—(2Q~)) gi
=0

E )
2 ZO S]2+n 2L

by Hoeffding’s inequality and our assumption (5.1).
Therefore, the set

0= {33: (20, -y vp) €{—1,1}FFL:

E
E .’I?ij+n
3=0

< % for all n=0, ...,L—E}

has cardinality more than %~2E+1 >QP.

By the pigeonhole principle, it follows that there are z#y€€) such that

E E
> 23Sjn =D YiSitn
j=0 j=0

foralln=0,...,D—1. Weset a; :%(xj —y;)€{—1,0,1}. It follows from Lemma 29 applied

M times to each

m;
Tn'_E ﬁmo‘i,j
j=1

with the polynomial P=ag+...+agx” €Z[x] that

E
> 484 =0€Z/QZ

J=0
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for all n€Z>¢. Since z,y€f) and aj:%(:z:jfyj), we know that

E

Z aj§j+n

J=0

<

)

Q
2

and hence
E ~
Z aij+n =0
=0

for any n=0,..., L—E. This means that
Pi(z):=apa®+..+arz+ag € Ap({Sa o) C A{S I,

because F'< %L.

Since [%L] >2F, by Corollary 28 there is a unique (up to multiplication by +1)
polynomial POEA({gn}f:LO/ 3]) with relatively prime coefficients and of minimal degree.
By Lemma 29, Py(c; ;)=0 for all ¢ and j. Then, for each ¢ and j, there is an irreducible
factor P; j of Py over Z such that P; (o ;)=0.

Fix 7 and j. We already know that deg P; ; <, and we set out to prove that
M(P; ;) < (Dlog Q)*P s @/L,
. deg P; . .
Write {fi},_; ’ for the roots of P; ;. We set s=|L/6E]. Since
L >200DlogQlog(DlogQ),

we have s>4log F. By Lemma 26, there is a prime g€ (s, 2s| such that f;/5; is not a

gth root of unity for any k#[. This means that the numbers {3} 2e:glpi'j are all distinct.

Note that ¢<2s<L/3E.

We now employ the same argument as above and find a non-zero polynomial P
of the form P,(z)=Q2(z9), for some Q(z)=bo+...+bgz” €Z[z] with b;e{-1,0,1} for
7j=1,..., F and

E ~
Z by Skqen =0
k=0

for any n=0, ..., L— Eq. Hence,
Py € Apg({Su}izo) C AUS 1S,

because Eq<3L.
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Since [2L]>2Eq, we have Py| P, by Corollary 28. This means that {] 2651})”' are
all roots of the polynomial @2, and since they are all distinct we get

M(Pij)* < M(Q2) < (B+1)'/2,
where the right-hand side follows from (1.6). As ¢>s=|L/6E| and 2¢>L/3E, we get
M(P;;) <(E+1)"21 < (E+1)*P/F < (Dlog Q)*0P 108 /L, m

Remark 30. Let uq, ..., un €R™ be a sequence of vectors with ||u;||<1. A conjecture
of Komlds asserts that there is an absolute constant C' such that, for each such sequence
of vectors, there is a sequence of signs wj==+1 such that [|wiu1+...4wWmtm|lec<C. In
this remark, we point out that, if this conjecture holds, then assumption (5.1) in Propo-
sition 24 may be relaxed to an upper bound of the form cQ?, where ¢ is an absolute
constant. Unfortunately, the best known result towards Komlds’s conjecture in [2] yields
no improvement.

We take a sequence y=(yo,...,yr)€{0,1}¥T! and we will apply the conjecture to
the vectors uj:(ngj ceny ngL*EJrj) for j=0,..., E. Under the weakened hypothesis

> Sh<e@,
n
Komlés’s conjecture implies that for each choice of y, there is

w(y) = (@o(y), - wr(y)) € (£}

such that
E ~

> wi(W)y; St

J=0

Q
<3

for all i=0, ..., L— E. Now, we see that the collection of sequences of the form

(wo(y)y07 7(UE<y)yE) € {_1’ Oa l}E
may be used in the place of {2 in the proof of Proposition 24 to obtain the same result
under the weaker hypothesis.

Now we turn to the proof of Proposition 25.

Given a measure p on Z and z€V, we write u.d, for the measure on V defined by

Zu(a)éam.

a€Z
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With this notation, we can write
l/c(fl’lz) = Oty +1 %k 1.6 1

for any 0<l1 <la<d.
Recall the notation a, which is the unique integer representative of a€Z/QZ in the
interval (—%Q, %Q] For typographical convenience, we will also use the notation [a]™

with the same meaning.

LEMMA 31. Let pu be a measure on Z and let x, €V . Then,

- a a Yotr((a1 —a )|~ 2
M_5$(5)|<exp<_ Z M( 1)#( 2)([ Q(z( 1 2)ﬁ )] ) )

ay,a2€Z

Proof. By definition, we have

1 (B)P= 3" plan)ulaz)xs((ar —az)z).

ay,a2€Z

Since |‘L/L.§x(ﬂ)|2€R and Re(eg(a))<1-2a2/Q? if a€Z/QZ, via (5.2) we get

ne@P<1-2 3 u<a1>u<a2><[weg<2<al—azwac)m?.

a1,a2€Z
On the other hand, 1—t<exp(—t) if t€[0, 1], so the claim follows. O

Proof of Proposition 25. For veV, write as earlier
Sy () =Votr(va™) € Z/QZ.

Using

1 3o ().

n=l1+1

Lemma 31 implies

il a1)p(az)(Sn((a1—as2)B))?
|1/&l l ( |<exp< Z Z 1( Qg( )B)) >

n=Il1+1 a1,a2€Z

Using Iy —1; > L and then Proposition 24, we can write

l2

L 2
§ Q § 114112 Q
n:ll+1(Sn((a1_a2 n=0 al_a2 ﬁa " )) o 210g(4L)
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for all pairs a; #as. Since supp pC (f%pi, %pz) for all 7, we know that a; —as is non-zero
in Fp,, for all 4, whenever a;#as in Z.
We note that

S plaru(az) =1~ Jul}.

a1 #az

Therefore,

— i 1
|V((ll1,lz)(6)| < exp <_(1_||/J/||§)21022(4.L)C92>’

as claimed. O

5.3. Proof of Proposition 23

We note that v(0)=>_,., #(8)/|V| for any measure v on V. Hence, for any ACA,,,

Zy(gdm"é" <SHY X o) (5.5)

acA acA BeV\{0}

We begin by finding a preliminary estimate for

3 A B < 3 (e,

acA acV

and then use the Cauchy—Schwarz inequality to convert it into an estimate on the right-
hand side of (5.5). Let (A4,)%_, and (A’)%_, be sequences of independent random

n=0

variables with the same law as (X,,)%_,. We observe that

S 3= P(Ag p1am T 44 Ag,a® = Al a4+ A a®?)
acV acV
=E({a €V :Ag o™+ +Ag,a"=A)  aB T+ A a®})).
If Aj# A for at least one j€(d1, dz], then the polynomial
(Ady+1 = Ay 1)z 4 (A, — A, )2
has at most dy —d; roots in any given field. This means that, for such A; and A;,
|{Oé ev: Ad1+1ad1+1+...+Ad2ad2 = A&1+1ad1+1+...+A&2ad2}| < (dg—dl)MD

and

DB E < (do—d)MPH VY (@) =M < (do—da) P+ [V [(1—7) (%70,
acV a€”Z
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We set do=[—log(|V])/log(1—7)], and obtain

7 0 3 I = T k) | < 20

aeV BeVv acV
for all d. We note that v2%) =y 1 sy {040 4 {#0-240) - Therefore, for each acV\{0},

we have, since |1/a 10)( B)I<1,

7 D I (B)] € i 3 1940 )24 20 )

BeV BeV
1/2 /4 1/2
Odg) A(do 2d0) 2
<|vz' > <|V|Z“ “”) |
BevV BEV

This gives us, by another application of the Cauchy—Schwarz inequality,

S i< (i X S ) (S S er)

aEAﬂGV aeAﬁGV aEABGV
<24)P. (5.6)

Now, we set

di = POO log(QD) log log(QD)w .

If a€ ACA,., then «;; is not a root of a polynomial of degree at most 3log QP with

Mahler measure at most (log Q”)3° log(QD)/dl, and we also have
dy >2001og QP log(log Q7).

Therefore, we can apply Proposition 25 with L=d; and get

|p(ddtdi) (g )|<eXp<_810;(M1)> (5.7)

for all d, o€ A, and BV \{0}. (If 5 has some zero coordinates, then V splits as a direct
sum V=Vy®Vi, with € V] having no non-zero coordinate in V7, and we need to apply
the proposition to V; and the projected random walk on V3 modulo V;.)

Now, suppose that d>2dy+ Kd, for some K €Zx(, and write

‘ﬁ ( )‘ <|I/(2d0)( )| |19é2d0’2d0+d1)(5)| |V(2do+(K 1)d172d0+Kd1)<ﬁ)‘.

We combine (5.6) with (5.7) and obtain

|V| Z Z |V |<2d eXp<_K810g(4d1))'

a€cA, BeV
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By the assumption on d in the proposition, we can take K >d/2d;, and a simple

calculation yields that

24MP K— '
0 <eXp( 161og(dd,) )’

and hence we obtain the claim of the proposition. In the interest of these calculations, it
is useful to note that the lower bounds on log Q” in terms of ¢ and 7 that we assumed

in the proposition implies that

max(log do, log d;) < C'loglog QP

5.4. The case a=2

In this section, we consider the special case V=F, &...®F,,, and a;1=2 for all i. We
write l/édl’d” for the measure u&dl’dz) with the above choice of V and a. We will use
this case later to estimate the probability that P(2) is a proper power for a random
polynomial, which, in turn, yields an estimate for the probability that P is a proper
power of a polynomial.

Our main result is the following.

PROPOSITION 32. Let 7>0 and assume ||u||3<1—7. Suppose further that supp uC
(—%pi, %pz) for each i=1, ..., M. Then, there is an absolute constant C >0 such that, for
all eV and

4> ~(Clog(@)?,

we have
i (2)-Q M < Q"

The study of this case goes back to Chung, Diaconis and Graham [12], who obtained
very precise estimates for the mixing time, which are much better than the bound log(Q)?
implied by the above result. However, our application requires strong bounds for the

éd) and the uniform distribution, which was not considered in [12].

distance between v,
Nevertheless, our proof draws on the ideas of [12] heavily.

We begin with a lemma on the Fourier coefficients of uéd). Its proof relies on
Lemma 31 and on the elementary fact that a sequence of the form 3, B~v2, .., [B-2L082 QL]

cannot stay below iQ.

LEMMA 33. Let g=|log,(Q)]. Then, for any 1€[0,d—q) and B€V\{0}, we have

|(22) 19 (8)] < exp (=5 (1= | ull3))-
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Proof. By Lemma 31, we have

|(22) 0 () = [ T 1(02) =10 ()]
j=1

l+q

éexp(— ooy M(al)u(ag)QRz(al,aQ,ny))

n=Il+1 ai,a2€%Z

where

R(ay,a2,n)=[¥((a1—a2)2"B)]".

We note that R(ai, az,n+1)=2R(a1, as,n) mod Q. Therefore, if |R(a1, az,n)| < iQ,
then |R(ai,az,n+1)|=2|R(a,az,n)|. Now, it is easy to see that, for any a;#as, there
is n€[l+1,1+q] such that |R(a1,az,n)|>1Q, and the claim follows. O

Proof of Proposition 32. We note that
d - . (d
A@)-Q = > BB,
pev\{0}

and hence it is enough to prove that, for all 5eV\{0},

57 (B) < Q™.
To that end, we choose an integer L<d/q, write

D (10, 00 (E-Dala)  (Lad)

Lk
and note that Lemma 33 implies

|ﬁ§d)(ﬁ)| < exp(—l—lﬁTL).

This yields the desired estimate, if we set L=[1601og(Q)/7], which is permitted if the

constant C is taken sufficiently large. O

6. Expected number of roots of a random polynomial

In this section, we use the results of the previous section to calculate the expected number
of roots of a typical polynomial in F, for a random prime. In the proofs of our main
result, we will compare these with the formulae in §4.

Let m,d>1, %€ (0, 155) and X >10. For a random polynomial P€Z[z] of degree at
most d, we will now estimate the number Bp(p) of admissible roots of P in F,, on average
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over the prime p. Here and below, a residue modulo p will be called admissible if it is
(s¢/m, mX)-admissible in the notation of Definition 15. For the irreducibility results, it
will be sufficient to set m=1, but for information on the Galois groups, we will need to
consider larger values of m. Nevertheless, m will not exceed a fixed power of logd.

We suppose that the coefficients of P, except for the leading coefficient and the con-
stant term, are identically distributed, and write p for their common law. The notation
Ep is used to denote expectation with respect to the law of the random polynomial P.
Our purpose in this section is the prove the following result.

PRrROPOSITION 34. There are absolute constants cy,Co>0 such that the following
holds. Let 1,2>0, d,m€Z~o and let p be a probability measure on Z supported on
[~ exp(d'/10), exp(d'/10)]. Assume that ||p||3<1—7. Let X be a number such that

T d

100 2 -1 -1 dl/lO X e
m” max{x" ", 7", < <C0 (m log(md)

(6.1)

and let g:R—R>( be a function such that supng[%X, X] and g(z)<2exp(—z) for
all x. Then, setting

7= Z Bp(p)"(logp)g(log p) — Byw,

we have ) x y
Ep(Z3) <= = __ GTrxd
P25 (05 )+ (o))
where By, stands for the m-th Bell number and w=3}_ (logp)g(logp).

Recall that the Bell number B,, is the number of equivalence classes on a set with

m elements.

COROLLARY 35. Under the assumption of the previous proposition, with probability

L—exol -2 —exp (- _CoT2d
P\7% P mX (log(md))?
the following holds for P:

at least

Z Bp(p)™(logp)g(logp) Bmw' < %

Proof. This is immediate from the last proposition after applying Chebyshev’s in-
equality
Pp(|Z] > }) <4Ep(Z%). O

We now pass to the proof of Proposition 34 and begin by recording the following
consequence of Proposition 23.
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LEMMA 36. There are absolute constants cy,Cy>0 such that the following holds.
Let 7,2>0 and m,d€Z~q. Suppose that the probability measure p on Z is supported on
[~ exp(d/10), exp(d'/10)], and that ||p||3<1—7. Let X be such that

d
10 -1 -1 g1/10y - x T
max{»x ", 7, <X < Co TmTog(md) 7’

and let p,p1,p2€ [exp(%X),exp(X)], with p1#pa, be primes. Then,

|EP[BP(p)m] _B’ml <Bm'EIT(X, d7 m)>
[Ep[Bp(p1)" Bp(p2)™|— B2, <BJ,-Err(X,d,m),

where

X coTxd
— 40m2 _ - oz
Err(X,d,m)=40m exp( 7 ) —l—exp( (Tog( d))2) .

Proof. We write A, for the set of (3/m, mX)-admissible elements of F,. In the
notation of §5, we take M'=1 and V=F}". Then,

E[Br(p)"= Y v(0)

a€(Ap)m

We decompose (A,)™ as a disjoint union of subsets (A,)™(e) for which Proposi-
tion 23 applies. To this end, we write &,, for the set of equivalence relations on the set
{1,...,m}. For each e€&,,, we let V(g) be the subgroup of V formed by the equations
a;=c; whenever (i,j)€e, and write (A4,)™(e) for the subset of (A4,)™NV () made of
those m-tuples « such that «; =« if and only if (4, j)€e.

Given €&,,, we may apply Proposition 23 to the group V(a):]F;”E, where m, is
the number of equivalence classes in e, and obtain

v _M ex —CZL
i O <o~k ) 62

As we have already noted, the number of polynomials of degree at most 10mX and
Mahler measure at most exp(/m) is at most exp(75X) by [17, Theorem 1]. Therefore,
|Fp\ Ap| <10mX exp(75X) and

m 1
[(4,)" (E)] < 1omX eXP(TOX) < 20m? exp<_)5(>.
pe p

Now, summing up (6.2) for e€E&,,, we arrive at the first claim.

0<1-

The proof of the second claim is entirely similar using Proposition 23 for the random
walk on V=F @©F". We leave the details to the reader. O
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LEMMA 37. Let X>10 and let g:R—Rx¢ be a function such that supp gC [%X, X]
and g(x)<2exp(—x) for all x. Then,

wo = Z((logp)g(logp))2 <8X?exp (—)2() ,

P
w:=" (logp)g(logp) <4X>.

p

Proof. A simple calculation yields

2
> (o o (log))? < 108 <sxonp -3 ),

P exp(X/2)<n<exp(X)

> (logp)g(log p) < 2—— <4X”. 0
’ exp(X/2) <n<exp(X)

Proof of Proposition 34. Recall that

Z=Y_ Bp(p)" log(p)g(log p)— Bmw.

Setting h(z)=log(z)g(logx), we compute

7> =" " (Bp(p1)™ —Bm)(Bp(p2)™ = Bm)h(p1)h(p2),

SO

Ep(Z%) = Ep((Bp(p1)™ —Bm)(Bp(p2)™ —Bm))h(p1)h(ps)

= Z Ep(Bp(p1)mBP(Pz)m)h(pl)h(p2)

P1,p2

28 3 Y (Bl lpa) + 2, (10

p

=Y Ep(Bp(p1)"Bp(p2)™ —B2,)h(p1)h(p2)

—2B,, Z h(p1) Z Ep(Bp(p2)™ —Bm)h(p2)

=Y Ep(Bp(p1)™ Bp(p2)™ — B2 )h(p1)h(p>)
P17D2

—2Bmw Y Ep(Bp(p)™ —Bm)h(p)+ Y Ep(Bp(p)*™ Bl )h(p)*.
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We use Lemma 36 to bound the first two terms and the crude bound Bp(p)<d for the
third:

Ep(Z%) <3B2 Err(X,d, m)w? +d* w,.

We recall that 100m2d*/19< X, so that d*™<eX/%°. We plug in the bounds for w and

ws from Lemma 37 and the definition Err(X,d, m) from Lemma 36, and obtain

X coTxd
2y « 2 y4 2 E— T
Ep(Z¢)<48B. X <40m exp( 5>+exp< mX(log(md))2)>

X X
X2 e —
+8 exp( 2+50>

The constraints on X in the statement of the proposition imply that

coTrd

X (log(md) 2 > Cmlog(md),

where C' is an arbitrarily large number, provided we set Cy sufficiently large (depending
on ¢p). This means that we can absorb the factor 48 B2, X2 into the constant cq. Similarly,
the lower bound on X implies that we can also absorb the factor 48 B2, X*-40m? at the

expense of replacing exp (—%X) by exp(— %X) . O

7. Polynomials of small Mahler measure

In this section, we estimate the probability that the random polynomial P is divisible
by a non-cyclotomic polynomial of small Mahler measure. The following result and the

ideas in its proof are inspired by Konyagin’s paper [26].

PROPOSITION 38. Let P=Agz¢+..+Ajx+Ao€Z[x] be a random polynomial with
independent coefficients, and write p; for the law of A;. Let 7>0 be a number. We

assume that

supp p; C [— exp(dl/lo), exp(dl/lo)]

for all j and ||u;||3<1—7 for all j#0,d.
Then, the probability that there is a non-cyclotomic polynomial Q with

log M(Q) < 11—07

dividing P is at most 26Xp(—c7'd4/5), where ¢>0 is an absolute constant.
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The exponent % is not optimal and there is a trade-off between it and the bound
imposed on the coefficients of P. Since any improvement of this bound would have no
effect on our theorems, we leave it to the interested reader to find the optimal bound
that can be derived from the proof.

We give two simple lemmas that estimate the probability that a fixed single polyno-
mial @ divides a random polynomial. Both of them are implicitly contained in [26]. The

first one is useful when deg @ is large.

LEMMA 39. Let P=Agz%+..+Ajz+Ao€Z[r] be a random polynomial with inde-
pendent coefficients, and write w; for the law of A;. Let Q€Z[x] be a polynomial of
degree n<d.

Then,

Pp(Q[P) <llolloc - lln—1lloo-

Proof. Write R for the remainder of Agz?+...+A, 2" modulo Q in Q[z]. If Q|P,
then R=—A, 12" '—...—Ag. Therefore, the probability of Q|P conditioned on the
value of Agz?+...4+A,2" is bounded by the maximal probability of Ay, ..., A,,_; taking

any given value, which is precisely the claimed bound. O

LEMMA 40. Let P=Agx%+...4+Ajx+Ag€Z[z] be a random polynomial with inde-
pendent coefficients, and write pi; for the law of a;. Let HEZ~o and 7>0 be numbers.
We assume supp p; C[—H, H] for all j and ||u;||3<1—7 for all j#0,d. Let Q€Z[z] be
a non-cyclotomic irreducible polynomial.

Then, for d larger than some absolute constant,
P(Q| P) < exp(—crd(log H+logd) ' (logd)™?),

where ¢>0 is some absolute constant.
Proof. Let
oo log(2H (d+1)/?)
~ ¢(loglogd)3/(log d)3’

where c is a sufficiently small constant so that

c(loglogd)?

log(M(Q) > s

The existence of such a constant follows by Dobrowolski’s bound [16].

By Lemma 26, there is a prime g€ (s, 2s] such that the ratio of any two roots of Q
is not a root of unity of order q. Let Py, P»€Z[x] be two polynomials with coefficients of
absolute value at most H that differ only in some of the coefficients of monomials of the
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form 2% for j€Zso. If Q|(P1—Pz), then each number zw is a root for P, — Py, where 2
is a root of Q) and w is a gth root of unity. And, by our choice of ¢, all zw are distinct as

z ranges over the roots of @ and w over the ¢th roots of unity. This implies that
M(P,—Py) > M(Q)? >2H (d+1)/2,

which is impossible by (1.6). This means that, for any given choice of integers b; € [—H, H]
for those j<d that are not a multiple of ¢, in each class of Z[z] modulo @ there is at
most one polynomial P=ag+...+aqz? with a;=b; for all such j.

Hence, conditioning on the value of a; for all indices j that are not multiples of g,
the probability of Q| P is bounded by the probability that the rest of the coefficients take

any particular given value. Therefore,
P(Q|P) < |pl5d/ . a

Proof of Proposition 38. We fix a small number £>0. Let j>0 be an integer, and
write Q; for the set of non-cyclotomic irreducible polynomials ¢ with deg@=j and
log M(Q)<1—107'. By the estimate of Dubickas and Konyagin [17, Theorem 1], we have
|Q;|<exp(1577) if j is sufficiently large.

Using Lemma 39, we then have
PEQeQ;:Q|P)< exp(l—loTj) exp(—%Tj) < exp(—%Tj)

for each j. By Lemma 40 applied with H=exp(d'/1?),

4/5 4/5
e Y )l ool ),

10
j<d*/5
provided d is sufficiently large depending on an absolute constant.
Summing up the above bounds, we get
4/5

P(HQEUQj:Q|P><eXp<—TCiO )+ Z exp(—%),
J

izat/s

which proves the claim. O

8. Proper powers

In this section, we estimate the probability that a random polynomial P is of the form
®QF with k>1, where @ is the product of cyclotomic factors.
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PROPOSITION 41. Let P=Agx%+...4+Ajx+Ag€Z[z] be a random polynomial with
independent coefficients. Assume that A1, ..., Aq_1 are identically distributed with com-
mon law p. Assume further that all coefficients are bounded by exp(dl/lo) almost surely.
Let 7>0 be a number such that ||u||3<1—7.

Then, there are absolute constants ¢, C>0 such that the probability that P=®Q",
where ® is a product of cyclotomic polynomials, Q€Z[x] and k>2, is less than

2 exp(—c(rd)*/?),

provided d is larger than C/7%.

In the next two lemmas we keep the assumptions of Proposition 41. The first is a

reformulation of Proposition 32.

LEMMA 42. There is an absolute constant co>0 such that the following holds. Let
g<exp(co(Td)'/?) be a product of distinct primes larger than 2exp(d'/°). Then, for
every a€Z, we have

[Pp[P(2)=amod ¢]—¢ | <q~ ™.

LEMMA 43. Fiz REZ[z], and fir an integer 2<k<d'/®. Then,
Pp[P =RQ* for some Q € Z[x]] < exp(—c(rd)*/?),

where ¢>0 is an absolute constant.

In the proof that follows, we will use the upper bound on k in only one place, where
we apply the prime number theorem in arithmetic progressions. It would be sufficient to
impose a significantly milder upper bound on &, but we will see that P=RQ* may hold
with &>d'/® only if Q is cyclotomic.

Proof of Lemma 43. If R(2)=0 and R divides P, then P(2)=0. Picking a prime ¢
in the interval (1 exp(co(7d)*/?),exp(co(7d)*/?)), Lemma 42 implies that

Pp[P(2)=0 mod ¢] < 3
So, we can safely assume in the rest of the proof that R(2)#0. We note also that
|R(2)| < |P(2)] exp(d/1%)27F.
We denote by P the collection of primes

pe [3exp(3en(rd)' "), exp(eo(rd)* )]
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such that ptR(2) and k|p—1. It follows from the prime number theorem in arithmetic
progressions [14, Chapter 20, (10)] that there are more than

|P| > exp(ico(rd)l/Q)

such primes, if d is sufficiently large (i.e. 7d larger than an effective constant: we are

counting primes between %x and z that are congruent to 1 modulo k, with k allowed to
take any value < (logz)?/°, say).

For each peP, we denote by X, the random variable that is equal to 1 if
P(2)=R(2)a* mod p

for some a€Z/pZ, and that is equal to 0 otherwise. If P=RQ" for some Q€Z[z], then
clearly X,=1 for all peP.
It follows from Lemma 42 applied first to g=p; and then to ¢=p;p, that

Ep[X,, ) =Ep[Xp,] = (pl_]lg)l/kﬂw(exp (‘W))

Ep[X,, Xp,] = (pl—;)l/k—l—l ' (p2—;)2//€+1 +O<exp<—960(7-2d)1/2)>

for any p; #ps€P. Therefore, writing Y:ZpE'P X, since k>2,
EpY <3|P|,

and the variance Var(Y)=EpY?—(EpY)? is bounded by

Var(Y) =Y ((p—l)/k+1 B ((p—lzj/k—H)Q) +O(|7>|2 - (‘W))

peEP p

2
<GIPI+1<P,

provided d is sufficiently large. We conclude from Chebyshev’s inequality that
Pp(Y = |P|) <P (Y EpY > 17>|> <Var(Y)< 5 >2< )
pY = SPpl Y —LEpY =5 S D IR
3 Pl P
which proves the lemma. O
Proof of Proposition 41. Boyd and Montgomery [7] gave an asymptotic formula for
the number of polynomials ® in Z[x] of degree n that are the product of their cyclotomic

factors. In particular, they proved that there are at most exp(Con'/?) such polynomials,
where Cj is an absolute constant (Cy=4 works for large enough n).
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For a fixed ®, we may apply Lemma 39 and conclude that the probability that &
divides P is at most exp(f%r deg(@)). Therefore, the probability that P=®QF for some
® with

deg ® > 4%d1/ 2
is at most exp(—Cod'/?).

We consider now the probability that P=®Q*, with ® having smaller degree. We
can assume that @ is not a product of cyclotomic factors, otherwise it can be absorbed
into ®, and it is covered by the previous case. We note that, if P=®Q¥, then, by (1.6),

1/10

M(Q)M(P)l/kgexp( )(dﬂ)l/%.

Since @ is not a product of cyclotomic factors, this implies that k<d'/® (say) by Do-
browolski’s bound (1.6).
Again, by [7], the number of polynomials in the role of ® that are not covered by

1/2
exp (200 (CO) d1/4) .
T

We can now use Lemma 43 to estimate the probability of P=®QF for individual choices
of ® and k, and conclude the proof. O

the previous case is at most

9. Proof of the main results

We first give a simple lemma that allows us to decide when a permutation group is m-
transitive. Recall that the Bell number B,, is the number of equivalence relations on a

set with m elements.

LEMMA 44. Let G be a permutation group acting on a set Q) and let m€EZ~q. Sup-
pose |Q=m. The number |Q™ /G| of orbits of G acting diagonally on Q™ satisfies

Q4" /G| = B,

with equality if and only if the action of G on Q is m-transitive.

Proof. If G is m-transitive, then its orbits on ™ are in one-to-one correspondence
with equivalence relations on the set of coordinates. Given an equivalence relation on
the m coordinates, the corresponding orbit is the set of tuples in 2™ whose coordinates
are equal if and only if they are related by the equivalence relation. Since |Q|>m, all
equivalence relations can occur. Hence [ /G|=DB,,.



IRREDUCIBILITY OF RANDOM POLYNOMIALS 241

Now in the general case G<Sym(2), so each orbit of G is contained in an orbit of
Sym(£2). Thus |Q™/G|>|Q™/ Sym(Q)|=B
If G is not m-transitive, then the orbit of the full symmetric group Sym({2) consisting

of tuples with distinct coordinates splits into multiple orbits of GG, and hence

Q™ /G| > By O

9.1. Proof of Theorem 2

We set »= 1007 m=1 and let X>10. Recall that we denote by P the product of the
(X, »)-admissible irreducible factors of P and that € is the set of complex roots of P
(see Definition 14). We aim to show that the Galois group G of the splitting field of P
acts transitively on €2 with high probability.

Recall that hx is the function hx (u)zQe’Xl(X_log 2,x](u). It follows from the prime
number theorem that

w:="»"log(p)hx (logp) =1
P

as X —oo0. We apply Corollary 35 for g=hx with m=1. It applies if X is large enough,
and we conclude that

(9.1)

[SCRN V)

ZBP ) log(p hx(logp)l‘ <

holds for any

100419, log d)~3d
E{OO 100Co(og )~°d|,

with probability at least

Lo X (ot
L6 ) TP\ 100X (log(d)2 )

provided d>100/7 say. Taking X :7'(ﬁcod)l/2 /logd (which is allowed provided dr*
is sufficiently large) this bound becomes >1—2exp(—X). We now assume that (9.1)
holds for P, and ( satisfies RH for all K=Q(a) for any root a of P. By Proposition 19,

we then have
X
EBP )log(p)hx (logp) = |Q/G|+O(exp< 10))

If d is sufficiently large, we can conclude that

|1-1Q/G|| <1
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under the above assumptions on P. We therefore conclude that |[2/G|=1, and hence G
acts transitively on €2, i.e. P is irreducible.

By Proposition 38, with probability at least 1—2 eXp(chdAL/ %), any exceptional fac-
tor of P is cyclotomic. If that holds in addition to the hypothesis we have already made,
then P:<I>}5k, where ®€Z[z] is a product of a power of x and cyclotomic polynomials,
and k€Zxy.

By Proposition 41, we know that k=1 with probability at least 1—2exp(—c(7d)'/?).
Furthermore, the probability that

dea(®) > S
.

is at most exp(—1Cd/?), because this is true for any given polynomial ® by Lemma 39
and, as recalled in the proof of Proposition 41, there are at most exp(%Cd'/?) such
polynomials for some absolute constant C'>0. This establishes part (1) of Theorem 2.

The proof of part (2) is similar, but we need to also consider moments of Bp(p) of
order m>1 in order to show that |Q2™/G|=B,,, and hence conclude, by Lemma 44, that
G acts m-transitively on 2. An old fact, going back to Bochert and Jordan [23] in the
19th century, asserts that every degree-d permutation group that is at least (30 logd)?-
transitive must contain the alternating group Alt(d). A simple proof of a slightly better
bound can be found in [1] (see also [15, Theorem 5.5.B], where Wielandt’s stronger bound
6logd is proved). Using the classification of finite simple groups, it is now known that
there is a bound independent of d, and indeed every 6-transitive group contains Alt(d)
(see [11, Corollary 5.4]). But we choose not to rely on the classification, since, at the
expense of losing a log(d) factor in the probability of exceptions, we can avoid it. In
fact, if instead we use Wielandt’s bound (whose proof is more involved), we can get the
slightly better bound exp(—crd'/?/(logd)*/?) in (2) of Theorem 2.

So, let m>1, x:ﬁf and X >10 and consider the product P of the irreducible
(s2/m, mX)-admissible factors of P, and as earlier the number Bp(p) of (s»/m,mX)-
admissible roots of P in F,,.

By Corollary 35 applied to g=hx, we get that

> Bp(p)™log(p)hx (log p) Bmw‘ < % (9.2)

p

with probability at least

l—e X o coT2d
e XY —exn( —
P P\ 7 100mX (log(mad))? )’
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provided X is in the interval allowed by (6.1). We now set m=[30(log d)?] and

2 coT? d

X'= 100 m(log(md))2"

Note then that when 7%d is large enough, X is in the allowed interval, and that (9.2)
holds with probability at least 1—2 exp(—%X ) Assume now that (9.2) holds for P,
and that (x satisfies RH for all K=Q(ay,...,a,,) for any choice of m roots of P. By
Proposition 19, we then get

X

5 8o log(phx o) =07/ Gl-+0(exp 35 ) ).
P

If d is large enough, |w—1|=0(X?exp(—3X)) by Proposition 9 (assuming RH for (g).

Since Bm<2m2 gexp(ﬁX), this implies that

| B — Q™ /G| < 34 Bm|1—w|+0(exp(—15X)) <1,

as soon as d is large enough, and hence that |Q™/G|=B,,. So, by Lemma 44, G acts
m-transitively on (2 and, by the 19th century transitivity bound recalled earlier, since
deg 15<d7 G contains the alternating group Alt(deg IS) Finally, as in part (1), we have,

except for a small set of exceptions, P:@f’, and this completes the proof of the theorem.

9.2. Proof of Corollaries 3 and 4

The following lemma is implicitly contained in [26, p. 345]

LEMMA 45. Let w, be the n-th cyclotomic polynomial of degree o(n). Then, for all

n and d,

n\»(n)/2
< —
Blwa | P < (C05)
where C(u)>0 depends only on p.
Proof. Write
n—1
Qa=)_ Bja’,
j=0

where
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Note that, if w,|P,, then w,|Qq4, and hence Lemma 39 implies that

p(n)—1
Plon [P < T lisllees
0
where p; is the law of B;, which is the sum of roughly |d/n| i.i.d. variables with common
law p. Since p has a finite second moment, there is a constant C(u)>0 such that we
have ||1j]lco <(C(1)n/d)'/?, as follows, say, from the local limit theorem. The claim
follows. O

We apply this lemma for different ranges of n. If N<¢(n)<100N, then n is bounded

in terms of N and

N/2
Pln | Pl < () —0n,a).

If 100N <@ (n)<d'/?, then n<Cd'/?loglogd for some absolute constant ¢>0 and

C(u)cloglogd >50N

Plw, | P < ( o

If 4/2 <¢(n)<d, then
Plwn | P < lull %7,

by Lemma 39. Summing over all such n’s, we get
Plw, | P for some n with ¢(n) > N] =0, n(d~V/?).

In order to apply Theorem 2, we need to truncate the coefficients. But

10]

P m‘é3<|Ai\>ed1“° <(d+1)P[|Ag| > "1 < (d+1)e 2" E[| Ao,
1=

by Chebyshev’s inequality. The proof of Corollary 3 now follows by combining the above
inequalities with Theorem 2.

To get Corollary 4, take N=2 and observe that the law of P in the statement is
designed to make sure that 21 P always. Note also that Lemma 45 still holds, even though
Ay and Ay are not distributed like the other A;’s, so the above estimates continue to hold.
Since P has non-negative coefficients and at least two positive ones, we have P(1)>0.
So, it is only left to estimate Plws|P]=P[P(—1)=0]. Looking at P(—1) yields a random

walk on Z, and it is therefore a simple matter to verify that

P[P(—1) =0] :\/ZJFO(d‘l),

as desired.
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9.3. Proof of Theorem 5

The proof is identical to that of part (1) of Theorem 2, except that we take X =d(log d) ™"
and apply Proposition 20 instead of Proposition 19. We note that the exceptional zeros
are not present by the assumptions of the theorem, so the right-hand side of the displayed

formula in Proposition 20 becomes

|Q/G|+O(exp(—c(log d)"‘*ﬁ)).

9.4. Proof of Theorem 6

Set B:=a—~. Asin the proof of Theorem 2, we set = %T for the admissibility parameter
(see Definition 14). By Proposition 38, with probability at least 1—2 exp(—c,d*/?), every
non-cyclotomic irreducible factor of P has Mahler measure at least exp(x). We may
thus assume that P has this property, and let P be the product of the non-cyclotomic
irreducible factors of P. As before, 2 is the set of roots of ﬁ, and G is the Galois group
of the splitting field of P.

We use Proposition 34 with m=1, X=X;=2d(logd)™® and X =X,=d(logd)~? for
the functions g=gx, r and g=gx, , respectively, where k= Ll—lo(log d)"_ﬁj. We can
conclude that

Ep(Z7) = O(exp(—c(log d)’~?))

holds for each i=1, 2, where
Zi:=_ Bp(p)log(p)gx, »(log p) —w,
P

wi: =Y log(p)gx, r(logp),

p

and B%(p) is the set of (X;, »)-admissible roots of P in F,. Therefore, by Chebychev’s
inequality
Pp(|Zi| > t) <t°Ep(Z7),

we obtain that, with probability at least 1—2exp(—c(logd)?~2),
|Zi] = Olexp(—c(log d)~?)) (9:3)

holds for each i=1, 2.
‘We note that
[1—w;| < C exp(—c(log d)‘kﬁ),
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as can be seen for example from Proposition 13 applied for K=Q, since the Riemann
zeta function (g has no zeros in a sufficiently small neighborhood of 1. (Significantly
better bounds can be obtained by the proof of Proposition 13, but this is not needed.)

We now assume that P satisfies (9.3) for both i=1,2. We apply Proposition 20 and
obtain, for i=1, 2,

Zitwi= Y (1=Gx, 1(0K0.0))+O(exp(—c(logd)*~7)). (9.4)
0en/G

Now, we combine the above estimates and |w; —ws|<C exp(—c(log d)*~#) to get
> (Gxyk(0K0.0)—Gx, k(0K .0)) < Clexp(—c(log d)* ) +exp(—c(log d)’~2)).
0en/a

We note that

G
(Gx,.k(0K0,0)—Gx, k(0K06.0)) = <1— m) Gx,.k(0K0.0)
Gthk(QKo,O)

> (1—exp (— (1_QKO’031(X1 —X2) ) ) Gx,3,1(0K0.0)

> cexp(—co(log d)”)d(log d)*BGX27k(gKO7O).

Here, we used the bound on Gx, x/Gx, r from Lemma 11, and then the assumption on
the exceptional zeros from the theorem, and the constant ¢y is the constant ¢ in that
bound. Therefore, we can conclude that

D Gx,k(0K0,0) <Clexp(—c(log d)*~F)+exp(—c(logd)’~?)),
0€Q/G

if we choose ¢g sufficiently small, since a— 3, 3—2>~ and y>1.

We combine the last estimate with (9.3) and (9.4), and we can write
1Q/G| =140 (exp(—c(log d)*~P)+exp(—c(log d)?2)).

It follows that [Q/G|=1, as it is an integer. Therefore, P is irreducible. Now we can

finish the proof by applying Proposition 41.

9.5. Proof of Theorem 7

We pick a number o’/ €(3, ). We use Proposition 34 with m=1, g=gx , where X=
d(logd)~" and k=] (logd)*'~#|. After applying Chebychev’s inequality as in the proof
of Theorem 6, we get that

> Bp(p)log(p)gx i (log p) = w+O(exp(—c(log d)’~?)),



IRREDUCIBILITY OF RANDOM POLYNOMIALS 247

holds with probability at least 1—C exp(—c(logd)?~?2), where

w= Z log(p)gx,k(log p).

Moreover, as before, using Proposition 13 for the field of rational numbers, we see
that |w—1|=0(exp(—c(logd)*~#)). Hence,

ZBP ) 1og(p)gx k (log p) = 14O (exp(—c(log d)™™ P =22~ Fhy), (9.5)

with probability at least 1—C exp(—c(logd)®~2).

According to the Deuring—Heilbronn phenomenon, if the Dedekind zeta function (x
of a number field K has a real zero very close to 1, then it cannot have other zeros
nearby 1. More precisely (see [27, Theorem 5.1]), there is a positive, absolute, effectively
computable constant cy>0 such that, for every number field K, if (x has a real zero

0K 0, then every other zero p satisfies

—0| =2 0] .
10g(29A%) S\ 1—ox.o|log(27AK)
So assume, by contradiction, that (x has a zero gx o with

|1—o0k.0| < exp(—(log d)**?)

for each K=Q(a) and for each non-zero complex root a of P which is not a root of
unity (this is void, and hence always holds if P is a product of cyclotomic polynomials
or factors of the type ™). Note then that

1

l— ok o < ————
I1=exol 4log |Ak]

(because, by Lemma 21, |Ax|<d®+7 )2d) and hence, by [33, Lemma 3], 0K,0 must be

real and is the unique Siegel zero of (k. Thus, every other zero p satisfies

1—g|> c 1 cexp((logd)**+1) >(logd)0‘/
dlog d dlogd 2T

provided d is sufficiently large.

So, we can apply Proposition 20 and, using Lemma 11, write

ZBP )1og(p)gx k(logp) = Z (1-=Gx x(0K0.0))+0(exp(—c(log ) ~7))
0e0/G

<9/G|X exp(—(log d)**1)+C exp(—c(log d)* ~7)
<d? exp(—(log d)* 1) +C exp(—c(log d)* 7).

But this is incompatible with (9.5).
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